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Introduction

Motivation

In scientific literature with the term ”Cosmic rays” (CRs) are indicated highly en-
ergetic particles of extraterrestrial origin [1, 2, 3]. They were originally discov-
ered at the beginning of the twentieth century and were originally thought as
composed mainly by electromagnetic radiation, because of their great penetrat-
ing power. The study of CRs developed through various stages, till the con-
firm of the existence of the Extended Air Showers (EAS) by Pierre Auger in 1938
[4]. The EAS are cascades of secondary products generated by the interaction of
charged particles, that constitutes the original CRs, with the atmosphere. In fact
it is well known that cosmic rays are of different nature, made by bare atomic
nuclei, principally of two types: very light ones (principally protons or alpha
particles) or heavier ones (mainly atomic nuclei close to Fe element) [5, 6]. Their
energy spans many decades and their energetic spectrum ranges from 108 eV to
1021 eV . Because they include the most energetic particles, accessible nowadays,
it is very interesting to study this kind of radiation, that can furnish new data
about the production of particles in highly energetic environments [7, 8]. For ex-
ample, a cosmic proton, with an energy of 1020 eV , colliding with a stationary
identical particle of the atmosphere, can originate a reaction with a free energy
(energy in the center of momentum reference frame) of about 400 TeV . This
quantity must be confronted with the 14 TeV of maximum free energy available
at LHC, motivating the interest in this kind of highly energetic collisions.

Another important motivation to study cosmic rays is due to the necessity of
understand their origin, intended as their creation and acceleration mechanism.
Gravity is supposed to be the ultimate engine of CRs acceleration, even if till now
the process is not fully understood, it is possible only modeling part of it. There-
fore it is supposed that CRs are generated in gigantic gravitational collapses,
such as in supernovae explosions, the accretion disks of black holes, gamma ray
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bursts (GBR) or active galactic nuclei (AGN). Solving the problem of CR origin
and composition can provide an insight of the accelerating structures and can so
be useful in conducting astrophysical observations.

To study CRs properties it is necessary to distinguish between ”primary cosmic
rays”, the ones produced by the sources, and ”secondary CRs”, revealed by facil-
ities at soil, produced by the interaction of primary CRs with the atmosphere.
This interaction changes the properties of the primary, modifying the composi-
tion and reducing their energy. The reconstruction of the primary nature from
the secondary therefore is not a simple task. For this motivation and for the low
frequency of the highest energetic events, the study of CRs requires gigantic fa-
cilities like Pierre Auger Experiment, in Argentina [9], or Telescope Array, in the
northern emisphere [10]. Another important separation in CRs nature is the dis-
tinction between the ones generated inside our galaxy (the Milky Way) from the
extragalactic ones. This separation is very difficult and hides the low level of
comprehension of CRs generation mechanisms. A deeper understanding of this
process in fact can allow how to separate galactic from extra-galactic ones.

Other problems in modeling CRs occur when one tries to describe their propaga-
tion through the accelerating structures and then in free space [11, 12]. CRs trans-
port in accelerating media is outlined using the theory of diffusion, generated by
resonant scattering with plasma waves of charged particles. This description can
be misleading simple, but it hides the non-linearity of this kind of picture. In this
sense the plasma physics determines from small scale the macroscopic physics
of CRs. Another issue is given by the description of CRs propagation in deep
space, with the relative lost of energy [13, 14, 15, 16]. The diffusion of cosmic
rays is influenced by their interaction with the Cosmic Microwave Background
Radiation (CMBR) and other physical backgrounds. Moreover considering ex-
tragalactic CRs, it is necessary to contemplate even the adiabatic waste of energy
due to the universe expansion. To describe the CRs propagation it is necessary to
take into account even the interaction of this charged particles with the galactic
and extragalactic magnetic fields (3 µG and 3 nG respectively). These magnetic
fields can deflect the path of charged CRs, transforming it from straight to ex-
tremely chaotic, for low energy CRs. But in case of Ultra High Energy Cosmic
Rays (UHECR - those with an energy equal or superior to 5 ·1019 eV ) the interac-
tion with magnetic fields can deflect their propagation only for few degrees. This
means that UHECRs can be used to conduct anisotropy researches, correlating
their origin with known position astrophysical objects. These objects must be col-
located inside a sphere with radius determined by the energy and the nature of
the UHECR considered. In fact, due to the interaction with the CMBR, Universe
is not transparent for the propagation of CRs. Protons, revealed with an energy
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exceeding 5 · 1019 eV , can have been originated only inside a ball of defined di-
mension, because of photo-production of π particles caused by the interaction
with the CMBR (effect known as GZK from the names of the physicists Greizen-
Zatsepin-Kuz’min). Instead for heavier nuclei the interaction with the cosmic
background originates a photo-dissociation effect, even dissipating part of the
original kinetic energy. In both eventuality, the original CR, after a determined
propagation length, has dissipated its original energy and it can be revealed only
sub energy threshold. In this way the opacity to the propagation of UHECR per-
mits anisotropy searches. In fact Universe is presumed to be anisotropic inside a
finite space region with a diameter of about 100 MpC (the dimension of the GZK
foreseen opacity sphere). If UHECRs sources are collocated inside this sphere
and are not uniformly distributed, it is possible to expect an anisotropy in arrival
direction, if energy is sufficient to prevent a significant propagation path mag-
netic induced deflection.

Some recent experimental evidences [17] seem to suggest the possibility that the
predicted lack of transparency to UHECR diffusion may be modified, increasing
the opacity sphere dimension. This because some observed UHECRs probably
correlate with astrophysical objects, possible sources, situated farther than ex-
pected. Since the original paper of Coleman and Glashow [18], many theoretical
attempts, to justify such experimental evidences, have been made, resorting to
quantum gravity effects. But this presents relevant difficulties, because currently
there is no a consistent formulation of a theory integrating Quantum Physics and
General Relativity. Trying to enunciate a unified theory of this type, the first en-
countered difficult is due to the current impossibility to obtain sufficient energies
needed to probe space-time at the Planck scale. In fact it is commonly supposed
that the Planck length λP =

√
G~c−3 and the Planck energy EP =

√
~c5G−1 rep-

resent the length and the energy scales separating the classical gravitation theory
from the quantized one. Nevertheless, Planck-scale effects may manifest them-
selves as tiny violations of classical conservation laws at lower energies. Obser-
vation of UHECR is therefore very interesting per se, as just underlined, to put
under experimental verification LIV theories. In fact very energetic particles are
needed, that propagate for cosmological distances, so that the small violations
can add together and manifest themselves. The study of the GZK phenomenon
appears therefore very useful even to put constrains on QED and hadronic LIV
operators. Nevertheless there are some experimental uncertainties in this sector
of research, because the difficult in reconstructing the UHECR mass composi-
tions. In fact recent hints about the mass composition increasing [19] at rising
energies seem to suggest that heavier nuclei (Fe type) can constitute the UHECR
majority, for energies above 1019 eV . On the contrary Telescope Array [20] data
seem to be in contrast with Auger ones. To clarify this confused situation, Auger
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collaboration is deploying an hardware upgrade [21]. The new detectors, plas-
tic scintillators (SSD - solid state detectors), will integrate the Cherenkov water
tanks (WTD - water tank detector) to increase the ability to discriminate the CR
chemical composition. For this reason there is a renewed interest in studying
UHECR as a possible scenario, where LIV effects can emerge to manifest some
distinctive features. In fact LIV consequences can appear in GZK cut-off modifi-
cations, but even in hadronization, caused by these high energy particles. There-
fore LIV can modify the heavy nuclei propagation, changing the photodissoci-
ation process. Moreover LIV can manifest even influencing the hadronization
processes present in atmospheric showers creation, caused by cosmic rays.

Coleman and Glashow [18] and then Coen and Glashow [22] introduced the ef-
fects of LIV considering a personal maximum attainable velocity for every mas-
sive particle. In this way they predicted that for a proton maximum velocity,
sufficiently different from the light speed (the invariant parameter introduced
in special relativity), the GZK effect results totally suppressed. Alternatively
in their theory the foreseen Universe opacity is not affected by the violation of
Lorentz Invariance. Since those works, the introduction of LIV has been im-
proved, exploiting the resulting effects due to the replacement of ordinary spe-
cial relativity with the so called modified special relativity theories. These new hy-
potheses can account even continuous dilatations of the GZK opacity sphere as
function of the LIV parameter. Moreover modified special relativity theories try to
incorporate an invariant length parameter (the Planck lenght) to the invariant
velocity (the speed of light) of standard special relativity.

In this work first of all a convincing modification of the special relativity is intro-
duced, which can take into account the changed kinematics of massive particles
in a Lorentz violating scenario. The interaction with the quantum background of
space-time is described modifying the geometry, underlying this phenomenon.
It is well known that, in this kind of framework, it is necessary to introduce a
geometric structure, that depends not only on the local coordinates, as in Riema-
niann geometry, but even on the energy of the particles, probing the structure of
space. It appears obvious to resort to a kind of geometry that can take into ac-
count this dependence on frequencies, and it is the Finsler geometry [23, 24, 25].
Using these theories, it is demonstrated that the propagation of CRs happens in
a FWR (Friedmann-Robertson-Walker) asymptotically flat space-time. Moreover
it is founded a correspondence with the minimal Standard Model extension in-
troduced by Kostelecky [26]. This results permits to deduce that the cross section
of the interaction with the CMBR is not dramatically changed in a LIV scenario
with strongly constrained violating parameters. It is even demonstrated that the
more substantial consequences are all concentrated in the kinematical aspects of
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the interaction of UHECRs with the CMBR. This changes have the effect of reduc-
ing the phase space available for the products of the reaction, so diminishing the
probability of a photo-pion production [27, 28]. All these hypotheses permit to
obtain some interesting results on the UHECR propagations, determining a LIV
parameter dependent prediction for the dimension of the opacity sphere. This
approach permits to describe a continuous transition from the GZK phenomenon
to the Coleman and Glashow foreseen total suppression. As direct consequence,
this theory permits to justify the most recent experimental evidences. It can give
a prediction to use UHECR as probes of the structure of space-time, using them
to put under experimental verification the presence of LIV.





Part I

Introduction to UHECR GZK
puzzle and LIV theories





CHAPTER 1

Cosmic Rays: basic properties

To introduce the topics relative to cosmic rays (CR), first of all it is fundamental to
consider how they are generated and accelerated [29, 30, 31]. The current physi-
cal theories on their creation divide in two principal classes: the bottom-up and
the top-down scenario [32, 33]. In the bottom-up framework charged particles
are accelerated by astrophysical structures from lower to higher energies. These
models describe the acceleration as a result of the interaction of charged par-
ticles with shock-waves, generated, for example, by supernovae explosions or
AGNs. Moreover they can explain even the shape of the energy spectrum, with
the suppression founded for the highest values. All the models presented here
share the property that the acceleration regions have to act as ”particle accelera-
tors”. This means that a magnetic field must confine a particle inside the region,
where other mechanisms increase its energy. The maximum attainable energy is
therefore proportional to:

Emax ÷ ZeRB (1.1)

where Ze represents the electric charge of the CR particle, B the intensity of the
magnetic field and R the size of the accelerating region of space.
In the top-down scenario the CRs are generated as decay products of what are
called WIMP (weakly interacting massive particles), the ones candidate to be
most of dark matter. In this case the acceleration is caused by the fact that the
decay products are lighter than the original particles, so part of their mass is
transformed in kinetic energy. Recent observational data, from experiments like
Auger [34], for example, hint the exclusion of the second type of framework, be-
cause the lack of the required produced secondary photons. For this reason, in
this work only the bottom-up scenario is illustrated.

3



4 1.1 Cosmic Rays acceleration mechanisms

1.1 Cosmic Rays acceleration mechanisms

1.1.1 Fermi II◦ order

The first acceleration model [35], originally proposed by Fermi in 1949 [36], sug-
gests that particles increase their energy by stochastic collisions inside inhomo-
geneous magnetic regions (clouds of matter). This can explain how a particle is
accelerated by a shock wave. In fact the inhomogeneity may arise as remnant of
catastrophic gravitational collapses.
Suppose a charged particle, with given energy E1 and velocity v in an arbitrary
”fixed” reference frame. This particle moves toward a shock wave, that is the
boundary of a region with different density. This dust cloud propagates with ve-
locity w in the same coordinates system, along the ”x” axis. In a reference frame
(the primed one) attached to the cloud, the particle energy and momentum are:

E′1 = γ(E1 − p1βc cos θ1)

p′1 = γ

(
p1 − E1

β

c
cos θ1

) (1.2)

where θ1 is the incident angle of the particle, p1 is the particle momentum before
the interaction, β = w

c , γ = 1√
1−β2

is the relativistic factor.

The collisions inside the inhomogeneity are supposed totally elastic. Because
the mass of the cloud is much larger than the particle one, only the CR energy
and momentum are affected by the interaction. After one collision they become,
in the reference frame attached to the inhomogeneity:

E′2 = E′1

p′2 = −p′1
(1.3)

The final energy of the particle expressed in the fixed frame is then:

E2 = γ(E′2 − p′2βc cos θ2) = γ(E′1 + p′1βc cos θ2) =

=γ2 (E1 − p1βcµ1 + p1βcµ2 − E1βµ1µ2)
(1.4)

where µ1 = cos θ1, µ2 = cos θ2 and θ2 is the outgoing angle.
Using the fact that:

p

E1
=

mγv

mγc2
=

v

c2
' c (1.5)

the final energy can be written as:

E2 = γ2E1

(
1− βµ1 + βµ2 − β2µ1µ2

)
(1.6)
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DUST CLOUD 

Incoming charged particle 

Outgoing charged particle 

Stochastic collisions 

𝜗1 

𝜗2 

𝐸1 

𝐸2 

Figure 1.1: Charged particle interaction with a dust cloud in II◦ order Fermi mechanism.

The relative increment of energy can be expressed as:

∆E

E1
=
E2 − E1

E1
= γ2(1− βµ1 + βµ2 − β2µ1µ2)− 1 (1.7)

Taking into account that the impacts number per time unit must be proportional
to the relative velocity of the particle respect to the dust cloud, the probability of
a collision must be proportional to:

P (µ1)÷ (v − βµ1c) ⇒ P (µ) = A(1− β cos θ1) (1.8)

where A is the normalization constant, given by:∫ 1

−1
P (µ)dµ = A

∫ 1

−1
(1− βµ1)dµ = 1 ⇒ 2A = 1 ⇒ A =

1

2
(1.9)

Mediating on all the allowed angle values, it is possible to evaluate the average
relative energy increment rate per every cycle of interactions. Every particle in-
side the dust cloud suffers a great number of stochastic collisions, so the cosmic
rays outgoing directions must be randomly distributed. This implies that the av-
eraged value of terms proportional to cos θ2 are equal to 0 (that is 〈cos θ2〉 = 0)
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and can be neglected in the following computation. In this way the mean incre-
ment becomes:〈

∆E

E1

〉
=

∫ 1

−1
P (µ1)

(
γ2(1− βµ1)− 1

)
dµ1 =

1

2

∫ 1

−1
(1− βµ1)

(
γ2(1− βµ1)− 1

)
dµ1 =

1

2

∫ 1

−1
γ2(1− 2βµ1 + β2µ2

1)dµ1 − 1 = γ2

(
1 +

β2

3

)
− 1 ' 4

3
β2

(1.10)

The energy gain, in this scenario, is due to the fact that a particle, which encoun-
ters a dust cloud tends to thermalize with the medium and acquires part of its
energy. It is clear now why this process is indicated as secon order Fermi mecha-
nism, in fact the energy gain for every process cycle is proportional to β2. But
its efficiency is not enough high to explain the energy spectrum of cosmic rays,
in fact typically β ' 10−4. So it is necessary to introduce a linear process in the
parameter β, the first order Fermi mechanism.

1.1.2 Fermi I◦ order

To find a theory linear in the ratio β = v
c it is necessary to reconsider the interac-

tion of the charged particle with a shock wave [37], generated by a gravitational
collapse. In second order Fermi mechanism the particle is accelerated by the ca-
sual interactions inside a dust cloud and diffused by the chaotic magnetic field
of the dust. In this case the particle is supposed to be inside a fluid where a wave
propagates. The wave constitutes the separation surface between two space re-
gions occupied by fluids, with different physical properties, and through the sur-
face there is a flux of matter. In fact the particle passes through the discontinuity
and is accelerated by the head-on collisions with the gas encountered, inverting
its direction and crossing many times the shock wave front. Taking into account
a little space region, the separation surface results planar and so instead of eval-
uating randomly distributed shock waves it is possible to use the planar wave
approximation. In this way it is introduced the Diffusive Shock Acceleration
(DSA) mechanism, which will result linear in the β ratio.
In a reference frame attached to the discontinuity surface, the fluid of the unper-
turbed region (upstream region) is moving towards the separation, with velocity
v1, density ρ1 and pression P1, while the perturbed one (downstream region), is
running away with velocity v2, density ρ2 and pression P2. A turbulent magnetic
field is present inside both the perturbed and unperturbed regions. From mass,
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𝑣1 𝑣2 

DOWNSTREAM UPSTREAM 

SHOCKWAVE FRONT 

𝜗2 

𝜗1 

Figure 1.2: Charged particle interaction with a shock wave front in I◦ order Fermi mech-
anism.

momentum and energy conservation principles, one obtains the equations:
ρ1v1 = ρ2v2

ρ1v
2
1 + P1 = ρ2v

2
2 + P2

1

2
ρ1v

2
1 +

χ

χ− 1
v1P1 =

1

2
ρ2v

2
2 +

χ

χ− 1
v2P2

(1.11)

where χ = CP
CV

, CP and CV are respectively the specific heat at constant pres-
sure and volume. Assuming an ideal fluid, it is possible to obtain the following
relation:

ρ2

ρ1
=
v1

v2
=

(χ+ 1)M2
1

(χ− 1)M2
1 + 2

(1.12)

where Mi represents the Mach number, that is the ratio of the velocity of the
shock and the sound speed inside the matter where the shock itself propagates:

Mi =
vi
ci

(1.13)

If the shock speed is assumed much larger than the sound one in the fluid, it
is reasonable to consider for the Mach number M → ∞ and the relation (1.12)



8 1.1 Cosmic Rays acceleration mechanisms

becomes:
ρ2

ρ1
=
v1

v2
=
χ+ 1

χ− 1
(1.14)

From this relation follows that in the down-stream region the gas density is in-
creasing respect to the one of the gas in the upstream region and the velocity of
the perturbed medium is decreasing.
If the fluid is considered made of a mono-atomic perfectly ionized gas, the ratio
χ assumes the value:

χ =
CP
CV

=
5

3
(1.15)

and consequently, for the velocity:

v2 =
1

4
v1 (1.16)

In the fixed reference frame the unperturbed medium is moving toward the
shock wave front with a velocity V = v2 − v1. The energy of a particle inside
the downstream region is (fixed coordinate system):

E′i = ΓEi (1 + β cos θi) (1.17)

where β = V
c and Γ = 1√

1−β2
.

After some random interactions the particle inverts its direction, it crosses again
the shock wave and its energy is now E′f in the downstream region (reference
frame attached to the discontinuity):

Ef = ΓE′f
(
1 + β cos θ′f

)
(1.18)

Even in this case the energy is conserved after every cycle of interactions, so
E′f = E′i and replacing what obtained in (1.17) in (1.18):

Ef = Γ2Ei
(
1 + β cos θ′f

)
(1 + β cos θi) (1.19)

Therefore the relative energy increment is given by:

∆E

Ei
=
Ef − Ei
Ei

= Γ2(1 + β cos θi + β cos θ′f + β2 cos θi cos θ′f )− 1 (1.20)

It is necessary now to evaluate the probability distribution of the angles θi and
θ′f respect to the shock wave front. The probability is proportional to the solid
angle (2 sin θ) and to the propagation direction (cos θ), so:

P (θ) = 2 sin θ cos θ (1.21)
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and finally:
dn = 2 cos θ d cos θ (1.22)

Now, it is possible to obtain the value of the relative energy increment averaged
on the angles:〈

∆E

Ei

〉
'
∫ 1

0
(Γ2(1 + 2β cos θ)− 1) cos θ d cos θ +O(β2) =

=

∫ 1

0
2β cos2 θ d cos θ +O(β2) =

4

3
β

(1.23)

where the terms with the angles θi and θ′f have been collected because the inte-
gration extremes are equal in both cases.
It is important to underline that, for this theoretical model, the energy gain is due
to the fact that head on collisions, with the shock wave front, are more likely to
occur than the following ones. The first mechanism determines an energy gain,
instead the second one is a dissipative process. Therefore in this situation, the
energy gain results linear in β. This effect is due to the fact that the value of the
cosine of the angle defined by the propagation direction and the normal to the
wave front is included between 0 and 1. Instead in second order mechanism the
cosine is included between -1 and 1, so there can be even energy loss for the par-
ticle in every interaction cycle. For this reason the energy gain in second order
mechanism results not enough efficient to justify the observed shape of the en-
ergy spectrum and it is necessary to introduce a more efficient process.

1.2 Energy spectrum

1.2.1 Spectrum shape

Using the linear energy increment foreseen by the DSA mechanism [38, 39], it is
now possible to try to understand the observed at soil cosmic rays energy spec-
trum. The particle energy relative increment, per every cycle of interaction, that
is two crossing of the discontinuity from the downstream region to the upstream
and viceversa, is: 〈

∆E

E0

〉
=

〈
E1 − E0

E0

〉
= ξE0 (1.24)

ξ > 0 is the energy gain and, from the DSA model, it follows that ξ = 4
3β. After

n different cycles, the energy will be:

En = (1 + ξ)En−1 = . . . = (1 + ξ)nE0 (1.25)
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Defining 0 < ε < 1 as the probability that a particle escapes from the accelerating
space region, that is downstream one, the number Ñn of particles after n cycles
will be:

Ñn = (1− ε)nÑ0 (1.26)

and the number of particles run away from the downstream region, becoming
cosmic rays, is:

Nn = εÑn = ε(1− ε)nÑ0 = (1− ε)nN0 (1.27)

redefining the initial number of particles as εÑ0 = N0.
From relations (1.25) and (1.27) it is possible to obtain:

ln

(
Nn

N0

)
= n ln (1− ε)

ln

(
En
E0

)
= n ln (1 + ξ)

(1.28)

From these equations follows:

ln

(
Nn

N0

)
= ln

(
En
E0

)
ln (1− ε)
ln (1 + ξ)

= ln

[(
En
E0

)−α]
(1.29)

where it has been defined the ratio α = − ln (1−ε)
ln (1+ξ) .

From the previous relation it is possible to derive:(
N(E)

N0

)
=

[(
E

E0

)−α]
(1.30)

where the final number of particles is expressed as function of the energy. Differ-
entiating this equality to respect to the energy it is possible to obtain the differ-
ential distribution:

dN(E)

dE
= N0E

α
0 (−α)E−α−1 (1.31)

setting γ = α+ 1, the previous relation becomes the well known power law, that
determines the energy spectrum shape:

dN(E)

dE
÷ E−γ (1.32)

Necessary thing left to do consists in evaluating the numeric value of the expo-
nent γ. To obtain this result, first of all is fundamental to evaluate the probability
for a particle to run away from the accelerating medium, the downstream region,
per time unit. Setting the number of particles that from the upstream region en-
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ter the downstream one as Nup→down, the number that follows the inverse path
as Ndown→up and the number that run away as Nescaped, the conservation of the
total particle number gives:

Nup→down = Ndown→up +Nescaped (1.33)

The density per steradian of particles crossing the discontinuity, in one way or
the other, per time unity, must be proportional to the total number present, mul-
tiplied by the velocity of the flux, so:{

ndown→up = N0v1 = N0c cos θ

nescaped = N0v2

(1.34)

Integrating over the solid angle, it is possible to obtain the total numbers associ-
ated to the previous densities:

Ndown→up =

∫
Ω+

N0c cos θ
1

4π
dΩ =

N0c

4

Nescaped =

∫
Ω+

nv2
1

4π
dΩ = N0v2

(1.35)

Finally the escape probability ε can be expressed in the form:

ε =
Nescaped

Nup→down
=

Nescaped

Ndown→up +Nescaped
=

N0v2

N0

(
c
4 + v2

) (1.36)

and consequently the probability to cross the shock again is:

1− ε = 1− N0v2

N0

(
c
4 + v2

) =
N0c

4
N0c

4 +N0v2

'
(

1− 4v2

c

)
(1.37)

Substituting the value of ξ = 4
3β, as evaluated by the DSA mechanism, and what

just obtained for 1−ε, it is possible to compute the α exponent of equations (1.29)
and (1.30) as:

α = − ln (1− ε)
ln (1 + ξ)

= −
ln (1− 4v2

c )

ln (1 + 4
3
v1−v2
c )

' 3v2

v1 − v2
(1.38)

where β = v1−v2
c .

Using the relation (1.16) that depicts the ratio of the two velocities of the particles
in upstream and downstream regions, easily it follows that the α exponent is
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equal to:

α =
3v2

v1 − v2
=

3v2

4v2 − v2
= 1 (1.39)

The differential distribution number of cosmic rays, respect to energy, results
therefore given by the inverse power law (1.32), with the exponent γ = 2:

dN(E)

dE
÷ E−2 (1.40)

This relation justifies the shape of the energy spectrum of cosmic rays, but there
is a discrepancy with the observational evidences. In fact the theoretically pre-
dicted value 2 for the γ exponent is lower than the observed one, that varies
from 2.7 to about 3.2. The steepness of the inverse power law in fact changes at
different energies, and the spectrum presents some ”structures” where its slope
modifies itself. The first of these, known as the knee for its shape, is located at an
energy of about 4×1015 eV , where the γ exponent changes from a numeric value
of 2.7 to about 3.0. Another knee is present at about 4× 1017 eV where γ reaches
the value of 3.2. The final change of steepness takes place at an energy of about
3 × 1018 where the spectrum slope decreases and the exponent γ returns to the
value of 2.7.
The fact that the spectrum is steeper can be justified taking into account that dur-
ing the propagation for cosmic distances, a charged particle has to escape from
the magnetic field traps of the astrophysical objects that it encounters. The prob-
ability to evade must be proportional to its energy and so the real shape of the
energetic spectrum may be justified by the equality:

dN(E)

dE

∣∣∣∣
det

÷ dN(E)

dE

∣∣∣∣
sou

× E−δ ÷ E−γ−δ (1.41)

where the additional term E−δ accounts for the energy depending spectrum
modification, the energy detected on Earth is Edet, E0 is the original energy at
sources. In fact if no particles annihilate during propagation, the flux is constant
and only the spectrum shape is influenced by the energy losses suffered by CRs
along their path, so it is necessary to write:∫

dN(E)

dE

∣∣∣∣
det

dE =

∫
dN(E)

dE

∣∣∣∣
det

dE0 =

∫
dN(E0)

dE0
dE0 (1.42)

From this, differentiating respect to the energy at the source E0, it is possible to
obtain the relation:

dN(E)

dE

∣∣∣∣
det

=
dN(E0)

dE0

dE0

dE
(1.43)
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Figure 1.3: The differential distribution of cosmic rays energy observed on Earth by
several experiments. All the changes in steepness are underlined. Figure taken from [1].
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with the energy derivative respect to time given by the relation:

dE

dt
= b(E) = Eβ(E) (1.44)

From this:
dE

dr
=

1

c
b(E) =

1

c
Eβ(E) (1.45)

in this way it is possible to obtain from (1.43) the relation:

dN(E)

dE

∣∣∣∣
det

=
dN(E0)

dE0

b(E0)

b(E)
=
dN(E0)

dE0

E0

E

β(E0)

β(E)
(1.46)

which makes clear the dependence of the spectrum shape on the energy dissi-
pations suffered by propagating particles. In this way it is possible to justify the
introduction of equation (1.41). More details on the effects of energy dissipations
caused by the propagation of cosmic rays are given in the next chapter.
The presence of the knees is justified by the fact that there is a depression of the
lighter particles in the cosmic rays flux at the higher energies. This fact with
the estimation of the maximum attainable energy given by the equation (1.1) can
therefore furnish an explanation of how the knees are generated [5]. In fact the
increase of mean weight with the relative increase of charge number, causes an
increment of energy, which modifies the steepness of the spectrum. The ankle [40]
instead is explained by the fact that this structure is collocated where a transition
from galactic to extragalactic origin of CRs takes place. This model predicts a
transition from a heavy composition of CRs to a lighter one, principally consti-
tuted by protons, originated outside the galaxy and with a flat spectrum shape.
At an energy of about 1017 ÷ 1019 eV a transition from galactic to extragalactic
CRs is in fact expected to occur.

1.2.2 Maximum attainable energy

Even if there are no definitive proofs, nowadays the first order Fermi mecha-
nism is supposed to be the responsible of the acceleration of cosmic rays till the
higher energy values. The maximum energy that a charged cosmic ray can ac-
quire thanks to such a mechanism is proportional to the energy gain rate multi-
plied by the time spent by the particle inside the shock wave region:

Emax ' β n = β Tshock
E

Tcycle
(1.47)

Considering the accelerating region as a huge particle accelerator, it is necessary
to confine the CR inside the region till it has gained the required energy. From
this follows that the Lorentz force, acting on the charged particle and caused by
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Figure 1.4: Modification in spectrum steepness justified by the change of cosmic rays
mass composition, with the energy increase even the mean CRs mass grows up.



16 1.2 Energy spectrum

the magnetic field of the accelerating structure, must be equal to the centripetal
acceleration necessary to trap the particle itself:

mv2

r
= q(−→v ∧

−→
B ) = qvB ⇒ r =

mv

qB
(1.48)

For simplicity, the magnetic field is assumed orthogonal to the motion of the
cosmic ray. In the previous equation r is the radius of the resulting motion and q
the charge of the particle.
Now in the ultrarelativistic regime, with the velocity of the CR v ' c, it is possible
to consider the energy E = mc2, obtaining the expression of the Larmor radius:

r = RL =
E

qcB
(1.49)

and the time spent for a cycle of interactions becomes:

Tcycle '
RL
βc
' E

ZeBβc
(1.50)

Finally, from (1.47):
Emax ' β2cZeBTs ' ZeBRsβ (1.51)

using the definition of the shock radius (radius of the accelerating space region):
Rs = Tsβc, with Ts the time spent inside the shock wave portion of space. In this
way it has been given a more precise explanation of the accelerating mechanism,
reobtaining the relation (1.1). Another important consequence of this result is
that the maximum attainable energy is proportional to the charge Z of the cos-
mic ray. As anticipated in the previous section, this model can therefore explains
the knees of the spectrum with the mean mass increase and therefore the relative
increase of the atomic numbers of the particles that constitute the cosmic rays
flux at given energy. This prediction is supported by the observational evidences
that with the increase of energy there is a depression of the lighter CRs compo-
nent.
A more detailed derivation [41] of the maximum available energy, for a charged
particle accelerated, is obtainable from the diffusion-convection equation:

d

dt
N = Q+

−→
∇(D

−→
∇N) +

∂

∂E
(b(E)N) (1.52)

N is the number of charged particles subject to the accelerating mechanism, Q is
the term generated by the sources (injection term), D is the diffusion coefficient
and b(E) is a function that accounts for the energy spectrum changes due to the
particles interactions.
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Passing to the infinitesimal volume limit and considering the reference frame
with the x axis oriented along the propagation of the shock wave front, it is pos-
sible to obtain the relation:

∂

∂t
ρ = q +

∂

∂x

(
D
∂

∂x
ρ− vρ

)
+

2

3

dv

dx
E
∂ρ

∂E
(1.53)

where ρ is the particle density and q the injection term per volume unit.
The explicit form of the function b(E) is obtained considering that the density
change, as function of energy, is:

db(E) =
∂b(E)

∂E
dE =

∂ρ

∂E
dE (1.54)

From relation (1.23) it follows that the infinitesimal energy increment for an in-
finitesimal movement, through the shock wave front becomes:

dE =
2

3

v1 − v2

c dt
dxE ' 2

3

dv

dx
E dx (1.55)

and this represents the energy gain for Fermi first order mechanism half a cycle.
From this equation (1.53) follows.
For simplicity it is assumed that the injection takes place only near the shock
wave front, in the nearest part of the downstream region, so the injection term
can be approximated with:

q(x) = q0δ(x) (1.56)

Evaluating the integral of equation (1.48) in the transition region given by the
shock front x ∈ (0−, 0+), it follows the relation:

D
∂ρ

∂x

∣∣∣∣
1

−D∂ρ

∂x

∣∣∣∣
2

+
2

3
(v1 − v2)E

∂ρ

∂E
+ q0(E) = 0 (1.57)

In downstream region it is reasonable to suppose a homogeneous distribution of
particles, so ∂ρ

∂x |2 = 0. Instead in the upstream region the change of velocity of a
particle is null for infinitesimal changes of position, that is dv

dx = 0. The diffusion
equation (1.51) takes the form:

∂

∂x

(
D
∂

∂x
ρ− vρ

)
= 0 (1.58)

and since the term inside the parenthesis at infinity vanishes, the solution is:

D
∂

∂x
ρ = v1ρ (1.59)
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Substituting these results in relation (1.55), it takes the form:

v1ρ =
2

3
(v2 − v1)E

∂ρ

∂E
+ q0δ(E − Einj) = 0 ⇒

⇒ 3

2

v1

v2 − v1
= E

∂ρ

∂E
+ q0δ(E − Einj)

(1.60)

The solution of this equation is given by:

ρ(E) = q0

(
E

E0

)α
(1.61)

where r = v1
v2

and:

α = −3

2

r

r − 1
(1.62)

In case of strong shock, as in a supernova explosion, r = 4 and the density ρ ÷
E−2, a result already obtained. In both upstream and downstream regions the
flux of particles is given by equation (1.58) and in stationary condition:

D
∂ρ

∂x
= vρ ⇒ ρ(x) = ρ0 exp

(vx
D

)
(1.63)

so the total number of charged particles is:

Ni =

∫ 0

−∞
ρ(x)dx =

ρ0Di

vi
(1.64)

The time spent inside every region is given by:

ti =
Ni

Ii
=

4Di

vic
(1.65)

where the particles flux is obtained from equation (1.35):

Ii =
ρ0c

4
(1.66)

In this way the time spent for every cycle of interaction is given by:

tcycle = t1 + t2 =
4D1

v1c
+

4D2

v2c
(1.67)

Evaluating the ratio between the energy increment (1.23) and the time per cycle
(1.60) it is possible to obtain:

∆E

∆t
=

4

3

v1 − v2

c

E

tcycle
=
v1 − v2

3

v1v2

D1v2 +D2v1
=

E

tacc
(1.68)
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where the acceleration time tacc has been introduced. From the previous relation
it is simple to express this quantity as:

tacc =
3

v1 − v2

(
D1

v1
+
D2

v2

)
(1.69)

In the case of strong shock, as for example a supernova deflagration, it is possible
to use the Bohm diffusion coefficient. It is important to underline that its validity
is limited to distances of the order of about 1 pc. For greater distances it would
be more correct to use a diffusion equation that can account for the turbulence
of the magnetic fields inside the interstellar medium. However, it is possible to
approximate the real diffusion coefficient with the Bohm one, even for greater
scales:

D =
1

3
λv (1.70)

where v is the particle velocity and λ is its mean free path during the diffusion
process. In the ultra-relativistic approximation, with v ' c and defining λ = E

ZeB

as the Larmor radius (1.44) associated to the particle, the diffusion coefficient
becomes:

D =
1

3

Ec

ZeB
(1.71)

Consequently the acceleration times becomes:

tacc =
3

v1 − v2

1

3

(
Ec

ZeB1v1
+

Ec

ZeB2v2

)
=

cE

Ze(v1 − v2)

(
1

v1B1
+

1

v2B2

)
(1.72)

Using again the approximation of strong shock wave, that implies v1 = 4v2 and
assuming for the diffusion coefficients D1 ' D2 ' D and for the magnetic fields
B1 ' B2 ' B, the acceleration time can be written as:

tacc =
4

3

cE

ZeBv1

(
1

v1
+

4

v1

)
=

20

3

Ec

ZeBv2
1

(1.73)

Finally it is possible to evaluate the maximum attainable energy Emax as:

Emax =

∫ t

0

∆E

∆t
dt =

∫ t

0

E

tacc
dt =

3

20

ZeB

c
v2

1t (1.74)

where t represents the total time spent by the particle inside the accelerating re-
gion. From the equation obtained, it is simple to deduce that there is a relation
between the Larmor radius of a charged particle and the dimension of the ac-
celerating region for every specified energy value. In fact if the radius is much
larger than the dimension of the region, the magnetic field is not strong enough
to confine the charged particle and the cyclic mechanism can not take place. On
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the contrary, if the dimension of the accelerating region is much larger than the
Larmor radius, the particle remains confined in one of the two regions separated
by the shock wave and even in this case the cycle of interactions is forbidden.
Even if the UHECRs sources are not known with absolute certainty, it is possible
to identify some astrophysical objects as candidates. In fact a potential accel-
erator must fulfill some requirements, in order to let charged particles to reach
the required energies. In fact the maximum attainable energy is evaluated, us-
ing equation (1.51), as proportional to E ÷ ZeRBβ where β represents the shock
wave velocity in terms of units of light speed. Therefore extension and magnetic
field strenght of candidates must be correlated. In the Hillas plot, here reported,
are represented some astrophysical objects, as potentially cosmic rays accelera-
tors. On the horizontal axis the linear extension of every object considered is
indicated, instead on the vertical one the magnetic field strength. Another impor-
tant topic of research about cosmic rays consists in discriminate between galactic
and extragalactic origin. As already underlined, having a deeper insight on this
phenomenon, for example, can explain the origin of the ankle in the spectrum.
Establishing the origin point of CRs can appear arbitrary, because the lackness
of a complete comprehension on how CRs are generated and accelerated. Nev-
ertheless there is a general consensus in recognizing as a possible discrimination
criterium the CRs energy. Using in the previous relation the charge of the proton
q ' 1.6×10−19 C, the speed of light c ' 3×108 m/s and for the galactic magnetic
field a mean value of B ' 1µG ' 10−11T , the radius associated to the particle
motion (1.44) becomes:

r =
EeV × 1.6× 10−19C

1.6× 10−19C × 3× 108m/s
× 1

10−11T
'
(

1

3
× 103 × EJ

)
m (1.75)

Even if our galaxy shape is not globular, supposing the Milky Way average di-
mension rMW ' 33 Kpc, from (1.47) it is possible to find a transition from galac-
tic to extragalactic proton constituted cosmic rays at an approximated energy of
1018÷1019 eV . Even for heavier charged particle happens this kind of transition,
but for smaller energy values. This demonstrates that almost all the CRs with an
energy equal or superior to 1018 eV originate outside our galaxy. This type of
Ultra High Energy Cosmic Rays (UHECR) are therefore very interesting because
constitute an ideal probes for extragalactic astrophysical observations.

