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1. MOTIVATIONS AND RESULTS

The purpose of this article is to combine techniques from analytic number theory with compu-
tation to furnish explicit short interval results for primes in arithmetic progressions. This is done
on the assumption of the generalised Riemann hypothesis (GRH), and builds on the earlier work
of the authors [1], where the problem was considered without reference to residue classes.

Throughout this paper, unless it is mentioned, we will be assuming GRH to be true. Let ¢ € N
and a € Z with (a,q) = 1. Unconditionally, both McCurley [9] and later Kadiri [7] proved that,
for every positive € and g, there exists a« = a(e, qp) such that if logz > . log? ¢ and ¢ > ¢o, then
[z, ez] contains a prime p congruent to a modulo q. They provide pairs of explicit values for «
and go dependent on the choice of ¢; Kadiri’s work improves on that of McCurley by providing
smaller values of «.

Clearly, on the assumption of GRH, the result should improve significantly; Dusart proved in
his Ph.D. Thesis [2, Th. 3.7, p. 114] that when z > max(exp(2¢), 10'°) one has

o(q)
This implies that there is a prime in [x—h, z+h] which is congruent to a modulo ¢ provided that
h > (ﬁ—&—e)np(q)\/flogQ x and © > x0(q, €) for every e > 0.

Recently, in joint work with the second and third authors, Perelli [5, Th. 1] proved that there exist
absolute (i.e., independent of x and ¢) positive constants xg, ¢; and ¢y such that for x > xg and
c19(q)/xlogx < h < x one has

1
¥(x;q,a)— < —Vazlog’z.
47

_h
©(q)logz’

This is in some sense the best result we can hope to prove, but the constants are not explicit.
In the present paper we prove the following result.

(1.1) m(x+h; q,a)—m(x;:q,0) > ¢

Theorem 1.1. Assume GRH, q > 3 and (a,q) = 1. Let a, §, p, m and m’ be as in Table and
assume

h > ¢(q)(alog z+dlog g+p)ve

and x > (mp(q)logq)?. Then there is a prime p which is congruent to a modulo q with |p—x| < h.
Furthermore, if we assume

h = ¢(q)((a+1)log z-+dlog g-+p) v/
and x > (m'p(q)log q)?, then there are at least /T such primes.
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TABLE 1. Parameters for Theorem

|« 5 p m m | a 5 p m m
1/2 1 12 23 46 || 1.253/2 0.1 7| 500 1500
1/2 12 9| 86 188 10 8| 23 46
1/2 1/3 91500 3500 0.9 0 7| 31 66
1.253/2 1 14 18 34 0.8 0 6] 52 120
1.253/2 1/2 9 34 74 0.7 0 51200 500
1.253/2 0.2 7| 110 260

The claim of this theorem has the same qualitative behavior in its dependencies on ¢ as what is
predicted in , but the constants m and m’ ruling the minimum x are quite large. This is the
effect of the fact that under the hypotheses for the theorem the quotient h/x is for sure small in
the long run for z, but this happens uniformly in ¢ only for very large values of ¢q. In fact, when
x has its lowest value we have

h o(g)(alog xmintdloggtp)  20+5+o(1)

ZLmin B v Lmin m+0(1)
This considerably affects the computations, because they are more effective for smaller h/z, and
so we are forced to choose larger values of m and m’. This also means that for small ¢ and some
limited range of x, extensive numerical tests have to be performed to complete the proof.

From the same general formulas we also deduce the following result.

Theorem 1.2. Assume GRH, ¢ > 3, (a,q) =1,

h> w(q)(% log(qu)+15)x/5

and x > (8p(q)logqloglogq)?. Then there is a prime p which is congruent to a modulo q with
|[p—x| < h. Furthermore, if we assume

1
h> () (5 os(a*a®)+15) Va
and x > (15¢(q) log qloglog q)?, then there are at least /T such primes.

Theorem is worse in its dependency of the minimum x on ¢, but the constants are better.
As a consequence, its claims improve on the case a = 1/2, § = 1 in Theorem for all ¢ <
exp(exp(23/8)) =~ 5107 (resp. q < exp(exp(46/15)) ~ 2-10%).

Both theorems could be adapted to include the cases ¢ = 1 and ¢ = 2, but for them we have
already proved a better result in [I] where the conclusions are proved with h = %log x+2 for any
x> 2.

The conclusions improve significantly if, following Dusart, we select a lower bound for x of
exponential type in terms of ¢. In fact, the same formulas producing Theorems and allow
us to prove the following result.

Theorem 1.3. Assume GRH, (a,q) =1 and x > exp(q). Let

n > 2D g (g0 V.

Then for each q > 35 there is a prime p which is congruent to a modulo q with |p—z| < h.
Furthermore, assuming

h > @ log(q*z®) v/

and q > 67, there are at least \/x such primes.
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This claim is always stronger than what we deduce from Dusart’s result, apart from the larger
minimum value for q.

Note that Theorem [1.1| (case & = 1/2, 6 = 1) shows that the least prime congruent to a modulo
q is lower than

(24°+0(1))(¢(q) log q)?

where o(1) is explicit. According to computations in Section [5| (see Table [3)), the constant reduces
to 2124-2-21 for extremely large values of ¢ but this is notably weaker than the bound (¢(q) log q)?
which has been proved by Lamzouri, Li and Soundararajan [8, Cor. 1.2] for all ¢ > 4.

Also, from Theorem [I.I] one deduces the following explicit version of a quasi-Dirichlet’s con-
jecture for primes close to squares of integers.

Corollary 1.4. Assume GRH and let ¢ > 1 and n > 8p(q)logq. Then the interval

(n®, (n+p(q)(12+21og(qn)))?)
contains a prime which is congruent to a modulo q, for every a coprime to q.

Similar corollaries may be deduced from Theorems [I.2] and [I.3]

2. FUNCTIONAL EQUATION AND INTEGRAL REPRESENTATION

Let x be a character modulo ¢; let x* be the primitive character inducing x and let ¢, be its
conductor. Let a, := (1—x(—1))/2 denote the parity of x, so that

L(s,x) = L(s.x") [ ] (1=x"(0)p™*)
rlg
and ()
w _ T(X v
(18, x') = 2t (oY)

where we have that

s+ax
. B ax 3 Stay "

&) == (L) 7 T () Lisx).
We also let
21) o) = [y du= 3 x(wAG) )

n<z
and recall the integral representation
1 24100 L/ (E8+1

2.2 (0)(g) = -1 L d
(2:2) Yy (@) 270 Jo_ oo L(S’X)S(S—H) 5

which holds for all 2 > 1. The next lemma gives an alternative formula for w;l*) (x) based on the
representation (2.2]) applied to the character x*.

Lemma 2.1. We have that

72
(2:3) WP @) = Foeaa— Y

pEZX*

Pl

= arpe4r . +RY(z
o) e R

where Zy~ is the set of nontrivial zeros of L(s,x*), and ry~, 1\ . are the constants
L .
x> = I(O,X )(@x Oy 140y =1) = (14+8) (1—ay ) oy » 21,
L/
e = (1—oz)ax+f(—l,x*)(1—ax),
with a and B € C defined in the proof,

12n ay

R (x
Z (2n+ay)(2n+a,—1)

n=1

+ay log x—(1—ay)0y++1 xlogz,
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Oy+=1 95 1 when x* =1 and 0 otherwise, and dy»21 = 1—0y+=1.

Proof. The poles of —%(s, x)s”(”Ttll) at the trivial zeros s = —2n—a, are simple for every integer

n > 1. Moreover, when a, = 1, the pole at s = 0 is simple and its contribution to R;l*)(x) is

—%(O, Xx*)x, while the one in s = —a, = —1 (i.e. n =0) is a double pole with contribution
1—a+logz,

where —%(—1+e,x*) = —1ta+0(e).

Lastly, when a, = 0, the pole at s = —1 is simple and its contribution to R;l*) () is L(-1,x),

while the one in s = —a, =0 (i.e. n =0) is double and its contribution is

Whe,zre —%(e, X*) =: —%—l—ﬂ—i—O(e) when x* is not trivial, and is simple with contribution equal to
—L-(0, x*)2 when x* is trivial. O

3. GENERAL SETTING AND PARTIAL RESULTS

Let ¢ € N and a € Z with (a,q) = 1. For any sequence f = {f,} of objects depending on the
character y modulo g let

1 —
Ma,qfx i m Z X(a)fx~

q —

X€E(Z/qZ)*
The operator M, , selects for the integers which are congruent to a modulo g. Notice that M, ,
is akin to the mean value, since if |f,| < M for every character, then |M, ,f\| < M.
Moreover, for any function f: R — C we let

Ao f = f(z+h)=2f(x)+f(z—h).

