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ABSTRACT. We study some overdetermined problems for possibly anisotropic degenerate
elliptic PDEs, including the well-known Serrin’s overdetermined problem, and we prove
the corresponding Wulff shape characterizations by using some integral identities and
just one pointwise inequality. Our techniques provide a somehow unified approach to
this variety of problems.
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1. INTRODUCTION

The aim of this paper is to characterize the shape of a domain in terms of solutions
to overdetermined elliptic problems. In this kind of problems “too many” conditions are
prescribed at the boundary of the domain and hence, typically, they are not well-posed and
the existence of a solution imposes strong restrictions on the shape of the domain where the
problem is defined.

The equations that we consider in this paper arise from the study of some variational
problem in a possibly anisotropic medium and they are of elliptic type, where the ellipticity
may be singular or degenerate. Apart from its mathematical interest, variational problems
in anisotropic media naturally arise in the study of crystals and whenever the microscopic en-
vironment of the interface of a medium is different from the one in the bulk of the substance
so that anisotropic surface energies have to be considered, as well as in noise-removal proce-
dures in digital image processing, crystalline mean curvature flows and crystalline fracture
theory (see [6, 7, 11, 15, 16, 41, 42, 52, 53, 57] and references therein).

The study of overdetermined problems started with the seminal paper of Serrin [49],
where it is proved that if there exists a solution to

Au=-1 in Q,
u=0 on 092, (1.1)
Uy, = C on 0f),

for some constant ¢ and some bounded domain Q@ C R¥, then © must be a ball and u is
radially symmetric. Here, u, denotes the inward normal derivative to 9€2. Immediately after
[49], Weinberger [56] provided a simplified proof of Serrin’s result by using some integral
identities. These two papers originated two different branches of investigations for symmetry
results in overdetermined problems.

Indeed, in [49] Serrin introduced the PDE’s community to the method of moving planes,
which was firstly used by Alexandrov in [3] to prove the well-known Alezandrov’s soap bubble
theorem. The method of moving planes is very flexible and can be used to prove symmetry
results for much more general uniformly elliptic equations (see [49]). It has been employed
also in other types of problems ([13, 26, 45]) and for overdetermined problems in rotationally
symmetric spaces different from the Euclidean space (see [32, 39]). However, the method of
moving planes does not work (at least applied in a standard way) in manifolds which are not
rotationally symmetric such as Finsler manifolds (see below for a more detailed discussion).

Weinberger’s approach has also been generalized in several direction. The main idea of
this approach is to use some integral identities and a maximum principle for the so-called
P-function. This approach was refined in [24] and more recently in [23] and [21] where the
symmetry result was proved for a large class of quasilinear equations. We mention that
the use of the P-function has been employed also for anisotropic spaces in [55] under quite
restrictive assumptions on the regularity of the norm which describes the anisotropy.
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Starting from Weinberger’s approach, in [10] the authors gave another proof of Serrin’s
symmetry result, still by using integral identities but not invoking the use of the P-function
and maximum principle, thus weakening the required regularity on the solution . Indeed, by
using some integral identity and just one basic pointwise inequality (Cauchy-Schwarz) on the
Hessian of the solution D?u, the authors prove that D?u is a multiple of the identity matrix,
which easily leads to the conclusion. This strategy has been also used in [12] to extend
Serrin’s result to the Finsler Laplacian, in [9] for the exterior Serrin’s problem in anisotropic
spaces (see below for a more detailed description) and in [14] for an overdetermined problem
on the round sphere.

In this paper we refine the approach introduced in [10] and [12]. More precisely we
recover the Wulff shape of the domain by using Alexandrov’s theorem and we provide a
sort of general scheme which can be applied to several problems. This approach is new
even in the Euclidean case, and it allows us to generalize the results in [9] [10] and [12] to
degenerate operators in an anisotropic setting. In particular we will give symmetry results
for interior and exterior overdetermined problems for the p-Laplace operator in the Finsler
setting (which clearly includes the Euclidean case).

In order to make the statements more clear, we introduce some notation. Given a norm H,
we say that a set Q is Wulff shape of H if Q2 is a level set of the dual norm Hy (see Section
2.5 below); up to translations, in this case we write Q = By, (r), where By, (r) = {z
Hy(z) < r}. In the case r = 1 we omit the dependency on r, i.e. By, = {x : Hy(z) < 1}.

Given a function H : RN — [0, +00), we define

V() = (), §eRY. (1.9)

‘We will consider the case when H is a norm in the class
I, = {H € C>*(RY\ {0}),V e CT(RV\ {0}) }, (1.3)

with p > 1 and for some « € (0,1), that is a regular norm H where HP is a twice continuously
differentiable function in RY \ {0} whose Hessian matrix is strictly positive definite.

Our first main result regards a generalization of Problem (1.1). More precisely, we con-
sider the minimization problem

1
min /(H(Vu)p—u) dz, (1.4)
wyP() Ja \P

where Q C RY is a bounded domain. It is well known that, if H € Z, then (1.4) has a
unique solution and the minimizer u € Wy (Q) of (1.4) is a weak solution of the Dirichlet
problem

H _ .

Aju= -1 in Q, (15)

u=20 on 0.
Here, Af is the Finsler p-Laplacian (or anisotropic p-Laplacian) operator which is given by
Ay = div(H?~' (Du)V¢H(Du)) (1.6)

in the sense of distributions; more precisely, (1.5) reads as
/ HP~Y(Du) (V¢H(Du); Dg) dx = / ddx, (1.7)

Q Q

for any ¢ € C4(Q).
By a straightforward computation, it is easy to show that if @ = By, (r) then the solution
to (1.5) is given by

u(z) = (- 1)<’"ﬁ;HF (x)), x € By, (r). (1.8)

In particular H(Duw) is constant on 0Bp,(r). In our first main result we show that the
reverse assertion still holds, that is we provide a characterization of the Wulff shape in
terms of the solution to (1.5).

Theorem 1.1. Let Q C RY be a bounded domain with 9Q € C%. Let H be a norm in Z,,
with p > 1.
If there exists a solution u to (1.5) satisfying

H(Du)=C on 0f) (1.9)
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for some C > 0, then Q is Wulff shape, that is (up to translations) there exists r > 0 such
that Q@ = By, (r) and u is given by (1.8).

As already mentioned, the proof of Theorem 1.1 consists of some integral identities,
Cauchy-Schwarz inequality, and it is completed by using Alexandrov’s Theorem. Notice
that this approach is new even in the Euclidean case for the usual p—Laplace operator for
p # 2. For p = 2, Theorem 1.1 has been proved in [12] under the weaker assumption that
the boundary of € is of class C! (see also [55] for H € C*(RY \ {0})). The case p # 2 has
been investigated in [38] for H € C*(RY \ {0}) following the ideas in [21, 23, 55]; however,
in [38] it is not clear how the approximation argument used for the P-function in [38] can
exclude that the P-function attains the maximum at critical points of w.

Now we describe the results regarding exterior domains. Here, we are motivated by the
study of overdermined problems for the anisotropic p-capacity, which is defined by

1
Capf(Q) = inf {p HP(Dyp)dzx, ¢ € C3°(RY), p(z) > 1 for z € Q} , (1.10)
RN

for N >3 and 1 < p < N. If H is a norm in the class Z,, the integral operator is strictly
convex and (1.10) admits a unique solution «, which satisfies

Aflu=0 in RV \ Q,
u=1 on 00, (1.11)
u—0 as H(xz) = 4o00.

We mention that, for p = 2, the Euclidean capacity of a set {2 measures the capacitance of
the set, that is the total charge 2 can hold while maintaining a given potential energy, with
respect to an idealized ground at infinity. Analogously Capf (©) measures the anisotropic
capacitance of 2, that is the total charge the set €2 can hold while embedded in an anisotropic
dielectric medium and maintaining a given potential energy, with respect to an idealized
ground at infinity.

The case p # 2 is also interesting from the physical point of view. Indeed, there are
many physical phenomena where the background medium is described by a nonlinear law
of the form J = |E[P72E, p > 1. For instance, in deformation theory of plasticity E and
J represent the infinitesimal strain and stress [44, 50], respectively, for nonlinear dielectrics
problems E and J are the electric field and current [19, 25, 34], respectively, and this types
of laws arise also in fluid flows where E and J are the rate of stress and fluid strain [4, 46].

