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Abstract: Ultrafunctions are a particular class of generalized functions defined on a hyperreal field R* > R
that allow to solve variational problems with no classical solutions. We recall the construction of ultra-
functions and we study the relationships between these generalized solutions and classical minimizing
sequences. Finally, we study some examples to highlight the potential of this approach.
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1 Introduction

It is nowadays very well known that, in many circumstances, the needs of a theory require the introduction
of generalized functions. Among people working in partial differential equations, the theory of distributions
of L. Schwartz is the most commonly used, but other notions of generalized functions have been introduced,
e.g. by J.F. Colombeau [15] and M. Sato [21, 22]. Many notions of generalized functions are based on non-
Archimedean mathematics, namely mathematics handling infinite and/or infinitesimal quantities. Such an
approach presents several positive features, the main probably being the possibility of treating distribu-
tions as non-Archimedean set-theoretical functions (under the limitations imposed by Schwartz’ result). This
allows to easily introduce nonlinear concepts, such as products, into distribution theory. Moreover, a theory
which includes infinitesimals and infinite quantities makes it possible to easily construct new models, allow-
ing in this way to study several problems which are difficult even to formalize in classical mathematics. This
has led to applications in various field, including several topics in analysis, geometry and mathematical
physic (see e.g. [17, 19] for an overview in the case of Colombeau functions and their recent extension, called
generalized smooth functions).

In this paper we deal with ultrafunctions, which are a kind of generalized functions that have been
introduced recently in [1] and developed in [2, 4-11].

Ultrafunctions are a particular case of non-Archimedean generalized functions that are based on the
hyperreal field R*, namely the numerical field on which nonstandard analysis is based. (We refer to Keisler
[16] for a very clear exposition of nonstandard analysis.) No prior knowledge of nonstandard analysis is
requested to read this paper: we will introduce all the nonstandard notions that we need via a new notion of
limit, called A-limit (see [10] for a complete introduction to this notion and its relationships with the usual
nonstandard analysis). The main peculiarity of this notion of limit is that it allows us to make a very limited
use of formal logic, in contrast with most usual nonstandard analysis introductions.
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Apart from being framed in a non-Archimedean setting, ultrafunctions have other peculiar properties
that will be introduced and used in the following:

« every ultrafunction can be split uniquely (in a sense that will be precised in Section 3.2) as the sum of

a classical function and a purely non-Archimedean part;

» ultrafunctions extend distributions, in the sense that every distribution can be identified with an ultra-
function; in particular, this allows to perform nonlinear operations with distributions;
« although being generalized functions, ultrafunctions share many properties of ! functions, like e.g.

Gauss’ divergence theorem.

Our goal is to introduce all the aforementioned properties of ultrafunctions, so to be able to explain
how they can be used to solve certain classical problems that do not have classical solutions; in particu-
lar, we will concentrate on singular problems arising in calculus of variations and in relevant applications
(see e.g. [17] and references therein for other approaches to these problems based on different notions of
generalized functions).

The paper is organized as follows: in Section 2, we introduce the notion of A-limit, and we explain how
to use it to construct all the non-Archimedean tools that are needed in the rest of the paper, in particular, how
to construct the non-Archimedean field extension R* of R and what the notion of “hyperfinite” means. In
Section 3 we define ultrafunctions, and we explain how to extend derivatives and integrals to them. All the
properties of ultrafunctions needed later on are introduced in this section: we show how to split an ultrafunc-
tion as the sum of a standard and a purely non-Archimedean part, how to extend Gauss’ divergence theorem
and how to identify distributions with certain ultrafunctions. In Section 4, we present the main results of
the paper, namely, we show that a very large class of classical problems admits generalized ultrafunction
solutions. We study the main properties of these generalized solutions, concentrating in particular on the
relationships between ultrafunction solutions and classical minimizing sequences for variational problems.
Finally, in Section 5, we present two examples of applications of our methods: the first is the study of a vari-
ational problem related to the sign-perturbation of potentials, the second is a singular variation problem
related to sign-changing boundary conditions.

The first part of this paper contains some overlap with other papers on ultrafunctions, but this fact is
necessary to make it self-contained and to make the reader comfortable with it.

1.1 Notations

If X is a set and Q is a subset of RY, then

o P(X) denotes the power set of X and Psy(X) denotes the family of finite subsets of X;

e F(X,Y) denotes the set of all functions from X to Y and §(Q) = F(Q, R);

«  C(Q) denotes the set of continuous functions defined on Q ¢ RY;

«  k(Q) denotes the set of functions defined on Q ¢ RN which have continuous derivatives up to the order
k (sometimes we will use the notation ¥°(Q) instead of ' (Q));

. H*P(Q) denotes the usual Sobolev space of functions defined on Q ¢ RV;

o if W(Q) is any function space, then W.(Q) will denote the function space of functions in W(Q) having
compact support;

e Co(QUE),E coQ, denotes the set of continuous functions in C(Q U £) which vanish for x € E;

«  D(Q) denotes the set of the infinitely differentiable functions with compact support defined on Q c RY;
D'(Q) denotes the topological dual of D(Q), namely the set of distributions on Q;

o if A c Xisaset, then y4 denotes the characteristic function of A;

o supp(f) = supp*(f) where supp is the usual notion of support of a function or a distribution;

o mon(x) = {y € RN)* : x ~ y}, where x ~ y means that x — y is infinitesimal;

o V2€x ¢ X means “for almost every x € X”;

o« ifa, b € R*, then
- J[a,b]lrpr ={x e R*:a<x<b},
- (a,b)pr ={x e R*:a<x< b}
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. if Wis a generic function space, its topological dual will be denoted by W’ and the pairing by (-, - Y w;
o if Eis any set, then |E| will denote its cardinality.

2 A-theory

In this section, we present the basic notions of Non-Archimedean Mathematics (sometimes abbreviated
as NAM) and of Nonstandard Analysis (sometimes abbreviated as NSA) following a method inspired by [3]
(see also [1] and [4]). When we talk about NSA, we mean the NSA in the sense of Robinson (see [20]), and not
the internal set theory developed by Nelson in [18].

2.1 Non-Archimedean fields

Here, we recall the basic definitions and facts regarding non-Archimedean fields. In the following, K will
denote a totally ordered infinite field. We recall that such a field contains (a copy of) the rational numbers.
Its elements will be called numbers.

Definition 2.1. Let K be an ordered field. Let ¢ € K. We say that

«  ¢is infinitesimal if, for all positive n € N, |£] < 1;

o {¢isfinite if there exists n € IN such that |¢] < n;

o {isinfiniteif, for all n € N, |¢] > n (equivalently, if ¢ is not finite).

Definition 2.2. An ordered field K is called non-Archimedean if it contains an infinitesimal & # O.

It is easily seen that infinitesimal numbers are actually finite, that the inverse of an infinite number is
a nonzero infinitesimal number, and that the inverse of a nonzero infinitesimal number is infinite.

Definition 2.3. A superreal field is an ordered field K that properly extends IR.

It is easy to show, due to the completeness of R, that there are nonzero infinitesimal numbers and infinite
numbers in any superreal field. Infinitesimal numbers can be used to formalize a new notion of closeness,
according to the following:

Definition 2.4. We say that two numbers &, { € K are infinitely close if & — ( is infinitesimal. In this case, we
write & ~ (.

Clearly, the relation ~ of infinite closeness is an equivalence relation and we have the following:

Theorem 2.5. If K is a totally ordered superreal field, every finite number & € K is infinitely close to a unique
real number r ~ &, called the standard part of &.

Given a finite number £, we denote its standard part by st(), and we put st(§) = +oco if £ € K is a positive
(negative) infinite number. In Definition 2.16, we will see how the notion of standard part can be generalized
to any Hausdorff topological space.

