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ABSTRACT. In an influential paper, Tadmor, Nezzar and Vese (Multiscale
Model. Simul. (2004)) introduced a hierarchical decomposition of an image
as a sum of constituents of different scales. Here we construct analogous hier-
archical expansions for diffeomorphisms, in the context of image registration,
with the sum replaced by composition of maps. We treat this as a special case
of a general framework for multiscale decompositions, applicable to a wide
range of imaging and nonlinear inverse problems. As a paradigmatic exam-
ple of the latter, we consider the Calderén inverse conductivity problem. We
prove that we can simultaneously perform a numerical reconstruction and a
multiscale decomposition of the unknown conductivity, driven by the inverse
problem itself. We provide novel convergence proofs which work in the general
abstract settings, yet are sharp enough to prove that the hierarchical decom-
position of Tadmor, Nezzar and Vese converges for arbitrary functions in L2,
a problem left open in their paper. We also give counterexamples that show
the optimality of our general results.
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1. INTRODUCTION

In a beautiful and influential paper, Tadmor, Nezzar and Vese [42] introduced a
multiscale hierarchical representation of an image, and proved corresponding con-
vergence and energy decomposition results. Their starting point is the Rudin-Osher-
Fatemi model for image restoration: given a (possibly noisy) image f € L?(R?) and
a positive parameter \g, one seeks the solution ug of

(1.1) min {)\OHf - u||iQ(R2) + HUHBV(R2) LU e LQ(RQ)} .

Here BV (R?) is the homogeneous BV (R?) space and for any u € BV (R?), the
norm ||lu||gy (r2) denotes the total variation of its distributional gradient Du; see
the beginning of Subsectionfor details. The variational problem is uniquely
solvable, and yields a decomposition of f as f = ug + vg, where vq is the residual.
The solution ug is expected to keep the most relevant features of the image while
the residual vy contains the noisy part. The fidelity parameter Ay determines the
amount of features preserved and the noise at that scale. Indeed, for higher Ay the
solution wug is closer to f and less noise is removed. The idea in [42] is to start with
a relatively low value of Ao and then iterate the procedure by replacing Ay with
a larger parameter A\; and f with vg. Then f = ug 4+ u; + v1. Continuing in this
manner, given an increasing sequence of positive parameters A,, n =0,1,2,..., for
any j € N one obtains

f:uo—i—ul—i—...—i—uj—l—vj.

If v; converges to 0 as j goes to infinity, then this method provides a multiscale
representation f = 3777 u; of the image f. The result proved in [42, Theorem 2.2]
is the following:

Theorem 1.1 (Tadmor-Nezzar-Vese). Let f € BV(R?). Let A\, = \o2" for
some Ao > 0 and any n € N. Then f admits the following (BV,L?) hierarchical
decomposition:

+oo
(1.2) f= Z“j
j=0

where the convergence is in the strong sense in L?(R?). Furthermore, the following
energy identity holds:

—+ 00

1
(13 11w = 3 | lusllviay + sl e |-
j=0t"7

This result was extended in [42] Corollary 2.3] to f belonging to a class of
intermediate spaces between L? and BV. The question of whether it holds for any
f € L? was left open We will show in Theoremthat the above theorem extends
to arbitrary f € L?, as a special case of a more general result, Theorem

One of the main aims of our paper is to construct analogous hierarchical ex-
pansions for diffeomorphisms in the context of image registration, with the sum
above being replaced by composition of maps. In image registration, one seeks an
optimal diffeomorphism between two given images. This is an important problem in
medical imaging, when one needs to align two images obtained at different times or
with different instrumentation by transforming one to the other. Mathematically,

*We wish to thank the anonymous referee for bringing to our attention reference [20] where
such a result was announced in the context of a more general interpolation theory approach. A
complete proof does not appear to have been published.
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given two images Iy and I; as L2-functions on a domain 2, one wishes to find a
diffeomorphism g of Q2 which solves the minimization problem:

(1.4) min{||[0 Og_1 — IlHLZ(Q) P g€E GH}

Here Gy is a Banach manifold of diffeomorphisms (depending on a choice of Hilbert
space H) which will be defined in Subsection This problem is sometimes re-
ferred to as “greedy matching”. The standard approach to its solution is via a
gradient flow. This approach often leads to serious difficulties, both theoretically
and practically. (See [45] where these issues are explained in detail). The Large De-
formation Diffeomorphic Metric Mapping (LDDMM) theory of image registration
provides a beautiful geometric regularization of by introducing a Riemannian
metric on G and penalizing the geodesic distance of the diffeomorphism ¢ to the
identity map. This will be described in more in detail in Subsection 2.4 Starting
from this regularized problem, we develop a geometric multiscale framework and
use it to prove that if a solution to exists then it has a hierarchical expansion
(analogous to ) as the composition of infinitely many deformations of increas-
ingly finer scales. The multiscale approach to image registration developed in this
paper can thus be seen as a bridge between greedy matching and LDDMM: the
multiscale construction consists of a series of “LDDMM steps”, and we show that
it yields a convergent decomposition of an optimal solution, provided a solution
to exists. In this context, an optimal solution is one with minimal distance
to the identity. In Subsection below we briefly describe the LDDMM approach
to image registration and illustrate our main results in this direction, in particular
Theorem [2.13] which we believe to be the best result of the paper. The detailed
proofs and further results are given in Section [5] For other multiscale approaches to
image registration, completely different from the one presented here, we refer the
reader to [32], [33], [38] [39], [29, B0, 31], [7] and [17].

A second aim of our paper is to develop an analogous multiscale framework suit-
able for nonlinear inverse problems. To illustrate the main ideas in this direction,
we focus on one particular inverse problem which has been extensively investigated,
namely the Calderén inverse conductivity problem. Initially motivated by geophys-
ical prospection, and more recently by medical imaging, this concerns the determi-
nation of the conductivity o of a body €2 from voltage and current measurements at
the surface 9€. In particular, here we allow for possibly nonsmooth conductivities
for which uniqueness results may not be available. The given data is encoded in a
nonlinear operator (o), the Neumann-to-Dirichlet (or current-to-voltage) map on
oN.

Specifically, for a given input current 7 on the boundary (assumed to have zero
mean), N(o)(7) is defined as:

N(o)(@) = vloa
with the potential v the solution to the electrostatic boundary value-problem:

div(eVv) =0 in 2
(1.5) oVv-v =1 on 0N
Jagv=0.

Typical of many inverse problems, the problem of determining ¢ from knowledge
of N'(o) is severely ill-posed. To overcome this difficulty a regularization method is
often used. Our multiscale procedure starts with a relatively well-posed problem,
corresponding to a low value of the regularization parameter A, that allows us to
recover stably the main features of the unknown conductivity. Subsequent steps
involve higher values of A\ to recover finer details; we then have to deal with ill-
posed problems but have a very good initial guess at every stage. (In this respect,
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our method shares some of the advantages of homotopy continuation algorithms
for inverse problems which rely, for instance, on multifrequency data; see e.g. [13]).
The resulting iterative procedure allows us to numerically solve the inverse problem
and simultaneously obtain a multiscale representation of its solution. Significantly,
this multiscale representation is driven by the inverse problem itself rather than
some post-processing of the solution. We present our main multiscale results for
the Calderén problem in Subsection [2.3] in particular Theorem along with a
brief review of the relevant background. The proofs and further results are given in
Section

The above apparently completely different problems (LDDMM and Calderén)
from two distinct fields led us to a general multiscale theory relevant to a wide range
of applications that involve the minimization of the sum of a fidelity term and a
regularization term. Our general abstract results for nonlinear inverse problems are
introduced in Subsections[2.1and 2.2 with the details and proofs given in Section [3]
The extension of the general framework, replacing addition by other group actions
so as to be able to handle composition of maps, is developed in Section [

Finally, in Appendix [A] we give several counterexamples showing the optimality
of our abstract results.

2. BACKGROUND AND MAIN RESULTS

We begin with a simple general formulation motivated by nonlinear inverse prob-
lems. This will serve to introduce some of the main ideas, and it will already provide
a result sufficiently sharp to include the extension of Theorem to f € L%. Sub-
sequently, to obtain the convergence properties we seek, we will need to introduce
a tighter multiscale algorithm.

2.1. A multiscale framework for nonlinear inverse problems (first ver-
sion). Let X be a real Banach space with norm || - || = || - ||x. Let E be a closed
nonempty subset of X.

Let Y be a metric space with distance d = dy. Let N : E — Y be a possibly
nonlinear map and let N € Y. (We think of A as the given data). We assume
that the function E 3 ¢ — d(N, N (0)) is continuous with respect to the (strong)
convergence in X.

We also assume that there exists a function |- | : X — [0, +00] such that:

1) |0 =0 and | — x| = |2| for any x € X;
2) |z +y| < 2]+ |y| for any z, y € X;
3) {x e X: |z|] < 400} is dense in X.

We fix two positive constants a and § and we assume that the following regu-

larized minimization problem admits a solution for any 6 € X and any A > 0

(2.1) min{(A[d(N,N(&—&-a))“] + |a|B); G+oe E}
Let us note here that existence of a solution to (2.1)) may be guaranteed, under

the above assumptions, if | - | also satisfies the following:

4) {x € X : |z| < b} is relatively sequentially compact in X for any b € R;
5) | - | is sequentially lower semicontinuous on X, with respect to the (strong)
convergence in X.

Inspired by the procedure in [42], we consider the following construction. Let us
fix positive parameters \,, n € N, and let og be a solution to

(2.2) min { (Ao[d(N,N(a))a] + \a|ﬁ) L oc E} .
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The multiscale algorithm then constructs o,,, n > 1, inductively as a solution to
(2.3) min { (An[d(N,N(c?n_l +0))°]+ |a|5) Gt o€ E}

where we denote by &,, the partial sum:
n
(2.4) Gn = Z o; for any n € N.
j=0
Our assumptions guarantee that the sequence {0, }en exists, however in general
it need not be uniquely determined. Note that by taking o = 0, we have

An[dN N (60))°] + |onl® < Anld(N N (60-1))*] +10]7,
hence
(2.5) d(N,N(&n)) < d(N,N(&n_l)) for any n > 1.

Let us denote

g0 = limd(N, N (6,,))
and
o = inf{d(N,N(0)) : o € E}.
Our first general result is the following. See Subsection for a proof.

Theorem 2.1. Under the assumptions listed above, if

2hn
(2.6) lim sup < +o0,

n

then for the multiscale sequence {Gp}tnen given by (2.2), (2.3) and (2.4) we have

€o = g, that is:
lim AN, N (5,)) = inf{d(N,N(0)): o€ E}.
In particular, this result improves on Theorem[I.1]} namely we have the following.
Theorem 2.2. The conclusions of Theorem are valid for any f € L?(R?).

Specifically, to obtain Theorem [2.2|we apply Theorem [2.1]to the following setting:
let X = E = L(R?), Y = L(R?), with the distance induced by the L? norm, N = Id
and N = f € L2(R?). Also let |-| = | - |l Bv 2y, @ = 2 and B = 1. We refer to
Subsection [3.2] for further details. Indeed, in Theorems [3.2] and [3.3] we shall state
and prove a generalization of Theorem to any dimension as well as to bounded
and Lipschitz open subsets of RY, N > 1. We point out, however, that the proof
of the energy equality is only valid for N = 2.

To show the versatility of our abstract framework we list below some simple
examples which satisfy the required assumptions. A much more elaborate and in-
teresting application, to the inverse problem of Calderén, will be described in Sub-

section 2.3l

Example 2.3. Let © be an open and bounded subset of RY, N > 1, and assume
that Q has a Lipschitz boundary. Then our assumptions are verified in the
following cases.
e X = L'(Q), with its usual norm, E any nonempty closed subset of X, and
|u| = ||ul|pv (o) for any u € L(Q);
e X = L%(Q), with its usual norm, E any nonempty closed subset of X, and
|u| = ||UHW1.2(Q) = ||u||L2(Q) + HVUHL2(Q) fOI“ any u S L2(Q);
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e X = (%), with its usual sup norm, E any nonempty closed subset of X,
and, for some o, 0 < o < 1, |u| = [Jullco.a(q) = [|ullL=(0) + |u|co.e(q) for
any u € CY(Q). Here, as usual,

u(x) —u
|u|co.a(q) = sup M T, yeQ, xFy,.
[l =yl

We recall that for any bounded open set Q C RV, N > 1, a function v € L'(f)
belongs to BV (Q) if Du, its gradient in the distributional sense, is a bounded vector
valued Radon measure on Q. We equip BV () with the usual norm

ullBv) = lullz @) + |ulBv (o)
where the seminorm | - | gy (q) is defined as the total variation of Du on Q that is
lulpv(q) = [Dul().

While Theorem [2.1 shows that the construction in (2.2), (2.3)) and (2.4) yields a
minimizing sequence {N(6,,)}nen, much of the work in the paper will be to go be-
yond this and also prove convergence results for {7, },cn or one of its subsequences.
This is of course automatic in the case of Theorem where A = Id, and also easy
to show if V(&) satisfies a mild coercivity condition (see Proposition [3.1)), but for
general nonlinear ill-posed problems it will become clear that we need a tighter
multiscale construction. Such a construction is presented in the next subsection.

2.2. A tighter multiscale construction for nonlinear problems. We keep the
assumptions of the previous subsection, in particular we suppose that | - | satisfies
assumptions . We fix positive constants «, 3, v and let A\, > 0 and a,, > 0
for any n € N. We assume that a,, < a,_1 for any n > 1.

Let now o be a solution to

(2.7) min { (Ao[d(N,N(o))“ +aolo]] + |a\5) o€ E} .

Our assumptions guarantee that at least one minimizer oy does exist. We then
construct o,, n > 1, inductively by solving

(2.8) min { (An AN, N (Gt + 0))® + anlon_1 + o] + |a|ﬁ) G toE E} ,

where for any n > 1 we denote as before

n—1

(29) &n—l = ZO’j.
7=0

Again our assumptions guarantee that the sequence {0, },en exists, however we
cannot guarantee that it is uniquely determined.

We point out that when a,, is 0 for all n € N, we are exactly in the case described
in the previous subsection. On the other hand, for nonzero a,, we not only penalize
the value of | - | of the increment o,, but also that of the partial sum &,,. By taking
o = 0, one immediately finds that

(2.10) d(N,N(&n))a < d(./\A/’,N(én))"‘—l-anwnr’ < d(N,N(&n_l))o‘+an_1|&n_1\'Y
for any n > 1. Let
~ 1/a
eo = lim (d(/\/, N(Ga)* + an|&n|v)

Clearly we have that g9 > &y = inf{d(N,N(0)): o € E}.
We first show that the conclusion of Theorem still holds in this more general
case.
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Theorem 2.4. We assume that
26m
(2.11) an < ap_1 foranyn >1, lima, =0 and limsup ~ < 4o0.