Symmetry results for problems involving (Euclidean) capacity go back to Pdélya and
Szeg6 and subsequents authors (see for instance [51, 43, 40, 31, 58, 59] and references
therein). In [45] the author used the method of moving planes to analyze Problem (1.11) in
the Euclidean case and he proved that if there exists a solution of (1.11) satisfying |Du| = C
on 01, then 2 must be an Fuclidean ball. In the anisotropic setting, the method of moving
planes is no more applicable and the result was extended to the anisotropic Laplacian (i.e.
for p =2) in [9]. In this paper, we prove the further generalization to any 1 < p < N in the
anisotropic setting.

Theorem 1.2. Let Q be a bounded conver domain of R with boundary of class C** and
let H be a norm in I,, 1 < p < N. If there exists a solution u to (1.11) such that

H(Du)=C on 09, (1.12)

then Q2 is Wulff shape, that is (up to translations) there exists R > 0 such that Q = By, (R)
and u is given by

u(z) = (HOT@)% . (1.13)

For p = 2, a physical interpretation of Theorem 1.2 is the following: the Wulff shape is
the unique shape a conductor can have if, while embedded in an anisotropic dielectric and
maintaining a given potential energy (with respect to an idealized ground at infinity), the
intensity of the electrostatic field is constant on its boundary.

Notice that the reverse assertion is also true. More precisely, if €2 is Wulff shape then
a straightforward computation shows that u is given by (1.13) and H(Du) is constant on
0f). Hence Theorem 1.2 gives a complete characterization of the Wulff shape for Problem
(1.11)-(1.12).
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As a byproduct of the technique used for proving Theorem 1.2, we can tackle another
overdetermined problem in exterior domains for the p-capacity which was recently considered
in [2] in the Euclidean case and for p = 2 (see also [8]). In the following, Mpq denotes the
anisotropic mean curvature of 9 (see (2.13) below for its definition).

Theorem 1.3. Let Q be a bounded convex domain of RV of class C*%; let H be a norm in
Z,, 1 <p < N. If there exists a solution u to (1.11) such that
M(')Q p—l H<Du)>§0,

H(u)H2<P—1>(Du)(N i
- u

(1.14)
o0

then Q is Wulff shape.

In the Euclidean case for p = 2, Theorem 1.3 was proved in [2] by using a conformal
mapping method. Here, we generalize the approach in [8] to the Finsler setting and for the
p—capacity problem. Notice that, even in the Euclidean case, the method of moving planes
does not seem to be suitable for proving Theorem 1.3 since the overdetermined condition
(1.14) is of nonlocal type.

As for Theorem 1.1, the proofs of Theorems 1.2 and 1.3 are based on an integral identity
involving the second elementary symmetric function of a matrix W related to the Hessian of a
suitable power of the solution, combined with Cauchy-Schwarz inequality. In particular, the
idea is to show that the overdetermined conditions (1.12) and (1.14) are in fact equivalent to
ask that such a matrix W attains the equality sign in Cauchy-Schwarz inequality. This gives
a strong condition on the structure of w which implies that the anisotropic mean curvature of
09 is constant, that is 2 is Wulff shape. We clarify our approach in the following subsection.

1.1. Framework of the proofs. We briefly describe the framework of the proofs of Theo-
rems 1.1, 1.2 and 1.3. All these proofs make the use of a common approach which we explain
in the following.

Let Q ¢ RN be a bounded domain and let u be the solution to

{Afucl in D,

(1.15)
U= Cy on 0D,

where either D = Q or D = RV \ Q, and ¢; and ¢y are constants (if D = RY \ Q a condition
at infinity is also given). Assume to know that

there exists m € R such that if Q = By, then u™(x)=a+bHJ ' (x) for some a,b € R

(notice that we will set m =1 for (1.5) and m =p/(p — N) for (1.11)).
For w = u™ we define W = VgV(Dw)D%}, where V(-) = H?(-)/p, so that

Tr(W) =Alw.
From (1.15) we find that w solves an equation of the form
Tr(W) = b(w, H(Vw))

for some function . Then we apply the following scheme.

Step 1. Starting from a differential identity for the second elementary symmetric function
Sy applied to Hessian matrices (see Lemma 4.1), we derive an integral identity for
W involving Tr(W) (Lemmas 4.3 and 4.5 for the interior and exterior problems,
respectively).
From Cauchy-Schwarz inequality we have that (N — 1)(TriW)2 > 2N So(W) and we
obtain an integral inequality for w where the equality sign is attained if and only if
the matrix W is a multiple of the identity matrix (see Corollaries 4.4 and 4.6).

Step 2. By using an additional constraint (the overdetermining condition in the original
problem for u) we prove that the equality sign holds in the inequality obtained at
Step 1, and hence W = AId for some constant A. Since W = VEV(Dw)DQw7 we
have that D?w = )\(VgV(Dw))_l (Lemmas 5.1 and 5.2 for the interior and exterior
problems, respectively).

Step 3. With all these ingredients at hand we can write the anisotropic mean curvature Myq
of the boundary of 2 in terms of H(Dw) and conclude that Mygq is constant, which
implies the desired Wulff shape characterizations by Alexandrov’s theorem.
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We mention that Step 1 presents some technical difficulties especially for the interior
problem. Indeed, since u and V are of class C'* and C??, respectively, we achieve Step
1 by using a careful approximation argument, since more regularity is needed in order to
write the pointwise differential identity in Lemma 4.1.

We notice that for Theorems 1.1 and 1.2 the overdetermined condition mentioned at
Step 2 is the requirement that H(Du) is constant on 9Q2. In Theorem 1.3, the additional
constraint is the condition (1.14).

Let us highlight that in Step 2 we prove something more. Indeed, in Lemma 5.1 and
Lemma 5.2 we show that assuming H(Du) constant on Jf is equivalent to impose that the
equality sign is attained in Cauchy-Schwarz inequality.

We conclude this introduction by noticing that the framework described above is inspired
from [12], where the authors prove the Wulff shape characterization for the interior problem
(1.5) and (1.9) when p = 2. However, our approach is not a straightforward generalization of
the one in [12]. Indeed, we study more general (and degenerate) equations, which introduce
several technical difficulties especially regarding the regularity of the solutions. Moreover,
also the general scheme of the proof differs: indeed in [12] the authors are able to conclude at
Step 2, since the equality case in Cauchy-Schwarz inequality implies that D?w is a multiple
of the identity matrix in 2. This doesn’t happen when p # 2. However, the equality case
gives us a strong information on D?w which, when used on the boundary of ), implies that
the mean curvature of 0f) is constant.

Organization of the paper. The paper is organized as follows. In Section 2 we introduce
some notation, recall basic facts on the norms in R™ and describe some useful properties of
the elementary symmetric function Ss. In Section 3 we give some preliminary result. At the
beginning of Section 4 we prove a crucial differential identity which will be used to achieve
Step 1 for interior and exterior problems. In Section 5 we complete the proofs of our main
theorems. Finally, Appendix A is devoted to compute the value of the constant C' which
appears in the Neumann boundary constraint (1.12) and in Appendix B we give a lower
bound on the gradient of the solution of (1.11).

Acknowledgments. The authors are indebted to Lorenzo Brasco for the discussions they
had together and addressing to [5]. The authors warmly thank Andrea Cianchi, Nicola Fusco
and Paolo Salani for their remarks.

The authors have been supported by Fir Project 2013 “Geometrical and qualitative as-
pects of PDE’s” of MIUR (Italian Ministry of Education) and by the GNAMPA group of
Indam.

2. MISCELLANEA

2.1. Notation. For a subset 2 of RY we denote by || its volume, so that:

|Q|:/d:c.
Q

Given a convex set Q, we denote by v = (v',...,v") its inner unit normal vector. For
jed{l,....,N}, v = (u}, ce VJN) will indicate the vector of derivatives of v with respect to
the variable x;.

