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We perform self-consistent Skyrme Hartree-Fock calculations with the Coulomb exchange functional using
the generalized gradient approximation (GGA). It is found that the Perdew-Burke-Ernzerhof GGA (PBE-GGA)
Coulomb exchange functional is able to reproduce the exact-Fock energy for nuclei in a wide region of the
nuclear chart with one adjustable parameter. The remaining error of the GGA Coulomb exchange energy with
respect to the exact-Fock energy dominantly comes from the functional-driven error.
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I. INTRODUCTION

Atomic nuclei are composed of protons and neutrons that
interact with one another through the nuclear and electro-
magnetic forces. Since it is much stronger than the elec-
tromagnetic force, the nuclear force mainly determines the
properties of atomic nuclei. Nevertheless, in specific studies
it is important to evaluate the electromagnetic contribution
to the properties of atomic nuclei; for example, for the mass
difference of mirror nuclei [1], the energy of the isobaric
analog state [2–4], the isospin symmetry breaking terms of
the nuclear force [5], and the superallowed Fermi β decay
[6,7]. Since the static electromagnetic force is well known and
mainly associated with the Coulomb contribution, in principle
it is possible to evaluate the contribution of electromagnetic
force for such phenomena with high accuracy.

The exchange term of a two-body interaction is character-
istic for fermionic systems. In nuclear physics, the Coulomb
exchange term is calculated in the exact form in some studies,
including nonrelativistic [8–12] and relativistic Hartree-Fock
calculations [13,14]. However, due to the numerical cost,
the Coulomb exchange energy density functional is usually
treated within the local density approximation (LDA) (i.e., the
Hartree-Fock-Slater approximation [15,16] and its relativistic
version [17–19]), or even neglected [20,21].

Recently it has been shown that Coulomb energy density
functionals built by using the generalized gradient approxima-
tion (GGA) give almost the same accuracy for the total energy
as the exact-Fock calculation [22], using the experimental
charge density distribution as the input of the functional. As
a step further, the corresponding self-consistent calculations
performed within the Skyrme Hartree-Fock theory, as well
as a quantitative discussion of the results, are highly desired.
Self-consistent calculations with the GGA Coulomb exchange
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functional have an advantage since the numerical cost of the
self-consistent calculation with the GGA Coulomb exchange
functional is O(N3), while that with the exact-Fock term is
O(N4) [23].

One of the relevant issues is the free parameter μ that
appears in the Perdew-Burke-Ernzerhof GGA (PBE-GGA)
Coulomb exchange functional, which will be defined in
Sec. II. As we discuss in detail below, the form of the PBE-
GGA functional was determined in order to satisfy several
physical conditions [24,25]. Two different values of μ have
been widely used in the studies of atoms [25] and solids [26],
respectively. In this paper, we carry out self-consistent Skyrme
Hartree-Fock calculations by using the PBE-GGA functional
instead of the exact-Fock term. Therefore, the optimal value
of μ and the applicability of our choice will be discussed in
detail.

This paper is organized in the following way: First, the the-
oretical framework and general discussion for the PBE-GGA
is given in Sec. II. Second, the calculation setup is explained in
Sec. III. The systematic calculations are shown and discussed
in Sec. IV A and a detailed analysis for 208Pb is provided
in Sec. IV B. Finally, the conclusions and perspectives of
this work are shown in Sec. V. The form of the potential
and the rearrangement term for the GGA Coulomb exchange
functional are shown in the appendix.

II. THEORETICAL FRAMEWORK

The LDA Coulomb exchange functional [15,16] is well
known under the name of Hartree-Fock-Slater approximation
and reads

ELDA
Cx [ρch] = −3

4

e2

4πε0

(
3

π

)1/3 ∫
[ρch(r)]4/3dr, (1)

where ρch is the charge density distribution. To go beyond the
LDA, the GGA Coulomb exchange functionals [25–27] have
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been proposed as

EPBE
Cx [ρch] = −3

4

e2

4πε0

(
3

π

)1/3 ∫
[ρch(r)]4/3F (s(r))dr, (2)

where F is the enhancement factor due to the density gradient.
Here, s denotes the dimensionless density gradient

s = |∇ρch|
2kFρch

, kF = (3π2ρch)1/3. (3)

In particular, the enhancement factor F in the PBE-GGA
Coulomb exchange functional is assumed to be [25]

F (s) = 1 + κ − κ

1 + μs2/κ
, (4)

in order to satisfy some physical conditions shown below [24].
Accordingly, the parameters κ and μ are determined to satisfy
the same conditions.