Then for the sequence {6y, tnen defined by (2.9) from the sequence {0y, }nen obtained
from (2.7) and (2.8) we have 9 = §y and we also have

lim AN, N(5,)) = do.

For a proof we again refer to Subsection We now turn to the main point of
the new construction, which is to find conditions for the convergence of {6, }nen.
We begin by observing that, if this sequence (or one of its subsequences) converges
to some G, then 6., is a solution to

(2.12) min{d(N,N(0)) : o € E}.

Therefore, an immediate necessary condition for the convergence of {&,, }nen, or of
one of its subsequences, is that a solution to (2.12)) does exist. A sufficient condition
is guaranteed by the following stronger assumption. Suppose that there exists & € F
such that

(2.13) AN, N(5)) = 6 = min{d(N,N(0)): 0 € E} and |5] < +oc.

Without loss of generality we may then assume that 6 solves the following mini-
mization problem

(2.14) min{|o| : ¢ € E and d(N,N(0)) = 6} < +0o0.

This condition may seem rather restrictive. However, in Appendix [A] we show
through several examples that our general abstract results are optimal in several
respects. In particular, the two cases given in Example suggest that a condition
such as might not be removed or even relaxed if we wish to have convergence
of {6 }nen- Let us call E the set of solutions of 1) We note that E is sequentially
compact in X.

In the result below we also need a stronger assumption on the parameters, namely

2pn
=0.

(2.15) an < ap_q forany n>1, lima, =0 and limsup
n n nln
Note that in particular we are assuming a, > 0 for any n > 0 and that (2.15)
implies that limsup,, 2°™/\,, = 0.
We have the following convergence result, which will be proved in Subsection [3:1}

Theorem 2.5. Assume that (2.15) holds and that there exists a solution & of
(2.14). Consider the sequence {Gy}nen defined by (2.9) from the sequence {oy, }nen
obtained from (2.7)) and (2.8).

Then &,, converges, up to a subsequence, to G, where 6 is a (possibly different
from &) solution to , that is, AN, N (6s0)) = 60 and |5o0| = |6|. Furthermore,
we have that

lim 5| = |61
n
and

(2.16) lim dist(6,,, E) = 0,

where for any o € X, dist(o, E) = inf{||c — &|| : 6 € E}.

It is still possible, however, that two different subsequences converge to two
different solutions of (2.14]), as the counterexample in Subsection shows.



8 K. MODIN, A. NACHMAN, AND L. RONDI

On the other hand, if (2.14)) has a unique solution &, then the above construction
yields the multiscale decomposition

oo
G =1limé, =Y o;
n
j=0

in the sense of strong convergence in X.

The proof of Theorem will be given in Subsection along with further de-
tails on the abstract multiscale framework. In the next subsection we will describe
the application of this general framework to multiscale results for the inverse con-
ductivity problem. In the subsequent subsection we will introduce our multiscale
approach to the registration problem.

2.3. The inverse problem of Calderén. The inverse problem proposed by Cal-
derén in 1980 concerns the determination of the conductivity of an object from
electrostatic measurements of current and voltage type at the boundary.

In the case of scalar (i.e. isotropic) conductivities, uniqueness was proved, in
dimension 3 and higher, first in [21], [22] for the determination of the conductivity at
the boundary and for the analytic case, then in [41] for C? smooth conductivities.
The two dimensional case was first solved in [27] for conductivities in W1?(Q) with
p> 1.

Recently these uniqueness results have been considerably sharpened. For N = 2
uniqueness was proved for bounded conductivities, without any regularity assump-
tions, in [0] and even for certain classes of conductivities which need not be bounded
from above or below, in [4] and [28]. For N > 3, uniqueness has been shown for C'!
conductivities, as well as for Lipschitz conductivities close to the identity in [19];
this smallness condition was removed in [11]. For dimensions N = 3,4 uniqueness
has been proved in [I8] for conductivities in W1V (Q). In the case of anisotropic
conductivities, since boundary measurements are invariant under suitable changes
of coordinates that keep the boundary fixed, uniqueness does not hold. However, at
least in dimension 2 for symmetric conductivity tensors, this is the only obstruction
as shown first in [40] and [27] in the smooth case and then in [0] in the general case.

We need some notation in order to describe the classes of conductivities we will
be working with. Let us fix positive constants a and b, with 0 < a < b. For N > 2, we
call MV >N (R) the space of real valued N x N matrices. We shall use the following
ellipticity condition for a given ¢ € MV *N(R)

o8- & > alg|? for any ¢ € RY
2.17) { ol €2 D)2 for amy € € RY.

If o is symmetric then (2.17) is equivalent to the condition
(2.18) all€]* < o€ - € <blE|?  for any € € RY.

Finally, if o = sI, where Iy is the N x IV identity matrix and s is a real number,
the condition further reduces to

a<s<hb.

We define the following classes of conductivity tensors in Q, Q C R¥ being a
bounded open set. We call M(a,b) the set of o € L>°(Q, MY >N (R)) such that, for
almost any = € Q, o(z) satisfies . We call Mgy (a,b), respectively Mcqi(a, b),
the set of o € M(a,b) such that, for almost any = € , o(z) is symmetric, re-
spectively o(z) = s(x)Iny with s(z) a real number. By a conductivity tensor o
in €, respectively symmetric conductivity tensor or scalar conductivity, we mean
o € M(a,b), respectively Mgym(a,b) or Mycqi(a,b), for some constants 0 < a < b.

Let © ¢ RV, N > 2, be a bounded domain with Lipschitz boundary. We will
use the notation W1/22(99) for the Sobolev space of traces of W 2(Q) functions
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on 99 and W~1/22(9Q) for its dual. We recall that W1/22(9Q) C L?*(09Q) with
continuous immersion.

We denote by L?(0€2) the subspace of functions f € L*(99) such that [, f = 0.
Correspondingly, we write W;1/2’2(8Q) for the subspace of g € W~1/22(9Q) such
that

(9, 1) (w-1/22(80),w1/2.2(50)) = 0.
Note that L2(0Q) C W, 1/2:2 (092), with continuous immersion. We also denote with
W*1/2’2(8Q) the subspace of ¢ € W1/2:2(99) such that Joq ¥ = 0. Clearly we have

W%2(60) ¢ L2(09Q) with continuous immersion.

For any two Banach spaces Bi, Ba, L(B1, B2) will denote the Banach space of
bounded linear operators from B; to B with the usual operator norm.

For a conductivity tensor o € M(a,b), the corresponding Neumann-to-Dirichlet

map N (o) is defined for each g € W{l/z’z(aQ), as
N(o)(g) = vloe
with v the solution to
—div(cVu) =0 in Q
(2.19) oVv-v=g on 0N
Joqv =0
Then N (o) is bounded linear operator

N(o) : W32 (00) — W2 (09)

with norm bounded by a constant depending only on N,  and a.
The inverse conductivity problem thus consists in inverting the operator

Nt M(a,b) — LW Y22(00), W22 (09Q)),

i.e. in determining an unknown conductivity o from knowledge of the corresponding
Neumann-to-Dirichlet map N (o).

To apply our general multiscale approach to this problem we proceed as follows.
Let X = L1(Q,MY*N(R)), with its natural norm, namely

ol = [IlolDlzr @

where for any N x N matrix o, ||| denotes its norm as a linear operator of RY into
itself. We may take as subset E any of the following classes M(a,b), Mgym(a,b)
or Mgeqi(a,b). We need continuity of the nonlinear operator N : E — Y. This is
guaranteed, for example, if we choose Y = L£(L2(9%), L2(92)), with the distance d
induced by its norm. Such a choice for Y is a particularly convenient one, see for
instance the discussion in [35]. For the continuity of A with respect to the strong
convergence in X and the distance d on Y, see Proposition [6.2] and Remark [6.3}

Here N € Y will be the measured Neumann-to-Dirichlet map. The nonnegative
number & = inf{||N' = N(0)||y : o € E} corresponds to the noise level of the
measurements.

There are several possible choices for |- |. A particularly interesting one, already
widely used in applications, is the total variation regularization. Namely, we define,
for any 0 € X, TV (o) as the matrix such that TV (0);; = TV (0i;) = |Doy;|(Q2)
and set |o|gy () = [TV (0)| for any o € X. We also define for any o € X

lollBv) = llollLie) +lolsv)-

Then we may choose as | - | either |- |gy () or || - | Bv ()
We note that the use of total variation regularizations for the inverse conductivity
problem has been shown to be effective from a numerical point of view in several
papers, see for instance [15] B7, [12] [14]. Analytical evidence, through a convergence
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analysis, of the efficacy of these regularization methods was proved in [34]; see also
[36] for further developments in this direction.

In the setting described above, all the assumptions are verified. Therefore,
Theorem with the same notation, reads as follows.

Theorem 2.6. If (2.6) is satisfied, then for the multiscale sequence {Gy, }nen given
by (2.2), (2.3) and (2.4) we have that

lim [ = N (5n) |y = (|l = N(@)lly : o € E}.

For the inverse conductivity problem, we can actually obtain from this a very
weak convergence result on 7,, as well, if we make use of the notion of H-convergence,
introduced in the context of homogenization.

Corollary 2.7. Under the assumptions of Theorem if E = M(a,b) or E =
Mym(a,b), then, up to o subsequence, G, H-converges to 6o, € E, where 6 1s a
solution of

(2.20) min{||N' = N (0)|ly : o € E}.

Theorem and Corollary are special cases of Theorem that will be
stated and proved in Section [6}

We note that a solution to corresponds to a solution to our inverse con-
ductivity problem. Therefore, we have found a numerical algorithm to obtain the
solution G, to the inverse problem and, simultaneously, a multiscale representation
of &4, namely

nk
(2.21) Goo = limdy, = lilrcnzo i
i=

where the limit has to be understood in the sense of H-convergence. For a definition
of H-convergence and its basic properties we refer to [3} 25l 26]. Here we just remark
that for symmetric conductivity tensors H-convergence reduces to the more usual
G-convergence and that M(a,b) and Mgy, (a,b) are compact with respect to H-
convergence. We also recall that G- or H-convergence has already been shown to
be a useful tool in the context of the inverse conductivity problem, see for instance
[23 2, [16], 135 [36].

On the other hand, the result in Corollary [2.7] has some drawbacks. The first
one is that the convergence is in an extremely weak sense and that we exploit in a
crucial way the compactness of E with respect to this kind of convergence. This is
a particular feature of the problem we are considering but it might not occur in a
more general case, like the one used in our abstract setting. The second one is that
it does not hold for scalar conductivities. In fact, if we restrict ourselves to scalar
conductivities, that is, we choose E = M.qi(a,b), several difficulties arise. First of
all, existence of a solution to may fail, see for instance Example 3.4 in [35],
and also Example 2.5 in [36]. Secondly, and more importantly, by compactness of
H-convergence, it is still true that &,, up to a subsequence, H-converges to &,
but we can not assure that the limit 6, is a scalar conductivity.

If we wish to have a stronger convergence than H-convergence, and to have
a convergence result for scalar conductivities as well, we need to use the tighter
multiscale construction from Subsection Thus, keeping the setting above, we
now assume in addition that there exists 6 € E solving the following minimization
problem

(2.22) min{|o|: o € E and |N = N(0)|ly = do} < +o0.

We call E the set of solutions of 1l We note that E is compact in X and that
corresponds to the set of (numerical) solutions of our inverse problem which have
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minimal value of | - |, that is, that have minimal total variation among all possible
solutions, if |-| = |-|pv. We now construct o,,, and using (2.9) &, as well, for n > 1

inductively by solving the minimization problems (2.7) and (2.8). The convergence
result then reads as follows.

Theorem 2.8. Assume that (2.15) holds and that there exists a solution & of
2.22).

Consider the sequence {G,}nen defined by (2.9)) from the sequence {0, }nen 0b-
tained from (2.7)) and (2.8).

Then a subsequence &, converges to 6o strongly in X, where 6o is a (possibly
different from &) solution to (2.22)), that is, d(N, N (6s0)) = 0o and |Goe| = |6]. We

thus have a multiscale decomposition of Go:

ng

(2.23) Foo = hin; o,

which is convergent in the norm of X. Moreover, we have that
i |7 =151

and

(2.24) lim dist (6., E)=0.

Theorem is a special case of Theorem [6.5] which will be stated and proved in
Section @ Here we make a few remarks. If E = M(a,b) or E = Mgy (a,b), then
we can guarantee existence of a solution of (2.20)), see Proposition Uniqueness,
however, is not guaranteed. (For example, if the noise level is zero, that is N =
N (o) for some o € E, the nonuniquenes of the inverse conductivity problem for
anisotropic conductivities implies that uniqueness indeed fails).

If the measured N is admissible, i.e. N = N (o) for some o € E with |o| < 400
then we also have existence for . In the case of non-zero noise level, existence
of a solution of is not easy to prove.

Further details and complete proofs for our results on the Calderén problem are
in Section

We next address a very different problem, namely that of image registration. We
seek to extend our multiscale framework to obtain hierarchical decompositions of
diffeomorphisms arising in image registration problems.

2.4. Multiscale algorithm for diffeomorphic image registration. We review
the Large Deformation Diffeomorphic Metric Mapping (LDDMM) approach to im-
age registration, mainly following Chapter 8 of [45] and Section 3 of [9]. See also
[8] and earlier references therein. To begin with, we define Gy, the group of dif-
feomorphisms we will be working with, first introduced by Trouvé [43] [44], along
with a distance function on G. This will make it possible to quantify the size
of a deformation by its distance to the identity map. Let € be an open subset of
RN, N > 1. We say that H, a Hilbert space of vector fields on 2, is admissible if
it is contained and continuously embedded in C&(Q,RY), the space of C! vector
fields w on €2 such that v and Du vanish on 02 and at infinity. An example of
an admissible Hilbert space # is the Sobolev space H(Q, RY) = W§?(Q,RY) for
any s > N/2 + 1. Having chosen an admissible H, we consider the Hilbert space
L?([0,1], H) of time-dependent vector fields with the usual scalar product

1
<U7U>L2([O,1],7~[) = / (u(t),v(t));.[dt for any u,v € LQ([Oa 1}7?’[)
0
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We let
(2.25) Gu={g=¢"(1): uwe L*([0,1],H)}
where " is the solution of d;p = u o ¢ with initial condition ¢(0) = e, e denoting
the identity map.

For any t € [0, 1], in particular for ¢ = 1, the map %(t) is a C'* diffeomorphism
of © onto itself. Actually, p*(t) (and its inverse as well) may be extended to all
of RV by letting it be equal to the identity outside € and this extension is a C*
diffeomorphism of RY onto itself.