Given a function u : Q — R, the gradient Du evaluated at x € Q is the element Du(z) of
the dual space of R"V. Unless otherwise stated, we will use the variable x to denote a point
in the ambient space RY and ¢ for an element in its dual space. The symbols D and Ve
will denote the gradients with respect to the x and £ variables, respectively.

We notice that, unless otherwise specified, we adopt the Einstein summation convention.

2.2. Norms of RY. We consider the space RV endowed with a generic norm H : RV — R
such that:
(i) H is convex;
(i) H(&) >0 for £ € RY and H(¢) = 0 if and only if ¢ = 0;
(iii) H(t&) = [t|H (&) for £ € RY and t € R.
More precisely we identify the dual space of RY with R¥ itself via the scalar product
{-;+). Accordingly the space RY turns out to be endowed with the dual norm Hj given by

o (558
Ho(@) = 57&% H(¢)

for x € RY (2.1)
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On the other hand we can define H in terms of Hj as

(2;€) N
H(¢) =su , e RY.
©) S Fo (o) §
Notice that H results to be the support function (see [47], Section 1.7 for the definition and
details) of the unitary ball By, = {z € RY : Hy(z) < 1} of Hy and, in turn, Hy is the
support function of By = {{ € RY . H(¢) < 1}. The two convex sets By, and By are
both centrally symmetric and they are polar of each other.

As already mentioned, we denote by By, (r) the ball centered at O with radius = in the
norm Hy, i.e.

By, (r) = {z e RN : Hy(x) < r}.
Analogously, we define

Bp(r)={¢eRN: H(¢) <r}.
The sets By, (r) (as well as their translations) are named Wulff shapes of H and they are
in fact homothetic copies of the ball By, .

From [47, Corollary 1.7.3], we have that Hy € C1(RN \ {0}) if and only if By is strictly
convex (that is By has positive principal curvatures). Moreover, we notice that if H €
C?(RN \ {0}) and By is strictly convex, then the same holds for Hy and Bp,,. We notice
that if H € C?(RY \ {0}) and By is strictly convex then H € Z,. Viceversa if H € Z,, then
it is easy to prove that

Hij ()¢ > pH(E)'PI¢)? for any € € RV \ {0}, ¢ € VH(E)*,

for some p > 0, which implies that By is strictly convex.

Hence if we consider a norm H € Z,, with Z, given by (1.3) and p > 1, the corresponding
ball By and dual ball By, are C*“ uniformly convex and centrally symmetric sets.

Since all norms in RV are equivalent, there exist positive constants ¢; and o such that

ail¢] < H(E) < oalél, €€RM. (2.2)

Let H € CY(RY \ {0}), from the homogeneity property (iii) we have
(VeH(£);6) = H(E), ¢eRN, (2.3)
where the left hand side is taken to be 0 when & = 0. Moreover, if H € C2(RY \ {0}), then
VeH(€)E =0. (2.4)

The following properties hold provided H € C*(RY \ {0}) and By, is strictly convex (see
[12, Section 3.1]):

H(DyHo(n) =1, Ho(VeH(E)) =1, (2.5)
for every ¢, € RV \ {0}. Furthermore, the map HVH is invertible with
HV¢H = (HoV¢Hy) ™t (2.6)

From (2.5) and the homogeneity of Hy, (2.6) is equivalent to
H(&) DyHo(VeH () =€ (2.7)

When H and Hj are of class C2(R™ \ {0}), by differentiating this expression and using (2.3)
and (2.4), we obtain

VU D2UG(VeH) = Id, (2.8)
for every ¢ € RV \ {0}, where U = H?/2 and Uy = HZ/2. More generally, we have the
following lemma.

Lemma 2.1. Let H € Z,,, p > 1, and let Hy be its dual norm. Set V = HP [p. For ¢ € RV
and £ # 0, we have the following identity

vavig); - L1

Proof. The formula can be verified by direct calculations. We denote by A the matrix whose
entries are

4i5(€) = H27(€) (0, Ho(VeH(€))dy, Ho(VeH(©)) + (0 — 102, Ho(VH(£)))

(00 Ho (Ve H ()0, Ho(VH () + (0 = 1)02,, Ho(VeH(€))) (2.9)
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and we compute A(¢) VZV(€):

(A vavie)
— H2 V() HT2 (0, Ho 0y, Ho + (p — 1)0

ﬂinkHO) ((p - l)HﬁkHﬁj + HH&k&j) ) (2-10)

where Hy is evaluated at V H (§) while H is evaluated at . By recalling that homogeneity
properties (2.3) and (2.4) hold for both H and Hy, and by using (2.5) and (2.7) we have

O HoHe,, = Ho(VeH) = 1,
Hy Ho 9y, Ho Heye, = e 6,9y, Ho = 0,
He, He, 02, Ho = 0.
Hence (2.10) reads as
(4(0) vav(©))

where the last identity follows from (2.8). O

= (p—1) (9y, HoHe, + HHe,¢,0,,,, Ho) = (p— 1)di;,

)

We notice that, in view of (2.7), (2.9) can be alternatively written as

2 - H™?
(vav(g), - L

(66 + - VHEX O, Ho(VeH(©)) . (211)

2.3. Finsler Metric. For a sufficiently regular set @ C RY we denote by Pg(Q) its
anisotropic perimeter, or anisotropic surface energy, that is

Py () = H(v)ddo. (2.12)
a0
It is clear that if H is the Euclidean norm then Py (€2) is the usual perimeter of €.
Following [7, formulae (3.3), (3.9)] or [17, Definition 2.1] (for N = 2), the anisotropic
mean curvature of 02, which we shall denote by Mygq, is defined by

Mo = —div(VeH (v)) = —Hee, v} (2.13)

where v is the inward unit normal to €2. Analogously, one can define the anisotropic mean
curvature via the anisotropic Weingarten map, and the two definitions agree (see the proof
of Theorem 3 in [55]).

We notice that if H(£) = |¢| then M is the usual mean curvature normalized so that for
the Euclidean unit ball B it holds Mgp = (N — 1).

As it is well known, in the Euclidean setting the only compact connected constant mean
curvature hypersurfaces without boundary are Euclidean balls (Alexandrov’s Theorem). As
shown in [9] and [30], an analogous result holds in the Finsler metric. For the reader’s
convenience we recall here the statement of the anisotropic Alexandrov’s theorem as stated
in [9].

Theorem 2.2 (Anisotropic Alexandrov’s Theorem). Let H be a norm of RN in the class
Zp, p > 1, and let 0 be a compact connected hypersurface without boundary embedded in
Euclidean space of class C%. If Maq is constant on 0S) then Q is Wulff shape of H.

2.4. Finsler p-Laplacian. The Finsler or anisotropic p-Laplacian (defined by (1.6)) of a
function u of class C? can be written as

Aflu = H""2(Du) ((p — 1) He, (Du)He, (Du) + H(Du)He.e, (D) )i,

for Du # 0. If H is a norm in the class Z,, then the Finsler p-Laplacian is an elliptic operator
and it satisfies

HP=2(€) (0 = 1) He, (6) He, (€) + H() He,e, (€) ) miny = clé? =2,

S H Q)0 - VHe (O (€) + HOHe O < tler?, 1Y

for some ¢ > 0, as follows from the homogeneity of H. Moreover a comparison principle
(and hence also a maximum principle) for Af can be derived.
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Lemma 2.3. Let E C RN be a bounded domain and H be a norm in the class I, p > 1.
Let u,v € C1(E) be such that

(2.15)
u <o on OF,

H H .
{—Apu<—Apv mn E,
in weak sense. Then u <wv in E.

Proof. Since (2.15) holds in weak sense, we can use (u — v)4 as test function, and hence
/ (HP~Y(Du) Ve H(Du) — HP~Y(Dv) Ve H(Dv); D(u —v))dz < 0. (2.16)
{u>v}

We notice that (2.1) and (2.5) imply
(VeH(§);n) < H(n)
so that from (2.3) we obtain
(HP~Y(Du) V¢H(Du) — H?~'(Dv) V¢H(Dv); Du — Dv)
= H?(Du) 4+ H?(Dv) — (H?~*(Du VgH(Du) Dv) — (HP~1(Dv)V¢H(Dv); Du)
> |HP~Y(Du) — HP~Y(Dv)| [H(Du) — H(Dv)] >0,
where in the last inequality we have used that the function #?~! is strictly increasing and

hence the strict sign holds whenever H(Du) # H(Dv). The conclusion follows from the
strict convexity of HP and (2.16). O

We recall that on the boundary of a super level set Ly = {u > ¢} of a regular function u
we have
Ay = (p— 1) H?~?(Du)He, (Du)He, (Du)ug; — HP~'(Du)Mor, on 0Ly,  (2.17)
provided that Du # 0 on OL;.
2.5. Elementary symmetric function of a matrix. Given a matrix A = (a;;) € R"*",
for any k = 1,...,n we denote by Si(A) the sum of all the principal minors of A of order k.

