AUTHOR QUERIES

Journal id: GAPA_A 343064
Corresponding author:  Giulio Ciraolo

Title: A method of variation of boundaries for waveguide
grating couplers

Dear Author
Please address all the numbered queries on this page which are clearly
identified on the proof for your convenience.

Thank you for your cooperation

Query

number Query
1 Please provide Communication details
2 Please mention Figure [1] in the text.
3 Please provide publisher locations.
4 Please provide publisher locations.
5

Have these been published yet? If so, please give details for reference
sections.




XML Template (2008)

[9.9.2008-5:45pm] [1-22]

{TANDF_FPP}GAPA/GAPA_A_343064.3d (GAPA) [First Proof]

20

[\
whn

(%)
je=)

[9%]
W

Applicable Analysis Taylor &Francis
Vol. ‘?‘7’ No. ?, Month?? 2008, 1-22 Taylor & Francis Group

RESEARCH ARTICLE

A method of variation of boundaries for waveguide grating couplers

Giulio Ciraolo®

Dipartimento di Matematica e Applicazioni, Universita di Palermo, Palermo, Italy
Communicated by 1
(Received 27 May 2008, final version received 28 July 2008)

We describe a method for calculating the solution of the electromagnetic field
in a non-rectilinear open waveguide by using a series expansion, starting from the
field of a rectilinear waveguide. Our approach is based on a method of variation
of boundaries. We prove that the obtained series expansion converges and we
provide a radiation condition at infinity in such a way that the problem has
a unique solution. Our approach can model several kinds of optical devices which
are used in optical integrated circuits. Numerical examples will be shown for the
case of finite aperiodic waveguide grating couplers.
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AMS Subject Classifications: 78A40; 78A50; 78M35; 35J05; 35A05

1. Introduction

In recent years, the growing interest in optical integrated circuits stimulated the study of
electromagnetic wave propagation in diffraction-dominated structures. The design and use
of diffraction-based integrated optics has led to the development of fast and accurate
numerical methods for the design of many kinds of optical devices, such as couplers,
tapers, gratings, bendings, imperfections of structures and so on.

In a waveguide grating coupler, a guided wave propagating inside the waveguide
is coupled to free-space radiation through an ad hoc perturbation of the profile of the
waveguide (that makes possible to excite a guided wave by illuminating the waveguide by
a radiation external to the waveguide). This phenomenon is due to the fact that, since the
waveguide is not rectilinear, a pure guided wave is not supported by the waveguide and
then the other supported guided waves (if any) and the free-space radiation appear.

Many numerical methods have been proposed for analyzing such structures [1-5].
In the present article we shall propose a rigorous treatment of a method of boundary
variation for waveguide problems. Our approach is strictly connected to the method
of boundary variation introduced in [6-8] (see also [9-11]), where the authors established
that solutions to problems of diffraction of light in a periodic structure behave analytically
with respect to variations of the interface. Starting from such results, in [1-5] the authors
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2 G. Ciraolo

analysed infinite periodic and finite aperiodic waveguide grating couplers by using an
approximate version of the method of boundary variation. In the present article we
provide a rigorous approach of the method of boundary variation which allows us to study
problems arising from the study of optical devices. Even if our approach applies to a wider
class of problems, we shall focus our attention on finite aperiodic waveguide grating
couplers, i.e. structures of finite extent (Figure 2).

As it will be clear, our method is applicable whenever it is possible to find a change of
coordinates such that the non-rectilinear waveguide is mapped into a rectilinear one.
We wish to observe that our method provides a rigorous analysis of finite grating couplers,
since it takes into account the coupling between both guided modes and the free-space
radiation. Crucial to our approach are the results contained in [12—14]. In [12] the authors
found a Green’s function for the wave propagation problem in a 2D rectilinear waveguide.
The uniqueness of such a problem was studied in [14], where a Rellich type radiation
condition at infinity was introduced. Thus, [12] and [14] together provide the knowledge of
the only solution for the 2D rectilinear waveguide problem which satisfies a Rellich type
radiation condition at infinity. In [13], it was proven the existence of a solution for the
perturbed problem. In particular, that was made by showing that the linearized operator is
continuous. The main results from [12] and [13] are recalled in Section 2; the ones in [14]
are reported in Section 3, where we also generalize such uniqueness result to the case of
a non-rectilinear waveguide.

In Section 4 we shall describe our mathematical framework. The adopted method of
boundary variation is described in Section 4.1. The analyticity of the solution with respect
to the variation of the boundary of the waveguide is proven in Section 4.2.

In Section 5 we apply our analytical results for studying finite aperiodic gratings by
showing some numerical examples.