The operator Ag j, will select the integers which are in the interval (z—h, x+h).
Notably, the operators M, , and Ay ; commute and

MagQopt (@) = 3 An)K(z—n; h)
n=a [q]

where K (u; h) := max{h—|u|,0}, so that it is supported in |u| < h, is positive in the open set, and
has a unique maximum at u = 0 with K(0;h) = h. The theorem follows from this basic equality
by estimating, in the standard way, the function appearing on the left hand side. Since Lemma [2.]]
is valid only for x*, we firstly need to connect 1/5((1) with 1/};1*). To this end, we let

B(x,x) := ¢ (@)= ()
and prove the following lemma.
Lemma 3.1. Assume x> 1 and 0 < h < z. Then
|Ma,qA2,hB(X7 LE)| < w(q)h 10g(21’)

Proof. We will prove that
(3.1) |A2nB(x, )| < w(g)hlog(2x),
and the claim will immediately follow by the mean value property of M, ,. By we have that

B(x,#) = Y (x(n)—x"(n))A(n)(z—n).

n<zx

Thus, only those integers that are coprime to ¢, and not ¢ will be counted, giving

B(x,x)=— > X"(n)A(n)(z—n).

n<lzx

(n,q)>1
(nqu)zl
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It follows that

NonB(x,w) == Y X (m)An)K(z—n;h),
(n,q)>1
(n,qx):1

and therefore
|Az nB(x, )| < Z A(n)K (z—n;h).

(n,q)>1
(n,gx)=1

Recalling the definition of A and removing the restriction (n, ¢, ) = 1, we get
(3:2) Do nB(x, )| <Y logp y  K(z—p";h).

plq k>1
The inner sum is trivially bounded by

ho Yy 1ghrog(x+h)J.

logp
pF<z+h
1<k

Finally, (3.2) gives
|25 B(x,x)| < b log(z+h) = w(q)hlog(z+h)

plg

which is under the restriction 0 < h < x. O
Lemma 3.2. Assume ¢ >3, x> 100 and 0 < h < gm, Then

B2
v(q)

M, Doy (2) =
an 2 |h? 6h2

+0|[Ma 0 - |4+1.7)s - | L

|: g2,k FE;X* p(p+1) il[q](a) (p(q) - +1[q] (a) $(l‘—1):|

for some 6 = 0(a,q,x,h) € [-1,1], where 611(g(a) = 1 when a = 1 (mod q) and 0 otherwise.

The value % in the upper bound h < %x could be changed in a quite large interval without
affecting the final result. However, in order to bound the secondary terms as h?/x and h?/x?
respectively, it is essential to have an upper bound for h/z strictly smaller than 1.

Proof. We apply the operator M, ,Asj to (2.3). We notice that Ag pz? =0 for j =0, 1, and in
general

h
Aopf(x) = / (he) (f" () + " (—u)) du

for every C? function. Thus

x? x? h?
(3.3) MagBa (50 1) = Mag(rema)-Bon () = =
(3.4) Mo Do p(—ary=+1i) =0,
and we have still to bound Ma,quﬁRS*) (x). This is the sum of three terms:
Mg Do n (ax log l’) , My Do, ((1_ax>5x*751 x log a:) ,
oo pl—2n—ay
Ma.qBzn ( T; (2n+ay)(2n+a,—1) ) '

Since the set of even characters is a subgroup of (Z/qZ)* of index two, we have

1 — 1
M, ,(1—ay) = — E a)= =0 a),
,q( X) @(q) o5 X( ) ) il[(l]( )
X€E(Z/qL)*

X even
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1 —_ 1 1
Ma 1—ay )0y~ - E a)—1)==6 a)———,
7Q(( X) X 751) SO(Q)< - X( ) ) 2 il[q]( ) 90((])
XE(Z/qZ)*
X even
Ma,q(ax) . > (a) L (a)n(a)
aqlay) = — a) = - a)n(a),
q\%x SO(Q) ~ X 2 +1[g\ Q)N
XE(Z/qZ)*
x odd

where 7 is any odd character modulo g. Moreover,

astog = [ (o) [ M@,

ztu)?  (z—u (x22—u?)?

2 h 5 9 h2(x2+h—2) h?
< m/o (h—u)(m +u )du = ﬁ < 12;,

where for the last inequality we have used the assumption 0 < A < 52/6. Thus we have that

h2
(3.5) |Ma7qA27h (CLX log l‘)| <6 26i1[q] (a)

22
Similarly, for 0 < h < 5z2/6 it follows that

xh? h?
|Az prlog x| < oz =34
and so
2 |h?
3.6) My gDz p((1—ay)dy21 zlogx)| < 1.7‘(5i (a)———|—.
( ‘ q (( x/Ox*#1 )| 1[q] o(q)| x
Lastly,

x1_2”_ax

ad h [eS) o .
A2,hnz::1(2n_|_ax)(2n+ax_1) :/O (h=u) )" ((x—i—u) 4 (z—u) X) du

1
h (r4u)~t7%  (z—u)"17%
:/0 (h—u)( (;r—l—u)Q—l * (x—u)2-1 )du.

Using h < 52/6 (and taking u = vh with the fact that the function increases in h), we have that
the above expression is bounded above by

h? ! (1+450/6)~ 1= (1-5v/6)" '~
w3tax /0 (1*”)((1+5v/6)2—:c—2+(1—5v/6)2—a;—2)dv

6h? /05/6 (l_gw)((ww)‘l‘“*+(1—w)‘1‘“X)dw_

= Hrdtax 5 (I4w)2—z=2  (1-w)?—x—2

Since x > 100, this is bounded above by

6h2 %%, 6 (14w)~1=ax (1—w)~1-ax h2
— 1-= dw < 12——.
Ha3tax /0 ( Sw)((1+w)2—100*2+(1—w)2—100*2) W= sy

Thus, we have that

3.7 My B (3 T <6 (141)s
(3.7) ‘ @1 2’h(n¥1 (2n—|—ax)(2n—|—ax—l))‘ - ﬁ( +E> 11 (@),
and now the claim follows from (2.3)) and (3.3H3.7). O
We split the sum on zeros as
P tl

Z —— =t Uy 1+ 2,
7. Plotl)
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with ¥+ ; and ¥+ 5 representing the sums on zeros with [Im(p)| < T and |Im(p)| > T, respecti-
vely, for a convenient parameter 7' > 0. The next lemma provides a bound for X, ».

Lemma 3.3. Assume GRH, ¢ >3, 0< h <z andT > 16. Then

47 30 h? 2.89\ log(qT")
|M"’qA2*hZX*’2‘§E(x +4ﬁ> (H T ) T

Proof. For z € [0,1] by double squaring we get (1+2)3/24(1—2)3/2 < 2422 which implies that
(z+h)3/24-223/2 4 (x—h)3/? < 42%/2+h?/\/x for 0 < h < z. Thus, GRH gives us that

h? 1
Ao p S o] < 42?7+ —_—
822 2] < 4(a 4f> Z [p(p+1)]

\Im(ﬂ)|>T

4 / h? 1
MegborZea € (7)) XY oy

=7 > Z . %
X€(Z/qL)* _PE4x
[Im(p)[>T

Each inner sum on zeros could be estimated by partial summation using the known formulas
for the number of zeros of each L(s,x) (see Trudgian [I4]), but we can reduce the error term
by connecting the sum with a similar sum for a Dedekind zeta function. In fact one has the
factorization (gjq(s) = er(m* L(s, x*), where Q[q] is the cyclotomic field of g-roots of unity

(see [15, Th. 4.3]), and thus

so that

(38) ‘Ma}qAQ,hE *

- i(xa/q’i) ) P—
= ola) Wl = (el
(o) >T

where Z, is the multiset of zeros of (gj,. This sum has already been estimated in [4, Eq. (3.7)]
for a generic number field K, the result being that

Ilz;T e ( 289)WKT(T)+(H$)7%K+1;§1

for all T > 5 where W (T') := log Ax+nk log(T/27), Ak is the absolute value of the discriminant
of K and nx its degree. For K = Q[q¢], one has that log Ax = ¢(q)log ¢—v(q) Zp|q i’ff (see [15]
Proposition 2.7]) and ng = ¢(q), thus this formula becomes

00 5 e () 5 o s ()52 0 22

lv|=T plg
for all T' > 5. We simplify this to
2.89\ ¢(q)
(3.10) > D S (1+—) L log(qT)
=T

for all T > 16. Indeed, (3.9)) shows that (3.10) holds as soon as

1+

18.61—2.891og 2 17.31 2.89 1
087 (1 )Z ng+log27r,

T ()T ~ T p—1

plg
which is implied for 7" > 16 by

18.61—-2.891og2x  17.31 logp
+ < +log 27.
16 16¢(q) pzm: p—

By inspection we test that this inequality holds for each ¢ = 3,...,1000. On the other hand, if
¢ > 1000, then using the multiplicativity of ¢(g)/q*/* one can prove easily that ¢(q) > ¢*/* > 170.
Thus ([3.11)) still holds because 1+ [l 2o log2m | 1731 < og 27,

16-170
The proof concludes combining (3.8] and - O

(3.11) 1+
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Collecting the results in Lemmas and [3.3] we get

2 2
S A h) > My B Dl (554 ) (14252 elel)

nealdl v(q) 4y/x T T
2 |h? 6h2
- log(2z)— 1. ‘ _7‘7 — .
wlalog(20) = [L7 8119 (@)~ s |-+ (@)
We simplify it by noticing that

h? 6h> h?