1.3 Composition and detection

Cosmic rays are composed principally by protons (∼ 90%), but as already illus-
trated, the CRs average mass grows with the increasing of the energy [19, 42].
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Figure 1.5: Hillas plot of the astrophysical objects candidates to be the cosmic rays
sources. On the x-axis the dimension of every object and on the y-axis the magnetic
field strenght are reported. A way to evaluate the maximum attainable energy is ex-
plained in the main text, and the result is Emax = ZRBβ, with Z the charge number of
the particle, R the extension of the astrophysical object, B the magnetic field strenght,
β the shock velocity in speed of light units. The diagonal lines represent the maximal
energies for different types of cosmic rays and different values of the shock wave prop-
agation velocities. It is possible to accelerate to the same energy inside very large low
field regions or in compact structures with large magentic field values.
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Because only highly energetic protons are useful to conduct observational as-
trophysic, it is necessary to discriminate between protons made CRs from the
heavier ones. Since the number of CRs revealed at soil decreases with energy,
the arrival of UHECRs are very rare phenomena, about one event per century
per square kilometer, at energy values of E ≥ 1019 eV . For this reason it is
impossible to use direct detections methods, such as satellites, to observe UHE-
CRs. Instead it is necessary to use the atmosphere as a huge calorimeter, and
then to collect the CRs print at soil. In fact, the only way to detect UHECRs is
to to reveal the Extended Air Shower (EAS), the products cascade of secondary
particles generated by the primary cosmic ray. The primary particle, propagat-
ing in the atmosphere, interacts with the oxygen and the nitrogen molecules,
present in the air, generating a cascade of secondary products, the EAS, losing
its energy until it is totally depleted. The secondary products cascade is made
of a muonic component, which carries the 10% of the initital energy, a neutrinic
one, which has the 1% of the total energy, an electromagnetic one, made of elec-
trons, positrons and photons, with the 85% of energy, and the hadronic cascade,
made of the fragments of the atomic nuclei involved in the interactions, with the
4% of energy. The produced particles are principally made of pions and kaons,
which constitute the hadronic part of the EAS, together with the remnants of
the atom destroyed in the interactions. These products may continue to interact,
with other atoms, or decay, creating other hadrons or the remanent part of an
EAS, that is muons, neutrinos or electro-magnetic secondary products (gamma
rays or electron-positron pairs). During this process, pions decay before inter-
acting with other particles, generating EM radiation or, with a lower probability,
pairs. The EM component is constantly fed, because the larger part of particles,
which compose the hadronic fraction of the cascade, interact again before de-
caying and most of the primary energy is dispersed in this channel. Gamma rays
propagating in atmosphere generate electron and positron pairs, every particle of
which carries away half of the original energy. Then these particles interact with
the atmosphere atoms, generating again EM radiation by bremsstrahlung. This
process dissipates energy until a critical value is reached, ionization becomes
the principal dissipating mechanism for the pairs and no more particles are cre-
ated. Instead, for the EM radiation, the Compton scattering starts to disperse
the remaining energy, suppressing further pairs productions. Even a muonic
component is present in every EAS and it evolves in a different manner. In fact
they are created as decay products of pions and kaons in high atmosphere and
are the only particles, together with neutrinos, which reach the ground level. In
fact, because of their high energy, small cross section and long life time, muons
survive enough to reach the ground level detectors. So they are used to recon-
struct the original properties of the primary CR. Because the rarity of events in-
volving UHECR, it is important to resort to huge facility to detect this kind of
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Figure 1.6: Developing of an Extended Air Shower in atmosphere of a primary cosmic
ray with an initial energy E0.

particles. For example Auger experiment is composed by 1660 Cerenkov Water
Tanks (CWT) disposed on a triangular grid, optimized to detect UHECR gener-
ated EAS. It is necessary to obtain all the possible informations to reconstruct the
original data of the primary particles, such as energy and arrival direction. To
conduct this kind of research, experiments like Auger use the ground level CWT
to collect data about the muonic component of each EAS. This process therefore
consists in collecting what is called the EAS foot print at soil.
The discrimination of the lighter component of UHECR from the heavier one
constitutes a great challenge for every experiment and it is very interesting be-
cause the great importance of the lighter component. A first method consists
in measuring the penetration in atmosphere of the primary CR. This is made
observing the altitude of the point where the EAS reaches the maximum produc-
tion of fluorescence light, generated by the interaction of the primary charged
particle with the atoms of nitrogen present in the atmosphere. Auger and Tele-
scope Array experiments, for example, use fluorescence telescopes to detect the
penetration depth of the primary, knowing that lighter particles penetrate much
more, because they have a lower probability to interact. This method together
with the reconstruction of the muonic print at soil guarantees a great precision
in determining the energy and the original mass of the primary CR.
To increase this ability to discriminate the lighter component from the heavier
one, Auger collaboration started recently an upgrade program [43], which will
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improve the reconstruction performance of the EAS muonic component. This
provides the integration of a secondary fluorescence detector to the CWT, to dis-
criminate the residue EM signal from the muonic one. Because lighter particles
interact later, penetrating in the atmosphere, the ratio of the muonic and EM sig-
nal at soil changes from light to heavy particles. In fact if the EAS is generated at
a big altitude in atmosphere, the electromagnetic component of the cascade can
develop and reach its maximum production of particles. As consequence the EM
component is predicted larger for heavier particles. But if the altitude exceeds
a determined value, the effect of propagation in atmosphere determines an at-
tenuation of this component. The further information obtained in this way can
be integrated in the data analysis to better understand the nature of the original
CR. In this way it results possible to discriminate the heavier component from
the lighter one and answer to the question if there is an average mass increment
with the detection energy.



CHAPTER 2

GZK effect

As already underlined, the ideal candidates, to conduct extragalactic astrophys-
ical observations, are the most energetic cosmic rays, UHECR, those with an en-
ergy that exceeds a value of about 1019 eV [41]. In fact, it is well known that CRs,
with such a high energy order of magnitude, are originated, with great proba-
bility, outside our galaxy, as already stressed at the end of the previous chapter.
Observations of UHECR can therefore furnish interesting informations about ex-
tragalactic structures, together with other probes, like neutrinos and electromag-
netic radiation, in what is called a multi-messenger scenario. But before conducing
observational astrophysics with UHECR, it is necessary to have a deeper under-
standing of their propagation from the sources to the detection facilities.

2.1 Importance of UHECR for observational astronomy

To describe CRs physics, it is necessary to consider that they are constituted
by charged particles, that interact with the Extragalactic and Galactic Magnetic
Fields (EGMFs - GMFs respectively). These fields can deflect charged particles
trajectories, making more difficult to identify their origin. The knowledge of
these magnetic fields real magnitudes is still poor, but in some cases, such for ex-
ample galaxy clusters, the strength is better known, with typical values of about
1 µG. Outside these structures, the magnetic field strength is not well known and
it is possible to predict its value only by numerical simulations, about the forma-
tion of large scale structures, implementing a magneto-hydrodynamics evolution
scenario. Other data are experimentally accessible via the observation of Fara-
day rotation of polarization, that poses an upper limit to the EGMFs intensity
as: B < 4nG, in case of an inhomogeneous universe, with a coherence length of
about lc ' 50Mpc. These magnetic fields can deflect the path of charged CRs,
with an intensity proportional to their electric charge. Therefore the trajectory
is transformed, by this interaction, from straight to extremely chaotic, for low
energy CRs or for heavy particles with a large electric charge. In fact, assuming
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an ideal configuration of a turbulent magnetic field with strength B, homoge-
neous inside regions with coherence length lc, the Larmor radius (1.44) can be
expressed as:

RL '
(
EPeV
ZBnG

)
(2.1)

where the result is given in kpc, E is in units of PeV = 1015 eV and B is in units
of nG.
From this relation it follows, for example, that to aim to the center of our galaxy,
distant ∼ 8 kpc from the Earth, it is necessary to detect a proton with energy
E ' 1019 eV .
Moreover what emerges from the equations (1.44) is that the CRs path deflection
grows linearly with their electric charge, and consequently their mass, and is
obviously bigger for low energy particles. More in detail it is possible to evaluate
the distance on which a particle suffers a deflection of about 1 rad. This distance
corresponds to the diffusion length ld, the average path travelled by a particle
between one scattering process and another. It can be evaluated using (1.65) and
(1.67), and consequently, following [41]:

ld ÷D (2.2)

whereD represents the diffusion coefficient. Considering a diffusion mechanism
for low energies, that is RL � lc, it results dominated by a resonant scattering
phenomenon. The magnetic field strength is given by a magneto-hydro dynamic
wave:

Bλ exp
(
i
(−→
k −→p − ωt

))
(2.3)

and is assumed constant for tiny λ wavelength. The resonant condition is imple-
mented in the relation:

ω = nωg (2.4)

with n a generic integer, ω the wave frequency and ωg = eB
γmc is the gyro-frequency.

Using a Lorentz transformation the frequency becomes:

ω −
−→
k −→v = ωg (2.5)

and from this relation it is possible to compute the resonance wave number for
n = 1:

kres =
ω + ωg
vµ

' ωg
vµ

=
1

RLµ
(2.6)
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where µ = cos θ and RL = v
ωB

.
Now from the normalized spectrum:

kω(k) = k0ω(k0)

(
k

k0

)−ξ
(2.7)

with the exponent ξ = 0 for Bohm, ξ = 1
2 for Kraichnan, ξ = 2

3 for Kolmogorov
diffusion processes.
Following [12, 44] the frequencies of the scattering particle can be written as:

ν(µ, kres) = 2π2ωBkresω(kres)
1

B2
0

= 2π2ωBk0ω0

(
k

k0

)−ξ
(2.8)

and to obtain the diffusion coefficient, considered for a process parallel to the
magnetic field

−→
B 0, it is necessary to perform the integral:

D =
v2

4

∫ 1

0
dµ

1− µ
ν(µ, k)

(2.9)

The computed value is given finally by the summary formula:

D =
1

3
clD =

1

3
clc

(
E

Ec

)α
(2.10)

and, for the diffusion length, the following relation is immediately obtained:

lD ' lc
(
E

Ec

)α
(2.11)

The exponent is given by α = 1
3 for Kolmogorov, α = 1

2 for Kraichnan, α = 1 for
Bohm diffusion processes. Finally it is possible to deduce that α is related to the
particle energy, which influences the way the particle itself feels the effects of the
magnetic field. In fact, if the energy is such that the Larmor radius is smaller than
the coherence length lc, the particle scatters resonantly inside the turbulence with
a resulting diffusion phenomenon. Instead, at bigger energies, when the Larmor
radius is larger than the coherence length, that is RL � lc, it results ξ = 1 and
all the previous computation can be repeated and the exponent of the equation
(2.10) becomes α = 2. At the highest energies the diffusion length lD is even big-
ger than the average distances of the sources and in this case the particles do not
feel influences by the interaction with the magnetic fields and the propagation is
substantially rectilinear. This demonstrates that the lighter components of UHE-
CRs flux, that is highly energetic protons, thanks to their huge energy and their
low electric charge, are subject to a negligible interaction with magnetic fields.
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Therefore they suffer tiny deflections from a rectilinear propagation. Direct con-
sequence is that protons, with an energy equal or superior to 5 · 1019 eV , can be
used to conduct anisotropy researches, because observing their arrival direction
it is possible to aim to the sources. Therefore UHECRs result very interesting in
the perspective of conducing observational astrophysics, in particular for extra-
galactic objects. Moreover, as already underlined, the importance of understand-
ing the physics of UHECR is due to the fact that these ultra-energetic particles,
which travel for cosmological distances, are the best candidates to investigate the
physics of Lorentz Invariance Violation (LIV) and to probe the supposed micro-
scopical quantum structure of space-time.

2.2 Cosmic rays propagation

2.2.1 Energy dissipation

A fundamental aspect of UHECRs physics is constituted by their propagation
from the sources to the detection and the relative energy losses. In fact, Universe
is not transparent to the propagation of particles, because of the presence of the
Cosmic Microwave Background Radiation (CMBR). This radiation constitutes
the electromagnetic relic of the big bang, a black body radiation distributed with
an average temperature of 2.73 ◦K. The interaction of a CR with this background
depends on the particle nature [45, 46, 44]. A proton, for example, during its
propagation in space, can interacts with this background via a photo-pion pro-
duction process, passing through a delta resonance, or via a pair production:

p+ γCMBR −→ ∆+ −→

{
p+ π0

n+ π+

p+ γCMBR −→ p+ e+ + e−

(2.12)

and dissipates part of its original energy for every particle creation process.
More massive particles interacting with the CMBR, can dissipate energy suffer-
ing a photo-dissociation. Through this process, the original cosmic ray breaks
down in sub-particles, each of which carries away a part of the original energy:

(A, Z) + γCMBR → (A− n, Z − n′) + nN (2.13)

A is the atomic number, Z is the charge number, n is the total number of stripped
nucleons, n′ the number of the stripped charged ones and N represents a nu-
cleon.
Because their importance for astrophysics, in this section, first of all, only the pro-
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tons propagation will be considered and therefore only the protons dissipation
energy mechanisms will be analyzed. To understand the energy attenuation, it
is possible to calculate the proton optical depth, defined, as the average distance
over which a particle must travel in deep space to reduce its energy by a factor
of 1/e:

E = −τ(E)Ecdt ⇒ − 1

E

dE

cdt
= τ(E) (2.14)

This quantity is relevant in estimating the mean free path of a proton in our
universe. For a given intrinsic spectrum of UHECR protons (dF/dE)int, the ob-
served spectrum (dF/dE)obs is given by:(

dF

dE

)
obs

= e−τpγ(Ep,L)

(
dF

dE

)
int

(2.15)

where the optical depth is function of the energy Ep and the distance of prop-
agation L of the particle. The optical depth is evaluated calculating the energy
dissipation caused by the interaction of a proton, propagating in Universe, with
the CMBR, for a given diffusion length. It is obtained integrating, for the given
length, the product of the cross section, that accounts for the probability of the
interaction, multiplied by the probability density function of the CMBR times the
inelasticity of the process:

τpγ =
1

lpγ
=

∫ +∞

Ethr

dE

∫ +1

−1
dµ

1− µ
2

n(E)σpγ(s)K(s) (2.16)

In the previous equation µ = cos(θ), L is the length of propagation of the proton,
K(s) is the inelasticity, that is the fraction of the total incident energy lost in pro-
ducing secondary particles, σpγ is the cross section of the process analyzed, Ethr
is the threshold energy for the interaction considered and n(E) the probability
density of CMBR, in other words the Planck’s formula for the energy dependent
photon density in black body radiation:

n(E) =
1

π2

E2

eE/KT − 1
(2.17)

The inverse of the mean free path now becomes:

τpγ =
1

lp
=

∫ +∞

Ethr

dE n(E)

∫ +1

−1
(1− vp cos θ)

d cos θ

2
σpγ(s)K(s) (2.18)
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where n(E) is the CBMR energetic distribution and vp is the proton velocity.
In the case of UHECR protons, it is possible to consider vp ' 1 and taking:

ds = −2Epωd cos θ (2.19)

the optical depth path becomes:

τpγ =
1

8p2

∫ +∞

Ethr

dE
n(E)

E2

∫ sMax

smin

ds sσpγ(s)K(s) (2.20)

Let now change the perspective and consider the Mandelstam variable s in the
rest frame of the proton, where the proton four momentum is (ω′, −→p ′γ), and using
the fact that

s = (mp + ω′)2 −−→p 2
γ = m2

p + 2mpω
′

ω′ = γω(1− vp cos θ) ' 2ωγ (head on collision)
(2.21)

it is possible to obtain for the optical depth the equation:

τpγ =
−KT
2π2γ2

∫ +∞

ω0

dω σpγ(ω)K(ω)ω ln(1− e−ω/2KTγ) (2.22)

The obtained formula accounts for both interaction processes of a proton with
CMBR, but one by one. Each interaction optical depth can be computed using
the previous formula with the correct choice of σpγ cross section and K inelas-
ticity. The total optical depth is given by the sum of that foreseen for photo-pion
production with the one predicted for pair production.
To complete the analysis it is necessary to determine the energy threshold values
for the two different interaction mechanisms of a proton with the CMBR. In the
case of photo-pion production, during a collision of a proton with a photon, the
free energy of the process, in the center of mass reference frame, is given by the
Mandelstam variable s:

s = (Ep + ω)2 − (−→p p +−→ω )2 = m2
p + 2ωEp(1− cos θ) ' m2

p + 4Epω = m2
∆ (2.23)

The four momentum of the proton is (Ep,
−→p p), the four momentum of a CMBR

photon is (ω,−→ω ), mp denotes the proton mass and m∆ denotes the delta res-
onance mass. In the previous computation the ultra-relativistic approximation
p ' E has been used.
In this case the threshold energy can be evaluated as:

Ethr =
m2

∆ −m2
p

2ω(1− cos θ)
(2.24)
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To compute the minimum energy required for the process it is sufficient to resort
to the head-on collision approximation (θ = π ⇒ cos θ = −1):

Ethr =
m2

∆ −m2
p

4ω
' 5 · 1019 eV (2.25)

with the average energy of CMBR ω ' 4 · 10−4 eV , the resonance delta mass is
m∆ = 1232MeV and the proton mass is mp = 938MeV .
The computation for the pair production case follows the same procedure used
before. The process free energy is given, as in (2.23), by the equation:

s = (Ep + ω)2 − (−→p p +−→ω )2 = m2
p + 2ωEp(1− cos θ) '

'm2
p + 4Epω = (mp + 2me)

2 −m2
p

(2.26)

Resorting to the same approximation, used in the previous computation, that is
the head-on collision, with the introduction of me as the mass of the electron or
the positron, the threshold energy for pair production can be written as:

Ethr =
(mp + 2me)

2 −m2
p

4ω
=

4(mpme +m2
e)

4ω
' 2.5 · 1018 eV (2.27)

In performing the integration to compute the optical depth, the dominant con-
tributions come in the region of the lower energy or, in other words, near the
threshold energy. This results simple to deduce from equation (2.22) and from
the shape of the black-body radiation spectrum, representing the CMBR distri-
bution density. This means that pair production starts to cause proton energy
dissipation only for energy E ≤ Ethr ' 2.5 · 1018 eV . In case of UHECR pro-
tons this process can be neglected and therefore only the photo-pion production
can be considered influencing their propagation, until their energy goes under
threshold.

2.2.2 GZK effect

At the end of the previous section, it has been illustrated why the pair production
can be neglected in computing the UHECR protons energy dissipation. So only
the photo-pion interaction dominates the phenomenon for protons, which, after
a long enough path, dissipate a consistent part of their initial energy and can be
detected only under a definite energy threshold. This means that a proton, de-
tected with energy exceeding determined high values, must be accelerate inside
an opacity sphere, whose radius depends on the energy itself. This effect is called
GZK cut-off and takes the name from the three physicists, who first predicted it:
Greisen - Zatsepin -Kuz’min [47, 48]. The presence of this opacity sphere is of
great importance, because, assuming its dimensions smaller than the homogene-
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ity scale of the Universe, it let to conduct anisotropy researches of the sources
of UHECRs. In fact, knowing that UHECR protons are almost not affected by
extra-galactic magnetic fields, during their propagation, it is possible to aim to
their sources, which must be confined inside a sphere, where Universe matter is
not uniformly distributed.
A first estimation of the dimensions of the GZK sphere can be obtained, taking
the integral average of the photon distribution:

λp '
1

nγσpγ
' 10Mpc (2.28)

where the CMBR distribution is approximated with the mean value of nγ '
410 γ/cm3 and for each photo-pion production process, it is assumed an energy
dissipation of the order of about 10%÷ 20%. In the energy threshold value range
the cross section is almost constant and is σpγ ' 0.5 mb. Finally the GZK sphere
results to have an approximate radius of r ∼ 50÷ 100Mpc.
To determine the mean free path of a proton, it is now necessary to define explic-
itly the elasticity factor η =

(
Eout
Ein

)
. It is defined as the ratio of the energy car-

ried away by the most energetic particle emerging from the interaction, (Eout),
divided by the energy of the incident particle, (Ein). From this it is possible
to obtain the inelasticity, which represents the fraction of the total incident en-
ergy that is available for the production of secondary particles, and is defined as
K = (1− η).
In fact, protons lose energy by the photo-pion production process, without an-
nihilate. So, if they have enough energy, the process can repeat again, and the
inelasticity K evaluates the fraction of initial proton energy transferred to each
outgoing pion, after every interaction. To obtain the correct formula for the elas-
ticity [45], it is necessary to start from the Mandelstam variable s, evaluated in
the center of momenta (CM) frame of reference. Using the relativistic invariance
of this quantity, evaluated for the proton-photon system, it is possible to obtain:

(−→p ∗p +−→ω ∗) = 0 (2.29)

and so, in analogy with relation (2.23):

s = (E∗p + ω∗)2 − (−→p ∗p +−→ω ∗)2 = (E∗p + ω∗)2 =

=(Ep + ωp)
2 − (−→p p +−→ω )2 = m2

p + 2mpω
(2.30)

With the exponent label ∗ are indicated the four-momenta in the CM frame.
Changing frame of reference requires the Lorentz transformation:

γCM (E∗p + ω∗) = (Ep + ω) =
√
s (2.31)
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γCM is the Lorentz coefficient for transformations from the ordinary frame of
reference to the center of momenta one.
From this it is possible to obtain:

γCM =
Ep + ω√

s
' Ep√

s
=

Ep
m2
p + 2mpω

(2.32)

where, considering UHECR protons much more energetic than the average pho-
tons of the CMBR, the approximation Ep >> ω has been used.
Now it is possible to indicate the dispersion relations for the proton (p) and the
pion (π) respectively as:

Ep =
√
m2
p +−→p 2

p Eπ =
√
m2
π +−→p 2

π (2.33)

equations that are valid even in the CM frame of reference.
It is simple to rewrite the dispersion relation for the pion, in the CM frame, as:

E∗π =
√
E∗ 2
p −m2

p +m2
π (2.34)

where the relation −→p ∗p = −→p ∗π has been used, as by definition of CM frame of
reference. Considering the equation:

(E∗p + E∗π) =
√
s ⇒ E∗p +

√
E∗ 2
p −m2

p +m2
π =
√
s (2.35)

where the proton and pion energies, after the photo-pion production process, are
indicated, finally it is simple to derive the relation:

E∗ 2
p −m2

p +m2
π = s− 2

√
sE∗p + E∗ 2

p (2.36)

The last equation can be simplified, obtaining for the proton energy, after the
interaction with the CMBR:

E∗p =
s+m2

p −m2
π

2
√

2
(2.37)

From this relation, using the Lorentz transformations, it is possible to determine
the proton energy in the laboratory reference frame:

E′p = γCME
∗
p =

1

2

(
1 +

m2
p −m2

π

s

)
Ep (2.38)

Using the definition of elasticity η as the ratio of the energy conserved by the most
energetic particle, after the interaction process, divided by the energy before the
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scattering, it is possible to arrive to:

η =
E′p
Ep

=
1

2

(
1 +

m2
p −m2

π

s

)
(2.39)

From this equation and the definition of inelasticity K = (1 − η), it is easy to
derive the expression:

K =
1

2

(
1−

m2
p −m2

π

s

)
(2.40)

Knowing the form of the inelasticity, it is possible to estimate the optical depth
τpγ for a proton with an initial energy Ep. The relation (2.22), giving the optical
depth, can be simplified to determine an approximate method, to evaluate numer-
ically the mean free path of a proton in the UHECR energy region. Considering
the delta resonance of determined energetic amplitude, is possible to write:

1

lp
= σpγ

∫ Ep−∆pγ
2

Ep−∆pγ
2

n(E)dE = σpγ

∫ Ep−∆pγ
2

Ep−∆pγ
2

n(E)dE (2.41)

where ∆pγ = 100 MeV is the amplitude of the delta resonance.

2.2.3 More on spectrum shape

The energy dissipation, suffered by UHECRs during propagation, and caused
by the interaction with the CMBR, via the two mechanisms before exposed, can
influence their spectrum shape. So it is possible to find some traces of these
dissipation phenomenons in modifications of the foreseen spectrum structure
[49, 50, 51]. Considering, for example, protons originated with very high ener-
gies and detected after a long enough path, their energy dissipation is dominated
by the photo-pion production. But this mechanism loses efficiency when energy
decreases, so protons dissipation is slower when they reach region near a certain
cut-off energy, about 1019 eV . This effect, known as the bump model, produces in
fact an accumulation point, that is a ”hump”, in the spectrum form, in the energy
region indicated.
Another important feature of the spectrum is caused by the fact that, for ener-
gies equal or lower than the threshold energy 2.5 · 1018 eV , the dissipation is
dominated by pair production. Most of the protons, that populate this spectrum
region, with energies included in the range of 1018 ÷ 1019 eV , are originated at
distances of the order or larger than 1000Mpc. At this dimension scale the Uni-
verse can be assumed, with great confidence, as homogeneous. For this reason
this effect, known as dip model, predicts that the spectrum structure, for energies
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below about 1019 eV , is not influenced by the sources distribution. This consti-
tutes another argument at support of the utility of UHECR protons for conducing
anisotropy researches.

2.3 Electromagnetic radiation propagation

In analogy of what exposed in the previous section, Universe is not totally trans-
parent even to the propagation of photons. The only difference, respect to the
previous case of protons consists in the fact that photons interacting with CMBR
create a pair and disappear and the initial energy is carried away in equal parts
by the electron and the positron generated.
The complete cross section for the photon-photon interaction for couple creation
is given by the Breit-Wheeler formula:

σγγ =
r2

0π

2
(1− β2)

(
(3− β4) ln

(
1 + β

1− β

)
+ 2β(β2 − 2)

)
=

=
3σT
16

(1− β2)

(
(3− β4) ln

(
1 + β

1− β

)
+ 2β(β2 − 2)

)
.

(2.42)

with:

r0 = classical radius of the electron

β =

√(
1− Ethr

E

)
σT = 6.65× 10−25 cm2 Thompson cross section

(2.43)

Ethr is the threshold energy for the process, obtained posing the free energy in
the center of mass, that is the Mandelstam variable s, bigger or equal to the rest
energy of two free electrons:

s = (Eγ + ECMB)2 − (−→p γ +−→p CMB)2 = 2EγECMB(1− cos(θ)) ≥ 4m2
e (2.44)

so it is possible to obtain:

Ethr =
4m2

e

ECMB(1− cos(θ))
(2.45)

In the ultra-relativistic limit the gamma-gamma cross section becomes:

σγγ ' πr2
0

(m
ω

)2
(

2 ln

(
2ω

m
− 1

))
' πr2

0

1

s
ln

(
s

2me

)
(2.46)
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As in the protons case, it is possible to estimate the optical depth τγγ of a photon
with energy Eγ . This quantity is correlated with the spectrum of EM detected
radiation by equation (2.22).
Even in this situation the optical depth is evaluated as the probability of inter-
action of the Cosmic Background Microwave Radiation (CMBR). It is obtained
integrating the product of the cross section (2.42) multiplied by the probability
density function of the CMBR, in analogy with the previous case:

τγγ =
1

lγγ
=

∫ +∞

Ethr

dE

∫ +1

−1
dµ

1− µ
2

n(E)σγγ(s) (2.47)

where µ = cos(θ), L is the photon propagation length and n(E) is the black body
photon density (2.17).
It is relevant to underline the fact that a high energy photon, which interacts
with the CMBR, is ”killed” as an energetic particle, because creates a couple e−

e+, disappearing.
Considering

ds = −2EγECMBd cos(θ) (2.48)

is possible to obtain:

τγγ =
1

8E2
γ

∫ +∞

Ethr

dE
n(E)

E2

∫ sMax

smin

ds sσγγ(s) =

=
1

8E2
γ

∫ +∞

ω0(=m2
e/E)

dω
1

eω/KT − 1

∫ sMax

smin

ds sσγγ(s)

(2.49)

where smin = 4m2
e and sMax = 4EγECMB .

Changing the reference frame to that of the center of momenta (CM):

−→p γ +−→p CMB = 0 ⇒ −→p γ = −−→p CMB (2.50)

the energy (ω) of the incoming photon becomes equal to that of the CMBR pho-
ton. Taking into account the previous relation:

ω2
γ −−→p 2

γ = ω2
CMB −−→p 2

CMB = 0 ⇒ ωγ = ωCMB = ω (2.51)

so the Mandelstam variable s becomes:

s = (ωγ + ωCMB)2 − (−→p γ +−→p CMB) = 4ω2 (2.52)
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and for the optical depth is possible to obtain:

τγγ =
1

lγγ
=

∫ +∞

Ethr

dE

∫ +1

−1
dµ

1− µ
2

n(E)σγγ(s) =

=
−4KT

π2E2

∫ ∞
m2
e

dω ω2σγγ(ω) log
(

1− e−ω2/EKT
) (2.53)

2.4 Cosmological red shift

For UHECRs, energy dissipation, along their diffusion, is dominated by the inter-
action effects with the CMBR, as already underlined, and by the Universe expan-
sion, which induces an adiabatic energy loss. Therefore, after the interaction with
the CMBR, it is necessary to consider the effects induced by the cosmological red
shift, in particular for particles, that propagates for cosmological distances.