2. Preliminaries

In this section we recall the expression of the Green’s formula obtained by Magnanini and
Santosa in [12] and the main result in [13].
Our starting point is the Helmholtz equation:

Au+EPng(xu=f, (x,z)e R, (1)
where k is the wavenumber and the index of refraction ng is of the form

. {nm(X), x| < &,
0.-=
nCl: |X| >ha

2)

here, n.,(-) is a bounded function depending only on the transversal coordinate x and 2/ is
the width of the waveguide. Under the weakly guided approximation [15] and with such
a choice of n, (1) describes the electromagnetic wave propagation in a rectilinear open
waveguide with axis along the z-direction.

In [12], the authors look for solutions of the homogeneous equation associated to (1)
in the form wu(x,z) = v(x, 1)e™; here, v(x, A) satisfies the associated eigenvalue problem
for v:

V+[A—qg(x)v=0, inR, (3)
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with
n. =maxn, A= (2 =B, q(x) = K[ — no(x)*]. (4)

The solutions of (3) can be written in the following form:

@i(h,))cos O(x — h) + (Q )sin O(x —h), if x>h,
Vi, A) = di(x, ), if x| <, (5)
$(—h2) .
@i(—=h,X)cos O(x + h) + T sinQ(x+ h), if x<-—h,

for j=s, a, with Q = VA — d?, d*> = k*(n2 — n2) and where the ¢,s are solutions of (3) in
the interval (—h, i) and satisfy the following conditions:
os(0,1) =1, ¢.(0,2) =0,

The indices j=s, a correspond to symmetric and antisymmetric solutions, respectively.
For 0<A<d2, it exists a finite number of eigenvalues (corresponding to the guided
modes) M,, m=1,..., M, j€{s,a}, satisfying the equations

(6)

Vd> =5 g(h,2) + ¢(h ) =0, j € (s.a),

and corresponding eigenfunctions v;(x, A/,) which satisfy (3). In this case, v;(x,2/,) decays
exponentially for |x|>/h:

¢/ (h’ )\‘in) “ _)L{”(X_h)’ x> h’

vi(x,4,) = 1 #i(x. 4,). x| <, %
o (—h 3 )V P o

>'m

For A > d>, the spectrum is continuous and corresponds to radiation and evanescent modes.
The resulting solution u of (1) has the following form:

wx.2) = [ Glxze e 0dedz, (v € R ®)

where the Green’s function G is a superposition of guided, radiation and evanescent
modes:

+00 ila— N
Grzs0= 3 / S O ), ©)

with

\E

1 oo A —d?
(dpj, n) Z rhn(M, +5 / . ——————n(A)da,
m=1 T Ja> ()‘ - d )¢j(h7 }‘) + ¢j(h’ )‘)
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4 G. Ciraolo

for all n € C{°(R), where

+00 -1 J
A o d2 — X,
rh = |:/ vi(x, 2, dxi| = , — -
e V2 = K [1 6506 M) "dx + ¢y 1)
We notice that (9) can be split up into three summands G = G* + G" + G°, where

M; et/ Ien =2,

Gz 80 =y Y~ (. M) (6 X)) s (10a)
Jets.aym=124,/k*n2 — X\,
) f*n? 1\7—{\4//(7 2
G’ (x, z; &, g‘) Z / kz 2 V/(X, )\)V,(E, }\.)O/()\.)d)\, (IOb)
/e s,a}
+00 ,—|z—¢l/ A= .
G(x,z;€,0) = ————vi(x, V)&, L)o;(A)dA, 10c
( Sé‘) Iezva /k2n2 2m .I( )](E )I( ) ( )
with
VA —d?
0i(1) = ;. (11)

(A — d)y(h. 1) + )(h. )

G? represents the guided part of the Green’s function, which describes the guided modes,
i.e. the modes propagating mostly inside the core; G" and G° are the parts of the Green’s
function corresponding to the radiation and evanescent modes, respectively. The radiation
and evanescent components altogether form the radiating part G™9 of G

1 +00 ilz— Lla/ 22—

G =G +G = (o, A)Vi(E, Mo (V)d A, 12
Zﬂ]% r iW’( (&, M)oy(3) (12)

and the corresponding radiating part of the solution
ez = [ 67z 8.0/ 0dede, (13)

The main results in [13] was to bound an inverse of the Helmholtz operator. Since we
are dealing with unbounded domains, we shall introduce weighted Sobolev spaces.
Let 1 :R*— R be a positive function such that |u| <1 and

pe CRHNLIRY), |Vul < Cip, [VPu| < Cop,  in RY, (14)
where C; and C, are positive constants; for instance
p= (14 P +127) 7, (15)

7> 1, can be a good choice. We will denote by L?(x) the weighted space consisting of all
the complex valued measurable functions u(x,z), (x,z)€R? such that i € L}(R?),
equipped with the natural norm

]| 2,0y= /[RZ |u(x) [ u(x, 2)dox diz.
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In a similar way we define the weighted Sobolev spaces H'(w) and H>(w).
The following theorem was proved in [13]:

Tueorem 2.1 Let u be the solution of (1) given by (8). Then
”u”HZ(M) =< CO ||f|| LZ(M—IV

where

5 3
C = S+20+ [5 +4C, +8C3 + (1 +4C)k*n2 + 2k4ni:| G2

(mxp)?

where C, is defined by (14).

