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ABSTRACT. We prove that the boundary of a (not necessarily connected) bounded smooth set
with constant nonlocal mean curvature is a sphere. More generally, and in contrast with what
happens in the classical case, we show that the Lipschitz constant of the nonlocal mean curvature
of such a boundary controls its C?-distance from a single sphere. The corresponding stability
inequality is obtained with a sharp decay rate.

1. INTRODUCTION

The aim of this paper is to address a classical question in Differential Geometry, namely the
characterization of compact embedded constant mean curvature surfaces as spheres — Alexan-
drov’s theorem [4] — in the case of surfaces with constant nonlocal mean curvature. The seminal
papers [9, 11] have drawn an increasing attention to the geometry of nonlocal minimal surfaces,
i.e., boundaries of sets {2 C R™ which are stationary for the s-perimeter functional

dx dy . n
//C|x_ |1’L+28’ Q:R \Q7

corresponding to some value of s € (0,1/2) (see for instance [12, 2, 24, 5, 21, 19, 20, 18]). If Q
is an open set with smooth boundary and A C R"™ is an open set, then the condition

d

L P@@)=0, VX eCRARY,

(where ®; denotes the flux defined by the vector-field X) is equivalent to require the vanishing
of the nonlocal mean curvature H(p) of Q at every point p € AN 9. More in general, we say

that H : 90N A — R is the nonlocal mean curvature of 99 inside A if

d
CP@) = [ HY@)X(@) wdHy VX € OR (AR
o0
Here v, is the exterior unit normal to Q at x € 99, and H" ! denotes the (n — 1)-Hausdorff
measure.
Whenever 05 is sufficiently smooth (say 9 € C1® for some o > 2s), one can show that
the nonlocal mean curvature of 92 at a point p € 0f2 is given by

H(p) = wnl ; /Rn z %Q(ﬁz_% dz, Xa(z) = xac(z) — xa(x), (1.1)

OPs()[X] =

where xp denotes the characteristic function of a set E, w,_o is the measure of the (n — 2)-
dimensional sphere, and the integral is defined in the principal value sense (see for instance [20,
Theorem 6.1 and Proposition 6.3]). It is useful to keep in mind that, by means of the divergence
theorem, the nonlocal mean curvature can also be computed as a boundary integral, that is

1 (x—p)-v
Q _ n— 1
H (p) = S0 /89 7= plnies ZAH" (1.2)

Our main interest here is describing the shape of open sets €2 having constant, or almost-
constant, nonlocal mean curvature. In this direction we obtain three main results.
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The first one is a nonlocal version of the classical Alexandrov’s theorem [4]:

Theorem 1.1. If Q is a bounded open set of class CY?% and ng s constant on 0L), then 0L is
a sphere.

In our second result we prove that if H ?, instead of being constant, has just a small Lipschitz

constant 0 0
H - H
5.() = sup |Hy'(p) — Hy'(q)]
P,qEO0, p#q ’p - q,

and if 99 is of class C%® for some a > 2s, then 9 is close to a sphere, with a sharp estimate
in terms of 04(£2). To state our result we introduce the following uniform distance from being a
ball:

(1.3)

p(Q) = inf{di;r;(sQ) :p€eQ,Bs(p) CNC Bt(p)}.

Theorem 1.2. IfQ is a bounded open set with C**-boundary for some o > 2s, then there exists
a dimensional constant C(n) such that

p(Q) < C(n)ns(Q), (1.4)
where
iam 2n+2s+1
ns(ﬂ):d %; . 55(2) . (1.5)

Moreover there exists n(n) > 0 such that if ns(2) < n(n) then, up to rescaling Q, we can find a
bi-Lipschitz map F : 9B1(0) — 09 satisfying

(1=Cn) V() ) [ —y] < |F(@) - F ()] < (1+C(n) /o)) Ja—yl ¥,y € IB1(0) (16)
for some dimensional constant C(n) > 0.

Remark 1.3. Note that both p(€2) and 7s(£2) are scaling invariant quantities. Also, the estimate
(1.4) is optimal in terms of the exponent of 1s(£2). This can be seen, for instance, by considering
the sequence of sets

2

X

Indeed, a direct computation shows that both p(£2.) ~ ¢ and 7s(2.) = ¢ as € — 0.

Q, = {a::(xl,...,xn)E]R”:

Remark 1.4. If Q is an open set with C%-boundary then (1 —2s) H® — H® on 00 as s —
(1/2)~, where H® is the classical mean curvature of 9 (see [1]). Therefore, because of the
scaling factor (1 — 2s) one cannot obtain any information from Theorem 1.2 in the limit s —
(1/2)~. This is not a drawback of our result, as its local analog is false. Indeed, one can
construct examples of connected boundaries whose classical mean curvature is arbitrarily close
to a constant in C' topology, but these sets are close (in the Hausdorff distance) to a union of
tangent spheres of equal radii [7].

Both results above are obtained by the moving planes method. Note that the use of this
method in obtaining stability estimates is well-established in the local case, see for example
[3, 15, 16] in relation to Serrin’s overdetermined problem and [17] concerning Alexandrov’s the-
orem. Also, this method has already been successfully used in some nonlocal settings to obtain
symmetry results (see for instance [23, 6] and the references therein).