In particular, S1(A) = Tr(A), the trace of A, and S,,(A) = det(A), the determinant of A.
We will consider the case k = 2. By setting

Séj (A) = *aji + 6ijTrA,

we can write

1 ii 1
=3 Z S (A)aij = 5 ((TrA)? —Tr(42)). (2.18)
Of particular interest in our approach is So(WW') where

W = ViV (Dv)D?v,

with V(§) = %Hp(f), H anorm in Z,, p > 1, and v is a function which will be specified

later (v will be either the solution to (1.5) or a suitable power of the solution to (1.11)). In
this case, since TriW = Afv, it holds

SF(W) = Ve e, (Dv)vg + 035 A v . (2.19)

Moreover in this setting S& (W) is divergence free, in the following (weak) sense (see in [12,
formula (4.14)] and Lemma 4.2 in Subsection 4.1 below)

0

O0x;

The elementary symmetric functions of a symmetric matrix A satisfy the so called New-
ton’s inequalities. In particular, we will use that

52(4) < T (S1(4)?

which in fact is a straightforward consequence of (2.19) and Cauchy-Schwarz inequality.
More precisely, we will need a generalization of this inequality to not necessarily symmetric
matrices, which is given in the following lemma. We remark that this inequality, together
with the characterization of the equality case, is one of the crucial ingredients in the proofs

—SI (W) =0. (2.20)
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of our main results, since it is the only inequality that we use in our argument to obtain the
symmetry result.

Lemma 2.4 ([12], Lemma 3.2). Let B and C be symmetric matrices in RN*N | and let B
be positive semidefinite. Set A = BC. Then the following inequality holds:

Sy(A) < ;ler(A)?. (2.21)
Moreover, if Tr(A) # 0 and equality holds in (2.21), then
_Tr(4)
A= T I,

and B is, in fact, positive definite.

Notice that we are going to apply (2.21) to the matrix W = VEV(DU)DQU where V is as
in (1.2) and VgV is in fact positive definite since H € T7,,.

3. PRELIMINARY RESULTS

We recall that H is a norm, so that H satisfies (i)—(iii) in Subsection 2.2, and H € 7,
p > 1, where Z,, is given by (1.3).

3.1. Interior problem. We start with the following lemma, which describes the expected
regularity of the solution to the interior problem (1.5).

Lemma 3.1. Let Q C RY be a bounded domain with boundary of class C*% and let H be a
norm in Z,, p > 1. There exists a unique solution u to Problem (1.5) with u € C1*(Q) and

HP~Y(Du)V¢H(Du) € WH2(Q). (3.1)
Moreover, if 1 < p < 2 then u € W22(Q).

Proof. The statement is a collection of well-known results in regularity theory and we give
only a sketch of the proof. Since H € Z, then (2.14) holds and the global C** regularity of
the solution follows from [37, Theorem 1] (see also [18] and [54]).

In order to prove (3.1), we first notice that from [5, Theorem 4.1] we have that

HP~Y(Du)V¢H(Du) € W22 (Q). (3.2)

We notice that (3.2) is obtained in [5] for solutions to homogeneous equations, but the
argument used in the proof can be easily adapted to the case of constant right hand side
and we omit the proof.

Since 99 is of class C*®, then a standard barrier argument shows that there exists 0 <
¢ < 1 such that ¢ < |Du| < 1/c on 99Q. From u € C1*(Q) we obtain that ¢/2 < |Du| < 2/c
in a neighborhood Q of 0f), which implies that u solves a uniformly elliptic equation in Q.
From classical regularity theory we obtain that v € C?® in Q which, together with (3.2),
implies (3.1).

Finally, if 1 < p < 2 then u € W;>?(Q) (which can be obtained by generalizing [1,
Proposition 2.7] to an equation with constant right hand side) and the global W?2:2-regularity
follows again by exploiting the C%“ regularity of u in a suitable neighborhood of 9Q. [

Now we prove the following Pohozaev identity which will be used to achieve the Wulff
shape characterization in Theorem 1.1.

Lemma 3.2 (Anisotropic Pohozaev identity). Let u be the solution to (1.5). We have that

(N(p—1)+p)/ udr=—(p—1) HP(Du) (z;v)do . (3.3)
Q o0
Proof. As usual, the proof of the Pohozaev identity is obtained by integrating a differential
identity involving the second derivatives of u. However, due to the lack of enough regularity
of u, we shall argue by approximation.

Step 1: set up of the approzimation argument. For t > 0 and ¢ € (0,1), we set

v =" and )= (VETE) —u(e).

We define ¥(t) = ¢'(t)t and ¥ (t) = ¢.L(t)t. From a standard argument (see for instance
[16, Lemma 4.2]) we have that
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e — P and U, — ¥ uniformly on compact sets of [0, +00) . (3.4)
We notice that V(&) = ¢(H(£)), £ € RY, and we define V¢ : RV — R as
Ve im0 H.

Let u® be the solution to the problem

div (YL(H(Du®))VeH(Du®)) = -1 in Q,
u® =0 on 0f),

or equivalently

ut =0 on 0f).

We notice that for € > 0 the above problems are uniformly elliptic; in particular they satisfy

{div (VeVe(Duf(z))) = -1 inQ,

p=2 p—=2

A(E2+[27) T P < (VAVER)E Q) <A (2 + 217 ¢ for z,£ e RN, 2 #£0.
for some 0 < A < A which depend only on p and on the ellipticity constants of H. In
particular, they are independent of €. B

Standard regularity results give that u® € C*(Q) NW22(Q), uf is a strong solution and
u® —u  in CY(Q), (3.5)

as € goes to 0 (see for instance [16, Proposition 4.3]).
Step 2: proof of (3.3). Now we are ready to prove the Pohozaev identity. We notice that
Jo div(zu®) dz = 0 since u® = 0 on 9 and hence

N/ u®dr = / (—div(z uv®) + N u®) dz,
Q Q
which implies
N/ udr = — / (x; Du®)dx . (3.6)
Q Q
Since —1 = div(V¢Ve(Duf)) in 2, we have (recall that u® € W%(Q))

—/(x;DuE> dx = /(m;Du5>div(V5V‘€(Du5)) dx
Q Q

_ / (div({z; Duf)VeVe(Du®)) — (D({x; Du)); Ve Ve (D)) de

_ _/39<x;pu6><vgvs(pus);y>da —/

Q
from the definition of V¢, (2.3) and since v = Du®/|Du®|, we obtain

(D VeVe (Duf)ydar — /S (@D VeV (D))
- /Q@:; Du) do = — . W (H(Duf))H(Du ) {z; v)do — /Qq,p;(H(Due))H(DuE)dz
- /Q<xD2u5; VeVeE(Duf))dz . (3.7)
Notice that the last term on the right hand side in (3.7) can be written as
—/Q<xD2u5;V5Vs(DuE)>da: _ —/Qdiv(xVE(DuE))dx—i—N/QVE(DuE)das
- VE(Du5)<a:;y>da+N/QVE(Dus)dx,

o0
and from (3.6) and (3.7) we have

N/ugdx:— @/};(H(Dug))H(DUE)<SE;I/>dO’7/¢;(H(Du€))H(DUE)dI
Q o0 Q

+ /69 VE(Duf){x;v)do + N/QVE(Due)dz.