3. Uniqueness of solutions

(16)

(17)

In [14], it was proved that (8) is the only solution of (1) satisfying certain radiation
conditions at infinity. We recall such a result in the following and then generalize that to

the case of non-rectilinear waveguides.

Following [14], it will be useful to introduce slightly different notations. We denote by

yul=1,...,M, M= M.+ M,, the values ¥, m=1,...,M;, j = s,a, and

= max y.
Ve = A,V

We set

vi(x, v1)

ex) =T, < >
=Tl

where we choose v;, j € {s, a}, according to the A/, corresponding to y,, and define
W (x,2) = e(x, y)U(z, 1),
with

Uz, y) = / u(g, z)e&, ypdg, [=1,...,M,

and
M
W(x,2) = u(x, z) — Z u'(x, 2).

=1

Moreover, we set
Q= {(x.2) € R : [max(|x| — h,0)P+2* < o},

Bo=kng and B = Jk*nZ —y, forl=1,..., M.

The main results in [13] are collected in the following theorem.

(18)

(19)

(20)

€2y

(22)

(23)
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Figure 1. The set Q.
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Figure 2. The profile of the perturbed waveguide. This example models a finite aperiodic grating

coupler.

THEOREM 3.1  Let u be the solution of (1) defined by (8). Then u is the only solution of (1)

such that ue L*(w) and
M 00
> L.

where v denotes the outward normal to the set 0%2,,.

., :
o iBu'| d¢dp<+oo, (24)

In this section we shall prove an analogous result for the non-rectilinear problem

Leu = Au+ En.(x,2)’u=1. (x,z) € R%, (25)
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where 7, is a perturbation of the function ny defined by (2). In particular, we assume that
n, —ng is a compactly supported function, i.e.

Supp(na - nO) C ona (26)

for some py>0, and prove that it exists a unique solution of (25) which satisfies (24).
In order to do that, we shall adapt the proofs of Lemma 2.5 and Theorems 2.6 and 2.7
in [14] to this case.

LEmMmA 3.2 Let BeR and n, € L(R?). If u is a weak solution of

Au+ KPng(x,2)*u =0, (27)
then
Im ﬁ% do =0,
ap OV
ie.
3 2 ul?
/ M iBu| do = / M4 B u)? ) do, (28)
ap |0V ap \ |0V

for every Q C R? bounded and sufficiently smooth.

The proof of this lemma is omitted, because it is analogous to the one done for
Lemma 2.5 in [14].

We introduce the following notations, which will be useful throughout the present
section:

S={x.)eR: |zl <p}, Q@ =Q,nS, Q=,n[R\S), (29)
for p> py, and set
I _ 1 I E _ E E
0Q! =95l U a.Ql,  9Qf = 95Qf Ua.QL,

where 95Q) and 9,Q/ are the portions of 3R/ laying on 9S and 92, respectively;
analogously we define 952~ and 8,225 and notice that
0, = 0.1 U 3. QL. (30)

For the sake of simplicity, we shall assume that w is as in (15). Analogous results hold
for more general u satisfying (14).

LemMA 3.3 Let ue L*(w) be a solution of (27). Then
u— uo = O(e(x’ y*))’ |VM - Vuoi = O(e(x’ V*))’ (31)

uniformly as |x| — +oo for z € R, where u°, e(x, y,) and y, are defined by (22), (19) and (18),
respectively.