2.4.1 Coordinates change

To introduce this topic, a Friedmann-Robertson-Walker (FRW) scenario is as-
sumed, with the Universe supposed homogeneous and isotropic. The FRW met-
ric takes the explicit form:

ds2 = dt2 − c2R2(t)

(
dr2

1−Υr2
+ r2(dθ2 + sin θ2dφ2)

)
(2.54)

with Υ the parameter that accounts for the Universe curvature:
Υ > 0 spherical geometry ⇒ closed

Υ = 0 flat geometry

Υ < 0 hyperbolic geometry ⇒ expansion

(2.55)

Let’s consider now the effects of curvature on a light ray, emitted by the source
with initial wave length λ0 and initial frequency ω0 and observed after a certain
propagation. It is always possible to find a Killing vector ξµ, parallel to the pro-
jection of the wave vector

−→
k on the space hyper-surfaces Σ and Σ0 at different

times (t and t0). In FRW scenario the space-time is foliated in different space-type
hyper-surfaces tagged by the time t coordinate. The length of ξµ varies from time
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t0 to t, because of the change of the scale factor:√
ξµξµ

∣∣
t√

ξµξµ
∣∣
t0

=
R(t)

R(t0)
(2.56)

kµ is a light type vector, so its internal product with the four velocity of the ob-
server vµ:

kµv
µ =

ξµv
µ√

ξµξµ
(2.57)

and thus it follows:

ωi =
ξµv

µ√
ξµξµ

∣∣∣∣
ti

(2.58)

The four vector kµ is tangent to the light geodesic, so because the inner product
of a Killing vector with a geodesic tangent one is constant, it follows that:

ξµv
µ
∣∣
t

= ξµv
µ
∣∣
t0

(2.59)

and therefore:
ω(t0)

ω(t)
=

√
ξµξµ

∣∣
t√

ξµξµ
∣∣
t0

=
λ

λ0
=

R(t)

R(t0)
(2.60)

and, due to the dilatation of the space, the final effect is that every photon in-
creases its wave length, effect called cosmological red shift.
To study this phenomenon it is possible to define a red shift parameter:

z =
∆λ(t)

λ(t0)
=

(
λ(t)

λ(t0)
− 1

)
=

(
ω(t0)

ω(t)
− 1

)
(2.61)

therefore immediately it follows:

1 + z =
λ

λ0
=

R(t)

R(t0)
(2.62)

In case of sources collocated in nearby galaxies, it is possible to evaluate the
previous equation via a Taylor series:

1 + z ='
R(t0) + (t− t0)Ṙ(t0) + 1

2R̈(t0)(t− t0)2 + . . .

R(t0)
= 1 +H(t− t0) (2.63)

where the Hubble constant has been defined as:

H0 =
Ṙ(t0)

R(t0)
(2.64)
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Defining now the coordinate:

x = ct = R(t)r (2.65)

it is possible to obtain:

dr =
dx

R(t)
=

cdt

R(t)
=
c(1 + z)

R(t0)
dt =

c(1 + z)

R(t0)

dt

dz
dz (2.66)

Introducing the density parameters of radiation (ΩR), matter (Ωm), curvature
(Ωk) and the cosmological constant (ΩΛ), which obey the relation:

ΩR + Ωm + Ωk + ΩΛ = 1 (2.67)

it is possible to write the derivative in the form:

dz

dt
= H0(1 + z)

√
(1 + z)4ΩR + (1 + z)3Ωm + (1 + z)2Ωk + ΩΛ (2.68)

In case of an asymptotically flat Universe, dominated by matter1 the previous
derivative becomes:

dz

dt
= H0(1 + z)

√
(1 + z)3Ωm + ΩΛ (2.69)

Using the previous equalities it is possible to express the coordinate r in function
of the red shift parameter:

r =

∫ z

0

dx

R(t)
=

∫ z

0

dt

dz

1 + z

R(t0)
dz (2.70)

and from this it follows the possibility to express the coordinate r in function of
the red shift parameter z:

r =

∫ z

0

c

H0R(t0)

dz√
(1 + z)3Ωm + ΩΛ

(2.71)

1

• H0 ' 70 70 km/s
Mpc

• Ωk ' 0

• ΩR ' 9.2 · 10−5

• Ωm ' 0.315

• ΩΛ ' 0.685
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2.4.2 Detection energy dependence on red shift parameter

To evaluate the red shift effects on the spectrum it is fundamental to find the
explicit form of the derivative:

dE

dE0
(2.72)

where E is the energy of the particle at detection and E0 is the energy at source.
This derivative can then be employed in equation (1.43) to clarify the effects of
cosmological red shift.
First of all the cosmological expansion determines on the CMBR photons an in-
crease of the number distribution and energy, given by:

n(E) −→ (1 + z)3n(E0)

E −→ (1 + z)E0

(2.73)

The Universe expansion causes an adiabatic energy dissipation for every particle
propagating, which is given by:

− 1

E

dE

dt
= − 1

E

dE

dz

dz

dt
= − 1

(1 + z)E0
E0
dz

dt
= H0

√
(1 + z)3Ωm + ΩΛ (2.74)

There is even a red shift modification in the energy loss, caused by the interaction
of a propagating particle with the CMBR, because the probability of the interac-
tion with photons increases proportionally with their number and is function of
the photons energy. Reconsidering the β function as introduced in in equation
(1.44) and (1.45), it is possible to write:

β(E)→ (1 + z)3β0((1 + z)E) (2.75)

From the previous one, and remembering the meaning of the β function in the
definition of the time derivative of the detected energy, the dissipation assumes
the form:

− 1

E

dE

dt
= − 1

E

dE

dz
= (1 + z)3β0((1 + z)E) → dE

dz
= −(1 + z)3E

dt

dz
β0((1 + z)E)

(2.76)
Summing the contributions due to the CMBR modification with the adiabatic ex-
pansion one, it is possible to evaluate the total derivative of the detection energy
respect to the red shift parameter:

dE

dz
= E

(
(1 + z)2β0((1 + z)E0)E

H0

√
(1 + z)3Ωm + ΩΛ

+
1

1 + z

)
(2.77)
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Using the previous one together with the condition E(0) = E0, it is possible to
obtain the form for the energy for given z red shift parameter:

E(z) = E0−
∫ z

0

dζ

1 + ζ
E(ζ)−

∫ z

0
dζ

(1 + ζ)2

H0

√
(1 + z)3Ωm + ΩΛ

β0((1+ζ)E(ζ)) (2.78)

Defining the derivative:
dE(z)

dE0
= χ(z) (2.79)

the red shift Hubble function:

H(z) = H0

√
(1 + z)3Ωm + ΩΛ (2.80)

and the red shift energy:
ε(z) = (1 + z)E(z) (2.81)

it is possible to obtain from (2.78) the differential equation:

χ(z) = 1−
∫ z

0

dζ

1 + ζ
χ(ζ)−

∫ z

0
dζ

(1 + ζ)3

H(ζ)

β0(ε)

dε
(2.82)

From the previous relation, differentiating again respect to the energy E0, the
associated differential equation follows:

d

dE0
lnχ(z) =

−1

1 + z
− (1 + z)3

H(z)

dβ0(ε)

dε
(2.83)

The solution of this equation gives the explicit form of the derivative of the de-
tection energy respect to the red shift parameter z and gives an insight on the
energy dependence from this parameter:

χ(z) =
dE(z)

dE0
= (1 + z) exp

(
1

H0

∫ z

0

(1 + ζ)3dζ√
(1 + z)3Ωm + ΩΛ

dβ0(ε)

dε

)
(2.84)

2.4.3 Red shift effect on the spectrum

Obtained the explicit dependence, from the red shift parameter z, of the energy
at the detection point, it is possible now to integrate in the known expression of
the spectrum the changes caused by the cosmological expansion. As illustrated
before the effects are correlated to the red shift of the electro-magnetic waves
of the CMBR. The adiabatic effects caused by the dimensional increase of the
length scale determines an adiabatic energy loss. As already underlined, the total
flux of particles is constant, because the energy loss mechanism does not predict
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annihilation. The expression of the energy spectrum at the detection point (1.46)
becomes in this way:

dN(E)

dE

∣∣∣∣
det

=
dN(E0)

dE0

d(E0)

dE
=

=
dN(E0)

dE0
(1 + z) exp

(
1

H0

∫ z

0

(1 + ζ)3dζ√
(1 + z)3Ωm + ΩΛ

dβ0(ε)

dε

) (2.85)

The effects of red shift are visible even on the detected flux of particles, in fact
the total number of emitted particles does not change, but the cosmic inflation
modifies the number of detected ones. Giving the expression of the particle flux:

I(E, r)dE =
Qinj(E0)

4πr2
dE0 (2.86)

where the number of the accelerated particles by the sources, that is the injection
spectrum, is the function Qinj(E).
Defining the red shift length as:

d = R(t)r =
R(t0)r

1 + z
(2.87)

the flux modified by the cosmological inflation can be written as:

I(E, z)dE =
Qinj(E0)

4π(1 + z)(R(t0)r)2
dE0 → I(E, z) =

Qinj(E0)

4π(1 + z)(R(t0)r)2

dE0

dE
(2.88)

2.4.4 Red shift effect on optical depth

Even the optical depth is affected by the presence of the cosmological inflation.
In fact, reconsidering the definition of this quantity, it depends on the density
distribution of the CMBR photons, which is affected by the red shift. Further-
more this quantity depends even on the average energy of the photons and the
energy of the proton and both of them are modified again by the red shift. Ex-
plicitly is possible to generalize the computation and, following [52], to obtain:

τpγ(z) =

∫
L
dx

∫ ∞
E′thr

dεσpγ(ε)εK(ε) ln

(
1− exp

(
− ε

2KTγ

))
=

=

∫ z

0

cdt

dζ
dζ

∫ ∞
E′thr

dεσpγ(ε)εK(ε) ln

(
1− exp

(
− ε

2KTγ

)) (2.89)
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where the integral has been evaluated along the proton world line, and all the
quantities have been modified by the cosmological inflation T = (1 + z)T0, E =

(1 + z)E0, ε = (1 + z)ε0 and E′thr = Ethr
1+z , so this equation reduces to:

τpγ(z) = −
∫ z

0

dζ

(1 + ζ)H(ζ)

∫ ∞
E′thr

dεσpγ(ε)εK(ε) ln

(
1− exp

(
− ε

2KTγ

))
(2.90)

where the explicit form of the derivative of time respect to red shift parameter z
has been used. The computation of the previous equation simplifies if the thresh-
old energy Ethr → 0, so it is possible to perform the second integral as:∫ ∞

0
dεσpγ(ε)εK(ε) ln

(
1− exp

(
− ε

2KTγ

))
= σpγ(E)n0(1 + z)3 (2.91)

and the estimation of the optical depth simplifies and is analytically possible.

2.5 Modifying GZK effect by LIV

Lorentz invariance plays a key role in GZK cut-off computation [18]. Both the
cross section and the inelasticity of the photo-pion process are evaluated in a
Lorentz invariant scenario. For UHECR physics energy is so high that one must
relies on extremely high Lorentz factors, with a magnitude of the order of γ =

1√
1−β2

≥ 1011, for particles with energy E ≥ 1019eV . For such extreme relativis-

tic environments there are not definitive experimental observations if Lorentz
Invariance is still preserved, as a fundamental nature symmetry, without modi-
fications. One indirect proof of LI violation, or validity, can be obtained by the
modification, or confirm, of the GZK predicted cut-off effect. Nowadays some
astrophysical observation conducted on UHECR protons seem to correlate their
origin with possible candidate sources located farther than the foreseen GZK
opacity sphere [17]. One of the most favourite scenarios, used to justify such a
modification, consists in resorting to Lorentz invariance violation, considering
the importance that this symmetry plays in evaluating the GZK effect. The im-
pact of such a violation can be understood following the original work of Cole-
man and Glashow [18, 22], where the introduction of LIV imposes a modification
of the dispersion relation, that is a change of the kinematics or, more in detail, a
change of the propagator of a massive particle.
Imposing a maximum attainable velocity, for a proton, different from that of
light, the dispersion relation, expressed in natural measure units, becomes :

E2
p −−→p 2(1− ε)2 = m2

p(1 + ε)4 (2.92)
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where ε is the correction factor that accounts for the maximum velocity and the
light speed is c = 1.
The correction to the maximum velocity can be assumed very tiny compared to
the light speed, namely ε << 1. This is a plausible physical hypothesis due to
the fact that the validity of the Lorentz symmetry is proved with great certainty
for lower energies and therefore can be violated only by small perturbations for
high energy values. Approximating Ep ∼ |−→p |, that is the case of a high energy
proton, and considering that the term proportional to |−→p | is bigger than that
proportional to mp, the relation becomes:

E2
p −−→p 2(1 + 2ε) = m2

p ⇒ E2
p −−→p 2 = m2

p + 2ε−→p 2 ' m2
p + 2εE2

p (2.93)

Now considering the kinematic of the delta resonance creation process:

m2
∆ ≤ (EP + ω)2 − (−→p +−→ω )2 = E2

p + 2ωEp − 2−→p −→ω −−→p 2 =

=m2
p + 2εE2

p + 2ωEp(1− cos θ)
(2.94)

where (Ep,
−→p ) and (ω, −→ω ) are respectively the proton and photon four-momenta,

it is possible to compute the relation:

m2
∆ −m2

p − 2εE2
p − 4ωEp ≤ 0 (2.95)

that must be satisfied in order to obtain a delta particle, condition necessary for
the GZK effect.
Now there are two possible cases, one corresponding to ε > 0, which means
a maximum attainable velocity, for the proton, greater than the speed of light,
even if this scenario is greatly improbable. The other case corresponds to a value
of the correction parameter ε < 0, that is the proton has a maximum attainable
velocity lower than the speed of light. This second scenario is perhaps more
probable, in fact it is presumable that a massive particle interacting with space-
time background has a maximum personal attainable velocity lower than that of
light. However, for completeness, both the cases have been analyzed:

1) ε > 0

In this case to satisfy the relation (2.95), it is necessary that:

16ω2 + 8ε(m2
∆ −m2

p) ≥ 0 (2.96)
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and this condition is satisfied ∀ε > 0.
In this case the GZK cut-off is obtained for Ep ≤ Emin or Ep ≥ Emax, with:

Emax =
4ω +

√
16ω2 + 8ε(m2

∆ −m2
p)

4ε

Emin =
4ω −

√
16ω2 + 8ε(m2

∆ −m2
p)

4ε

(2.97)

Emin < 0 so the first condition is impossible, instead considering< ω >∼ 3meV ,
Emax > 1021 eV ,2 so it can be possible to have a suppression of the GZK cut-off
for protons with energy far beyond the energies observed till now.

2) ε < 0

In this case the condition (2.95) imposes that:

16ω2 + 8ε(m2
∆ −m2

p) ≥ 0 (2.98)

and so it must be satisfied the relation:

−ε < 2ω2

m2
∆ −m2

p

⇒ |ε| < 2ω2

m2
∆ −m2

p

(2.99)

and this imposes a limit to the value of the parameter ε, if the GZK effect is
preserved.
In this case the energy of the proton must be Emin < Ep < Emax, so in this case
there can be a suppression of the GZK effect, even at observed energies, if the ε
parameter is not opportunely constrained.
The calculation of the kinematic has to consider even the angular distribution, so
the real formula is:

−2εE2
p − 2ωEp(1− cos θ) +m2

∆ −m2
p ≤ 0 (2.100)

and it must be averaged on the angles, using the fact that:∫ +1

−1

1− µ
2

dµ = 1 (2.101)

2The value of the parameter ε is fixed by some experiments with values of the order of 10−27

or even less.
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and arriving to the form used in the previous calculations:

−2εE2
p − 4ωEp +m2

∆ −m2
p ≤ 0 (2.102)

All this section computation shows that if the maximum attainable proton ve-
locity is sufficiently different (lower) than the photon one, supposed to be c = 1

(the speed of light), the GZK effect can result suppressed. Therefore the foreseen
universe opacity sphere can be affected by new physics, introduced by LIV.
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An isotropic LIV perspective





CHAPTER 3

A brief introduction to LIV

3.1 Introduction

As already underlined, new physical effects are expected as residual evidences
of a more fundamental theory of nature, about the quantum structure of space-
time. Some theories have been proposed as possible candidates to solve the so
called ”quantum gravity problem”, that is the identification of a quantum uni-
fied theory of particles and gravity. The most known research fields, opened
by the attempt to describe such a theory, consist in String Theory, Loop Quan-
tum Gravity (LQG) and the space-time non-commutativity scenario. One of the
greatest challenges in formulating this unified theory consists in the impossi-
bility to obtain the energies needed to probe Planck scale space-time structure.
In fact, it is commonly believed that the Planck lenght λP =

√
G~c−3 and the

Planck energy EP =
√
~c5G−1 represent the length and energy scales separating

the classical gravity theory from the quantized one. Nevertheless, Planck-scale
physics effects can possibly manifest themselves, in a lower energy scenario, as
tiny classical physics laws violations. One therefore expects the possibility to de-
tect these effects as residual signals. The investigation of quantum-gravity phe-
nomenology is centered on the search for this new physics realm first evidences.
But actually all these theories cannot provide precise testable predictions, since
the complexity of the mathematical formalism they adopt. So the possibility to
detect this kind of effects appears far from being reached in short time. Never-
theless there is an increasing and promising ideas exchange between theory and
phenomenology in some of these investigation fields, such as Loop Quantum
Gravity and space-time noncommutativity.
In the following paragraph are rapidly presented these models, following the
[53] review.

3.2 String Theory

The most famous attempt to solve the quantum-gravity challenge consists in
String Theory. In this scenario the effort to introduce quantization in the gravita-

49
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tional sector is conducted from the particle-physics perspective, but still using a
classical Minkowski background to formulate the theory. This corresponds to a
relatively ”little” departure from current theories, in particular the ”fixed” back-
ground is far from the desired quantization. Moreover from the phenomenol-
ogy perspective, the effects introduced should be very small and therefore un-
detectable, at the Planck energy. Extra dimensions with size comparable to the
Planck scale could generate visible effects even in an accessible and testable en-
ergy scenario. But the suppression effects that emerge in String Theory are so
intense that these induced effects remain undetectable. In fact String Theory in-
troduced phenomenology does not involve any direct reference to the Planck
scale and the connection with this quantity remains weak.
A recent attempt to boost the comprehension of the String phenomenology con-
sists in introducing ”large” extra dimensions [54, 55, 56, 57, 58]. Extra dimen-
sions, with size much larger than scale Planck, can generate visible effects even
at this magnitude energy. These kind of large extra dimensions are introduced
in this theory, even not in a totally natural way.
Another important String Theory approach, that pay particular attention to the
phenomenology, is given by the noncritical ”Liouville String Theory” [59, 60, 61],
which describes time in a totally new fashion.
Last and important thing to notice is that, since String Theory resorts to the ”clas-
sical” space-time background, the Lorentz symmetry should be preserved. But
it has been demonstrated that in some plausible String Theory scenarios [62],
tensor fields exist, that could acquire a nonzero expectation value. One expects
therefore that the Lorentz symmetry is spontaneously broken, in a Higgs mecha-
nism fashion. For this reason it appears reasonable to put under examination the
Lorentz symmetry even in String Theory, to find an effective theory describing
the emerging physics.

3.3 Loop Quantum Gravity

The principal theoretical scenario, which provides a quantized description of
space-time, consists in Loop Quantum Gravity [63, 64, 65, 66, 67]. One of the
fundamental hypotheses, underlying all physical theories, is general covariance.
This General relativity principle states that every physical law must be expressed
in the same way in every reference frame. This idea implies that coordinates are
not natural, they are an artificial creation used to describe nature. Physical laws
must be invariant under diffeomorphisms transformations and must be back-
ground independent. LQG tries to solve this problem considering the space-
time not as the container where physics takes place. The background is created
by the gravitational interaction, interpreted as just another physical field. In this
theoretical formulation, it is possible to quantize the background, via the dis-
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cretization of volume and area [68, 69, 63]. The drawback of this formalism is
caused by its complexity. The discretized space-time requires finite difference
equation, rather than differential ones, to describe physics. This characteristic is
expected to disappear in the low energy limit, but to become dominant for the
Planck one. So the LQG comprehension state of the art seems to imply an intrin-
sic space-time quantization. This consequence is inferred from the theory gen-
eral structure, even if one is obliged to resort to mathematical approximations to
obtain some phenomenological results. This type of space-time discretization is
even supposed to be responsible for a departure from the classical Lorentz sym-
metry in the high energy scenario. But till the work of Rovelli and Speziale [70],
it is well known that LQG can be reconciled with the preservation of the Lorentz
symmetry. Therefore the discover of Lorentz Invariance Violation can hint for
the validity of LQG, but it could be not a definitive proof of this theory.

3.4 Space-time noncommutativity

Another attempt to furnish a quantum description of background consists in con-
sidering the space-time as not commutative. This idea is centered on the hypoth-
esis that space non classical properties should be formalized in a similar fashion
as classical quantum mechanics. This is obtained resorting to the mathematical
formalism of quantum groups, and in particular to the non commutativity of co-
ordinates [71, 72, 73, 74, 75]. The main focus of the actual studies about non com-
mutativity are finalized to obtain a geometrical description of the particle stan-
dard model. Another important feature consists in preserving the Minkowski
geometry as the low energy limit of the theory. In fact there is an increasing in-
terest in introducing non commutativity in classical Minkowski space, using the
canonical non commutativity, defined by the commutation relation:

[xµ, xν ] = i θµν (3.1)

and κ−Minkowski non commutativity, defined by:

[xi, t] =
i

κ
xi [xi, xj ] = 0 (3.2)

In this scenarios it results impossible, nowadays, to incorporate a quantization of
the gravitational interaction, and the departures from classical physics are lim-
ited in the space-time structure description. Only Loop Quantum Gravity seems
the ideal candidate to investigate both the quantum structure of the background
with the quantization of the gravitational field.
The non commutative models share the feature of introducing a breaking, or a
modification, of the classical space-time symmetries, resumed by the Lorentz-
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Poincaré group. Therefore they contemplate the possibility of introduce Lorentz
Invariance Violation.

3.5 Alternative proposed scenarios

Some of the previous proposals give a fuzzy description of space-time, such in
the case of Loop Quantum Gravity. A usual way to describe the background
fuzziness, induced by quantization, resorts to the Wheeler’s idea of a space-time
foam. Till now there is not a formal operative definition of this intuition. There-
fore it is an open issue to find a formal definition of a geometry, where it is not
possible to sharply define two space-time points distance.
Another approach, that investigates the background departure from the classi-
cal view is given by the ”discrete casual sets” space-time discretization [76, 77].
This view point explores the possibility that a Lorentzian metric can determine
geometry, up to conformal equivalences, and a casual structure.
A different scenario is given by the study of ”Casual Dynamical Triangulations”
[78, 79, 80, 81, 82], through which it is possible to give a non perturbative back-
ground independent formulation of a path integral formalism for gravitational
interaction.
The last of the alternative scenarios is given by ”decoherence”, which consists
in modification of the Heisenberg principle, caused by background departures
from Minkowski geometry. Using the classical description of space-time, it is
possible to formulate quantum mechanics and to obtain a lot of phenomenolog-
ical predictions, which let to put the theory under scrutiny. Obviously, if the
background space is discretized, it appears plausible to obtain some departures
from standard quantum mechanics. This could manifest in the form of ”decoher-
ence” [83], such as a modification of the Heisenberg picture and of the de Broglie
dispersion relation. In fact, this quantum mechanics formulation is influenced
by the supposed continuity of the background and therefore by the usual cal-
culus formalism. Instead a discretized space-time requires the introduction of a
new calculus formalism [84]. In quantum mechanics the momentum observable
is expressed using a differential operator, so in a modified scenario the relation
between a wave packet and its wavelength must be reformulated [85, 86, 87].

3.6 LIV

As already exposed, currently it is believed that SM and GR are low energy lim-
its of a more fundamental theory, which can provide an unified description of
gravity and quantum physics. These two physical theories are conceived in a
Lorentz symmetry preserving form, that is they are constructed on a classical
Minkowski geometry background. Global Lorentz invariance is an approximate
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space-time symmetry that emerges from particular Einstein field equations solu-
tions, in particular low energies scenarios. Lorentz Invariance (LI) is nowadays
at the roots of our nature understanding. In fact Special Relativity (SR) is a cor-
nerstone of standard quantum field theory, that is the particle Standard Model
(SM), and General Relativity (GR) formulation. In fact LI, as a global symmetry, is
a fundamental assumption of SR and the associated SM. Instead in General Rel-
ativity the space-time symmetries are generated by classes of diffeomorphisms
and LI is promoted from a global to a local symmetry, as in a gauge theory. So,
even if there are no definitive evidences to sustain departures from LI, there are
consistent hints indicating that Lorentz Invariance Violation can be a theoretical
consequence of quantum gravity [88, 89, 90, 91]. Therefore there are consistent
motivations to conduct systematic tests on this fundamental symmetry validity.
As illustrated before, one LIV residual effect can modify the GZK photo-pion
production process, influencing the UHE protons propagation. In fact, recent
UHECR experimental observations, hint the possibility that the foreseen GZK
Universe opacity, that influences this kind of highly energetic particles propa-
gation, may be modified. Moreover UHECR for their high energy (the highest
observed till now, about 1020 eV ) and their cosmic propagation length, are the
ideal candidates to detect these residual LIV effects. This justifies the present
work interest in studying LIV influence on UHECR physics.
There are different approach to identify these more fundamental physics resid-
ual signals. One consists in formulating Effective Field Theories (EFT), that can
deal with all the predictable LIV perturbations. The other approach consists in
modifying the LI, in order to identify a more general formulation of SR, which
includes standard physics as a low energy limit and can deal with the new ex-
perimental foreseen effects. Following [92], for instance, a brief introduction to
the most known LIV theories is reported below.

3.7 Maximum attainable velocities and Von Ignatowsi theory

Before introducing the most known LIV theoretical approaches, it is necessary to
take some times to analyze Special Relativity and its mathematical formulation.
SR was originally founded on two postulates:

• the relativity principle

• the constancy of light speed c

The first principle states the physics laws universality in every inertial reference
frames. The second indicates that in SR, the vacuum light speed c is a universal
constant, in all inertial frames. This velocity represents even the maximum limit
speed for every material body. But the theory itself can not explain why c is
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such a fundamental constant for physics. In fact this constant emerges naturally
in Maxwell’s electrodynamical theory as a particular electromagnetic radiation
property in void. After SR formulation, it was soon realized that the light speed
postulate had not a universal character and there was a first attempt to obtain
SR discarding this principle. This first attempt was made by Von Ignatowki [93,
94, 95, 96], who obtained the Lorentz transformation, starting from more general
principles, like:

• homogeneity of space

• homogeneity of time

• isotropy of space

• the relativity principle

and discarding the universality of the light speed as maximum attainable ve-
locity of the theory. A maximum speed emerges naturally from this model, but
nothing is said about this limit velocity universal character. This constitutes a
first important difference with the standard formulation of SR and the conse-
quent Lorentz invariance.

3.7.1 Lorentz transformations without light postulate

As already exposed, the deduction is based on the relativity principle, homo-
geneity of space and time and isotropy of space [97]. If S and S′ are two inertial
frames, suppose S′ moving respect S with v speed and initially (when t = 0) that
the two frames origins coincide. The speed v is supposed directed along the x
axis, so it is possible to consider only the coordinates (t, x) and the space-time
can be considered two-dimensional. The general coordinates transformations
can be written as: {

t′ = T (t, x, v)

x′ = X(t, x, v)
(3.3)

where (t, x) and (t′, x′) are the coordinates respectively of the frames S and S′.
Now using space-time homogeneity it is possible to demonstrate that the coordi-
nates transformation rules must be linear functions. In fact the space homogene-
ity implies that a measured length does not depend on coordinates (position) in
an inertial frame. So in S the length of a material body with ends x1 and x2 must
be the same if the body is translated and its ends become x1 + ∆x and x2 + ∆x.
The same must be valid even in S′, that is:

X(t, x2 + ∆x, v)−X(t, x1 + ∆x, v) = X(t, x2, v)−X(t, x1, v) (3.4)
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The previous relation can be rewritten as:

X(t, x2 + ∆x, v)−X(t, x2, v)

∆x
=
X(t, x1 + ∆x, v)−X(t, x1, v)

∆x
(3.5)

taking the limit ∆x→ 0, it is possible to obtain the following:

∂X(t, x, v)

∂x

∣∣∣∣
x2

=
∂X(t, x, v)

∂x

∣∣∣∣
x1

(3.6)

The partial derivative are therefore constant, because the points x1 and x2 are
arbitrary. The transformation function X(t, x, v) must be linear in the variable
x. Since even time is posed homogeneous, the function X(t, x, v) must be linear
even with respect to t. A identical method proofs that T (t, x, v) too is linear with
respect to the variables t and x. The general coordinate transformation therefore
takes the form: (

t′

x′

)
=

(
αv βv
γv δv

)(
t

x

)
(3.7)

where {αv, βv, γv, δv} are functions only of the velocity v. A first constrain for
these coefficients can be obtained from the fact that S′ moves with a speed v

respect S, therefore x′ = 0 when x = vt, so:

x′ = 0 = γv t+ δv x ⇒ γv = −v δv (3.8)

Space isotropy implies that the transformations must retain their form when the
x-axis is reversed, that is if x and v change sign, even x′ must change its one. The
following relations are derived, therefore, from the isotropy principle:

αv = α−v

βv = −β−v
γ−v = −γv
δ−v = δv

(3.9)

Last constrains on the coefficients of equation (3.7) can be obtained from the rel-
ativity principle. This postulate in fact states that inverse coordinate transfor-
mations must assume the same functional form of the direct transformations.
Together with isotropy, it implies reciprocity, that is if S′ is moving with v speed
respect to S, the velocity of S respect to S′ must be −v. Finally, one obtains the
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following relations: 

α−v =
−δv

αv δv − βv γv
β−v =

−βv
αv δv − βv γv

γ−v =
−γv

αv δv − βv γv
δ−v =

αv
αv δv − βv γv

(3.10)

It is simple now to derive the following results, from equations (3.9) and (3.10):

αv = δv (3.11)

βv =
δ2
v − 1

γv
= −δ

2
v − 1

v δv
= −α

2
v − 1

v α2
v

(3.12)

Finally the transformations (3.7) take the form:(
t′

x′

)
=

(
αv −α2

v−1
v αv

−v αv αv

)(
t

x

)
= αv

(
1 −α2

v−1
v α2

v

−v 1

)(
t

x

)
(3.13)

Now one must consider a third inertial frame S′′, moving at a speed u respect to
S′. The coordinate transformations of S′′ respect to S take the form:(

x′′

t′′

)
= αu αv

(
1 −α2

u−1
uα2

u

−u 1

)(
1 −α2

v−1
v α2

v

−v 1

)(
x

t

)
=

=αu αv

(
1 + u α2

v−1
v α2

v
−α2

u−1
uα2

u
− α2

v−1
v α2

v

−(u+ v) 1 + v α
2
u−1
uα2

u

) (3.14)

To preserve the relativity principle, this coordinates change, from S′′ to S, must
assume the same form as the transformation (3.13), from S′ to S, so it follows the
relation:

1 + u
α2
v − 1

v α2
v

= 1 + v
α2
u − 1

uα2
u

(3.15)

that immediately becomes:

α2
v − 1

v2 α2
v

=
α2
u − 1

u2 α2
u

(3.16)
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This relation implies that both elements are constant, because u and v are veloci-
ties arbitrarily defined. Thus it follows:

α2
v − 1 = K v2 α2

v ⇒ αv =
1√

1−K v2
(3.17)

with K an opportune constant. The final form of the coordinates transformation
(3.13) is therefore:(

t′

x′

)
=

1√
1−K v2

(
1 −K v

−v 1

)(
x

t

)
(3.18)

Now it is possible to obtain the velocity addition law. Matching the first diagonal
terms of equations (3.13) and (3.14), using (3.13) for the final transformation, with
resultant velocity w, it follows:

αw = αu αv

(
1 + u

α2
v − 1

v α2
v

)
(3.19)

Using (3.17) for α coefficients, one obtains:

1√
1−K u2

1√
1−K v2

(1 +K uv) =
1√

1−K w2
(3.20)

and solving for w:

w =
u+ v

1 +K uv
(3.21)

discarding the solution with negative sign.
From this last relation it follows immediately that K must be a constant with
squared speed dimension, that is

√
K is an invariant velocity. Important to un-

derline that when K = 0, the transformations (3.18) reduce to the Galilei ones.
Only when K 6= 0 (0 < K <∞) one obtains the Lorentz group transformations.
Finally it is fundamental to note that the need of a maximum velocity for every
material body simply emerges from the postulates of space-time isotropy and
homogeneity and from the relativity principle. Nothing is stated about the uni-
versality of the K constant and its nature, that is if

√
K = c, where c represents

the light speed. Moreover only empirical observations can definitely state if this
maximum velocity is finite (Einstein Special Relativity) or not (Galilei Relativity).

3.8 Very Special Relativity

One of the first EFT approach to LIV was introduced by Coleman and Glashow
[18, 22]. They developed an isotropic perturbative framework to deal with tiny
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LIV departures from classical quantum field theories. The Lagrangian modifica-
tions cause the maximum attainable velocities of massive particles to differ from
the c speed of light. The perturbations are conceived so that the gauge symmetry
SU(3)× SU(2)× U(1) is preserved. Moreover this kind of perturbations are ro-
tationally and translationally invariants, but in a preferred fixed inertial frame.
Considering scalar fields, as first example, the most general Lagrangian that pre-
serves U(1) symmetry has the form:

L = ∂µψ Z ∂
µψ − ψM2 ψ (3.22)

with Z and M2 hermitian positive definite matrices. It is always possible to
transform the fields so that Z = I and M becomes diagonal, obtaining in this
way a n decoupled fields theory. This Lagrangian is perturbed with the addition
of a LIV term with the form:

∂µψ ε ∂
µψ (3.23)

with ε an hermitian matrix. This perturbation operator presence lets the single
particle eigenstates to evolve from those of the M2 matrix, in the infrared limit,
to those of ε in the ultraviolet limit. This means that the maximum attainable
velocity of a material particle changes continuously from a low energy limit to a
high energy one.
The most general case Lagrangian can be constructed starting from the represen-
tations of the Lorentz group SO(1, 3). Summarizing all the theory field operators
in one vector Φ, the Lorentz invariance implies:

U †(Λ) Φ(x)U(Λ) = D(Λ) Φ(Λ−1x) (3.24)

where Λ ∈ SO(1, 3), D(Λ) is a representation of the Lorentz group.
The Lie algebra so(1, 3) can be decomposed in a sum of

−→
J + and

−→
J − operators,

so that the eigenvalues of the couple (
−→
J +,

−→
J −) are:

• (0, 0) for scalars,

• (1/2, 0) or (0, 1/2) for left or right Weyl spinors,

• (1/2, 1/2) for four-vectors,

• (1, 1) for traceless symmetric tensors,

• a direct sum of (1, 0) and (0, 1) for antisymmetric tensors.