Now we use (3.5) and (3.4) to pass to the limit as ¢ — 0 and we find

N/Qudx = <1+]19) . HP(Du){z; v)do + (JZ - 1) /QHP(Du)dx. (3.8)
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Finally, by using u as a test function in (1.7) we have that

/ u= [ H(Du)?,
Q Q
and from (3.8) we obtain (3.3). O

3.2. Exterior problem. In this subsection we give some preliminary result related to the
solution to (1.10).

Theorem 3.3. Let Q be a bounded convex domain of RN whose boundary is of class C*®
and assume O € Q. Let H be a norm of RN in the class I,, p > 1.

There exists a unique solution u to Problem (1.10), u € C>*(RN \ Q), and 0 < u < 1.
Moreover u satisfies (1.11) and the following estimates hold:

(i) there exist Ay, As positive constants such that
p—N p—N
AHy" (2) < u(z) < A Hy" (),
for x e RNV \ Q;
(ii) there exist By, Bo positive constants such that

p=N p=N _q

BiHy ' (z) < H(Du(z)) < BoHy ' (2),

for x sufficiently far away from €;
(iii) there exists a positive constant Bz such that

=N _o
|D*u(x)| < BsHy™" (),
for x sufficiently far away from €.
The constants A1, A, By, Bo, By depend only on 2, p and N.

Proof. Let R > 0 be such that By, (R) D Q and let ug be the minimizer of

Capl! (, By, (R)) = inf {;/ HP(Dy)dx = ¢ € C3°(Bp,(R)), ¢(x) > 1 for z € Q
B

HU(R)

(3.9)

Since H € 7, a standard argument yields that there exists a unique minimizer ugr and it
solves the Euler-Lagrange equation

Aflup =0 in By, (R)\ Q,
up =1 on 0§}, (3.10)
urp =0 on 0By, (R).

Thanks to the comparison principle in Lemma 2.3, if 7 > s then u,(z) > us(z) for every
x € By, (s) \ © and hence the function

u(e) = lim up(z)

is well defined, for z € RY \ Q and the sequence up is in fact uniformly convergent. We are

going to prove (i) and the lower bound in (ii) for ug and show that the involved constants

do not depend on R, so that we obtain the desired estimates for v by passing to the limit

as R — oco. The upper bounds in (ii) and (iii) will be obtained by arguing directly on wu.
Let 0 < Ry < R; be such that

Ry =sup{r >0 : Bpy,(r) C Q}; Ry =inf{r >0 : QC Bpg,(r)},

and let ug, r, ur,,r be solutions to (3.10) for Q@ = By, (Ry) and Q = By, (R1), respectively.
By comparison principle it holds

p=N p—N
Hy ™' () — R# 1
UR = UR,Ry = —x O
R0p71 - Rp_l
for every « € By, (R) \ 2 and
p—N p—N
Hy ™' () — Rv T
ugr < UR,R, = — )
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for every © € Bp,(R) \ Bp,(R1). Notice that in fact the latter inequality holds true in
By, (R) \ © by direct comparison between ug and ug g,. Hence (i) holds for u for every
x € RV \ Q by passing to the limit as R — oo.

Since H € 7, and Af satisfies (2.14), classical regularity results for degenerate elliptic
equations in divergence form with potential growth (see [18], [37] and [54]) guarantee that
ur € CY*(Bg,(R) \ Q), where o does not depend on R.

Moreover, by Lemma B.1 it holds H(Dug) # 0 and hence Theorem 6.19 in [27] entails
that ug € C*%(Bg,(R) \ Q). More precisely Lemma B.1 gives the lower bound on u in (ii).

Now we prove the upper bound on w in (ii) and (iii). Let p > 4R; be fixed. For
y € E:= Bpy,(4) \ Bu,(1/4) we define

Uly) = p~ 7 ulpy) (3.11)

and notice that

AU=0 inE.
Moreover, from (i) we have that |U(y)| < A for y € E and for some constant A which depends
only on n,p and 2. From [18, Theorem 1], there exists a constant K depending only on , n

and p such that |[DU(y)| < K for y € By, (2) \ Bu,(1/2). Since DU (y) = pJ;J_%HDu(py)
and from (2.2) we obtain the upper bound in (ii).
As noticed in (3.11), U satisfies an elliptic equation of the form a;;U;; = 0 in E, where

the coefficients a;; are given by

i (9) = H"2(DU(w) (0 — 1) He, (DU () He, (DU () + H(DU(y)) He,e, (DU()))
From (ii) and (2.2) we have that there exists v depending only on N, p and €2 such that
Y THER < aij(n)&i€s < vIEP

for every y € E and ¢ € R, Notice that interior Schauder’s estimates (see Theorem 6.2 in

[27]) apply to U(y). This entails |D2U(y)| < B for some positive constant B, that is
ID?u(py)| < Bp'1-2,

for y € By, (2) \ Br,(1/2) and (iii) follows. O

4. STEP 1 - INTEGRAL IDENTITIES FOR S5

In this section we achieve Step 1, that is we derive two crucial integral identities involving
Sy and the solutions to problems (1.5) and (1.11). More precisely, we use the pointwise
identity in Lemma 4.1 below to obtain an integral identity for w in Lemma 4.3 (for the

interior problem) and for u7~ in Lemma 4.5 (for the exterior case).

In the following lemma we assume that all the involved functions are smooth enough. In
particular, we stress that V' is not necessarily related to a norm and hence is not in principle
homogeneous.

Lemma 4.1. Let v be a positive function of class C° and let V : RN — RT be of class
C3(RYN) and such that V(Dv)div (V¢V (Dv)) can be continuously extended to zero at Dv = 0.
For any v € R we have that

207 85(W) = div(7 S5 (W) Vg, (Dv)) — yv7 =S5 (W) Ve, (Dv)o; (4.1)
with W = VEV(DU)DQU.
Moreover, if H is a norm and V. = HP/p, p > 1, then
W78 (W) = div(v!S§ (W)Ve, (Dv) +~(p — 1)~V (Dv)VV (Do) (4.2)
—y(y = p(p — o' 2VZ(Dv) —~(2p — o'V (Dv)Av.
Proof. For simplicity of exposition, we omit the dependency on Dv in the argument of V
and H, so that H and V' will be always evaluated at Dv.
From (2.18) and (2.20) it holds that 2S5(W) = div(S5’ (W)Vg,), and hence we find (4.1).
Moreover, we have

div (0785 (W)Ve, +7(p — 1)o7 VeV
= 207 Sy (W) + 4 LSE (W) Ve,0; +v(p — 1)div(? IV VV).  (4.3)
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From the definition of S (W) (2.19) we find
S;j(W)VEivj = _V§j§lvlivﬁivj + V&iviTr(W)

and, since

div(v" ' VVEV) = (7 — Do 2V Ve vy + 07 WV, Ve vy + 07 VT (W),
from (4.3) we obtain
278 (W) = div (ws;’j (W)Ve, +7(p — 1)qﬂ—1vvgv)

(v =)o~ D2V Vg0 = 0" ((p = DV + Vi) Tr(W) - (4.4)
- vt ((p - I)V& ij Vij — Vﬁjﬁlvlivfivj) :

In the case V = HP?/p and H is a norm, the last term on the right hand side reads

(p - 1)V€ivfjvij - ijﬁlvliv&vj
= (p— VH*P"VHg, He,viy — HP™' ((p = 1) HP*Hg, He, + H' ™ He,¢,) He,vj0u = 0,
(4.5)

where the last equality follows from (2.3) and (2.4), and from (4.4) we obtain (4.2). O

4.1. Interior problem. We use Lemma 4.1 to obtain an integral identity for the solutions

of (1.5). The integration by parts formula in the following lemma was already obtained in

[12, Lemma 4.3] for the case p = 2. The proof in [12] makes use of the W22 regularity of

the solution u, which is not available in the general case p > 1. For this reason, we argue in
a different way.

Lemma 4.2. Let Q C RY be a bounded domain with boundary of class C*>®. Let H be a
norm in L,, p > 1, and let u be the solution to (1.5). Then the identity

[ 2682(W)do =~ [ S (W)Ve(Duyo e (4.6)
Q Q

holds for every ¢ € C*(Q) such that ¢ = 0 on 9Q, with W = V2V (Du)D?u, where V is
given by (1.2).
Proof. Let € > 0 be sufficiently small and define Q. = {z € Q: dist(x,dN) > €}. Let

a'(z) = Vg, (Du(z)) foreveryi=1,...,N, z€Q.