1. - — <1.7—

7 (5:|:1[q] (a) <p(q)‘ - +5:tl[q} (a>:ﬂ(x71) <17 -

when ¢ > 3 (thus ¢(q) > 2) and = > 2¢(q)+1. In this way we deduce that

h? h? 2.89\ log(qT)
A(n)K (z—n; h) > — | My gAo p Sy e 1|—4( 22 1
> Am)K(z—n;h) ) | Ma,qB2,n 8 1] (x +4\/5)( T ) T

n=a q]

h2
—w(q)hlog(2z)—1.7—.
x

Now we remove the contribution of prime powers. We get

Z A(n)K(z—n;h) < h Z A(n)zh( Z logp+z Z logp)
]

n=alq [n—z|<h lp—z|<h 25k |p* —z|<h
n=alq] p=aq] p*=aq]

and removing the arithmetical condition one gets

S0 logp<> . Y logp < [(z+h)—9(w+h)] [ (z—h)—d(z—h)]

2<k \pkfx|<h 2<k |pk—z|<h

pF=alqg]
< (14107 %) Vo +h+3V2+h—0.998684v2—h

for every x > 121 (see [12], Cor. 2] and [I3 Th. 6]). Assuming that h < 5z/6 (as we have done for
Lemma we have

(3.12) > > logp<0.95Va+3.7x.
2<k |pk—z|<h
p*=alq]

Note that the Brun—Titchmarsh theorem for primes in arithmetic progressions (eventually in
intervals — see [10]) produces a much better bound, but only when z and ¢ are much larger than
what we need to prove our theorem. As a consequence we have decided not to use this tool.

To summarise so far, we have proved that for ¢ > 3, # > max(121,2¢(¢)+1) and h < 2z one has

h? ) <1+ 2.89) log(qT)

o1
3 logp > | MagAan Sy —4( 8/2
ng _Qo(q) h| a,q—=2,h &y 71| € +4\/5 T 7ThT

lp—z|<h
(3.13) o la]

h
—(0.95v/243.7¢/z)—w(q) 10g(29:)71.75.
In Section E| we provide an upper bound for M, ¢As Xy~ 1. In this way we will be able to prove
the theorems in Sections [B] and [6l
4. BOUND FOR Mg g2 p Xy 1
Lemma 4.1. Lety > 0. Then for some 6 € [—1,1] we have that

/ysin2tdt_7r 1+9
0 12 2 2y 4y?

The claim with 6 € [—2,2] has a very simple proof. We optimize the result by proving the
stronger bound 6 € [—1,1].
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Proof. We note that

/y sin;t A= E_/oo sin;t A= I_/00 1—cos(2t) df = I_i+/oo cos(2t) dt.
o 1 2 ), ¢ 2 ), 22 2 2 ), 22

Therefore the claim states that |f(x)| < 1 when x > 0, where f(z) := 2 f:oo 5% dv. We prove
this statement in two steps.

Step 1)

Step 2)

The claim holds in [0, 6].

We notice that f is the unique bounded solution in (0, +00) of the ODE 3/ = %(y—% Cos T).
We can use this equation to trace the graph of f(x) in [0, 6]. The extremal points of f solve
f(z) = §cosz =: g(x),s0|f(x)| <1when0 <z < 2.4, since §|cosz| < 1 here. Moreover,
f(5) = 0.896... so that f'(5) > 2(0.896—3 cos(5)) > 0, and f(5.1) = 0.899... so that
f'(5) < £(0.9-3 cos(5.1)) < 0, thus f is increasing for x € [2.4,5] (by the differential
equation) and smaller than 1 here (because f(5) < 1). Moreover there is a maximum for
fin [5,5.1], and since g(z) < 0.97 here, we conclude that |f(z)| < 1 in [0,5.1]. Moreover,
g(x) increases for z € [5.1,6] and f(6) = 0.50... < ¢g(6), thus f(x) decreases here, and the
value of f(6) completes the proof of this step.

The claim holds for z > 6.

Four integrations by parts give

i +oo
f((E) — Sinx+2COS.’L'+GSID.'E_24COS$+120:I:2 COS v do
x 1;2 IB
T

so that
6y . 2 12 24
|f(z)| < ‘(1—;) Slnx—g(l—p) cosx’—&——xg_

We prove that this function is lower than 1 for = > 6. Multiplying by 22, we have to prove
that
—xQ—I—% < (z*-6) sinx—g(a:Q—lZ) cosT < xQ—%.
x x x
The first inequality is evident when cosz < 0, and the second when cos z > 0, respectively
(because we are assuming x > 6). Assuming cosz > 0 for the first one, and cosx < 0 for
the second one, both remaining inequalities are implied by the stronger bound:

24

2
(x2—6) sinm—fcosx‘ <z’
T x

Since |sinz—acosz| < vV1+a? < lJr%2 (the first inequality by elementary trigonometry,
the second by convexity), it is sufficient to prove that

, 24

(z%—-6) (1+%) <at-—,

which in fact holds for x > 6.

Lemma 4.2. Let 0 < h < z. Then for every v € R there exists 0 € C with |0| <1 such that

hy 3+ hy $+i h n?
(1+2)° 7f2+(177>2 T _dsin® (22)+6R1+1)>5.
T x 2z x2

Proof. The proof is straightforward and follows from the Taylor expansion of log(14u) and some
elementary inequalities. O

The definitions of Ay and X, ; show that

Z (z+h)PHL =22, (z—h)PH1

Ban¥iy = p(p+1)

5
pEZX*
Im(p)|<T
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so that by Lemma [£.2] we deduce that

a2 h 2
sin® () h 2|y|+1
[Ag p X 1] < 42°%/? 2 4 T 3 -
* 2 3+ G+ Va 2 |(3+i7) (3 +iv)]
1. 1.
§+Z'V€Zx* §+7/y€ZX*
VST VST

As we have done for ¥, 2 we use the factorization of the Dedekind zeta function (x of the
cyclotomic field K := Q[q] of ¢-th roots of unity as products of L(s, x*); in this way we deal with
all zeros in Uxe T Zy~ as a unique step. This does not affect the main part of the theorem, but
reduces the size of the secondary terms, and makes the ranges for ¢ and x wider in the theorem.

sin? (22 h? 2|~v|+1
P(0) [ MagB2 S 1] < D [4333/2 > |((2z)+ > #}

— 3T G+ vV 3+i) (5 +iy
XE(Z/qZ)* %+’i’y€ZX* 2 )(2 )| %—H'yEZX* |(2 )(2 )|
lyI<T VI<T
2 (~h
sin ( ) 2|y]+1
(4.1) = 423/ —295 [EEEmTEwmrt
1+ZZ G+im) (5+i7)] f Z (3+7)(3+iv)|
5 TivEZy
lvI<T |’Y|<T

We deduce a bound for the second sum from two computations already made by the second and
third author for Dedekind zeta functions.

Lemma 4.3. Assume GRH and let T > 20. Then
21.67

1 2 1
— Z L log( 2T)log T+1.931log g—4.35+—— o0

elg) | — |3+ (E+in)] ~
§+17€Zq
lvI<T

Proof. In [4, Eq. (3.8)] it is proved that
3 o S <log(T)+4 01) log A, +( log? (%)—1.41)@((])4—25.57;
§+i'yEZq

and in [3| Lemma 4.1] that

1
————————— < 0.54log A, —1.03p(q)+5.39
. Z |(3+i7) (5+i)] !
§+27€Zq
(both for T' > 5). Thus,
2|y|+1 2 1
T3 < 0+ 3
) Z G+ (G+in) ~ Z |5+i] 2 |(3+i7) (3+i7)]
§+w€Zq §+w€Z 2+z'y€ a
[vI<T lvI<T

< 2[ (108 (5 ) +4.01 ) 1og A+ (5 og? (5 ) ~1.41) () +25.57] +0.54log A, ~1.03(a) +5.39

and recalling that log A, = ¢(q) logg—¢(q) Y ogp < »(q) log q, we get

plg p—1
1 20y |+1 2 T 1. /T 21.67
—_ ————— < (—log(—)+3.1) loggq+(—log” ( — ) —1.927 |+ ——
©(q) ) Z |(3+i7)(3+iv)| (7T (27r) ) (71' (271') ) v(q)
5+ivEZ,y
lyI<T
1 2 2 1 21.
= —log(¢*T) log T+ (3.1—7 log(27r)) log g— = log T'log(2m)+= log?(27m)—1.927+ —— 07
T ™ ™ ™ @(Q)

The claim follows by recalling that we are assuming 7" > 20 so that the contribution of all secondary
terms is —4.35, at most. O
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Lemma 4.4. Assume GRH and Let K be any number field. Then

—_ < 1.5log Ax+1.651nx—1.577.
;5 (3+i7)(5+iv)]

Proof. We apply the same technique we have already used for Lemmas 3.1 and 4.1 in [3] and

for Lemma 3.1 in [4], stemming from the remark that the function fx(s) :=3_, Re(sfp) can be

exactly computed via the alternative representation

A 2 2 T/ T/ 1
(42)  fals) = 2Re§i( JHlog == +Re( =+ ) +(r-+r2)Re s (5 ) +raRes (1),

Let

o 4(2s—1)
f(s,7) = m,
so that fr(s) =3_, f(s,7), and let

if [y <5

72
g(7) == (F+72)(F+72))1/2
0 otherwise.