The set G4 thus defined is a group with respect to the composition of maps and
a complete metric space endowed with the distance

d3(90,91) = wer ) H){H ul s g1 =goo@"(1)} for any go,g1 € Gy

Here and in the sequel [[ul| = |lu||z2(j0,1,2)- The distance satisfies the following
left invariance property
d1¢(90,91) = dn(g o go,gog1) forany g € Gy
In particular, for any g; € Gy

dyy(e, 91) = {lfull - v (1)}

eL2 0 1] H)
and, by left invariance, we have dy (e, g1) = du(e, 97 ).
Remark 2.9. Tt is often helpful to think of G as a manifold (to make this precise,

one has to work in the category of Banach manifolds, see [9]). The inner product
on H induces a right-invariant Riemannian metric on Gy by

(226) TgGH X TgG’H > (U, V) — <U o gil, Vo gil>fH.

Let dr denote the right-invariant Riemannian distance associated with this metric.
Then the relation between dg and dy is

(2.27) dy(g1,92) = dr(97 ", 92 )-
Consequently, due to the invariance properties, the two distances coincide when
gz = €.

The LDDMM approach to image registration consists of the following. We are
given two images Iy and I; belonging to L?(f2). For any g € Gy, write ¢p = g~ !
and define

(2.28)  Uspr,(9) = oo g™ " = Illr2) and  Ugr,(¥) = [0 0% — I 2.

Then, for some parameter A > 0, and positive constants « and 3, we seek a diffeo-
morphism

g€ Gy
which is a solution to the following minimization problem
(2:29) min { (A2 0 g™ = LiFa(0) +drulg.€)7) : 9 € G}
We note that problem is equivalent to solving
(230)  min{ (Moo g™t = S0 +dulg'0)") : g € Go)
that is, with the above notation ¢ = g~1,
(2.31) min { (A1To 0% — 1520 + el )?) : 6 € Gu .

The minimization problem (2.29) admits a solution. This follows from the proof
of Theorem 21 in [J] and will be outlined in Section [5] see Theorem It is
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essentially based on compactness and semicontinuity properties with respect to the
following kind of convergence.

Definition 2.10. Given a sequence {g,tnen C Gy, we say that g, weakly con-
verges in Gy to g, as n — oo, if and only if there exists a constant C' > 0 such that
|DgnllL= < C and ||Dg,;||L= < C for any n € N, and g, — g and (g,)"* — g1
uniformly on compact subsets of Q.

It is easy to see that a weak limit to {g, }neny C Gy, if it exists, is unique and

that g, weakly converges to g if and only if g, ! weakly converges to g~!.

We are now ready to describe our multiscale construction for the registration
problem. Let us fix, as before, positive constants «, f and v and let A\,, > 0 and
an, > 0 for any n € N. Again we assume that a,, < a,,_1 for any n > 1.

We let gy be a minimizer of

(232) min{(NollTo 0 97" — Bllga(q) + a0du(g,€)"] + dulg,e)’) : g € G}
or, equivalently, let ¥y = g4 ! be a minimizer of

(233)  min { (Nollllo 0¥ = Lil[§2() + aodw (¥, €)' + dyu(w,€)") : v € G}

For the proofs, and to relate to the general framework in Section[d] it will be helpful
to work with both minimization problems throughout.

Existence of minimizers will be proved in Section |5} By induction, there exists a
minimizer g,, n > 1, of

(230 min (Aallfoogity 097" = hllfaa) + andu(g © Gu-1,6)"] + dulg.€)”)

9€Gyn

where gy = go and for any n > 1 we denote by g, the composition

9gn = 9Gn © -2 go-
We also let 9, = g,;! be solution of

(235) i (Mnlllfo o s 09 = By + andu(@nr 09, )] + (v ¢)°)

where 150 = 1)y and for any n > 1 we denote

Yn =100 0ty =Gn"

We have that the sequence {g, }nen exists, however we can not guarantee that
it is uniquely determined. By taking g = e, we have

(2:36) [To0g,' — Iz < Moo gy ' — Il F2(q) + anda(gn, €)” <
100 nts = Lllf2() + an—1dp(Gn-1,¢)"  for any n > 1,

so we can denote

1/«
g0 = lim ([lfo 0 5" = 11 F2() + andn(Gn,€)” )
and
0y = lnf{HIO og_1 - Il||L2(Q) 1 g€ GH}

Clearly we have that g9 > dp.
The first result we have is a convergence of the corresponding images.

Theorem 2.11. Assuming (2.11) holds as before, then for the sequence of diffeo-
morphims g, constructed above we have g = §y and we also have

hTILIl ||IO o g;l — IlHL2(Q) = lnf{HIO ¢} gil — Il||L2(Q) S GH} = 50.
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This result will be an immediate consequence of Theorem [£.4]in Section [d] where
we will develop an extension of our generalized abstract formulation to a topological
group setting.

We next adress the question of convergence of the sequence {gy,, }nen. Let {ay, fnen
be a sequence in L%([0, 1], H) such that g, = ¢% (1) and dg;(Gn,€) = ||i,]|. We will
show in Sectionthat if the sequence { gy, } nen, or one of its subsequences, converges
weakly to some g, in Gy, then g is a solution to the following minimization
problem

(2.37) min{||Ip o gt — Il”LQ(Q) © g€ Gyt =min{U, 1,(9): g€ Gnu}.
In fact, the following crucial lemma holds true.

Lemma 2.12. If {§,}nen has a bounded subsequence, then (2.37)) admits a solu-
tion. In particular, if {gn }nen has a bounded subsequence, then there exists a further
subsequence {gn, }ren such that, as k — 00, gn, converges to joo weakly, with Geo

a solution to (2.37)).

Lemma [2.12] will be proved as part of Lemma [5.4] Here we point out that a
solution to is a registration map between the two images Iy and ;. Existence
and uniqueness of such a solution will be further discussed in Section [5l Existence
is equivalent to saying that there exists g € Gy such that

||IO o g_l — IIHL?(Q) =g = min{HIO o g_l — IIHLQ(Q) g€ GH}

or, equivalently, that there exists § € G solving the following minimization prob-
lem

(2.38) min{dy(g,e): g € Gy and |[Iyo g~' — I1||p2(0) = 6o} < +00.

We can think of g as an optimal registration, since it is a registration whose distance
from the identity is minimal.

We call G the set of solutions to , which is the set of optimal registrations.
We have that G is closed and bounded with respect to the topology induced by the
distance in Gy and it is sequentially compact with respect to the weak convergence
in G%. The same topological properties are shared by G 1= {971: g€ é}

Indeed, a stronger statement holds. If {g, }nen, or one of its subsequences, con-
verges weakly to some g, in Gy, then g, € G, thus it is an optimal registration
between the two images Iy and I; and we also have a multiscale decomposition of
the diffeomorphism g:

gOO = h]IcIlgnk == h]ingnk (SR 0905

where the limit is in the sense of Definition 2,10l

In view of Lemma we need to find conditions under which we have bound-
edness of {g,}nen or of one of its subsequences. Clearly a necessary condition is
that a solution to does exist. Our main and surprising result is that, in the
setting above, this is also a sufficient condition, as shown in the theorem below.

Theorem 2.13. Assume that holds.

Then the sequence of diffeomorphisms {gn tnen constructed above is bounded if
and only if a solution to exists.

In this case, there exists a subsequence {gn, }ken and foo € G such that, as
k — 00, gn, converges to oo weakly, that is, in particular, gn, — Goo and (gn, )~ * —
(Goo) ™1 uniformly on compact subsets of €.

A more complete version of this result is stated in Theorem which will be
proved in Section
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3. THE GENERAL ABSTRACT RESULTS IN A BANACH SETTING

In this section we prove the general results on the multiscale procedure in the
Banach setting, in particular we prove Theorems [2.1] 2.4 and 2.5

We then consider the application of the abstract procedure to the (BV, L?) de-
composition, in particular we prove Theorem

3.1. The multiscale approach: general abstract results. We begin by proving
Theorem 2.1

Proof of Theorem [2.1]. Clearly we have that £g > dp. We need to show that g9 < do.
By contradiction, let us assume that dg < €. There exists 0 < C; < 1 such that

(3.1) 0y < Cll/aso < €p,
thus there exists @ € E such that
(3.2) AN, N (@) < C/%y and [5] < +00.

This is due to the density assumption [3)) on page [l and to the continuity of N.
Then, recalling that oy = &y,

(Mold W, N(30))°) + ool ) < (Mold( N N (@))7) +[017)

Analogously, for any n > 1, choosing 0 =& — 7,,_1, we have

(33) (AW NG T+ o) < (AldN N @) + [ = ).
Hence, for any n > 1,
(3.4) An(L = OD[AN N (3))] + ol < 7= G-

From , we obtain that for any n > 1,
|6 —Gn| < |G —Gn_1]+ |on] <2[7—0pn_1]-
Let us call Cy = | — ¢/, then
| — 6n| < Cp2™  for any n > 0.
Therefore, again using ,
A (1= CLAN, N (6,)) < (002"*1)[3 for any n > 1,
that is
(3.5) An(1 = CAN, N (5,))* < Co2°™  for any n > 1,
where Cy = (C/2)”. Hence, for any n > 1,

. - 2B
(1 — 01)58 S (1 — Cl)d(/\/,N(&n))a S COT
which leads to a contradiction if lim sup,, )\ =0.
The case in which limsup,, 2;3 C, 0 < C < +oo, requires the following

argument. For some 7; > 1 and for any n > n; we have 25”/)\71 < C+1.
Then we note that, for any n > ny,

M1 —=CeS < |G — 6 1]? = |on|?.
Let a, 0 < a < 1, to be fixed later. If, for some n > my, |0,|® > alg — 5,_1|°,
then
M1 =Ceg <1 —a)fg -6, <(1— a)Cy2°",
therefore

(1—=Cr)ef < (1—a)Co(C+1).
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Hence we can find ag, 0 < ag < 1, such that if @ > ag then (1 — a)éo(é +1) <
(1 — C1)e§. This implies that for any n > 7; we have that
1/8— =~
ol < ag/ P[5 = s
or in other words there exists by, 1 < by < 2, such that
|6 — 6, <bglod —Fn—1] for any n >my.
We conclude that

N i | TN Gl et |

h;rbn X, m - on 0
and this leads to a contradiction. O

In Subsection [2:2) we slightly modified our multiscale approach and studied condi-
tions that guarantee convergence of {6y, }nen, or of one of its subsequences. Before
dealing with the proof of the second abstract formulation, we consider an easy
although interesting consequence of Theorem In general, it is difficult to guar-
antee boundedness, in X, of the sequence {5, }nen. A related counterexample is
given in the second version of Example[A-3] However this may be obtained through
a mild coercivity condition as it is shown in the next result.

Proposition 3.1. Let the assumptions of Theorem be satisfied. Let dx be any
metric on X, possibly different from the one induced by the norm on X. We also fix
o € E. We assume that N satisfies the following mild coercivity condition. Assume
that for any € > 0 there exists R > 0 such that

(3.6) AN, N(0)) > 6y +e for any o € E such that dx(c,7) > R.

Then {Gyn}nen is bounded with respect to the metric dx, that is, there exists a
constant C such that dx (6,,7) < C for any n € N.

If furthermore, for any C € R, {o € E: dx(o,7) < C} is relatively sequentially
compact in X, with respect to the metric induced by the norm on X, we conclude
that a solution to does exist and that {5, }nen converges, up to a subsequence,

to some G0, Goo Solution to (2.12)).
Proof. Immediate by Theorem since lim,, d(N', N'(5,.)) = d. O
Let us now proceed with the proofs of the results stated in Subsection [2.2]

Proof of Theorem 2.4, We need to show that eg < dy. By contradiction, let us
assume that dg < g¢. Hence there exist 0 < C7; < Cy < 1 such that

do < Cll/a&fo < 021/a€0 <€y

and 7 € F satisfying (3.2)).
Then, recalling that og = 7y,

(Mol N (50))" + aolool") + [o0]?) < (Mold(¥. N@))* + aofa "] + [51)
Analogously, for any n > 1, choosing 0 =& — 6,,_1, we have
(3.7) (AW N @) + anlgal] +lonl?) <
(Al N (@) + anfo]] + [ = 501l
For some m > 1 and for any n > 7, we have that
an|o|” < (C2 — Ch)eg

since a,, goes to zero as n — oo.
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Hence, for any n > 7,
(3.8) An(1 = COAWN, N () + an|dn]"] + |on|? < |7 — Gn_1|.
From , we obtain that for any n > 7,
|6 —6n| <G —Gn_1]+|on| <2(T —Gpri]
Then the proof concludes analogously to the proof of Theorem O
We conclude this subsection with the proof of Theorem

Proof of Theorem [2.5] First of all we note that || = |o| < |6]. Then we use
with & replaced by & for any n > 1 and we have the following two cases. In the
first one we have that |6,| < ||, in the second we have that |5,| > |5, hence
lon| <6 — Gn-l.

Let us now fix n > 1. If we have that |5,,| < |G|, then we also have |6 —a7,| < 2|5].
Otherwise, let us consider m, 0 < m < n, the last integer for which the first case
happens. We immediately deduce, as before, that

16— Gal < 27 (213]) < 21 o).
In any case, we conclude that for any n > 0
(3.9) |6 — G, <2"TY6| and |G, < (2" +1)|6).

Let us assume that there exists A > 0 such that limsup,, |5,,|" > (|6 +h). Then
we can find a subsequence ny such that for any k£ > 1 we have

00,7 = ([6]7 + h/2).
Therefore,
)\nka’nk (h/2) + |0-’ﬂk|ﬁ < ‘6- - &nk*1|B < 2ﬁnkw-lﬁ

which leads to a contradiction if (2.15]) holds.
Therefore we may conclude that

(3.10) lim sup |5, | < |5].
The rest of the proof easily follows. O

3.2. The (BV,L?) case: proof of Theorem and related results. The
homogeneous BV space on RV, N > 1, is defined as follows. We say that u €
BV (RY) if Du, its gradient in the distributional sense, is a bounded vector valued
Radon measure on R" and u satisfies a suitable condition at infinity. Namely, if N =
1, then BV(R) C L*°(R), with continuous immersion, and the condition at infinity
here is just that (a good representative of) u € BV (R) satisfies limy_, o u(t) = 0.
If N > 2, we require that v € BV (RY) vanishes at infinity in a weak sense. We
note that BV (RN) ¢ LY/(V=1(RN), with continuous immersion, and u belonging
to LN/(N=1)(RN) already guarantees that v vanishes at infinity in a weak sense.
Finally, we endow the homogeneous BV (RY) space with the norm given by the
total variation of Du, namely

lull v () = | Dul (RY).

We refer to [24, Section 1.12] for further details.
The multiscale procedure developed in [42] is the following. We fix f € L2(R™),
N > 1, and positive numbers A, for any n € N. Let ug be the solution to

(3.11) min { (Aolf = vl3a@n) + Iollsvan) )+ ve LX@®Y) ).
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Lemma 1 of [24], Section 1.12] guarantees that such a minimization problem admits
a unique solution (uniqueness being ensured by strict convexity of the functional
to be minimized). Then, by induction, let u,, n > 1, be the solution to

(312) min{ (Mllf =0 — w1 = ..~ wnoy = V) Bay + ol sveen))
v e LARN )}.
Then we have the following hierarchical decomposition.