In case of rotations, the Lorentz group representation operator assumes the ex-
plicit form:

D(R(−→e θ)) = exp (i (
−→
J + +

−→
J −) · −→e θ) (3.25)
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where θ is the rotation angle around the vector−→e . A boost operator explicit form
is:

D(B(−→e η)) = exp ((
−→
J + −

−→
J −) · −→e η) (3.26)

where η represents the boost rapidity in −→e direction.
Rotationally invariant theories require therefore that the

−→
J ± operators eigenval-

ues must satisfy the equation j+ = j− = j. It follows that the LIV perturbation
Lagrangian can be written as:

L′ =
j∑

m=−j
(−1)m Φ−m,m (3.27)

Analyzing a generic rapidity η boost effects on the Lagrangian operators:

〈ψ|U †(B(−→e η)L′(0)U(B(−→e η)|ψ〉 ÷ E2jη〈ψ|Φ−j, j(0)|ψ〉+O(E(2j−2)η) (3.28)

it emerges that the perturbation increases as E2jη in the high energy limit. In
a rotational invariant model the possibilities for renormalizable operators are
limited to: j = 0 for scalars, j = 1/2 for CPT-odd vectors and j = 1 for CPT-even
tensors. A non trivial CPT-even model requires therefore j = 1, so for scalar
fields the LIV renormalizable perturbation operator must be constructed with
two fields and two derivatives: ∑

a, b

∂µφ
a εab ∂

µφb (3.29)

with εab a real symmetric matrix.
For spinor fields, the most general Lorentz invariant Lagrangian can be written
as:

u†(i∂0 −−→σ ·
−→
∂ )Z u+

1

2
ut σyM u+

1

2
u† σyM

† u∗ (3.30)

where u represents a generic Weyl spinor. After an opportune field redefinition,
the Lagrangian can be written, as function of ψ Dirac spinors, in the usual way:

ψ(iγµ∂µ −m)ψ (3.31)

The LIV CPT-even renormalizable operator can be written, as function of u Weyl
spinors:

i

2
εab u

a† σµ∂µu
b (3.32)
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where εab is a hermitian matrix. This term can be rewritten as function of ψ Dirac
spinors as:

i

2
ψ γµ∂µ(ε+ PR + ε− PL)ψ (3.33)

with PR and PL the chirality projectors, defined as

ψL = PL ψ =
1

2
(I− γ5)ψ , ψR = PR ψ =

1

2
(I + γ5)ψ (3.34)

and ε+ and ε− positive LIV coefficients.
The kinematical effects of this model emerge in modifying the material particle
propagators. In a Lorentz invariant theory the particle propagator has the gen-
eral form:

D(p2) =
i

(p2 −m2)A(p2)
(3.35)

where the function A is normalized via the relazion A(m2) = 1. Adding a LIV
interaction term, proportional to a small coefficient ε, one obtains:

D(p2) =
i

(p2 −m2)A(p2) + ε p2B(p2)
(3.36)

with B a generic function, normalizated so that B(m2) = 1.
Reintroducing the maximum attainable velocity c, to substitute the light speed,
at first order, the dispersion relation becomes:

E2 = p2 c2 +m2 c4 (3.37)

The perturbation terms, proportional to the mass, can be neglected, because
smaller than the perturbative contribution proportional to the squared momen-
tum. The dispersion relation becomes therefore in the high energy limit:

E2 = p2(1 + ε) +m2 (3.38)

3.9 Standard Model Extension

The most complete and coherent EFT framework to study the LIV phenomenol-
ogy is referred as Standard Model Extension (SME) [26]. This theory explores the
LIV scenarios by amending the particle SM, supplementing all the possible LIV
operators, that preserve the gauge symmetry SU(3)×SU(2)×U(1). The SME for-
mulation is conceived even in order to preserve microcausality, positive energy
and four-momentum conservation law. Moreover the quantization principles are
conserved, in order to guarantee the existence of Dirac and Schrödinger equa-
tions, in the correct energy regime limit. Therefore the SME modifications consist
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of perturbation operators, generated by the coupling of matter Lagrangian stan-
dard fields with background tensors. These tensors non-zero void expectation
value and their constant non dynamical nature break the LI under active trans-
formations of the observed system. It is important to underline that this model
introduce a difference between active and passive reference frame transforma-
tions, not present in SR [98, 99, 100]. Active transformations refer to the transfor-
mation that affect the observed particle, instead the passive ones are those that
affect the observer. The presence of couplings with a fixed background induces
a Lorentz violation only for active transformations, that modify the coupling of
the observed particle field with the background tensors. In this sense SME pre-
serves the covariance of phisics formulation under passive transformations, that
is observer rotations or boosts.
In SME framework the perturbation operators are classified according to their
power counting renormalizability (their mass dimension) and their CPT symme-
try behavior [101].

3.9.1 minimal SME

The minimal SME (mSME) consists of the SME subset that deals only with power
counting renormalizable and super-renormalizable operators (mass dimension
3 and 4). The minimal SM extension is constructed from the SM standard La-
grangian [26]. Defining for every ψ field the left and right-handed component
with the chirality projectors, it is possible to pose the left (L) and right-handed
(R) lepton multiplets:

Lj =

(
νj
lj

)
L

, Rj = (lj)R (3.39)

where ν is the neutrino field and l the associated leptonic one. The analogous left
and right-handed quark multiplets are:

Qj =

(
uj
dj

)
L

, Uj = (uj)R , Dj = (dj)R (3.40)

where the index j = {1, 2, 3} labels the particle flavor:

lj = {e, µ, τ} , νj = {νe, νµ, ντ} , uj = {u, c, t} , dj = {d, s, b}
(3.41)

Moreover the Higgs doublet, in unitary gauge, is denoted as:

φ =
1√
2

(
0

rφ

)
(3.42)
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and the SU(3), SU(2) and U(1) gauge fields as respectivelyGµ, Wµ and Bµ, with
corresponding strengths Gµν , Wµν and Bµν and corresponding couplings gS , g
and g0. The U(1) electromagnetic charge is defined via the θW angle in the usual
way as q = g sin θW = g0 cos θW and the Yukawa couplings areGL, GU , GD. The
”classical” SM Lagrangian can therefore be written, splitting the single terms, as:

Llepton =
i

2
Lj γ

µ←→D µ Lj +
i

2
Rj γ

µ←→D µRj (3.43)

Lquark =
i

2
Qj γ

µ←→D µQj +
i

2
U j γ

µ←→D µ Uj +
i

2
Dj γ

µ←→D µDj (3.44)

LY ukawa = −[(GL)ij Li φRj + (GU )ij Qi φ
c Uj + (GD)ij Qi φDj ] + h.c. (3.45)

LHiggs = (Dµφ)Dµφ+ µ2 φ†φ− λ

3!
(φ†φ)2 (3.46)

Lgauge = −1

2
Tr(GµνG

µν)− 1

2
Tr(WµνW

µν)− 1

4
BµνB

µν (3.47)

Now it is possible to write the new terms introduced by the LIV extension of
the SM, starting from the fermion sector. The lepton contributions are written
remembering that the new operators must have mass dimension 3 or 4 and are
divided in CPT-even and CPT-odd contributions:

LCPT−evenlepton =
i

2
(cL)µνij Li γ

µ←→D ν Lj +
i

2
(cR)µνij Ri γ

µ←→D ν Rj+ (3.48)

LCPT−oddlepton = −(aL)µij Li γ
µ Lj − (aR)µij Ri γ

µRj (3.49)

The analogous extension terms for the quark sector are:

LCPT−evenquark =
i

2
(cQ)µνij Qi γ

µ←→D ν Qj +
i

2
(cU )µνij U i γ

µ←→D ν Uj+

+
i

2
(cD)µνij Di γ

µ←→D ν Dj

(3.50)

LCPT−oddquark = −(aQ)µij Qi γ
µQj − (aU )µij U i γ

µ Uj − (aD)µij Di γ
µDj (3.51)

Important to underline that the aµ coefficients are parameters with mass dimen-
sion, instead the cµν ones are assumed traceless. This is a general property of
mSME coefficients with an even number of space-time indices. The trace com-
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ponent is assumed equal to zero, because it corresponds to a redefinition of the
maximum personal velocity of the particle. With a redefinition of the measure
units, the effects produced by this coefficients can be reconciled with standard
physics. This means that the cµν coefficients trace can produce physical effects
only in processes that involve more than one particle species.
The mSME contains even lepton-Higgs coupling LIV terms, that have the usual
Yukawa gauge structure, but these terms are all CPT-even:

LCPT−evenY ukawa =− 1

2
[(HL)µνij Li φσ

µν Rj + (HU )µνij Qi φ
c σµν Uj+

+(HD)µνij Qi σ
µν Dj ] + h.c.

(3.52)

where σµν = i
2 [γµ, γν ].

The contributions to the Higgs sector have both CPT-even and CPT-odd terms:

LCPT−evenHiggs =
1

2
(kφφ)µν (Dµφ)†Dνφ+ h.c.− 1

2
(kφi)

µνφ†φBµν−
1

2
(kφW )µνφ†Wµν φ

(3.53)

LCPT−oddHiggs = i(kφ)µφ†Dµφ + h.c. (3.54)

Finally even the gauge sector in the mSME is amended by the introduction of
LIV operators, in the form:

LCPT−evengauge =− 1

2
(kG)µναβ Tr(G

µνGαβ)− 1

2
(kW )µναβ Tr(W

µνWαβ)+

−1

4
(kB)µναβ B

µνBαβ
(3.55)

with the k coefficients real and with symmetries equal to the Riemann tensor.
Moreover the coefficient have a null double trace, for the same reason exposed
previously, about the trace of even space-time indices coefficients.

LCPT−oddgauge =(k3)µε
µναβ Tr(Gν Gαβ +

2i

3
gS GνGαGβ) + (k2)µ ε

µναβ Tr(WνWαβ+

+
2i

3
gWνWαWβ) + (k1)µ ε

ναβ Bν Bαβ + (k0)µB
µ

(3.56)

From the mSME Lagrangian, here reported, it is now possible to obtain a general-
ized quantum electrodynamic (QED), amended by the presence of LIV operators.
In fact, as usual, after the spontaneous breaking of the SU(2) × U(1) symmetry,
one can neglect all the gauge bosons, except the photons, setting them to zero.
Moreover, only the charged fermions are taken into account, so the neutrinos are
naturally discarded. The standard QED Lagrangian can be written, in the unitary
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gauge, used in order to introduce the lepton masses, as:

LQEDclassic =
i

2
lj γ

µ←→D µ lj −mj lj lj −
1

4
FµνF

µν (3.57)

where the index j represents the three lepton flavor (e, µ, τ), the covariant deriva-
tive is Dµ = ∂µ + iqAµ and the field strenght is defined as Fµν = ∂µAν − ∂νAµ.
The LIV terms are:

LCPT−evenlepton = −1

2
(Hl)µνij li σ

µν lj +
i

2
(cl)µνij li γ

µ←→D ν lj +
i

2
(dl)µνij li γ5 γ

µ←→D ν lj

(3.58)

LCPT−oddlepton = −(al)µij li γ
µ lj − (bl)µij li γ5 γ

µ lj (3.59)

The new LIV contributions to the gauge (photon) sector are:

LCPT−evenphoton = −1

4
(kF )µναβ F

µνFαβ (3.60)

There is even a CPT-odd contribution with the form:

LCPT−oddphoton =
1

2
(kAF )µ ε

µναβ Aν Fαβ (3.61)

but this term is discarded, posing kAF = 0, because it can generate some theoret-
ical problems, due to the negative energy contribute it can generate. In order to
preserve the lepton number, all the LIV Lagrangian terms coefficients must be di-
agonal in flavor space indices. The lepton number conservation assumption can
be justified by the conjecture that any quantum gravity theory have to reduce to
”classical physics” (SR and GR) in the infrared regime. The QED LIV Lagrangian
can be finally written as:

LQEDLIV =
i

2
ψ γµ

←→
D µ ψ −mψψ − 1

4
FµνFµν −

1

2
Hµν ψ σ

µν ψ +
i

2
cµν ψ γ

µ←→D ν ψ+

+
i

2
dµν ψ γ5 γ

µ←→D ν ψ − aµ ψ γµ ψ − bµ ψ γ5 γ
µ ψ − 1

4
kµναβ F

µνFαβ

(3.62)

The aµ proportional term represents another non physical contribution to the La-
grangian, in fact it can be reabsorbed in the phase factor of the fermion field, by
shifting the phase itself.
New physical effects are introduced by the extended QED in the kinematics
of the theory, in fact the photon and electron dispersion relations result modi-
fied. Fixed an opportune reference frame and limiting the analysis to rotationally
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isotropic LIV operators, the dispersion relations can be written as:

E2
e = p2

e + fe p+ ge p
2 +m2

e

E2
γ = (1 + fγ)p2

γ

(3.63)

where fe = −2 b s, ge = −(c − d s), fγ = k
2 and s = ± represents the helicity of

the particle. Posed the rotational invariance of the theory, it is possible define the
coefficients, in the previous equations, via the relations bµ = b uµ, cµν = c uµ uν ,
dµν = d uµ uν and kµναβ = k uµ uν uα uβ , where {uµ} are opportune time-like
vectors. Finally it is important to note the fact that the new phenomenology
must appear in an energy regime comparable to the particle mass, that is E ' m.
Since mSME deals with dimension 3 and 4 operators, the rotationally isotropic
subset of this model coincides broadly with VSR scenario.

3.9.2 Generalized SME

Since SME is an effective field theory approach to LIV, it has become common
to study even non power counting renormalizable terms [102, 103, 104, 105, 106]
that is operators with mass dimension bigger than 4. In fact SM is commonly
viewed as the low energy limit of a more general theory. Therefore its renor-
malizability can emerge, in the infrared regime, neglecting some higher order
operators. These operators, assumed as generated by quantum gravity effects,
can be neglected, since suppressed by an appropriate energy (or mass) scale. For
simplicity here it is considered only the QED sector. The pure gauge (photon)
sector action S must be quadratic in the gauge field Aµ and it can be written as
sum of terms S(d), given by the integral of a Lagrangian density:

S =
∑
d

S(d) =
∑
d

∫
d4xκµ1µ2...µdAµ1∂µ2 ...∂µd−1

Aµd (3.64)

d represents the tensor operator mass dimension and the coefficients κµi... are the
LIV background tensors, with mass dimension d−4. All the operators with even
d dimension are CPT-even, while the other ones (with d odd) are CPT-odd. For
simplicity the present analysis is truncated at mass dimension 5 and 6 operators.
As before the analysis is limited to an isotropic case, where the LIV operators
result rotationally invariant in the opportune fixed reference frame. The CPT-
odd gauge operator with mass dimension 5 is:

−κµνα Fµβ ∂νF β
α (3.65)
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instead the CPT-even 6 mass dimension operator is given by:

−κµναβ Fµτ ∂ν ∂α F τ
β (3.66)

The photon dispersion relation results modified by the introduction of these two
terms. In the first case the dispersion relation becomes:

ω2
± = k2 ± ξ k3 (3.67)

where (ω,
−→
k ) is the photon four-momentum, and ξ is a constant such that κµνα =

ξ uµ uν uα with {uµ} unitary vectors. The + or − signs of this relation depend on
the right or left photon polarization. Instead, in the second case, the dispersion
relation is:

ω2 = k2 + β k4 (3.68)

where β is defined, as in the previous case, so that κµναβ = β uµ uν uα uβ .
Even the matter-radiation interaction sector results amended by higher order
operators. Truncating the analysis at the 5 and 6 mass dimension operators, one
obtains for the CPT-odd terms:

cµνα ψ γ
µ (ζ1 + γ5ζ2) ∂ν ∂α ψ (3.69)

and the related modified dispersion relation results:

E2
± = p2 +m2 + η± p

3 (3.70)

where (E, −→p ) is the lepton four-momentum and η± = 2(ζ1± ζ2), with the + and
− signs correlated with the particle helicity. The CPT-even terms are instead:

−ψ cµν DµDν (ζ
(5)
1 + ζ

(5)
2 γ5)ψ − i ψ cµναβ DµDνDαγβ (ζ

(6)
1 + ζ

(6)
2 γ5)ψ+

−i ψ cµν Dµ2 γν (ζ̃
(6)
1 + ζ̃

(6)
2 γ5)ψ

(3.71)

The lepton dispersion relation results even in this case modified and its form is:

E2 = p2 +m2 + η(2) p2 + η(4) p4 (3.72)

where η(2) and η(4) are dimension full coefficients, obtained as suitable combina-
tions of the ζ parameters. This dispersion relation discriminates between fermion
helicities, even if generated by CPT-even operators, because of the presence of
terms odd to P and T operators.
The new physics, introduced by SME approach to LIV, emerges in the dispersion
relations modification. Common feature of all the LIV theories, analyzed here,
is the general form that the particles rotational isotropic dispersion relations as-
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sume:

E2 = m2 +

(
1 +

∞∑
n=1

η(n) pn−2

)
p2 (3.73)

where η(n) are dimension-full coefficients.

3.10 Hor̂ava-Lifshitz Gravity

Hor̂ava-Lifshitz gravity [107, 108, 109, 110, 111, 112] is an attempt to obtain a
power counting renormalizable gravity theory , modifying the graviton propa-
gator. In the high energy limit (ultra-violet regime) the theory action is amended,
adding higher order spatial derivatives of the metric. Time derivatives are avoided,
in order to preserve the theory unitarity. This discrimination, between space-like
and time-like coordinates, foliates the space-time in surfaces, spanned by spatial
coordinates, and parameterized by the time one. The set of invariant diffeomor-
phisms for the theory reduces to transformations that preserve this separation,
that is: {

t→ Φ(t) = t̃(t)
−→x → Φ(−→x ) = −→y (−→x )

(3.74)

First consequence is the introduction of the ADM (Arnowitt - Deser - Misner)
formalism, characterized by the metric:

ds2 = c2N2 dt2 − g̃ij (dxi +N i dt) (dxj +N j dt) (3.75)

where N represents the lapse function, N i the shift one and g̃ij is the three-
dimensional metric induced on every time constant hypersurface. The Einstein-
Hilbert action for this kind of theory is:

S = κ

∫
dt d3xN

√
g̃
(
KijK

ij −K2 +R(3)
)

(3.76)

where Kij is the extrinsic curvature, given by:

Kij =
1

2N

(
˙̃gij −∇(iNj)

)
(3.77)

and K = Tr(Kij).
The modified form of the action, after adding the LIV operators, that depend on
metric spatial derivatives, is:

SHL = κ

∫
dt d3xN

√
g̃

(
L2 +

1

M2
L4 +

1

M4
L6

)
(3.78)
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where L2 is the operator:

L2 = KijK
ij − λK2 + ξ R+ η aia

i (3.79)

with ai = ∂i lnN . M denotes the operators suppressing mass scale, which a pri-
ori does not coincide with the Planck mass MPl. L4 and L6 represent all the 4th
and 6th order operators respectively. In such a theory LIV is present at all orders,
even L2 presents LIV terms. Lorentz violations are regulated by the parame-
ters λ, ξ and η, which are identically zero in General Relativity. Power counting
renormalizability requires that the operators in 4 dimensions must contain 6 spa-
tial derivatives at least. In this model it is possible to assume that LIV terms can
not affect the lowest order operators. This implies the presence of a forbidding
mechanism, that prevents LIV perturbations to appears, thanks to radiative cor-
rections, at lower orders. Moreover it is possible to state the gravitational action
is even under CPT and P transformations. In fact, since no CPT and P odd opera-
tors are present at tree level, it seems reasonable to expect that such perturbations
are not induced by radiative corrections. Therefore in dispersion relations only
even momentum powers are allowed and there is not distinction between par-
ticles helicity, that is matter and anti-matter have the same dispersion relation
forms:

E2 = p2 + η
p4

M2
+O

(
p6

M4

)
+m2 (3.80)

3.11 New Special Relativity theories

The models illustrated till now share all the common feature to be effective field
theories, the most conservative and practical way to approach LIV. They are all
based on highly reasonable, but arbitrary ”assumptions”, not founded on fun-
damental physical principles. Another approach to LIV consists in attempting
the construction of complete physical theories, alternative to the standard ones.
The first motivation to construct such a new theory consists in the attempt to rec-
oncile the existence of a second universal constant, the Planck length, with the
relativity principle. In fact the distance contraction, induced by the Lorentz trans-
formations, is in contrast with the idea of a minimum invariant length quantum.
A second inertial observer invariant quantity, a energy scale, that implies a min-
imum length, is introduced in this SR modification scenario, known as Double
Special Relativity (DSR) [113, 114, 115, 116]. First of all, it is necessary to modify
the SR postulates, in order to be coherent with the introduction of this second
universal constant. Standard SR principles are:

• Physiscs laws are the same in every inertial frame (physics laws covariance)
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• Vacuum light speed is an inertial observer invariant quantity, and it repre-
sents the maximum attainable velocity

The last postulate must be modified to include the second universal quantity and
can be reformulated as:

• The light speed becomes a particle energy function c(E), its functional form
is universal for every inertial observer and the constant light speed c is ob-
tained as a limit when the physical scale is much bigger than the Planck
length l/lPl → ∞. This last length is the second universal invariant quan-
tity.

Important to undeline that with the acronym DSR is not described a unique SR
modification scenario, but rather a variety of models that include the new univer-
sal quantity in SR. These models share the introduction of Lorentz group modifi-
cations. The Lorentz group is, by definition, the isometries group of the standard
Minkowski norm ηµν = diag(1, −1, −1, −1), that is:

ηµν = Λα
µ ηαβ Λβ

ν (3.81)

where Λα
µ ∈ SO(1, 3) and SO(1, 3) is the Minkowski norm ortogonal (isometric)

group.
The standard generators of this group are:

Mµν = xµ
∂

∂xν
− xν

∂

∂xµ
(3.82)

which satisfy the relation:

[Mµν , Mαβ] = i (ηµαMνβ − {µ←→ ν})− {α←→ β} (3.83)

where {µ ←→ ν} means that the previous term is rewritten, inverting µ and ν

indices.
From the previous one it is possible to write the explicit form of the so(1, 3) Lie
algebra (the Lorentz Lie algebra):

[J i, J j ] = εijk Jk

[J i, Kj ] = εijkKk

[Ki, Kj ] = −εijk Jk
(3.84)

where J i = εijkMjk is the rotation generator and Ki = M0i denotes the boost
generator.
The Lorentz transformations between two inertial frames, moving one respect to
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the other with velocity −→v , in a generic direction, are:
t′ = γ

(
t−
−→v · −→x
c2

)
−→x ′ = −→x ⊥ + γ (−→x ⊥ −−→v t) = −→x +

(
γ − 1

v2
−→x · −→v − γ t

)
−→v

(3.85)

where γ = 1√
1− v2

c2

is the Lorentz factor.

A standard strategy to deform the Lorentz group, in order to introduce the sec-
ond invariant quantity (the Planck length), consists in amending the material
particles dispersion relation:

E2 = p2 +m2 ⇒ f2
(1)(E, p, lPl)E

2 = f2
(2)(E, p, lPl) p

2 +m2 (3.86)

The modification is made introducing perturbations that depends on four-momentum
and on the invariant length scale, or equivalently on the invariant energy. From
this modified dispersion relation (MDR) it is simple to obtain the explicit form of
the maximum attainable velocity. Rewriting equation (3.86) in a more convenient
form:

E2 =
f2

(2)

f2
(1)

p2 +
1

f2
(1)

m2 ⇒ E2 = f2
(3) p

2 +m2 (3.87)

and neglecting the correction terms proportional to the mass. Using the Hamilton-
Jacobi equation, one finally obtains:

c(E) =
dE

dp
=

d

dp

√
f2

(3) p
2 +m2 ' d

dp

(
f(3) p+

m2

2 f(3) p

)
=

=

(
1 +

m2

2 p2 f2
(3)

)
(f(3) + p f ′(3)) '

(
f(3) + p f ′(3)

) (3.88)

This demonstrates that the maximum attainable velocity c(E) acquires an en-
ergy dependence and therefore it is no more an universal quantity, breaking the
Lorentz invariance. The DSR theories objective is to modify the Lorentz group
representations in order to obtain transformations that preserves the MDR form.
Starting from a linear map defined by:

(U(E)E, U(E)p) = (f(1)E, f(2) p) (3.89)

The so(1, 3) boost generators must be modified according to:

Ki = U(E)M i0 U(E)−1 (3.90)
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in order to generate modified Lorentz group elements that are MDR isometries.

3.11.1 Energy dependent speed of light DSR

The first example of a DSR model, that modify boosts, in order to preserve the
MDR form, with a maximum attainable velocity that depends on the energy, was
proposed by Amelino-Camelia [117, 118]. In this model the MDR is constructed
posing the perturbation functions of equation (3.86) in the following form:

f(1) = 1 f(2) = f(3) = 1 + ξ E (3.91)

so the light speed becomes:

c(E) =
dE

dp
= (1 + ξ E)2 (3.92)

and the MDRs for a massive and a massless particles:{
E2 = (1 + ξ E)2 p2 +m2

E2 = (1 + ξ E)2 p2
(3.93)

Magueijo and Smolin proposed another way to introduce a varying speed of
light DSR [28]. They introduced the linear map of equation (3.89) with the form:

U(E) = exp

(
−ξ E2 ∂

∂E

)
(3.94)

This linear map action on the momentum space is given by:

U(E)E =

∞∑
n=0

(
−ξ E2 ∂

∂E

)
n!

E =

∞∑
n=0

(−ξ E)n =
E

1 + ξ E
(3.95)

U(E) p = p (3.96)

The MDRs for mass and massless particles become:
E2

(1 + ξ E)2
= p2 +m2

E2

(1 + ξ E)2
= p2

(3.97)
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and the light speed is given by the functional form:

c(E) =
dE

dp
= (1 + ξ E)2 (3.98)

These two models therefore share the same speed of light functional formulation
and the same MDR for massless particles (photons).

3.11.2 Gravity’s rainbow DSR

Another example of DSR model [119, 120], known as DSR2, follows an approach
similar to the previous one, defining the U(E) linear map (3.89) as:

U(E) = exp (lPlED) (3.99)

where the operator D is:

D = pµ
∂

∂pµ
(3.100)

The action of (3.99) on momentum space is given by:

U(E) pα =
∞∑
n=0

(
lPlE pµ

∂
∂pµ

)n
n!

pα = pα

∞∑
n=0

(lPlE)n =
pα

1− lPlE
(3.101)

The boost generators (3.90) become:

Ki = M i0 + lPl piD (3.102)

and the modified Lorentz group generators are now given by:

M̃µν = pµ∂ν − pν∂µ + lPl(η0µpν − η0νpµ)D (3.103)

The modified Lorentz group can be evaluated exponentiating the previous gen-
erators. The finite form of the Lorentz transformations in x direction is:

E′ =
γ (E − v px)

1 + lPl (γ − 1)E − lPl γ v px

p′x =
γ (px − v E)

1 + lPl(γ − 1)E − lPl γ v px
p′y =

py
1 + lPl(γ − 1)E − lPl γ v px

p′z =
pz

1 + lPl(γ − 1)E − lPl γ v px

(3.104)
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In this case the MDR for material bodies becomes:

1

(1− lPlE)2
(E2 − p2) = m2 (3.105)

that reduces to the usual E2− p2 = 0 for massless particles. From relation (3.105)
it follows immediately that the metric acquires an energy dependence and there-
fore in the UV limit it becomes a rainbow metric.

3.11.3 Modified composition laws DSR

The last approach to LIV is known as Relative Locality [121]. The central idea of
this model consists in supposing the momentum space and not the space-time as
the fundamental structure to describe physics. Space-time is considered only a
local projection of the momentum space. The new proposal of this model is that
the concept of absolute locality is relaxed and different observers feel a personal
space-time structure, which is energy (or equivalently momentum) dependent.
This model is based on simple semiclassical assumptions about the momentum
space geometry, that determine departure from the classical space-time descrip-
tion, first of all the relativity principle is modified and acquires a local character.
The new Principle of local relativity states that the momentum space is the fun-
damental structure at the basis of the physical processes description, instead
space-time description is constructed by every observer in a personal, local way,
loosing universality. Space-time becomes therefore an auxiliary concept, which
emerges from the fundamental momentum space, where the real dynamics takes
place. The modified momentum space geometry is supposed to be determined
by the MDR, used to define the space metric:

MDR(p) = pµ h
µν(p) pν = m2 (3.106)

The starting point to determine the momentum space connection consists instead
in modifying the interaction processes kinematics. More in detail it consists in
defining a modified composition rule for momenta:

(p, q)→ (p⊕ q) = p+ q + f(p, q) (3.107)

where f(p, q) represents a perturbation of the usual momenta sum. Therefore
the momentum space acquire an algebraic structure defined by the ⊕ operation.
Contemporary it is necessary to introduce the inverse operation, which lets to
obtain incoming momenta from the outgoing ones: (	p) ⊕ p = 0. These defi-
nitions correspond to the replacement of the momentum with a modified one,
given by the relation:

πµ = M ν
µ (p)pnu (3.108)
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with the transformationsM ν
µ (p) determined by the geometric features of the mo-

mentum space [105].
Finally the momentum space geometry can be determined from the algebraic
properties generated by the modified composition rule, with the affine connec-
tion given by:

∂

∂pa

∂

∂qb
(p⊕ q)c

∣∣
p=q=0

= −Γabc (0) (3.109)

The torsion is evaluated from the asymmetric part of the composition rule:

− ∂

∂pa

∂

∂qb
((p⊕ q)c − (q ⊕ p)c)

∣∣
p=q=0

(0) (3.110)

and the curvature is defined as a measure of the departure from associativity for
the new composition rule:

2
∂

∂p[a

∂

∂qb]

∂

∂kc
((p⊕ q)⊕ k − p⊕ (q ⊕ k))d

∣∣
p=q=k=0

= Rabcd (0) (3.111)

To evaluate all these quantities away from the momentum space origin, it is nec-
essary to define a translation, as:

p⊕k q = k ⊕ ((	k ⊕ p)⊕ (	k ⊕ q)) (3.112)

so, for instance, the curvature evaluated in a generic point of the momentum
space can be written as:

∂

∂pa

∂

∂qb
(p⊕k q)c

∣∣
p=q=0

= −Γabc (k) (3.113)

Now it is possible to define the parallel transport determined by the geometric
connection created by the new composition law. Composing the momentum p of
a particle with the infinitesimal one dq of a different particle, one obtains:

pa ⊕ dqa = pa + τ ba (p) dqb (3.114)

where the tensor τ determines the parallel transport operation and it can be ex-
panded around the p = 0 as:

τ ba (p) = δ ba − Γbca pc −
(

∂

∂pd
Γbca − Γbdi Γica − Γdci Γbia

)
pc pd (3.115)
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The corresponding conservation law acquires the explicit form:

Pa(p) =
∑
J

pJa −
∑
J

CIJ Γbca p
I
b p

J
c (3.116)

where CIJ are coefficients opportunely defined.
The dynamics can be described therefore by a variational principle, in fact it is
possible to write the free particle action as:

Sfree =
∑
J

∫
ds
(
xaJ p

J
a + λJ C

J(p)
)

(3.117)

The index J represents the particle species, s is an arbitrary time parameter, for
instance the proper time, λ is a Lagrange multiplier and C(p) is defined as:

CJ(p) = MDRJ(p)−m2 = pµ h
µν(p) pν −m2 (3.118)

with hµν(p) obtained from (3.106).
The contraction xaJ p

J
a is defined using the standard metric, in order to preserve

the Poisson brackets:
{xaI , pJa} = δab δ

J
I (3.119)

Integrating by parts, it is simple to obtain the following relation:

δSfree =
∑
J

∫
ds

[
δxaJ ṗ

J
a − δpJa

(
ẋaJ − λJ

δCJ(p)

δpJa

)
+ δλJ C

J(p)

]
(3.120)

and the equation of motion have the desired form, given by:
ṗJa = 0

ẋaJ = λJ
δCJ(p)

δpJa
CJ(p) = MDRJ(p)−m2 = 0

(3.121)

To determine what happens during particles interaction, it is necessary to con-
sider even the interaction contribution to the action, which can be write as the
product of the conservation law (3.116) times a Lagrange multiplier:

Sint = P(p)a ξ
a (3.122)

The variation of this term is given by:

Pa(p) δχa −
(
xaJ(0)− χb δPb

δpJa

)
δpJa (3.123)
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from which follows immediately, by the vanishing of the term proportional to
δpJa :

xaJ(0) = χb
δPb
δpJa

(3.124)

From the previous one and the relation (3.116) one can obtain the equation:

xaI (0) = χa − χb
∑
J

CIJ Γbca p
J
c (3.125)

This equation express the worldline coordinate for every observer. If the momen-
tum space curvature is negligible, this expression reduce to the fact that every ob-
server sees the same event coordinate. This fact is in accordance with the usual
physical description of interacting particles, that takes place at a given space-
time point. In this way it is possible to reconcile this model with the standard
physical description at low enough energies.
To express the locality of the newly introduced relativity principle, it is sufficient
to derive, from (3.125), the relation:

∆xaJ(0) = −χb
∑
J

CIJ Γbca p
J
c (3.126)

This expression tells that different observers can detect the same interaction events
separated by different space-time coordinates intervals. Only for a subset of priv-
ileged observers the interaction events take place in the reference frame origin
and therefore are defined at the same set of coordinates. The relativity principle,
therefore, acquires a local valence and the Lorentz invariance, as usually con-
ceived, is modified.
In conclusion, the model constructed in this way substitutes the classical concept
of space-time as fundamental background, where the physical interactions take
place, with the idea that the invariant background is constituted by a curved mo-
mentum space. This modification is made at the price to renounce to the concept
of an observer independent locality.
Important to underline that even in this case the material particles dispersion re-
lations are modified and acquire a personal functional form. Finally the curved
geometry of the momentum space acquires an energy dependence, this features
remain a constant in most of the models describing LIV.