2

so that 37 |5 ——5—— = > g(y). We look for a finite linear combination of f(s,v) at
M= (g N (G 7
suitable points s; such that

(4.3) g(v) < F(y) = Z a; f(s5,7)

for all v € R so that

(4.4) > m < %:aij(Sj)

[vI<5

Once is proved, we recover a bound for the sum on zeros by recalling the identity (4.2]).
According to this approach, the final coefficient of log Ag will be the sum of all a;, and thus
we are interested in the linear combinations for which this sum is as small as possible. We set
sj = 3/4+j/2 with j =1, ..., 2k+3 for a suitable integer k. Let T C (0,400) be a set with &
numbers. We require:

(1) F(v) = g(y) for all v € TU{0,5},
(2) F'(v) =g'(7) forally € T,
(3) limy 00 V2 F(7y) = lim,y 00 729 (7) = 0.

This produces a set of 2k+4-3 linear equations for the 2x+3 constants a;, and we hope that these
satisfy for every 7. We choose k := 10 and Y := {0.5,1.5,2,2.4,2.8,7.9,18,10%,10%,10°}.
Finally, with an abuse of notation we take for a; the solution of the system, rounded above to
10~7: this produces the numbers in Table
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TABLE 2. Values of the coefficients.

| J] a;-107 il a;107

1 —10417203 || 13 | —18920268046344982450
2 1056404889 || 14 | 29659178484686316889
3 —65191418930 || 15 | —37103060687919097856
4 2306235683461 || 16 | 36963001195180424340
5 —50953892956052 || 17 | —29124459758424138052
6 745294415104297 || 18 17917680016161661642
7 —7554469767270438 || 19 | —8424311293805783518
8 55069155554895360 || 20 2923218093750242944
9| —297487524612176257 || 21 —705518033170496127
10 1219731091815491142 || 22 105765338120745449
11 | —3866974934911032963 || 23 —7417073631321810
12| 9612711864719121022

Then, using Sturm’s algorithm, we prove that the values found actually give an upper bound
for g, so that (4.4]) holds with such a;’s. These constants verify

2 2
> a;=1.4999. .., S a (74_ 1) < —1.577,
. ,

S:  Si—
j J J

I’ Sj I’ Sj"‘].
zj:ajr(2) < 0.6552, > o () <om1a,

J

(4.5)

We write } ajg—ﬁ(sj) as

~ i
J

3 Ax(m)S(n) with S(n) =3 L.

We check numerically that S(n) < 0 for n < 10284 with the exception of S(4), which is in any

case < 0.0237. Then, since the sign of a; alternates, we can easily prove that each pair 2-+-"2

S, ol 2202 and the last term —4LES are negative for every n > 10284, thus
/
(4.6) o 5) = = 3 A(m)S(m) < —me 3 Aw)S(n)
J n n#4
= —n [ 3 A(n)S(n)fA(4)S(4)}
n=1
C/
- nK{ZaJZ(sj)+A(4)S(4)} < 1.3372nx.
J
The result now follows from (4.2), and (4.4H4.6). O
Thus, by (4.1) and Lemmas and we get
4a3/2 sin? (—h)
| Mg gA2 n Xy 1] <—— 2
! X o(q) 1}:62 |(5+i7) (3+i7)]
i
(4.7) %slvlgfl
h? /1 20.1
+—( = log(¢*T) log T+3.4310og ¢—2.699+—— ).
VT (W (1) sO(Q))

To bound the sum by partial summation we need a formula for Ny (7'), the number of zeros p of
(k with Re(p) € (0,1) and [Im(p)| < T. Let Wo(T) := Llog ((£)?WA,), and let Uy(T) :=
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Ny(T)—W,4(T). Then

1 N (T 1 1 1/¢(q |L q(j )|
(P(Q) q( ) s log (27T€(Aq) a8 ))‘ N <0(q)
< d; log (7 (Aq)l/ﬂo(@) d2+7(:;) =: q<(q)) T>5

with dy = 0.395, do = 3.459 and ds = 2.559 (this particular set of values is computed using
the algorithm of Trudgian [I4] with n = 0.36, p = —n and r = 117;’_:5 = 2.) Thus, by partial
summation we get

Z sin? (g—f) /TJr sin? (%) dN, (7)
z) _ x oy
L iz 72 5+ 72 !
3HiIVEZ,
5<vI<T 2 (BT 2 (5h T . 2 (vh
sin® (57) sin® (33) v (et sin” (35) 7'
=N BN G- [ [ N
.2 (T 2 (bh
_SlIl :F(QZx ) Uq(T) s 522x) Uq(5+)
T sin? (g—h) YDA dy T rsin? (ﬂ) !
=) OS2, () oy
+/5 2 Og( 2m )7T /5 [ ~2 } a(n)dy
Recalling the upper bound |U,(T)| < R,(T) we get
Ly sin (35) _ Ry(T) N| h )2Rq<5>
pla) 4 7 T e@T? A2/ ()
N T sin? (2—;1)1 (A, @ ﬂ-k 1 T h sin ('Yr—h) _2Sin2 (%) R.(7)d
s 2 T le) Js 12w y? o e
Using the inequality \“11(2721’)—@| < %7 we simplify to get
1 Z sin® (37) < Ry(T +(£)2Rq(5)
2 = 2
ola) = 7 p(@)T? \2x/ o(q)
T sin® (32 AY#@ N d 4 (TR
+/ (22;c) log ('V( q) )7’74_ / q(Q’Y) v,
5 7 2 T Se(gz s

and since f;oo R:—({Y) dy < 0.0791og A,+0.7528¢(q)+0.5118, we get

in? (2 5 gin? 1/()
1 I (3) <L/2 sin tdﬂog(T(Aq) “’q)
0

2 = 2
»(q) screr 7 2nx t 27

|, (0:25310g A,+2.4090(q) +1.638)h | Ry (T) (£)2Rq(5)
4p(q) e(q)T? \2z/) ¢(q)

By Lemma [4.1] and the bound R,(T) < 0.395log(T#(D A,)+2.74¢(q)+2.559 for every T > 5, the
bound becomes

L Z Sin2(2—;‘)
pla) A

h 2z 2 a2 T(A YD\  (0.253log A,+2.409¢(q)+1.638)h
< (12t 2 q q
~4x (1 ™ hT+7T h2T2) log ( 27 )+ 4p(q)x
0.395 log(T*DA,)+2.740(q)+2.559  / h \20.395log(59 D A,)+2.74p(q)+2.559
. 2 (z) |
e(q)T ©(q)

2x
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We substitute log Ay = ¢(q)log g—¢(q) 32,1, 1;;g in the first two terms, while for the last two we

simply use the bound log A, < ¢(q) logq. Moreover, since for ¢ > 3 we have ¢(q) > 2, so we use
this hypothesis to simplify the terms decaying as 1/72. We get

hy 22 2 a2 (T log 16387 h
chpze 2 2531 08P 49 4 i
74x( 7rhT+7Th2T2) (277) (0 p3logq— | p— + i ())4

riq

, 0395 log(qT)+4.02 2,550\ 12

e +(0:395108+3.376+ e )) prt

where we used that 1.253—2Y +2Y?2 > 1 to simplify the coefficient of 3 plg- Thus (4.7) becomes

[Ma g B2y 1‘<hf10g<7)_7hf71 ( )+ h\fhsz (%)

2
ogp z/?
(4.8) +(0 2531log q— z|:+2 409+w)hf+(1 58 log(qT)+16.08) =
plq
7\ h?
log(¢*T) log T+3.9log ¢+0.7+ .
( 8(q°T) log g4q (q)) NG

5. PROOF oF THEOREM [L.1]

Substituting (4.8]) into and by (3.12) we get
h qTN 2 qT
> logp 2@_{\/51‘% (%)‘fthl ( >+ fh2T2 g ( 7r>

lp—z|<h
p=aq] 638 872
gp
(o 253 log g— Z +2.409+ ())f+(1 58 log(qT)+16.08) — Ve
pPlq
22.7\ h
log(¢*T) log T+3.91 0.7
+( 0g(q¢°T) log T+ og q+0.7+ (q))\/i}

() ()

h
—0.95v/2—3.7/z—w(q) log(?x)fljg.