Proof  From (22) we need to prove that u,, |Vu)| = O(e(x, yx)), uniformly as |x| — 400
for zeR, for each /=1,..., M. From (20) and (27) we have that U(z, y,) satisfies

U'(z,y) + (Kon} — v) Uz, vi) = g(2),
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8 G. Ciraolo
with
€)= [ In(6) = .6 2Nute, e v,
and thus
Uz, y) = [01 —2%/1 fR g(p)e ¢ dz]eiy’z + [q +2%/1 /R g(0)e* dz}e’”i

for some constants ¢; and ¢,. We notice that u € HIZOC(IRZ) (see Theorem 8.8 in [16]) and

thus, by Sobolev Embedding Theorem [17], u is bounded on every compact subset of R>.
Since the support of n, —ny is contained in 2, , we have

eqlln. —n
Uz, v)| < letl + leal +M max |u(x, z)|,
(x,2)€Qy,
and
|U'(z.v)| < viller] + |eal) + exllne — noll, max Ju(x, z)|,
(x,z)erO
where

er = max [e(,y)]-
Thus, since e(x,y;) and €'(x,y;) are O(e(x,yy)) as |x|— +oo, from (20) and (22) we
obtain (31). [ |

Now, we derive some asymptotic formulas which will be useful for proving the next
theorem.
By following the proof of Lemma 2.3 in [14], it is easy to show that

WiVu <400, (32)

% H
o s

L"O(S)‘

where S is given by (29). Let w: [0, +00) — R be the function defined by

w(p) = (14 0%) elp, v, (33)

with 7>1 (notice that w is a C' function and, furthermore, we L®(R")N L' (R™)).
By using (31) and (32),it is easy to prove the following asymptotic relations that hold
uniformly as p— +o0:

u . 2 aul 0 2
gy~ P de— | 15— o] dE = O((o). (34)
82 2.2
ou 2 31,{0 2
/ (5 +ﬁ5'”'2)d4_/ (‘g Jrﬁéluolz)dZ = O(w(p)), (34b)
8,92, %!

9 ou’
m | alde — m | @25 de = O(p)). (34¢)
ase OV ssl OV
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Moreover, from (7), we have

o
/m,< au +B5 || )dz = O(e(p, v2)), (352)
Im o 5138_15 de = O(e(p, ) ), (35b)

for/=1,...,M, as p— oc.

THEOREM 3.4 Let ue L*(n) be a weak solution of (27), with n. € L(R?) as in (26), and
assume that u satisfies (24). Let

M 3141 2 21 7 2
J(p) = Z/ o+ Al fae (36)
=0 792,
then
+00
/ J(p)dp<+o0, (37)
0
and, in particular,
(38)
R2

for every [=0,1,2,...,M

Proof In this proof, we will make use of Lemma 3.2. We notice that we can apply
Lemma 3.2 to u and to any set Q (in particular Q/ ). The same does not hold for u,
[=0,1,...,M; in this case, u;, [=0,1,..., M, is solutlon of (27) in QE for p> po,
(Theorem 2.6 in [14]) and thus we can apply Lemma 3.2 to u;, /=0, 1,.. M and by using
Q= QFf
P
From (30), (34b) and (35a) it follows that

qul* ou'! :
a0 = [ (a—
2.2

M
+A2ul* |de + / —
% 0 /ZO: 3()9‘1;? 0

uniformly as p — +o00. Since n, =ng in [Rz\QpO, each u/, 1=0,1,..., M, is a weak solution
of (27) in @£, for p>py (Theorem 2.6 in [14]). Thus, from the above equation and by
applying Lemma 3.2 to u and «/, /=0, 1,..., M, in Qf) and SZE, respectively, we obtain

+/3/2|u’|2) de 4 O(w(p)),

ou 2 qul*
J(,o):/ — — iBou dﬁ—/ —| 4+ Blul* |de + f ——zﬂu
aQ[ v 0 aSQI Jv 0 [Z QE !
M
- Z ( + B} lu ’|2>de + O(w(p))
/=0 dSQb
ou ou M ou! :
= —— -2 Imu— —_——
/m 5, ~ ot de Bo /m m i de+1202/m 5 iud

M !
- 28 / Im it — d¢ + O(w(p)),
= Jav

3sQE
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10 G. Ciraolo

as p— +o0, and, from (34a), we have

2
d£+2/
= 0,

_ ol _ o
— 2B Im itg—de¢ — E 2B, Im u;—de¢ + O(w(p)),
3592 i =0 ? v

E
52

2

% —ipud

ou’
J(p) = / ‘8_ — iBou”
01| OV QF

as p— +oo. By adding

o’

F lﬁlu

M
; /84’91

to the above equation and since

P 0
/ + / Im i 2~ de = 0,
a5 Joser v

from (30) and (35b), we get

M au! / ?
J(p) < — —ipu| d¢ 4+ O(w(p)),
W= [ |5 (o)
as p— +o0. From (24) and since w(-), e(-, y.)* € L'(R™), we obtain (37) and (38). |

The uniqueness theorem for (25) is the following:

THEOREM 3.5 Let n, satisfy (26). There exists at most one weak solution u € L*(j1) of (25)
which satisfies (24).

Since 7, coincides with 1y outside a compact set, the proof of Theorem 2.7 in [14] can be
easily adapted to prove the above theorem.