Definition 2.6. Let K be a superreal field and ¢ € K a number. The monad of ¢ is the set of all numbers that
are infinitely close to it,

mon(&) :={{ e K: &~ ().

2.2 The A-limit

Let U be an infinite set of cardinality bigger than the continuum, and let £ = %4, (U) be the family of finite
subsets of U.
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Notice that (£, <) is a directed set. We add to £ a point at infinity A ¢ £, and we define the following family
of neighborhoods of A:
{{AtuQ:Qeul,

where U is a fine ultrafilter on £, namely a filter such that

o foreveryA,Bc £,ifAuB=¢,thenA € UorB e U;

o foreveryAe £, theset QA) :={peL:Ac u}ell.

We will refer to the elements of U as qualified sets. A function ¢ : £ — E, defined on a directed set E, is called
net (with values in E). If ¢(A) is a real net, we have that

li AN =L
AE}}\ o)
if, and only if, for every € > 0, there exists Q € U such that [¢(A) — L] < e forall A € Q.

As usual, if a property P(A) is satisfied by any A in a neighborhood of A, we will say that it is eventually
satisfied.

Proposition 2.7. If the net ¢(A) takes values in a compact set K, then it is a converging net.

Proof. Suppose that the net ¢(A) has a converging subnet to L € R. We fix € > 0 arbitrarily, and we have to
prove that Q. € U, where
Qe={Ael:lp)-L|<¢el

We argue indirectly, and we assume that Q, ¢ U. Then, by the definition of ultrafilter, N = £\ Q; € U, and
hence,
lp(A) —L| >¢ forallAeN.

This contradicts the fact that ¢, has a subnet which converges to L. O
Proposition 2.8. Assume that ¢: £ — E, where E is a first countable topological space; then if

li A) = Xxo,

Jm P(A) = xo
there exists a sequence {A} in £ such that

nh—>ngo o(An) = xp.
We refer to the sequence @, := @(A,) as a subnet of @(A).
Proof. Let {A, : n € N} be a countable basis of open neighborhoods of x. For every n € IN, the set
Ii:={1e L:pQ) e Ay}

is qualified. Hence, J, := ﬂjsn I # 0. Let A, € J,. Then the sequence {A,}en has trivially the desired property:
for every n € IN, for every m > n, we have that ¢(A,;) € A,. O

Example 2.9. Let ¢: £ — V be a net with values in a bounded subset of a reflexive Banach space equipped
with the weak topology; then
=1 A
v = lim p(A)
is uniquely defined, and there exists a sequence n — ¢(A,) which converges to v.

Definition 2.10. The set of the hyperreal numbers R* > R is a set equipped with a topology 7 such that

o everynet ¢: £ — R has a unique limit in R*, if £ and R* are equipped with the A and the 1 topology,
respectively;

« IR*is the closure of R with respect to the topology 7;

o 7 is the coarsest topology which satisfies the first property.

The existence of such R* is a well-known fact in NSA. The limit £ € R* of anet ¢: £ — R with respect to the
T topology, following [1], is called the A-limit of ¢, and the following notation will be used:

&= 1}5\1 p); (2.1)

Brought to you by | Universita degli Studi di Milano
Authenticated
Download Date | 6/20/19 8:20 AM



128 —— V.Bendi, L. Luperi Baglini and M. Squassina, Generalized solutions of PDEs and applications DE GRUYTER

namely, we shall use the up-arrow “1” to remind that the target space is equipped with the topology 1. Given
=1 =1
¢ bim e, n i YA,
we set
E+mi= &i&l((p(/\) +P)), (2.2)
-n:=li A)-Y)). 2.
§-1 :=lim(p() - h(1)) (2.3)
Then the following well-known theorem holds:

Theorem 2.11. The definitions (2.2) and (2.3) are well posed and R*, equipped with these operations, is a non-
Archimedean field.

Remark 2.12. We observe that the field of hyperreal numbers is defined as a sort of completion of real num-
bers. In fact, R* is isomorphic to the ultrapower R*/J, where J = {¢: £ — R | ¢(A) = 0 eventually}. The iso-
morphism resembles the classical one between real numbers and equivalence classes of Cauchy sequences.
This method is surely known to the reader for the construction of the real numbers starting from the rationals.

2.3 Natural extension of sets and functions

To develop applications, we need to extend the notion of A-limit to sets and functions (but also to differen-
tial and integral operators). This will allow to enlarge the notions of variational problem and of variational
solution.
A-limits of bounded nets of mathematical objects in V,(R) can be defined by induction (a net ¢: £ —
Voo (R) is called bounded, if there exists n € N such that, for all A € £, ¢(A) € V,(R)). To do this, consider
anet
@: £ — Vp(R). (2.4)

Definition 2.13. For n = 0, limyya @(A) is defined by (2.1); so by induction, we may assume that the limit is
defined for n — 1, and we define it for the net (2.4) as follows:

lim @A) = {limyY(A) : P: £ — V1 (R), foralld e £, P(A) € p(V)}.
ATA ATA
A mathematical entity (number, set, function or relation) which is the A-limit of a net is called internal.
Definition 2.14. IfforallA € £, Ey = E € Vo (R), we setlimyja Ex = E*, namely
E* :={li A) : P(A) € E};
{limp(A) : p(A) € E}
E* is called the natural extension of E.

Notice that, while the A-limit of a constant sequence of numbers gives this number itself, a constant sequence
of sets gives a larger set, namely E*. In general, the inclusion E ¢ E* is proper.
Given any set E, we can associate to it two sets: its natural extension E* and the set E?, where

E°:={X*:X € E}. (2.5)
Clearly E? is a copy of E; however, it might be different as set since, in general, X* # X.
Remark 2.15. If ¢: £ — X is a net with value in a topological space, we have the usual limit
li A
AE}}\ o)
which, by Proposition 2.7, always exists in the Alexandrov compactification X U {oo}. Moreover, we have the

A-limit, that always exists and it is an element of X*. In addition, the A-limit of a net is in X if, and only if,
@ is eventually constant. If X = R, and both limits exist, then

lim (1) = st(lim (). (2.6)
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The above equation suggests the following definition.

Definition 2.16. If X is topological space equipped with a Hausdorff topology, and ¢ € X*, we set
= 1.
Stx(&) lim o),
if thereis anet ¢ : £ — X converging in the topology of X, and such that
= 1.
4 bim @A),
and Stx(¢) = co otherwise.
By the above definition, we have that
li A) = Stx(li N).
lim p(4) x(AlTrR ®(A))
Definition 2.17. Let
fitEx—> R, A€k,
be a net of functions. We define a function
: (limE R*
fi( lim 1) —
as follows: for every & € (limp1p Ep), we set
=1 A),
ft§) ;g\lf/\(l,b( )
where 1(A) is a net of numbers such that
E li A) =&
Y(A) € Ex and lim YA) =&
A function which is a A-limit is called internal. In particular, if, forall A € £,

fa=f, f:E—-R,

we set
* =1limfy;

f*: E* — R* is called the natural extension of f. As expected, the natural extension of functions is a partic-
ular case of the extension of sets: in fact, if we identify f with its graph, then f* is the graph of its natural
extension.

