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Abstract: We address the use of squeezing in binary phase-shift-keyed (PSK) channels at fixed energy.
In particular, we assess homodyne receivers against the Helstrom bound in the presence of phase
noise. We also take into account possible imperfections in the generation of squeezing and the
effect of losses during propagation. We find that squeezing is a useful resource if its amplitude is
below a given threshold depending on the energy of the signals and on the properties of the channel.
Squeezing enhancement is present also when phase-noise becomes large.
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Quantum discrimination of nonorthogonal signals has been largely investigated from a
fundamental point of view [1–3] and it is now a primary tool for the implementation of quantum
communication protocols [4,5]. In the continuous-variable regime, coherent states are largely employed,
but recently also squeezed states have attracted much interest [6,7]. Concerning the detection stage,
the search for optimal receivers, i.e., detection schemes able to discriminate between two signals at the
Helstrom bound [3], has eventually led to the Kennedy and Dolinar receivers, which are essentially based
on the interference of the signal with a reference state. In turn, the performances of those detection
schemes are drastically degraded by phase fluctuations. On the other hand, it has been shown that in
the presence of phase noise, a receiver based on homodyne detection allows one to approach optimality
in the discrimination of coherent signals [8]. In this paper, we investigate whether, and to which extent,
squeezing may help in binary discrimination when phase noise and losses affect the signals [9]. More
in details, we address a binary communication channel in which the two states to be discriminated
are displaced-squeezed states (DSSs), discuss the Helstrom bound for two DSSs and compare the
results with those obtained with coherent states and homodyne detection in ideal conditions. Then
we investigate the effect of phase noise on the discrimination. Finally, we analyze the effect of losses,
which modify the purity of the signals.

In PSK coherent-state communication, one should discriminate between the two symbols |ψk〉 =
D
[
(−1)kα

]
|0〉, k = 1, 2, where D(α) = exp(αa† − α∗a) is the displacement operator, [a, a†] = I and

the assumption α ∈ R+ holds without lack of generality. In our analysis, we require that the binary
information is encoded exploiting DSSs, i.e., |ψk〉 = D

[
(−1)kα

]
|r〉, k = 1, 2, where |r〉 = S(r)|0〉

is the squeezed vacuum, S(r) = exp{ 1
2 [r(a†)2 − r∗a2]} being the squeezing operator. Moreover, we

assume without lack of generality the squeezing parameter r ∈ R. In the following, as a figure
of merit we consider the discrimination error probability as a function of the total energy N and
of the squeezing fraction β = Nsq/N, where Nsq = sinh2(r) is the number of squeezed photons.
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Given the two states |ψk〉, k = 1, 2, the minimum error probability is given by the Helstrom bound
P(min) = 1

2

(
1−

√
1− |〈ψ1|ψ2〉|2

)
, assuming equal prior for the two signals [3]. As shown in Figure 1a,

where we plot P(min) for the DSSs and coherent states as a function of N and β, it is possible to find
a threshold value βth(N) = 4N/(4N + 1) of the squeezing fraction such that the error probability
for a pair of DSSs is smaller than the corresponding coherent case [6,9]. The minimum of P(min)

is instead achieved for βopt(N) = N/(2N + 1). For a homodyne receiver, one still finds the same
threshold βth(N) for the corresponding homodyne-detection error probability Perr (see [9] for the
details about the calculation of the corresponding Perr). However, the scalings of Perr and P(min) are
different, as shown in Figure 1b. In the presence of phase noise, the state |ψk〉 is substituted by the
density operator [8]

ρk =
∫
R

dφ
exp[−φ2/(2σ2)]√

2π σ
e−iφa†a|ψk〉〈ψk| eiφa†a , (k = 1, 2). (1)
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Figure 1. (a) The Helstrom bound for DSSs as function of the squeezing fraction β and the channel
energy N. The plane corresponds to the Helstrom bound for coherent states and the solid line to the
threshold βth(N). (b) The homodyne-detection error probability Perr as a function of β for different
values of the channel energy N. The plane corresponds to the minimum error probability achievable
using only coherent states and homodyne detection and the solid line to the threshold βth(N). Figures
adapted from [9].

In this scenario, the performance of the homodyne receiver with DSSs approaches optimality,
leading to the corresponding Helstrom bound, now given by the more general relation P(min) =
1
2

[
1− 1

2 Tr|ρ1 − ρ2|
]
. This is shown, for a particular choice of the parameters, in Figure 2, where the

homodyne-detection error probabilities for DSSs and for coherent states are plotted as a function of
the noise parameter σ. We remark that DSSs allow to get a smaller error probability and also to beat
the Helstrom bound of the coherent-state case for small values of σ.
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Figure 2. Comparison between the error probability Perr (solid lines) and the Helstrom bound (dashed
lines) as functions of the noise parameter σ for the DSS and the coherent state. We set β = βopt(N) =

N/(2N + 1) and N = 2. The shaded region refers to the range of the noise parameter values such
that the homodyne probability with DSS is below the Helstrom bound with coherent states. Figures
adapted from [9].
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Losses during the propagation of the signal through the channel or imperfection in the generation
of the seed squeezed state can be summarized by replacing the squeezed vacuum with the more general
squeezed thermal state R(µ, r) = S(r) νTh(µ) S†(r), where νTh(µ) is a “thermal state” with average
number of photons given by (1− µ)/(2µ), µ being the purity of the state [9]. In the Figure 3a we show
the error probability for N = 2 (analogous results can be found for other energies). As one may expect,
the presence of a mixed seed state (µ < 1) increases the error probability; nevertheless, we can still
find a threshold of the squeezing fraction β below which squeezing improves the discrimination with
respect to the coherent state (for the same fixed energy). The threshold now depends also on the purity
of the state, as shown in the Figure 3b.

0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

m

b t
h

without 
noise

σ = 0.1

σ = 0.2

σ = 0.3
σ = 0.4

σ = 0.05
σ = 0.1
σ = 0.2

withoutnoise

Perr

β 0.5
β

0.0

1.0

0.8

0.6

10–2

10–4

10–6

1.0

μ

(b)(a)

Figure 3. (a) Error probability Perr of the homodyne receiver as a function of β and the purity µ for
different values of the noise parameter σ. (b) Threshold value of the squeezing fraction βth as a function
of the purity µ for different values of σ. The shaded regions refer to the pairs of parameters (µ, β) for
which DSSs outperform coherent states. Note that (1 + 2N)−1 ≤ µ ≤ 1. In both the panels we set
N = 2. Figures adapted from [9].

The obtained results put forward squeezing as a resource for quantum discrimination in the
presence of phase noise and losses. In particular, two critical values for the squeezing fraction β can be
always identified: a threshold value βth, below which squeezing helps, and an optimum value βopt,
which minimizes the error probability (at fixed total energy) [9]. The two quantities depend on the
total energy of the signals and on the parameters characterizing the channel. Moreover, our analysis
has also shown that, when information is encoded on DSSs, the homodyne revceiver approaches
optimality in the presence of phase noise and, remarkably, can also overcome the Helstrom bound
obtained in the case of coherent state encoding.
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