4. The method of variation of boundaries

In the present section we propose an analytical approach to the study of non-rectilinear
waveguides. We shall study the Helmholtz equation (25) and the corresponding operator
L,= A+ k’n,(x, z)>. Again, we remark that the waveguide is no more rectilinear and thus
we are assuming that the index of refraction n depends on both the x- and z-coordinates.
In particular, we are interested in perturbations which can be described by a geometric
transformation of the plane, in a sense that we are going to explain shortly.

Our approach consists in finding a suitable change of coordinates such that, after
having changed the coordinates, n, depends only on the ‘new’ transversal coordinate or it
can be represented in Neumann series with the zeroth order term depending only on the
new transversal coordinate. Then, in the new coordinates, we formally represent u and the
operator L, by their Neumann series:

U=t =uy+eu; +&ur+--+, Lo=Lo+elL+&Lr+---,

where &> 0 is supposed to be small. Here, Lo = A + k*no(x)? is the operator corresponding
to the Helmholtz equation for the case of a rectilinear waveguide. By using the above
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formulas and equating the asymptotic terms of the same order, we can solve L.u,=f
by iteration:
N-1
L()M() :f, L()Ml = —Llu(),...,L()uN = —ZLj+1uN_1_j,.... (39)
J=0
Each step of (39) can be solved by using (8). Then, we prove that the resulting Neumann
series for u converges and, thanks also to the results in the previous section, we have the
existence and uniqueness of the solution.
In Section 4.1 we shall give a rigorous treatment of the boundary variation method
described above. In Section 4.2 we prove that the iterative procedure (39) leads to
a converging series for the solution u.

4.1. A method of variation of boundaries

As already mentioned, our idea is that of transforming a non-rectilinear waveguide
into a rectilinear one by a change of variables I': R* — R?. For this reason, we suppose
that T is a C? invertible function:

L(s, 1) = (x(s, 1), (s, 1))
By setting w(s, £) = u(x, z), a solution u of (1) is converted into a solution w of
IVsPwys + | V> Wy + 2Vs - Viwg + As - wy + At - w, + (s, l)2w = F(s, 1), (40)

where c¢(s, 1) = kn(x(s, t), z(s, 1)) and F(s, 1) = f(x(s, 1), z(s, 1)).
For simplicity of exposition, we shall assume that I'=T* is of the form'

N R [+ sY(t, 5), a1
= S,
with
Y(t,s) = T(1)S(s), (42)

where T € C}(R) and S € C*(R) describes the ‘profile’ of the perturbation, in a sense that
we are going to explain shortly. We will explain which roles are played by 7 and S later.

We consider T'® as in (41) and assume that v(z,s) is such that n (T*(¢,s)) = ny(7).
By changing the coordinates and using (40), the operator L, in (25) becomes

2.2
Liw:= e Iﬂsz Wy —2 £ Wis + Wgs
(I + &) 1+ ey,
1
- m [e(1 + &2Y2) ¥ — 26%(1 + ey sy + &(1 + SIlfz)zlﬁm]l/V;
t

+ Knoe()®w = fit,s), (1,5) € R?, (43)

with ﬂt, §) = f(x,z), w(t,s)=u(x,z). Again, we stress the fact that I'* is chosen in such
a way that the new refraction coefficient in (43) is ny(z), where ng is the function defined
by (2) that models a rectilinear waveguide. More general functions I can be considered,
but we will restrict to the simpler and significative one introduced above.
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The smoothness assumption on S and 7 makes the coefficients of L° continuous.
By choosing S compactly supported we suppose that the waveguide is rectilinear
outside a bounded region of the plane, that is L° = L° outside a compact set. The function
295 T(r) is introduced in order to make I' be a smooth and invertible transformation of the
plane.
For instance, in the example shown in Figure 2 (a finite aperiodic grating coupler),
a good choice of S and T are the ones represented in Figure 3. In Figure 4, we visualize
how T transforms the plane, by representing in the (x, z)-plane the image of a rectangular
300 grid in the (7, s)-plane.
The parameter ¢ controls the amplitude of the perturbation (note that when ¢ =0 there
is no perturbation at all).

Sp—w So Sp +® Rep R Rertp

Figure 3. The figures show the choice we made for the functions S and 7, respectively. Such a choice
corresponds to a perturbed waveguide as in Figure 2.