2.4 Hyperfinite sets and hyperfinite sums
Definition 2.18. An internal set is called hyperfinite, if it is the A-limit of anet ¢: £ — F, where § is a family
of finite sets.
For example, if E € V(R), the set
E =lim(ANnE)
ATA

is hyperfinite. Notice that E° c E c E*. So we can say that every standard set is contained in a hyperfinite set.
It is possible to add the elements of a hyperfinite set of numbers (or vectors) as follows: let

A :=1imA,
ATA
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be a hyperfinite set of numbers (or vectors); then the hyperfinite sum of the elements of A is defined in the

following way:
=1i .
2 a=lim ) a

acA ach,

In particular, if Ay = {a1(A), ..., agpy (D)} with B(A) € N, then setting
=1li A) € N¥,
B bim BA) €

we use the notation

3 Ultrafunctions

3.1 Definition of ultrafunctions

We start by introducing the notion of hyperfinite grid.
Definition 3.1. A hyperfinite set I' such that RN ¢ T ¢ (RV)* is called hyperfinite grid.

From now on, we assume that I' has been fixed once forever. Notice that, by definition, RN c T, and the
following two simple (but useful) properties of I can be easily proven via A-limits:

« forevery x € RY there exists y € I' N mon(x) so that x # r;

« there exists a hyperreal number p ~ 0, p > 0, such that d(x, y) > p forevery x,y e T, x # y.

Definition 3.2. A space of grid functions is a family &(RR") of internal functions
u:T - R*

defined on a hyperfinite grid T. If E ¢ RY, then &(E) will denote the restriction of the grid functions to the
set E* nT.

Let E be any set in RV. To every internal function u € F(E)*, it is possible to associate a grid function by the
“restriction” map
"1 S(E)" — B(E) G.1)
defined as follows:
u'(x):=u*(x) forall x e E*nT;

moreover, if f € F(E), for short, we use the notation
00 = () (0. (3.2)

So every function f € §(E) can be uniquely extended to a grid function f° € &(E).
In many problems, we have to deal with functions defined almost everywhere in Q, such as 1/|x|. Thus,
it is useful to give a “rule” which allows to define a grid function for every x € T.

Definition 3.3. Ifa function f is defined on a set E ¢ RY, we put

Foo="Y faoa),

ael'nE*

where, for all a € T, the grid function o, is defined as follows: 04(x) := 4.

If E c RN is a measurable set, we define the “density function” of E as follows:

m(Bn(x)nE*)>

m(By(0) (3.3)

Op(x) = St(
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where 7 is a fixed infinitesimal and m is the Lebesgue measure. Clearly, 8(x) is a function whose value is 1
in int(E) and 0 in RN \ E; moreover, it is easy to prove that 8z(x) is a measurable function, and we have that

J 05(x) dx = m(E)

whenever m(E) < oo; also, if E is a bounded open set with smooth boundary, we have that 6g(x) = % for
every x € oF.
Now, let V(IRM) be a vector space such that Z(RN) c V(RN) ¢ 1 (RN).

Definition 3.4. A space of ultrafunctions V°(RN) modeled over the space V(RRY) is a space of grid functions
such that there exists a vector space Va(RN) ¢ V*(IRN) such that the map?

°: VARY) - v*(RYN)

is an R*-linear isomorphism. From now on, we assume that V(RV) satisfies the following assumption: if Q is
a bounded open set such that my_1(0Q) < co and f € CO(RN), then

f0q € V(RY).

Next, we want to equip V°(RY) with the two main operations of calculus, the integral and the derivative.
Definition 3.5. The pointwise integral
55 : V'(RY) - R

is a linear functional which satisfies the following properties:
(1) forall u € V5 (RN)

Eli uw(x)dx = j u(x) dx; (3.4)

(2) there exists an ultrafunction d: I' —» R* such that, forall x € T, d(x) > 0, and for all u € V°(RN),

E|;u(x) dx = z u(a)d(a).

ael

IfEcRNis any set, we use the obvious notation

E|;u(x) dx := Z u(a)d(a).

E ael'nE*

A few words to discuss the above definition: Point (2) says that the pointwise integral is nothing else
but a hyperfinite sum. Since d(x) > 0, every non-null positive ultrafunction has a strictly positive integral. In
particular, if we denote by 0,(x) the ultrafunctions whose value is 1 for x = a and 0 otherwise, we have that

E|; oq(x)dx = d(a).
The pointwise integral allows us to define the following scalar product:

Eﬁ u(v(x) dx = Y u(a)v(a)d(a). 3.5)

ael

From now on, the norm of an ultrafunction will be defined as

1

Jull = (5li|u(x)|2 ax)".

1 We use V*(E) as a shorthand notation for [V(E)]*.
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Now, let us examine point (1) of the above definition. If we take f € Ccomp(]RN ), we have that f* € V,(RV),
and hence

#f" (x)dx = Jf(x) dx.

Thus, the pointwise integral is an extension of the Riemann integral defined on Ccomp(]RN ). However, if we
take a bounded open set Q such that m(0Q) = 0, then we have that

jf(x) dx = jf(x) dx.
Q Q
However, the pointwise integral cannot have this property; in fact,
*f"(x) dx - El;f"(x) dx = E[J f'(x)dx >0,
a Q o0
since 0Q # ¢. In particular, if Q is a bounded open set with smooth boundary and f € C°(RN), then

§f°(x) dx = El;f"(x))(g(x) dx

Q

39f (08 (x) dx - 35f°(x)xgg<x) dx
Jf(X) dx - = [ﬁ f(x) dx,
Q

and similarly

Ei;f°(X) dx = Jf(X) dx + % fi; [0 dx;
0Q

a Q
of course, the term % 5’5 f°(xX)xoE(x) dx is an infinitesimal number and it is relevant only in some particular
problems.

Definition 3.6. The ultrafunction derivative
D;i: V°(RY) = V°(RN)

is a linear operator which satisfies the following properties:
(1) forall f € CY(RN) and for all x € (RN)*, x finite,

Dif*(x) = 0if " (x); (3.6)

(2) forallu, v e V°(RN),
F|;D,-uv dx = - E|; uD;v dx;

(3) if Q is a bounded open set with smooth boundary, then forall v € V°,
%ID,'@QV dx = - J v(e; -ng)dS,
EYo)

where ng is the unit outer normal, dS is the (n - 1)-dimensional measure and (e, ..., ey) is the canon-
ical basis of RY;
(4) the support? of D;o, is contained in mon(a) N T.

2 If uis an ultrafunction, the support of u is the set {x € I' : u(x) # 0}.
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Let us comment the above definition. Point (1) implies that, for all f € C!(RN) and for all x € RV,
Dif*(x) = 0if(20); 3.7)

namely, the ultrafunction derivative coincides with the usual partial derivative whenever f € C*(RY). The
meaning of point (2) is clear; we remark that this point is very important in comparing ultrafunctions with
distributions. Point (3) says that D;0q is an ultrafunction whose support is contained in 0Q N T; it can be
considered as a signed measure concentrated on 0Q. Point (4) says that the ultrafunction derivative, as well
as the usual derivative or the distributional derivative, is a local operator, namely if u is an ultrafunction
whose support is contained in a compact set K with K ¢ Q, then the support of D;u is contained in Q*. More-
over, property (4) implies that the ultrafunction derivative is well defined in V°(Q) for any open set Q by the
following formula:
Diu(x)= ) u(a)Diga(x).
ael'nQ*

Remark 3.7. If u € V°(Q) and @ is an ultrafunction in V°(Q) such that, for all x € Q, u(x) = @(x), then, by
point (3), for all x € Q* such that mon(x) ¢ Q*, we have that

Dju(x) = Diu(x);

however, this property fails for some x ~ 0Q*. In fact, the support of D;0, is contained in mon(a) N T, but not
in {a}.

Theorem 3.8. There exists an ultrafunction space V°(RN) which admits a pointwise integral and an ultrafunc-
tion derivative as in Definitions 3.5 and 3.6.