Once Theorem 1.2 is proved, we can exploit the regularity theory for nonlocal equations in
order to obtain a sharp stability estimate in stronger norms. Indeed, by a careful analysis we
can conclude that € is close in C? to a sphere with a linear control in terms of 14(Q), exactly
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as in (1.4). In particular the following result improves the estimate in (1.6), although its proof
relies on more delicate tools (and actually (1.6) is needed in the proof of this result).

Theorem 1.5. Assume that ) is a bounded open set with C*“-boundary for some a > 25, and
suppose that 0 has been translated and rescaled so that

Bl_gp(Q)(O) cQcC Bl(O). (17)

There exists n(n,s) > 0 such that the following holds: If ns(2) < n(n,s) then there is a map
F :0B1(0) — R™ of class C*7 for any T < 2s, such that F(0B1(0)) = 0Q and

HF — Id||c2,r(331(0)) < C(n,S,T) 773(9)-

In particular, if ns(Q) is sufficiently small then Q is a convex domain.

We conclude this introduction by emphasizing that boundaries with constant or almost
constant mean curvature behave differently in the nonlocal and in the local case, the former
setting being much more rigid than the latter. Indeed, as proven in Theorem 1.1, even without
any connectedness assumption a boundary with constant nonlocal mean curvature is a single
sphere, whereas of course any disjoint union of spheres with equal radii has constant mean
curvature in the classical sense. Actually, even working only with connected boundaries, a
significant difference arises at the level of stability. Indeed, as already mentioned in Remark
1.4, a connected boundary with almost-constant mean curvature may be close to a compound
of nearby spheres of equal radii (unless one imposes some strong geometric constraints on the
considered set, like a uniform ball condition [17] or an upper volume density bound [14]). In
contrast with this picture, as shown in Theorems 1.2 and 1.5 above, uniformly bounded sets with
almost-constant nonlocal mean curvature must be close to a single ball without the need to any
uniform control in their geometry. This points out an interesting feature of the nonlocal case,
namely, the nonlocality of the underlying perimeter functional prevents bubbling phenomena
(in the limit 65(Q2) — 0).

We also note that, as it will be apparent from our arguments, Theorems 1.1 and 1.2 hold
(with different constants and possibly without scale invariant statements) if in the definition of
H$ one replaces the kernel |z|7"~2¢ with k(|z|), where

k(t) >0,  t"T2k@) ") <0, supk <c(t) <0,  Vt>0.
(0,t)

For the validity of Theorem 1.5, one needs to impose the additional constraint that k(t) behaves
as a smooth perturbation of ¢t~("+2%) a5 ¢ — 0.

This paper is organized as follows. In section 2 we prove a technical fact about approximat-
ing the nonlocal mean curvature in C'' with nonlocal “curvatures” coming from smooth kernels.
Then in section 3 we prove the nonlocal version of Alexandrov’s theorem, while in section 4 we
address the stability analysis.

After the writing of this paper was completed we learned that, at the very same time and
independently of us, X. Cabré, M. Fall, J. Sola-Morales, and T. Weth have proved a result
analogous to our Theorem 1.1 [8].

2. A TECHNICAL LEMMA

In order to perform our computations, and in particular to avoid integrability issues, it will
be useful to work with smooth kernels. We thus consider the approximation K.(z) = ¢(|z|)
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of the kernel K(x) = ﬁm_("“s) corresponding to a choice of p. € C2°(]0,00)) such that
v >0, ¢l <0, and

2 e (t) + 1T L (1)] < C(n, 5),

n+2s 1 V> 0. (2.1)
|90/s(t)|Tmtn+T+1 ase — 07,
Note that this implies that, as € — 0,
1
@< (t) 1 g 12 vVt>0, (2.2)
—

and both ¢. and ¢! converge to their limits uniformly on [ty, o) for every fixed ¢y > 0.
Let us define

L) = [ Ra@eole-p)dz,  peon. (23)
Rn
Then, arguing as in [20, Proposition 6.3] we find that
tim ([~ ) coony = 0. (2.4

provided €2 is a bounded open set with C*-boundary for some a > 2s. We now prove the
following technical fact.

Lemma 2.1. Assume that Q is a bounded open set with C*®-boundary for some o > 2s. Then
H? € C1(09) and HSE — H in C1(09) as e — 0.

Proof. Since we already know that H 25 converge to HS in OO (see (2.4)), it is enough to prove

that H 25 is a Cauchy sequence in C', that is
lim |VHY, — VH =0. 2.5
(g,m)—(0,0) H S:€ s,n”CO(aﬁ) ( )

To this end we first notice that, by setting
1 o
Ve (t) = i oo (1) " tdr Vt>0
t
we have

div (z¢e(|2))) = nepe(lz]) + |2 ¢i(l2]) = ee(l2]) Vo eR",
hence H 25 can be rewritten as

) =2 [ velle=p) (e=p) wears™ Vpeon. (26)
Note that 1. is smooth, it satisfies
T2 e () + TR L)+ TR ()] < Clnys)  VE>0 (2.7)

(thanks to (2.1)), and both . and 9. converge uniformly to their limits on [tg,00) for every
fixed tg >0 as e — 0.