Theorem 3.2. Let f € L>(RN), N > 1, and assume that (2.6 holds.
Then we have the following (BV, L?) hierarchical decomposition of f

—+oo
(3.13) F=>u
j=0

where the convergence is in the strong sense in L*(RY).
Furthermore, if N = 2, we also have the following energy equality

+oo
1
(3.14) 112y = 3 | T lavas + s ey -
j=0 ="

Proof. Let X = L*(RY) with its usual norm, £ = X, Y = L2(R") and N = Id.
Let N = f € L2(RN). We set |-| = ||- | Bvr~y and @ = 2 and 3 = 1. Finally we note
that o = 0. Then the decomposition is an immediate consequence of Theorem [2.1

The restriction to N = 2 for the energy equality is due to the fact that we need
that BV (RY) c L2(RY), with continuous immersion. Its proof is already contained
in [42], Theorem 2.2] and exploits arguments developed in [24], which we will recall
in the proof of the next result, Theorem O

Let us note that we have proved, and actually extended to any space dimension
N > 1, Theorem [2.2] We can further extend Theorem [3.2] to bounded domains as
follows.

Theorem 3.3. Let Q C RY, N > 1, be a bounded open set with Lipschitz boundary.
Let f € L*(Q) and assume that 1) holds. Let us construct the sequence {uj}jzog

as before, using (3.11) and (3.12) with RN replaced by Q.
Then we have the following (BV, L?) hierarchical decomposition of f

+oo
(3.15) F=>u
=0

where the convergence is in the strong sense in L*().
Furthermore, if N = 2, we also have the following energy equality

+oo
1
(3.10) 11 = 3 |3 Tuslviay + sl
J

§=0
Proof. We begin by showing that, for any positive A and f € L2(Q), there exists a
unique minimizer to

(3.17) min {/\||f— w32y + [wllpyv) : we LQ(Q)} .

This guarantees that the sequence {u; };;"8 exists and it is uniquely defined.
The existence and uniqueness of a solution to (3.17)) is standard and we sketch
here the argument for the convenience of the reader.
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A minimizing sequence {w,, }nen is clearly uniformly bounded in L?(Q2), hence
in L'(Q), and their BV norms are uniformly bounded as well. Then, up to a sub-
sequence, wy, converges to w € L?() weakly in L?(Q) and strongly in L'(Q2). The
existence of the minimum is guaranteed by the lower semicontinuity of the func-
tional with respect to this kind of convergence. Uniqueness of the solution of the
minimum problem follows from the fact that the functional is strictly convex.

The hierarchical decomposition follows again from Theorem as in the proof
of Theorem by replacing RY with €.

Regarding the energy equality, the restriction to N = 2 is again due to the
fact that we need that BV (Q) C L?(Q), with continuous immersion, and the proof
relies on arguments developed in [24]. In fact, we can define, for any v € L?(Q), the

following norm
ol sup{/ﬂvhz 1hll sy < 1}.

Using the reasoning developed in [24] for the R? case, one can show one has the

following characterization of the solution u to (3.17) and of v = f—u. If || f|. < 35
then u =0 and v = f. If || f]|. > 55, then

1 1
lv]]« = o) and Qvu = ﬁ”uHBV(Q).

Note that the second equality is true in both cases. Moreover, it immediately follows
that

~ 1
(3.18) 11720y = llu+llZ20) = lullZ2) + XH“HBV(Q) + 0ll72(q)-

By induction, we conclude that for any jo € N we have
Jo 1
11720 = | D IuilZao) + YHUJ’HBV(Q) + llvjo 120y
J=0 J

By li we infer that [|vj, ||2L2(Q) goes to zero as jg goes to infinity, thus 1' is

proved. O

Remark 3.4. Let Q ¢ RV, N > 1, be a bounded open set with Lipschitz boundary.
Then the hierarchical decomposition of Theorem [3.3]still holds if we replace
the || -[| py (@) norm with the seminorm |- |y () in the minimization problem
and, correspondingly, in those leading to the construction of the sequence {u;} j:°8
(which is still uniquely determined). However, in this case is not guaranteed.

In fact, it is enough to use in Theorem [2.1|as | - | the seminorm |- |y (q) instead
of the norm || - || gy (). We note that the regularization by the BV seminorm is the
one usually employed in the Rudin-Osher-Fatemi denoising model.

4. THE MULTISCALE APPROACH IN A TOPOLOGICAL GROUP SETTING

In this section we extend the abstract results to a different setting, namely the
one of topological groups. This extension is essential in order to apply the multiscale
procedure to image registration as described in Subsection

Let G be a group with multiplication denoted by -. The identity element is
denoted e. We endow G with a left-invariant distance d such that G with that
distance is a complete metric space. By left-invariance we mean

(4.1) d(o, Y1) = d(¢ - 1po, ¢ -4p1)  for any 1o, ¥1, Y € G.

Let us assume that there exists a notion of convergence on G, which for simplicity
we call weak convergence in G and we denote with —, satisfying the following
properties:
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a) if the weak limit exists, it is unique;

b) the weak convergence is left-invariant, that is, if ¥,, — 1 as n — oo, then for
any 1 € G we have that ¢ - ¥, = ¢ - ¥o;

c) if, as n — oo, 1y, converges to ¥ in the distance d, then 1, — 1.

d) any bounded subset of G, with respect to the distance d, is relatively sequentially
compact with respect to the weak convergence in G;

e) the distance d is sequentially lower semicontinuous on G, with respect to the
weak convergence in G, in the following sense

d(Voo,€) < liminf d(v,,e) if 1, = oo as n — 0.

Let us note that, by assumptionlE[)7 assumptionE[) is equivalent to the statement
that, for any ¢ € G,

d(Voo, V) < liminf d(¢p, ) if ¥, = Yo as n — oo.

An interesting example of this setting, as anticipated earlier in Subsection [2.4]
and developed in the next Section [5] is the image registration problem. Another
simpler example is the following.

Example 4.1. We may consider G = X, where X is a reflexive Banach space,
with norm || - || = || - ||x. Then G is a group with respect to the sum, that is
x1 - T3 = x1 + 22 and, obviously, e = 0, that is, d(z, e) = ||z

As weak convergence in G we consider the weak convergence in the reflexive
Banach space X. Then all the previously stated properties are immediately satisfied.

Let us assume that £ C G is sequentially closed with respect to the weak con-
vergence in G. Let Y be a metric space with distance dy. Given N : E — Y, and
N €Y, we assume that the function E 3 ¢ — d(N,N(1)) is sequentially lower
semicontinuous with respect to the weak convergence in G.

Let us fix positive constants «, § and v and let A, > 0 and a,, > 0 for any n € N.
We assume that a,, < a,_1 for any n > 1. We begin with the following proposition.

Proposition 4.2. There exists a minimizer 1g solving

(4.2) min { (AO[(dy(N, N@))) + aod (1, e)] + d(v, e)’B) e G} .

By induction, there exists a minimizer ¥, n > 1, solving
(43)  min (M[(dy W N (@r - 0)” 4 and (B - 0.0)7] 4 d(0.0)°)

where 1[10 =19 and for any n > 1 we set by induction
J)n = 1Z)n—l ' 7/}71

Remark 4.3. We have that the sequence {¢,}nen exists, however we can not
guarantee that it is uniquely determined.

Proof. The existence of a minimizer for is a simple consequence of the direct
method of Calculus of Variations.

We show that there exists 1, solution to with n = 1. Again we use the
direct method. We consider ¥™ € G, m € N, a minimizing sequence. Clearly, 1™
is bounded in G, thus it admits a weakly converging subsequence, which we do not
relabel. Let ¢ be its weak limit. We need to prove that ¢y is a minimizer for (4.3)),
with n = 1. By assumption E[), we have that

dy (NN (¢ - ¢1)) < lim inf dy (W, N (¢ - ™))
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It remains to show that
d(vg - Y, e) < limminf d(tpo - ™€)
which is obviously true since, by left invariance of the distance and assumption ,
d(to - 1, €) = d(r, g ") < liminf d(¢™, 90 ") = lim inf d(vo - Y™, €).
In a similar fashion, by induction, we prove the existence of v, n > 1. (]
By taking i) = e, we infer that
(44)  (dy (NN (@) < (dy (NN (@) + and (b €)) <
(dy NN (@n_1))® + an_1d(tp_1,€)?  for any n > 1.
Let us denote
co = (tim ((dy O N ()" + an(in)))

and
8o = inf{dy (N, N(9)) : 1 € G}.
Clearly we have that g9 > dp.
In the following theorem we prove convergence in the space of images.

Theorem 4.4. We assume that (2.11) holds. Then eo = §p and we also have
lim dy (N, N (¢p,)) = o.

Proof. The proof follows the one of Theorem [2.4] The only difference is that we
replace the additive structure of the Banach space with the operation of the group.
We sketch the proof to show how to handle such a difference.

We need to show that g < dg. By contradiction, let us assume that 6y < .
Hence there exist 0 < Cy < Cy < 1 such that

5y < Cll/aeo < 021/'150 < €.
Therefore, there exists 1) € G such that
dy (N, N (1)) < C’ll/aso and d(i,e) < +oo.
Then, recalling that ¢y = zﬁo,

(Mol(dy (. A ()" + aod(o, €)7] + d(o.€)7 ) <
(Nol(dy (N, N ()" + aod(, €)] + d(, ) )

Analogously, for any n > 1, choosing ¢ = @;il -1), we have

(45) (Anlldy (W N (G))* + and(, €)7] + d(ton, )°) <
(hnlldy (VN @) + and(@, )] +d(G,2, - e)?)

For some 7 > 1 and for any n > 7, we have that
and(ia e)’)’ < (02 - 01)58

since a,, goes to zero as n — oo. Hence, for any n > 7,

(4.6) Aa(1 = Co)[(dy N N () + and(dh, €)7] + d(thn, €)® < d(2, - D).

Therefore, for any n > 7, we have that

d(’&;l : @7 6) = d(@;i1 : @a ¢n) S d(@;i1 : J’ 6) + d(wna 6) S 2d(1;7;i1 : @7 6).
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Then the proof may be concluded by adapting the arguments of the proof of
Theorem 211 U

Let us now consider the sequence {J)n}nGI\L If the sequence {Jm}neN, or one of
its subsequences, converges weakly in G to some 9., then 1, is a solution to the
following minimization problem
(4.7) min{dy (N, N (¢)) : ¢ € E}.

Therefore, we have the following immediate remark.

Remark 4.5. If {@n}neN has a bounded subsequence, then (4.7]) admits a solution.
In particular, if {T/Jn}neN has a bounded subsequence then there exists a further
subsequence {1/1% ren such that, as £ — oo, 7,/1nk converges weakly to 1/100 in G,
where woo solves .

Let us now investigate which conditions allow boundedness of {zﬁn}neN or of one

of its subsequences. Clearly a necessary condition is that a solution to (4.7) does
exist. We shall show that this is also a sufficient condition, provided (2.15)) holds.

Let us assume that admits a solution. This means that there exists 1& eqd
such that R R R
dy (N, N(¥)) = 6o = min{dy (N, N(¥)) : ¢ € G}.
It is important to note that this is equivalent to say that there exists 1[) € G such
that 1[) solves the following minimization problem

(4.8) min{d(,e) : 1 € G and dy (N, N (¢)) = o} < +o0.

We call G the set of solutions to . We note that G is closed and bounded
with respect to the topology induced by the distance in G and it is sequentially
compact with respect to the weak convergence in G.

Then we can prove the following result.

Theorem 4.6. Let us assume that || holds and that there exists a solution 1[)

of (4.7)) or, equivalently, of.

Then {1/)n}neN is bounded and, up to a subsequence, 1/)n converges weakly to 1/100
where Voo is a (possibly different from 1/)) solution to , that is,

dy (NN (V) =60 and  d(Ypoo, ) = d(¢), €).
Moreover, we have that

lim (i, €) = d(¥. ).

Proof. Assuming that there exists 1[), solution to l) first of all we note that
d(1o, €) = d(tho, e) < d(1),e). Then we use (4.5) with ¢ replaced by 1) for any n > 1
and, by using the argument developed in the proof of Theorem [2.5] we obtain that
(4.9) lim sup d(¢b,, €) < d(1), e).

By we have that, up to a subsequence, @Zn weakly converges to 1/?00 in G.
Then by Theorem [£.4] and the lower semicontinuity properties of A" with respect
to weak convergence in G, we infer that 1o satisfies dy (./\7, ./\/’(1;00)) = dp. We also
have that, by definition of z/A),

d(t,e) < d(Voo, €) < limsup d(ihn, €) < d(1), e).
By a similar reasoning it is fairly easy to conclude that
lim d(l])n, 6) = d('lz)oov 6) = d(lﬁ’ 6).
The proof is concluded. O
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We conclude this section by developing these results in the simple setting of Ex-
ample[£.1] The much more interesting application to the image registration problem
will be studied in Section [l

4.1. The special case of a reflexive Banach space. We consider the setting
of Example that is G = X, where X is a reflexive Banach space, with norm
[/ =1llx- Then G is a group with respect to the sum, that is z1 - x5 = 21 + x2
and, obviously, e = 0, that is, d(z,e) = ||z||.

As weak convergence in G we consider the weak convergence in the reflexive
Banach space X and we assume that £ C X is sequentially closed with respect to
the weak topology of X.

As before, we consider Y to be a metric space with distance dy, and we consider
N : E =Y such that E 3 ¢ — d(N,N(0)) is sequentially lower semicontinuous
with respect to the weak convergence in X.

Let 0¢ be a solution to

min { (Ao[d(N,N(o))“ +aollol"] + ||a||5) Lo E} ,
and, by induction, let o,,, n > 1, be a solution to
min { (An[d(N,N(5n_1 +0)% 4 an|[Fa_y +ol"] + ||a||ﬁ)  Gp1do E}

where 69 = 0 and for any n > 1 we denote

Let us note that (4.7) has a solution if only if the following minimization problem
also admits a solution

(4.10) min{||o|| : o € E and d(N,N(0)) = dp} < +00.

We call E the set of solutions to and we note that it is closed and bounded
with respect to the strong topology of X and it is sequentially compact with respect
to the weak convergence in X.

Then we have the following result.

Theorem 4.7. We assume that (2.11) holds. Then we have that
lim d(N, N (6,,)) = do.