CHAPTER 4

LIV

4.1 Introduction

The great part of LIV theories share the feature of introducing a modification of
the free particle kinematics. This effect is supposed to be caused by the interac-
tion of the free propagating particle with the space-time quantized background
structure. In fact one expects that Planck-scale interactions could manifest them-
selves in a ”low” energy scenario as tiny residual effects, that can modify stan-
dard physics. Several candidates theories, such as Standard Model Extension
(SME), Double Special Relativity (DSR), Very Special Relativity (VSR), have been
proposed. All of these theories share the feature of considering modified disper-
sion relations for free particles, with the amended form E2 − (1 − f(p))p2 = m2

and f(p) =
∑

k=1 αk(EP )pk. Some proposed scenarios main feature consists in
providing background structures, that introduce preferred directions to violate
Lorentz Invariance, as in SME. This characteristic implies that the space-time is
no more isotropic and therefore an inertial observers privileged class must exist.
In fact, spontaneous symmetry breaking is a useful concept of particle physics.
One, therefore, can suppose that, even in the high energy limit, the Planck sce-
nario, quantum gravity could present the same mechanism, breaking the Lorentz
symmetry. The introduction of a privileged reference frame might not be a real
problem, even if it might result conceptually difficult. In fact, nowadays, there
is not a clear idea about these preferred inertial observers nature. For example,
some studies attempt to correlate the privileged reference frame with the nat-
ural one, used for the description of the CMBR. But there are apparently not
physical reasons that can justify any connection between a supposed quantum
phenomenon of the Planck scale, with the CMBR classical physics description.
In this work, to preserve the idea of space-time isotropy, a possible way to in-
troduce a LIV theory, without a preferred class of inertial observers, is explored.
The Lorentz symmetry is therefore only modified, as in DSR theories [121, 24,
122]. Hence the idea of space-time isotropy results restored respect to the new
amended Lorentz transformations, here introduced.
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4.2 Modified Dispersion Relations

In this work, to geometrize the supposed interaction of massive particles with
the background, LIV is introduced, exploiting the possibility to perturb the kine-
matics. This approach consists in modifying the dispersion relations describ-
ing the free particle propagation. Following [123, 124], the Dispersion Relations
of standard physics, written using the Minkowski metric as E2 − |−→p |2 = m2

⇒ pµη
µνpν = m2, are modified to a more general case (Modified Dispersion

Relations):

MDR(p) = E2 −
(

1− f
(
|−→p |
E

)
− g

(−→p
E

))
|−→p |2 = m2 (4.1)

The f perturbation function preserves the rotational invariance of the MDR. The
g one instead breaks this symmetry, introducing a preferred direction in space-
time. It is even important to stress that the lack of distinction between particles
and antiparticles in MDR means that one is dealing with a CPT even theory. In
fact to construct a CPT even theory, the dispersion relations must not present
a dependence on particle helicity or spin. In order to contemplate a CPT odd
model extension, it is therefore sufficient to include this kind of dependence in
the MDR formulation. Since the publication of the Greenberg paper [125], it is
well known that LIV does not imply CPT violation. The opposite statement was
declared true in the same work [125], but this point is controversial. In fact the
idea that CPT violation automatically implies LIV was confuted in [126] and the
argument has been widely debated in literaure [127, 128, 129, 130].
In order to preserve the geometrical origin of the MDR, the perturbation func-
tions are chosen homogeneous of degree 0, :

f

(
|−→p |
E

)
=
∞∑
k=1

αk

(
|−→p |
E

)k
g

(−→p
E

)
=

∞∑
k=1

βk

(−→p
E

)k (4.2)

Therefore the Modified Dispersion Relations result defined via a Finsler pseudo-
norm F (p). In fact the perturbation function homogeneity hypotheses permits to
write the MDRs (4.1) as:

MDR(p) = F 2(p) = m2

F (p) =

√
E2 −

(
1− f

(
|−→p |
E

)
− g

(−→p
E

))
|−→p |2

(4.3)
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Imposing the 0-degree homogeneity to the perturbation functions f and g, one
obtains that the function F , defined in (4.3), results homogeneous of degree 1,
condition to be a candidate Finsler pseudo-norm. Important to underline the
difference between a Finsler structure and a pseudo-Finsler one. The first ge-
ometric structure is constructed using a positively defined metric to pose the
norm, instead the second one resorts to a not positive one. Here the pseudo-
Finsler geometry is used, because one is dealing with the space-time structure,
where the standard metric is the Minkowski one, with signature {+, −, −, −}.
From here on, the perturbation function g is posed equal to zero (g = 0) in order
to try to construct an isotropic LIV theory. Hence only MDR, preserving rota-
tional symmetry, will be considered:

MDR(p) = F 2(p) = m2

F (p) =

√
E2 −

(
1− f

(
|−→p |
E

))
|−→p |2

(4.4)

It is important to underline that in literature the form of the MDRs is usually:

MDR(p) = E2 − (1− h(p)) |−→p |2 = m2 (4.5)

with the perturbation h(p) =
∑∞

k=1 ak

(
p

MPl

)k
, where MPl represents the Planck

mass. The perturbation form introduced in this work can be justified because
it is, for example, a subcase obtained in [104], so it constitutes an interesting
physical eventuality per se. Moreover, it is possible to demonstrate that every
Modified Dispersion Relation of the form (4.5) can be approximated with a MDR
of type (4.4). In fact, the homogeneous MDR (4.1), that preserves rotational sym-
metry1, can be rewritten in the form:

MDR(p) = F (p)2 = m2

F (p) =
√
E2 − (1− f(x)) |−→p |2 =

√√√√E2 −

(
1−

∞∑
k=1

αkxk

)
|−→p |2

(4.6)

Now, using the fact that the two MDR forms (4.4) and (4.11) must be equal, the
perturbations equality h(p) = f(x) follows. From this equation it is possible to
obtain a series expansion for p as a function of x. In literature, for most physical
cases, the h(p) series terminate at first or second order. In these eventualities, it
is always possible to find an approximation series for p(x). Finally, it is simple to

1That is where the g perturbation function is posed equal to 0.
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obtain the relation:

f(x) =
∞∑
k=1

αkx
k = h(p(x)) (4.7)

that permits to fix the expansion coefficients αk in order to satisfy the equation
itself. This procedure is analogous to map a function of the variable p = |−→p |
on a function of the variable x =

(
|−→p |
E

)
, noting that x and p have a biunivocal

correspondence.
In order to verify that a dispersion relation defined with the introduction of the
perturbation f is well posed, it is necessary to verify that the energy solution of
the equation, obtained using (4.2) and (4.1):

E2 = p2

(
1−

n∑
k=1

αk

( p
E

)k)
+m2 (4.8)

is positive for every n value. Dividing the previous equation by E2, it becomes:

1 =
( p
E

)2
(

1−
n∑
k=1

αk

( p
E

)k)
+
m2

E2
(4.9)

in the very high energy scenario, that is taking the limit for E →∞, one obtains
m2

E2 → 0 and finally the equation (4.9) takes the form:

1 =
( p
E

)2
(

1−
n∑
k=1

( p
E

)k)
(4.10)

with the introduction of the new variable x =
( p
E

)
=
(
|−→p |
E

)
, the previous relation

becomes:
x2 (1− Pn(x)) = 1 (4.11)

where Pn(x) is a n degree polynomial. If the magnitude of this polynomial re-
mains limited, that is this function represents a tiny perturbation, compared to
the magnitude of p, the solution of the equation is x ' 1. So posing the correct
constrain on the coefficients of the series (4.2), one can obtain a real value energy
E from equation (4.9) and:

lim
p→∞

p

E
= 1 + δ (4.12)

for δ a tiny positive constant. Therefore it is possible to resort to homogeneous
perturbation functions, under appropriate general assumptions.
Now, fixed the MDR general form it is possible to investigate the space-time
induced modified geometrical structure.
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4.3 The Finsler geometric structure of space-time

The momentum space Finsler pseudo-norm determines the metric of the same
space. Resorting to the hamiltonian formalism it results possible to construct
the space-time structure, starting from the modified momentum space geometry.
This approach is compatible with [131], where starting from the modified mo-
mentum geometry, the Hamiltonian is built. The explicit metric form, defined in
momentum space, is obtained using the relation:

g̃(p)µν =
1

2

∂

∂pµ
∂

∂pν
F 2(E, −→p ) (4.13)

It remains a non-diagonal part, which does not give any contribution in com-
puting the dispersion relations. It can be therefore eliminated by an opportune
”gauge” choice. The final form of the metric becomes therefore:

g̃µν(p) =

(
1 0

0 −(1− f(p/E))I3×3

)
(4.14)

Consistently with standard relativity, the free massive particle Hamiltonian is de-
fined using the modified metric (4.14) as:

H =
√
g̃(p)µνpµpν = F (p) = MDR(p) (4.15)

written using the MDR, that is a pseudo-Finsler norm. Starting from this func-
tion, it is possible to compute the velocity, correlated to the momentum, resorting
to the Legendre transformation2 as:

ẋµ =
1

2

(
∂

∂pµ
F 2(p)

)
=

g̃(p)µν pν√
g̃(p)αβ pα pβ

(4.16)

The homogeneity of the metric has been used to neglect its derivative by the
momentum, in fact this derivative can be written as:

∂

∂xµ
gαβ = − ∂

∂xµ
f(p(x)) = − ∂

∂p
f(p)

∂

∂xµ
p(x) (4.17)

Every term magnitude results to be small (|∂xµp(x)| � 1), since the geometrized
interaction of a massive particle, with the quantum structure of space-time, is
supposed tiny, even at high energies. Moreover |∂pf(p)| � 1 because of the form

2In appendix it is possible to find the demonstration that it is always possible to define the
Legendre transformation in case of Finsler geometry. Important to underline that in this work one
is dealing with a pseudo-Finsler structure, the results presented in appendix remain valid even in
this case
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of the perturbation function (4.2). In fact, at high energies:

∂pjf(p) = ∂pj
∑
k

αk
|−→p |k

Ek
= ∂pj

∑
k

αk
|−→p |k

(
√
|−→p |2 +m2)k

=

=
∑
k

(
αkk

|−→p |k−2pj

(
√
|−→p |2 +m2)k

− αkk
|−→p |kpj

(
√
|−→p |2 +m2)k+2

)
→ 0

(4.18)

where it has been used the equivalence E '
√
|−→p |2 +m2.

Now the pseudo-Finsler norm, written as function of the new vector, becomes:

G(ẋ(p)) = F (p) (4.19)

and the associated metric is given by the relation:

g(x, ẋ(p))µν =
1

2

(
∂2G

∂ẋµ ∂ẋν

)
(4.20)

where gµν is the inverse of the previous (4.15) metric:

g(x, ẋ(p))µα g̃(x, p)αν = δ νµ (4.21)

and can be written as:

g(x, ẋ(p))µν =

(
1 0

0 −(1 + f(p/E))I3×3

)
(4.22)

To define the structure of space-time the Lagrangian formulation is used. In or-
der to obtain this function, it is possible to resort to the Legendre transformation.
Starting from the Hamiltonian (4.15), it is possible to compute the explicit form
of the Lagrangian, that is:

L =−→p −→̇x −H = −ẋµ pµ =

(
∂

∂ẋµ
L
)
ẋµ = −m

√
ẋµ gµν(p) ẋν (4.23)

The geometric structure of the obtained space-time, permits to preserve the Hamilton-
Jacobi equations structure. In fact the momentum takes the explicit form:

pµ =

(
− ∂

∂ẋµ
L
)

=
mgµν ẋ

ν√
ẋµ gµν(p) ẋν

(4.24)

where again the homogeneity of the metric gµν (4.22) has been used to justify
the neglecting of the metric derivative. The momentum satisfies the mass-shell
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condition:

g̃µν(p) pµ pν = g̃µν
mgµα(p) ẋα√
ẋµ gµν(p) ẋν

mgνβ(p) ẋβ√
ẋµ gµν(p) ẋν

= gµν(p)ẋµẋν = m2 (4.25)

that is the MDR relation (4.4).
Now it is necessary to deal with the obtained pseudo-Finsler metric structure of
the space-time, introducing the Cartan formalism, that is resorting to the vierbein
or thetrad.
Remembering that two vierbein are equivalent if they originate the same metric:3:

eaµ(x) ηab e
b
ν(x) = gµν(x) = e′aµ(x) ηab e

′b
ν(x) (4.26)

from now on thetrad elements equivalence classes will be considered, identifying
every class with one representative. To originate the (4.14) metric, the vierbein
must have the following expression:

eµa(p) =

(
1

−→
0

−→
0 t

√
1− f(p) I3×3

)

e aµ (p) =

(
1

−→
0

−→
0 t 1√

1−f(p)
I3×3

)
'

(
1

−→
0

−→
0 t

√
1 + f(p) I3×3

) (4.27)

where an explicit dependence on the momentum magnitude has been intoduced.
To analyze the geometric structure it is now necessary to introduce the affine con-
nection:

Γα
µν =

1

2
gαβ (∂µgβν + ∂νgµβ − ∂βgµν) (4.28)

3A simple example is e′aµ(x) = −eaµ(x).
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Following [123] and [124], it is simple to evaluate the explicit forms of the con-
nection components, starting from the metric tensor (1.14):

Γ 0
µ0 = Γ i

00 = Γ i
µν = 0 ∀µ 6= ν

Γ 0
ii = −1

2
∂0f(p) ' 0

Γ 0
0i = Γ 0

i0 =
1

2(1 + f(p))
∂0f(p) ' 0

Γ i
ii =

1

2(1 + f(p))
∂if(p) ' 0

Γ i
jj = − 1

2(1 + f(p))
∂if(p) ' 0 ∀i 6= j

Γ i
ij = Γ i

ji =
1

2(1 + f(p))
∂if(p) ' 0 ∀i 6= j

(4.29)

As usual convention in General Relativity, the previous equation latin indices
indicate spatial tensor components (they are defined in the values set {1, 2, 3}),
instead the greek ones indicate all the four space-time components (they variate
inside {0, 1, 2, 3}). The previous equalities approximations are possible, since
the derivative |∂pf(p)| can be neglected. This results possible under the assump-
tion of tiny interaction with the space-time background structure and thanks to
the homogeneity of the perturbation functions (4.2) and to equations (4.18). In-
troducing the local covariant derivative as:

∇µvν = ∂µv
ν + Γ ν

µαv
α ' ∂µvν (4.30)

it is immediate to compute the Cartan or spinorial connection, as:

ωµab = e νa ∇µebν ' e νa ∂µebν (4.31)

Applying the first Cartan structural equation:

de = e ∧ ω (4.32)

to the external forms

eµ0 = dxµ

eµi =
√

1− f(p)dxµ
(4.33)

it follows that even for the spinorial connection, the not null elements are negli-
gible:

1

2
εijkω

ij =
1

2

1

1− f
εijk(∂

ifdxj − ∂jfdxi) (4.34)
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because, as in the previous case, they are proportional to perturbation functions
derivatives. From relation (4.34), it follows that the only components of the con-
nection differential forms ω, that are not identically equal to zero, are:

ω12 = −1

2

1

1− f
(∂yfdx− ∂xfdy)

ω13 = −1

2

1

1− f
(∂zfdx− ∂xfdz)

ω23 = −1

2

1

1− f
(∂zfdy − ∂yfdz)

(4.35)

So, even for the Cartan connection, the not null coefficients are proportional to
terms like (4.18), hence, the connection is asymptotically zero (ωµab ' 0). The
tensor total covariant derivative results therefore:

Dµv
ν
a = ∂µv

ν
a + Γ ν

µαv
α
a − ω aµνv νb ' ∂µv νb (4.36)

At the end it is possible to conclude that a massive particle interaction with
the “quantized” space-time background, if supposed negligible, determines an
asymptotically flat Finslerian structure.

4.4 Modified Lorentz Transformations

Using the tetrad, it is possible to construct the explicit form of the modified
Lorentz group. The obtained representation preserves the form of the MDR and
the homogeneity of degree 0 of the perturbation functions.
In literature [132] it is possible to find the general form of the Lorentz transfor-
mations for General Relativity, defined as:

Λ ν
µ (x)eν(x) = eµ(Λx) (4.37)

Resorting to the vierbein it is possible to define projection from a tangent (local)
space, parameterized by the metric gµν(x, v) to another local space, identified by
a different metric tensor g(x′, v′)µν as summarized in the following graph:

(TM, ηab, v) (TM, ηab, v
′)

(TxM, gµν(x), v) (TxM, gµν(x′), v′)

e(x)

Λ

e(x′)

e◦Λ◦e−1

From now on, the dependence of thetrad and the metric tensor will be general-
ized from the space-time coordinates (x) to the coordinates of the phase space
(x, p). In this way a dependence on the momenta is included, like in Finsler ge-
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ometry [133]. The dependence on the position is supposed trivial [123, 124] and
therefore will be neglected to preserve the space homogeneity. Only the depen-
dence on the momenta (velocities) is maintained. All the physical quantities are
therefore generalized, acquiring an explicit dependence on the momenta. The
graph of the transition from one tangent (local) space to the other becomes:

(TM, ηab, p) (TM, ηab, p
′)

(TxM, gµν(p)) (TxM, gµν(p′))

e(p)

Λ

e(p′)

e◦Λ◦e−1

where is indicated the explicit dependence of the metric from momenta.
Using the vierbein to transform a latin (global index) in a greek one (local index),
it is possible to write:

gµν(p) = eaµ(p) ηab e
b
ν(p) = eaµ(p) Λ c

a ηcd Λ d
b e

b
ν(p) (4.38)

From the previous equation it follows:

Λ c
a e

a
µ(p) = ecµ(p) (4.39)

This result permits to correlate the global Lorentz transformations with the vier-
bein elements, indicating how a thetrad element transform under such transfor-
mations.
Now, using again the vierbein to transform local to global indices, it is possible
to define the general modified Lorentz transformation as:

Λ ν
µ (p) = eaµ (Λp)Λ b

a e
b
ν(p) (4.40)

Using the equation (4.37), with the substitution of coordinate with momentum,
and equation (4.40), it is possible to write:

Λ ν
µ (p)eaν(p) = e bµ (Λp)Λ c

b e
ν
c (p)︸ ︷︷ ︸

Λ ν
µ (p)

eaν(p) = e bµ (Λp)δ ab = e aµ (Λp) (4.41)

where in the last equality relation (4.39) has been used.
Considering the MDR (4.3) and remembering the momenta space metric is given
by (4.14), it is now possible to verify that the Modified Lorentz Transformations
(MLT) are isometries for the Modified Dispersion Relation, that is MDR(ΛP ) =
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MDR(p). In fact:

MDR(Λp) = Λ α
µ pαg

µν(Λp)Λ β
ν pβ = eaµ(Λp)Λ b

a e
α
b (p)︸ ︷︷ ︸

Λ ν
µ (p)

pα g
µν(Λp)

ecν(Λp)Λ d
c e

β
d (p)︸ ︷︷ ︸

Λ β
ν (p)

pβ = eaµ(Λp)Λ b
a pb g

µν(Λp) ecν(Λp)Λ d
c pd =

= Λ b
a pb η

ac Λ d
c pd = paη

ab pb = eaµ(p) pa g
µν(p)ebν(p) pb = MDR(p)

(4.42)

where the equalities (4.40) and (4.41), obtained before, have been used.
The Modified Lorentz Transformations, introduced in (4.40), are therefore the
isometries of the Modified Dispersion Relations.
Moreover the amended Lorentz group transformations (4.40) acting on the 4-
vector pµ = (E, −→p ), give, for the modification function f in the MDR:

f

(
|−→p |
E

)
→ f

(
|Λiµ(p)pµ|
Λ0
µ(p)pµ

)
(4.43)

It is simple to verify that this kind of transformations preserve the homogeneity
of degree 0, because of the ratio present in the definition of the modification
function f . Therefore the action of the modified Lorentz group preserves the
homogeneity of the perturbation function f , preserving the MDR (4.4) form.

4.5 Relativistic Invariant Energy (Mandelstam variables)

In this model every particle species has its own metric, with a personal maxi-
mum attainable velocity. Moreover every species presents its personal Modified
Lorentz Transformations (MLT), which are the isometries for the Modified Dis-
persion Relation of the particle. The new physics, caused by LIV, emerges only
in the interaction of two different species. That is every particle type physics is
modified in a different way by the Lorentz symmetry violation. Therefore, to
analyze the interaction of two particles, it is necessary to determine how the re-
action invariants - that is the Mandelstam relativistic invariants - are modified.
Starting from the hypothesis of MDR, generated by a metric in the momentum
space, it is necessary to resort to the vierbein to project the particles momenta on
the Minkowski tangent space:

MDR(p) = pµ g
µν(p) pν = pµ e

µ
a (p) ηab e νb (p) pν = pa η

ab pb (4.44)
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For this reason it seems natural to generalize the definition of internal product of
the sum of two different particle species momenta as:

〈p+ q|p+ q〉 = (pµ e
µ
a (p) + qµ ẽ

µ
a (q)) ηab (pν e

ν
b (p) + qν ẽ

ν
b (q)) (4.45)

where with e is indicated the thetrad related to the first particle and with ẽ the
vierbein related to the second one. With this internal product it is now possible
to define the Mandelstam variables s, t and u, remembering that:

s-channel
p p′

q q′

p+ q

t-channel
p p′

q q′

p− p′

u-channel
p p′

q q′

p− q′

and considering the p and q momenta as belonging to different particle species.
If the two interacting particles belong to the same species, the internal product
and therefore the Mandelstam variables present no differences from standard
Physics. That is the momenta of particles of the same kind, live in the same tan-
gent (local) space, constructed with the Finsler metric. Instead, if the particles
belong to different species, the definition of the internal product requires the ne-
cessity to correlate different local tangent spaces.
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The new internal product can be generated introducing the concept of a general-
ized metric, written as:

G =

(
gµν(p) eaµ(p)ẽ βa (q)

ẽaα(q)e νa (p) g̃αβ(q)

)
(4.46)

The Modified Lorentz Transfomations for this metric assumes the explicit form:

Λ =

(
Λ µ′
µ 0

0 Λ̃ α′
α

)
(4.47)

using the MLT of the two particle species. The internal product (4.45) can be
obtained as:

〈p+ q|p+ q〉 =
(
p q

)( gµν(p) eaµ(p)ẽ βa (q)

ẽaα(q)e νa (p) g̃αβ(q)

)(
p

q

)
=

=pµ g
µν(p) pν + pµ e

aµẽ βa (q) qβ + qα ẽaα(q) e νa (p) pν + qαg̃
αβ(q) qβ

(4.48)

The new introduced MLT (4.47) are the isometries of the Mandelstam variables,
in the same way as the MLT (4.40) are the isometries for the MDR for every
particle species:

〈p+ q|p+ q〉 =
(
p q

)( gµν(p) eaµ(p)ẽ βa (q)

ẽaα(q)e νa (p) g̃αβ(q)

)(
p

q

)
=

=〈Λ(p+ q)|Λ(p+ q)〉 =

[(
Λ µ
µ′ 0

0 Λ̃ α
α′

)(
p

q

)]
·(

gµ
′ν′(Λp) eaµ

′
(Λp)ẽ β

′
a (Λ̃q)

ẽaα(Λ̃q)e ν
′

a (Λp) g̃α
′β′(Λ̃q)

)
·

[(
Λ ν
ν′ 0

0 Λ̃ β
β′

)(
p

q

)]
(4.49)

where equation (4.40) has been repeatedly used and the internal product is de-
fined using the (4.14) momentum depending metric tensor.
The complete physical description of interactions can be made using the formal-
ism of the S matrix, which results to be an analytic function of the Madelstam
variables. Since these quantities result covariant, respect to the amended Lorentz
transformations (MLT), the concept of isotropy is restored. In this way the neces-
sity of introducing a privileged class of inertial observers disappears.
In case of composition of three particles momenta, each of different type, the
internal product (4.45) can be constructed by an analogous process. In fact it is
possible to introduce a new metric, that integrates the different types of vierbeins
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and metrics relative to the three particles species:

G =

 gµν(p1) eaµ(p1)ẽ βa (p2) eaµ(p1)e ρa (p3)

ẽaα(p2)e νa (p1) g̃αβ(p2) ẽaα(p2)e ρa (p3)

eaθ(p3)e νa (p1) gaθ(p3)ẽ βa (p2) gθρ(p3)

 (4.50)

where g and e are related to the first particle species, g̃ and ẽ are related to the
second one and g and e to the third one. All the processes, introduced for the
two particles interaction, can be generalized in this way for generic n-particles
(n-momenta) interactions.

4.6 Standard Model modifications

As underlined in [123, 124], the introduction of a deformed geometry, influences
the form of the Dirac equation, with the result of modifying spinors and corre-
lated currents. The deformed Dirac matrices can be computed, requiring that
they satisfy the Clifford Algebra relation:

{Γµ,Γν} = 2 gµν(p) = 2 e aµ (p) ηab e
b
ν (p) (4.51)

from which it is simple to obtain the equality:

Γµ = e µa (p) γa (4.52)

From the previous equation it is immediate to compute the modified Gamma
matrices explicit forms:

Γ0 = γ0 Γi =
1√

1− f(p(x, ẋ))
γi '

√
1 + f(p(x, ẋ)) γi

Γ0 = γ0 Γi =
√

1− f(p(x, ẋ)) γi
(4.53)

The Γ5 matrix can be introduced using the total antisymmetric tensor εµναβ , de-
fined in curved space-time:

Γ5 =
εµναβ

4!
ΓµΓνΓαΓβ =

1√
det g

Γ0Γ1Γ2Γ3 =

=
1√

det g

√
det g γ0γ1γ2γ3 = γ5

(4.54)

As consequence the new constructed geometry preserves the standard chirality
classifications of particles.
To determine the explicit form of spinors and associated conserved currents, first
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it is essential to define the modified Dirac equation:

(iΓµ∂µ −m)ψ = 0 (4.55)

From this equation, following a standard argumentation, present in literature
[134], it i possible to obtain the modified spinors. Posing the possibility to de-
velop the general spinor in plane waves:

ψ+(x) = ur(p)e
−ipµxµ

ψ−(x) = vr(p)e
ipµxµ

(4.56)

and taking into account only the positive energy one (for the negative one the
computation retains the same form), the modified spinors can be easily com-
puted from the associated Dirac equation in momentum space. Applying this
equation to the generic positive energy spinor, it is possible to obtain:

(iΓµ∂µ −m)ur(p)e
−ipµxµ ⇒ (/p−m)ur(p) = 0 (4.57)

and the associated identity for spinors with null momentum −→p = 0:

(/p−m)(/p+m) = (pµpµ)−m2 = 0 ⇒

⇒ (/p−m)(/p+m)ur(m,
−→
0 ) = 0

(4.58)

From this relation follows that generic momenta−→p spinors can be obtained from
those with null momenta. From this statement, the possibility to compute mod-
ified positive energy not normalized spinor immediately follows. Starting from
the null momentum positive energy spinor standard representation:

ur(m,
−→
0 ) = χr =

(
1

0

)
(4.59)

it is simple to compute the generic spinor from the relation:

(Γµpµ +m)

(
χr
0

)
⇒

⇒
(
p0

(
I 0

0 −I

)
− pi

(
0 −σi
σi 0

)√
1− f

)(
χr
0

)
+

+m

(
I 0

0 I

)(
χr
0

)
=

(
(E +m)χr
−→p −→σ

√
1− f χr

) (4.60)
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and finally the modified spinor normalized form can be written as:(
(E +m)χr
−→p −→σ

√
1− f χr

)
⇒

⇒ ur(m,
−→p ) =

1√
2m(E +m)

(
(E +m)χr
−→p −→σ

√
1− f χr

) (4.61)

Having defined the modified spinors from the plane-waves expansion, it is now
possible to verify its compatibility with the MDR, in fact:

(iΓµ∂µ +m) (iΓν∂ν −m)u(p)eipµx
µ ⇒

⇒
(

1

2
{Γµ,Γν}pµpν −m2

)
u(p) = 0⇒

⇒
(
pµpνg

µν −m2
)
u(p) = 0⇒

⇒E2 − |−→p |2(1− f(p))−m2 = 0

(4.62)

This proves that the free propagation of the introduced modified spinors is gov-
erned by the MDR (4.4).
To describe a physical theory like QED or SM (weak sector and QCD), it is essen-
tial to deal with interaction terms, that are described using conserved currents.
Therefore it is necessary to introduce the theory modified currents. Starting from
the simpler case of QED, the current must be defined as a spinor bilinear, in or-
der to be contracted with the boson gauge vectorial field of the theory. Moreover
spinorial bilinear and gauge boson field must live in the same tangent space, to
permit this contraction. In this way the introduced theory contemplates a kine-
matical modification, but not a dynamical one. That is the new aspects are lim-
ited to the kinematics of the free particles, without modifying the known inter-
actions. This can be achieved by the introduction of the generalized Γ̃ matrices:

Γ̃µ(p′, p) =

(
0 σae

a
µ(p′)

σae
a
µ(p) 0

)
(4.63)

and the consequent modified current is given by:

Jµ = e
√
|det [g̃]| ψ Γ̃µ(p, p′)ψ (4.64)

where e is the coupling constant (the electric charge), p represents the incoming
spinor field momentum and p′ the outgoing one, and the generalized metric has
been introduced:

{Γ̃µ(p, p′), Γ̃ν(p, p′)} = 2 g̃µν(p, p′) (4.65)
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In this way, the LIV corrections present in the modified spinors compensate the
modified matrix ones. The current lives in the tanget space (TM, ηµν) and there-
fore it is possible to write:

Jµ = ηµν Jν (4.66)

The interaction term can therefore be written as:

Linter = e
√
| det [g̃]| ψ Γ̃µ(p, p′)ψ eµν A

ν (4.67)

where e represents the vierbein correlated to the gauge field and the index µ, even
if greek, represents a coordinate of the Minkowski space-time (TM, ηµν). The
term, that in (4.64) and (4.67) multiplies the conserved current, is a generalization
of the analogous term borrowed from curved space-time QFT, where its explicit
form is given by:

√
|det [g]| [135]. With the previous definitions it is possible now

to write the interaction Lagrangians of the LIV perturbed theories, that become
for the QED:

L =
√
|det [g]| ψ(iΓµ∂µ −m)ψ + e

√
| det [g̃]| ψ Γ̃µ(p, p′)ψ eµν A

ν (4.68)

where g̃(p) is obtained in (4.65) and g(p) represents the metric computed in (4.14)
that coincides with that used in (4.51).
It is important to underline that the modified Dirac matrices (4.52) are used to
write the kinetic part of the Lagrangian, describing the free fermion propagation.
This part determines the form of the propagator of the particle and therefore the
dispersion relation and in particular the MDR (4.4). In the low energy scenario
the perturbations result negligible. Instead, in case of high energy limit, it is
possible to consider incoming and outgoing momenta with approximately the
same magnitude, even after interaction. Therefore Γ̃ matrices do not depend on
the momenta and admit a constant form high energy limit. The definition of the
current (4.64) reduces, as in [123, 124], to:

Jµ = e
√
|det 1/2{Γµ, Γν}| ψ Γµ ψ = e

√
| det [g]| ψ Γµ ψ (4.69)

because Γ̃µ(p, p′) → Γµ if p ' p′ and therefore g̃µν(p, p′) → gµν(p). Since the
perturbation magnitude is supposed tiny and its effects are visible only for high
energies, the last formulation can be considered as the main one. Moreover it is
a reasonable physical hypothesis to suppose the quantum effects, caused by the
interaction with the background, tiny for massless particles, it is possible to ne-
glect this contribution for the gauge field Aµ. In this way the gauge field results
Lorentz invariant, and preserves even the gauge symmetry. The Lagrangian be-
comes:

L =
√

det [g] ψ(iΓµDµ −m)ψ (4.70)
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with the theory local covariant derivative defined as:

Dµ = ∂µ − ieAµ (4.71)

Important to stress that
√

det [g] ψ Γµ ψ =
√

det [g] ψ Γν ψ η
µν , thanks to (4.66),

because the current is defined in a Minkowskian space-time. In fact the spinor
corrections cancel the gamma matrices ones, or only negligible corrections sur-
vive, permitting to suppose that the current itself lives in a flat space-time.
The same generalization can be applied to the SM Lagrangian. In fact, using the
chirality projectors, it is possible to define, in the usual way, the left and right-
hand component for every particle field:

ψL = PL ψ =
1

2
(I− Γ5) ψ =

1

2
(I− γ5) ψ

ψR = PR ψ =
1

2
(I + Γ5) ψ =

1

2
(I + γ5) ψ

(4.72)

where the equality γ5 = Γ5 has been used.
The left-handed neutrino-lepton (ν − l) flavor f doublets can opportunely be
defined as:

LfL =

(
νfL
lfL

)
=

((
νeL
eL

)
,

(
νµL
µL

)
,

(
ντL
τL

))
(4.73)

the right-handed leptons:

Rf = (lf )R = (eR, µR, τR) (4.74)

Analogously one can introduce the left-handed quark up-down (u − d) flavor f
doublets as:

QfL =

(
ufL
dfL

)
=

((
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

))
(4.75)

and the right-handed up-down (u− d) quark as:(
(uf )R, (df )R

)
(4.76)

Starting from the leptonic part, the weak interaction Lagrangian can be written,
starting from the free propagation part as:

Lfree =
√

det [g(Lf )]
(
i L

f
Γ(Lf )µ ∂µ L

f
)

+
√

det [g(Rf )]
(
i R

f
Γ(Rf )µ ∂µR

f
)

(4.77)
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where the modified Γ matrices (4.52) have been used and are defined by the
particle species of the interaction considered. Therefore they depends on the
left-handed doublet or on the right-handed lepton flavor.
The neutral current interaction term can be written as:

Ln.c. =
√
|det g̃(ψf )|

(
i ψ

f
g0
Y

2
Γ̃(ψ)µ ψf ẽ(B) νµ Bν+

+i ψ
f
g1
τ0

2
Γ̃(ψ)µ ψf ẽ(W 0) νµ W

0
ν

) (4.78)

where ψ represents every leptonic field, both left and right-handed, g0 and g1 are
the coupling constants, Y and τ0 are the usual matrices, in diagonal form, cor-
related respectively with the U(1) and the SU(2) gauge symmetries. e(B)νµ and
e(W 0)νµ are the vierbein correlated respectively with the gauge fieldsBµ andW 0

µ .
As for QED, in order to guarantee that the neutral currents live in the tangent
space (TM, ηµν), the interaction terms must be written using the generalized Γ̃

matrices (4.63), that depend on the particle ψ.
The Lagrangian charged current interaction term instead acquires the explicit
form:

Lc.c. = g1

√
|det g̃(Lf )|

(
i L

f
Γ̃(Lf )µ τ+ Lf ẽ(W+) νµ W

+
ν

)
+ h.c. (4.79)

where the matrices τ+ = 1
2(τ1 + iτ2) and τ− = 1

2(τ1 − iτ2) are correlated respec-
tively to the gauge fields W+ = 1

2(W 1 − iW 2) and W− = 1
2(W 1 + iW 2) and are

again in diagonal form. The Γ̃ matrices (4.63), depending from the field Lf , have
been used to define the interaction terms, for the same reason illustrated before.
As for the QED case, considering the high energy limit, when interaction term
incoming and outgoing momenta are approximately the same, the generalized Γ̃

matrices (4.63) reduce to the modified Γ (4.52). Moreover, supposing again the
coupling of the gauge fields with the background negligible, the interaction pre-
serves the gauge symmetry. Therefore it is possible to write the Standard Model
leptonic Lagrangian as:

Llept =
√
|det [g(Lf )]|

(
L
f
iΓµDµ L

f
)

+
√
|det [g(Rf )]|

(
R
f
iΓµDµR

f
)

=

=
√
|det [g(f)]|

(
L
f
iΓµDµ L

f +R
f
iΓµDµR

f
)

(4.80)

introducing the SU(2)× U(1) covariant derivative Dµ:

Dµ = ∂µ − ig0
Y

2
Bµ − ig1

τ i

2
W i
µ (4.81)
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and posing the Γ matrices and the metric g dependents only on the particle flavor
and not on the particle chirality.
The quark sector weak interaction Lagrangian can be written in an similar fash-
ion, the free propagation term is given by:

Lfree =

√
det [g(QfL)]

(
iQ

f
L Γ(QfL)µ ∂µQ

f
L

)
+

√
det [g(ufR)]

(
i ufR Γ(ufR)µ ∂µ u

f
R

)
+

+

√
det [g(dfR)]

(
i d

f
R Γ(dfR)µ ∂µ d

f
R

)
=

=
√
|det [g(f)]|

(
Q
f
iΓµ(f) ∂µQ

f + ufR iΓ
µ
(f) ∂µ u

f
R + d

f
R iΓµ(f) ∂µ d

f
R

)
(4.82)

with the Γ matrices, and consequently the metric, depending only on the quark
flavor and being equal for the same doublet left-handed quarks.
The neutral current interaction term can be written again as in (4.78) with the
fields ψ that represents left and right-hand quarks. To write the charged current
term one must take into account that this interaction is not diagonal in the chosen
quark fields basis. The explicit form of this term becomes:

Lc.c. = g1

√
| det g̃(fg)|

(
iQ

f
Γ̃µ(fg) T

i
fg Q

g ẽ(W i) νµ W
i
ν + h.c.