We introduce a new parameter S defined as hT =: Sz. Thus, the previous inequality becomes

1 h 2 2 4.2.89
— Z logp > Ve (+f+7+7>10g(qT)—0.25310gq

2
& i v(9) w8 wp* wBT
p=alq
1 22.7 1.58log(qT)+16.08 2.89\ log(qT)\ h
51) —(=1log(¢*T)logT+3.91 . 1 -
(5.1) (ﬂ 0g(q”T) log T+3.9log ¢+0 7+80(Q) 72 +( +t7 ) T )sc
logp 1.638 2log(2m) —1/6_ log(2z) h
—1.53— 1—— ) -3.7z —1.7 .
Z »(q) 3 ( 5) w(a) VT x3/2

We simplify this formula by noticing that for 8 > 20 and = > (10¢(q) log ¢)? (unfortunately we

cannot hope to prove anything as strong as this one, so that these assumptions will be satisfied),

the function appearing in the last line is larger than —2 for ¢ > 18 (we use the assumption % < %
5/6

to bound 3/2 with \//E’ and when ¢ > 800 we apply the bounds w(q) < logq and ¢(q) > \/q).

Thus we have

1 § : h/ﬁ 2 2 4.2.89

vz p— = q 8 777 O, T)—0. _

\/5| m|<h1 (0( ) (1 IB 52 5 )1 g(q ) 25310gq 2
(5.2) » @l |

22.7 1.581og(qT)+16.08 2.89\ log(¢T)\ h
og(qT)+ +(1+ >0g(q ))7

1
log(¢°T)log T 1
( 0g(q°T)log T+3.91og ¢+0.7+ (q)+ 7 T o

T .
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We introduce three nonnegative parameters «, § and p, and we further set

B v
o(q) alogz+dlogqtp
For the first part of the theorem, that is, the existence of a prime p = a (mod ¢) with |[p—z| < h,
it is sufficient to prove that the function appearing on the right hand side of (5.2) is positive. This
happens when

h = o(q)(alogz+dlogq+p)Ve, T =

(5.3) (1-F)(alogz+dlog g+p) > G
where
 (log(¢*T)log T 22.7 1.58log(qT)+16.08 2.89\ log(¢T)\ ¢(q)
F(g,z) = (f+3.910gq+0.7+§0(q)+ 7 +(1+ - ) ) T
2 2 4.2.89
G(g,z) = (1+ ﬁ+7r52+7r[37T) log(¢T)+0.2531og g+2.

We still have to make a choice for 3, for which we have two different requirements.
CASE 1. Consider z — oo, for a fixed q. Then logT ~ %1og x, as soon as log 8 = o(logx). Thus

2
F« logﬁ, and to prove ([5.3)) we need

alogz+p > ( ) log z4+0(1),

ﬂ 32
not uniformly in ¢ and in the other parameters. Thus we need

a>1+1+1
T8 wp?

and we can improve this bound to o > 2 5 if we assume that § < logx, at the cost of increasing p.
CASE 2. Consider ¢ — oo, and x = x(q) = (m(q) log q)? for some constant m. Then
mp log log g
2046 ( logq )’
not uniformly in «, 4, p and m. In particular, it stays bounded if we assume that 3 is bounded,

T:

and 1 1.58 2.89 1 1
F:—(fl T+3.9 (1 —)— 0( ))
m 08 LHat g 52 T T 7rT+ log ¢
Thus F is small if m is large enough, and is implied by
2 4-2.89
2a+6) 1 1-F 1.253 ) 1 O(1
(2a+0)log g+p > (1-F)~ ( + 5+ wpE T ) et (1),

because ¢(q)logg > ¢. Thus it is sufficient to have

1,2 1.58 2.80\ 1 \\ - 2 4.2.89
P 5>(1—f(71 T4+3.94—2° (1 ) )) (1253 = )
a6 2 (1= (Slog T+3.9+ -+ (14 = ) — + ﬂ+ T

at the cost of increasing p.
In order to meet both requirements for 5 we set

NG

(54) p=tho (cp(q) logq)’
for a suitable constant £ > 0 that we will fix later. In this way we can set o = 1/2, and ¢ will be
close to 0.253, specifically: |§—0.253] < log(ém) + 7 - Obviously we are interested in producing
small values for m. Thus, for a fixed value of a and § we select the value of ¢ producing the
minimum m such that (§, ¢, m) satisfies the requirements.
If one is interested mainly in the ¢ aspect, then one can select « = 1.253/2; in this way § can
be chosen arbitrarily small if m and ¢ are large enough, and the value § = 0 is possible for every
a > 1.253/2. Possible choices are in Table

The previous argument has showed how we have to set 3, and what we can expect to be able
to prove. However, in order to get a true proof we need to convert into something decreasing
in z when all other parameters are fixed, because only in this way can we prove the claim for all
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x > xg by testing it only in xg.
We notice that according to our definitions both 8 and T increase as functions of z, at least for
2 > 10. Moreover, setting v := /z, one sees that %log2 T decreases if and only if

2log T dlogT _ log*>T dlogT 1 2
o8 087 08 %8 <logT <= 2| +1— a
2 log u (2alog u+dlog g+p)

= 2u | <logT

U du — u
4
< 24— <logT.
log x

For > 100, this is true whenever T" > 20. This suffices to prove that in this range F'(q,x)
decreases as a function of z. Unfortunately this is false for G, thus we have to modify it into a
new G having a better behavior in « and such that G > G so that

(5.5) (1-F)(alog z+dlog g+p) > G

implies (5.3)).
Firstly, we notice that for z =: u? moderately larger than 100, the function % log® T log u decreases
as well. In fact, this happens if and only if

2 2
210gT10gud10gT+log T < log” T logu PN 2udlogT+logT

u du u - u2 du log u

(5.6) <logT

200 1 log z+2
= 2| 1- | <[l rog T = 2255 <log T
logu+ (2alogu+dlogg+p)l — log u ©8 logz—2 — 8

and for > 23000 this is true whenever T' > 20, once again. This proves that in this range also
F(q,z)logz decreases as a function of z. Secondly, recalling our setting for T and 3, we see that

v
T — ql\/z IOg(sa(q)la;gq) < ql\/x .
©(q) alogz+dlogg+p ~ 20p(q)

We use this bound to substitute log(¢7T") in G, producing

(1+ 2 42 2 +4.2.89) log(Qq{;(r

G(q,x) == B et

With this G, Inequality (5.5) may be written as

))+0 253 1og g-+2.

1 1 1 22389
. ——1 1-F)(§1 Fl — 4 —+—— 1
(5.7) (a 2) og z+( )(dlog g+p) > « ng+(7rﬁ+7rﬁ2+ AT ) ogx
2 2 4289 gl
1 — 1 2531 2.
1+ w8 wE T 7T5T) Og<2a@(q))+0 PHlosat

When « > 1/2, the function appearing on the left hand side increases in « (whenever x > 100,
T > 20), while the function on the right hand side decreases in = (whenever x > 23000, 7" > 20).
This shows that if z > 23000 and « > 1/2, we can check (and hence 7 since they are
equivalent) for x > x( by testing it for .

We also have to satisfy the assumption

1 1 1 1
(5.8) 1 p(g) alogz+s ogq+p 1

T VT log(=—¥— 20°
and, since we have assumed h < 52/6 in several places, we need also

h
(5.9) - = @(a log z+d log g+p) < —

e
where again the functions appearing on the left hand sides decrease in z (for x > €2).

The combinations of values for the parameters «, 4, and m in Table [3| are in some sense
unrealistic: they can be satisfied only for extremely large ¢q. In order to have a claim which
could be proved for every ¢ we have to increase m and choose p accordingly. Our choices are in
Table [4] and for every choice of the parameters appearing there we verify by direct computation

)
»(q)logg
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that all requirements are satisfied by = = z0(q) := (mp(q)log ¢)? when 3 < q < qo, with just a few
exceptions which are in Table[5and for which we have to test the claim directly for z € [zo(g), z(q)].

To deal with larger ¢’s, we set = = z0(q) = (me(q)logq)? in (5.5), but, again, we have to
modify Fy(q) = F(q,z0(q)) and Go(q) = G(q,z0(q)) in order to produce an inequality which will
hold for every g > qo when verified for go. For this purpose we introduce

- 1 /1 2T ) 1log T 0.7 227 1.581 T 16.08 2.89\ 1 T
Folq) = 7( og(q*Ty) log + 1394 e og(2q )+ +(1+ ) 0g(q +)>
m mlogq logg ¢ 5 log g T_ J7T_logq

~ 2 2 4-2.89 Imgqlogq
G = (1l+—+—+—+]1 —=140.2531 2
o(a) ( +7rﬁ0+7rﬁg+7rﬁoT,> Og( 2a >+ g gt

Bomlogq _ Bom
2alog(mqlog q)+6log g+p’ t 2a+5'

Then for z = z¢(q) one has 8 = o, T_ <T < T, Fo(q) > Fo(q) and Go(q) > Go(q), so that (-5)
for = x0(q) holds for sure if

Bo := Llogm, T .=

(5.10) (1-Fo(q))(2alog(mg)+8log g+p) > Gol(q)-
We notice that Fy(q) and 1/T- decrease in g, thus (5.10) may be written as
- 2 4-2.89 2 2 4-2.89
1—F 200+0 1.253 1 > (1 ——— ) logl
(0=Fofa) o)~ (12534 e 20 ) o > (14—t — 00 ) omlomg
2 4-2.89 Im
F —-1)(2a 1 1+—4+—= I — |42
+(Fy(@)-1)(2alogm+p)+( +Wﬁo+ﬁﬂo+ﬂﬁoT J1og (5 )+
i.e., as
(5.11) Alogg—Bloglogg—C >0

where A increases in ¢ and B and C decrease. The function on the left hand side is increasing in
q when

A
A'log g—B'loglog g+—— -C' >0,
q qloggq
and for this it is sufficient to have
~ A
—F{(¢q)(2a+96) log g+——
b)) og o+ 2=
Since
S log” T 1.58log T +1
(5.12) “Fj(q) > —2— with §:= (Og * g o8los Tt 608),
qlog®q m\ 5
in order to have a monotonous behavior of (5.11)) it is sufficient to have
(5.13) Aloggq > B—S(2a+59).