If we further assume that holds and that there exists a solution & of
or, equivalently, of , then, up to a subsequence, G, converges weakly to 7
where Goo 15 a (possibly different from &) solution to , that is AN, N (60)) =
do and |||l = ||G||. Moreover, we have that

lim |7 = |-
n

Finally, if X is such that weak convergence and convergence of the norm imply
strong convergence, for instance if X is a Hilbert space, we have a stronger result.
In fact, then G, converges, up to a subsequence, to 0o mnot only weakly but also
strongly and

(4.11) lim dist (&, £) = 0.

n
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5. THE MULTISCALE APPROACH FOR IMAGE REGISTRATION

Throughout this section we use the notation introduced in Subsection [2.4]
We begin by stating and proving the following existence result, which follows
from arguments of [9].

Theorem 5.1. The minimization problem (2.29)), that is,

min { (Ao o g™ = L2y + dulg.€)) : g€ Ga.
admits a solution.

We outline the strategy for proving Theorem [5.1} which follows the proof of
Theorem 21 in [9] and it is based on the properties of weak convergence as defined
in Definition The first one is a continuity property, see for instance [9] for a
proof.

Proposition 5.2. Let H be an admissible Hilbert space. Let us fiz Iy and I in
L2(9).

Let {gn}tnen be a sequence in Gy and assume that, as n — oo, g, weakly con-
verges to goo. Then Uy, 1, (gn) — Ury,1,(9)-

Analogously, let {1ntnen be a sequence in Gy. Assume that, as n — oo, ¥,
weakly converges to Yoo. Then Us, 1, () — Ur, 1, (¥).

The required compactness is provided by the following well-known result, see
again [9] for a sketch of the proof.

Proposition 5.3. Let H be an admissible Hilbert space.
Let {up}nen be a sequence in L?([0,1],H) and u € L?([0,1],H). If, as n — oo,
up, weakly converges to u in L?([0,1],H), then p*» (1) weakly converges to ¢*(1).

As a consequence we can show the following.

Lemma 5.4. Let {g}tnen be a sequence in Gy.

If {gn}nen is bounded in Gy, then there exists a constant C > 0 such that
|Dgnllr < C and |Dg; L~ < C for any n € N. Furthermore, there ezists a
subsequence {gn, tken and g € Gy such that g, converges weakly to g as k — oo.

If either lim,, d3;(gn,g) = 0 or lim, dx(g;%,g7%) = 0, for some g € Gy, then,
as n — 00, g, converges weakly to g.

Proof. Let u,, € L*([0,1],H), n € N, be such that g, = ¢ (1) and d3(gn,€) =
llun |- If {gn}nen is bounded in Gy, then {u,}nen is bounded in L*([0,1],H).
Therefore, the uniform boundedness of Dg,, n € N, follows from Theorem 8.9 in
[45]. We also have a subsequence {u,, }ren weakly converging in L?([0,1],H) and
the first part of the claim follows by Proposition [5.3}

Regarding the second part of the claim, assume that lim,, d%(g,,9) = 0 and let
wy, € L2([0,1],H), n € N, be such that g~ 1og, = p*»(1) and ||w,| — 0 as n — cc.
Again by the previous proposition, we have that g~! o g,, and (g,)~! o g converges
to the identity e uniformly on compact subsets of Q. Therefore it is not difficult to
prove that the claim follows. O

Finally, a lower semicontinuity results is needed and it is included in the following.

Lemma 5.5. Let {g, }nen be a sequence in Gy. Assume that, as n — 0o, g, weakly
converges to goo. Then

d11(goo, €) < liminf dy (gn, €).
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Proof. Without loss of generality, we pick v, in L?([0,1],H) such that g,, = %" (1)
and dy(gn,e) = ||vn||- Up to a subsequence, we may assume that

liminf dy (gn,e) = lilgn dy(gn,,€) = lilgn |V, ||

and also that the subsequence {v,, }ren is weakly converging to v, as k — co. By
Proposition we immediately infer that g., = ¢~ (1) and we have

d3(9goo, €) < [[voo| < lim inf [|v,, |
thus the result is proved. O

Proof of Theorem [5.1]. It is convenient to prove the existence of a solution to .
It is immediate to verify, by the direct method in the Calculus of Variations, that
Proposition and Lemmas [5.4] and imply that the minimization problem
(2.31) admits a solution. Therefore also admits a solution and the theorem
is proved. O

In order to apply the procedure described in Section [} for G = Gy and d =
dy, with H admissible, we need to show that the weak convergence defined in
Definition [2.10] satisfies assumptions [a)—¢)) of the abstract weak convergence used
in Section 4

It is easy to see that assumptions@) and b)) are satisfied. Then assumptions and
E[) are satisfied as a consequence of Lemm Finally, assumption |e]) follows from
Lemma [5.5} Thus all the assumptions on weak convergence stated in the abstract
setting are satisfied.

Before passing to the multiscale procedure, we wish to discuss an important and
significant choice for the admissible H. We follow the results and the notation used
in [I0]. We fix s > N/2 + 1 and we call

D RN) ={gce+ H*RY,RY): gis bijective and g~ € e + H*(RY,RV)},
where H* is the usual Sobolev space. We have that D*(RY) — e is an open subset of
H*RN,R¥) and that the inversion operation is continuous, although not smooth,
in D*(RY). We call D*(R" ), the connected component of the identity in D*(RY).
We further note that if we choose H = H*(RY ,RY) = H* then H is admissible.
Then we have the following result.

Theorem 5.6. Let H = H*(RY,RY) = H®, with s > N/2+ 1. Then we have that
(5.1) Gy = D*(RN),.

Furthermore, let us consider a sequence {gntnen C Ggs and g € Ggs, and
corresponding u, € L?([0,1], H®) such that g, = ¢“"(1), for any n € N, and
w € L2([0,1], H®) such that p*(1) = g. The following properties are satisfied.

If, as n — oo, u, converges to u strongly in L*([0,1], H®) then g, converges to
g and g, 1 converges to g, in both cases in H*.

We have that dgs(gn,g) converges to 0, as n — oo, if and only if g, ! converges
to g~ in H®.

Finally, if, as n — oo, u, converges to u strongly in L*([0,1], H®) then g,
converges to g and g, converges to g~ in the distance dy-.

Proof. The equality in is proved in [I0, Theorem 8.3]. For the convenience
of the reader we sketch the proof. One inclusion follows immediately by the conti-
nuity of the flow proved in [I0, Theorem 4.4] that implies that Ggs C D$(RY),.
The reverse inclusion is proved as follows. Since D*(RY) — e is an open subset
of H*(RM,RM), we can take U a convex neighborhood around e that is con-
tained in D*(R™)q. Then, for any g € U we consider the path in U connecting
e to g given by ¢(t) = (1 —t)e +tg, 0 < ¢t < 1. We note that ¢(t) = ¢"(t)
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where u(t) = (g — e) o p(t)~1. Using the continuity of the inversion operation in
D*(RY), it is not difficult to show that [0,1] > ¢ +— ¢(¢)~! is a continuous map in
H* (RN, RY), therefore by Lemma 2.2 in [10] we infer that u € L°°([0, 1], H?), there-
fore U C Ggs. Since Gy is a group, and again by [10, Lemma 2.2], we conclude
that DS(RN)O C GHS.

The second part of the thesis follows immediately again by [I0, Theorem 4.4].

It remains to prove the equivalence between convergence of diffeomorphisms
in the distance and convergence of their inverses in H®. One implication is the
following. Again we use arguments developed in [I0]. If g, converges to g in the
distance dg+, then, by [10, Lemma 6.6], it is easy to show that g, ! converges to
g~ ! in H*®. Here we need to note that we use a left-invariant metric, instead in
[10] the metric used is the right-invariant dg defined in Remark Let us prove
the other implication. If g, ! converges in H® to g~!, then, applying again [10,
Lemma 2.2], we conclude that g, ! o g converges to the identity e in H®. Since we
have dgs(gn,g) = dgs(g;' o g,e), we conclude the proof provided the following
claim holds true. Let h,, € H*(RY RY) n € N, be such that h,, converges to zero,
as n — oo, in H®. Then g, = e + h,, converges to e in the distance dgs. Applying
to gn, for any n € N, the construction used for the diffeomorphism g in the proof of
, we obtain that g, (t) = (1—t)e+tg, = " (t) where u, (t) = (gn—e)ogn(t) L.
Then it is not difficult to show that ||u,|| converges to 0 as n — oo and the proof
is concluded. (]

Remark 5.7. If  is any open set contained in RV, N > 1, all properties stated
above for RY remain true provided we replace everywhere H*(R™ RM) with the
following space

HE ={h e H*RY,RY): h(z) =0 for any = & Q}.

Adopting a corresponding notation, now may be written as Gpg = D* (Q)o.

We finally note that HS(Q,RY) C HE. These two spaces coincide under suit-
able assumptions, for instance if s is an integer and  is regular enough, see [,
Theorem 5.29].

An interesting consequence of Theorem and of the previous remark is the
following compactness result.

Proposition 5.8. Let Q be a bounded open subset of RV, N > 1. Let s, s1 be
such that N/2+1 < sg < s1.

Let us consider a sequence {gn}nen C Gz If {gntnen is bounded in Gz,
that is, there exists a constant C' such that dHél (gn,e) < C for any n € N, then
there exists a subsequence {gn, tken converging in dygzo.

Proof. By Lemma 6.6 in [I0], we immediately infer that, for some constant Ci,
lgn — €llgr=2 < Oy and ||g;,* — e||g=1 < Oy for any n € N.
Since © is bounded, we have that HZ' is compactly embedded in HZ’, therefore
there exists a subsequence {gn, }ren and g, § belonging to e + H¢Y such that

im (llgn, — glleo + lgn, = dlzo) =0.

It follows easily that g € D*(Q)g and g~! = §. Therefore, by Theorem [5.6] it is
immediate to conclude that limg dpzo (gn,,g) = 0 as well. O

We now consider the multiscale procedure. Using the notation of Subsection |2.4
we fix Iy and I; in L?(£2) and consider the maps Uy, j, and Uy, ;, defined in 1)
The fact that the functions Gy > ¢ — Uy, 1,(9) and Gy 3 ¢ — Uy, 1, (¢) are
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sequentially continuous with respect to the weak convergence in G is proved in
Proposition

We begin by observing that, using Proposition [£.2] one can show existence of
a solution to and , therefore the sequence {g, }nen exists, even if it is
not uniquely determined. Clearly, sequences {¥y }nen, {Gn}nen and {z/;n}neN are
determined by the sequence {g, }nen-

Next we show how the results of Section 4] may be applied to our registration
problem and what is their rephrasing in terms of the diffeomorphisms space G .
Let us note here that the abstract results apply to the formulation given by
and (2-35)), that is, using 1 = ¢! instead of g.

Proof of Theorem [2.11 Immediate by Theorem O

Let us now consider the sequence {g,}nen and let {@,}neny be a sequence in
L?([0,1],H) such that g, = ¢ (1) and dy(Gn,e) = ||@in||. We recall that we are
interested in finding conditions that allow boundedness of {gy, }nen or of one of its
subsequences. We shall show that a necessary and, provided holds, sufficient
condition is that a solution to does exist. We recall that admits a
solution if and only if there exists g € G'3 solving the minimization problem .
We recall that G is the set of solutions to @ We call E the set of u € L2([0, 1], H)
such that ¢*(1) € G and ||u| = dy(j,e). We note that E is closed and bounded
with respect to the strong topology of L2([0,1],H) and it is sequentially compact
with respect to the weak convergence in L2([0,1],H). We recall that G is closed
and bounded with respect to the topology induced by the distance in Gy and it
is sequentially compact with respect to the weak convergence in G3. The same
topological properties are shared by G=! = {g~': g € G}.

We have the following lemma, an extension of Lemma [2.12] showing necessity.

Lemma 5.9. If {gn}nen has a bounded subsequence, then there exists a further
subsequence {Gn,, tken and Goo € Gy such that {Gn, }ren converges weakly to Goo.

Furthermore, if {gn}tnen has a bounded subsequence converging to joo € Gy
either weakly or in dy, then g € G.

Proof. The first part follows immediately from Lemma [5.4]

If {Gn, }ren is a bounded subsequence converging weakly to §oo, the fact that
Joo 1S a solution to follows by Theorem and Proposition Again by
Lemma the same conclusion holds if the convergence is in dy.

The fact that g, € G will be proved later on in the proof of Theorem O

About existence and uniqueness of a solution to , we make the following
remarks. We note that, provided has a solution, G may consists of more than
one point, that is, we do not have uniqueness. Let us consider for example the square
Q =[-1,1] x [-1,1] and let @1 be @ rotated of an angle of w/4 in the clockwise
sense. In order to register @ with @, there are two perfectly equivalent strategies,
namely we rotate ()1 of an angle of 7/4 either again in the clockwise sense or in the
counterclockwise sense. On the other hand, also existence may not be guaranteed
in general, that is , and hence , may not have any solution as Younes
already noted in [45] and the following simple example shows.

Example 5.10. Fixed ¢, 0 < ¢ < 1/2, let us define a cutoff function x : R — R
such that x € C*°(R), x is nondecreasing, it is equal to 0 on (—oo, £ and it is equal
to 1 on [l —¢,+00). For any A\, 0 < A < 1, let us define g : By — Ba, Ba denoting
the closed ball of radius 2 and center the origin in R?, in the following way. For any
r,0<r <2 and any 0, 0 < 0 < 27,

g(r(cos(0),sin(0))) = fa(r,0)(cos(8),sin(h))
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where

1+ C;S(29)X(T‘/(1 )+ )\1 - cgs(29)

It is not difficult to show that gy is a C* diffeomorphism from B onto itself. We
note that gy is the identity, that g(x1,22) = (z1,22) for any ||(x1,z2)] > 2 — &,
and that gx(z1,22) = (1 — A)(x1,22) for any |[(x1,z2)]] < (1 — Ae.

Let Ey = By and let Iy = XEg, and Iy = Iy og;I, 0 < XA < 1. We note that
I\ = xg, where the set Ex = gx(Fp). It is not difficult to show that, as A — 17,
I\ = xg, converges pointwise, hence in L?(Bzg), to I; = xg, where

1 + cos(26) } .

i, 8) =1 =XNr+ X x(r —1)r.

Elz{(xl,xg)EBgz r< 5

Therefore,
0=inf{[[loog— Ii|lL2B,) : gisa C* diffeomorphism}.

However, I; is the characteristic function of an eight-shaped figure which may never
be obtained from the characteristic function of a ball through a C! diffeomorphism,
hence we may conclude that the minimum is not attained.

Let us also point out here that also coercivity in the mild sense of Proposition [3.1]
may fail as the following example shows.

Example 5.11. Let Iy € L?(R?) be any radial symmetric image which is 0 outside
Bj. Let h € C§°(R) be an auxiliary function such that 0 < h < 1, h(0) = 1 and
h(r) =0 for any |r| > 1/4.

Then, for any n > 1, we consider the following diffeomorphism ¢,, such that for
any r, r > 0, and any 6, 0 < 0 < 27,

©n(r(cos(8),sin(h))) = r(cos(d + hy(r)),sin(d + h,(r)))

where h,,(r) = h(n(r —1/2)).