Now, given p € 9Q and é € T,(02) NS"! a tangent vector, by the smoothness of 1. one
finds

¢ e = T—pl)vy € 7¢é(|x—p|) x—p) -v[(x—p)-é n-l
vaLG) e =2 [ (vello—p)v-i+ I @) v (@ p)-d)) arz (29

Up to decomposing R” = R"~! x R so that x = (£, ,) denotes the generic point in R”, and up
to translating p into the origin 0, we define

D,={eR"":|i[<p}, C,=D,x(—pp), (2.9)



SHARP STABILITY FOR THE NONLOCAL ALEXANDROV THEOREM 5

and we see that the smoothness of 02 implies that, up to a rotation, there exist p > 0 and a
function f € C**(D,), with f(0) = V£(0) = 0 and ||f||02a y <L, such that

C,No0 ={(2f(#):2€D,} = Idxf)( )

(by compactness of 92, both p and L are independent of the point p € 92 under consideration).
Now, if we set B, = (Id x f)(D,) for r € (0, p), then by the uniform convergence of . and .
on [r,00) we find that

/aQ\BT (ws(lx\) Uy - 6+ %'(ll;rl) (1) (z - é)> -

[ (e P o @) w50 o)
D0\B, |z
ase,n — 0. A
On the other hand, having in mind (2.8) and (2.10) and noticing that v, = % for

x = (&, f(Z)) € B,, taking into account that é - e,, = 0 for every é € Tp(0f2) we see that

/ (veel) v+ 2 (o) o ) ant

|z|
A o (ViEP+P)
2 [ (—we(wx!2+f2) Vi A
D, VIEP + f?
where f = f(2) and Vf = Vf(2). To get a good control on the above quantity, we symmetrize it
with respect to & by performing the change of variable  — —z and then add the two expressions

(the one with the variable & and the one with —2). In this way we see that the integral in (2.11)
is equal to

- [ e (VEPEIGP) (V4@ -+ V() 2) di
b [ (VIR TGP - (VIR ) ) Vo) s

[f—Vf-:E](fc-é)) di,  (2.11)

+ [ V) (1£@) = (=) @ &) — V(@) -3+ VI (=) -] (&) d
)= f(=2)](z-¢é) — z)- & —z)- 2] (&-¢é))d
. |22+ f(2)?
C(VIEPFTGR)  w (VIEP+ F(-aR) A -
—i—/ ( > - — — )[f(—a:)+Vf(—a:)'x](a:-e)dx.
SN VP A+ f(2)? VIE? + f(=2)

Hence, since f(0) = Vf(0) = 0 and recalling (2.7), we can find a constant C, depending only
on n, s, L, such that, for || < p,

IVf(Z)-é+ Vf(—&)-é <Ozt IVf(=2)| < Cz], If(#)] < C|2[*,
f(2) — f(—2)| < C &[>, IVf(2) &+ Vf(-2) 2| < Cl2]*,
_4)2 C
1/15( ’53|2+f(9:")2> —1/15( ’§7|2+f(—55)2) |f E |n+25(+2x) | < |Z[rFEs—2—a

’i.‘n+2s+4 = ’i.‘n+2s—a ’

‘ C(VIEPHTGR) el ( |56|2+f(5@)2)‘<C{f(§;)2—f(—§;)2\ c
VI + ()2 P+ |-
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thus

/B'r <¢e(‘x|) Vg - €+ wi(ﬂl‘r” (z-vy) (- é)) T

where C' depends only on n, s and L. Therefore, combining (2.10) and (2.12) we obtain
lim sup| VHS,(0) - é — VH, (0) - é| < Cr* 2,

e,n—0

<Cro (2.12)

for every r € (0, p) and any unit tangent vector é € To(9Q2) N S*~!. Hence, by letting r — 0
we conclude the proof. O

3. SYMMETRY AND THE NONLOCAL ALEXANDROV THEOREM

We start by introducing the notation used in exploiting the moving planes method. Given
ec S, ACR"” and u € R, we set

7, ={r €R":x-e=p} ahyperplane orthogonal to e,

Eyo={xeR":2z-e>pu} the half-space on the “positive” side (with respect to e) of m,

A, =QNE, the “positive” cap of A,
37;1 =z—2(x-e—p)e the reflection of « with respect to m,
A, ={z),:z € A} the reflection of A with respect to m,.

(3.1)
Now, if € is an open bounded (not necessarily connected) set in R” with C!'-boundary and
A =sup{z-e:z € Q}, then for every u < A sufficiently close to A the reflection with respect to
m,, of the positive cap (2, is contained in {2, so it makes sense to define

A=inf{peR: (Qu); CQforal e (uA)}. (3.2)
In the sequel, given a direction e € 9B1(0), m) and 2 will be referred to as the critical hyperplane
and the critical cap respectively, and for the sake of simplicity we will set

¥=1\=z-2(-e—Ne, Q=0 ={2:2€Q}.

