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Abstract Stochastic models for correlated count data have been attracting
a lot of interest in the recent years, due to their many possible applications:
for example, in quality control, marketing, insurance, health sciences, and so
on. In this paper, we revise a bivariate geometric model, introduced by Roy
(1993), which is very appealing, since it generalizes the univariate concept of
constant failure rate - which characterizes the geometric distribution within the
class of all discrete random variables - in two dimensions, by introducing the
concept of “locally constant” bivariate failure rates. We mainly focus on four
aspects of this model that have not been investigated so far: 1) pseudo-random
simulation, 2) attainable Pearson’s correlations, 3) stress-strength reliability
parameter, and 4) parameter estimation. A Monte Carlo simulation study is
carried out in order to assess the performance of the different estimators pro-
posed and application to real data, along with a comparison with alternative
bivariate discrete models, is provided as well.

Keywords attainable correlations · correlated counts · failure rate · Gumbel-
Barnett copula · method of moments · mean residual life · stress-strength
model

1 INTRODUCTION

In recent years, the construction of bivariate (and multivariate) discrete dis-
tributions has attracted much interest, since stochastic models for correlated
count data find application in many fields. For example, in marketing, mod-
eling the number of purchases of different products is of special interest for
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predicting sales in the future or examining the behavior of different types
of buyers. In insurance risk applications, the numbers of claims in different
classes are frequently statistically dependent. In health economics, different
components of health care demand, such as the number of consultations with
a doctor or specialist and the number of consultations with non-doctor health
professionals, can be jointly modeled. Multivariate discrete distributions are
also developed to explicitly model the influence of correlated failures in multi-
version software (Fondella and Zeephongsekul 2016).

Many authors have discussed the problem of constructing a bivariate ver-
sion of a given univariate distribution, although there is no universally accepted
criterion for producing a unique distribution which can unequivocally be called
the bivariate version of a univariate distribution. In Galambos and Kotz (1978),
however, bivariate generalization of probability distributions through charac-
terization results is recommended. Here we focus on the geometric distribution,
which along with the Poisson is perhaps the most popular discrete distribution
used for modeling counts, especially in the reliability context. The probability
mass function (p.m.f.) of a geometric distribution with parameter θ ∈ (0, 1) is
p(x) = (1−θ)θx, for x = 0, 1, . . . ; its cumulative distribution function (c.d.f.) is
F (x) = P (X ≤ x) = 1− θx+1; its failure rate function r(x) = p(x)/P (X ≥ x)
is constant and equal to 1 − θ. The constancy of the latter function char-
acterizes the geometric among all the discrete distributions (Xekalaki 1983).
Expected value and variance are equal to θ/(1−θ) and θ/(1−θ)2, respectively.

There have been several proposals for constructing a bivariate version of
the geometric distribution. Hawkes (1972) proposed a bivariate discrete dis-
tribution as “the most natural generalization of the geometric distribution”,
which Sun and Basu (1995) later proved to be characterized by a constant “to-
tal failure rate” (a 3-dimensional vector whose components are (conditional)
failure rates). The model is defined through the joint survival function (s.f.):

P (X ≥ x, Y ≥ y) =

{

py11(p10 + p11)
x−y for x ≥ y

px11(p01 + p11)
y−x for y ≥ x

(1)

where p00 + p10 + p01 + p11 = 1, p10, p01, p11 > 0, p00 ≥ 0. From (1), the joint
p.m.f. can be derived as:

P (X = x, Y = y) =











py11(p10 + p11)
x−y−1p10(p01 + p00) for x > y

py11p00 for x = y

px11(p01 + p11)
y−x−1p01(p10 + p00) for y > x

(2)

It can be shown that the marginal distributions of X and Y are still geomet-
ric with parameters p11+p10 and p11+p01, respectively. Paulson and Uppuluri
(1972), through a characteristic-functional equation, introduced a five-parameter
bivariate geometric distribution whose p.m.f. can be computed only through
recursive formulas. Phatak and Sreehari (1981) introduced a two-parameter
bivariate geometric distribution with an easy expression of its p.m.f.; it was
later studied also by Krishna and Pundir (2009). In Basu and Dhar (1995) a
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bivariate geometric distribution is proposed by a discrete analog of the contin-
uous bivariate distribution of Marshall and Olkin (Marshall and Olkin 1967);
in Dhar (1998) another bivariate geometric model, which is a discrete analog
to Freund’s model (Freund 1961), is introduced. Roy (1993) extended the uni-
variate concept of failure rate in two dimensions, by introducing the bivariate
failure rates, and proposed a three-parameter bivariate geometric distribution
enjoying an analogous property to its univariate version, i.e., locally constant
bivariate failure rates.