Clearly we have that, for any n € N, ¢, € D*(RY)y for any s > N/2 + 1.
Moreover, ¢, = e outside B; for any n € N.

Note that Ipop, t = Ij for any n > 1. On the other hand, since {|| D¢, L= }nen is
unbounded, we may not have that {¢, } nen is bounded in Ggs, for any s > N/2+1.

We are now ready to prove our main result, which illustrates the convergence
in the diffeomorphisms space. We note that this is an extended version of Theo-
rem [2. 1)

Theorem 5.12. Let us assume that holds.

Then {gn tnen is bounded if and only if a solution to exists.

In this case, there exists a subsequence {gn, }ken and Goo € G (that is, §oo 15 a
solution to , possibly different from §) such that, as k — 00, Gn, converges to
Joo weakly, that is, in particular, Gn, — Joo and (Gn,) "t — (o) ™" uniformly on
compact subsets of ).

Moreover, we have that

(5.2) lim dy (G, €) = d(goos €) = dn(g; ),
and for any compact Q C Q we have

(5.3) limdist(gn, G) = 0

where for any g € Gy

distq(g, G) = inf{|lg — §llr~() + 197" — 4 =) : G € G}
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If we further have H = H§, with s > N/2 4 1, then there exists a subsequence
GHé. Moreover, we have that

(5.4) limdist(gn,G) =0 and limdist(g; ', G™1) =0

where for any g € Gy, dist(g,G) = inf{dm;(9,9): g€ G}.
Proof. The first part and follow by Theorem using ¥ = ¢~ !. Moreover,
the argument in Theorem allows us to complete the proof of Lemma [5.9) as well.
Since any subsequence of {g, }nen admits a further subsequence weakly converg-
ing to an element of G, immediately follows.
Let us also point out the following remark. With the same notation as before, we
have that, up to a subsequence, i,, converges to @i, not only weakly in L2([0, 1], H)
but also strongly. In fact, we recall that

d3(Goos €) < ||lioo|| < limsup ||, || = limsup dy (Gn, €) < du (G, €) = dp(Goo, €)-
n n
Therefore we can conclude that

From this last property we may then conclude that, still up to a subsequence,
actually i, strongly converges to i, in L2([0,1],H). We may also observe that

(5.5) lim dist (i, E) = 0

where for any u € L2(]0,1], ), dist(u, E) = inf{|ju —a|| : @ € E}.
For the case in which H = H§, with s > N/2+1, the convergence in the distance
dpg and (5.4) follow by the previous remark and Theorem [5.6 (|

It is still possible, however, that two different subsequences of {g, }nen converge
to two different limits, that is, to two different solutions of , as suggested by
the counterexample in Subsection [A2]

On the other hand, if has a unique solution g, then the whole sequence
gn converges to § weakly in Gy . Finally, if H = H§, with s > N/2 + 1, the whole
sequence gp converges to ¢ also in the distance dpyg .

6. THE MULTISCALE APPROACH APPLIED TO THE INVERSE CONDUCTIVITY
PROBLEM

In this section we consider the multiscale procedure applied to the Calderén
problem. We follow the notation introduced in Subsection [2.3]

Let Q € RY, N > 2, be a bounded domain with Lipschitz boundary. Throughout
this section we shall keep fixed positive constants a,b with a < b. We recall the
classes of conductivity tensors M(a,b), Mgsym(a,b) and M,q. Let us point out
that the ellipticity condition is equivalent to the more usual one given by the
following. For o € MV*N(R), with N > 2, and positive constants a,b with a < b,
we require

(6.1) { ot -&>allé|*  for any £ € RY

o] < 0.

We note that if o satisfies with constants a and b, then it also satisfies
with constants @ and b = b. On the other hand, if o satisfies with constants a
and b, then it also satisfies with constants a and b = b?/a. If ¢ is symmetric
then and are equivalent and both correspond to the condition ,

with b = b. One can also define the class of conductivity tensors M (a,b) as the set
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of ¢ € L= (Q, MN¥*N(R)) such that, for almost any = € 2, o(z) satisfies , with
constants a, b. Obviously we have M(a,b) C M(a,b) and M(a,b) C M(a,b?/a).

We note that all these classes are closed with respect to the LP metric, for any
p, 1 < p < +00, where for any conductivity tensor o in €2

lollze ) = (ol s @)

For any p, 1 < p < +00, let p’ be its conjugate exponent, that is 1/p+1/p’ = 1.
We call W=1/P2(9Q) the space of traces of WP(Q) functions on 9Q and let us
recall that W1=1/P2(9Q) C LP(952), with continuous immersion.

In Subsection we have already defined, for any conductivity tensor o in €2,
its corresponding Neumann-to-Dirichlet map N (¢). In an analogous way we define
the Dirichlet-to-Neumann map.

For a conductivity tensor o in 2, its corresponding Dirichlet-to-Neumann map
is defined by

A(o) : WH22(0Q) — W—1/22(0Q)
where for each ¢ € W1/2:2(0Q),

Alo) (o) [¥] = / oVu-Vi for any ¢ € WH22(00Q)
Q

with u the solution to

(6.2) { —div(cVu) =0 in

U= on 0f2

and ¢ € W'2(Q) such that ¥ = 1 on dQ in the trace sense. Then A(0) is a
well-defined bounded linear operator. Moreover, provided o € M(a,b), its norm
is bounded by a constant depending on N, 2, a and b only. Let us note that,
actually, we have A(0) : WY/22(9Q) — Wi /??(99) and that N (o) is the inverse
of A(O—)|W*l/2’2(69)'

Our forward operators are

A M(a,b) = LOVY22(00), Wy /2 (00))

or
N s M(a,b) — LW, 2 (00), W2 (09)).

We recall that the inverse conductivity problem consists in determining an un-
known conductivity o by performing (all possible) electrostatic measurements at the
boundary of voltage and current type, that is, by measuring either its corresponding
Dirichlet-to-Neumann map A(c) or its corresponding Neumann-to-Dirichlet map
N (o).

In order to apply our multiscale results to the inverse conductivity problem, we
pick X = LY(Q,MN*N(R)), with its natural norm. We may take as the subset F
any of the following classes M(a,b), Mgym(a,b) or Mycqi(a,b).

We need to check the conditions that allow us to use our abstract results. First
of all we investigate the continuity properties of our forward operators. Let B; and
By be two Banach spaces such that B; ¢ W1/22(9Q) and Wf1/2’2(69) C Bs, with
continuous immersions. Moreover, let Bl and Bg be two Banach spaces such that
B C W*_1/2’2(5‘Q) and W*l/2’2(8f2) C By, with continuous immersions.

In the Dirichlet-to-Neumann case we let Y = L(B1, By), with the distance d
induced by its norm, and let A : E — Y. Furthermore, A € Y is the measured
Dirichlet-to-Neumann map.

In the Neumann-to-Dirichlet case we let Y = L(Bj, By), with the distance d
induced by its norm, and let A’ : E — Y. Furthermore, N €Y is the measured
Neumann-to-Dirichlet map.
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In [35] the following lower semicontinuity result is proved.

Proposition 6.1. Under the previous assumptions, let us consider a sequence of
conductivity tensors {optnen C E and a conductivity tensor o in the same set.

If, as n — oo, oy, converges to o strongly in X or in the H-convergence sense,
then

I = N(o)|ly < liminf A =N (on)lly-

Furthermore, if E is M(a,b) or Mgym(a,b), then the following minimum prob-
lem admits a solution

(6.3) min{|N = N(0)||y : o€ E}.
The same result holds for A and A.

The existence of a solution to is due to the fact that M(a, b) and My, (a,b)
are (sequentially) compact with respect to H-convergence. In order to have conti-
nuity, we need to consider suitable choices of the spaces By, By and B, Bs. Namely
we have the following result, see [35].

Proposition 6.2. Under the previous assumptions and notation, let E = M(a,b)
and consider the distance d on'Y , induced by its norm.

There exists Q1 > 2, depending on N, Q, a and b only, such that the following
holds for any 2 < p < Q1.

In the Dirichlet-to-Neumann case, we assume that By C W'=VPP(9Q), with
continuous immersion. Then A is continuous with respect to the strong convergence
in X and the distance d on'Y.

In the Neumann-to-Dirichlet case, we assume that By is contained, with contin-
uwous immersion, in the subspace of g belonging to the dual of wi-1/e"p’ (09)) such
that (g,1) = 1. Then N is continuous with respect to the strong convergence in X
and the distance d on'Y .

A particularly interesting case for Neumann-to-Dirichlet maps is provided in the
following.

Remark 6.3. We can choose B; = By = L2(99) since L?(9) is contained in
the dual of W1=1/7"#"(9Q) for some p, 2 < p < Q1, with p close enough to 2, and
W%2(6Q) ¢ L2(09), with continuous immersions.

We illustrate the applicability of our abstract results for the inverse conductivity
problem. First of all, we need to consider as Y and d = dy those satisfying the as-
sumptions of Proposition As noted in Subsection there are several possible
choices for | - |. Here we choose as | - | either |- |py(q) or || - | By (q)-

Then the results of Subsections and yield the following, with exactly the
same notation.

Theorem 6.4. Assume thatY satisfies the hypotheses of Proposition and that
| | is either | - |pv(a) or || [Bv(e)-

If (2.11) is satisfied, then for the multiscale sequence {Gp tnen defined by (2.9)
from the sequence {0, }nen obtained from (2.7) and (2.8) we have that

lim IA” = N (@) v = 8 = inf{IA = N(o)lly : o € E}.

Furthermore, if E = M(a,b) or E = Mgym(a,b), then, up to a subsequence, &,
H -converges to 6o, € E, where 64 solves (6.3)).
The same result holds for A and A.
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Let us observe that dg > 0 corresponds to the noise level of our measurements
and that Theorem [6.4] contains as special cases, namely taking a,, = 0 for any
n € N, Theorem [2.6] and Corollary 2.7}

If we wish to have a stronger convergence than H-convergence, we need further
assumptions, and apply the tighter multiscale construction. We assume that there
exists 6 € E such that

(6.4) |IN =N (@)|y =do = min{||N =N (a)|ly : 0 € E} and |5] < +oo.

As before, we may assume that & solves the following minimization problem

(6.5) min{|o|: o € E and |N — N (0)|ly = do} < +o0.

We call E the set of solutions of lb and we note that E is compact in X.
Theorem 6.5. Assume that Y satisfies the hypotheses of Proposition and that
| - | is either | - |gy () or || - llBv(n). We further assume that holds and that

there exists a solution & of (6.5)).
Consider the sequence {Gp tnen defined by (2.9)) from the sequence {op }nen 0b-

tained from (2.7)) and (2.8).
Then, up to a subsequence, &, converges to Goo Strongly in X, where o is
a (possibly different from &) solution to (6.5), that is [N — N (6s0)|ly = 6o and

|Goo| = |6|. Moreover, we have that

lim 7] = I
and
(6.6) lim dist(5,,, E) = 0.

n

The same result holds for A and A, with the obvious changes, for example E in
this case is the set of solutions of

min{|o|: o € E and |A — A(0)||y = do} < +o0.
Theorem contains as a special case Theorem

APPENDIX A. OPTIMALITY OF THE ABSTRACT RESULTS

In this appendix we shall present arguments and examples that show the opti-
mality of our abstract results. Throughout we use the assumptions and the notation
of Subsection 2.2

A.1. The single-step regularization. For any A > 0, let o be a solution to
min { (NAW, N (@)°] + o)) 7 € E}.
Our assumptions guarantee that at least one minimizer o) does exist. Then we have
the following result.
Proposition A.1. We have that
lim d(N, N (o)) = do.

A——+o0

Proof. By contradiction, assume that there exists a sequence {\, }nen of positive
numbers such that lim,, \,, = +0co0 and such that lim,, d(/(/,N(aA7L)) =gy > dp.

Hence there exist 0 < 7 < 1 and ¢ € E such that and hold. We have
that for any n € N

. R 1
AN, N(ox,)* <dWN,N(ox,))" + 1o

P AN N @) + ol

Since, as n — oo, the left hand side converges to €f and the right hand side
converges to d(N, N (7)) < Cie§ < &ff, we have a contradiction. O



MULTISCALE FOR IMAGE REGISTRATION AND INVERSE PROBLEMS 33

It is clear that for any sequence {\, }nen of positive numbers such that lim,, A, =
+o00 and such that oy, converges to some 0o, then o is a solution to .

Let us now investigate which conditions allow convergence of {o)}xs0, as A —
+o00, at least up to subsequences. Namely, we consider a sequence {A,}nen of
positive numbers such that lim, A, = +00 and we ask whether {o, }nen, or one
of its subsequences, converges. Clearly a necessary condition is that a solution to
does exist.

Let us make the following stronger assumption. We assume that there exists
0 € I solving . Let us recall that E is the set of solutions of {j and that
Eis sequentially compact in X.

First of all we note that |oy| < |§] for any A > 0. Hence, by the lower semicon-
tinuity properties of | - |, the following result is immediate.

Proposition A.2. Let us assume that there exists a solution & of .
Let us consider a sequence {\, }nen of positive numbers such that lim,, A,, = +00.
Then, up to a subsequence, {ox }nen converges to oo where oo is a (possibly
different from &) solution to (2.14), that is, d(N,N(0s)) = o and |oos| = |6].

Furthermore, we have that

lim |oy| = 15|
A——+o00
and
(A1) )\Er}rloo dist(oy, E) = 0.

It can be immediately noted that, using our multiscale procedure, we do not lose
any of the convergence properties that hold for the single-step regularization when
we let the regularization parameter go to 4o0.

In the next example we wish to prove the following remarks. Let us assume
that a solution to does exist but does not hold, that is, does
not have a solution. Then we may have that o) does not converge, not even up to
subsequences, to a solution to . This suggest that even for the multiscale scale,
the validity of 7 although a strong requirement, is a necessary assumption to
guarantee convergence of the sequence {&, }nen or of one of its subsequences.

Example A.3. We shall show two different cases. In the first one we obtain that
oy is bounded but does not converge, not even up to subsequences. In the second
one we have that oy is such that limy_, 4 ||or] = +o0.