We mention that a® € W2(Q),i = 1,..., N, as follows from Lemma 3.1. With this notation,
the elements w;; of the matrix W are given by w;; = 0;a’. Let p. be a family of mollifiers
and define af = a’ x p.. Let W& = (wf;)i j=1,.. v where wf; = d;al, and notice that

TIWe =TrV = —1 (4.7)

for every = € Q..
Let i,j =1,..., N be fixed. We have
wjzwfj = (%(a;@z&é) — aéajaiag
= 9j(atdial) — aL0,0;al
= 0j(az0;al) — azdpws;,
for every z € €1, and by summing over j = 1,..., N and using (4.7) (so that 9; 3, w5; = 0)

we obtain
e, __ (At T
§ Wi Wy = E 9j(az0;al)
J J

= wiTrWe = " 0;(S5 (W)al), ze€Q..
J

By summing over ¢ = 1,..., N, from (2.18) we have
29,(We) =Y 0;(SY (W)al), x€Qe.. (4.8)
,J

Let g9 > 0 be such that u € C%® in Q\ ., (this is always possible since H(Du) > 0 on
09). We notice that, by a standard barrier argument, one can obtain bounds on Du on 9f2
and, since v = 0 on 91, the equation gives a bound on D?u on 9Q. Thanks to the C*¢
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regularity of u, we obtain a bound on the C2 norm of u in Q \ €., which does not depends
on €gp.
Let € < 9. An integration by parts and (4.8) give

‘2/9 ¢52(Wf)+/ S;'j(WE)agcz)jdx]

= ‘ qi)S;j(WE)aéVj < cgp,
QEO aQE0

where ¢ depends on [|¢]|1 g, and bounds on H(Du) on 9. The assertion follows by letting
firstly € and then g to zero. (|

Lemma 4.3. Let Q C RY be a bounded domain with boundary of class C*>*. Let H be a
norm in Z,, p > 1, and let u be the solution to (1.5). Then the identity

/ 2uSy (W) da = _p=b / H?*~1(Du)H (v) dchrM / HP(Du)dz  (4.9)
Q p o0 p Q

holds with W = V2V (Du)D*u, where V is given by (1.2).

Proof. From

div(VVeV) = Ve, Ve uiy +VTr(W) = Ve, Ve, ugy — V
by multiplying by (p — 1) and using that Tr(WW) = —1, we have

-1 [ VTV = (p-1) [ (VeViuy - V).
oQ Q

We sum this identity and (4.6) with ¢ = u and we find

[ 2u8:00) = [ {0=1) WeVeuy V] =Y Ve } = 0= 1) [ viVevn).

Analogously to what we did in the proof of Lemma 4.1, we obtain that o
—(p—1) [Ve,Ve,us; — V] — ST (W)Ve,u; = %HP(DU) a.e. in
and from (4.10), v = Du/|Du| and (2.3), we find (4.9). O
An straightforward consequence of Lemma 4.3 is the following corollary.
Corollary 4.4. Let ), H ,u, be as in Lemma 4.3. Then
N1 [ HW)H* Y(Du) do > (N(p ~1) +p) /Qu dz (4.11)

where the equality sign is attained if and only if there exists a constant X such that W(x) =
Ald.

Proof. We notice that from (1.5) we have that

[wdo= [ 1700 ao.

From (4.9) and Lemma 2.4, recalling that Tr(W) = Alfu and that u solves Problem (1.5),
we immediately obtain (4.11). From Lemma 2.4 we find that the equality is attained if and
only if there exists a function A(x) such that W = A(z)Id. Moreover, since u satisfies (1.5),
then Tr(W) = —1, which implies that A(z) must be constant. O

4.2. Exterior problem. We apply the machinery described in Subsection 1.1 to the aux-
iliary function v defined by

v(z) = ur ¥ (z), (4.12)
z € RV \ Q, where u is the solution to (1.11). This choice is motivated by the following
p—N _P_
argument: if Q = By, then u(z) = Hy ' (z) and v(z) = HJ ™' (z). This implies that if
2 = By, then VEV(DU)DQ’U achieves the equality sign in (2.21).
Since u solves (1.11), straightforward computations show that v satisfies

— 1 H?(D -
Ay = N2 1H (DY) in RN\ @,
P v
v=1 on 0,

v = 400 if |x] = +o00.

(4.13)



WULFF SHAPE CHARACTERIZATIONS 15

Moreover, we notice that the Neumann boundary condition H(Du) = C implies

H(Dv) = Np_pc on 99, (4.14)

where we have used H(Dv) = H(—Dv). We stress that, by geometric reasons, the constant
C' is forced to be
N-—-p Pu()
C=—1———~. 4.15
No-D (419)
A proof of this fact can be found in Appendix A.
Now we use Lemma 4.1 to obtain an integral identity for v = ur .

Lemma 4.5. Let Q C RY be a bounded convex domain with boundary of class C*<. Let H
be a norm inI,, p > 1,V asin (1.2), and let v be given by (4.12). Then we have

(p—1)°

/ 2078 (W)dx = N(N—1)~——
RN\Q p

/ H*(Dv)v" 2 dx (4.16)
RN\Q

MaQ p—lH(D’l})
N—1+ P v )do,

(N —1) /aQH P (DU)H(V)(
where W = V2V (Dv)D?*v and v = (1 — N).

Proof. Starting from Lemma 4.1 we argue by approximation. Let V3 (¢) : RN — R* be a
sequence of C?3 functions which approximate V in the norm C?®. Fix R > 0 such that
Q C By,(R) and set v = 1 — N. Again, V and V,, we will always evaluated at Dv and we
omit this dependency. We first notice that if v € C3(Bg,(R) \ Q) N C?(Bg,(R) \ Q) then
by integrating (4.2) we obtain

/ 27 S5(Wi) = —(y — (p— 1) / 5V (Ve v
Bu, (R)\Q Bry (R)\Q

_ "Y/B (no U'Y*l((p — I)Vk =+ (Vk)flvz)Tr(Wk)
+ ’7/ U7_1 ((p - 1)<Vk)§L (Vk)gj’l}ij — (Vk)fjflvli(vk)givj)
Br, (R)\Q
- /BQ@WS?(Wk)(Vk)gi +9(p — Do WV Ve (Vi); v)
+ /83 " WIST (W) (Vide, +(p — D™ WViVe(Vi)iv),  (4.17)

where we set W, = V2V, (Dv)D2v. We notice that (4.17) still holds for v = u7~ where u is
the solution of (1.11). Indeed, in this case v € C%®(By,(R)\ Q) with H(Dv) bounded away
from zero (see Theorem 3.3). Hence, (4.17) for v = u7 ¥ is obtained by approximating v in
C? by a sequence of C® functions.

Now, we notice that Theorem 3.3 implies that the pointwise convergence of the elements
VeV, Vng, Wi is in fact uniform as k — oco. Hence, by taking the limit as & — 400 and
using homogeneity property (2.3) we find that

/ 21}752(W) =
By (R)\Q

=—y(y—1Dpp - 1)/

B, (R)\Q

VT2V — 4 (2p — 1)/ 11771VA£IU
By (R)\Q

- / (WYSE (W)Ve, +~(p — D"V VV;0)
o0
+ / (WYSE (W)Ve, +~v(p — D)0 WVVV;0) . (4.18)
0B, (R)
From Theorem 3.3 we have

lim (WYSY (W)Ve, +~v(p — 1) WV V;0) =0
R——+00 BBHO (R)



16 C. BIANCHINI AND G. CIRAOLO

and since v is the solution to (4.13), by taking the limit as R — +oo in (4.18) we obtain
that

/ 207 Sy (W) = N(N —1)(p — 1)2/ V122
RN\Q RN\Q

= [ WSV - YY), (419)
o0

where we have used that y =1 — N. N

Let us consider the surface integrals appearing in (4.19). By recalling that S5’ (W) =
—wj; + 0;; Tr(W), the fact that v = —Duv/|Dv|, and the homogeneity properties (2.3),(2.4),
we obtain

[ sy Ve = -1 T Ty
v (S, i;z/:pfl/ v ———Hp, ivkif/ v I p—
19} 2 : a0 | Dl seie a0 P | Dol

and from (2.17) we find

/ (S5 (W) Ve, ) = / T H2=2(Do) H ()Mo, (4.20)
0 a0
Since
1 oD
/ VTNV VYY) = —7/ v'YﬁH(u)7
9Q P Joa v
from (4.19) and (4.20) we have
/ 207 S5 (W) =
RN\
—1H(D
7/ VY H2P~2(Dv)H (v) (M;m - WLM) FN(N-1)(p— 1)2/ V2V2,
o0 p v RN \Q
which entails (4.16) by recalling that v solves Problem (4.13). O
From Lemma 2.4 we obtain the following result.
Corollary 4.6. Let Q and H be as in Lemma 4.5. Then
_ MaQ p— 1 H(Du)
H(v)H**~(D — do > 4.21
Y et R (1.21)

where u is the solution of (1.11). Moreover, the equality sign holds if and only if the equality
sign holds in (2.21) for the matriz W = VV D?v, where v = N and V as in (1.2).