With this notation at hand, we recall from [4] that for every direction e at least one of the
following two conditions always holds:
Case 1: 09 is tangent to 0§ at some point p’ € 912, which is the reflection in 7 of a point
pE of) A \ TN
Case 2. )y is orthogonal to €2 at some point ¢ € IQ N w).

Both our main results will be based on the analysis of these two possibilities, under the assump-
tion that d5(€2) = 0 or that §5(2) is small, respectively.

We now prove the following result showing that &5(£2) controls the L!-distance between
and ' (recall that, given two sets F and F, EAF denotes the symmetric difference of the two
sets, that is EAF = (E\ F)U (F'\ E)). Actually, to be able to obtain a sharp stability estimate
in Theorem 1.2, it will be important to prove a stronger bound on [QAQ/| when the set  is
already comparable to a ball of radius 1 (see statement (b) below).

Proposition 3.1. Assume Q is a bounded open set with C*®-boundary for some o > 2s, fix
e € S"1, and let ' denote the reflection of Q with respect to the critical hyperplane 7.

(a) The bound
QA | < € diam(Q)" /2 /5,(Q) (3.3)

2wn—2
C1 =24/ . 3.4
! n -+ 2s (34)

holds with
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(b) Assume in addition that dist(0,m)) < 1/8 and B,(0) C Q C Bgr(0) for some radii

satisfying
%grgRSQ, R —r >1605(9). (3.5)
Then there exists a dimensional constant C(n) such that
IQAQ| < C(n) \/6,(Q)VR —r. (3.6)
Proof. We first prove that
/QAQ/ dist(z, my) dox < nw:—_;s diam ()" 2542 5,(Q). (3.7)

Without loss of generality we let e = e;. Let us first assume to be in case 1, that is, there exists
p € Q) \ 7y such that p € 90N IQ'. Then

Hp) — HE (W) = HE (p) — HY (p)

5L = [ )
= — ——dx — ———dx
wn-2 \Jang |z — p|"+2s o\ T — p|"t2s (3-8)

2 / 1 1 d
= —_— —_ J’)’
wn-2 Jono \|z —p[t2s |2/ — p|nts

where all the integrals are intended in the principal value sense. Since 2’ = (2\ — 21, z2, ..., Tp),
1 1 B 1 [<|a:’ —p|>n+28 1]
| —p|mt2s ol = pln 2 ol — p|nt2 L\ z — gl
1 4(x1 — N)(p1 — M)\ 5=
_ [<1+ (1 =N (1 )) > _1},
|2/ — p|nt2s |z —pl?
by the convexity of the function f(t) = (14 t)("*29)/2 _ 1 we get that if = € Q' then

1 B 1 S 2(n+2s)(z1 — A)(p1 — A) S 2(n+2s)(z1 — A)(p1 — A)
’l‘ _ p’n+25 ’CL‘/ _ p|n+23 — ’CL‘/ _ p|n+23|x _ p|2 — diam(Q)n+23+2 )
where we used the fact that, by construction, p’ € 9Q and therefore |z —p| = |2’ — p/| < diam(Q)

for every x € Q. Since 1 — A > 0 inside '\ Q and |p — p/| = 2(p1 — \), combining (3.8) and
(3.9) we find

(3.9)

He(p) — HE(Y) 2(n + 2s)
> > _
D2 TN 2 dam(Q) s, /Q/\Q@“ A de

(n+ 2s) /
- “\d
diam(Q)”*QHan,Q Q'AQ |x1 ‘ .

which proves (3.7) in the first case.

We now assume that 7 is orthogonal to OS2 at some point ¢ € 92 N7wy. Thanks to Lemma
2.1 and (2.3), setting u.(z) = v<(|x — ¢|) we have
VHL?(q) ey = lir% VH?e(q) -e1 = — lim Xa(z) Vue(z) - e1de =2 lim/ Vug(z) - ey dx
E—r ’ [¢)

e—=0 Jpn e—0

where we used that [;, Vu. = 0. Since Vu.(z) - e1 = ¢L(|lz — q|) %

to the hyperplane {x; = A} (notice that A = ¢1) and A is the critical value for e, we find that
fQQQ, Vue - e1 = 0, hence

is odd with respect

VH(q) e = 2lim ¢;(|x_q|)md

X .
e—0 O\ |x — q|
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We now observe that €\ €' is contained inside the half-space {x; < A} where the function
(z—q)-e1

Tl is non-positive, so by (2.1) and monotone convergence we obtain

2(n+2s rT—q)-e
Vi) o= 20T [ i,
Wn—2 O\ [z —q

Since [VH(q) - e1] < 04(Q) and

(r—-q)-e |1 — qu 1 — A
- =z = Q\ o <A
|z — ¢["+25+2 = diam(Q)"+25+2  djam(Q)n+2s+2 on Q\ Q' C {x1 <A},

we finally get

2(n + 2s) (n + 2s)
5.(Q) > — Mdz = ~ M de,
( )— diam(Q)n+25+2wn_2 /Q/\Q‘xl ’ X diam(Q)n+2s+2wn_2 /Q’AQ ’wl | X

which completes the proof of (3.7).