Let us consider the following common framework for these two examples. Let

n=1

400
Iy = {a ={an}n>1: an € R for any n > 1 and Zai < +oo}

which is a Hilbert space with the scalar product
+oo
(a,0) =Y anby for any a,b € ly.
n=1

Therefore we define, for any a € s,

400 1/2 +o0 1/2
la]| = (Z ai) and |a| = <Z(nan)2> .
n=1

n=1
It is easy to show that | - | satisfies the assumptions stated above.
Let us fix b € [ such that |b] = +o00. Then we shall define two different versions
of a continuous function N : I — R such that A'(b) = 0 and N'(a) > 0 for any
a€ly, a#b Wefix the data a =2, =2, X = E =1l and N = 0 = N(b).
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In both cases we need the following construction. For any r > 0 let us consider
the following minimization problem

f(r) = min{la| : [la = bl = r}.
It is easy to show that such a minimization problem has a solution. It is a straightfor-
ward, even if long, computation to show that f : (0, ||b]|]] — R is a nonnegative, con-
tinuous, strictly decreasing function such that f(||b||) = 0 and lim,_,q+ f(r) = +o0.
Then we call A; = {a € l5 such that |ja — b|| < ||b]|/2} and we set
N(a)=1/f(r) for any a € Ay such that ||a —b|| = r,
thus meaning also that A'(b) = 0. We can show that, fixed A > 0,
min { (N (a)]* + |a|*/A) : a € A1}

is equivalent to solve

ef(5) = ep = (T e 1AZE
where €' = (f([[b]|/2))?.

The definition of N outside A; is different for the two examples. Let us begin
with the first one.

First version. Let us define an auxiliary function N : I, — R as follows

“+o0

- a,

N(a) = Z |,ﬂT2L| for any a = {a, }n>1 € lo.
n=1

Clearly N is continuous and it is positive except for a = 0. Fixed a positive constant
r, let us consider

¢(A,7) = min { (|./\~/(a)|2 + |a|2//\> : a € ly such that |la|]| = r} .

Let us assume that for some n > 3, we have n* < \ < (n+ 1)4, that is v\ =
cAn? + c3(n + 1)? with ¢; and ¢y nonnegative numbers such that ¢ + ¢ = 1.
Take a € 1% such that a; = 0 for any ¢ different from n and n + 1, a,, = rc;, and
Gn+1 = TCo. We obtain that

e (g + ) = (e )+ ()

Therefore there exists A > 3% > 0 such that for any A\ > X we have v\ > 4C.
Then we have that

2 < 1 (a)? for any a € 0A;.

We fix rg such that 0 < rg < max{1/2,||b||/4}. Then we call
Ay = {a € ly such that rg/2 < ||a]| < 3r¢/2}

and we define
N(a) =N (Toﬁn> + Cy |||la|| = ro| for any a € A

where C} is a positive constant such that |N'(a)|> > 1/C for any a € 0A,.

Then we can extend A in a continuous way outside A; U A5 in such a way that
N(a) > 0 and |[N(a)]? > 1/C for any a € I5\(A; U Ay). We obtain that N is
continuous, nonnegative, and it is 0 only at b. Nevertheless, for any A > X we have
that oy € Ay, actually we easily deduce that r/2 < ||ox| < 7o.

Therefore for any sequence { Ay, }nen of positive numbers such that lim,, A, = +00
we have that {0y, }nen can not converge. In fact, if we had convergence of o, to
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0o we would obtain that ro/2 < |0l < 19 < [|0]|/4 and M (05 ) = 0 and this is a
contradiction.

Second version. We consider the following auxiliary function g : [0,+0c0) — R
such that g is continuous, strictly positive, nonincreasing and satisfies the following
assumptions. First, g(r) = 1/f(||b||/2) for any r such that 0 < r < 2||b||. Then,
for any r such that r > 2|b||, we set g(r) = Cre~" with C a constant such that
Cre=@II* = 1/£(||b]l/2). Tt is easy to show that there exists A > 0 such that for
any A > X\ we have

min{(9()2 + 12/} = 5+ (1+ log(202)

Such a minimum is reached, uniquely, at r = ry = 1/(1/2) log(2C?\) for A > .
Then we define M (a) = g(||a||]) for any a € I3\ A4;. Clearly we have that N is
again continuous, nonnegative, and it is 0 only at b. Moreover, for any A > X\ we
have
min{ [NV (@) + |al2/A : a € I\ Ay} = %(1 +log(2C2)))
and it is reached, uniquely, in a = a* where a = ry and a}) = 0 for any n > 2.
It is immediate to note that for some A\; > max{\,C?} we have that for any
A > \; it holds
1 2
22 VA
therefore there exists a unique solution to the minimization problem

min{|NV(a)|* + |a*/A: a € I}

given by oy = a*. We conclude that

(1+1log(2C3N)) <

lim ||oy] = +o0.
A—+o0

A.2. A counterexample. In this example we consider the abstract tighter mul-
tiscale construction presented in Subsection We wish to show that, in general,
the sequence {G,} may not converge and that it may have different subsequences
converging to different limits.

Le us consider the space X to be R? with the usual Euclidean norm and Y to
be R with the usual distance. We also set E = R2.

Let us consider two continuous functions N, Z : R? — R such that for any
x € R? we have

N(z), E(x) is greater than, equal or lesser than 1 if and only if ||z is.

Therefore, in both cases, if we fix N =1 we have that E = 0B;.
We assume that, for any n > 0 we have

A =0" and a, =1/c"
where
(A.2) ¢c>9 and bfc>2.
note that a, < a,_1 for any n > 1 and that lim,, a,, = 0. Finally, we set
a=p=vy=1.

We conclude that (2.15]) holds.

Let us consider the sequences {7, }nen corresponding to N and {7, }nen corre-
sponding to Z. It is not difficult to show that Theorem and ([2.16)) hold for both
sequences.
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We shall assume that = is radial and that A/ is lesser than or equal to =, namely
there exists a continuous nondecreasing function Z : [0, +00) — R such that for any
r € R?

N(z) < E(z) = E(||=])-
We consider the following two sequences
n Jj+1
1 Tnel — T
rn:;<2) andsnzrn—k% for any n > 0.

Clearly, 0 < 7, < $p < Tpp1 < 1 for any n > 0 and lim,, r, = lim, s, = 1. To
simplify the notation sometimes we may use r_; = 0.
We also need to define this further sequence

9 1 1 1
hn:1—8<anr1 —i—an) 2 for any n > 0.

By our assumptions on ¢ we have 0 < 3/4 < h,, < hyy1 < 1 for any n > 0 and
lim,, h,, = 1. ~
We define = as follows, for a given € > 0,

ho +2(r —rg) —e(r —m)? f0<r<rg

~ hy, ifr,<r<s,, n>0
=(r) = hpi1 — hy .
(A-3) =(r) By + — 2 (r — 5,) if s, <r<rpy1, n>0
Tn4+1 — Sn
1+2(r—1) if1<r

whereas, concerning A/, we assume that

(x) i 0 < 2] < ro

H(LC) = han, if Top < H-T” < s, n >0

if son1 < ||z < 7r2ng2, >0
if 1< |||

[1]

(A4) N(z) =

(1 (1) [1
&

=
N—

and that hg, < N (z) < Z(z) for any x such that ss, < ||| < s2p41, n > 0.
We note that = is a Lipschitz function over [0, +00), therefore also = is a Lipschitz

function over R2.
We call

fo(@) =1 =N(@)| +2|lz]| and go(zx) = |1 - E(@)| + 2[|=].
We begin by stating that

0By, = argmin fy(z) = arg min go(z).
z€ER? zER?

Therefore, without loss of generality we may assume that 6o = 7 = (79, 0).
In fact, first of all we note that

90(r0,0) = (L=ho) +2r9 < go(z) = (1~ (ho+2([[z|| —ro) —e(l|z[| = 70)*) + 22| =
(1 —hg) + 2o + &(||z|| — ro)* for any 0 < ||z < ro.
Then we have that, since ¢ > 9,

9/1 1\ 1
go(r0,0) = 3 (c + b) 2 +1<2r; =3/2<go(x) forany |z| > ri.

It remains to consider the case ro < ||z|| < 71 where we have that go(r9,0) < go(z)
is equivalent to
9/1 1\ 1

3 (c + b) T 1< (1—-E(x))+2|z| forany ro < |z| <r1.
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This is obviously true if ro < ||z|| < sg since Z(x) = hg there. If so < ||z| < ry,
then we need to show that
hi — ho

1 — S0

1< -

(r—so)+2r foranysy<r<rm

that follows from easy computations.

The result for fy follows by noticing that fo(r9,0) = go(r0,0) and fo(z) > go(x)
for any = € R2.

The first important result is the following.

Proposition A.4. Under the previous notation and assumptions, let us assume
that 7o = (19,0). Then for any n > 0 we have

Tn = (Tn,0).

The proof of this proposition follows essentially by the next lemma. First let
us recall the following notation. For a fixed n > 0 let us suppose that we have
computed 7, and &,,. Then 7, is the (unique) minimizer over R? of the functional
Gni1(z) = "Y1 — Z(2)| + (b/c)" T ||z|| + ||z — 7, whereas 6,41 is a minimizer
over R? of the functional f,,1(z) = "1 — N (z)| + (b/c)" |z + ||z — Fnll-

Lemma A.5. For a fixed n > 0 let us assume that 7, = (r,,0). Then
T < || Ttall < Sng1-
Proof. Tt is enough to show that
(A5) gn+1(l’) > (b/C)n+18n+1 + Spy1 — T >
V"1 = hy) 4 (b)) = gni1 (Fug1)  for any x s.t. ||2]] > spi1
and that
(A6)  gnti(z) 2 0" (1 = E(@)) + (b/e)" |l + 70 — [|2]| >
bn+1(1 - hn) + (b/C)n+1rn = gn+1(7~—n+1) for any x s.t. ||.’E|| < Tp.
We begin by noticing that (A.5)) is equivalent to

1 1 9 1 1 1
cntl + pn+1 (Sn+1 - 7"”) >1- hn = g cntl + pn+1 on-+2

which is true since ¢ > 9 and

1 1 1
Spt1 = Tn = (Sn+1 — Tny1) + (Tagp1 —7n) = (1/2)W + on+2 = (5/4)W
For what concerns (A.6), we argue in the following way. We note that (A.6]) is
equivalent to

- 1 1
E(r)<h”+<cn+1_bnﬂ>(r_r")’ 0<r<r,

which is implied by
- 1
(A7) E(r) < Gp(r) = hyn + <c”+1> (r—rp), 0<r<ry,.

Therefore it remains to prove . The case n = 0 is trivial. Fixed n > 1, we begin
by proving for r satisfying r,_1 < r < r,. First of all we observe that h,_1 <
G, (rn—1) therefore holds for any r, r,,_1 < r < s,,_1. In particular, é(sn_l) <
Gn(sp—1). We have that for any 7, s,_1 <7 < 7, 2(r) = E(sn—1) + ln(r — $n_1)
whereas Gy, (r) = Gp(sn_1) + (1/¢"1)(r — 5,_1). Since Z(s,,_1) < Gn(s,_1) and
é(rn) = Gy (ry) = hy, it is easy to conclude that holds for any r,r,,_1 <7 <71y
and any n > 0, where r_; = 0. In order to conclude the proof we note that, for any
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n>1,Guo1(rn-1) = hn—1 < Gp(rn—1) and that G, is affine with the coefficient of
the linear part given by (1/c¢"™1) which is decreasing with respect to n. We obtain
that Gp,—1(r) < G, (r) for any r, 0 < r < r,_;. By induction we conclude that for
any 0 < m < n we have

2(r) < G(r) < Gu(r) for any 7,1 <7 < 7.
Therefore (A.7) holds true and the proof is concluded. O

By using the fact the = is radial, thus reducing the problem to a minimization
on the interval [r,, s,+1], it is easy to show that if, for a fixed n > 0, we have 7,, =
(rn,0), then 7,41 = (rn+1,0). Therefore, Proposition follows by an elementary
induction argument.

An interesting corollary of Lemma is the following. Let us assume that, for
a fixed n >0, ||6,| = ||70|| = 7o and N (65,) = Z(64) = E(7) = hy,. Then

Tn < ||Gnt1l] < Sni1-

Furthermore, for any n > 0, if we have &a,41 = rony1(cos(d),sin(d)), for some
0 € [0,27), and N (G2n+1) = hant1, then there exists a unique minimizer

Gont2 = Tant2(cos(d),sin(h)).
The counterexample is based on the following lemma.

Lemma A.6. There exists an integer m > 1 such that for any n > T we have
the following. We may construct a Lipschitz continuous function N, a modification
of the function E on the annulus §52n+1\352n, satisfying the previous assumptions
and the following properties. For any x = (x1,32) € Bs,,,,\Bs,, we have, first,
that ha, < N(x) < E(x). Second, N(x1,x2) = N (21, —x2). Third, N((0,72,41)) =
hont1 and, assuming that 6oy, = (ran, 0),

{(07 r2n+1)ﬂ (07 _T2n+1)} = arg min f2n+1(x)'
r€R2

Therefore Goni1 = (0,72,41) satisfies N (Gany1) = hony1 and is a minimizer to
f2n+1'

Proof. We already know that

argmin foney(2) = argmin  fonsi().
zER? 2€R?: rop, <||z||<S2n+1

We modify Z in B,,, ,,\B,,. Let = (z1,22) € By,, ,\Br,,. We set N(z) =
E(z) if ron < [|z|| < 525 and if 59,41 < 2] < r2n. We set N(z) = E(x) also if
x1 < 0. Furthermore, we assume that N(z1,x2) = N (x1, —x2). Therefore, we limit
ourselves to consider points z € By, ,,\B,, such that z1, x5 > 0.

In B,,, +1 \Bs,, we perform the following geometric construction, which is sum-
marized in Figure

We consider the segment connecting &9, = (r2,,0) and our candidate to be
a minimizer 69,11 = (0,72,41). We call @ the point which is the intersection of
this segment with 0B;,,. Finally we consider a point P belonging to the segment
connecting @ to Go,41. We call r = r(P) = ||P|| and we denote ¢ = t(P) =
r(P) + (S2n+1 — on+1). When P = @Q we denote to, = t(Q) = 7(Q) + (S2n4+1 —
Tont1) = Son + (San+1 — T2n+1) < Tont1 and we observe that, when P = Ga,41,
t(Gont1) = S2n+1-

Let us assume that P = (29,29), we call P’ = (29, —29). Then we consider the
points P = (20, x}), with 2} > 0, and P’ = (29, —x}) that are the intersections
of the vertical line {z1 = 29} with 9Bpy. We call vp the following curve that
is formed by four parts. The first part, v5 consists of the points  belonging to
0B, (py such that x1 < 29. Two other parts, 7123 and ’yf’;, are the vertical segments
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Fant2

F1GURE 1. Illustration of the geometric construction underlying
the counterexample in Theorem [A.7]

connecting P to P and P’ to P, respectively. Finally, the fourth part % consists
of the points x belonging to 0By (p) such that x; > 29,

Then we define N in the following way. We set N (x) = ha, if = belongs to 4B, ,
if x belongs to g and if z lies between these two curves (the red region in Figure 1)).
We set N(z) = han1 if  belongs to 9B, ., if « belongs to vs,,,, and if z lies
between these two curves (the blue region in Figure . We note, in particular, that
N(62n41) = hany1. Finally for any = € yp, P belonging to the segment connecting
Q to Gany1, we set N(z) = Z(r(P)).