Proof. In[2], there is a construction of a space V, (RV) which satisfies the desired properties. The conclusion
follows, taking
V'RN) = {u° s u e V). O

3.2 The splitting of an ultrafunction

In many applications, it is useful to split an ultrafunction u in a part w* which is the canonical extension of
a standard function w and a part i which is not directly related to any classical object. If u € V°(Q), we set

S ={x € Q: u(x) is infinite}

and
{st(u(x)) ifxeQ\S,
w(x) =
0 if x € S.

We will refer to S as to the singular set of the ultrafunction u.

Definition 3.9. For every ultrafunction u, consider the splitting
u=w'+1,

where
e W =W|qs and w°, which is defined by Definition 3.3, is called the functional part of u;
o 1 :=u-—wiscalled the singular part of u.

Notice that w°, the functional part of u, may assume infinite values for some x € Q* \ §*, but they are deter-
mined by the values of w which is a standard function defined on Q.

Example 3.10. Take € ~ 0, and
u(x) = log(x? + €%).
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In this case,

w(x) =

log(x?) = 2log(|x]) ifx+0,
if x =0y

Yoo = log(x? + €%) —log(x?) = log(1 + i—z) ifx+0,
log(e?) if x = 0;
S :={0}.
We conclude this section with the following trivial proposition which, nevertheless, is very useful in appli-

cations.

Proposition 3.11. Take a Banach space W such that 2(Q) c W c L1(Q). Assume that {u,} < V(Q) is a sequence
which converges weakly in W and pointwise to a function w; then, if we set

u = ((limupy)°),
(¢ ) )
we have that
u=w+1,
where
E|;1/)vdx~ 0 forallveW;

moreover, if

lim [un - wlw =0,

n—oo
then [[Yllw ~ 0.
Proof. As a consequence of the pointwise convergence of {u,} to w, we have that, forall a € T, u(a) ~ w°(a).

In particular, forall a € T, ¥(a) ~ 0. As T is hyperfinite, the set {|i)(a)| : a € I'} has a maximum n ~ 0. Hence,
for every v € W, we have

H;Il/)VdX| SE'illpIIvldxs n5|;|v|dx~njlv|dx~0,
asn ~0and jlvl dx € R. For the second statement, let us notice that
= |lu = w’|lw = (lim|luy - wlw)® ~ O,
lPlw =1 lw (ATAll - wlw)
as limy, oo lun — wllw = 0. O
An immediate consequence of Proposition 3.11 is the following:

Corollary 3.12. Ifw € L1(Q), then
EI; w’(x) dx ~ J w(x) dx.

Proof. Since V(Q) is dense in L1(Q), there is a sequence u, € V(Q) which converges strongly to w in L1 (Q).
Now, set

:= (lim °
u (m up)

By Proposition 3.11, we have that
u=w'+1y
with [|]l1 ~ 0. Then
E|; u(x) dx ~ :J; w'(x) dx.

On the other hand, since u € V°(Q), by Definition 3.5 (1),

*

F|;u(x) dx = J u'(x)dx = alg\l I up dx

~ lim J Updx = J w(x) dx. O
n—A

Q
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3.3 The Gauss divergence theorem

First of all, we fix the notation for the main differential operators:

e V=(01,...,0y) will denote the usual gradient of standard functions;

e V*=(07,...,0y) will denote the natural extension of internal functions;

e D=(Dq,...,Dy)will denote the canonical extension of the gradient in the sense of ultrafunctions.
Next, let us consider the divergence:

e V-@=0101+-- + oygy will denote the usual divergence of standard vector fields ¢ € [CT(RN)]V;

e V-9 =071+ -+ 0ypy will denote the divergence of internal vector fields ¢ € [C LRN)* N,

e D-p=D1p;+---+ Dypy will denote the divergence of vector-valued ultrafunctions ¢ ¢ [Ve(RN)* |V,
And finally, we can define the Laplace operator of an ultrafunction u € V°(Q) as the only ultrafunction
A’ u € V°(Q) such that

#N uvdx = —fi;Du-Dvdx forall v € V3 (Q),

where
V5(Q) = {v € V°(Q) : forall x € 90 N T, v(x) = 0}.

By Definition 3.6 (3), for any bounded open set Q with smooth boundary,

F|;|Di9g)v dx = - J v(e; -ng)dS,
0Q

and by Definition 3.6 (2),
* DiGQV dx = - # Diveg dX,

so that .
IjI;DiVGQdX = j v(e,- . l‘lQ) ds.
30
Now, if we take a vector field ¢ = (v1, ..., vy) € [V°(RM)]V, by the above identity, we get

E‘;D-(pegdx= J(p-nQdS. (3.8)
20

Now, if ¢ € C1, by Definition 3.6 (1), we get the Gauss divergence theorem
JV-(de: J ¢ -ngdS.
Q 20

Then, (3.8) is a generalization of the Gauss theorem which makes sense for any bounded open set Q with
smooth boundary and every vectorial ultrafunction ¢. Next, we want to generalize Gauss’ theorem to any
subset of A ¢ RY. It is well known, that, for any bounded open set Q with smooth boundary, the distributional
derivative V6, is a vector-valued Radon measure, and we have that

(IVBal, 1) = my_1(0Q).
Then, the following definition is a natural generalization.
Definition 3.13. If A is a measurable subset of RV, we set

My-1(0Q) = Eﬁ D] dx,

and, forall v € V°(RY),
E|; v(x)dS := E|;v(x)|D0:’4| dx. (3.9)
5A
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Remark 3.14. Notice that
EI; v(x)dS + Ei; v(x) dx.
oA 0A

In fact, the left-hand term has been defined as follows:

E|i v(x)dS = Y v(x)|D8; (x)d(x),

A xel

while the right-hand term is
Fl; v(x)dx = Z v(x)d(x);

A xel'NoA*

in particular, if 0A is smooth and v(x) is bounded, 5|5 on v(x) dx is an infinitesimal number.

Theorem 3.15. If A is an arbitrary measurable subset of RN, we have that

EliD-goe;, dx = fl; ¢ -1,(x) dS, (3.10)
0A
where

DO, (x) . .
no () = { 08w PO #0,
0 if D& (x) = 0.
Proof. By Definition 3.6 (3),
*D-(p@;dx=—li|;l(p-D9;dX,
then, using the definition of n’, (x) and (3.9), the above formula can be written as follows:

E’;D-(pefqu=5|;<p-n:’4|D0j4|dx=F|;<p-n:’4d8. O
oA

3.4 Ultrafunctions and distributions

One of the most important properties of the ultrafunctions is that they can be seen (in some sense that we
will make precise in this section) as generalizations of the distributions.

Definition 3.16. The space of generalized distributions on Q is defined as follows:
26(Q) = V°(Q)/N,

where
N = {T e V°(Q) : forall p € 2(Q), JT(p dx ~ 0}.

The equivalence class of u in V°(Q) will be denoted by [u] 4.

Definition 3.17. Let [u]5 be a generalized distribution. We say that [u]4 is a bounded generalized distri-
bution if, for all ¢ € 2(Q), ju(p* dx is finite. We will denote by _@(’;B(Q) the set of bounded generalized
distributions.

We have the following result.
Theorem 3.18. There is a linear isomorphism
D: P5(Q) - 2'(Q)
such that, for every [u] € 9(’;3(9) and for every ¢ € 2(Q),
(@([u)2). 9) 7o) = st(ue” dx).
Proof. For the proof, see e.g. [7]. O
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From now on, we will identify the spaces .@(’;B(Q) and 2'(Q); so, we will identify [u]5 with ®([u] ) and we
will write [u]4 € 2'(Q) and

([Ulg> @) = (Plulg, @) = st(39 up® dx).

Iff € Comp(Q) and f* € [u]g, then, forall ¢ € 2(Q),

*

(W2, Yo = st(f ug* dx) - st(Jf*(p* dx) - Jf(p dx.