We now prove (a). For this it is enough to combine (3.7) with Chebyshev’s inequality to get
1 wpo

[{z € QAQ + dist(z,m) >~}| < ot 2s

diam(Q)"T25+25,(Q),

that together with the trivial bound
{z € QAQ': dist(z, my) < v}| < 2y diam(Q)™ !,

gives us (3.3) choosing v = 25{:225) diam(Q)5+6/2) /5,(Q).

If we know in addition that dist(0,7y) < 1/8 and that B,(0) C 2 C Bg(0) for some radii
satisfying (3.5), then we can use the stronger bound

{2z € QAQ : dist(z,m\) <~} < C(n)y(R—7) Vy <1/4,

s0 (3.6) follows by choosing v = 4/ (33(5?. O

We now deduce Theorem 1.1 from Proposition 3.1.

Proof of Theorem 1.1. We begin by noticing that, thanks to the regularity theory developed
in [5] (see in particular the proof of [5, Theorem 1]), C1?* domains with constant nonlocal
mean curvature are actually C'°°, so Proposition 3.1 applies. In particular, since by assumption
95(2) = 0, Proposition 3.1 implies that €2 is symmetric in any direction.

Since the barycenter b of 2 belongs to every axis of symmetry and every rotation can be
written as a composition of reflections, we have that €2 is invariant under rotations, which implies
that 0 is a collection of concentric spheres centered at b. To show that 0f2 is just one sphere,
we apply again the method of moving planes in an arbitrary direction: if 0f2 is not connected
then the critical hyperplane must be a hyperplane of symmetry and cannot contain b, which is
a contradiction. Hence 02 must have a single connected component, i.e., €2 is a sphere. U

4. STABILITY

Before proving Theorems 1.2 and 1.5 we first show the following lemma stating that if 65(12)
is small then, up to a translation, all critical planes from the moving planes method pass close
to the origin. Again, as in Proposition 3.1, it will be important to show a stronger bound when
) is comparable to a ball of radius 1.
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Lemma 4.1. Let Q be an open bounded set of class C*>® for some o > 2s with

diam(Q)"+s+(1/2) (11 n+ 2s
V65(Q) < — = , 4.1
Q] ( )—mm{4 n} 8wn_a (41)

and suppose that the critical planes with respect to the coordinate directions m., coincide with
{x; = 0} for every i = 1,...,n. Also, given e € S"~!, denote by A\ the critical value associated
to e as in (3.2).

(a) The bound

Nl < O/ (@) (1.2)
holds with
: Q)n+s+(3/2)
Cy=4(n+3) diam( |)Q| Ch,

where C1 is as in (3.4).
(b) Assume in addition that dist(0,7)) < 1/8 and B,(0) C Q C Bgr(0) for some radii
satisfying (3.5). Then

Nl < CH VA VR (43)
for some dimensional constant C*(n).
Proof. We first prove (a). To this aim, we define Q% = {—z : z € Q} and set
Cf = C) diam(Q)"+s+(1/2) (4.4)

where C; is defined as in (3.4). Then, since Q° can be obtained from by symmetrizing it with
respect to the hyperplanes {x; = 0} = 7, fori = 1,...,n, applying Proposition 3.1 with respect
to the coordinate directions we obtain

1QAQC| < nCF\/64(Q). (4.5)
Now, to prove (4.2) we assume that A\ > 0 (the case A. < 0 being similar). We first note that
Ac =sup{z-e:x € Q} < diam(Q). (4.6)

Indeed, if A, > diam(f2), then x - e > 0 for every z € Q, and thus |[QAQ°| = 2|Q|, which
contradicts (4.5) and (4.1). This said, we denote by Q' the reflection of Q about the critical
hyperplane ) _, and deduce from Proposition 3.1 that

IQAQ| < CF/65(9) . (4.7)

Now, recalling the notation Q, = QNE, = QN {z-e > u}, it follows by (4.7) (which tells us
that © is almost symmetric with respect to ), ) that

Q *
Q| > ’2‘ — CT V0s(9) . (4.8)
Since  is almost symmetric about 0 by (4.5), using the notation £ = {—z : z € £, } we see
that (4.8) gives

Q
QNEY| = 100N En] > [ - 1280% = i op Ve @),
which together with (4.8) implies
{z€Q: <A<z e<A) < (n+2)Ci/6(Q). (4.9)
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In other words, by combining the almost-symmetry of 2 with respect to 0 and to ), we have
shown that  has small volume in the strip {|z - e| < Ac}. Since {Ae < z-e < 3A.} is mapped
into {|x - | < Ac} by the reflection with respect to 7y, exploiting again (4.7) and (4.9) we get

HzeQ: Ae<z-e<3A}=|{z e |z e <A}

4.10
<HzeQ: |z-el < AY| + [QAQ| < (n+ 3)CT/35(9). (4.10)

Define now
mp:=NHzeQ: 2k—1DA<z-e<(2k+1)A\}, kE>1,
and notice that, by the moving planes procedure, the set N 7, (seen as a subset of R 1) is
included inside © N 7, whenever A\, < p/ < p. In particular the function p — H QN7 is
decreasing on (A, A¢), hence my, is a decreasing sequence and (4.10) gives us
mi <mi < (n+3)Ci/0,(Q) VEk>1.