First, in the uniform density distribution, i.e., s = 0, the
PBE-GGA Coulomb exchange functional should correspond
to the LDA one. Thus,

F (0) = 1 (5)

is trivially required.
Second, the Coulomb exchange functional should satisfy

the Lieb-Oxford bound [28], that is an analytical inequality

ECx[ρch] � −1.679
∫

[ρch(r)]4/3dr, (6)

which is derived from the Hölder inequality in mathematics
[29]. To satisfy this condition, the parameter κ is determined
as κ = 0.804 for any value of μ.

Third, the PBE-GGA Coulomb exchange functional should
also satisfy the uniform scaling [30]

ECx[ζ 3ρch(ζ r)] = ζECx[ρch(r)], (7)

for any ζ , in order to satisfy the condition of the exchange
hole ∫

P‖(r, r + u)du = −1 (8)

for all r, where

P‖(r1, r2) = 1

N (N − 1)

∑
σ=↑,↓

ρσ (r1)
[
ρσ (r2) + ρσ

x (r1, r2)
]
,

(9)

ρσ (r) =
∑

j

|ψ jσ (r)|2, (10)

ρσ
x (r1, r2) = −

∣∣∑
j ψ

∗
jσ (r1)ψ jσ (r2)

∣∣2

ρσ (r1)
. (11)

Here, ψ jσ is the Kohn-Sham single-particle orbital of the
jth occupied state, σ is the spin coordinate, whereas σ =↑
and σ =↓ represent the spin-up and spin-down states, respec-
tively. The quantity defined in Eq. (9) is the normalized pair-
density probability of finding simultaneously two fermions at
r1 and r2 with spin σ . Consequently, the physical meaning of
Eq. (8) is related to the Pauli blocking [23,31].

Finally, at the slowly varying limit, i.e., s � 0, in order to
recover the LDA response function, the PBE-GGA Coulomb
functional represents the linear response of the homogeneous
electron gas as [24]

lim
s→0

F (s) = 1 + μs2, (12)

with μ = 0.21951. This μ can be understood as a coefficient
in the response function theory since it multiplies a term
proportional to the square of the gradient of the charge density
[24,32].

Combining Eqs. (5)–(7) and (12), the PBE-GGA enhance-
ment factor F is determined as in Eq. (4). The latter condition
(12) is not unique. The enhancement factor of the PBEsol-
GGA Coulomb exchange functional [26] is also determined to
satisfy the same conditions as the PBE-GGA one, while in the
limit s → 0 it holds μ = 0.1235 instead [32]. It is empirically
known that the PBEsol-GGA Coulomb functional reproduces
the electron structure of solids better than the PBE-GGA
functional.

This discussion can be applied to proton systems if protons
are assumed to be point particles since protons and elec-
trons share common properties from the point of view of
electromagnetic interaction. However, the value of μ cannot
be uniquely determined. Therefore, the coefficient μ can be
considered as a free parameter, while the coefficient κ is fixed.

III. CALCULATION SETUP

The LDA and PBE-GGA Coulomb exchange functionals
are used in the self-consistent Skyrme Hartree-Fock calcula-
tions [33], while for the nuclear part of the EDF the SAMi
parameter set [34] is used. Here, one should note that no refit
of the nuclear part of the EDF is needed due to the use of the
PBE-GGA functional for the Coulomb exchange term since
this term produces at most a difference of 1 MeV in the total
binding energy with respect to LDA. Therefore, the difference
does not deteriorate the quality of SAMi in the description
of bulk nuclear properties such as binding energies or charge
radii. In any case, the purpose of the present work is to demon-
strate the reliability and accuracy of the proposed local form
to calculate the Coulomb exchange energy and, therefore, we
will not concentrate on the comparison with experiment. In
this paper protons are treated as point particles as is usually
done, i.e., ρch = ρp, where ρch and ρp are the ground-state
charge and proton density distributions, respectively. Since the
PBE-GGA Coulomb exchange functional is written in terms
of the density, the form factor of nucleon could be considered
in the self-consistent steps, and this finite-size effect will be
considered as a future study.