Proof. Let us consider the function v = u?/®=N) in RN \ Q. The proof follows by coupling

Lemma 2.4 and (4.16). Indeed, since Tr(W) = Ao and v solves (4.13), by (2.21) it holds

_ 2
/ 207$y(Wde < = nv — 1) / W 2H?(Dv)dz .
RN\Q p RN\Q

From (4.16) we obtain

<0

f— 7

M —1H(D
o2 | P ( U))
N-—-1 P v

which is equivalent to (4.21) for the function u recalling that

(N —1) H?P*?(DU)H(V)(
(o9}

H(Dv) = ur~ H(Du).

p
(N —p)
Since the only involved inequality in this argument is (2.21) applied to W, the characteri-
zation of the equality case follows. O

5. STEPS 2 AND 3 - PROOF OF MAIN THEOREMS

In this section we complete the proof of the main theorems. More precisely, we tackle
Steps 2 and 3 as outlined in Subsection 1.1. Step 2 is achieved in Lemmas 5.1 and 5.2 for
the interior and exterior problems, respectively. Step 3 is carried out in the final part of the
proof of Theorems 1.1, 1.2, 1.3.
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5.1. Proof of Theorem 1.1. We start with the proof of Theorem 1.1. In the next lemma
we show that adding the overdetermined condition (1.9) to Problem (1.5) is equivalent to
imposing the condition that the equality sign holds for the matrix W = VgV(Du)DQU in
(2.21). Later, we will use these conditions to obtain the Wulff shape characterization of 2.

Lemma 5.1. Let Q C RN be a bounded domain with boundary of class C*® and let H be
a norm of RN in the class Z,, p > 1. Let u be the solution to Problem (1.5).

The equality sign is attained in (2.21) for the matriz W = VEV(DU)Dzu if and only if
H(Du) is constant on 0.

Proof. Let us assume that the equality sign in (2.21) is attained by W. By the characteri-
zation of the equality case in Lemma 2.4, for every z € Q there exists a function \(x) such
that such that W (z) = A(z) Id. Since Tr(W) = Aflu = —1in Q, then A\(z) = —1/N. Hence,
D?*u= —N~YVZV(Du))™", that is from (2.11)

_H™"(Du(x))

Np—1) (uk(@)u;(2) + (p = 1 H?*(Du(@)) Oy, Ho(VeH (Du(x)))) . (5.1)

ugj(r) =

Let € Q be such that Du(z) # 0. By using the expression of u;; in (5.1) we have
9,V (Du) = H?~'(Du)He, (Du)uy,

1 _
=~y (P He (D) (ks + (o = DE(Du)dy, Ho(Vel))
(=)
Np-1)’

where the last equality follows from the homogeneity properties (2.3) for H and (2.4) for
Hjy. This implies that

u(z)
N(p-1)
in any connected component €; of Q\ {Du = 0} for some constants d;.

We notice that the set {Du = 0} is strictly contained in €, since H(Du) > 0 on 052, and
it has no interior points (this immediately follows by arguing by contradiction and testing
Aflu = —1 in Q with a positive test function with support in {Du = 0}). Since V(Du) is

V(Du(z)) = — +d;

continuous in €, then the d;’s coincide, i.e.

u(z)
N(p—1)
in Q2 for some d. This implies that V(Du(xz)) is constant on 92, and hence H(Du) is constant
on 0SL.

Now, assume that H(Du) = C on 9. It is enough to prove that the equality sign holds
in (4.11), i.e. that

V(Du(z)) = — +d

N@—Uﬁ“ﬁﬁ@ﬁ%N@—U+@Aymu

We notice that by integrating Afu = —1in © and using that H(Du) = C we find that
2 = "1 Py(Q),
and from Lemma 3.2 we obtain
(N@—lrﬂﬂAJMx=@—JKWNWF=N@—DC”*PMQ%
and we conclude. O

Proof of Theorem 1.1. Since H(Du) = C on 09, from Lemma 5.1 we have that W =
A(x)Id. As done in the proof of Lemma 5.1, this implies that A is constant and D?*u =
—N~Y(VZV(Du))~! and then, from (2.11), D?u is given by (5.1). From Aflu = —1 and by
using (2.17) on 052, we have

Moo = H'"P(Du)(1 + (p — 1)H??(Du)He, (Du)He, (Du)ug;)

N -1
= THlip(Du),
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where in the last equality we have used (5.1), (2.3) and (2.4). Since H(Du) = C on 99 we
have that Mggq is constant, and  is Wulff shape by Alexandrov’s Theorem (see Theorem
2.2). Formula (1.8) follows at once. O

5.2. Proof of Theorem 1.2. We first show that adding the overdetermined condition
(1.9) to problem (1.5) is equivalent to imposing that the equality sign holds for the matrix
W = VEV(Dv)D% in Newton’s inequality (2.21), which corresponds to Step 2 in the
description in Subsection 1.1. Later, we will use these conditions to obtain the Wulff shape
characterization of (2.

Lemma 5.2. Let Q be a convex domain with boundary of class C**, H be a norm of RN
in the class I,, p > 1, and V be as in (1.2). Let u be the solution to Problem (1.11) and set

v =ur~. The equality sign in (2.21) is attained by the matric W = VEV(DU)D% if and
only if H(Du) is constant on OS).

Proof. We first assume that W realizes the equality (2.21) and we want to prove that
H(Du) is constant on 9. The characterization of the equality case in Lemma 2.4 implies
that there exists a function A(z) such that W(z) = A(z)Id for every z € RY \ Q. Since
W(xz) = D, V¢V (Dv(x)) then

Ve, (Dv(z)) = fi(zi),
for some functions f; : R - R, ¢ = 1,...,N. Hence A = f/(z;) for any i = 1,..., N and
then A is constant. Thus

ViV (Dv)D*v = Ad,
for some constant A, i.e. D*v = A\(VZV(Dv))~" and (2.11) yields

A
vy = S H (DY) (ij +(p— DH2(DV)2,, Ho(VgH(Dv))) . (5.2)
Moreover, since W = A d and Ao = Tr(W) = N, from (4.13) we have
o 2= 1 HP(Dw)
=5y
in RY \  which implies that H(Dv) is constant on every level line of v. In particular, we
obtain that H?(Dv) = pA/(p — 1) on the boundary of Q, which implies the conclusion.
Now we prove the reverse assertion. Assume that H(Du) is constant and equal to C' on
09). By Corollary 4.6 we have

Moq p—1 )
H(v ——C ] >0.
/zm ()(N—l p—N -

We recall that the value of C' is given by (4.15) and hence we obtain

Mag p—l 1P]%[(Q)
> = — .
/aQH(V)N—l—p—NCPH(Q) N 9]

Moreover, thanks to the anisotropic Minkowski inequality (see [9], Proposition 2.9), it holds

Maq 1 P4(Q)
H R
) do(a) < O,

and hence equality holds in (4.21), which implies that W = VgV(Dv) D?v achieves the
equality sign in (2.21). O

We are now able to give the proof of Theorem 1.2.