Rcl

Rco

—Rco

—Rcl

0 2 4 6 8 10 12 14 16 18 20

Figure 4. The effect of " on the (x, z)-plane. Notice that, with the choice of T as in Figure 3, the
perturbed region is bounded.
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By expanding w and L by their Neumann series as described before, we find that

Low = Aw + E2no(1)*w, (44a)
Liw = =2Ywy = 2¢swse — (Y + Yss)wr, (44b)
Low = (31/f? + Wg)wn + 2¥ws + GUutr + 2¥5Ws + Ys¥owr, (44¢)

305 and
Liw= (—1>f{ G+ D0+ G = w02 |+ 2000wy

1 ) . . )
3 [ G+ D W+ G = DG = D02+ 4G = DY i + M”x/fss]w,},

(44d)
for j> 3. Thus, by (39), w can be found by solving
Lowy = Fl,
T (45)
wy satisfies (24),
where we set Fy = ]7 and
N-1
Fy= ZLHlWN*I*j’ N>1, (46)
J=0

3100 with L;, j>0, given by (44). We notice that, thanks to Theorem 3.1, each step of the
iterative method described by (45) determines a unique solution wy.

4.2. Analyticity of the solution

In this subsection we shall prove that the solution w of (43) given by (45) and (46) is
315 analytic in e. We shall assume that v satisfies the following assumption:

[l 1l Wl [Wssl, W) < Ko in R?, (47)

for some constant K independent of . We notice that if ¢ € Cé([Rz), then (47) is satisfied.
Before proving the main theorem, we need the following two lemmas, where we prove
estimates for the right-hand side of (44) at each step of the inductive procedure.

3200 LemMmA 4.1 Let L; be defined by (44) and assume that \ satisfies (47). Then

||ij

j=>1, where K is defined by (47).

Proof We notice that, since 0< u < 1, it holds that u¥~' < u, for j> 1. Then, (48) follows
easily by applying Minkowski inequality and using (47). |

(98]
[\
W

LemMmA 4.2 Let N> 1 and suppose that

Wl < AB™, (49)
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for every m< N and for positive constants A and B. Let Fy be defined by (46). If B> K, then

K -3
1Fxl ey < 2AK(1 _B) B, 0

with K given by (47).

Proof By Minkowski inequality and Lemma 4.1 we have

N—1
IEN I 21y < Z“LH-IWN—I—]‘ L)
=0
N—1 '
<Y G+ DU+ DK wy-1ll -
J=0
From (49) we get
N-1 KV
| Fnllzzgen < AKBY1 Y G+ 10 + 2)<B) :
J=0
and then, since
e8]
2
>k + gt =,
P (I-9)
for |g| <1, (50) follows. |

THEOREM 4.3 Let fe L*(u™") and let Cy be given by (17). If  satisfies (47), then it exists
a solution

+00
w= E WNSN
N=0

of (40), with wy, N=0,1,..., given by (45), satisfying

Iwall g < Coll fll 2B, (51)

for any e<B ' and B> By, where By> K is the solution of

-3
B:2KC0(1 —g) , (52)

with Cy and K given by (17) and (47), respectively.
Moreover, if  is compactly supported, w is the only solution of (40) which satisfies (24).

Proof Since each wy, N=0,1,..., satisfies (24), it is clear that, once we have (51),
w satisfies (24) and the uniqueness of the solution follows by Theorem 3.1.

To prove (51) we proceed inductively. For N=0, (51) follows by Lemma 2.1. Assume
that (51) holds for all j<N. By applying Lemma 2.1 we have

1wl < ColFxll2gy;
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Lemma 4.2 and the above inequality imply

K\ ~
bt = 26515 ) KL LB

and, by choosing B> max {2CoK(1 — )73, K}, we obtain (51). [ |

5. Numerical examples

In this section, we use the results in Section 4 for studying the wave propagation in
presence of finite aperiodic gratings, by showing some numerical results.

Following the scheme described in Section 4.1, we assume that wq is a pure guided
mode of a rectilinear waveguide, without perturbations. In other words we are taking
a special choice of f. Thus, w, propagates undisturbed if no imperfections are present.
If the waveguide is perturbed, radiating energy together with the remaining guided modes
(if any) supported by the waveguide appear. The occurrence of these phenomena will be
made clear by pictures presented in this section Figure 5.

We shall assume that the ‘perturbed region’ P is a compact set in R as follows from
the assumptions on 7" and S made in Section 4.1. Thus, it is clear that, in such a case,
we can apply Theorem 4.3, because the coefficients of L® are smooth and with compact
support.

In our simulations we compute wy: its computation is made easier by the fact that
we know the explicit expression of wy. The computation of w,, ws,... would require
a larger numerical effort. However, since we know that ¢ cannot be taken larger than
g = By ! with B, given by (52), the contribution of &2wy, &ws, ... would be, generally,
rather small.

We consider a 2D waveguide in all its components: a central zone (the core), a finite
cladding and then an infinite jacket, see Figure 2.