For the numerical calculation, the SKYRME_RPA code [35]
is used. In this code, spherical symmetry is assumed and for
the present calculations, a box of 15 fm with a mesh of 0.1 fm
is used. There is no need of pairing correlations for the doubly
magic nuclei, while the pairing correlations are neglected in
open-shell nuclei. Although the pairing correlations might
be important for a detailed comparison to experiment, this
is not the aim of the present study. The purpose here is to
understand if our new local Coulomb functional can provide
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TABLE I. Coulomb exchange energies ECx for the doubly magic and semimagic nuclei calculated with the LDA and PBE-GGA Coulomb
exchange functionals are compared with the exact-Fock energies. Units are MeV. For the nuclear part of EDF, the SAMi functional [34] is
used.

Nucleus LDA Exact-Fock PBE-GGA (λ = 1.00) PBE-GGA (λ = 1.25) PBE-GGA (λ = 1.50)

4He −0.627 −0.732 −0.701 −0.712 −0.722
14O −2.866 −3.098 −3.051 −3.082 −3.109
16O −2.854 −3.088 −3.038 −3.067 −3.094
24O −2.770 −2.999 −2.946 −2.974 −2.999
40Ca −7.558 −7.980 −7.879 −7.933 −7.982
48Ca −7.458 −7.812 −7.774 −7.826 −7.873
100Sn −19.768 −20.429 −20.347 −20.446 −20.537
124Sn −19.001 −19.664 −19.558 −19.652 −19.738
132Sn −18.804 −19.446 −19.359 −19.452 −19.537
162Sn −17.873 −18.484 −18.398 −18.486 −18.566
208Pb −31.265 −32.090 −32.013 −32.140 −32.256
310126 −48.304 −49.305 −49.266 −49.432 −49.585

a satisfactory description of the exact Coulomb exchange
energy in the Skyrme Hartree-Fock calculations for finite
nuclei when calculated within the same conditions.

In the Skyrme Hartree-Fock calculations, the total energy
can be written in two ways. One way is

Egs = T0 + Enucl[ρp, ρn] + ECd[ρch] + ECx[ρch], (13)

where ρn is the ground-state neutron density distribution,
T0 is the kinetic energy, and Enucl, ECd, and ECx are nu-
clear, Coulomb direct, and Coulomb exchange functionals,
respectively. The other way is

Egs = 1

2

∑
j

(ε j + τ j ) + Erea, (14)

where ε j and τ j are the single-particle energy and single-
particle kinetic energy, respectively, and Erea is the energy
of the rearrangement term. In all of the present calculations,
we find (E2

tot − E1
tot )/E1

tot is of the order of 10−6, where E1
tot

and E2
tot are the total energies calculated by Eqs. (13) and

(14), respectively. Hence, the present numerical accuracy is
satisfactory [36].

IV. RESULTS AND DISCUSSION

A. Systematic calculations

The Coulomb exchange energies ECx for the doubly magic
nuclei calculated with the LDA and PBE-GGA Coulomb
exchange functionals are shown in Table I. For comparison,
the exact-Fock energies are also calculated, by using first-
order perturbation theory [12]. This is assumed to be accurate
enough for the purpose of the present discussion. To see
the difference between the LDA and PBE-GGA clearly, the
deviation of the Coulomb exchange energy ECx of PBE-GGA
from that of LDA, �ELDA