Recalling that Q C {z - e < A.}, combining this last estimate with (4.9) and letting ko be the
smallest natural number such that (2kg + 1)\ > A, we get

ko
1/A. .
= <z-e< < < - —
Q0= 2N {he <z-e <A < ; my < 2(Ae +1) (0 +3)CV/6,(@).
hence (thanks to (4.6))
1, | Ae < (n+ 3) CF diam(2) 1/d5(22) .
Since |Q2y.| > |©2|/4 (by (4.8) and (4.1)), recalling (4.4) we get (4.2).

To prove (b) it suffices to observe that, under the assumption that dist(0, 7)) < 1/8 and
B,(0) C Q C Bg(0) with r, R satisfying (3.5), we can repeat the very same proof done above
but using (3.6) in place of (3.3) to obtain (4.3). O

We now prove Theorems 1.2 and 1.5.

Proof of Theorem 1.2. Step 1: proof of (1.4). Up to a translation, we can assume that the
critical planes with respect to the coordinate directions ., coincide with {z; = 0} for every
1=1,...,n.
. . . n+s+(1/2) .
Notice that, since p(2) < 1 and /ns(Q) = diam(@)n o7 d5(€2), one can directly assume

o
that (4.1) holds. Moreover, setting
r = min |z|, R = max |z|, (4.11)
€N €N

it is enough to control R — r (as it gives an upper bound on p(f2)).
Let 2,y € 09 be such that |z| = r and |y| = R. Assuming without loss of generality that
x # y, we consider the unit vector
y—x
ly — x|’
and let 7y, denote the corresponding critical hyperplane. We notice that y is closer than x to
the critical hyperplane my_, i.e.,

e

dist(x, my,) > dist(y, my, ) - (4.12)

Indeed, since z = y — te with t = |z — y|, the method of moving planes implies that the critical
position can be reached at most when 3’ (the reflection of y with respect to my,) is tangent to
x, which corresponds to the equality case in (4.12), while in all the other cases strict inequality
holds. Thus, by (4.12) and the fact that e is parallel to y — = we get

R—r =yl — |z| < 2dist(0,7),) = 2|\ (4.13)
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that combined with (4.2) implies that

2wp_2

2 ,(2). (4.14)

Now, since all the quantities involved are scaling invariant, we rescale €2 so that R = 1, and we
assume without loss of generality that

R— 1 <2C5\/6,(Q) =16 (n + 3)

R—r>166,(9)

as otherwise (1.4) trivially holds. In this way it follows from (4.14) that (3.5) holds provided
ns(£2) is small enough. Also, thanks to (4.2) we see that dist(0,),) < 1/8 for all e € S*~1 if
95(2) (or equivalently 7,(€2)) is sufficiently small.

Hence, this allows us to combine (4.13) with (4.3) to get

R—1r<2C*"(n)\/ds(Q) VR —r,
that is
R —1r <4C*(n)ds(2), (4.15)
which proves (1.4).

Step 2: a quantitative Lipschitz bound on 0. We want to show that if 1s(Q2) < n(n) for some
dimensional constant n(n), then 02 is Lipschitz-flat with a uniform bound.

Since all the quantities involved are scaling invariant, we assume as at the end of step 1 that
R =1 so that

B,.(0) C Q C B4(0)
with
1—r<C(n)ns(Q) (4.16)

(by (4.15)), and then prove (1.6) for 75(£2) small enough.

To this end, it is enough to show that there exists a dimensional constant M = M (n) such
that, for any € 9Q and y € 9B, _jy;,()(0) such that the “open” segment (z,y) is contained
outside Bj_jzy,,(0)(0), then (z,y) C 2. Indeed, this means that for any x € Q2 we can find a

uniform cone of opening m — C'\/n(€2) with tip at = and axis parallel to |i

X
inside €2, and this implies that 92 is locally the graph of a Lipschitz functi(‘)n satisfying (1.6).

Now, to prove the latter fact, assume by contradiction that there exist x € 02 and y €
OB1_ () (0) for which there exists a point z € (z,y) N Q° Set e = \iii and notice that,
since z € Q°, it follows that the moving planes method has to stop before reaching z, that is
Ae 2> z - e. Now, since (z,y) C B1(0) \ Bi_,()(0) and y € B _jp,(0)(0), we have y - e > 0.
Hence, since z — y is parallel to e and z € Q¢ C B,(0)° we get

which is contained

ez (z-y)ety-e>(z-y)-e=[z-yl[>Mn(Q)—(1-r)
On the other hand (4.2) gives
C(n)ns() = |Ae|

(recall that 1 < diam(€2) < 2 and s € (0,1)), which leads to a contradiction to (4.16) provided
M = M(n) is large enough. O

Proof of Theorem 1.5. Our goal here it to exploit the results from Theorem 1.2 to get closeness
to a ball in higher norms. For this, we need to show that our assumptions on HS! imply that
R is smooth with some quantitative bounds depending only on 7,(€2). Hence, we first formulate
the following regularity criterion that is implicitly contained in [13] (see also [20, Theorem 3.4
and Corollary 3.5], and recall that definition of C, and D, from (2.9)):
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Given n > 2, 5,0 € (0,1/2), and § € (0,2s), there exist positive constants ¢ = £(n, s, ¢, )
and C, = Cy(n,s,, ) with the following property: Let E be an open set with C?-boundary
such that for some L > 0 it holds