)
(4.83)

where T ifg are the interaction matrices correlated to the gauge fields W i with i =

±. The Γ̃ matrices have been generalized to take into account the not diagonal
coupling of quark doublets, and are defined as:

Γ̃µ(fg) =

(
0 σa eµa(f)(p)

σa eµa(g)(p
′) 0

)
(4.84)

where the vierbein eµa(f)(p) is correlated to a quark doublet of flavor f , with mo-
mentum p. The generalized metric, generated by these modified matrices, takes
the form:

{Γ̃µ(f)(p), Γ̃ν(g)(p
′)} = 2 g̃µν(fg)(p, p

′) (4.85)

This metric again defines the space-time where the interaction takes place, that
is where the conserved current propagates and the interaction vertex is defined.
Even for quark sector, the high energy limit can be treated considering that the
Γ̃(fg) matrices tend to a constant form, not depending on the momenta. They
maintain only the dependence on the doublet flavor correlated. This permits to
write this interaction term as:

Lc.c. = g1

√
|det g(fg)|

(
iQ

f
Γµ(fg) T

i
fg Q

gW i
µ

)
(4.86)



LIV 97

again supposing the perturbation effects, correlated to the gauge fields, negli-
gible. It is interesting to underline that it is possible to rewrite the modified Γ

matrices with the form:
Γµ(fg) = cµν(fg)γν (4.87)

as in [26], to show that the high energy limit corresponds to a redefinition of the
metric, as in the cited work. Even the quark sector weak interaction Lagrangian
can be written using the SU(2)× U(1) gauge covariant derivative Dµ (4.81), ob-
taining an explicit form, similar to eq. (4.80).
Following the same methodology used till now, it is possible to modify even the
strong interaction Lagrangian, obtaining for the interaction term:

Lstrong = gs
√
|det [g̃(p, p′)]|

(
iQ

(f)
i Γ̃µ(p, p′) taij Q

(f)
j Gaµ

)
(4.88)

with ta indicating the matrix form of the generators of SU(3) gauge symmetry
group, with i and j representing the colour indices of the quark fields and gs the
strong coupling constant. Even in this case the Lagrangian can be rewritten in
the simpler form:

Lstrong = gs
√
|det [g]|

(
iQ

(f)
i Γµ taij Q

(f)
j Gaµ

)
(4.89)

again using the constant high energy limit of the Γ̃ matrices and the g̃ metric.
The last Lagrangian part to be amended remains the gauge free propagation
fields terms. This part can be modified in a similar way as done in [26] and
can be written as:

Lgauge =
1

4
g(G)
µν g

(G)
αβ Tr(GµαGνβ) +

1

4
g(W )
µν g

(W )
αβ Tr(WµαW νβ) +

+
1

4
g(ph)
µν g

(ph)
αβ BµαBνβ

(4.90)

where the metric gfµν depends on the gauge field f species considered, and {Gµν ,
Wµν , Bµν} represent the gauge fields strength. The similarity with [26] is given
by the tensor that appears in the perturbation term k

(f)
µναβ = g

(f)
µν g

(f)
αβ − ηµνηαβ .

Supposing the gauge field interaction with the background negligible, this La-
grangian term reduces to the standard form:

Lgauge =
1

4
Tr(GµνGµν) +

1

4
Tr(WµνWµν) +

1

4
BµνBµν (4.91)

Finally, the complete formulation of the amended Standard Model formulation
can be simplified, introducing the SU(3)×SU(2)×U(1) covariant derivativeDµ:
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Dµ = ∂µ − ig0
Y

2
Bµ − ig1

τ i

2
W i
µ − igstiGiµ (4.92)

and resorting to the modified Dirac matrices, preserving the gauge formulation
of the theory.

4.7 Allowed symmetries

The SM modifications, introduced in this work, are conceived in order to pre-
serve space-time homogeneity and isotropy, but even the standard physics inter-
actions. As consequence, the same SU(3) × SU(2) × U(1) internal symmetries
are preserved. To prove this statement it is possible to verify that the Coleman-
Mandula theorem [136] is still valid. In this way it results that the allowed sym-
metries are restricted to the direct product of internal ones with those generated
by the modified Lorentz group, introduced before. A less rigorous proof can be
obtained generalizing a Witten argument [137] about the fact that any additional
kinematic and non internal symmetry would overconstrain the scattering ampli-
tude. Therefore any further symmetry generator beyond Lorentz group would
allow nontrivial scattering amplitude only for a discrete set of scattering angles.
It is possible to start from admitting the existence of a symmetry generator Qµν ,
symmetric, traceless and such that:

[Qµν , Pα] 6= 0 and Qµν 6= Jµν ∈ so(1, 3) (4.93)

∀Pα generator of the Poincaré group.
The symmetry and tracelessness of Qµν let to write:

〈p|Qµν |p〉 ÷ pµpν −
1

4
gµν(p) p2 (4.94)

where the tracelessness is evaluated using the metric gµν(p) (4.22). Moreover,
assuming that this operator acts like a tensor, for orthonormal states |p(1)〉 and
|p(2)〉, one obtains the equality:

〈p(1), p(2) |Qµν | p(1), p(2)〉 = 〈p(1) |Qµν | p(1)〉+ 〈p(2) |Qµν | p(2)〉 (4.95)

If the momenta after the interaction are defined as: q(1)µ = p(1)µ + aµ and q(2)µ =

p(2)µ + bµ, from the momentum conservation for elastic scattering p(1)µ + p(2)µ =

q(1)µ + q(2)µ, it implies that aµ = −bµ. From the Qµν conservation it follows now
that:

〈p(1), p(2) |Qµν | p(1), p(2)〉 = 〈q(1), q(2) |Qµν | q(1), q(2)〉 (4.96)
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and from this relation, using (4.94) and making a series expansion for the metric
gµν(p):

aµ (p(1)ν − p(2)ν) + aν (p(1)µ − p(2)µ) + 2 aµ aν −
1

4
∂αgµν(p(1)) a

α p2
(1)+

−1

4
∂αgµν(p(2)) a

α p2
(2) = 0

(4.97)

Since the derivative ∂αgµν(p) are negligible, from this equation it follows that
aµ = 0 and this means that only trivial scattering is allowed.

4.8 Coleman-Mandula theorem generalization

Following the demonstration present in [138], it is possible to verify that the the-
orem is still valid, even replacing the underlying Minkowski geometry with the
pseudo-Finsler, considered in this work. The Lorentz group must be modified,
acquiring a dependence on the particle momentum and the theorem hypothesis
must be modified respect to those present in [138] and can be written as:

1. Lorentz invariance respect to the Modified Lorentz Transformations

2. Particle number finitness: ∀M > 0 ∃n < ∞ number of particles with mass
m < M

3. Elastic scattering is an analytic function of the Mandelstam variables

4. Nontrivial scattering happens for almost all energies

5. ∀g ∈ G, where G is the symmetry group, the element g ∈ U(1) is repre-
sentable in a identity neighbourhood via an integral operator, with distri-
bution kernel

The S matrix is expressed as a function of the modified Mandelstam variables
and is therefore invariant under the action of the modified Lorentz group.
The first part of the demonstration regards the subset of symmetry operators,
that commute with the Poincaré group. These operators satisfy therefore the
relation:

[Bα, Pµ] = 0 ∀Bα ∈ Gsym, ∀Pµ ∈ P (4.98)
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where Gsym is the symmetry group. These operators act like tensors on single
particle states:

Bα|p, m, q, n . . .〉 =
∑
m′

[bα(p)]mm′ |p, m′, q, n . . .〉+

+
∑
n′

[bα(p)]nn′ |p, m, q, n′ . . .〉+ . . .
(4.99)

where [bα(p)]mm′ is the matrix representation of the operator Bα. Since the oper-
ators commute with the Poincaré group generators, as in the classical case, they
satisfy the Lie algebra commutation rules:

[Bα, Bβ] = i Cταβ Bτ

[bα(p), bβ(p)] = i Cταβ bτ (p) ∀p
(4.100)

Now starting from this relation it is possible to follow the classic demonstration,
to prove that the correspondence Bα → [bα(p)] is a bijection. It is only necessary
to be careful to replace the on-shell condition of a particle with the MDR (4.4)
and considering that:

〈p′, m′, q′, n′|[Bα, S]|p, m, q, n〉 = 0 (4.101)

since the operatorsBα are symmetry generators and commute with the S matrix,
function of the new defined Mandelstam variables. Moreover the computation
of the particle number with mass lower than a given number is:

N
(√

pµpµ
)

= N

(√
pµ gµν(p) pν

)
(4.102)

so the particle number finitness is still preserved. Now, as in the classical version
of the theorem, it is possible to find operators:

B]
α = Bα − aµαPµ (4.103)

for opportune coefficients aµα. This operator commutes with Pµ and [Pµ, J(p)],
where J(p) is a generator of the modified Lorentz group, for given momentum.
The last statement is true because [Pµ, J(p)] is given by a linear combination of
Pµ momenta, so the Jacobi identity:

[Pµ, [J(p), B]]] + [J(p), [B], Pµ]] + [B], [Pµ, J(p)]] = 0 (4.104)
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is still valid. Now it is possible to show that:

[B]
α, J(P )] = 0 (4.105)

proving the theorem for the case of operators belonging to this particular subal-
gebra.
Considering now the symmetry generators subgroup, made of operators that do
not commute with the Poincaré group: [Aα, Pβ] 6= 0, one can write the action of
a generic element of this group, on a single particle state, as:

Aα|p, n〉 =
∑
n′

∫
d4p′

[
Aα(p, p′)

]
nn′
|p′, n′〉 (4.106)

The classical theorem demonstration version focuses on the fact that this kind
of operators have integral kernel null for p 6= p′. This remains valid even in the
modified case, considering again the modified version of the mass-shell defini-
tion. Now the argumentation remains the same, arriving to demonstrate that
such an operator can be written as:

Aα = − i
2
a(p)µνα Jµν +Bα (4.107)

with an opportune coefficient a(p)µνα , proving that this type of symmetry gener-
ators are given by the direct product of Poincaré group elements times internal
symmetry generators:

A = P (p)⊗Gsym (4.108)

Finally it is possible to state that the allowed symmetries of the scenario, pro-
posed in this work, are given by the direct product P(p) ⊗ Gint, where P(p) is
the modified Poincaré group, that depends explicitly on the particle energy (mo-
mentum) andGint is the internal symmetries group (in this case SU(3)×SU(2)×
U(1)).

4.9 VSR correspondence

The MDR (4.1) can be generalized in a form, which includes energy dependent
corrections, as for example in [139, 119]:

f2
1E

2 − f2
2 |−→p |2 = m2 , (4.109)

where fi are four-momentum p functions. These functions can be written in a
perturbative fashion as fi = 1− hi, where hi � 1 are the velocities modification
parameters. From this relation, it is possible to derive an explicit equality for the
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energy:

E =

√
m2

f2
1

+
f2

2

f2
1

|−→p |2 ' pf3 , with f =
f2

f1
(4.110)

The velocity of the particle can be obtained using Hamilton-Jacobi equation (3.88):

c′(E) =
∂

∂p
E

∣∣∣∣
max

= (f(3) + p f ′(3)) =

(
f(3) + f ′(3) p

(
1

E
− p

E2

))
(4.111)

Therefore every massive lepton feels a local space-time foliation, depending on
its momentum. From this the necessity follows to resort to Finsler geometry, that
can deal with this local space-time momentum depending parametrization.
Returning now to the homogeneous perturbation f , introduced in this work
(4.2), if its magnitude remains negligible, compared to the momentum, the ra-
tio |

−→p |
E −→ 1 + δ have a finite limit for p −→ ∞. As consequence, even the

functions admits finite limit, f(1 + δ) = ε. In this way the perturbation f3, for
p −→ ∞, tends to limp−→∞ f3 = 1 − f(1 + δ) = 1 − ε . Therefore it is possible
to obtain the Coleman and Glashow’s “Very Special Relativity” (VRS) scenario
as a high energy (high momenta) limit. In this case it is possible to recover from
equation (4.111) a massive particle “personal” maximum attainable velocity c′:

c′(E) = f3 = 1− ε (4.112)

because f ′(3) = 0 for p −→∞, reobtaining a result provided in [18].
It is also possible to show that the modified Lorentz group, introduced in this
work, is compatible with the special relativity transformations computed in-
troducing a personal maximum attainable velocity different for every particle
species. It is well known that this corresponds to ignore the speed of light uni-
versality postulate, in computing the Lorentz transformations [97]. In fact, sup-
posing the case of Lorentz boost along the ”x” direction, the explicit form of the
Modified Lorentz transformations is given, using equation (4.40), by:

Λµν(p′, p) = eµa (p′)Λabe
b
ν(p) = eµa (Λp)Λabe

b
ν(p) =

=


1 0 0 0

0 χ 0 0

0 0 χ 0

0 0 0 χ




γ −β γ 0 0

−β γ γ 0 0

0 0 1 0

0 0 0 1




1 0 0 0

0 1/ξ 0 0

0 0 1/ξ 0

0 0 0 1/ξ

 =

=


γ −β/ξ γ 0 0

−β χ/γ χ/ξ γ 0 0

0 0 χ/ξ 0

0 0 0 χ/ξ

 '


γ −β/ξ γ 0 0

−β χ/γ χ/ξ γ 0 0

0 0 1 0

0 0 0 1


(4.113)
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where β = v/c, χ =
√

1− f(p′) and ξ =
√

1− f(p). The ratio χ/ξ can be ap-
proximated with 1 because this term corrections are negligible, compared with
the other matrix coefficients.
The transformations obtained are correlated with the natural coordinate units of
measure. The maximum attainable velocity in the two reference frames, denoted
by the momenta p and p′ are: {

c(p′) = χ(p′) c0

c(p) = ξ(p) c0

(4.114)

To convert this MLT to the usual coordinates {t, x, y, z}, it is necessary to deter-
mine the value of x′ in the transformed reference frame, noting that:

γ′ =
χ

ξ
γ (4.115)

This is compatible with the form of the coefficients:

γ =
c(p)√

c(p)2 − v2
γ′ =

c(p′)√
c(p′)2 − v′2

(4.116)

from which it follows that γ′ ' χ/ξ γ and therefore equation (4.115) is correct.
The final MLT form for the usual standard coordinates {t, x, y, z} results there-
fore:

Λµν(p) =


χ/ξ γ −v ξ/χ γ 0 0

−v χ/ξ γ χ/ξ γ 0 0

0 0 1 0

0 0 0 1

 (4.117)

where the second term of the first row has been divided by c2, to convert the
measure units. These results are compatible with the ones obtained in equations
(3.17) and (3.18), proving that the construction here introduced is coherent with
the special relativity constructed without the light speed postulate, that is with
personal maximum attainable velocities.

4.10 DSR correspondence

In Double Special Relativity (or κ-deformed relativity) [121] the starting point
consists again in modifying the kinematics of the interaction processes, requiring
the invariance of the formulation respect to new introduced (modified) Lorentz
transformations. To obtain this principle, in these theories the geometry of the
momentum space is modified, introducing a modified composition rule for the mo-
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menta (3.107):
(p, q)→ (p⊕ q) = p+ q + f(p, q) (4.118)

where f(p, q) represents a perturbation of the usual momenta sum. Contempo-
rary it is introduced the inverse operation, which lets to obtain incoming mo-
menta from the outgoing ones: (	p)⊕ p = 0. These definitions correspond to the
replacement of the momentum with a modified one, given by the relation (3.108):

πµ = M ν
µ (p)pnu (4.119)

with the transformationsM ν
µ (p) determined by the geometric features of the mo-

mentum space [105]. The geometry of the momentum space can be determined
from the algebraic properties generated by the modified composition rule [121],
with the affine connection given by (3.109):

∂

∂pa

∂

∂qb
(p⊕ q)|c = Γabc (4.120)

This class of Relativity modification theories present the advantage of preserving
covariance respect to the introduced Modified Lorentz Transformations. In this
work an analogous idea is explored, modifying the momentum space geometry
with the introduction of what can compare to the modified composition rule of
momenta. From the definition of the internal product (4.45) it is possible to rec-
ognize the new introduced composition law for momenta. In fact the only space
where two different species momenta can ”live together” is the Minkowski one,
that underlies all the personal spaces of every particle. From this it is possible to
obtain a modified composition rule for the momenta. Considering their projec-
tion on the Minkowski space:

(p, q)→ (p⊕ q) = (pa e
a
µ(p) + qa ẽ

a
µ(q)) (4.121)

and the generalization for the composition of a generic number of different species
momenta:

(p, q, k . . .)→ (p⊕ q ⊕ k ⊕ . . .) = (pa e
a
µ(p) + qa e

′a
µ(q) + ka e

′′a
µ (k) + . . .) (4.122)

The model proposed in this work presents therefore an analogy with DSR theo-
ries [121], [24], but it is important to underline a difference. In fact the modified
composition rule does not present an universal character, instead it is species de-
pending, and moreover it is associative and abelian. The new physics emerges by
the comparison of different particle species that have different Modified Lorentz
Transformations. The construction of the modified physics can therefore predict
physical effects, experimentally detectable. Instead in case of a physics modifi-
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cation with universal character, independent from the particle species, the new
physical effects correspond to a redefinition of the units of measure - that is the
speed of light [140].

4.11 SME correspondence

The introduction of species depending MLT permits to introduce new Physics,
generated by the different way particles are affected by LIV. As already under-
lined in [105], this idea is compatible with SME, where different particles can
break the Lorentz symmetry differently. LIV is introduced in the present work,
starting from a kinematical modification, that can be investigated by the isotropic
coefficients of the SME. In this work only MDRs that are equal for particles and
antiparticles have been considered. This corresponds to modify the Standard
Model introducing only CPT-even therms, as illustrated in [26]. Furthermore the
MDRs form selected does not distinguish between particle polarizations. In fact,
considering a SM extension with CPT even terms of the form:

1

2
i cµνψγ

µ←→D νψ +
1

2
i dµνψγ5γ

µ←→D νψ (4.123)

it is possible to define the modified Dirac matrices:

Γµ = γµ + cµνγν + dµνγ5γν (4.124)

obtaining an effective Lagrangian that induces an MDR with a difference, tak-
ing into account that one is dealing with real fermions (particles with spin). The
present work considers a subset of SME, the one generated by the isotropic coef-
ficient cµν . Moreover it introduces isometry transformations for this subclass of
violation cases, in order to preserve space-time isotropy. The only difference
with the SME theory consists in posing the trace of this coefficient not null:
Tr (cµν) 6= 0. This hypothesis is not considered in SME, because it represents
a simple scaling of the kinetic term and therefore is only part of the definition of
the normalization of the field. In other words the trace of this tensor represents
a universal modification of the maximum attainable velocity, eventuality that in
SME is supposed to not generate visible physical effects. Instead in this work it
is proved that the species depending character of the MLT can generate visible
effects.





CHAPTER 5

De Sitter projective relativity

5.1 Introduction

It is well known that the fundamental symmetry group governing low energy
physics is the Galilei one. As the energy increases this effective symmetry fails in
describing kinematics and must be replaced by the Poincaré group. This means
that Galilei relativity must be sostituted by the Einstein one. Some recent ex-
perimental evidences, as in the propagation of Ultra High Energy Cosmic Rays
(UHECR), seem to implicate that even Einstein relativity must be considered an
effective symmetry, not completely respected at the highest energies. This would
implicate the necessity to search another special relativity. Since the work of von
Ignatowsky [93, 94, 95, 96], it is evident that, with only the hypothesis of a ho-
mogeneous and isotropic space-time, it is possible to determine the relativity
groups, Galilei and Poincaré, which present a fundamental difference, the first
one admits velocities that can diverge to infinity, while the second one implies
a finite parameter, which represents the maximum attainable velocity. From the
Poincaré group it is possible to reobtain the Galilei one taking the infinite limit for
the maximum velocity parameter. So the introduction of a new symmetry group
to generalize the Galilei one corresponds to the introduction of a finite scale, the
maximum speed, in the theory. In the same way the necessity to resort to a new
group to generalize the Poincaré one corresponds to the introduction of a new
fixed scale, the Planck length, at which the Einstein relativity starts to fail. Henry
Bacry and Jean Marie Levy Leblond [141], starting from very general assump-
tions on the space-time structure, have investigated all the permitted forms of
kinematics groups, obtaining the de Sitter one as a possible candidate. Following
Fantappié and Arcidiacono [142], it is possible to construct a projective relativity,
which is an example of doubly special relativity [143, 144]. But as already under-
lined by Aldrovandi and Pereira [145, 146, 147], in all special relativity models,
the Lorentz symmetry is violated when a sufficient energy is reached, and Ein-
stein relativity is no more valid. Instead de Sitter relativity is valid at all energy
scales, giving a universal theory, a property shared by all fundamental theories.
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5.2 Possible kinematical groups

Recent results seem to question the validity of the Poincaré group as the relativ-
ity one, at the highest energies, when the quantum structure of space-time can be
accessible. This seems to suggest the necessity to consider another kinematical
group as the symmetry group of a more general physical theory. A manner to
introduce a generalization of this group, in order to fix the problem, is the one
followed by Bacry and Levy Leblond [141], starting from very general assump-
tions on the structure of space-time and the symmetry group itself. First of all
the kinematics group is supposed to be continuous, so it is possible to use Lie-
algebraic methods. The generators of the kinematical group are the usual ones:

{H, P, J, K} (5.1)

where H is the Hamiltonian, P the spatial translations generator, J the rotations
generator and K the boosts generator.
From space isotropy one can deduce the way as the action of rotations transform
the infinitesimal group generators, obtaining:

[J,H] = 0 [J, J ] = 0 [J, P ] = 0 [J,K] = 0 (5.2)

Generalizing the Bacry and Levy Leblond work, parity is supposed not to be
a fundamental symmetry of the kinematical group, since it is violated in weak
interaction, instead time reversal is supposed as another fundamental symmetry.
The action of parity can be summarized as:

Π : {H → H, P → −P, J → J,K → −K} (5.3)

and the action of the time reversal operator on the kinematical generators is given
by:

Θ : {H → −H, P → P, J → J,K → −K} (5.4)

The space-time is posed isotropic, that is invariant under rotations, and the in-
ertial transformations, boosts along a definite direction, form a noncompact sub-
group. In order to satisfy these properties, the previous commutations relations
(5.2) and the action of the time reversal operator (5.4), one can impose the fol-
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lowing commutation Lie brackets:

[H, Pi] = i αKi

[H, Pi] = i λ Pi + i ζ Ji

[Pi, Pj ] = i β εijk Jk

[Ki, Kj ] = i µ εijk Jk

[Pi, Kj ] = ρ δij H+ τ εijkKk

(5.5)

which can be written only with generators linear combinations, using the covari-
ant tensors δij and εijk.
Taking into account the Jacobi identities, all the ones that contain at least one J
generator are automatically satisfied, since space-time is rotationally invariant.
The other Jacobi identities that are satisfied are [HP P ], [P P P ] and [KKK], in-
stead the others identities let to obtain constrains to the coefficients that appear
in (5.5):

[HKK] ⇒ ζ + λ τ = 0 (5.6)

[HP K] ⇒

{
τ λ+ ζ = 0

ζ τ − λβ − αµ = 0
(5.7)

[P P K] ⇒ ρα+ τ2 − β = 0 (5.8)

[P KK] ⇒

{
ρ ζτ µ = 0

λ ρ+ µ = 0
(5.9)

From equation (5.7) one can obtain the following:

τ2 = −β − α µ
λ

(5.10)

Furthermore from relation (5.6) one can compute:

ζ = −λ τ (5.11)

and from (5.9) it is possible to obtain:

µ = −λ ρ (5.12)

Using (5.10), (5.11) and (5.12), one can arrive to the relation:

τ2 = −β − α µ
λ

= −β + αρ (5.13)
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Now from equation (5.8) and the previous one it results possible to write:

τ2 = β − αρ = −β + αρ ⇒ τ = 0 (5.14)

and from (5.11) it follows the equation:

ζ = −λ τ = 0 (5.15)

Retaining only the time reversal symmetry and rejecting the parity one, there-
fore, one can arrive to the same final result present in [141] about the admitted
kinematical groups. In fact these groups can be classified on the base of the re-
maining structure constants:
in case of ρ 6= 0:

• {α 6= 0, λ 6= 0} ⇒ {β 6= 0, µ 6= 0} the Lie algebras are those of SO(5),
SO(1, 4), SO(2, 3), SO(5) must be rejected because the boosts subgroup is
compact

• {α = 0, λ 6= 0} ⇒ {β = 0, µ 6= 0} Poincaré group Lie algebra

• {α 6= 0, λ = 0} ⇒ {β 6= 0, µ = 0} this Lie algebra satisfies all the requests,
but the role of translations and boosts are inverted

• {α = 0, λ = 0} ⇒ {β = 0, µ = 0} this is the Carroll group Lie algebra

in case of ρ = 0:

• {α 6= 0, λ 6= 0} ⇒ {β 6= 0, µ 6= 0} Galilei group Lie algebra

• {α = 0, λ 6= 0} ⇒ {β = 0, µ 6= 0} Newton group Lie algebra

• {α 6= 0, λ = 0} ⇒ {β 6= 0, µ = 0} para Galilei group Lie algebra

• {α = 0, λ = 0} ⇒ {β = 0, µ = 0} static group Lie algebra

The interesting cases are those represented by the Galilei group, the Poincaré one
and the deSitter SO(1, 4) and Anti-deSitter SO(2, 3) groups.

5.3 DeSitter projective Relativity

Using the deSitter SO(1, 4) as the fundamental space-time symmetry group, it is
possible to construct what is known as projective dS relativity [148, 149]. The fun-
damental principle of General Relativity is the equivalence one, which states that
it is always possible to find a local frame of reference, isomorphic to Minkowski
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one, to describe physics. This space M is constructed as the quotient between
Poincaré P and Lorentz L groups:

M = P/L (5.16)

and results a solution of the sourceless Einstein equation:

Rµν −
1

2
gµν R = 0 (5.17)

Similarly the deSitter space is obtained as a solution of the Einstein equation
modified with the adjoint of the cosmological Λ > 0 constant:

Rµν −
1

2
gµν R− Λ gµν = 0 (5.18)

and it is given by the ratio of the deSitter group SO(1, 4) and the Lorentz one L:

dS(1, 4) = SO(1, 4)/L (5.19)

The curvature scalar of this space-time results negative R < 0. Considering the
deSitter space as immersed in a five dimensional space and resorting to the stere-
ographic (conformally Minkowski) chart [150], the deSitter space coordinates
(projective coordinates) can be written as function of the physical coordinates:

χµ = Ω(x)xµ

χ4 = −l Ω(x)

Ω′(x)

(5.20)

The index µ ∈ {0, 1, 2, 3} is the usual Minkowski space one and the constant l is
obtained from the cosmological one, posing Λ = 3

l2
. The functions Ω and Ω′ are

given by: 
Ω(x) =

1

1− xµxµ

4 l2

Ω′(x) =
1

1 +
xµxµ

4 l2

(5.21)

Using the new defined coordinates, it results possible to write the definitory
equation of the deSitter space:

ηAB χ
A χB = −l2 (5.22)

where the metric is ηAB = diag{+1, −1, −1, −1, −1} and the latin indicex A ∈
{0, 1, 2, 3, 4} are relative to the new dS(1, 4) coordinates.
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The Killing vectors of dS(1, 4) are given by the equation:

LµAB =
1

Ω(x)
ηµν ηAC ηBD

(
χC

∂χD

∂xν
− χD ∂χC

∂xν

)
(5.23)

They are the internal symmetry generators of the deSitter space-time and satisfy
the commutation relation:

[LAB, LCD] = −ηAC LBD + ηAD LBC − ηBD LAC + ηBC LAD (5.24)

The explicit form of the symmetry generators is given by:

Lµν = ηµα x
α ∂ν − ηνα xα ∂µ = ηµα x

α Pν − ηνα xα Pµ

L4µ = l ∂µ −
1

4 l

(
2 ηµν x

ν xα −
xνx

νδ αµ
4 l2

)
∂α = l Pµ −

1

4 l
Kµ

(5.25)

Now from equations (5.25) it is possible to recognize, as generators of the kine-
matical group, the elements:

Pµ = ∂µ

Πµ =
L4µ

l
= Pµ −

1

4 l2
Kµ

(5.26)

The dS(1, 4) algebra structure can be resumed in the following commutation re-
lations:

[Lµν , Lαβ] = ηµβ Lνα − ηµα Lνβ + ηνα Lµβ − ηνβ Lµα
[Πµ, Lνα] = ηµα Πν − ηνα Πµ

[Πµ, Πν ] =
1

l2
Lµν

(5.27)

From equation (5.26), taking the limit l→∞, that corresponds to take Λ→ 0, the
limit Πµ → Kµ follows. This means that the deSitter algebra (5.27) reduces to the
Poincaré one and therefore one recovers the space-time solution of the Einstein
equation without the cosmological constant, that is the Minkowski space-time.

5.4 Modified dispersion relations in deSitter Relativity

To obtain the energy explicit form and consequently the MDR in deSitter projec-
tive relativity scenario, it is useful to resort to the Beltrami chart [151]. The dS
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coordinates result correlated to the physical ones by the relation:

χµ =
xµ

Ξ(x)

χ4 =
l

Ξ(x)

(5.28)

where the function Ξ is given by:

Ξ(x) =

√
1− xµxµ

l2
(5.29)

The projective metric, that is the metric associated to the immersed variety, can
be computed from the relation:

ds2 = dχAdχ
A = dχA dχB ηAB (5.30)

From the equality:
l χµ = xµ χ4 (5.31)

it is possible to obtain , differentiating:

l dχµ = xµ dχ4 + χ4 dxµ (5.32)

Now, from (5.30) and (5.31) it is possible to obtain the equation:

ds2 =
1

l2
(
(dxµdx

µ) (χ4)2 + (−l2 + xµx
µ)(dχ4)2 − 2xµdx

µ χ4dχ4
)

(5.33)

and finally one can obtains the relation:

ds2 =
1

Ξ(x)2

(
Ξ(x)2(dxµdx

µ) +
1

l2
(xµdx

µ)2

)
(5.34)

and the explicit metric tensor form is given by:

gµν =
1

Ξ(x)4

(
Ξ(x)2δµν +

1

l2
xµxν

)
(5.35)

To obtain the deSitter projective relativity kinematics, it is necessary now to con-
struct the projective velocity, given by:

uA =
dχA

ds
(5.36)
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where the proper time obtained from (5.34) has been used. The projective ac-
celeration is obtained differentiating the projective velocity respect to the proper
time and results:

αA =
duA

ds
=
d2χA

ds2
(5.37)

Now it results simple to verify the relations:

uAu
A = 1 αAu

A = 0 (5.38)

The projective momentum is defined as:

πA = m0 u
A = m0

dχA

ds
(5.39)

Using the relation (5.31) it is possible to obtain the corresponding physical vari-
ables, so the physical velocity results:

vµ =
dxµ

ds
=

l

(χ4)2
(χ4uµ − χµu4) (5.40)

and the physical momentum is given by:

pµ =
l

(χ4)2
(χ4πµ − χµπ4) (5.41)

Defining the projective angular momentum as:

MAB = χAπB − χBπA (5.42)

one can obtain the following relations:

M4µ =
l

Ξ(x)2
pµ

Mµν =
1

Ξ(x)2
mµν

(5.43)

where mµν = xµpν −xνpµ represents the physical angular momentum. To obtain
relation (5.43) it is necessary to differentiate equation (5.28) respect to the proper
time, obtaining:

uµ =
1

Ξ(x)3

(
Ξ(x)2δµν +

xµxν
l2

)
vν

u4 = − 1

Ξ(x)3

uµx
µ

l

(5.44)
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then these relations must be used in (5.42).
Now using the projective angular momentum, it is possible to write the relation:

MABM
AB = 2 l2 πAπ

A (5.45)

which can be expanded, giving the result:

−2m2
0 Ξ(x)4 =

mµνm
µν

l2
− 2 pµp

µ (5.46)

From the previous one, it is simple to obtain the modified dispersion relation:

E2 = p2 +m2
0 Ξ(x)4 +

mµνm
µν

2 l2
(5.47)

demonstrating that even in deSitter projective relativity the effect on physics are
of kinematical nature and emerge in modifying the dispersion relations.