AARELE LR LR LR EEERELE

AT i

0
-3

2 el 0

Figure 5. Real part of the near field of wy.
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Table 1. Parameters of the waveguide.

2
Neo Nel nja k Rco h= Rcl d

1.45 1.40 1.00 27 0.4 1.4 43.52

The index of refraction is supposed to be piecewise constant. In particular n.,, 7
and nj, will denote the index of refraction of the core, cladding and jacket, respectively
(Table 1).

We notice that there is no symmetry in the perturbation, but, thanks to the fact that the
the index of refraction is piecewise constant, it is possible to find a transformation I" such
that n.(x,z) is mapped into ny(f), where ng(f) represents the index of refraction in the
new coordinates (z,s). We choose S(s) and 7(¢) as in Figure 3:

s — 8o

773
&QZAP—( )}amm%nmwam& (53)

and

> 3
(1) = |:1 - (l _de) :| X(Rc|*P>Rc1+P)([)> (34)

with p= R, — R., and where sy and w are the centre and the half of the width of the
perturbation, respectively. This choice of S and 7" amounts to a perturbation of the
interface between cladding and jacket as in Figure 2.

The simulations presented here, refers to the following choices of ag: ay=0.5 and
dg= 1.0.

In Section 5.1 we describe how we can obtain estimates for g, (the maximum
amplitude of the perturbation). In Sections 5.2 and 5.3 we study the behaviour of the
solution in proximity of the waveguide (near-field) and far from that (far-field),
respectively.

5.1. Computing &,

In this subsection we describe how we obtain an estimate for ). We notice that ¢y depends
on the the constants Cy and K, where C, depends only on the weight function u chosen
and K depends also on the perturbation. We will calculate such constants for several
choices of the weight function u, and then evaluate the corresponding &,. In particular,
we will consider functions p of the form

(55)

—m
Ix — xol* 4|z =z
82 ’

w(x,z) = (1 +
where Py = (xy, zo) is the centre of the perturbation, and

w(x, z) = pa, (1x) g, (121), (56)
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Table 2. Bounds for &g when u is as in (55).

w as in (55)

(X(), Zo) B m Ay &0 C() K B()

o 1 2 0.5 3.54e-5 7.54e+2 7.46e+3 2.82e+4
0 1 2 1.0 1.19e-5 7.54e+2 2.2le+4 8.36e+4
Py 1 2 0.5 1.50e—-3 7.54e+2 1.74e+2 6.58e+2
Py 1 2 1.0 1.50e—3 7.54e+2 1.74e+2 6.58e+2
Py 0.5 2 0.5 2.97e-3 1.11e+3 1.73e+2 3.36e+2
Py 0.5 2 1.0 2.97e-3 1.11e+3 1.73e+2 3.36e+2
Py 2 2 0.5 1.51e-3 7.66e+-2 1.73e+42 6.60e+2
Py 2 2 1.0 1.51e-3 7.66e+2 1.73e+2 6.60e+2
Py 1 1.2 0.5 5.49¢-2 1.29e+3 9.03 1.82e+1
Py 1 1.2 1.0 3.53e—2 1.29e+3 14.05 2.83e+1

Table 3. Bounds for gy when u is as in (56).

1 as in (56)

(o0, Z0) m ao ) Co K By
Py 1 0.5 5.72e-2 4.29¢+3 5.91 1.75¢+1
Py 1 1.0 1.65e—2 4.29¢e+3 20.48 6.06e+1
Py 04 0.5 5.70e—2 4.32e+3 591 1.75¢+1
Py 0.4 1.0 1.64e—2 4.32e+3 20.48 6.07e+1
Py 2 0.5 5.51le-2 4.69¢+3 591 1.81e+1
Py 2 1.0 1.59¢—2 4.69e+3 20.48 6.28¢e+1
Py 2/3 0.5 5.73e-2 4.26e+3 591 1.74e+1
Py 2/3 1.0 1.65¢—2 4.26e+3 20.48 6.04e+1

where

0<t=<a,

L+@—-a)] ™ t>a,

1
Ma) (1) = { [

with /=1, 2, m;>1, my>0 and where @, /[=1,2 is half of the side of P parallel to the
x- and z-directions, respectively. All the results in [13 and 14] and the ones of the Section 4
can be easily generalized to such choices of u.

Tables 2 and 3 show the resulting estimates for &.

5.2. Near-field

We show what happens near the perturbed zone of the waveguide represented in Figure 2.
We will consider perturbations represented by the function in (53) corresponding to the
values ay=0.5 and @¢y=1.0 and show the numerical results in Figures 6-8 and 9-10,
respectively.