Cx , and the deviation from that of
exact-Fock �E exact

Cx ; that is,

�ELDA
Cx = ECx − ELDA

Cx

ECx
, �E exact

Cx = ECx − E exact
Cx

ECx
, (15)

are shown as a function of mass number A in Figs. 1(a)
and 1(b), respectively. Results calculated from the exact-Fock
and PBE-GGA are shown with squares and down triangles,
respectively. It is seen that in the light-mass region �ELDA

Cx is
larger than 10%, while in the medium-heavy- and heavy-mass
regions �ELDA

Cx decreases gradually with A. This is because
the ratio of the surface region to the volume region in the light
nuclei is larger than that in the medium-heavy or heavy nuclei,
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FIG. 1. (a) The deviation of the Coulomb exchange energy ECx

obtained with PBE-GGA from that obtained within LDA, �ELDA
Cx ;

(b) the same deviation but with respect to exact-Fock, �E exact
Cx . Both

quantities are displayed as a function of A for doubly magic nuclei.
For the nuclear part of the EDF, the SAMi functional [34] is used.
Results calculated using PBE-GGA with λ = 1.00, 1.25, and 1.50
are shown with down triangles, circles, and up triangles, respectively.
For comparison, the exact-Fock results are shown with squares.
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FIG. 2. The same as Fig. 1 but for the O, Ca, and Sn isotopes.

as discussed in Ref. [22]. From light nuclei to heavy nuclei,
the PBE-GGA results show similar behavior as the exact-Fock
results.

However, it is also seen that the absolute values of the
PBE-GGA Coulomb exchange energies are slightly smaller
than those of the exact-Fock energy, systematically. To im-
prove this, the free parameter of the PBE-GGA Coulomb
exchange functional, μ, is multiplied by a factor λ. Accord-
ing to Eq. (12), larger values of λ give larger enhancement
factors F . The Coulomb exchange energies ECx calculated
with λ = 1.25 and 1.50 are shown in Table I, while the
corresponding deviations �ELDA

Cx and �E exact
Cx defined by

Eq. (15) are shown with circles and up triangles, respectively,
in Fig. 1. It is found that, in the light-mass region, in order
to reproduce the exact-Fock results, λ = 1.50 or more is
required, while in the medium-heavy- and heavy-mass regions
λ = 1.25 reproduces well the exact-Fock results. The PBE-
GGA result with λ = 1.00 reproduces the exact-Fock result
in the case of the superheavy nucleus 310126. The behavior
in Fig. 1 has also been determined for other Skyrme func-
tionals (e.g., SLy5), showing a negligible dependence on the
parametrization used.

By comparing the results of 40Ca and 48Ca, one may
establish whether the factor λ has an isospin dependence,
i.e., dependence on (N − Z )/A. To see the difference between
the LDA and the PBE-GGA results along isotopic chains,
�ELDA

Cx and �E exact
Cx for the O, Ca, and Sn isotopes are shown

as a function of A in Figs. 2(a) and 2(b), respectively. As
shown in Fig. 2, the PBE-GGA with λ = 1.50 reproduces
the exact-Fock results for all O isotopes, and the PBE-GGA
with λ = 1.25 reproduces the exact-Fock results for all Sn
isotopes. For Ca isotopes, λ = 1.50 works well in 40Ca, while
λ = 1.25 works well in 48Ca. Therefore, we cannot draw a
firm conclusion on Ca isotopes and on the isospin dependence

of λ. We should remind that other open questions exist for
Ca isotopes: for instance, the charge radius of 48Ca is smaller
than that of 40Ca [37], whereas a nucleus with the larger mass
number has a larger charge radius in most isotopic chains.

Furthermore, in light nuclei, many properties are more
sensitive to the shell structure, and thus even λ may be more
sensitive to A and Z . In contrast, in medium-heavy and heavy
nuclei the sensitivity to the shell structure is less pronounced.
As a conclusion, λ does not seem to have an obvious isospin
dependence, and λ = 1.25 reproduces the exact-Fock calcula-
tion well in a wide region of the nuclear chart.