B,(y)NE
|Br(y) |E

E
I1HS Ncoom) < L oo

,1-10), VyedE ,r</{. (4.17)

If 0 € OF and r < ¢ are such that
B, (0)NOE C {z € R : |z,| <er}, Lr<e, (4.18)
then there exists u € Cl’ﬁ(Dr/Q) such that
C,/pNIE = (Id x u)(D, ),
with lul
Ulco(D,
”VUHCO(DNQ) + 7P [VU}CO’B(Dr/z) < (% + LT) .
Step 1: uniform C*7 bounds on 05). We show that the regularity criterion stated above applies
with = Q.
Since, by the definition of p(£2), the radii 1 —2p(€2) and 1 must be optimal for the inclusion

(1.7) to hold, we can find points p1 € IQNIB;_9,0)(0) and p2 € 2N IB1(0). Hence, it follows
by the inclusions (1.7) and (1.1) that

HY(pr) < H 7, HY (po) > HEY,
and because the Lipschitz constant of HS is bounded by () < C ns(2) and
[H 7 — HP < Cp(Q) < Ony(©)

(by (1.4)), we deduce that

Notice now that the uniform Lipschitz estimate provided by Theorem 1.2 implies that the
density estimates in (4.17) hold. Thus, provided 7,(€2) is small enough, (4.17) holds with L =
2 HP' and for some ¢ = £(n) > 0. At the same time we can find » = r(n) > 0, depending on
0B1(0) only, such that if x € 9B;(0) then

Bgr(x)ﬁﬁBl(O)C{yER":’(y—a:)-m‘gzr}, Lr<e. (4.20)

x

Hence, assuming that 75(£2) is small enough in terms of r, by (1.4) and (1.7) we can ensure that
Br(z)ﬂaﬂc{yeR":’(y—z)-’;‘gsr} Vze o8, (4.21)

and applying the regularity criterion stated before we obtain that, for any z € 0f), there exists
a uniform neighborhood such that, in a suitable system of coordinates, 0f) is given by the graph
of a function u, : D, — R with

uzllcrs(p, ) < Cn, s, 5).

Now, choosing (3 arbitrarily close to 2s and exploiting the fact that HS € C%7(9Q) for every
v € (0,1) together with the higher regularity theory by [5, Section 3], we obtain that

izl e, ) < Clnys,7)
for any 7 < 2s.

Step 2: O is C2%-close to a sphere linearly in ns(Q2). By the previous step we know that there
exists a map f : 9B1(0) — R of class C>7 for any 7 < 2s satisfying

| fllc2m 0B, 0)) < C(n,s,7)
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and such that 9Q = {y + f(y)y : y € dB1(0)}. Notice that, by (1.7),

Ifll Lo @By (0)) < C(n)ns(2), (4.22)
so we deduce by interpolation that for any ¢ < 2s there exists an exponent a(¢) > 0 such that
1 £llc2c 08,0y < Cln, s, Q) ms(2)*). (4.23)

This implies in particular that 9Q is C2-close to a sphere, so Q is convex for 7,(2) sufficiently
small. We now want to show that (4.23) is still valid if we replace «(¢) with 1, which will prove
the theorem with F(y) =y + f(y) v.

For this, we write the nonlocal mean curvature in terms of f starting from (1.2): in this
way, since any point z € 92 can be written as y + f(y)y with y € 9B;(0), by the area formula
we get that, at the point p = q + f(q) ¢ € 99,

Qy_ L y+fWy—a—flaa Vrf(y) n-1 2 mo1
B0 = 55 o Ty T ) (S a7

YT )

To simplify the notation we define the vector-field vy(y) := vy + f(y)y — ¢ — f(¢) ¢, so that the
above expression becomes

O _vly)
H, (p) = SWn_o /HBl(O) ’,Uq(y)‘n—i-Zs
(O )" - [ f) T (4 A) ) g

Now, noticing that the normal to 9B1(0) at y is equal to y itself, by the tangential divergence
theorem (see for instance [22, Theorem 11.8]) we get (notice that the classical mean curvature
of 9B1(0) isn — 1)

Qo _ 1 iv Vg(y) n-1 n—1 n—1
Ho'p) = ﬂgﬂmd T(mxww+%>“1+f@” (14 fta)"" | art

s(n—1)wp—2

1 / UQ(y) Y (1 _i_f(q))n*l dHZ_l.

sWn—2 Jop, (0) |vg(y)["+?s

Since divr(y) =n —1 and V7 f(y) - y = 0 we have

o w) ) - D( i)
4 TQw@VH%)‘ o)l

vg(y) - Vr|vg(y)]
"Uq(y) ‘n+25+1

— (n+2s)

So, computing
Vrug(y) = (L + f(y)) Vry + Vo fly) @y
and denoting by m, : R"™ — R" the orthogonal projection onto yt, we get

va(y) - Volvg(y)| = vg(y) - Vrug(y) - ve(y)

|vg(y)]
_ 1+ fW) Iy — (1 + £(a) (@ —v) - V2 W) (v() - v)
|vg(y)] '
Thanks to the elementary identity
(y—q)-y=1—q-y=%|y—q|2 (4.24)

we see that
ly — qf?