In this way we see that if (5.11]) holds for a certain ¢ = ¢ large enough to satisfy (5.13]), then
it is proved for every ¢ > ¢qo. Moreover, we notice that inequalities (5.8) and (5.9) in z(q) =
(me(q) log q)? are satisfied as soon as

1 2alog(mglogq)+dlogg+p < 1

5.14 =
(5.14) T /mlogmlogq 20
and
(515) 2alog(mglog q)+6 log g+p §

CD

mlogq

Thus (finally!) we have produced the test we were looking for: we search for a ¢q satisfying (5.10)),
(5.13)), (5.14) and (5.15). Then everything is proved for ¢ > go. Our computations show that the
values of gy appearing in Table [4] pass this test.



18 A. DUDEK, L. GRENIE, AND G. MOLTENI

For g < qo and = € [z¢(q), 2(q)] we use the mighty computer procedure Check1 described below
so that now the proof of the first claim of the theorem is complete.

For the second part of the theorem, i.e. the claim ensuring that if we increase a by one then
there are at least v/x primes p = a (mod ¢) in |[p—x| < h, we proceed in similar way. Indeed, the

inequality
log(x+h) Z 1> Z log p,

[p—z|<h l[p—z|<h
p=alq] p=alq]
allows to prove the claim by proving that the function appearlng on the right hand side of ( .

is larger than log(z+h). This amounts to modifying (5.3)) into
(1-F)((a+1) log z+4 log q+p) > G+log(z+h),

i.e. into

(1-F)(alog z+6log g+p) > G+F log z+log(1+h/x),
where F and G are defined as before (but with a+1 instead of « in the definition of 7). We
simplify the inequality recalling that we are assuming that h/x < 5/6. Moreover, we once again
use G instead of G in order to get an inequality which is proved for all x larger than zy when it

is proved for xg: by (5.6]) this happens at least whenever & > 23000. Thus it is sufficient to prove
that

(5.16) (1-F)(alog z+dlog g+p) > G+Flog z-+log(11/6).
Setting z = x{(q) = (m'¢(q)log q)?, for a diverging ¢ the inequality becomes
2 4 2.89
2(a—(a+1)F)log(m’p(q)log ¢)+(1—F)dlog g+O(1) > (1 253+ 5+ 52 AT ) log g+O(1).
If we assume that F' < a/(a+1), then the lower bound cp( )log g > ¢q shows that this is
2 4289
(2a-+0—(204+6+2)F) log ¢+O(1) > (1 253+—5 W+W) log g+0(1),

which forces us to select «, d, [ and m’ in such a way that

2 2 4289
2046—(20+6+2)F > 1.253
a+6—(2a+0+2) +— —y 7762+7rﬁ0T

with Bg = logm/, T = 6716 and

1 1.58 2.89\ 1
F= m/(ﬂl 439+ +(1+ - )FT).
This implies that for the combinations of @ and § we have already considered before we have to
select for ¢/ and m’ the values in Table As before, in order to get a statement provable for
all ¢ we have to further increase m’, for which we select the values in Table Now, for every
choice of the parameters in Table 4| we verify by direct computation that , (substituting
a, m and ¢ with a+1, m' and ¢) and are satisfied by x = z{(q) := (m’p(q)logq)? when
3 < g < ¢, with just a few exceptions which are in Table |§| and for which we test the claim directly
for x € [z((q), 2’ (q)]. This proves this part of the theorem for ¢ < .
To deal with larger ¢’s, we set x = x{(q) = (m’(q)logq)? in - but, again, we substitute
F and G with Fy(q) and Go(q), getting

(1—Fy(q))(2arlog(m’v(q) log q)+6 log g+p) > Go(q)+2Fy(q) log(m’¢(q) log ¢)+log(11/6).

Assuming

(5.17) Folq) < a/(a+1),
the inequality is implied by

(5.18) (1—Fy(q))(2alog(m/q)+8 log g+p) > Golq)+2F(q) log(m’q)+log(11/6),
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which is what we get substituting ¢(q) log ¢ with its upper bound g. We write this inequality as

2 2 2 4289
204+5—(2a+64+2)Fo(q)—(1.258+—+—+—""1 )1
( a+6—(20+6+2) Fy(q) ( +wﬂo+w6§+wﬁoT_)) 0gq
2 2 4.2.89 .

2\ g T ) o8t Fy(g)—1)(2alog m/

_( +Wﬁo+ﬂl3§+wﬂoT_) oglog g+(Fy(q)—1)(2alog m/+p)

+(1+l+l+ 42.89 )1 <€m’
o mhy  mBT- 2a

)+2Fo(q) log m'+2+10g(11/6),

i.e. as
(5.19) Alog g—Bloglogqg—C >0

where A increases in ¢ and B and C decrease. It is monotonous in ¢ when

B
A’ log ¢—B' log log q—l—é— -C' >0,
q qlogqg

and for this it is sufficient to have

. A
—Fj(q)(2a+6+2) log q—i-?—

qlogg
By (5.12), in order to have a monotonous behavior of ([5.19) it is sufficient to have
(5.20) Alog q > B—S(2a+6+2).

In this way we see that if (5.19) holds for a certain ¢ = ¢(, large enough to satisfy (5.20]), then it is
proved for every ¢ > ¢f,. Thus we have produced the test we were looking for: we search for the g

satisfying (5.14), (substituting o, m and ¢ with a+1, m’ and ') (5.17), and
Then everything is proved for ¢ > ¢j. Our computations show that each ¢, appearing in Table
pass this test, so that also the proof of the second claim of the theorem is completed.

For ¢ < ¢} and = € [z((q),2'(¢)] we use the mighty computer procedure CheckSqrt described
below so that now the proof of the theorem is complete.

Remark. The procedures Checkl and CheckSqrt check more than what is needed: they detect the
existence of prime numbers in [z—h, z] except for the initial a’s.

6. PROOF OF THEOREMS AND [T3]
We keep the notations

_ B vz
¢(q) alog z+dlogg+p’

but we make a different choice for 5. In fact, the first two negative terms (1+%) log(¢T) in (5.1)),
up to terms of lower order in 3, are

h = ¢(q)(alog z+dlog g+p) vz,

2
logﬁ+%.

This expression reaches its minimum when

1
B = lOg(qZLE),
m

which is how we set 8 now. This choice puts restrictions on « and d: to control the terms appearing
in the equations below we need to have a > 1/2, § > 0 and 2a+0 > 2. Since we are interested in
furnishing small values for a and §, this leaves us with the range @ € [1/2,1) and § = 2—2a. In
this range we pick the case « = 1/2, 6 = 1, which is a natural choice; the interested reader will
be able to complete the similar computations needed for any other setting of o and 6. Thus, our

settings are:
vz log(q*x)
mp(q) 3 log(g?x)+p

h = ¢(q) (3 log(q*x)+p)Vx,
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As a consequence we have

2 Vx
(6.1) T< 7782{;)’
(62) log(aT) < 5 loa(s*)+log (——).
21 T
(6.3) 2ol) <4
Moreover,
(6.4) —Z lng —logq— Z {——H (1—%)} < —logg.
p\q
The function appearing on the right hand side of is surely positive when
log(q 2)4p >1og(qT)—|——5 log(qT)+0.253log g+ 1.53 - ~o¥ logp  1.638
T )
+2105227r) (1_%)4_?1 e(q )+éf§910g§?T)
+ (% log(¢*T) log T+3.9log q+0.7+%> %4—(1.58 log(qT)+16.08)ﬁThx
13,72~ Y/5 4 1(q) IO%%E) +W—}; (1+2'18,9) logé?T) +1.7m£f/2 .