5.5 Projective Anti-deSitter Relativity

It is possible to repeat the same procedure, made using the deSitter group, with
the Anti-deSitter SO(2, 3) group, to produce a similar projective relativity. In
this case the space-time emerges as a solution of the modified Einstein equation
(5.18), with the cosmological constant Λ < 0, and is given by the ratio of the
Anti-deSitter group SO(2, 3) and the Lorentz group L:

AdS = SO(2, 3)/L (5.48)

On the contrary of deSitter space, in Anti-deSitter one the scalar curvature of the
space-time results positive R > 0 and the definitory equation of the space-time
is:

ηABχ
AχB = −l2 (5.49)

with the metric ηAB = diag{+1, −1, −1, −1, +1}.
Using, as in the previous case, the stereographic (conformally Minkowski) chart
[150], the projective coordinates can be written as function of the physical ones
as: 

χµ = Ω′(x)xµ

χ4 = l
Ω(x)′

Ω(x)

(5.50)
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where the functions Ω(x) and Ω′(x) are given by equations (5.21).
Ω(x) =

1

1− xµxµ

4 l2

Ω′(x) =
1

1 +
xµxµ

4 l2

(5.51)

The Killing vectors are again computed, using the relation (5.23), and the sym-
metry generators assume the explicit form:

Lµν = ηµα x
α ∂ν − ηνα xα ∂µ = ηµα x

α Pν − ηνα xα Pµ

L4µ = −l ∂µ −
1

4 l

(
2 ηµν x

ν xα +
xνx

νδ αµ
4 l2

)
∂α = l Pµ −

1

4 l
Kµ

(5.52)

recognizing even in this case the kinematical group generators, again with the
form of equation (5.26).

[Lµν , Lαβ] = ηµβ Lνα − ηµα Lνβ + ηνα Lµβ − ηνβ Lµα
[Πµ, Lνα] = ηµα Πν − ηνα Πµ

[Πµ, Πν ] =
1

l2
Lµν

(5.53)

Even in this case the dS(2, 3) algebra verifies the commutation relations (5.27). So
even in case of Anti-deSitter space-time the cosmological constant Λ → 0 limit,
that is the limit l→∞, is given by the Minkowski space.

5.6 Modified dispersion relations in Anti-deSitter Relativity

The energy explicit form and consequently the MDR in Anti-deSitter projective
relativity scenario can be computed in an analogous way as in deSitter case. It
results useful modify the Beltrami chart formulation [151] of the previous case.
The AdS coordinates result correlated to the physical ones by the relation:

χµ =
xµ

Ξ′(x)

χ4 =
l

Ξ′(x)

(5.54)

where the function Ξ′ is defined as:

Ξ′(x) =

√
1 +

xµxµ

l2
(5.55)
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The projective metric, associated to the immersed variety, can be evaluated using
the equation:

ds2 = dχAdχ
A = dχA dχB ηAB (5.56)

From the relation:
l χµ = xµ χ4 (5.57)

differentiating it is possible to obtain the following:

l dχµ = xµ dχ4 + χ4 dxµ (5.58)

similar to the relation (5.32).
Now, from (5.55) and (5.57) it is possible to obtain the equation:

ds2 =
1

l2
(
(dxµdx

µ) (χ4)2 + (−l2 + xµx
µ)(dχ4)2 − 2xµdx

µ χ4dχ4
)

(5.59)

and finally:

ds2 =
1

Ξ(x)2

(
Ξ(x)2(dxµdx

µ)− 1

l2
(xµdx

µ)2

)
(5.60)

The explicit metric tensor becomes:

gµν =
1

Ξ′(x)4

(
Ξ′(x)2δµν −

1

l2
xµxν

)
(5.61)

analogous to the explicit expression (5.35), valid for the deSitter case.
The AntideSitter projective relativity kinematics can be determined computing
the projective velocity and the projective acceleration, given again respectively
by equations (5.36) and (5.37). The orthogonality relation (5.38) is still verified.
The projective momentum is defined, as in the previous case (5.39). Using the
relation (5.57) it is possible to obtain the physical velocity, that has an expression
analogous to (5.40). The corresponding physical momentum is given by (5.41)
and the projective angular momentum is again defined as (5.42). Even in AdS
projective relativity one has to differentiate equation (5.54) respect to the proper
time to obtain:

uµ =
1

Ξ′(x)3

(
Ξ′(x)2δµν −

xµxν
l2

)
vν

u4 = − 1

Ξ′(x)3

uµx
µ

l

(5.62)

Again, using the projective angular momentum, it is possible to obtain:

MABM
AB = 2 l2 πAπ

A (5.63)
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Expanding this result it is possible to compute the result:

2m2
0 Ξ(x)4 =

mµνm
µν

l2
+ 2 pµp

µ (5.64)

From the previous one, it is simple to obtain the modified dispersion relation:

E2 = p2 +m2
0 Ξ(x)4 − mµνm

µν

2 l2
(5.65)

demonstrating that even in deSitter projective relativity the effect on physics are
of kinematical nature and emerge in modifying the dispersion relations.

5.7 Massive particles kinematics in deSitters/Anti-deSitter Relativity

In every LIV theory massive particles are supposed to interact with the quantum
structure of the background, during free propagation. Furthermore this effect is
supposed increasing with the particle energy. Even in projective relativity this
idea can be considered valid, thinking that the quantum effects of space-time
manifest themselves when a particle acquires enough energy to feel even the ex-
ceeding spatial dimension. A similar idea is considered in ([145]), where it is
assumed that the propagating photons energy can cause tiny space-time fluctu-
ations, described using the deSitter relativity.
Considering the deSitter space-time, resorting to the Lemaitre-Robertson-Walker
coordinates, its squared line element, as function of the physical coordinates, be-
comes [152], as function of the physical coordinates:

ds2 = dτ2 − n(τ)δijdx
idxj (5.66)

where the latin indices are the Minkowski space ones and belong to the set
{1, 2, 3}. The function n(τ) is given by:

n(τ) = exp [
√

Λ/3τ ] (5.67)

The cosmological constant Λ is assumed as depending on the particle species
and its way of interacting with the quantum structure of the background. The τ
variable in [145] is identified with the particle wavelenght, that is:

τ =
p

E
(5.68)

using de de Broglie relation. Moreover τ corresponds to a time variable and is
therefore inversely proportional to the particle velocity, in the sense that bigger
is the particle speed and smaller is the time necessary to obtain the same length
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element (5.66):

τ ÷ 1

v
' 1

∂pE
' p

E
(5.69)

using the group velocity relation to obtain the particle speed. In this way the line
element (5.66) can be written in the form:

ds2 = dτ2 − exp
(
α
p

E

)
δijdx

idxj = dτ2 −
∞∑
n=0

αn

n!

( p
E

)n
δijdx

idxj =

= dτ2 −
∞∑
n=0

αn

( p
E

)n
δijdx

idxj
(5.70)

with α and αn opportunely defined constants. From this relation it is possible to
recognize the 0 degree homogeneous perturbation function (4.2):

f

(
|−→p |
E

)
=

∞∑
k=1

αn

(
|−→p |
E

)n
(5.71)

and the metric (4.22):

g(x, ẋ(p))µν =

(
1 0

0 −(1 + f(p/E))I3×3

)
(5.72)

Therefore, as for physics constructed starting from kinematical modifications of
the dispersion relations, the deSitter scenario admits the Finsler geometry as the
underlying one.
In the Anti-deSitter case, following an identical procedure, it is possible to find
an opportune coordinate system [153] that allows to write the function n(τ) (5.67)
as:

n(τ) = cos
√

Λ/3τ (5.73)

The line element (5.66) becomes therefore:

ds2 = dτ2 − cos (ατ)δijdx
idxj = dτ2 −

∞∑
n=0

(−1)n
α2n

(2n)!

( p
E

)2n
δijdx

idxj =

= dτ2 −
∞∑
n=0

(−1)nα2n

( p
E

)2n
δijdx

idxj

(5.74)
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Even in this case the perturbation consists in a 0 degree homogeneous function,
as in (4.2):

f

(
|−→p |
E

)
=

∞∑
k=1

(−1)nα2n

(
|−→p |
E

)2n

(5.75)

The resultant metric is again in the form of (5.72), therefore even in the Anti-
deSitter case the underlying geometry is of Finsler type. Finally it is important
to notice that in the deSitter projective relativity scenario, the foreseen maximum
attainable velocity, for massive particles, results lower than the light speed, as
assumed in the rest of this work. In fact the first term (dominant one) of the
expansion series of the perturbation is positive. Instead in the Anti-deSitter sce-
nario the first term results negative, therefore the predicted maximum speed for
massive bodies results superluminal.



Part III

LIV Phenomenology on Cosmic
Messengers





CHAPTER 6

Cosmic messengers LIV phenomenology

6.1 Introduction

It is well known that the optical depth of a 1020 eV UHECR should be only of
few Mpc. Inside this opacity sphere there should be enough astrophysical ob-
jects with the necessary characteristics to accelerate a particle to such high ener-
gies (1.4). Moreover this kind of highly energetic particles propagates on almost
straight lines, in void, so it would be possible to identify the candidate sources
of these UHECRs. Inside the foreseen opacity sphere it is not possible to identify
enough sources, but some recent works [17] seem to indicate the possibility to
find some candidates outside this sphere. That is recent experimental observa-
tions hint the possibility that the predicted Universe opacity to the propagation
of UHECR may be modified, expanding its radius. UHECR are therefore ideal
candidates for probing a look inside the quantum gravity phenomenology.

6.2 Effects induced on protons UHECR phenomenology

Since the Cosmic Microwave Background Radiation (CMBR) interacts with cos-
mic rays, Universe is not transparent for the propagation of these particles, which
in fact dissipate energy during their path. In fact high energy particles lose part
of their energy after a determined propagation length, which depends on their
energy itself and on their nature (type of the particle). UHECR are mostly con-
stituted by heavy nuclei (iron type) or protons and the ways they interact with
the background radiation depends on their nature. Heavy nuclei with sufficient
energy can suffer a photo-dissociation process caused by CMB:

A+ γ → (A− 1) + n (6.1)

where A represents the atomic number of the bare nucleus considered.
Instead protons interacts with the CMB through a delta resonance, which decay-
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ing generates a photo-pion:

p+ γ → ∆→ p+ π0

p+ γ → ∆→ n+ π+
(6.2)

effect known as GZK cut-off. First, in this work, the effects of LIV on the propa-
gation of protons will be analyzed.
In order to obtain a delta resonance, the free energy of the proton and the photon
interacting must be bigger than the rest energy of the delta particle and this poses
a constrain on the magnitude of LIV. In the approximation of head on collision,
the reaction free energy becomes:

s = (Ep + Eγ)2 − (−→p p[e−1] +−→p γ)2 ≥ m2
∆ ⇒

⇒ (Ep + Eγ)2 −

( −→p p√
1− fp(pp)

+−→p γ

)2

≥ m2
∆ ⇒

⇒ E2
p −−→p p(1− fp(pp))− 2fp(pp)

−→p p + 2EpEγ+

− 2−→p p · −→p γ
(

1 +
1

2
fp(pp)

)
≥ m2

∆

(6.3)

where the four momentum of the proton is (Ep,
−→p p), the four momentum of a

CMBR photon is (ω,−→ω ), mp denotes the proton mass and m∆ denotes the delta
resonance mass. In the previous calculus it has been used MDR (4.4) and the
approximation:

1√
1− fp(pp)

' 1 +
1

2
fp(pp) (6.4)

In the first line the momentum of the proton has been projected from its space
of definition (TxM, gµν) to the space where the interaction between the massive
lepton and the photon takes place, (TxM, ηµν), using the thetrad formalism.
From (6.3) one obtains the inequality:

2fp(pp)E
2
p − Ep(4Eγ + fp(pp)Eγ) +m2

∆ −m2
p ≤ 0 (6.5)

The GZK effect is suppressed as a consequence of LIV, if this second grade in-
equality is not satisfied. From the study of this inequality, one obtains the con-
strain, that limits the GZK existence:

fp(pp) <
∆M2 − 4Eγ −

√
(∆M)2 − 8Eγ∆M2

4E2
γ

(6.6)

where ∆M2 = (m2
∆ −m2

p).
Substituing these physical quantities with the average values of Eγ ' 7.0 ×
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10−4 eV , m∆ ' 1232 MeV , mp ' 938 MeV , one obtains the constrain value:

fp(pp) < 6 · 10−23 (6.7)

to guarantee the existence of the GZK effect1.
Protons lose energy by the photo-pion production process, without annihilate
in what can be considered a dissipation mechanism. So this process can repeat
again if they have enough energy. Therefore it becomes necessary to evaluate the
fraction of initial proton momentum transferred to the outgoing pion. As already
underlined, to describe this phenomenon it is necessary to introduce the elasticity
factor η =

(
Eout
Ein

)
. That is the ratio of the energy carried away by one of the par-

ticles emerging from the interaction, (Eout), divided by the energy of the incident
particle, (Ein). It is even important the inelasticity, which represents the fraction
of the total incident energy that is avaiable for the production of secondary parti-
cles, and is defined asK = (1−η). Now it is possible to determine the attenuation
length or optical depth of a proton, defined in eq. (2.22) as the average length of
propagation that a proton has to travel to see its energy reduced by a factor of
e−1. Introducing the LIV, it is important to notice that the optical depth compu-
tation is executed in a flat reference frame, because the propagation of UHECR
happens in an asymptotically flat space-time. In fact, in this work the theory
underlying the interaction between UHECR protons with CMBR is the asymp-
totically flat SM minimal extension introduced before. So the most evident effect
of the introduction of LIV on the photo-pion process is limited to the modifica-
tion of the inelasticity function, that is a modification of the allowed phase space
for this kind of reaction. The inelasticity, calculated without introducing Lorentz
violation in the theory, is given [45] by the formula (2.40). The modified kinemat-
ics, caused by the introduction of LIV, introduces some changes in its calculation.
Following the computation of [27, 28] one starts from the definition of the center
of momenta reference frame:

−→p ∗p +−→p ∗π = 0 (6.8)

where these vectors are defined in (TM, ηab). Now considering the free energy
of the photo-pion production:

√
s = (E∗p + E∗π) (6.9)

it is possible to obtain the γCM factor, correlated with the modified Lorentz trans-
formations. In this way it is possible to evaluate the effects of the change of ref-

1This constrain is comparable to the limit 4.5 · 10−23, numerically computed in [27, 28]
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erence frame, from the center of momenta to a generic one.

γCM (E∗p + E∗π) = γCM
√
s = (Ep + Eπ) ⇒ γCM =

Ep ∗ Eπ√
s

=
Etot√
s

(6.10)

Now computing the free energy (
√
s Mandelstam variable) necessary for the cre-

ation of a photo-pion in the CM frame of reference, and using the CM definition,
so −→p ∗p = −→p ∗π:

(
√
s− E∗p)2 − ([eπ]p∗p)

2 = m2
π ⇒

⇒(s− 2
√
sE∗p) + E∗2p − p∗2p (1− fp)− p∗2p fp + p∗2p fπ = m2

π

(6.11)

fp and fπ represent the LIV correction functions, introduced in eq.(4.1) and (4.2)
for the proton and the pion respectively.
From the previous relation follows:

E∗p =
s+m2

p − fpp∗2p −m2
π + fπp

∗2
π

2
√
s

= F (s) (6.12)

and one can approximate:

p∗p ' E′p = (1− kπ(θ))
√
s

p∗π ' E′π = kπ(θ)
√
s

(6.13)

The final energies, belonging to the final products after the interaction, are used
and
√
s represents the initial free total energy.

From the change of reference frame and approximating at the first order the co-
ordinate change equations with the Lorentz invariant ones, it is possible to write:

Ep = γCM (E∗p + β cos θpp) (6.14)

where Ep = (1− kπ(θ))Etot, using the pion inelasticity.
Substituting γCM with the value computed in eq. (6.10) and approximating the
three-momentum magnitude with the energy and the velocity factor β with 1, in
the hypothesis of ultra-relativistic particles, one obtains the following equation:

(1− kπ(θ)) =
1√
s

(
F (s) + cos θ

√
F (s)2 −m2

p + 2fp

)
(6.15)

From this it is possible to obtain the inelasticity as a function of the collision angle
θ. The quantity must then be averaged on the interval θ ∈ [0, π] to obtain the
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inelasticity used in the computation:

kπ =
1

π

∫ π

0
kπ(θ) dθ (6.16)

In fig. 6.1 an example is illustrated of the effects of a tiny perturbation, inferior
to constrain (6.7), due to the introduction of LIV, on the value of the inelasticity
of the photo-pion process. This quantity is expected to become 1/2 for high ener-
gies. The consequent proton expected optical depth modification, as a function of
its energy and of the LIV magnitude, is plotted in fig. 6.3, 6.4. This plots depend
on the difference between the magnitude of the perturbation correlated with the
proton and the pion: fpπ = fp − fπ. In this work only LIV perturbations are
considered, which imply that every particle has a maximum attainable velocity
lower than c. It is a physically reasonable hypothesis to expect the more mas-
sive one having smaller velocity, that is a bigger violation, which corresponds
to fp > fπ. It is important to underline that even for very tiny violations of
Lorentz Invariance, the effects can be absolutely relevant, implying a consistent
dilatation of the predicted GZK opacity sphere. In computing the solution for
the optical depth, the proton-photon cross section used is that obtained by the
ZEUSS collaboration [154]. LIV modifications of the cross section are very tiny
and therefore neglected in the computation. In fact, as underlined in [27, 28], the
computation of the classical optical depth (without LIV) suffers of an uncertainty
of almost 10−15%. So even the red shift correction are neglected in computation
of the standard opacity sphere. Following the same logic, in this work the cross
section is not modified and the corrections due to red shift are not considered.

6.3 Effects induced on heavy UHECR phenomenology

Natural generalization of the work, conducted on the propagation of UHE pro-
tons, is to expand the analysis to heavy cosmic rays. These UHECR are made
of bare iron type nuclei and the principal way, they interact with CMBR and
dissipate energy, is the photo-dissociation process (2.13). In fact even Compton
scattering and pair production should be taken into account, but these processes
are relevant only for cosmic rays with energy under 1019 eV , above this limit
the photo-dissociation contribution is dominant. During this process a photo-
absorbtion happens, when the nucleus interacts with the CMBR. Then the com-
pound, with excited energy level, decays, through nucleons emission. The pro-
cess can be resumed by the relation:

A
ZN + γ −→A′

Z′ N
′ + A′′

Z′′N
′′ (6.17)
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Figure 6.1: Inelasticity for perturbation fpπ ' 9 · 10−23
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Figure 6.2: Inelasticity for perturbation fpπ ' 0
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where A = A′ + A′′ and Z = Z ′ + Z ′′. A
ZN represents the initial nucleus, A

′
Z′N

′

is the residual one and A′′
Z′′N

′′ represents the nucleons emitted during the decay
process.
As already underlined in [155], the LIV effects can manifest themselves modify-
ing the reaction thresholds of the interaction processes. Using the MDR (4.4) it is
possible to write for the free energy of the photo-dissociation process:

(E + ω)2 − (p[e−1] + ω)2 = (E′ + E′′)2 − (p′[e′−1] + p′′[e′′−1])2 ⇒

⇒E2 + ω2 + 2E ω − p2
(

1− f
( p
E

))
− ω2 − 2pω

(
1− 1

2
f
( p
E

))
=

=E′2 + E′′2 + 2E′E′′ − p′2
(

1− f ′
(

1− p′

E′

))
− p′′2

(
1− f ′′

(
p′′

E′′

))
+

+2p′ p′′
(

1− 1

2
f ′
(
p′

E′

))(
1− 1

2
f ′′
(
p′′

E′′

))
(6.18)

where the thetrad explicit form (4.27) and the approximation
√

1− f = 1 − 1
2f

have been repeatedly used. Resorting again to the relation (4.4), one can obtain
the following:

m2 + 2 f
( p
E

)
p2 + 2E ω + 2 pω

(
1− 1

2
f
( p
E

))
= m′2 + 2 f ′

(
p′

E′

)
p′2 +m′′2+

+2 f ′′
(
p′′

E′′

)
p′′2 + 2E′E′′ − 2 p′ p′′

(
1− 1

2
f ′
(
p′

E′

))(
1− 1

2
f ′′
(
p′′

E′′

))
(6.19)

The large nuclei initial energy (∼ 1020 eV ) implies that the decay products have
momenta almost parallel to the direction of the original particle momentum, so
from the momentum conservation one can obtain the following relations:{

p′ = (1− y) p

p′′ = y p
=⇒

{
E′ = (1− y)E

E′′ = y E
(6.20)

where y represents the process inelasticity. From relation (6.19) and using the
relations:

E′E′′ = E′E y = E′2
(

y

1− y

)
= E′′E (1− y) = E′′2

(
1− y
y

)
p′p′′ = p′p y = p′2

(
y

1− y

)
= p′′p (1− y) = p′′2

(
1− y
y

) (6.21)
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it is simple to obtain the following equation:

m2 + 2 f
( p
E

)
p2 + 4E ω = m′2 + 2 f ′

(
p′

E′

)
p′2 +m′′2 + 2 f ′′

(
p′′

E′′

)
p′′2+

+

(
E′ − p′2

(
1− f ′

(
p′

E′

)))
y

1− y
+

(
E′′ − p′′2

(
1− f ′′

(
p′′

E′′

)))
1− y
y

⇒

⇒m2 + 2

(
f
( p
E

)
− f ′

(
p′

E′

)
(1− y)2 − f ′′

(
p′′

E′′

)
y2

)
p2 + 4E ω+

− m′2

1− y
− m′′2

y
= 0

(6.22)

Now it has already proved that the momentum-energy ratio admits a finite limit
p
E −→ 1 + δ. Using the relations (6.20), it is possible to obtain that:

p

E
' (1− y)p

(1− y)E
' p′

E′
' y p

y E
' p′′

E′′
(6.23)

so in the high energy scenario, it results possible to substitute, in equation (6.21),
the perturbation functions {f, f ′, f ′′} with their high energy limits, denoted as
{ε, ε′, ε′′}. In this way one can obtain the following result:

4ω p+ 2 (−ε+ (1− y)2 ε′ + y2ε′′) +m2 − m′2

1− y
− m′′2

y
= 0 (6.24)

which can be rewritten in the following way:

Υ(ε, ε′, ε′′) p2 + 4ω p−∆M = 0 (6.25)

where:

Υ(ε, ε′, ε′′) = 2(−ε+ (1− y)2ε′ + y2ε′′)

∆M =

(
m′2

1− y
+
m′′2

y
−m2

) (6.26)

Posing the new variable x = 4ω
∆M , it is possible to obtain, from equation (6.24),

the following:
Ωx2 + x− 1 = 0 (6.27)

where

Ω =

(
∆MΥ(ε, ε′, ε′′)

(4ω)2

)
(6.28)
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This last equation admits 1 positive (allowed) solution for Ω ≥ 0 and 2 positive
solutions for Ω < −1

4 . This limits the possible parameters kinematical configu-
rations to obtain photodissociation. In this way it results possible to pose LIV
caused constrains to the reaction. The LIV coefficients are supposed, as in the
rest of this work, positive and ordered in a natural way, that is the bigger coeffi-
cients are associated to the heavier elements.
Now it is possible to evaluate the optical depth even for heavy cosmic rays. This
quantity is evaluated as in the proton case, considering the photodissociation
as an energy dissipation phenomenon. This approximation is possible because,
even if after a photodissociation process the cosmic ray changes its chemical na-
ture, the effect is caused by the emission of one or almost few nucleons. More-
over this process is not very frequent, so an ultra high energy heavy CR ”does
not change too much”, after free propagation. Therefore if one considers heavy
CR divided into families, with similar chemical composition, they will belong to
the same family even after propagation. The optical depth is therefore evaluated
as made previously, obtaining an equation similar to (2.20):

τopt(p) =
m2
AZ

2β p2

∫ +∞

Ethr

dω

ω2
n(ω)

∫ E

E
dE

(
E − 1

2mAZ
fAZ

( p
E

))
k(E, p)σ(E)

(6.29)
where:

E =
p

mAZ
(1− β)E +

1

2mAZ
fAZ

( p
E

)
E = E + 2β

p

2mAZ
E

(6.30)

The k(E, p) function represents the process inelasticity, amended again by the
kinematics modifications induced by the LIV perturbation terms, in a similar
way to the one computed for the light cosmic rays (protons). Therefore it is pos-
sible to conclude that in case of LIV, the optical depth for heavy nuclei presents
a behavior similar to that evaluated in the proton cosmic rays case.
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LIV and Neutrino oscillations

7.1 LIV and Neutrino oscillations in an Hamiltonian approach

Let’s focus now on the analysis of the eventual Lorentz violation effects impact
on neutrino phenomenology. The introduction of LIV can in fact modify the fla-
vor oscillation probabilities. The existence of this quantum phenomenon, the fla-
vor oscillation, has been proved in experimental observations with natural neu-
trino sources (mainly solar [156, 157, 158, 159, 160, 161] and atmospheric [162]).
Even with artificial neutrinos, short [163, 164, 165, 166, 167, 168] and long baseline
[169, 170] reactor antinteutrinos, long-baseline [171, 172, 173] and the discussed
LSND [174, 175] and MiniBOONE [176, 177] results confirmed this phenomenon.
The evidences of oscillation have been further reinforced in the last decade by
appearance experiments, like the CNGS beam [178], T2K [179] and NoνA [180],
which collects neutrino signals with a flavor changed respect to the production
one.
The LIV perturbation, introduced in this work, can account just for tiny pertur-
bative effects, respect to the standard physics predictions. The presence only of
Lorentz invariance violating interaction terms, determines a modification of the
Hamiltonian H that rules the evolution of neutrino wave function. During its
propagation, from the production point to the detector, the neutrino wave func-
tion evolves, in fact, according to Schroedinger equation: i∂t|ψ〉 = H|ψ〉.
Following the SME approach to LIV, the extended Standard Model Lagrangian
can be written in the general form [26]:

L = L0 + LLIV (7.1)

with
LLIV = −(aL)µψLγ

µψL − (cL)µνψLγ
µ∂νψL (7.2)

The first proportional to (aL) term, in eq.(7.2), violates CPT and consequently the
Lorentz invariance, while the second contribution, proportional to (cL), breaks
“only” Lorentz Invariance. Consequently, it is possible to build the effective LIV

135
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Hamiltonian with the explicit form:

Heff = H0 +HLIV (7.3)

where H0 denotes the usual Lorentz invariant Hamiltonian and HLIV indicates
the correction introduced by the LIV violating perturbative terms (7.2). Neglect-
ing the standard part of the Hamiltonian (H0) that (for a fixed momentum neu-
trino beam) contributes identically to all the three mass eigenvalues oscillations
probabilities, it is possible to use a perturbative approach. The remaning part of
the extended Hamiltonian becomes therefore:

H =
1

2E

(
M2 + 2(aL)µp

µ + 2(cL)µνp
µpν
)

(7.4)

where M2 is a 3× 3 matrix, that in the mass eigenvalues basis assumes the form: m2
1 0 0

0 m2
2 0

0 0 m2
3

 (7.5)

Resorting to the quantum mechanic perturbation theory, the new eigenstates can
be written as:

|ν̃i〉 = |νi〉+
∑
i 6=j

〈νj |HLIV |νi〉
Ei − Ej

|νj〉 (7.6)

Now one can introduce the perturbed time evolution operator:

S(t) =
(
e−(iH0+HLIV )teiH0t

)
e−iH0t =

=
(
e−i(H0+HLIV )teiH0t

)
S0(t)

(7.7)

and the oscillation probability can be evaluated as:

P (να → νβ) = |〈β(t)|α(0)〉|2 =∣∣∣∣∣∑
n

〈β(t)|

|n0〉〈n0|+
∑
j 6=n

〈j0|HLIV |n0〉
E0
n − E0

j

|j0〉〈j0|

 |α(0)〉+ . . .

∣∣∣∣∣
2

= P 0(να → νβ) + P 1(να → νβ) + . . .

(7.8)
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In eq.(7.8) P 0(να → νβ) represents the standard foreseen oscillation probability,
the remaining term is given by:

P 1(να → νβ) =

=
∑
ij

∑
ρσ

2LRe
((
S0
αβ

)∗
UαiU

∗
ρiH

LIV
ρσ UσjU

∗
βjτij

)
(7.9)

with:
Uαi = 〈α|i〉 (7.10)

where |α〉 represents a generic flavor eigenstate and |j〉 denotes a H0 one, that is
a mass eigenstate. Moreover in (7.9):

τij =

{
(−i)e−iEit i = j
e−iEit−e−iEjt

Ei−Ej i 6= j
(7.11)

with the constrains on the Hamiltonian matrix:{
HLIV
αβ =

(
HLIV
βα

)∗
α 6= β

HLIV
αα ∈ R

(7.12)

Hence, as expected, also the flavor transition probability can be expanded pertur-
batively. In case of a general treatment of HLIV , assuming a direction depend-
ing perturbation, it would be necessary to specify a privileged frame of refer-
ence when reporting this kind of results. But for the LIV model here introduced,
isotropy is preserved and a privileged class of inertial observers is not required.

7.2 LIV and Neutrino oscillations in the isotropic scenario

Using directly the MDR constitutes an equivalent way to introduce LIV even in
neutrino oscillations phenomenology. This is the way followed geometrizing the
neutrino interactions with the background. In this work neutrino MDRs are sup-
posed spherically symmetric also because until now there are no experimental
evidences against this assumption. In this way the eq.(4.4) for MDRs reduces to
the form:

E2 = |−→p |2
(

1− f
(
|−→p |
E

))
+m2 (7.13)

Furthermore, since the perturbation function f is supposed homogeneous of de-
gree 0, the MDR is originated by a metric in the momentum space and this guar-
antees the validity of Hamiltonian dynamics, as already illustrated. The ultra-
relativistic particle propagation in vacuum, such as in case of neutrino, is gov-
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erned by the Schrödinger equation, whose solutions are written in the form of
generic plane waves:

ei(pµx
µ) = ei(Et−

−→p ·−→x ) = eiφ (7.14)

The effects of the modified metric do not appear, because the correction terms
simplify, since the contraction is between a covariant and a controvariant vector.
To give the explicit form of the solution, it is possible to start from the MDR (4.4),
and using the approximation of ultrarelativistic particle |−→p | ' E, we obtain:

|−→p | =

√
|−→p |2

(
1− f

(
|−→p |
E

))
+m2 '

' E

(
1− 1

2
f

(
|−→p |
E

))
+
m2

2E

(7.15)

In this way it is possible to evaluate the phase φ of the plane wave of eq.(7.14) for
a given mass eigenstate, using the natural measure units, for which t = L:

φ = Et− EL+
f

2
EL− m2

2E
L =

(
fE − m2

E

)
L

2
. (7.16)

Hence the same energy E two mass neutrino eigenstates phase difference can be
written as:

∆φkj =φj − φk =
(fj − fk)

2
EL−

(
m2
j

2E
−
m2
k

2E

)
L =

=

(
∆m2

kj

2E
−
δfkj

2
E

)
L

(7.17)

The oscillation probability shows therefore a dependence on the phase differ-
ences ∆φkj , in addition to the usual 3 × 3 unitary matrix PMNS. The transition
probability from a flavor |α〉 to a flavor |β〉, in the most general case, that includes
even the CP violating phase, can be written in the usual form:

P (να → νβ) =δαβ − 4
∑
i>j

Re
(
UαiU

∗
βiU

∗
αjUβj sin2(∆φij)

)
+

+2
∑
i>j

Im
(
UαiU

∗
βiU

∗
αjUβj sin2(∆φij)

) (7.18)

The modified oscillation probability results modified and this effect is caused by
the appearance in the phase differences defined in eq.(7.17) of the LIV violating
perturbation term, proportional to δfkj = fk − fj . This term is different from
zero only if the coefficients fi, ruling the LIV violations are different for all the
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three mass eigenstates. Otherwise the expression of equation (7.18) reduces to
the usual three flavor oscillation probability, valid in absence of Lorentz invari-
ance violation.
It is essential to notice that in this LIV including theory, MDR induced and CPT
even, oscillation effects result caused by the difference of perturbations between
different mass eigenstates ([92]). The fundamental assumption, that represents
a reasonable physical hypothesis, is that every mass state presents a personal
maximum attainable velocity, because interacts in a peculiar personal way with
the background. It is even important to underline that the form of Lorentz in-
variance violation, introduced in this model, could not explain the neutrino os-
cillation, without the introduction of masses. In fact, the perturbative mass term,
introduced in this LIV theory, is proportional to the energy of the particle, and
this would be in contrast with the evidences of neutrino oscillations. In fact this
phenomenon is ruled by a dominant mass term, that does not show such a de-
pendence. Neutrino oscillations are well described by phase, depending only on
squared masses differences, divided by the energy:

∆φjk =

(
m2
j

2E
−
m2
k

2E

)
=

∆m2
jk

2E
L (7.19)

and LIV effects, of the type here introduced, could only appear at high energies
as tiny perturbations (7.17). Therefore this theory can account only for relatively
little deviations from what is considered “standard physics” and, in neutrino
oscillation sector, could generate, at the highest observable energies, only tiny
effects. Nevertheless these effects are very interesting experimentally, because
they could open a window on what can be new fundamental physics, the realm
of quantum gravity.
Other LIV theories can explain oscillations, without resorting to the classical
concept of neutrino masses [181]. They usually introduce terms in the Stan-
dard Model Lagrangian that generate masses by the interaction with background
fields, as in [182], where the modified Dirac equation can be written using the
modified Dirac matrices:

Γµ
AB =γµδAB + cµνABγν + dµνABγ5γν+

+eµAB + ifµABγ5 +
1

2
gµντAB σντ

(7.20)

and the modified mass matrix:

MAB =mAB + im5ABγ5 + aµABγµ+

+bµABγ5γµ +
1

2
Hµν
ABσµν

(7.21)
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In the previous equationsm andm5 are Lorentz and CPT conserving masses. The
CPT conserving Lorentz violating terms are: c, d, H , while a, b, e, f, g are CPT
violating. It is important to underline that in this case, the LIV introduced mass
terms would constitute a theoretical justification for the oscillations. However
this kind of LIV introduced masses (differently from the CPT even LIV correc-
tions present this model and also in [26]) would not spoil the general depen-
dence of the oscillation probabilities on the neutrino energy. Therefore, it would
not modify the “standard” oscillation pattern with the introduction of new ef-
fects that could be experimentally used to confirm or not the validity of LIV
hypothesis.