We observe that for any P belonging to the segment connecting Q to Go,+1,
(A.8) argmin fo,11(z) = {P, P'}.

rEYP

In fact, for any = € yp we have ||z|| > ||P|| and N (z) = N'(P). For any z belonging
to 7L, v% or v we have that ||x — Gap|| > || P — G2,| with equality holding only if
x = P or x = P/, therefore

argmin  fo,1(z) = {P, P'}.
z€(YpUYRUYE)
Finally, it is easy to remark that

arg min fo, 41(x) = {(¢(P),0)}.

mEV%
Therefore, the candidates to be a minimizer of fa,11 on v(P) are either the couple
P and P’ or the point (¢(P),0). We have that fon4+1(P) < fant+1(t(P),0) if and
only if
b 27t b\ 27t
C) rereip-snl < (2) upr+ ) -,

Cc C
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On the other hand, ¢t(P) — 7(P) = sopi1 — ront1 = (1/2)(1/227F3) = 1/227+4,
therefore since b > 2¢, there exists 77 > 1 such that for any n > 77 we have

>1 su
b 2n+1
16 —
<(% )
hence

2n+1 2n+1
|P —Gon| <2< (i) [t(P) —r(P)] < (b> (t(P) = r(P)] + (t(P) — r25)

c
and (|A.8) is proved.

Next we show that

2n-+1
(A.9) font1(Gant1) < fons1(F2n) = b P11 — hop) + (c> Ton

that is

1 2n+1 1 2n—+1
<c) (ron+1 — T2n) + (b> |G2n+1 — G2nl| < hont1 — hon =

9 1 1 1 1 1 1
3 [\t T pznrt ) 2ere — o2 T p2nr2 ) 22093 |-

Since ron11 — ron = 1/22"%2 and ||G2,41 — G2a|| < 2, it is enough to prove that

5 (1 SR BN 1 1 9/ 1 1 1
b <§ C2n+1+b2n+1 22n+2 g CQn,+2+b2n+2 92n+3 "

We note that, since ¢ > 9, we have that

9 1 1 < 1 1 1
9 \ e2n+2 + p2n+2 | = 9 \ c2n+1 + p2n+1

hence it is enough to prove that

5 (1 g 1 1 1
b < 16 \ ¢2n+1 + p2n+1 | 92n+2
2 1 2n+1 - 1 1 2n+1
b 32 \ 2¢
b 2n+1
64 .
“(2)

Therefore there exists @ > 7; such that for any n > 7 (A.9) holds true.
It remains to show that

or even

which is true if

f2n+1(5'2n+1) < f2n+1(P)
for any P belonging to the segment connecting ) to 62,41, P clearly different
from &a,41. We begin by noticing that fa,+1(G2n+1) < fan+1(Q) since fo,11(Q) >
fon+1(G2,). Then the problem reduces to a minimization over a real interval and
the conclusion follows by elementary computations.

We finally remark that, by construction, A is Lipschitz on B, o \B O

S2n *
We have the following theorem, which contains our counterexample.
Theorem A.7. Under the previous notation and assumptions, there exists a Lip-

schitz function N and an integer m > 1 such that for any n > 0 we have G, =
rn(cos(0y),sin(8,,)), with 0,, € [0, +00) satisfying the following property

0, =0 foranyn, 0 <n <2n
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and, for any m > 1,
0, = mm/2 for any n =2n+ 2m — 1, 21+ 2m.

Proof. We assume that A and = coincide for any z such that ||z|| < rom. Therefore,
assuming 6o = (rg, 0), it is easy to conclude that &,, = (r,,0) for any n, 0 < n < 27.

Then, on B, \Bs,., we use the function N defined in Lemma Therefore,
we infer that Gar41 = (0,72741) and, by the remark made after Lemma we
also have that Gory2 = (0, rom42). Then by repeating the same construction, up to
a rotation, we easily conclude the proof by an induction argument. O

Acknowledgements. We wish to thank the Mittag-Leffler Institute (Program on
Inverse Problems and Applications), the Erwin Schrodinger International Institute
(Program on Infinite-dimensional Riemannian Geometry with Applications to Im-
age Matching and Shape Analysis) and the Poincaré Institute (Program on Inverse
Problems) for their hospitality and for the excellent working conditions which have
made our collaboration possible. We also wish to thank Martin Bauer for encour-
aging discussions during the early stages of this project. KM is supported by the
EU Horizon 2020 MSC grant No 661482, by the Swedish Foundation for Strategic
Research grant ICA12-0052, and by the STINT grant PT2014-5823. AN is par-
tially supported by the NSERC Discovery Grant RGPIN-06329. LR is partially
supported by GNAMPA-INdAM through 2017 projects and by the Universita di
Trieste through FRA 2016.

REFERENCES

[1] R. A. Adams and J. J. F. Fournier, Sobolev Spaces, Second Edition, Academic Press, Ams-
terdam, 2003.

[2] G. Alessandrini and E. Cabib, EIT and the average conductivity, J. Inverse Ill-Posed Probl.
16 (2008) 727-736.

[3] G. Allaire, Shape Optimization by the Homogenization Method, Springer-Verlag, New York,
2002.

[4] K. Astala, M. Lassas and L. Paivarinta, The borderlines of invisibility and visibility in
Calderdn’s inverse problem, Anal. PDE 9 (2016) 43-98.

[5] K. Astala and L. Péivarinta, Calderén’s inverse conductivity problem in the plane, Ann. of
Math. (2), 163 (2006) 265-299.

[6] K. Astala, L. Paivarinta and M. Lassas, Calderdn’s inverse problem for anisotropic conduc-
tivity in the plane, Comm. Partial Differential Equations 30 (2005) 207-224.

[7] P. Athavale, R. Xu, P. Radau, A. Nachman and G. A. Wright, Multiscale properties of
weighted total variation flow with applications to demoising and registration, Medical Im-
age Analysis 23 (2015) 28-42.

[8] M. F. Beg, M. I. Miller, A. Trouvé and L. Younes, Computing Large Deformation Metric
Mappings via Geodesic Flows of Diffeomorphisms, International Journal of Computer Vision
61 (2005) 139-157.

[9] M. Bruveris and D. D. Holm, Geometry of Image Registration: The Diffeomorphism Group
and Momentum Maps, in D. E. Chang, D. D. Holm, G. Patrick and T. Ratiu eds., Geometry,
Mechanics, and Dynamics, Springer-Verlag, New York, 2015, pp. 19-56.

[10] M. Bruveris and F.-X. Vialard, On completeness of groups of diffeomorphisms, J. Eur. Math.
Soc. (JEMS) 19 (2017) 1507-1544.

[11] P. Caro and K. M. Rogers, Global uniqueness for the Calderén’s problem with Lipschitz
conductivities, Forum Math. Pi 4 (2016) e2 (28 pp).

[12] T. F. Chan and X.-C. Tai, Level set and total variation regularization for elliptic inverse
problems with discontinuous coefficients, J. Comput. Phys. 193 (2003) 40-66.

[13] Y. Chen, Inverse scattering via Heisenberg’s uncertainty principle, Inverse Problems 13
(1997) 253-282.

[14] E. T. Chung, T. F. Chan and X.-C. Tai, Electrical impedance tomography using level set
representation and total variational regularization, J. Comput. Phys. 205 (2005) 357-372.

[15] D. C. Dobson and F. Santosa, An image-enhancement technique for electrical impedance
tomography, Inverse Problems 10 (1994) 317-334.



42

(16]
(17]
(18]
(19]

20]

(21]
(22]
23]
[24]
[25]

[26]

27]

(28]

29]
(30]
(31]

(32]

(33]

(34]
(35]
(36]
(37]

(38]

(39]
[40]
[41]

[42]

K. MODIN, A. NACHMAN, AND L. RONDI

D. Faraco, Y. Kurylev and A. Ruiz, G-convergence, Dirichlet to Neumann maps and invisi-
bility, J. Funct. Anal. 267 (2014) 2478-2506.

B. Gris, S. Durrleman and A. Trouvé. A sub-Riemannian modular framework for diffeomor-
phism based analysis of shape ensembles, SIAM J. Imaging Sci. 11 (2018) 802-833.

B. Haberman, Uniqueness in Calderén’s problem for conductivities with unbounded gradient,
Comm. Math. Phys. 340 (2015) 639-659.

B. Haberman and D. Tataru, Uniqueness in Calderdn’s problem with Lipschitz conductivities,
Duke Math. J. 162 (2013) 496-516.

B. Jawerth and M. Milman, Lectures on Optimization, Image Processing, and Interpolation
Theory in Function Spaces, Inequalities and Interpolation, Spring School on Analysis, Paseky
2007, Matfyzpress, Prague, 2007.

R. Kohn and M. Vogelius, Determining conductivity by boundary measurements, Comm. Pure
Appl. Math. 37 (1984) 289-298.

R. V. Kohn and M. Vogelius, Determining conductivity by boundary measurements 11. Inte-
rior results, Comm. Pure Appl. Math. 38 (1985) 643-667.

R. V. Kohn and M. Vogelius, Relazation of a variational method for impedance computed
tomography, Comm. Pure Appl. Math. 40 (1987) 745-777.

Y. Meyer, Oscillating Patterns in Image Processing and Nonlinear Evolution Equations,
American Mathematical Society, Providence, 2001.

F. Murat and L. Tartar, H-convergence in A. Cherkaev and R. Kohn eds., Topics in the
Mathematical Modelling of Composite Materials, Birkhauser, Boston, 1997, pp. 21-43.

F. Murat and L. Tartar, Calculus of Variations and Homogenization in A. Cherkaev and
R. Kohn eds., Topics in the Mathematical Modelling of Composite Materials, Birkhauser,
Boston, 1997, pp. 139-173.

A. I. Nachman, Global uniqueness for a two-dimensional inverse boundary value problem,
Ann. of Math. (2) 143 (1996) 71-96.

A. I. Nachman, I. Regev, D. I. Tataru, A Nonlinear Plancherel Theorem with Applications
to Global Well-Posedness for the Defocusing Davey-Stewartson Equation and to the Inverse
Boundary Value Problem of Calderdn, arXiv:1708.04759v2 (2017).

D. Paquin, D. Levy, E. Schreibmann and L. Xing, Multiscale image registration, Math. Biosci.
Eng. 3 (2006) 389-418.

D. Paquin, D. Levy and L. Xing, Hybrid multiscale landmark and deformable image regis-
tration, Math. Biosci. Eng. 4 (2007) 711-737.

D. Paquin, D. Levy and L. Xing, Multiscale deformable registration of noisy medical images,
Math. Biosci. Eng. 5 (2008) 125-144.

L. Risser, F.-X. Vialard, R. Wolz, D. D. Holm and D. Rueckert, Simultaneous fine and coarse
diffeomorphic registration: application to atrophy measurement in Alzheimer’s disease, in
T. Jiang, N. Navab, J. P. W. Pluim and M. A. Viergever eds., Medical Image Computing
and Computer-Assisted Intervention — MICCAI 2010, Proceedings Part II, Springer-Verlag,
Berlin, Heidelberg, 2010, pp. 610-617.

L. Risser, F.-X. Vialard, R. Wolz, M. Murgasova, D. D. Holm and D. Rueckert, Simultane-
ous Multi-scale Registration Using Large Deformation Diffeomorphic Metric Mapping, IEEE
Transaction on Medical Imaging 30 (2011) 1746-1759.

L. Rondi, On the regularization of the inverse conductivity problem with discontinuous con-
ductivities, Inverse Probl. Imaging 2 (2008) 397-409.

L. Rondi, Continuity properties of Neumann-to-Dirichlet maps with respect to the H-
convergence of the coefficient matrices, Inverse Problems 31 (2015) 045002 (24 pp).

L. Rondi, Discrete approximation and regularisation for the inverse conductivity problem,
Rend. Istit. Mat. Univ. Trieste 48 (2016) 315-352.

L. Rondi and F. Santosa, Enhanced electrical impedance tomography via the Mumford-Shah
functional, ESAIM Control Optim. Calc. Var. 6 (2001) 517-538.

S. Sommer, F. Lauze, M. Nielsen and X. Pennec, Kernel Bundle EPDiff: FEvolution Equa-
tions for Multi-scale Diffeomorphic Image Registration, in A. M. Bruckstein, B. M. ter Haar
Romeny, A. M. Bronstein and M. M. Bronstein eds., Scale Space and Variational Methods
in Computer Vision. SSVM 2011, Springer-Verlag, Berlin, Heidelberg, 2012, pp. 677—688.
S. Sommer, F. Lauze, M. Nielsen and X. Pennec, Sparse multi-scale diffeomorphic registra-
tion: the kernel bundle framework, J. Math. Imaging Vision 46 (2013) 292-308.

J. Sylvester, An anisotropic inverse boundary value problem, Comm. Pure Appl. Math. 43
(1990) 201-232.

J. Sylvester and G. Uhlmann, A global uniqueness theorem for an inverse boundary value
problem, Ann. of Math. (2) 125 (1987) 153-169.

E. Tadmor, S. Nezzar and L. Vese, A multiscale image representation using hierarchical
(BV, L?) decompositions, Multiscale Model. Simul. 2 (2004) 554-579.



MULTISCALE FOR IMAGE REGISTRATION AND INVERSE PROBLEMS 43

[43] A. Trouvé, Action de groupe de dimension infinie et reconnaissance de formes, C. R. Acad.
Sci. Paris Sér. I Math. 321 (1995) 1031-1034.

[44] A. Trouvé, Diffeomorphisms groups and pattern matching in image analysis, International
Journal of Computer Vision 28 (1998) 213-221.

[45] L. Younes, Shapes and Diffeomorphisms, Springer-Verlag, Berlin, 2010.

(K. Modin) MATHEMATICAL SCIENCES, CHALMERS AND UNIVERSITY OF GOTHENBURG, SWEDEN
E-mail address: klas.modin@chalmers.se

(A. Nachman) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, CANADA
E-mail address: nachman@math.toronto.edu

(L. Rondi) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI MILANO, ITALY
E-mail address: luca.rondi@unimi.it



	1. Introduction
	2. Background and main results
	2.1. A multiscale framework for nonlinear inverse problems (first version)
	2.2. A tighter multiscale construction for nonlinear problems
	2.3. The inverse problem of Calderón
	2.4. Multiscale algorithm for diffeomorphic image registration

	3. The general abstract results in a Banach setting
	3.1. The multiscale approach: general abstract results
	3.2. The (BV,L2) case: proof of Theorem 2.2 and related results

	4. The multiscale approach in a topological group setting
	4.1. The special case of a reflexive Banach space

	5. The multiscale approach for image registration
	6. The multiscale approach applied to the inverse conductivity problem
	Appendix A. Optimality of the abstract results
	A.1. The single-step regularization
	A.2. A counterexample

	References