Using (6.2) for the first log(¢T), (6.3]) for the terms %log(qT), (6.1]) for log(¢*T)log T, and ([6.4)),
we deduce that it is sufficient to have

2 1.638 2log(2r) /. 1y 1
>lo +1-0.747log ¢+1.534+——+—"—(1—5 |+
pzlox () o o (7)Y
2-2.89 1 2 ¢*\/z NG 22.7\ h
+——+( =1 lo +3.9log ¢+0.7+ -
T <7r g(ﬂ so(q)) (7T<P( )> g w(q))
1.587 16.08\ h 3.7 log(2z) h 2.89\ log(qT) h
OO Py L 2 a 1. .
( 2 + B )Bm+x1/6+w(q) vV +7r30<1+ T) T + 7x3/2

In several places we have assumed T' > 20, thus we can use this assumption to note that it implies

1 2.89\ log(qT)

L(14289)

()77
We further assume x > (8¢(q) log qloglog q)? to bound

1.638 2log(2m) /. 1y 1 2:2.89 3.7 log(2) h
6.5 1 ( ) 2,53+ 0 (1_7) S e, ol 1.7
(6.5) og +2.53+ ()—i— B 3 +ﬁ+ T —l—ml/G—i-w(q) Vs + 372
with £(g), which is 9.3 when ¢ < 12 and 4 otherwise. Hence it is sufficient to have
p >E(q)—0.74Tlog q

< 0.02log g+0.06.

(6.6) e N 22.7\h (1587 16.08\ h
+(;10g (7T g ") log (;@)ﬂs 921og ¢-+0. 76+W>E+( 5 )%
Recalling the definitions of h and 3, (6.6) becomes:
with
/1 2 >V 2 Va 22.7y ()
Fl(q,z) ._<;log(7r SD(q)) og(w( ))+3 920 4076+ - )) L
1.58  16.08 720(q)
( 2 log(q2:c)) log(g?z)/z”
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G(q, ) :zg(q)—&—(% log (% q;g) lo (i(p\(qu))—i—&% logq> log(q\/az)i;q;—o.ﬁﬂlogq
22.7 5 plg) /158  16.08 \ 72p(q)
+(0.76+@) log(q x)2ﬁ+( : log(q%)) N

We notice that F(q,z) and G(g,x) decrease as a function of  (hence there is no need to change
G, in this case), at least for > €8 = 403.42.... Thus, if holds for fixed p and ¢, for a given
x0(q), then it holds for any = > x((q) for the same p and q.

Moreover we have to satisfy the assumptions

L_h _mpl@l,  p 1
(6:8) T Bz~ vz (3 1og<q2x)) =%
and
(6.9) g = gj\(f(i)(; log(qszp) < %,

where again the functions appearing on the left hand side decrease in x.
We verify by direct computation that all these requirements are satisfied for p = 15 by any
x > xo(q) with xo(g) given in Table 7}, when ¢ < 660. For this purpose, we use a variant of
Procedure Check1.

To deal with larger ¢’s, we choose x¢(q) := (m(q)¢(q))?, where we set £(q) := log qloglog q to
simplify the notation. To select a suitable value for m we note that Go(q) := G(g,z0(q)) stays
bounded if and only if

lo QQM 0 \/m 0 x M_ 0
s v(q) ) tos ( () )lg(qm)m 0.7471og g

is bounded, and that this happens if and only if % < 0.747. This shows that any m larger than
2, say, is allowed when ¢ > go(m) is large enough. With this choice of z(g), inequalities
and are satisfied as soon as

T /1 p/2 1
(6.10) ml(q) (5+10g(mq<p(q)f(q))) =50
and
1 5
(6.11) W(log(mqw(q)ﬁ(q»ﬂ) <5

To deal with (6.7), (6.10)) and (6.11)) for arbitrary ¢ we substitute there the arithmetical function
©(q) with its upper bound ¢ or its lower bound /g in order to produce in any case upper-bounds

Fy(q) and Go(q) for Fy(q) := F(q,z0(q)) and Go(q) respectively, and for the function to the left
hand side of (6.10)). In this way (6.7) changes into

(6.12) (1—Fp)p = Go.

As for Theorem functions Fj and those we get from and are decreasing in ¢,
while this remains false for G. However, contrary to the situation for T heorem the parameters
o (= 3),6 (=1) and p (= 15) are now fixed, thus we can verify directly that p > —GY)/ Y for
any ¢ > 3 and any integer 8 < m < 20. This shows that for these parameters (1—F0)p—éo is
increasing in the full range for q.

In this way we can conclude that when 8 < m < 20 all conditions we have to test become
monotonous in their dependence of x and ¢, so that we can prove them for x > x0(¢) and
g > qo(m) by proving them for © = x0(q) and ¢ = go(m). We have collected some results in
Table |8] for several values of m. We see that the value m = 8 produces a small enough go(m),
hence we have selected it, as reported in Theorem To complete the proof of Theorem we
still need to test the claim for 3 < ¢ < 660 and z in the interval [(8¢(¢)¢(q))?, zo(q)] with zo(q)
given in Table[7] For this purpose we use an analogue of Procedure Check.
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For the second part of the theorem it is sufficient to prove that the right hand side of (5.1) is
larger than log(z+h) when we increasing h to h+¢(q)/x log z. This modifies (6.7) into

(1-F(q,z))p > G(q,z)+F(q,z) logz+log(1+5/6) =: Gs(q, ).

We proceed as before. In fact, both sides are decreasing as a function of x. Thus, we verify by
direct computation that all these requirements are satisfied for p = 15 by any « > x{(q) with
x4(q) given in Table [7} when ¢ < 1320.

Again, we choose x(q) := (m’(q)¢(q))?, producing

(6.13)  (1=F(g,20(q)))p = G(q,75(q ))+F(q7$6( ))log(l‘é( ))+log(1+5/6) = Gv(QJB(Q))

In order to have Gs(q,o(q))
With this choice of z{(g), inequalities (6.8) and ( are satlsﬁed as soon as

™ }p/2+10g(m e(@)l(q)y _ 1
(6.14) m’ﬁ(q)(2 log(m’qp(q)¢(q)) >§20’
and
(6.15) ity (o (m g (o) (@) 2 1oB(m'o() (@) +9) < ¢

To deal with (6.13)), (6.14) and (6.15]) for arbitrary ¢ we substitute there the arithmetical function
¢(q) with its upper bound ¢ or its lower bound /g in order to produce in any case upper-bounds

F(q,z0(q)) and Gy(q,z0(q)) for F(q,zo(q)) and Gs(q,z0(q)) respectively, and for the function on
the left hand side of (6.14)). In this way (6.13)) changes into

(1—F)p > G,

Functions F, and those we get from ) and ( - are evidently decreasing in ¢, but this is
still false for G,. However, (1 F)p— G is decreasmg if and only if p > -G /F’ and for p = 15
this holds for any ¢ > 3 if m/ > 10. In this way we can conclude that when m’ > 10 all conditions
we have to test become monotonous in their dependence of z and ¢, so that we can prove them
for x > z((q) and ¢ > ¢{(m’) by proving them for = z((q) and ¢ = ¢{((m’). We have collected
some results in Table [8] for several values of m’. Unfortunately, the computations show that any
value of m’ smaller than 15 would produce an extremely large go(m’). As a consequence we have
selected m’ = 15, as reported in Theorem

Lastly, it is easy to prove that F'(q,e?) is smaller than 1 for ¢ > 10 and that G(g,e?) < 0 for
q > 220, and G4(q,e?) < 0 for ¢ > 500 and this proves Theoremwith q > 220 for the first claim
and ¢ > 500 for the second. The first (second) claim is extended to g > 35 (¢ > 67, respectively)
keeping the true value of in place of £(q) in the definition of G(q, z).

7. PROOF OoF COROLLARY [L.4]

We can assume ¢ > 3, because the claim for ¢ = 1 and ¢ = 2 follows from the analogous (and
stronger) claim proved in [I Cor. 4.1].
By Theorem [.1] (case a = 1/2, § = 1) we know that there is a prime congruent to a modulo ¢ as
soon as

(2n+e(0) A)p(a)A = ¢(q)V M (24-+log(q* M)
where A := 1242log(gn) and M := }[n*+(n+¢(q)A)?]. Dividing by nA and setting B := %A,

the inequality becomes
BZ, 12+log(1+B+5
24+ B > \/1+B+—(1+ B 2 )),
2 A
A+4B+2B2 ;. 12+log(1+B+20)
\/ (1+ ) <2
4+4B+ B2 A

ie.,
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4+4B+B?
Hence the inequality may be written as
2

B 2
L+B+— < exp (A(E_l)_u)'

Set H := ,/2BE2B2 51 notice that it is an increasing function of B, and is bounded by v/2.

In terms of B this is solved by
2
B < [2exp (A( 7 -1)-12) -1
= |4€Xp H
but needs 2exp(A(%—l)—12) > 1. Recalling the definition of B, it means that

o= 2 foe (a(3 1) 1) ).

Recalling the definition of A, we see that for every fixed value of ¢, the quotient n/A increases
with n. Hence B = ¢(q)2 decreases with n, and 1/H (which decreases with B) increases with
n. This shows that the function appearing on the right hand side increases as a function of n, for
every fixed ¢, if A(2/H—1) > 12. As a consequence the inequalities hold true for n > ng as soon
they hold for n = ng. It is easy to prove that for n > 8¢(q)log ¢ they hold for all ¢ > 3.