It should be noted that the PBE-GGA Coulomb poten-
tial is a local potential, and thus the numerical cost of the
self-consistent calculation is O(N3), while the exact-Fock
Coulomb potential is a nonlocal potential and thus the nu-
merical cost is O(N4). Hence, the self-consistent calculations
using the PBE-GGA functional with λ = 1.25 have a lower
numerical cost and almost the same accuracy as the exact-
Fock calculation.

Before ending this section, let us stress a difference be-
tween electronic systems and nuclei. In DFT, ideally, the
total Coulomb energy, i.e., the sum of the Coulomb direct,
exchange, and correlation energies, has a physical meaning
while the same cannot be said of each separate contribution
to the energy. However, since the contribution of Coulomb
correlations to EDFs are not considered, usually, in nuclear
physics, the Coulomb exchange term of the EDF discussed
here should be required to reproduce the exact-Fock energy.
In contrast, in electron systems, the Coulomb exchange part of
the EDF is not supposed to reproduce the exact-Fock energy.
Instead, the exchange and correlation terms of EDFs, together,
ought to reproduce the total energy. Therefore, the roles of
the exchange term of EDFs are slightly different in the two
cases. Accordingly, the value of λ is different from one, yet it
is expected to be of the same order.

B. Detailed analysis for 208Pb

To understand in more detail, the ground-state properties
of 208Pb influenced by the Coulomb interaction will be dis-
cussed. In this section, λ = 1.25 is used for the PBE-GGA
Coulomb exchange functional.

The LDA and PBE-GGA Coulomb exchange potentials
VCx, after convergence, are shown as a function of r by means
of long-dashed and solid lines, respectively, in Fig. 3(a).
To see clearly the difference between the results calculated
by the PBE-GGA Coulomb exchange functional and those
calculated within LDA, the deviation of the PBE-GGA and
LDA Coulomb exchange potential; namely,

�VCx = V GGA
Cx − V LDA

Cx

V GGA
Cx

, (16)

and the same relative deviation for the total Coulomb po-
tential, �VC, are shown in Figs. 3(b) and 3(c), respectively.
It is seen that the deviation between the PBE-GGA and
LDA Coulomb exchange energy is significant; in particular,
it becomes −30% in the surface region and 40% in the
tail region. The dip in the surface region is because of the
derivative of ρp, while the asymptotic behavior in the tail
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FIG. 3. (a) The LDA (long-dashed line) and PBE-GGA (solid
line) Coulomb exchange potentials VCx as a function of r. (b) The
deviation of the PBE-GGA and LDA Coulomb exchange potential
�VCx as a function of r. (c) The same as panel (b) but for the total
Coulomb potential �VC.

region is due to the saturation of the enhancement factor
F as s increases. However, the Coulomb exchange potential
is quite weak compared with the Coulomb direct potential.
Thus, although the deviation is non-negligible for Coulomb
exchange potential, that for the total Coulomb potential is less
than 0.5%.

The deviation between the density calculated using the
PBE-GGA Coulomb exchange functional and the LDA
functional,

�ρτ = ρGGA
τ − ρLDA

τ

ρGGA
τ

(τ = p, n), (17)

is shown as a function of r in Figs. 4 and 5, respectively.
The proton densities calculated by employing the LDA and
GGA approaches are identical within 0.5%, and the neutron
density within 0.1%. Since the Coulomb potential VC affects
the proton single-particle orbitals and thus the density ρp

directly, the absolute value of �ρp is of the same order as
�VC, and thus the 0.5% accuracy corresponds to that on �VC.
In contrast, since the Coulomb functional does not affect the
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FIG. 4. (a) Proton density distribution ρp for 208Pb as a function
of r, where the results calculated from the LDA and PBE-GGA are
shown by means of long-dashed and solid lines, respectively. (b)
Deviation of the density from PBE-GGA with respect to that from
LDA, �ρp, as a function of r.

neutron density directly, neutrons are affected through the
change of the proton distribution caused by �VC indirectly,
and as a result, the absolute value of �ρn is one order of
magnitude smaller than �ρp. Even though they are tiny,
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FIG. 5. The same as Fig. 4 but for neutron density distribution ρn

and the corresponding deviation �ρn.
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TABLE II. Single-particle energies for protons in 208Pb calcu-
lated from the LDA and PBE-GGA Coulomb exchange function-
als. Those from the exact-Fock calculation [12] are also shown.
Units are MeV.