7.3 Phenomenological analysis of the LIV effects on neutrino oscilla-
tions

Neutrino physics is an ideal playground to search for deviations from Lorentz
invariance [183], thanks to its various set of experiments, covering a wide spec-
trum of energies and baselines.
The three oscillation probabilities, ruling the neutrino oscillations (Pνeνµ , Pνeντ
and Pνµντ ) are evaluated by means of equations (7.17) and (7.18)) in presence of
LIV. This is made in order to evaluate the impact on neutrino phenomenology of
the possible Lorentz invariance violations studied here. Comparing the results
with the standard oscillation probabilities one gets if Lorentz invariance is satis-
fied.
This analysis has been pursued in the realistic three flavor scenario, differently
from previous studies, that adopted the two flavor oscillation approximation.
The values of the ∆m2

ij and of the various PMNS matrix elements (Uα,i), used for
the computations, have been taken from the most recent global fits, including all
the different neutrino experiments [184, 185]. For simplicity, the value δ = 0 is
assumed for the Dirac CP violation phase, because in this case the study of CP
violating effects would not spoil our results. This effect could be reintroduced,
modifying in a simple way the analysis.
The outcome of this study is reported in the following series of figures, where
the different oscillation probabilities Pνανβ are plotted. The graphs are obtained
in absence and in presence of Lorentz violating terms, evaluated for fixed neu-
trino energy values, as a function of the baseline L, that is the distance between
the neutrino production and detection points. The first two plots report the
probabilities for a muonic neutrino to oscillate, respectively, into an electronic
and a tauonic one. The probability Pνµντ is the most relevant one for the atmo-
spheric neutrinos study and for long-baseline accelerator neutrino experiments.
The knowledge of Pνµνe over a wide range of L (from 1 up to 105−106 km) covers
the regions of interest both for short- and long-baseline accelerator experiments
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and, under the assumption of CPT invariance, also for reactor antineutrino ex-
periments, because Pν̄eν̄µ = Pνµνe . The remaining oscillation probability Pνeντ is
shown in fig..7.3. The energy value considered in this series of 3 figures (E = 1
GeV) has been chosen to have a similar magnitude, relevant for atmospheric and
for long-baseline accelerator neutrino experiments. The oscillation probability

Figure 7.1: Comparison of the oscillation probability νµ → νe, computed, as function of
baseline L, for neutrino energy E = 1 GeV, “standard theory” (red curve) and LIV (blue
curve), for LIV parameters δf32 = δf21 = 1× 10−23.

corrections order of magnitude is determined by the values chosen for the three
parameters fk, inducing the LIV perturbation and, consequently, for their differ-
ences δfkj , as shown in eq.(7.18). For simplicity the 3 parameters fk are assumed
of same order of magnitude and are ordered in a “natural” way, with the high-
est LIV parameter correction associated to the highest mass eigenvalue (that is:
f1 < f2 < f3 and δf32 ' δf21). In figs.7.1-7.3 the values δf32 = δf21 = 1 × 10−23

are adopted. These limits have the same order of magnitude of the constrains
derived in the phenomenological studies, for LIV violation, one could find in lit-
erature up to 2015 [186], or even more conservative. As one can see clearly from
figs. 7.1-7.3, for δfki = 1 × 10−23 the presence of LIV would modify in a visible
way the oscillation probabilities patterns.
Recently the SuperKamiokande collaboration, however, performed a test of Lorentz
invariance, analyzing atmospheric neutrinos and derived more stringent con-
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Figure 7.2: Same analysis of fig.7.1, but for the oscillation νµ → ντ .

straints on the possible coefficients values for the Hamiltonian Lorentz invariant
violating corrections [187]. In particular limits of the order of 10−26− 10−27 were
derived for the coefficient of the isotropic CPT even term. This terms introduces
corrections to the oscillation probabilities proportional to L × E and would cor-
respond to the kind of Lorentz invariance violation here presented. But it is nec-
essary to underline that the parameter, introduced in this work, presents some
differences from other works, it is just correlated to the isotropic coefficient of
SME. As a matter of fact, the comparison between this model and the Hamilto-
nian, derived in SME and used, as reference, for the SuperK analysis, is not so
immediate. In that Hamiltonian are present also other kind of LIV violating cor-
rections and in particular CPT odd terms, that introduce corrections to Pνανβ , not
proportional to the neutrino energy, of the order of 10−23.
The fig. 7.4 reports the comparison of the νµ − νe oscillation probabilities with
and without LIV for values of our parameters δfkj = 10−25. In this case the two
curves are practically superimposed and the situation is essentially the same also
for Pνµντ and for Pνeντ . The effects of LIV corrections are no more visible and the
percentage variations of Pνανβ are lower than 1% in all the regions where P is
significantly different from zero. Therefore the LIV effects on the oscillations
probabilities are observable only for higher neutrino energies, for values of the
δfkj coefficients of the same order derived by SuperKamiokande, for the CPT
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Figure 7.3: Same analysis of fig.7.1, but for the oscillation νe → ντ .

even isotropic LIV corrections (δfkj ' 10.−26 − 10−27).
In the figs. 7.5-7.8 the results for the three oscillation probabilities and for the
total νµ survival probability (1 − Pνµ.νe − Pνµ,ντ ) are presented energy studied
for atmospheric neutrinos by SuperKamiokande and neutrino telescopes, in case
of 100 GeV neutrino. In these graphs δf32 = δf21 = 4.5 × 10−27 is assumed,
that is the same magnitude order derived for the corresponding parameter by
SuperKamiokande. For these values of the LIV coefficients, perturbation effects
are visible and they induce probabilities variations, at least of a few percent for
most values of L, fig.7.9. In this figure simultaneously the percentage variations
for all the 3 probabilities Pνα,νβ are present. The LIV corrections percentage are
computed as 2 PLIV −PNOLIV

PLIV +PNOLIV
× 100 and are evaluated over a restricted baseline

values set, for which the oscillation probabilities are observable. The LIV in-
duced percentage variations are higher than 5− 10% for Pνµ,νe for almost all the
considered baseline values and, for the two other oscillation probabilities, above
2 − 3%. The LIV corrections become particularly significant for L > 60000 km

(more than 15 % for Pνµ,νe) 1 in the energetic range considered. The impact

1The interpretation of these percentage variations must be conducted with caution. It must be
evaluated considering also the absolute value of the oscillation probabilty, used to “normalize”
these variations. For some values of L, higher percentage variations sometimes are mainly due to
the fact that the corresponding absolute value of Pνα,νβ is extremely small.
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Figure 7.4: Same analysis of fig.7.1, but for LIV parameters δfkj ' 10−25.

of the LIV corrections increases if one considers higher energy neutrino beams.
For instance, neutrino energies in the region from TeV to PeV, are interesting for
present and future neutrino telescopes, like ANTARES [188], KM3NET [189] and
(for the higher energies mainly) IceCube [190]. Even higher energies can be of
great interest, as in the case of Ultra High Energy (above EeV) cosmic neutrinos,
investigated, for instance, by Auger [191, 192]. These cosmic neutrinos will play
a relevant role in a multimessenger approach, in future astrophysical researches,
stimulated by the recent gravitational waves observation [193, 194, 195]. The ef-
fect of Lorentz violation for a 1 TeV neutrino is studied, starting from the analysis
characterized by 3 different sets of possible values for the δfkj parameters. In the
first case δf32 = δf21 = 4.5 × 10−27, corresponding to the present limit derived
by SuperKamiokande, while in the other 2 cases δfkj values are taken lower, re-
spectively, of one and two orders of magnitude (4.5 ∗ 10−28 and 4.5 ∗ 10−29). The
promising results for the 3 oscillation probabilities (Pνµ,νe , Pνµ,ντ , Pνe,ντ ) are re-
ported in the series of graphs of figs. 7.10-7.12. In fig. 7.13 the total survival
probability of muonic neutrino is plotted. The curves corresponding to the LIV
expressions, obtained for δf32 = δf21 = 4.5× 10−27 (blue lines), are signiflcantly
different from the ones obtained in absence of LIV violations (orange curves).
Moreover, the corrections, caused by LIV, remain significant also for δfkj param-
eters one order of magnitude lower (red). They are in any case apprecciable even
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Figure 7.5: Same analysis of fig.7.1, but for LIV parameters δf32 = δf21 = 4.5 × 10−27

and for neutrino energy E = 100 GeV.

for δf32 = δf21 = 4.5×10−29 (green curve), at least for baseline values sufficiently
high. Hence, selecting the appropriate experimental context, in future one could
use the detailed study of high energy neutrinos to further constraint the LIV
coefficients. Significant deviations from the standard probabilities values could
appear already for energies around 1 GeV, considering LIV coefficients of mag-
nitude around 10−23, usually analyzed in literature [186, 196, 197, 198, 199, 200].
Instead, if the magnitude of LIV corrections is significantly limited, the effect
of LIV on the oscillation probabilities starts to become evident only for higher
energies. That is around 100 GeV, for instance considering the values obtained
recently by SuperKamiokande [187], for the CPT even LIV coefficients. The situ-
ation for 1 TeV neutrinos is analyzed, taking into account the improvement that
should be possible to obtain on LIV coefficients, in a scenario more promising,
the ultra high energy neutrinos (like cosmic ones). To obtain a full phenomeno-
logical analysis, usable in any realistic experimental situation, the information
about the oscillation probability must be complemented by an accurate knowl-
edge of the expected fluxes, for every flavor neutrinos, and the knowledge of
the different interaction cross sections. The number Nα,β of detected transition
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Figure 7.6: Same of fig.7.5, but for the oscillation probability Pνµντ .

events caused by the να → νβ flavor oscillation, will be given by:

Nα,β ∝ Φα(L,E)Pνα,νβ (L,E)σβ(E) (7.22)

Φα(L,E) represents the predicted flux of an α flavor neutrino, in oscillation ab-
sence, at given energy E, σβ(E) is the interaction cross section of a β neutrino
with the detector, again energy dependent, and L represents the distance trav-
elled, by neutrinos, from the production to the detection point. This information
must be integrated over the neutrino energies and eventually also over the dis-
tances L. Finally the integrals has to be convoluted with functions describing the
detector resolution and efficiencies.
From the comparison between the experimental results and the theoretical pre-
dictions, one can extract the information about the impact of this model sup-
posed LIV violations. Otherwise one can put constraints on the magnitude order
of the LIV coefficients.
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Figure 7.7: Same of fig.7.5, but for Pνeντ .

Figure 7.8: Survival probability for muonic neutrino, for the same conditions of fig.7.5
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Figure 7.9: Percentage variations induced in neutrino oscillation probabilities by LIV
corrections. On the vertical axis, as function of the baseline L, the percentage differences
between the oscillation probabilities, for a 100 GeV neutrino, in presence and in absence
of LIV, normalized respect to their average value. The 3 different curves correspond to
the percentage differences for the 3 oscillation probabilities: Pνeνµ (blue), Pνµντ (violet)
and Pνeντ (green curve).
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Figure 7.10: Comparison of the Pνµνe oscillation probability, as function of baseline L, for
neutrino energy E = 1 TeV, for ”classical theory”, preserving Lorentz Invariance (orange
curve) and for LIV including models, with parameters equal, respectively, to δf32 =
δf21 = 4.5× 10−27 (blue), δf32 = δf21 = 4.5× 10−28 (red) and δf32 = δf21 = 4.5× 10−29

(green curve).
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Figure 7.11: Same analysis of fig.7.10, but for the case of Pνµντ .
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Figure 7.12: Same analysis of fig.7.10, but for Pνeντ
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Figure 7.13: Comparison of the results for the muonic neutrino survival probability in
a classical theory and in models with LIV corrections, corresponding to three different
values of the δfkj parameters, as illustrated in fig.7.10. Also the color code is the same
adopted in figs.7.10-7.12.



Conclusion

Lorentz covariance constitutes a fundamental property that underlies all stan-
dard physics theoretical models. However some departures from conventional
physics are expected, as residual effects of a more fundamental physical the-
ory, that provides a quantized description of space-time. Since UHECR are the
most energetic particles, nowadays accessible, their physics can open a window
on quantum gravity effects phenomenology. Over the last twenty years some
experimental evidences ([17]) emerged, indicating the eventuality that the GZK
opacity sphere is modified, increasing its dimensions. Until the pioneering work
of Coleman and Glashow ([18]), Lorentz invariance violation is indicated as a
possible explanation of this ”cosmic ray puzzle”. In fact a little departure from
exact Lorentz covariance can introduce dramatic changes in UHECRs behaviour,
thanks to their huge energies and their propagation on cosmological distances
[27, 28]. The investigation on the predicted universe opacity to UHECR propa-
gation can therefore represent a probe for the validity of Lorentz invariance, or
at less can furnish a useful way to increase the constrain knowledge about an
eventual Lorentz invariance violation. Most of the models considered to intro-
duce LIV, even in UHECR propagation physics, share the feature of a preferred
reference frame, breaking the Lorentz covariance and the space-time isotropy, in
an Effective Field Theory scenario ([26]).
The central idea of this work consists in indicating a possible way to introduce a
standard model extension, that preserves the idea of isotropy. As already high-
lighted, this is possible taking into account some concepts of the SME [26] with
some ideas borrowed from DSR [121, 24]. The key point consists in constructing
the space-time, starting from a pure kinematical modification, that results de-
pending on the particle species, interacting with the background. The kinemat-
ical modification is introduced modifying the dispersion relations, as in other
works ([139, 119, 120], but the LIV perturbation is introduced using a 0 degree
homogeneous function of the ratio p

E . In this way the geometrical derivation of
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the dispersion relation is preserved and this leads to a new space-time structure,
that depends on the propagating material body momentum, the Finsler geome-
try [23, 25, 201, 202, 203, 204]. The Lorentz invariance is not broken, but modified,
introducing an amended Lorentz group, in order to redefine the concept of spa-
tial symmetries and reconcile the introduced perturbations of space-time with
the idea of symmetry conservation. Furthermore the perturbation considered
have only a kinetic character, so the dynamic is not affected and new exotic inter-
actions are not introduced, preserving the internal SU(3)×SU(2)×U(1) particle
standard model symmetry. In fact the modified Lorentz group represents the iso-
metric group of the amended dispersion relations. Moreover it results possible
to modify the definition of the Mandelstam variables, that result invariant under
the action of the modified Lorentz group. The S matrix, that in every interac-
tion physical theory correlates initial states with the final ones, is a function of
the Mandelstam variables, therefore it results covariant under the action of the
amended Lorentz group. In this way it results simple to generalize the concept
of isotropy, respect to the new generalized personal Lorentz transformations.
This way of introducing LIV is analogous to consider not null the trace of the
isotropic tensor cµν of the Standard Model minimal extension [26]. This term
is usually neglected, because it corresponds to a field normalization redefinition.
That corresponds to a redefinition of the maximum attainable velocity, effect very
difficult to be detected if it presents an universal character. On the contrary, fol-
lowing this work theory, the modified maximum attainable velocity presents a
species depending nature. Physical effects can emerge only in interaction pro-
cesses where different particle species are involved, as in case of GZK cut-off
effect. Furthermore the LIV introduced in this work is compatible with the deSit-
ter projective relativity, giving therefore another theoretical support idea to the
hypothesis of 0 degree homogeneous perturbation functions in MDR.
In this work the predicted opacity GZK sphere dimension increase has been de-
termined, as function of some LIV parameter values. The impact of LIV on the
UHECR interaction, with the CMBR, manifests as a kinematical effect. In fact
the larger effect appears in the inelasticity computation, demonstrating that the
phase space for the photo-pion production can result dramatically reduced even
by tiny Lorentz violating perturbations. The computation has been conducted
following the isotropic LIV model, introduced in this work, demonstrating that
a privileged class of inertial observers is not required to justify a modification
of the predicted GZK opacity sphere, result already known in the DSR scenario
[205].
Neutrino constitute another ideal candidate to conduct observation on the preser-
vation of Lorentz covariance. In this work is analyzed, in fact, even the impact of
LIV perturbative corrections on neutrino phenomenology, by means of an oscil-
lation probabilities detailed study. The modification of the dispersion relations,



caused by Lorentz invariance violating perturbation terms, determines a change
of the “phase differences” ∆φij . These terms enter as contribution of the i, j mass
eigenstates into the explicit form of the oscillation probability functions (7.18). As

consequence, in addition to the usual term
∆m2

ijL

E , another contribution appears
in the expression for ∆φij , dependent on the LIV coefficients differences and pro-
portional to L× E. This means that this LIV model again predicts detectable ef-
fects only if the perturbation terms are not identical for all the mass generations.
Moreover, the LIV corrections are proportional to E, instead of 1

E . This implies
that, to be consistent with the data from the different oscillation experiments,
these corrections must represent only tiny perturbations. That is the perturba-
tions must be small in order to do not change the general pattern of neutrino
oscillation. Nevertheless, in particular experimental situations, these corrections
could be significant. Therefore it could be possible to further constrain the possi-
ble values of the LIV coefficients, with an appropriate choice of the experimental
tests. It is important to underline that other works, based on EFT, such as in [92],
predicted this kind of oscillation corrections. This model faculty to reproduce
these predictions constitutes a validity test for the geometrical approach, here
introduced, which gives a theoretical background to the introduction of MDRs.
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APPENDIX A

Finsler Geometry

A.1 Introduction

As already underlined, the necessity to resort to a more general geometry emerges
naturally in many theoretical models that describe LIV [206, 207, 208]. This new
geometry must be able to deal with a local space-time structure dependence on
velocity, or equivalently energy. This kind of geometry is represented by the
Finsler one. A Finsler manifold is a space where the geometrical structure is
not parameterized only by points, but even by vectors defined on the tangent
space. This means that this manifold type is parameterized not only by points
but even by directions. In this sense a Finsler manifold is a generalization of
the analogous Riemann structure, where the geometry depends only on position
coordinates. The Finsler geometry presented here is the natural generalization
of the euclidean Riemann one, a geometric structure where the global underly-
ing metric is the euclidean one diag(1, 1, 1, 1). Instead in all physical models
of interest the Finsler structure is a pseudo-Finsler geometry, a generalization
of the Minkowski Riemann geometry, where the underlying global metric is the
Minkowski one diag(1, −1, −1, −1). All the main results presented here remain
valid even in this scenario, with the metric that is not positive definite. This in-
troduction follows the books of Shen [133], based on the original idea of Paul
Finsler [209].

A.2 Minkowski norm

First property of Finsler geometry is that every manifold is equipped with a
Minkowski norm:

Definition 1. (Minkowski norm)

A Minkowski norm is a function defined on a vector space V :
F : V −→ [0, ∞), satisfying the following properties:

1. F ∈ C∞ in V \ {0}
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2. F (λ v) = λF (v) that is F is homogeneous of degree 1

3. ∀ v ∈ V \ {0} the hessian gij(v) = 1
2

∂2F
∂vi ∂vj

is positive definite.

Now it is possible to demonstrate the following propositions:

Proposition 1. ∀u, v ∈ V and y ∈ V \ {0} it follows that:

gλ y(u, v) = gy(u, v) ∀λ > 0 (A.1)

Proposition 2. If ‖.‖ is every norm on the vectorial space V then SE = {v ∈ V :

‖v‖ = 1} is a compact subsect of V . Posing m = min {F (v) : v ∈ SE} and M = m =

max {F (v) : v ∈ SE}, then:

m‖v‖ ≤ F (v) ≤M‖v‖∀v ∈ V (A.2)

From the last proposition it follows that any two norms on a Finsler manifold
are equivalent, in fact ∀ F̃ , F norms ∃ m, M > 0 such that:

mF̃ (v) ≤ F (v) ≤M F̃ (v) (A.3)

Finally the next important theorem is direct consequence of the previous results:

Theorem 1. If F is a norm on the Finsler manifold M , the following statements are
equivalent

1. F > 0 ∀v ∈ V \ {0}

2. the indicatrix is strictly convex

3. F 2(v) = gv(v, v) = gij(v) vi vj

where the indicatrix is the unitay radius ball: I = {x ∈ V : F (x) ≤ 1}.
Last results of this section are the following:

Proposition 3. (Triangle inequality)

∀v, w ∈ V it follows that:

F (v + w) ≤ F (v) + F (w) (A.4)

equality is true if and only if w = λ v with λ ≥ 0.

Theorem 2. (Cauchy − Schwartz inequality)

∀v, w ∈ V it follows that:

|gij(u) viwj | ≤ F (v)F (w) (A.5)

as before, equality if and only if w = λ v with λ ≥ 0.
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From the last theorem it is simple to derive the definition of the internal prod-
uct as:

g(v, w) = F (v)F (w) cos θ ≤ F (v)F (w) (A.6)

A.3 Legendre transformation

To define the Legendre transformation in a Finsler manifold, it is necessary, first
of all, to introduce the concept of dual Minkowski norm:

Definition 2. (Dual Minkowski norm)

the dual Minkowski norm is a function defined on the dual vector space F ∗ : V ∗ −→ R,
defined as:

F ∗(χ) = max {χ(x) : x ∈ V, F (x) = 1} χ ∈ V ∗ (A.1)

This definition is well posed because {x ∈ V : F (x) = 1} is compact and therefore the
dual norm results finite.

Now it is possible to introduce the principal concept of this section:

Definition 3. (Legendre transformation)

the Legendre transformation on a Finsler manifold M is a function l : V −→ V ∗

defined as:
l(x) = gx(x, ·) ∀x ∈ V \ {0} (A.2)

with the property that l(0) = 0.

Proposition 4.

1. F = F ∗ ◦ l

2. The Legendre transformation l is a bijection

Proof:
The first point can be demonstrate considering the fact that:

F (v) =
g(y)ij y

i yj

F (y)
= ly

(
y

F (y)

)
≤ F ∗ ◦ l(y) (A.3)

and considering the symmetric inequality, written as:

F ∗ ◦ l(y) = sup
v 6=0

ly

(
v

F (v)

)
= sup

v 6=0

(
g(y)ij y

i vj

F (v)

)
≤ F (y) (A.4)

for y 6= 0, for y = 0 it is immediately true, therefore the first enunciate is verified ∀y ∈ V .
The Legendre transformation injectivity follows from:

g(y)ijy
iwj = g(v)ijv

iwj ∀w ∈ V ⇒ v = y (A.5)
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in fact, posing w = v and w = y and using the Cauchy-Schwarz inequality, one obtains:

F 2(v, v) = g(v)ij v
i vj = g(y)ij y

i vj ≤ F (v)F (y)

F 2(y, y) = g(y)ij y
i yj = g(v)ij v

i yj ≤ F (y)F (v)
(A.6)

The surjectivity can be verified noting that, if ξ ∈ V ∗\{0}, λ = F ∗(ξ) and y ∈ V it
follows that F (y) = 1 and ξ(y) = λ. Considering now the smooth curve γ : I −→
F−1(1):

γ(t) =
y + tw

F (y + tw)
, t ∈ I (A.7)

where the vector w is defined such that w ∈ {w ∈ V : g(y)ijy
iwj = 0}, because y is a

stationary point of the function v → ξ(v), it follows that:

0 =
d

dt
ξ(γ(t)) |t=0= ξ

(
w

F (y)
− y

F 2(y)

∂F

∂yi
(y)wi

)
(A.8)

so, because g(y)ijy
iwj = 0, finally it follows that ξ(w) = 0. From this, one finds that

∀v ∈ V the following decomposition is correct:

v = g(y)ij y
i vj + w (A.9)

From these results ξ = l(λy) follows, proving the surjectivity.

Posing gij as the inverse metric of gij , {θi} the dual basis correlated to the
standard basis {ei}, it is possible to define li(y) as the i-esim l(y) component,
whose explicit form is:

li(y) = l(y)(ei) =
1

2

∂F 2

∂yi
(y) (A.10)

Now one can proofs the following:

Proposition 5.

1. The dual Minkowski norm is a norm on V ∗

2. If

g̃ij(χ) =
1

2

∂2F ∗2

∂χi∂χj
(χ) ∀χ ∈ V ∗ \ {0} (A.11)
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Then it follows:
l(y) = lj(y) θj = gij(y) yi θj ∀y ∈ V \ {0}
l−1(χ) = g̃ij(χ)χi ej ∀χ ∈ V ∗ \ {0}
gij(y) = g̃ij ◦ l(y) ∀y ∈ V \ {0}

(A.12)

Proof:
From the first equation of (A.12), trivial to be proved, one obtains that l is smooth. Its
Jacobian is defined as ∂i∂jl = gij , hence even the inverse l−1 results smooth. It follows
that l : V \{0} −→ V ∗ \{0} is a diffeomorphism. This last statement, together with the
first point of the previous proposition, are sufficient to demonstrate that F ∗ is a smooth
function on V ∗ \ {0}. F ∗ is homogeneous of degree 1, so only the F ∗ positive definite
condition remains to be verified to prove that it is a Minkowski norm.
Differentiating the function 1

2F
2 = 1

2F
∗2 ◦ l respect to yi one obtains:

1

2

∂F 2

∂yi
(y) =

1

2

∂F ∗2

∂χk
◦ l(y) gki(y) (A.13)

where χk = gki y
i have been used.

Equation (A.14) implies that li(y) = (g̃kj ◦ l)(y) lj(y) gki(y) and from this follows:

yj = g̃jk ◦ l(y) lk(y) (A.14)

Differentiating (A.13) respect to yj one obtains:

gij(y) = (g̃kl ◦ l)(y) gki(y) glj(y) +
1

2

∂F ∗2

∂χk
◦ l(y)

∂gki
∂yj

(y) (A.15)

using (A.14), the last term of equation (A.15) becomes:

1

2

∂F ∗2

∂χk
◦ l(y)

∂gki
∂yj

(y) = (g̃km ◦ l)(y) lm(y)
∂gki
∂yj

(y) = yk
∂gij
∂yk

(y) = 0 (A.16)

so from (A.16) it follows the validity of the third relation of (A.12). From this it follows
that g̃ij is positive definite, because gij is positive definite and so even its inverse gij .
Therefore F ∗ has positive definite Jacobian and results a Minkowski norm.
The second relation of (A.12) follows from the fact that l−1 ◦ l = ιV and l ◦ l−1 = ιV ∗ .

A.4 Finsler manifold

In differential geometry a n-dimensional manifold M is a topological Hausdorff
space, first numerable (that is with a countable base), locally homeomorphic to



164 A.4 Finsler manifold

the euclidean space Rn. In addition, a smooth manifold has C∞ transition func-
tions and here only this manifold type is considered. Assigned a manifold M

with a coordinate basis {xi}, it is possible to define the concept of curve as:

γ(t) ∈M ∀t ∈ [0, 1]

γ(t) : [0, 1] −→ M
(A.1)

Now it is possible to define the tanget space as:

TxM = {γ′(t)
∣∣ γ : [0, 1] −→ M, γ(0) = x} =

{∑
j

aj
∂

∂xj

}
(A.2)

and finally the tangent bundle:

TM =
⋃
x∈M

TxM (A.3)

All these definitions are mutued from standard Riemann differential geometry.
The new geometrical structure is defined as:

Definition 4. (Finsler manifold)

A Finsler manifold M is a geometrical manifold associated to a function F , such that:

• F ∈ C∞ on TM \ {0}

• F
∣∣
TxM

: TxM −→ [0, ∞) is ∀x ∈M a Minkowski norm

where TM \ {0} =
⋃
{TxM \ {0} : x ∈M}

In a Finsler manifold it is possible to define a vector v ∈ TM lenght as:

F (v) =
√
gij(x, v) vi vj (A.4)

For every curve γ(t) : [0, 1] −→ M it is possible to define the lenght of the curve
as:

L(γ) =

∫ 1

0
F (γ′(t)) dt (A.5)

which results independent from the parametrization. Now it is possible to define
the concept of distance between two points x and y as:

d(x, y) = inf
{γ:x→y}

{L(γ)} (A.6)

This definition does not guarantee the distance symmetry, that is d(x, y) = d(y, x)

does not result necessarily true. A Finsler manifold is said reversible if F (v) =
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F (−v), moreover this property implies:

d(x, y) = inf
{γ:x→y}

{L(γ)} =

∫ 1

0
F (γ′(t)) dt =

=

∫ 1

0
F (γ′(−t)) dt = inf

{γ: y→x}
{L(γ)} = d(y, x)

(A.7)

A.5 Global Legendre transformation

Definition 5. (co− Finsler norm)

The co-Finsler norm, defined on a Finsler manifold M , is a function H : T ∗M −→
[0, ∞) such that:

• H ∈ C∞ on T ∗M \ {0}

• H
∣∣
T ∗xM

: T ∗xM −→ [0, ∞) ∀x ∈M is a Minkowski norm

Given the pointwise Legendre transformation:

lx : T ∗xM −→ T ∗∗x M (A.1)

induced by the Minkowski norm, obtained from the restriction of a co-Finsler
norm H as: H

∣∣
T ∗xM

, it is possible to define the global Legendre transformation:

Definition 6. (Global Legendre transformation)

The global Legendre transformation is given by:

L :T ∗M −→ TM

χ 7−→ ι−1 ◦ lπ(χ)(χ)
(A.2)

where π : T ∗M → M is the canonical projection and ι : TxM → T ∗∗x M is the
canonical linear isomorphism.

Posing, in local coordinates, the Jacobian of the co-Finsler norm H as:

hij =
1

2

∂2H2

∂χi∂χj
(χ) ∀χ ∈ T ∗M \ {0} (A.3)

it is possible to demonstrate the following:

Proposition 6. If L is the Legendre transformation induced by H , co-Finsler norm,
then:

1. L : T ∗M −→ TM is a bijection and L : T ∗M \ {0} −→ TM \ {0} is a
diffeomorphism
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2. F = H ◦ L−1 is a Finsler norm on the manifold M

3. if gij = 1
2

∂2F
∂yi∂yj

and hij is the inverse of (A.2), then:


L(χ) = hij(χ)χi

∂

∂xj
∀χ ∈ T ∗M \ {0}

L−1(y) = gij(y) yi dxj ∀y ∈ TM \ {0}
gij(y) = hij ◦ L−1(y) ∀y ∈ TM \ {0}

(A.4)

Proof:
The proof starts from first equation of part 3 (A.4). Fixed a point x ∈ M , {ei} is the
usual basis in a local coordinate system, {θi} is the associated dual basis for T ∗xM and
∆i is the correlated base of T ∗∗x M . Therefore the relations θi(ej) = δij , ∆i(θ

j) = δ ji
are valid, hence ι(ei) = ∆i, ι−1(∆i) = ei and {θi} = {dxi}. From equation (A.12) of
previous section, it follows:

L = ι−1(hij(χ)χi ∆j) = hij(χ)χi
∂

∂xj
(A.5)

so the first of (A.4) is proved.
The second equation of section 3 follows from the fact that if {wi} are coordinates of
T ∗∗x M , then:

gij(y) =
1

2

∂2H2 ◦ l−1
x

∂wi∂wj
(ι(y)) (A.6)

and from equation (A.12) of previous section:

L−1(y) = l−1
x ◦ ι(y) =

1

2

∂2H2 ◦ l−1
x

∂wi∂wj
(ι(y))(ι ◦ y)i θj = gij(y) yi dxj (A.7)

so the relation results demonstrated.
The third relation of (A.4) follows from (A.12) of previous section and the previous one:

hij(χ) =
1

2

∂2H2 ◦ l−1
x

∂wi∂wj
◦ lx(χ) = gij ◦ L(χ) (A.8)

The bijectivity of L follows from the fact that its Jacobian is not singular, because it has
the form:

DL =

(
I 0

0 hij

)
(A.9)

computed from the first relation of section 3. From the inverse function theorem it follows
that even the Jacobian of L−1 is not singular and therefore L results a bijection.
Property 2 can be proved showing that F is homogeneous of degree 1. In fact, taking
y ∈ TM , then ∃χ ∈ T ∗M such that y = L(χ). Since L is homogeneous of degree 1, it
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follows that:

L−1(λy) = L−1(L(λy)) = λy = λL−1(y) ∀λ > 0 (A.10)

Since F = H ◦ L−1, H and even L−1 are homogeneous of degree 1, F results homo-
geneous of degree 1. Moreover F results positive definite thanks to the third relation of
point 3, because hij is definite positive and so results even gij , proving that F is a Finsler
norm on M .

The global Legendre transformation L : TM −→ T ∗M can be introduced,
following the same procedure used before. Assigned a Finsler norm F , one can
define a pointwise Legendre transformation:

l′x : TxM −→ TxM (A.11)

induced by the Minkowski norm F
∣∣
TxM

. In the same way it is possible to intro-
duce the global Legendre transformation as:

Definition 7. (Global Legendre transformation)

The global Legendre transformation is given by:

L′ :TM −→ T ∗M

χ 7−→ lπ(y)(y)
(A.12)

where π : TM −→ M is the canonical projection.

Now one can demonstrate a proposition analogous to (6):

Proposition 7. If L′ is the Legendre transformation induced by F , Finsler norm, then:

1. L′ : TM −→ T ∗M is a bijection and L′ : TM \ {0} −→ T ∗M \ {0} is a
diffeomorphism

2. H = F ◦ L′−1 is a Finsler norm on the manifold M

3. if gij = 1
2

∂2F
∂yi∂yj

and hij is the inverse of (A.2), then:
L′(y) = gij(y) yi dxj ∀χ ∈ T ∗M \ {0}
L′−1(χ) = gij(y) yi dxj ∀y ∈ TM \ {0}
hij(χ) = gij ◦ L′−1(χ) ∀y ∈ TM \ {0}

(A.13)

Proof: The proof is analogous to that of (A.2).

The next two results demonstrate that L−1 = L′ and Finsler an co-Finsler
norms are in biunivocal correspondence.
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Proposition 8. If L is the Legendre transformation induced by the co-Finsler norm H

and L′ is the one induced by the Finsler norm F = H ◦ L, then:

L−1 = L′ (A.14)

In the same way, if L′ is the transformation induced by the norm F and L is the one
induced by the co-Finsler norm H = F ◦ L′, it follows that:

L′−1 = L (A.15)

Proof: The demonstration follows immediately from the first equations of (A.4) and
(A.13).

Proposition 9. Finsler norm F and co-Finsler norm H , defined on a fixed Finsler man-
ifold M , are in biunivocal correspondence, via the Legendre transformations.
Proof: Define T as the function that maps a Finsler norm to a co-Finsler norm T :

F −→ F ◦ L′−1 and S the function that maps a co-Finsler norm on a Finsler one:
S : H −→ H ◦ L−1. Therefore, it follows:

T ◦ S(H) = H = T (F ) = F ◦ L′−1 = H ◦ L−1 ◦ L′−1 = H (A.16)

where the relation F = H ◦L−1 has been used. Finally it results S ◦T = ι = T ◦S and
therefore T and S are bijections, that is F � H .
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