Remark 3.19. The set V°(Q) is an algebra which extends the algebra of continuous functions C°(RN). If we
identify a tempered distribution? T = 0™f with the ultrafunction D™f°, we have that the set of tempered
distributions .’ is contained in V°(Q). However, the Schwartz impossibility theorem is not violated as
(V°(Q), +, -, D) is not a differential algebra since the Leibnitz rule does not hold for some pairs of ultrafunc-
tions. See also [7].

4 Properties of ultrafunction solutions

The problems that we want to study with ultrafunctions have the following form: minimize a given functional
J on V(Q) subjected to certain restrictions (e.g., some boundary constrictions, or a minimization on a proper
vector subspace of V(Q)). This kind of problems can be studied in ultrafunctions theory by means of a modifi-
cation of the Faedo—Galerkin method, based on standard approximations by finite-dimensional spaces. The
following is a (maybe even too) general formulation of this idea.

Theorem 4.1. Let W(Q) # 0 be a vector subspace of V(Q). Let
F ={f: V(Q) — R | for all E finite-dimensional vector subspaces of W(Q),
there exists u € Ef(u) = mi}g_lf(v)}.
ve
Then every F € F* has a minimizer in Wx(Q).

Proof. Let F = limyqa fa, with fy € J for every A € £. By hypothesis, for every A € £, there exists
uy € Wy :=Span(WnA)

that minimizes fj on Wj. Then u = limy;, uy minimizes F on limy;p Wi = Wy as, if v = limypa va € Wa(Q),
then, for every A € £, we have that fy(v)) < fa(ua), hence,

F(v) = 1AiTI}\1fA(VA) < }tiTI}\lfA(uA) = F(u). O

For applications, the following particular case of Theorem 4.1 is particularly relevant.

Corollary 4.2. Let f(¢, u, x) be coercive in & on every finite-dimensional subspace of V(Q) and for every x € Q.
Let F(u) := § f(Vu, u, x) dx. Then F* has a minimum on V.

Proof. Just notice that F € 7, in the notations of Theorem 4.1. O

Theorem 4.1 provides a general existence result. However, such a general result poses two questions: the
first is how wild such generalized solutions can be; the second is if this method produces new generalized
solutions for problems that already have classical ones.

3 Werecall that, by a well-known theorem of Schwartz, any tempered distribution can be represented as 0™f, where m is a multi-
index and f is a continuous function.
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The answer to these questions depends on the problem that is studied. However, regarding the second
question, we have the following result, which strengthens Theorem 4.1:

Theorem 4.3. Let F: V(Q) — R*, F =limyp Fa. Forevery A € £, let

My :={u € Vi(Q) : Fa(u) = 51‘61%1F,1(v)}.

Assume that limyp My # 0. Then

My :={u e Vo(Q): F(u) = 11;161%/nF(V)} = aiTIRIMA #0.
A

Proof. Mp < limatp Ma: Let v =limypp va € My, and let u = limagp up € limapp Ma. As F(v) < F(u), there is
a qualified set Q such that, for every A € Q, Fa(vp) < F(uy). But then vy € My, for every A € Q, hence v =
limara va € limapa M.

My 2 limpapp Mp: Let u = limpgp up € limapp My, Let v = limppp va € VA (Q). Let

Q={AeL:uyeMl.
Then Q is qualified and, for every A € Q, Fa(uy) < Fa(vp). Therefore F(u) < F(v), and so u € My. O

The following easy consequences of Theorem 4.3 hold:

Corollary 4.4. In the same notations of Theorem 4.3, let us now assume that there exists k € N such that
[Mj| < k forevery A € £. Then [M,| < k.

Proof. This holds, as the hypothesis on |M;| trivially entails that [lima;a M| < k. O

Corollary 4.5. In the same notations of Theorem 4.3, let us now assume that F = J*, where J: V(Q) — R. Let

M:={veV(Q):v= wrell‘;(lg))](w)}.

Assume that M # 0. Then the following facts are equivalent:
(1) uis a minimizer of F: V;(Q) — R*.

(2) ue M*nVp(Q).

In particular, if u € M, then u* minimizes F.

Proof. (1) = (2) Letu € M. Let Q(u) := {A € £ : u € A}. Then, for every A € Q(u),
veMy = Jv)=J(u) = veM,

hence M, ¢ M for every A € Q(u), which is qualified, and so limy;p My € M* NV, and we conclude by
Theorem 4.3.
(2) = (1) By definition,
ueM* < F(u)= Vefnin F(v),

V(Q)]
hence, if u € M* N V(Q), it trivially holds that u minimizes F. O
Corollary 4.6. In the same hypotheses and notations of Corollary 4.3, let us assume that M = {uy, ..., uy} is

finite. Then v minimizes F in V;(Q) if, and only if, there exists u € M such that u* = v.

Proof. Just remember that S° = {s* : s € S} for every finite set S, and that
M% ={u* :ue M} < V(Q) € Vp(Q). O

In general, one might not have minima, but minimization sequences could still exist. In this case, we have the
following result (in which, for every p € R*, we set stg(p) = —co if, and only if, p is a negative infinite num-
ber). Notice that in the following result we are not assuming the continuity of J with respect to any topology
on V(Q), in general.
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Theorem 4.7. Let V(Q) be a Banach space, let ] : V(Q) — Rand letinf,cy(q) J(u) = m € RU {—co}. The follow-

ing facts hold:

(1) J*(v) = mforeveryv € Vp(Q).

(2) There exists v € V(Q) such that stg(J*(v)) = m.

(3) Ifv € VpA(Q) is a minimum of J*: V;(Q) — R* then J*(v) > str(J*(v)) = m.

(4) Let {untnen be a minimizing sequence that converges to u € V(Q) in some topology 1. Then there exists
v € Vao(Q) such that st-(v) = u and J*(v) > stg(J*(v)) = m. Moreover, if w® + 1 is the canonical splitting
of v, then
« if T is the topology of pointwise convergence, then w = v and w(x) = u(x) for every x € Q;

o if 1 is the topology of pointwise convergence a.e., then w = v and w(x) = u(x) a.e.in x € Q;

« if1isthe topology of weak convergence, then w(x) = u(x) for every x € Q and (Y, ¢*)* ~ 0 for every ¢
in the dual of V(Q);

« ifTisthetopology associated with a norm ||-| and, moreover, {u,}, converges pointwise to u, thenw = u
and |* ~ 0.

(5) Ifallminimizing sequences of ] converge tou € V(Q) insome topology T and v is a minimum of the functional
J*: Va(Q) » R*, thenst;(v) = uand J*(v) = str(J*(v)) = m.

Proof. (1) Letv = limpyp va. Since m = infy,cy(q) J(u), we have that J(v3) > m for every A € A, hence J*(v) > m.
(2) By (1) it suffices to show that stg(J*(v)) = m. Let {u,}nen be a minimizing sequence for J. For every
Ae £, letvy :=uj. Let v := limppa va. We claim that v is the desired ultrafunction.
To prove that str(J*(v)) = lim,— 1 J(Un) = m, we just have to observe that, by our definition of the
net {v},, it follows that*

Jim J(un) = StR(ﬂi&U(V"))’

and we conclude as limaya J(va) = J*(v) by definition.
(3) Let v =limyjp va, and let w € V4(Q) be such that str(J*(w)) = m. Then m < J*(v) by (1), whilst
str(J*(v)) < str(J*(w)) = m. Hence, st(J*(v)) = m, as desired.
(4) Let v be given as in point (2). Let us show that styq)(v) = u; let A € 7 be an open neighborhood of u.
As {up}, converges to u, there exists N > 0 such that, for every m > N, u,, € A. Let u € £ be such that |u| > N.
Then, for every
AeQu:i={AeL:puci}, vyeA,

and as Qy, is qualified, this entails that v € A*. Since this holds for every A neighborhood of u, we deduce that
stz(v) = u, as desired.