Orbital Exact-Fock [12] LDA GGA (λ = 1.25)

1s1/2 −45.501 −44.980 −44.983
1p3/2 −39.863 −39.387 −39.390
1p1/2 −39.574 −39.107 −39.111
1d5/2 −32.903 −32.482 −32.485
1d3/2 −32.209 −31.815 −31.817
2s1/2 −28.899 −28.509 −28.507
1 f7/2 −25.045 −24.692 −24.693
1 f5/2 −23.648 −23.353 −23.353
2p3/2 −19.702 −19.411 −19.406
2p1/2 −18.906 −18.626 −18.621
1g9/2 −16.605 −16.338 −16.336
1g7/2 −14.175 −14.019 −14.017
2d5/2 −10.411 −10.255 −10.246
2d3/2 −8.897 −8.846 −8.837
3s1/2 −7.813 −7.673 −7.660
1h11/2 −7.802 −7.663 −7.658

both �ρp and �ρn are negative in the surface region, as the
PBE-GGA Coulomb potential is larger than the LDA one
there. Moreover, since the LDA and PBE-GGA Coulomb
exchange functionals give very similar proton densities ρp,
the difference of the two Coulomb exchange potential �VCx

comes from the enhancement factor rather than from the
difference of the densities.

The single-particle energies ε j for protons in 208Pb cal-
culated using either the LDA or the PBE-GGA Coulomb
exchange functional are shown in Table II. Those from the
exact-Fock term [12] are also shown. Since the Coulomb
potential changes quite a little as shown in Fig. 3(c), the
single-particle energies also change quite a little. The differ-
ences in ε j calculated either within LDA or PBE-GGA are less
than 10 keV, while the differences between those calculated
either within LDA or by using exact-Fock term are more
than 100 keV. Even though the PBE-GGA Coulomb exchange
functional does not change the single-particle energies ε j , the
exchange Coulomb energy ECx in the PBE-GGA is almost
the same as the exact-Fock energy. To understand the reason,
the exchange Coulomb energy ECx, the total energy per parti-
cle Etot/A, the sum of the single-particle energies and kinetic
energies per particle

∑
j (ε j + τ j )/2A, and the rearrangement

term of the total energy per particle Erea/A for 208Pb are
shown in Table III. The total energy is calculated by means of
Eq. (14). It is seen that both the total energy and the Coulomb
exchange energy are almost the same when comparing the
exact-Fock and the PBE-GGA (differences are 0.001 and
0.05 MeV, respectively), and they differ more with respect to
LDA. However,

∑
j (ε j + τ j )/2A and Erea/A are more similar

when comparing PBE-GGA and LDA than when comparing
PBE-GGA and LDA. In other words, nontrivial cancellations
are at work.

TABLE III. The exchange Coulomb energy ECx, the total energy
per particle Etot/A, the sum of the single-particle energies and kinetic
energies per particle

∑
j (ε j + τ j )/2A, and the rearrangement term

of the energy per particle Erea/A. All values correspond to 208Pb and
units are MeV.

Exact-Fock LDA GGA (λ = 1.25)

ECx −32.090 −31.265 −32.140
Etot/A −7.872 −7.868 −7.873∑

j (ε j + τ j )/2A −2.225 −2.171 −2.169
Erea/A −5.647 −5.697 −5.703

V. CONCLUSIONS AND PERSPECTIVES

In this paper, we have applied the PBE-GGA Coulomb ex-
change functional to the self-consistent Skyrme Hartree-Fock
calculations for atomic nuclei. To reproduce the exact-Fock
energy, one of the PBE-GGA parameters μ is changed to λμ.
It is found that λ = 1.25 is the most suitable value for nuclei in
a wide region of the nuclear chart; λ does not have an obvious
isospin dependence, although there are some open questions
for the behavior of the Ca isotopes and for the suitable values
for the light- or superheavy nuclei. It should be emphasized
that the numerical cost of the self-consistent calculations with
the PBE-GGA exchange functional is O(N3), whereas that
with the exact-Fock term is O(N4).