-1

)

]1/2
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8. AUXILIARY TABLES

TABLE 3. Parameters for ¢ — oc.

‘ e 0 m A ‘ m H o ) m 14 ‘ m’ A H
1/2 1 21 71 44 6| 1.253/2 0.1 142 17 373 17
1/2 1/2 56 71139 7 1 0 21 7 44 6
1/2 1/3 179 24475 21 09 0 21 7| 60 5

1.253/2 1 17 8| 34 6 0.8 0 40 7 97 5

1.253/2 1/2 29 6| 66 5 0.7 0 95 11 245 10

1.253/2 0.2 69 9|175 8 0.627 0 21236 1652 | 57287 1310

TABLE 4. Parameters

‘ o) 6 p m I4 qo0 m/ A q,
1/2 1 12 23 6.4 1947657 46 5.3 1984065
1/2 1/2 9 86 14 443235 | 188 11 2974713
1/2 1/3 9 1500 120 2293436 | 3500 190 2711303

1.253/2 1 14 18 7 7991888 34 5.7 6306843
1.253/2 1/2 9 34 7 3055181 74 6 920941
1.253/2 02 7 110 18 3287890 | 260 15 3790727
1.253/2 0.1 7 500 64 2878356 | 1500 66 999372
1 0 8 23 6.4 1972765 46 5.3 2001416

0.9 0o 7 31 6 2617343 66 5 1294983

0.8 0 6 52 9 1987447 | 120 8 630195

0.7 0 5 200 16 1713915 | 500 26 958214
0.627 0 10 10'° 3480 10438 | 100 4100 10438
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TABLE 5. Exceptions: for these ¢’s the claim has to be tested in [z¢(q), z(q)]

a=1/2,6=1,p=12, m=23, (=64

q wo(q) w(q) |q¢ =wle) 2@ | g wle) (g

3 2553 23000 |6 6793 23000 | 9 91940 94714

4 4066 23000 | 7 72111 81124 | 10 44875 55094

5 21924 37494 | 8 36598 51147 | 12 52263 60595

a=1/2,6=1/2,p=9,m=286, (=14

q wolqg) w(q) |q¢ wle) x@ | g =wle) (g

3 35706 77348 |4 56854 95500 | 6 94976 104272
‘ a=1/2,6=1/3, p=9, m = 1500, £ = 120: no exceptions ‘

a=1253/2,0=1p=14,m=18 (=7

q wo(q) w(¢) |q¢ wle) =x@ | g =wle) (@

3 1564 174459 |6 4160 23000 | 9 56311 59241

4 2490 190024 | 7 44166 50277 | 10 27485 35009

5 13428 565474 | 8 22416 31807 | 12 32009 38677

a=1253/2,6=1/2,p=9,m=34, (=7

q wxo(q) x(q) |q wole) 2(q) | ¢ wole) x(q)

3 5580 24333 |5 47910 62458 | 8 79978 87897

4 8886 29766 | 6 14844 34684

a=1253/2,6=02,p="7m=110, £ =18
q wolqg) w(¢) |q¢ wleg) =x@ | g =wle) (@
3 58416 136773 |4 93015 176298 | 6 155383 196485

a=1253/2,§=0.1, p="7, m =500, £ = 64: no exceptions

a=1,=0,p=8 m=23,{=64

q wo(q) w(¢) |q¢ wle) =x@ | g wle) (@
3 2553 23000 |6 6793 23000 | 10 44875 52243
4 4066 23000 | 8 36598 47072 | 12 52263 58690
5 21924 32725

a=096=0,p=7m=31,£=6
qg zo(e) (@) |q =zle) (@ | g wleg x(q)
3 4639 23000 | 5 39828 47524 | 8 66487 69419
4 7387 23032 |6 12340 28176

a=08,6=0,p=6,m=52,(=9
g zo(q) =) |q =xo(q) x(q) | ¢ x0(q) x(q)
3 13054 45973 | 5 112066 116443 | 6 34723 70349
4 20786 58793

a=07,6=0,p=>5 m=200, =16
q wo(q) w(¢) |q¢ wle) x@ | g wle) (g
3 193111 283439 | 4 307489 391345

25
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TABLE 6. Exceptions: for these ¢’s the claim has to be tested in [z((q), 2’ (q)]

q
3

a=1/2,6=1,p=12, m' =46, ¢ =5.3

zo(q)  2'(q) | g =z(q9) 2@ |a =z5(a) 2'(q)
10215 28413 | 4 16266 33887 | 6 27172 39233

a=1/2,6§=1/2,p=9, m =188, £ = 11: no exceptions ‘

a=1/2,6 =1/3, p=9, m’ = 3500, £’ = 190: no exceptions ‘

q
3

a=1.253/2,8=1,p=14, m' =34, ¢’ =5.7

zo(q)  a'(a) |a =) 2@ |a z(a)  2(q)
5580 23000 | 4 8886 23000 | 6 14844 23000

q
3

a=1.253/2,6=1/2,p=9,m' =74,¢ =6

zo(q)  2'(q) | g =z(q9) 2@ |a =xz5(q)  2'(q)
26437 53359 | 4 42095 65485 | 6 70320 76541

a=1.253/2,8§ =0.2, p="7, m = 260, £ = 15: no exceptions ‘

a=1.253/2, 6§ = 0.1, p =7, m' = 1500, £’ = 66: no exceptions ‘

w

a=1,§=0,p=8m' =46, ¢ =5.3

zo(q)  a'(a) | a =) 2@ |a =z(a)  2(q)
10215 26091 | 4 16266 32379 | 6 27172 39992

a=09,=0,p=7m =66,¢ =5

zo(q)  a'(q) | a =) 2@ | z(a)  2(q)
21029 40486 | 4 33485 50922 | 6 55938 62679

a=08,6=0,p=6,m =120,¢ =38

zo(q)  2'(q) | g =z(q9)  2'(9) |a =xz5(a)  2'(q9)
69520 108608 | 4 110696 139012

a=0.7,8=0,p=05 m =500, ¢ = 26: no exceptions

TABLE 7. Constants for the proof of Theorem small ¢’s.

a x| q Zo e a5 | q o

3 43741 9 273368 || 3 98197 9 826355
4 41398 10 126848 || 4 108188 10 419894
5 141162 11 690311 || 5 317506 11 2381080
6 38467 12 126684 || 6 122626 12 447783
7 283378 | 13<q¢<100 (34p(q)l(q))? || 7 739830 | 13 <q <100 (52¢(q)(q))>
8 131137 | 100 < ¢ <660 (10p(q)¢(q))* || 8 386260 | 100 < ¢ < 1320  (200(q)£(q))?

TABLE 8. Constants for the proof of Theorem large ¢’s.

m a0 ||m g |
8 660 | 14 343072

9 168 | 15 1320
10 111 || 16 330

Input: Three reals o, d, p

Input: Two integers

q, T

1 return (alogx+dlog g+p)p(q)\/z;

Function hl(«, 4, p, ¢, x)
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Input: Three reals a, 9§, p
Input: Two integers ¢, x
return ((a+1) logz+dlog g+p)p(q)v/;
Function hsqrt(a, 9, p, ¢, )

Input: Three reals a, 9§, p
Input: Three integers ¢, xg, x
for a + 1 to ¢—1 do
if (a,q) # 1 then continue;
Mi[a] < xo+hl(a, 0, p,q,x0);
end
forprime p < z( to z+hi(a,d,p,q,x) do
a <+ p mod g;
if (a,q) # 1 then continue;
if Mjla] < p then
‘ print ("Problem with class ”, a, ” mod 7, ¢, ” for © =7, M;[a]);
end
Mila) < p+hi(e, 6, p,q,p);
endfp
for a + 1 to ¢—1 do
if (a,q) # 1 then continue;
if Mi[a] <  then
‘ print ("Problem with class 7, a, ” mod 7, ¢, ” for x =7, M;[a]);

end
end
Procedure Checkl(q, 0, p, q, xo, T)

Input: Three reals o, 4, p
Input: Three integers ¢, xg, x
for a + 1 to ¢—1 do
if (a,q) # 1 then continue;
M;la] + xz{+hsqrt(a, d, p, q, x});
Nla] + floor(M;[a])+1;
end
forprime p < z{, to 2'+hsqrt(a, 4, p,¢,2') do
a <+ p mod g;
if (a,q) # 1 then continue;
Nla] < Nla]—1;
if Na] # 0 then continue;
if M,[a] < p then
‘ print ("Problem for sqrt claim with class ”, a, ” mod 7, ¢, ” for & =", M;[a]);
end
M;la] < p+hsgrt(a,d, p, ¢, p);
Nla] « floor(M;[a])+1;
endfp
for a + 1 to ¢—1 do
if (a,q) # 1 then continue;
if Ms[a] < 2’ then
‘ print ("Problem for sqrt claim with class 7, a, ” mod ”, ¢, ” for z =", M[a]);

end
end

Procedure CheckSqrt(w, 6, p, ¢, 2§, ')
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