Now, let u = w® + i be the splitting of u.

If T is the pointwise convergence, st (v)(x) = u(x) for every x € Q, hence, by Definition 3.9, we have that
the singular set of u is empty and that w(x) = u(x) for every x € Q, as desired. A similar argument works in
the case of the pointwise convergence a.e.

If 7 is the weak convergence topology, then st;(v) = u means that (v, ¢*)* ~ (u, @) for every ¢ in the
dual of V(Q). Now, let S be the singular set of u. We claim that S = @. If not, let x € S and let ¢ = 6. Then
(v, @*)* = v(x) is infinite, whilst (u, 8x) = u(x) is finite, which is absurd. Henceforth, for every x € Q, we have
that (x) = 0. But

U, 0) ~ v, )" =W+, 0")" = (W', 0")" + (Y, 07)" = (W, @) + (Y, )",
hence, st (1) = u — w. As 1(x) = O for all x € Q, this means that u(x) = w(x) for every x € Q. Then
U, @) + W, 0™)" =W, ) + (W, 9™)" = (v, 9) ~ (u, ),
and so (i, p*)* ~ 0.

4 A proof of this simple claim is given in [11, Lemma 28].
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Finally, if 7 is the strong convergence with respect to a norm ||-| and {u,},, converges pointwise to u, then,
by what we proved above, we have that v(x) ~ u(x) for every x € Q, hence u(x) ~ w(x) for every x € Q, which
means u = w as both u, w € V(Q). Then || = [lu - w°|| = lu - v°|| + [[v° = w°|| ~ O.

(5) Let v = limyya va. By point (2), the only claim to prove is that st;(v) = u. We distinguish two cases:

Case 1: J*(v) ~r € R. As we noticed in point (2), it must be r = m. By contrast, let us assume that
st:(v) # u. In this case, there exists an open neighborhood A of u such that the set

Q:={leL:vy¢A}
is qualified. For every n € N, let
1
Qn = {Aeszum)—n < H}mo.

Every Qy is qualified, hence nonempty. For every n € N, let A, € Qy. Finally, set u,, := v,,. By construction,
limuen J(un) = m. This means that {u,},en is @ minimizing sequence, hence, it converges to u in the topol-
ogy T, and this is absurd as, for every n € IN, by construction, u, ¢ A. Henceforth, st;(v) = u.

Case 2: J*(v) ~ —0co. As we noticed in the proof of point (2), in this case m = —co. Let us assume that
sty(q)(v) # u. Then there exists an open neighborhood A of u such that the set

Q:={leL:vy¢A}
is qualified. For every n € N, let
Qun={AeL:J(va))<-n}nQ

and let A, € Qy. Finally, let u, :=v,,. Then J(uy,) < —n for every n € N, hence {un}nen is @ minimizing sequence,
and so it must converge to u. However, by construction, u, ¢ A for every n € N, which is absurd. O

Example 4.8. Let Q = (0, 1), let
V(Q) = {u: Q — R | uis the restriction to Q of a piecewise €'([0, 1]) function}

and let J: V(Q) — R be the functional
J(u) := j u?(x) dx + j((u’)2 -1)%dx.

Q Q
Itis easily seen thatinf,cy(q) J(u) = 0, and that the minimizing sequences of ] converge pointwise and strongly
in the L2 norm to 0, but J(0) = 1.

Let v € V5 (Q) be the minimum of J* : V,(Q). From points (4) and (5) of Theorem 4.7, we deduce that
0 < J*(v) ~ 0, that sty(q)(v) = 0 and that the canonical decomposition of vis v = 0° + ¢, with y = O for every
x € Qand JS 2 dx ~ 0. Moreover, as J*(1) = 0, we also have that L;((n,b')z - 1)2dx ~0.

5 Applications

5.1 Sign-perturbation of potentials

The first problem that we would like to tackle by means of ultrafunctions regards the sign-perturbation of
potentials.

Let us start by recalling some results recently proved by Brasco and Squassina in [13] as a refinement
and extension of some classical result by Brezis and Nirenberg [14].

Let Q be a bounded domain of RN with® N > 2. Consider the minimization problem

S(a):= inf {||Vu||§2(m + j alul? dx : Jull+ q) = 1}, (5.1)
ueD2(Q) 2

5 In [13], the authors work more in general with a p € (1, N), and consider also a fractional version of Problem 5.2; however,
in this paper, we prefer to consider only the local case p = 2.
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where a € L¥/2(Q) is given, 2* = 2N/(N - 2),
Dy*(Q) := {u e L2’ (Q) : Vu € L*(Q), u = 0 on 0Q}.

By Lagrange multipliers rule, minimizers of the previous problem (provided they exist) are constant sign
weak solutions of

(5.2)

~Au+au=plu* 2u inQ,
u=0 on 0Q,

with y = 8(a), namely

JVu -V dx + J aup dx = p I [ul* 2ug dx,
a 0

for every ¢ € @é’Z(Q).
The main result in [13] is the following theorem, where the standard notations

a, = max{a,0}, a_=max{-a,0}, Br(xo)={xeRN:|x-x| <R}
are used.

Theorem 5.1 (Brasco, Squassina). Let Q ¢ RN be an open bounded set. Then the following facts hold:
(1) Ifa = 0, then 8(a) does not admit a solution.
(2) Let N > 4. Assume that there exist o > 0, R > 0 and xq € Q such that

a->aog, a.e.onBgr(xg) Q.

Then 8(a) admits a solution.
(3) Let2 < N < 4. Forany xg € Q, for any R > 0 s.t. BR(xo) C Q, there exists 0 = (R, N) > 0 such that if

a_>o, a.e.onBgr(xg),

then 8(a) admits a solution.

In [1], V. Benci studied, in the ultrafunctions setting, the following similar (simpler) problem: minimize

J?alyrzl,, J(u),
where
Ju) = j|Vu|2 dx
Q
and

M, = {u e Q) : J|u|1’ dx = 1}.
Q

Here Q is a bounded set in RY with smooth boundary, N > 3 and p > 2. In the ultrafunctions setting intro-
duced in [1] (and with the notations of [1]), the problem takes the following form:

min J(u), (5.3)
ueM,
where X
) = [1vul dx
Q
and

Ty = {ue V@ J|u|1’ ax=1}
Q

with V3,°(Q) = BIC2(Q)].
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For every p > 2, problem (5.3) has an ultrafunction solution i, and, by setting 71, = J(ii,), one can show
that
(i) if2 <p < 2*, thenm, = m, € R* and there is at least one standard minimizer it,, namely i, € C3(Q);
(i) if p = 2* (and Q # RN), then 71, = my- + €, where ¢ is a positive infinitesimal;
(iii) if p > 2*, then /1, = &y, where &), is a positive infinitesimal.
Our goal is to show that a similar result can be obtained for problem (5.2).

In the present ultrafunctions setting, problem (5.2) takes the following form: find

* *

S(a) := inf {j Vul? dx Jauzdx: U2 *:1}, 5.4
(a) onr [Vul dx + [u lullz2+ (moy (5.4)
(RN)* (RN)*

wherea €* [LN/2(Q)]is given, and VA (Q) = [@é’2 (Q)]a. With the above notations, we can prove the following:

Theorem 5.2. Let Q c RN be an open bounded set. Then the following facts hold:

(1) Forevery a € [LN/2(Q)]*, there exists u € V(Q) that minimizes S(a).