In Table 1, we report the values of the relevant parameters of the waveguides. With
these parameters, the waveguide supports several guided modes; the first one corresponds
to the values A} = 3.3016 and B} = 8.9276.
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Figure 6. The two pictures show, respectively, the real part and the absolute value of w; for ay=0.5.
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18 18 0.009
16 , 16 : 0.008
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& -0.002 0.004
6 -0.004 0.003
4 -0.006 0.002
2 -0.008 0.001
% 2 e 3. & 8 ¢ e N g Y Rl em s

Figure 7. Real part and modulus of the near field of wy+ ew; for ay=0.5 with e=1.

-
-
-

Figure 8. Real part and modulus of wy+ ew;, with a¢p=0.5 and ¢ =0.057.

As already mentioned, we are interested in what happens to the wave propagation
when a pure guided mode is propagating in the waveguide. Thus, we suppose that wy is the
first forward propagating guided mode supported by the rectilinear waveguide (Figure 5):

W()(l, S) = V‘Y(l, k“{)eiﬁis,

420 with g} = /&2 — 1}
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Figure 9. The two pictures show, respectively, the real part and the absolute value of wy for ag=1.0.
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Figure 10. Real part and modulus of the near field of wy+ ew, for ay=1.0.

In Figures 6 and 9 the real part and the modulus of w; are represented. To compute
wi(t, 8), i.e. the integral

wi(t,s) = —/ G(t,s; t1, s1)Liwo(t1, s1)dt; dsy,
P

we use the trapezoidal rule on a rectangular grid in the (z,s)-plane (which corresponds
to a ‘perturbed’ grid in the (x, z)-plane, as shown in Figure 4). The sampling intervals are
been chosen by dividing the perturbed zone P in 12 x 24 rectangles.

Now, we show how we computed the integrals defining G. Firstly, by changing the
variables, we write G" and G as

G’

kng )
i Z /0 et\zfé“llivj(x, k2ni _ U«z)Vj(%', kzni _ Mz)o_j(kzni _ ,LLz)d;,L,
}

Jels,a
and
+00
== f ey (v, k2nk + 1) v (&, K2n + ) oy (kPnd + p?)dps
jels.ay /0

then we use the trapezoidal rule with sampling intervals of length kn./80 in G" and of
kn, /40 in G°, where we truncate the integral at u = kn,.
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Figures 7 and 10 show wy+ew; corresponding to the two different perturbations
considered. Here we set ¢ =1 in order to emphasize w; out. As already mentioned, our
results hold for & <&, where gy = By is given by (52). In Tables 2 and 3 we computed
several estimates of &,. Figure 8 shows the real part and the modulus of wy+ ew; with
£=0.057 (the best estimate for g, we obtained) for the case in which ay=0.5.

We notice that in the first example, a small perturbation in the profile of the cladding
determines a sort of plane wave going out from the waveguide. In the second example,
the different shape (in frequency) of the perturbation does not create an important
outgoing wave, but the intensity of w; is mostly confined in the region close to the
perturbation.

We want to stress that Figures 6-10 represent the near field of the wave propagation.
The computations in a wider region of the plane would require a large increase in terms of
time and more appropriate quadrature formulas. This problem is due to the oscillatory
behaviour of the functions defining G.

5.3. Far-field

As well as in the near field, we are interested in the behaviour of the far-field, which
describes the behaviour of the solution far from the waveguide. A method for calculating
a uniform asymptotic expansion of the far-field of the solution was proposed in [14].
Even if the far-field expansion was not computed explicitly, the following formulas follow
easily from the results in [14]. Let «™ be given by (13), then

i(Rkncl—%n) 1
rad ¢ — 57
’ — @(mw(R), (57)

uniformly for ¢ €0, /2], as R— 400, where

O = /3L 3™ sin 0 ooy (K1 — o)) a9, o),
jels.a}

Jels.a

with
o~ ihva—d? #(/1’ A)
o =5 |+ T
po(¥) = kngcos ¥, r(¥) = k*(n} — njcos*¥), B, =\ k2n2 — A,
and
. —+00 . —+00 ) )
Fo.0= [ feomend. Fo= [ oo

Figure 11 shows the absolute value of the angular component of the far-field of u™¢

as a function of the angular variable 9, with ¥ €[0, 7/2]. The two pictures in Figure 11
correspond to the two cases described in the previous subsection. We notice that different
kind of perturbations affect the far-field in a remarkable different way.
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Figure 11. Absolute value of the angular component of the far-field as a function of the angular
variable ¢ for ap=0.5 and ay=1.0, respectively.
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Note

1. Here and in the rest of the section, we use the following notation: by a subscript, as in L.u,
we denote functions of the variables (x,z), whereas a superscript, as in L°w, indicates (the
corresponding) functions of the variables (¢, s).
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