For the Coulomb exchange energy, it is found that the de-
viation between the PBE-GGA and the LDA results, �ELDA

Cx ,
ranges from around 12% in 4He to 2% in 310126. This behav-
ior is similar to �ELDA

Cx for the exact-Fock. Compared with the
exact-Fock calculation, the deviation between the PBE-GGA
and the exact-Fock results, �E exact

Cx , ranges from −3% in 4He
to less than 1% in 310126, which means the PBE-GGA with
λ = 1.25 reproduces the exact-Fock energy within ≈100 keV
accuracy. In contrast, it is found that the proton and neutron
density distributions and the single-particle energies calcu-
lated within PBE-GGA give almost the same results as those
calculated within LDA since the Coulomb potential changes
quite a little from LDA to PBE-GGA. It has been shown that
the Coulomb exchange energy in the PBE-GGA reproduces
the exact-Fock energy due to the effect of the rearrangement
term Erea, not only for 208Pb but also for the other nuclei,
although we have not shown the details explicitly.

It is known that the error of the total Coulomb energy
can be separable into two parts: the density-driven error and
functional-driven error [38]. The latter comes from the differ-
ence between the “exact” functional E [ρgs] and the “approxi-
mated” functional Ẽ [ρgs], and the former is the remaining part
and comes from the difference between the exact ground-state
density ρgs and the calculated ground-state density ρ̃gs. For
the Coulomb exchange functional, between the LDA and the
PBE-GGA, the calculated ground-state densities are almost
the same, and the exact-Fock energy can be calculated by
means of first-order perturbation theory. Thus, the difference
between the PBE-GGA energy and the exact-Fock one domi-
nantly comes from the functional-driven error.
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The finite-size effect of protons is an interesting topic.
Since electrons are elementary particles and do not have a
finite radius, charge distributions and electron distributions are
identical to each other in electron systems. In contrast, since
protons have a finite radius [39], charge distributions ρch and
proton distributions ρp differ from each other. Even though the
self-consistent calculations of the DFT or Hartree-Fock type
for nuclear structure usually do not consider this difference, it
is known that the finite-size effect of protons is not negligible,
e.g., in the study of the energy of the Isobaric Analog State [4].
One more essential point is that it is difficult to consider the
form factor of protons for the finite-size effect in the exact-
Fock term as the single-particle wave functions are used. In
contrast, one is able to consider this effect in the PBE-GGA
Coulomb exchange functional since the functional is written
only in terms of the density.

A more challenging topic for future work is the Coulomb
correlation part of EDFs for nuclear systems. In electron sys-
tems, Coulomb correlations have been discussed for decades.
However, these functionals are not applicable to nuclear sys-
tems [22]. This is because the correlation energy in nuclear
systems is mainly caused by the attractive nuclear interac-
tion, whereas that in electron systems is mainly caused by
the repulsive Coulomb interaction, and thus, the Coulomb
correlation energy in nuclear systems have the opposite sign
with respect to the electron systems [22,40,41]. Therefore, to
investigate the Coulomb correlation EDFs for nuclear systems
is a very important topic for nuclear systems in the future.
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APPENDIX: POTENTIAL AND REARRANGEMENT TERM
IN GENERALIZED GRADIENT APPROXIMATION

In the self-consistent calculation, a potential form of the
Coulomb exchange functional is required. Since the LDA
Coulomb exchange functional is

ELDA
Cx [ρ] = −3

4

e2

4πε0

(
3

π

)1/3 ∫
[ρ(r)]4/3dr, (A1)

the LDA Coulomb exchange potential is

V LDA
Cx (r) = δELDA

Cx [ρ(r)]

δρ(r)

= εLDA
Cx (ρ) + ρ(r)

∂εLDA
Cx (ρ)

∂ρ

= − e2

4πε0

(
3

π

)1/3

[ρ(r)]1/3, (A2)

where εLDA
Cx is the exchange energy density

εLDA
Cx (ρ) = −3

4

e2

4πε0

(
3

π

)1/3

ρ1/3. (A3)