(2) Leta e [LN2(Q)]. Ifu € CH(Q) n Cy(Q) is a minimizer of problem (5.1), then u* is a minimizer of $(a*).
(3) Ifa =0, then$(0) = S + &, where

- IVul?,
ueDo(RM\(O} [Jul]?,.
and
_]o ifQ=1RN,
e strictly positive infinitesimal if Q # RN;

moreover, if u is the minimizer in V5 (Q), then the functional part w of u is 0.

(4) Let a > 0 have an isolated minimum x,,, and let u € V(Q) be the minimum of problem (5.4). If u = w° +
is the canonical splitting of u, then w = 0 and i concentrates in x,,, in the sense that, for every x ¢ mon(x,),
Y(x) ~ 0. Moreover, (Y, @*)* ~ O for every ¢ in the dual of V(Q).

Proof. (1) This follows from Theorem 4.3, as the functional ||Vu|?, @t | @lul? dx admits a minimum on
every finite-dimensional subspace of V.

(2) This follows from Corollary 4.5.

(3) In [13, Lemma 3.1], it was proved that, if we consider problem (5.1), we have that §(0) = S, and $(0)
is attained in Do (Q) if, and only if, Q = RN. Therefore, if Q = RV, the result follows from point (2). If Q # RY,
the fact that S(0) = S + & follows from Theorem 4.7 (3). Moreover, all minimizing sequences {u,}, converge
weakly to 0 in H?, therefore they converge strongly in L?(Q) and so they converge pointwise a.e., hence, by
Theorem 4.7 (5), we deduce that, in the splitting u = w® + ¥, we have that w = 0, namely the ultrafunction
solution coincides with its singular part.

(4) We start by following the approach of [13]. We let U be a minimizer of

(2,

1 2
ueDy?(@) (U7,

and, for every € > 0, let Ug(r) := e U(g) Let 6 > 0 be such that Bs(x;n) € Q, and let us . be defined as
follows:
Ue(r) ifr<é,
Us,e = 1 Ue(8) - 5-ge5e)  if 6 < r < 86,
0 ifr > 60,

where O is a constant given in [13, Lemma 2.4]. Moreover, if F(u) := ||Vu||fz(m + [, alul? dx, for 61, 6, small
enough, we have that F(us, ) < F(us,,¢). Then (uc,¢) is a minimizing net (for € — 0), so we can use Theo-
rem 4.7 (4). As (u ) converges pointwise to O, we obtain that w = 0, whilst the definition of the net ensures
the concentration of i in x,,,. The last statement is again a direct consequence of Theorem 4.7 (4). O
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Let us notice that the above theorem shows a strong difference between the ultrafunctions and the classi-
cal case. The existence of solutions in V(Q) is ensured independently of the sign of a whilst, as discussed
in [13, Section 4], the conditions on a for the existence of solutions in the approach of Brasco and Squassina
are essentially optimal. Of course, ultrafunction solutions might be very wild in general; their particular
structure can be described in some cases, depending on a.

5.2 The singular variational problem
5.2.1 Statement of the problem

Let W be a C!-function defined in R \ {0} such that
lim W(t) = +o0o
t—0

and Wit
iim VO _

t>too t2

0.

We are interested in the singular problem (SP).

Naive formulation of problem SP. Find a continuous function

u: Q — R,
which satisfies the equation
—Au+W@=0 inQ (5.5)
with the following boundary condition:
u(x) =gx) forxecoQ, (5.6)

where Q is an open set such that 0Q # ¢ and g € L1(0Q) is a function different from 0 for every x which
changes sign, e.g. g(x) = +1. Clearly, this problem does not have any solution in C!. This problem could be
reformulated as a kind of free boundary problem in the following way:

Classical formulation of problem SP. Find two open sets Q; and Q, and two functions
ui: Qi -» R, i=1,2,
such that all the following conditions are fulfilled:

Q=0Q;UQUE, whereE=0Q;nQ,NQ;
~Au; + W'(u;) =0inQ;, i=1,2; (5.7)
ui(x) =gx) forxeoQnoQ;, i=1,2;
lim u;(x) = 0;
)

2 is locally a minimal surface. (5.8)

Condition (5.8) is natural, since formally equation (5.5) is the Euler-Lagrange equation relative to the
energy
E(u) = % J(IVulz + W(u)) dx, (5.9)
Q
and the density of this energy diverges as x — E. In general this problem is quite involved since the set 2
cannot be a smooth surface and hence, it is difficult to be characterized. However, this problem becomes
relatively easy if formulated in the framework of ultrafunctions.
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Let us recall that the Laplace operator of an ultrafunction u € V°(Q) is defined as the only ultrafunction
A°u € V°(Q) such that
El; ANuvdx = - E|; Du-Dvdx, forallve Vg(ﬁ),
Q Q
where
Vo(Q) = {v e V°(Q) : forall x € 9Q N T, v(x) = 0}.
Notice that, we can assert that A°u(x) = D - D(x) only in x + 0Q*.

Ultrafunction formulation of problem SPé. Find u € V°(Q) such that

ux) £ 0 forallx € (Q)*NT, (5.10)
“ANu+W@)=0 forx e Q* nT, (5.11)
u(x)=g°(x) forxe (0Q)*nT. (5.12)

As we will see in the next section, the existence of this problem can be easily proven using variational
methods.

5.2.2 The existence result

The easiest way to prove the existence of an ultrafunction solution of problem SP is achieved exploiting the
variational structure of equation (5.11). Let us consider the extension

E(u) = ﬂi(%wuﬁ + W(u)) dx (5.13)
Q

of the functional (5.9) to the space
Ve(Q) :={u e V(Q) : forall x € (0Q)* N T, u(x) = g(x)}.

Remark 5.3. We remark that the integration is taken over Q*, but u is defined in Q. This is important, in
fact, for some x € Q*, x ~ 0Q*, the value of Du(x) depends on the value of u in some point y € 0Q*,y ~ x.
This is a remarkable difference between the usual derivative and the ultrafunction derivative.

Lemma 5.4. Equation (5.11) is the Euler-Lagrange equation of the functional (5.13).
Proof. We use the expression ofﬁ as given in Definition 3.6. As
. 1 2
E(u) = Fl;(leul W ) dx,
Q

let us compute separately the variations given by %lDul2 and W(u). As

1 1

35 Z|Dul? dx = Z Z|Du(a)|? da
2 L2

Q ael'nQ

is a quadratic form, for v € V (5), we have that

(&) (f o= fwonae s

* Q*

6 Ifuisan ultrafunction and W, W', etc. are functions, for short, we shall write W(u), W' (u), etc. instead of W* (u), (W')* (u), etc.
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The variation given by W(u) for v € V(")(ﬁ) is

<%>*(Ei;(W(Lz)c1x))[1/] - (d%)* > W(u(a))v(a)da = E'; W (u(x))v(x) dx.

Q* ael'nQ* Q-

Therefore, the total variation of E° is
dE°(W)[v] = E';(—A"u + W w)vdx,
o
which proves our thesis. O
The existence of an ultrafunction solution of problem SP follows from the following lemma.
Lemma 5.5. The functional (5.13) has a minimizer.

Proof. The functional E°(u) is coercive in the sense that, for any ¢ € R*,
E€:={ueVy(Q): E°(u) < c}

is hypercompact (in the sense of NSA), since Vg(ﬁ) is a hyperfinite-dimensional affine manifold. Then, since
E° is hypercontinuous (in the sense of NSA), the result follows. O

Regarding = being a minimal surface, we can prove the following:
Proposition 5.6. Let u be the ultrafunction minimizer of problem (5.13), as given by Lemma 5.5. Then the sets

Q) ={xeQ:forally e mon(x)nT, u(y) > 0},
Q; ={xeQ:forally e mon(x)nT, u(y) < 0}

are open, hence
E:={x € Q: there exist y1,y, € mon(x) N T such that u(y) < 0, u(y,) > 0}

is closed.