g = (14 £(@) Imal® = (L+ F(@) (1 +y-a)
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and
_ ly—a?
ve(y) -y = fy) = fla)+ (1+ f(a) =
Hence, setting for simplicity
1

Tp(y.q) = (L+ f))" " = (1+ f(@)" ",

and combining all these formulas, we obtain

) = —— [ L r g g

swWn-2 Jop, (0) [vg(y)[" T2

n 4 2s / (1+f(y)) (1+yq) (1+f(Q))2’y_q’2 Ff(y,Q) dHZ_l
8B1(0)

C25(n— Dwpy |vg (y) [P 242

n+2s / (L+ /(@) (=9 - Vi) (/) — £(a)) iy, ) dHy ™"
2B1(0) |

s(n—1)wn2 vg ()| 2ot

n+ 2s / (1+f(Q))2 ((q_y) va(y)) ‘y_q‘Q Ff(y,Q) dHZ_l
0B1(0)

2s(n— 1) wp—2 v (y)|nt2s+2

n—1 f(@/) - f( ) n—1
* Swn—2 (1+7@) /881(0) |vg(y) |25 My
1 n ly — q|? n—1
T Tean, L HI@) /aglm) o) P

Noticing that
1
Lty g=2-gly—df,

the above expression can be rewritten as

1 1+ f(y) 1
Hp) = / Y by, q) dHE
() swn—2 Jop, (o) [vg(y)]" T2 () dHy

B s(n— 1)wn_2 q( )‘n+25+2

1 1 —q/?
s /m( )( +fy’)1))( + 1) lv—d T'y(y,q) dHy
)

n -+ 2s (1+fq ( ) - Vrfly )) (f(y)—f(Q)) n—1
/331( ) |U (y Lrly @)t

s(n—1)wp—2 )[r+2s+2

n+2s / (1+ /(@) ((a =) - VoI W) [y — (o) dH!
9B1(0)

2g (n _ 1) W2 ’7} ( )’n+25+2
n—1 f(y) B f( ) n—1
* s OO [ T

- (1+f(Q))"/ Lq'jgd”“?_l
23wn—2 0B1(0) |Uq(y)|n s

2
1 / A+ s@) (A s@)y—alp (o gt
0B1(0)

48 W9 [vg ()| 2542

(4.25)

We now notice that, since

Pi(y.a) = (n = DIFW) = F@](1+ P(FW), £(0)))
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with P(t, s) a polynomial of degree n — 2 which vanishes at ¢ = s = 0, the first five terms in the
right hand side above can be written as

- / (f(y) = f(@) K(y,q) dHy
9B1(0)

where the kernel K (y,q) behaves like a O perturbation of the %—fractional Laplacian on
R"~1: more precisely
2 1

Kiy.0) = 5 o (U Gr). (4.26)

where G : 9B1(0) x dB1(0) — R is a C!"-function (depending on f) which satisfies

1Gllcrm@Bi0)xaBi0)) < C I fllc2r@Bi0)) VT € [0,25).

We now subtract the value of the above expression in the right hand side of (4.25) at f =0
(which corresponds to the case of the unit sphere) to get

HY(F(q)) — HP' = - / (F@) — F(@) Ky q) M + g(q) (4.27)
9B1(0)

where F'(q) = q+ f(q) ¢ and

1 n |y — Q|2 n—1 1 n—1
9(q) = 1+ f(q / s M / T AH
@)= Ssonss (( (@) 9B (0) |vg(y)[" 28 Y oBy(0) [y —q" T2

1 / 1+ F) 1+ @)y —al*
9B1(0)

48 W2 [vg ()| 242

Tt(y,q)dHy

is a C'! function satisfying

19/l @81 (0)) < C IflLoe(aB1(0))5 l9llcr By 0)) < Cllfller o (0))-

Since K is a C'! perturbation of the #—fractional Laplacian, applying [10, Theorem 61] locally
in charts (using a cut-off function) we deduce that

| fllcrr B (0)) < C(”?SaT)(HfHL°°(8B1(O))+Hg|’L°°(8Bl(0))+HHgoF_HflHLOO(BBl(O))) VT < 2s.

Also, differentiating (4.27) we can apply the same result to the first derivatives of f (see for
instance [5, Section 2.4] for more details on how this differentiation argument works) to get

[ fllc2r @By (0)) < Cln, 377')(”f”Cl(6B1(0))+||9||C’1(831(0))+||H§ZOF_HsBl”01(8B1(0))) VT < 2s.
Notice now that by (4.19), the definition of 65(£2), and the fact that || F'[|c1(gp, (o)) < €, we have
|HS o F — HP'|[c1(a,(0)) < C 05().

Hence combining all these estimates and recalling (4.22), we conclude that

[ flle2r @B, 0)) < C(ny8,7) (55(9) + ”f”CO(BBl(O))> <C(n,s,m)ns() V7 <2s,
as desired. O
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