Proof of Theorem 1.2. The proof is analogous to the one of Theorem 1.1. Indeed, Lemma
5.2 implies that W is a multiple of the identity matrix and from (2.11) we obtain an explicit
expression for D?v (see (5.2)). Since v satisfies (4.13) and (4.14), then Affv is constant on
0 and from (5.2) and (4.14) we obtain that the mean curvature Myq of 9Q is constant.
Hence, €2 is Wulff shape from Alexandrov’s Theorem 2.2. The explicit expression of u (1.13)
follows easily. O
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5.3. Proof of Theorem 1.3. As a byproduct of our technique we are able to prove an-
other Wulff characterization in terms of solution to (1.11) when the integral overdetermined
condition (1.14) is considered. More precisely we can prove Theorem 1.3.

Proof of Theorem 1.3. Let u be the solution to (1.11) and let v = u7~ . Thanks to Lemma
4.6, if condition (1.14) holds, then equality holds in (4.21) and hence, following the proof
of Corollary 4.6, equality holds in (2.21) for the matrix W = ng(D’U)D2’U. Lemma 5.2
guarantees that H(Du) is constant on 092 and hence u solves (1.11),(1.12) and the Wulff
shape of Q follows by Theorem 1.2. |

APPENDIX A. THE CONSTANT C' IN THE EXTERIOR PROBLEM

In this section we compute the value of the constant C' which appears in the Neumann
boundary constraint (1.12). More precisely we show that, in order to have existence of a
solution to the overdetermined problem (1.11)—(1.12), an apriori relation between the value
of C' and the geometry of the set {2 must hold.

Proposition A.1. If there exists a solution u € C**(RN \ Q) to Problem (1.11)—(1.12),
then

N-—p Pu()

Np—1 9

Proof. We split the proof in two main steps in which we compute the anisotropic p-capacity,
the anisotropic perimeter and the volume of the set 2 and related quantities.

We denote by v the inner unit normal vector to D; = {u > t}, and by v = v; the inner
unit normal to £, so that v, = Du/|Du| on 0D;.
First step: C' = Cf%ﬁ?z)%p.

Let us remark that faDt HP=Y(Du)(V¢H (Du);vt) do is independent of 0 < ¢ < 1: indeed

since Af u =0 in RV \ Q, the Divergence Theorem entails

C:

HP~Y(Du) (V¢H(Du);v) do — HP~Y(Du)(V¢H(Du);v)do =0,
o0 ) D,
for any 0 < t < 1. Moreover, since v; = Du/|Du| and by the homogeneity property (2.3),
we obtain

HP~Y(Du)(V¢H(Du);v) do = HP(DU)L do, (A1)
D, aD, | Dul
for any 0 <t < 1 and we find
1 1
H?(Du der = H?(Du)——do A2
Jy o0 g da= [, B0 i

for any 0 <t < 1.
Now we compute Capf (©2). By using the definition (1.10) and the coarea formula we

have )
1
p Cap () = / HP?(Du)dzx = / HP(Du)—— do dt .
RN\Q 0o Job, | Du|
From (A.2) we have
1
H
p Cap, () = HP(Du)———do.
A T
By recalling the boundary condition (1.12) and again the homogeneity property (2.3), to-

gether with the definition of anisotropic perimeter (2.12), we conclude the first step since
from the previous relation it follows

pCap(Q) =CP [ H(v)=CP'Py(Q).
o0

S d . cr _ (N—p) Capj () g . .
econd step: == = Na—py —Ja] - Since H(Du) = C on 052, from the Divergence Theorem,

Theorem 3.3 and (1.10) we have

CPN|Q = - aQH”(DU)(@“; V) :—/RN\QdiV(;EHp(Du(x)))
= —NpCap/(Q) —p / HP~Y(Du)He, (Du) upiz;. (A.3)
RN\Q
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Notice that, by (2.3), we have He, (Du) up;x; = He, (Du)(up;x; +ui) — H(Du) and hence

/ Hp_l(Du)Hgku;m-xi = —pCapf(Q) +/
RN\Q

v Hp—l(Du)Hék (Du) (uzxz>k (A.4)

Moreover, since Af u=0in RV \ Q, we have
1
HP~Y(Du)Hg, (Du) (ulml)k = —div((Du; z) VeH?(Du))
p

and the Divergence Theorem yields

/ HY~!(Dw)He, (Du) (wias) = | HY™'(Du){Dus x)(VeH(Du); v).
RN\Q a9

Recalling the homogeneity of H (2.3), the fact that v = Du/|Du| and the boundary condition
(1.12), the previous equality entails

/]R ‘e HP~'(Du)Hg, (Du) <“i$i)k _

and hence coupling with (A.3) and (A.4) we obtain
CPN|Q| = —NpCap, () — p(~pCap; () — CPN|€]).

This conclude the second step.
Conclusion: From the previous two steps we immediately obtain that

_ Pul) (N -p)
Q] Np-1)°
and the proof is complete. O

HP~Y(Du)(v; 2) (Ve H(Du); Du) = C’p/ (v;x) = —CPN|Q,

o o0

APPENDIX B. A LOWER BOUND ON THE GRADIENT

Lemma B.1. Let ug be the solution to

A;{){UR:O m BHO(R)\Q,
ug =1 on 082, (B.1)
up =0 on OB, (R).

There exists a constant C', not depending on R such that
1-N
H(Du(x)) > CHy™" (),

for z € By, (R) \ Q.

Proof. We closely follow the proof of Lemma 2 in [35], which needs to be adapted to the
anisotropic setting.

To simplify the notation we set E = Bg,(R) \ Q. Since OE = 9By, (R) U dQ is of class
C?%“ and H is uniformly convex, E satisfies an interior touching ball condition of a radius
d, i.e. for any zy € OF there exists a ball By, (z,0) C E with ¢ € dBp,(z,9).

We first prove that there exist Ay > 1 and ¢ > 0 such that for any y € JF we have that
1—u()\y)25%c()\—1) if y € 092, (B2)
u(y/N) = 65 e(A=1) ify € IBuy(R), '

for any 1 < A < Ap.
We prove (B.2) by using a barrier type argument. Let 2o € 0F and we choose z as above,
i.e. so that zg € 0Bpy,(z,9). Let

0 in RV \ By, (2,6),
1 in BHO(Za5/2)a
E) = g e
- p—N __N-p in BHo(Zv(S) \BHO(Z,5/2),
55T (25 — 1)

and we notice that v € Wy *(RY), Ally = 0 in By, (2,6) \ B, (z,0/2) and, from (2.5), we
have that H(Dv(z)) > 015% in Bp,(z,9) \ Bu,(z,0/2), where ¢; depends only on N, p.
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Now assume that g € 9. From the convexity of 2, the strict convexity of B, (R), there
exist Ao, 4, depending only on Q, N, p such that Azy € By, (2,9) \ By, (2,/2) and

v(Azg) = 671 p(A — 1)
for 1 < A < \¢. Analogously, we can prove that if g € Bp,(R), then \"'zg € By, (2,6) \
By, (z,6/2) and

w(@o/A) > 571 (A~ 1)
for 1 < A < Ag. Notice that Ag can be chosen uniformly for any xy € 0€2.

Let G be such that By, (R) \ Q@ = G + Bg,(6/2) (here we mean the Minkowski sum).
Since 0 < ug < 1in By, (R) \ ©, from Harnack’s inequality (see [48]) we have that

mén{l —ug, ur} > A,

where A > 0 depends only on G, p and n. From the weak comparison principle we have
that 1—u > Av in By, (2,0)\ Bu,(2,0/2) if 2o € 0Q and u > Av in By, (z,9) \ Bu,(z,6/2)
if xg € 0By, (R), and hence (B.2) is proved.

For 1 < A < )¢ we define E\ = By, (R/)\) \ © and we notice that the function ug(\r)
satisfies Af ur(Az) =0 in Ey. From (B.2), the weak comparison principle implies that

up(Az) <ug — 5%14;1(/\ -1)
in ) for 1 < X\ < Ag. Since
55 Ap < 1im 22— un(A7)

A—1 A—1

for any = € E, Cauchy-Schwarz inequality yields

= —Du(z) x,

51

Since § < Hp(z) in E, the conclusion follows from (2.2). O
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