To go beyond the LDA, the GGA Coulomb exchange func-
tional and energy density are

EGGA
Cx [ρ] = −3

4

e2

4πε0

(
3

π

)1/3 ∫
[ρ(r)]4/3F (s(r))dr, (A4)

εGGA
Cx (ρ) = −3

4

e2

4πε0

(
3

π

)1/3

ρ1/3F (s), (A5)

respectively. Thus, the GGA Coulomb exchange potential
is [42]

V GGA
Cx (r) = δEGGA

Cx [ρ(r)]

δρ(r)
= εGGA

Cx (ρ) + ρ
∂εGGA

Cx (ρ)

∂ρ
− ∇ ·

(
ρ

∂εGGA
Cx (ρ)

∂∇ρ

)

= V LDA
Cx (r)F (s) + 3

4
V LDA

Cx (r)

(∇ρ · ∇|∇ρ|
2kF|∇ρ|2 − 4

3
s − 1

2kF

∇2ρ

|∇ρ|
)

dF (s)

ds
− 3

4
V LDA

Cx (r)

( ∇ρ · ∇|∇ρ|
(2kF)2ρ|∇ρ| − 4

3
s2

)
d2F (s)

ds2
,

(A6)

where the enhancement factors F for the PBE-GGA Coulomb exchange functional [25] for λ = 1.00, 1.25, and 1.50 as functions
of s are shown in dot-dashed, solid, and dashed lines, respectively, in Fig. 6. The GGA Coulomb exchange potential shown in
Eq. (A6) is applicable for general GGA Coulomb exchange functionals, including the PBE-GGA Coulomb exchange functionals.
Under the assumption of spherical symmetry, Eq. (A6) is simplified as

V GGA
Cx (r) = V LDA

Cx (r)

[
F (s) −

(
s + 3

4

1

kFr

)
dF

ds
+

(
s2 − 3

4

ρ ′′

4ρk2
F

)
d2F

ds2

]
, (A7)

where ρ ′′ = d2ρ(r)/dr2.
Next, the total energy is considered. On the one hand, in the original DFT, the total energy is written as [23]

Egs =
∑

j

ε j + Exc[ρgs] −
∫

Vxc(r)ρgs(r)dr + 1

2

∫∫
Vint(r, r′)ρgs(r)ρgs(r′)drdr′, (A8)
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FIG. 6. Enhancement factors F for the PBE-GGA [25] for λ =
1.00, 1.25, and 1.50 as functions of s are shown by dot-dashed, solid,
and dashed lines, respectively.

where Vint is the two-body interaction, Exc is the exchange-
correlation functional, which shows the exchange energy and
the remaining part of the total energy, and Vxc is the exchange-
correlation potential defined as Vxc = δExc/δρ|ρ=ρgs . On the
other hand, in the Skyrme Hartree-Fock calculation, the total
energy reads

Egs = 1

2

∑
j

(ε j + τ j ) + Erea, (A9)

where ε j and τ j are the single-particle energy and the single-
particle kinetic energy, respectively, and Erea is the rearrange-
ment term [33]. The two expressions for the total energy given
by Eqs. (A8) and (A9) should be identical to each other. Since
the single-particle Kohn-Sham Hamiltonian is

ĥ = t̂ + Vxc(r) +
∫

Vint(r, r′)ρgs(r′)dr′, (A10)

where t̂ is the single-particle kinetic operator, the equation
∑

j

(ε j − τ j ) =
∫

Vxc(r)ρgs(r)dr

+
∫∫

Vint(r, r′)ρgs(r)ρgs(r′)drdr′ (A11)

follows, and therefore Eq. (A8) reads

Egs = 1

2

∑
j

(ε j + τ j ) + Exc[ρgs] − 1

2

∫
Vxc(r)ρgs(r)dr.

(A12)

As compared with Eq. (A9), the rearrangement term is

Erea = Exc[ρgs] − 1

2

∫
Vxc(r)ρgs(r)dr. (A13)
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