Proof. This follows from overspill’. Let us prove it for Q;. Let x € Q1. By definition of Q1, for every € ~ 0,
we have that u(y) < 0 for every y € B:(x) N T. Hence, by overspill, there exists a real number r > 0 such that
u(y) < Oforeveryy e By (x) nT. As BY(x) c By (x) nT, we deduce that the open ball B/(x) € Q;. O

Notice that property (1) in Proposition 5.6 is a first step towards property (5.8) in the classical formulation
of problem SP. It is our conjecture, in fact, that Z is a minimal surface, at least under some rather general
hypothesis. We have not been able to prove this yet, however.

Let us conclude with a remark. When studying problems like problem (5.13) with ultrafunctions, one
would like to be able to generalize certain properties of elliptic equations based on the maximum principle.
For example, one would expect to have the following properties:

(1) Let Q be a bounded connected open set with smooth boundary and let g be a bounded function. Then, if

u=w'+1y

is the canonical splitting of u, as given in Definition 3.9, we have that w € L* and 1 (x) ~ O for every
x € Q.

7 Overspill is a well-known and very useful property in nonstandard analysis. The idea behind the version that we use here is the
following: if a certain property P(x) holds for every x ~ 0, then there must be a real number r > 0 such that P(x) holds for every
x < r. For a proper formulation of overspill, we refer to [16].
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(2) Let Q1, Q5 be the sets defined in Proposition 5.6. Then in Q; U Q,, we have

-Aw + W'(w) =0,
AY(x) ~ 0.

(3) Ifa =inf(g), b = sup(g) and W'(¢t) > O forall t € R\ (a, b), we have that
a<u(x)<bh.

However, in the spaces of ultrafunctions constructed in this paper, the maximum principle does not
hold directly. This is due to the fact that the kernel of the derivative is, in principle, larger than the space
of constants. This problem could be avoided by modifying the space of ultrafunctions. As this leads to some
technical difficulties, we prefer to postpone this study to a future paper.

Funding: Marco Squassina is a member of the Gruppo Nazionale per ’Analisi Matematica, la Probabilita e le
loro Applicazioni (GNAMPA) and of Istituto Nazionale di Alta Matematica (INAAM). Lorenzo Luperi Baglini
has been supported by grants M1876-N35, P26859-N25 and P30821-N35 of the Austrian Science Fund FWF.

References

[1] V. Benci, Ultrafunctions and generalized solutions, Adv. Nonlinear Stud. 13 (2013), no. 2, 461-486.

[2] V. Benci, L. Berselli and C. Grisanti, The Caccioppoli ultrafunctions, Adv. Nonlinear Anal. (2017), DOI
10.1515/anona-2017-0225.

[31 V.Benciand M. Di Nasso, Alpha-theory: An elementary axiomatics for nonstandard analysis, Expo. Math. 21 (2003), no. 4,
355-386.

[4] V.Benciand L. Luperi Baglini, A model problem for ultrafunctions, in: Proceedings of the Variational and Topological
Methods: Theory, Applications, Numerical Simulations, and Open Problems, Electron. J. Differ. Equ. Conf. 21 Texas State
University, San Marcos (2014), 11-21.

[5] V.Benciand L. Luperi Baglini, Basic properties of ultrafunctions, in: Analysis and Topology in Nonlinear Differential
Equations, Progr. Nonlinear Differential Equations Appl. 85, Birkhduser/Springer, Cham (2014), 61-86.

[6] V.Benciand L. Luperi Baglini, Ultrafunctions and applications, Discrete Contin. Dyn. Syst. Ser. S 7 (2014), no. 4, 593-616.

[7] V.Benciand L. Luperi Baglini, A non-archimedean algebra and the Schwartz impossibility theorem, Monatsh. Math. 176
(2015), no. 4, 503-520.

[8] V.Benciand L. Luperi Baglini, Generalized functions beyond distributions, Arab. J. Math. (Springer) 4 (2015), no. 4,
231-253.

[9] V.Benciand L. Luperi Baglini, A generalization of Gauss’ divergence theorem, in: Recent Advances in Partial Differential
Equations and Applications, Contemp. Math. 666, American Mathematical Society, Providence (2016), 69-84.

[10] V.Benciand L. Luperi Baglini, A topological approach to non-Archimedean mathematics, in: Geometric Properties for
Parabolic and Elliptic PDE’s, Springer Proc. Math. Stat. 176, Springer, Cham (2016), 17-40.

[11] V.Benciand L. Luperi Baglini, Generalized solutions in PDEs and the Burgers’ equation, J. Differential Equations 263
(2017), no. 10, 6916-6952.

[12] L.Boccardo and G. Croce, Elliptic Partial Differential Equations, De Gruyter Stud. Math. 55, De Gruyter, Berlin, 2014.

[13] L.Brascoand M. Squassina, Optimal solvability for a nonlocal problem at critical growth, J. Differential Equations 264
(2018), no. 3, 2242-2269.

[14] H.Brézis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents, Comm.
Pure Appl. Math. 36 (1983), no. 4, 437-477.

[15] ).-F. Colombeau, Elementary Introduction to new Generalized Functions, North-Holland Math. Stud. 113, North-Holland,
Amsterdam, 1985.

[16] H.).Keisler, Foundations of Infinitesimal Calculus, Prindle, Weber & Schmidt, Boston, 1976.

[17] A.Lecke, L. Luperi Baglini and P. Giordano, The classical theory of calculus of variations for generalized smooth functions,
Adv. Nonlinear Anal. (2017), DOI 10.1515/anona-2017-0150.

[18] E. Nelson, Internal set theory: A new approach to nonstandard analysis, Bull. Amer. Math. Soc. 83 (1977), no. 6,
1165-1198.

[19] M. Oberguggenberger, Generalized functions, nonlinear partial differential equations, and Lie groups, in: Geometry,
Analysis and Applications (Varanasi 2000), World Scientific, Singapore (2001), 271-281.

[20] A.Robinson, Non-standard analysis, Indag. Math. 23 (1961), 432-440.

Brought to you by | Universita degli Studi di Milano
Authenticated
Download Date | 6/20/19 8:20 AM



DE GRUYTER V. Benci, L. Luperi Baglini and M. Squassina, Generalized solutions of PDEs and applications = 147

[21] M. Sato, Theory of hyperfunctions. I, J. Fac. Sci. Univ. Tokyo. Sect. | 8 (1959), 139-193.

[22] M. Sato, Theory of hyperfunctions. Il J. Fac. Sci. Univ. Tokyo Sect. | 8 (1960), 387-437.

[23] M. Squassina, Existence, Multiplicity, Perturbation, and Concentration Results for a Class of Quasi-linear Elliptic Problems,
Electron. ). Differ. Equ. Conf. 7, Texas State University, San Marcos, 2006.

Brought to you by | Universita degli Studi di Milano
Authenticated
Download Date | 6/20/19 8:20 AM



	Generalized solutions of variational problems and applications
	1 Introduction
	1.1 Notations

	2 $\Lambda$-theory
	2.1 Non-Archimedean fields
	2.2 The $\Lambda$-limit
	2.3 Natural extension of sets and functions
	2.4 Hyperfinite sets and hyperfinite sums

	3 Ultrafunctions
	3.1 Definition of ultrafunctions
	3.2 The splitting of an ultrafunction
	3.3 The Gauss divergence theorem
	3.4 Ultrafunctions and distributions

	4 Properties of ultrafunction solutions
	5 Applications
	5.1 Sign-perturbation of potentials
	5.2 The singular variational problem
	5.2.1 Statement of the problem
	5.2.2 The existence result