Here we will examine other relevant features of this latter model that have
not been investigated so far neither by Roy (1993) nor by subsequent works,
namely, simulation, dependence structure and correlations, and methods for
point estimation. These aspects are essential if a researcher wants to apply the
model to real data with discernment. The paper is structured as follows: in the
next section, we briefly revise the bivariate geometric model introduced by Roy
(1993); in Section 3 we address pseudo-random number simulation; Section 4
computes Pearson’s correlation and outlines its lower and upper bounds as
a function of marginal parameters; in Section 5 the stress-strength reliability
parameter is computed and analysed; Section 6 describes possible methods for
point estimation; Section 7 illustrate a Monte Carlo simulation study aimed
at empirically comparing the point estimators of Section 6; Section 8 describes
an application to real data, and Section 9 provides some final remarks.

2 THE BIVARIATE GEOMETRIC DISTRIBUTION WITH

LOCALLY CONSTANT FAILURE RATES

The joint p.m.f. of the bivariate geometric distribution introduced by Roy
(1993) is given by

p(x, y) = θx1θ
y
2θ

xy
3

[

1− θ1θ
y
3 − θ2θ

x
3 + (θ1θ2θ3)θ

x+y
3

]

, x, y ∈ Z
+
0 (3)

with 0 < θ1 < 1, 0 < θ2 < 1, 0 < θ3 ≤ 1 such that θ3 ≥ (θ1 + θ2 − 1)/(θ1θ2).
The corresponding bivariate s.f., defined as S(x, y) = P (X ≥ x, Y ≥ y), takes
the following compact expression:

S(x, y) = θx1 θ
y
2θ

xy
3 . (4)

The joint c.d.f. can be computed as

F (x, y) = 1− θx+1
1 − θy+1

2 + θx+1
1 θy+1

2 θ
(x+1)(y+1)
3 .

It has been shown that this bivariate geometric distribution admits marginal
geometric distributions for X and Y with parameters θ1 and θ2, respectively;
so θ1 and θ2 have a natural and clear interpretation. The other parameter θ3
may be viewed as a parameter of dependency, where θ3 = 1 ensures indepen-
dence between X and Y .
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For this model, the bivariate failure rates take the following expressions:

λ1(x, y) := P (X = x, Y ≥ y)/P (X ≥ x, Y ≥ y) = 1− θ1θ
y
3

λ2(x, y) := P (Y = y,X ≥ x)/P (Y ≥ y,X ≥ x) = 1− θ2θ
x
3 ,

which allows us to claim that this bivariate geometric distribution possesses
“locally constant” failure rates, since λ1(x, y) is only a function of y and
λ2(x, y) is only a function of x; Roy (1993) proved it is the unique bivari-
ate discrete distribution enjoying this property.

An analogous property is met by the “bivariate mean residual lives”, de-
fined by Roy (1993) as

µ1(x, y) := E(X > x|X > x, Y > y)

µ2(x, y) := E(Y > y|X > x, Y > y),

which represent a bivariate counterpart to univariate mean residual lives. The
following relationship linking bivariate failure rates and mean residual holds:

λ1(x, y)µ1(x, y − 1) = 1 = λ2(x, y)µ2(x− 1, y) x, y ∈ Z
+
0 . (5)

3 PSEUDO-RANDOM SIMULATION

In order to simulate a pseudo-random pair (x, y) from the bivariate geometric
distribution (3) with parameters θ1, θ2, and θ3, one can first simulate from the
marginal distribution of X and then, conditionally on the sampled x, simulate
from Y .

The conditional p.m.f. of Y given X = x can be computed as

py|x(y) = p(x, y)/p(x) = θx1θ
y
2θ

xy
3

[

1− θ1θ
y
3 − θ2θ

x
3 + (θ1θ2θ3)θ

x+y
3

]

/[θx1 (1− θ1)]

= θy2θ
xy
3

[

1− θ1θ
y
3 − θ2θ

x
3 + (θ1θ2θ3)θ

x+y
3

]

/(1− θ1);

then, the conditional c.d.f. of Y given X = x is provided as

Fy|x(y) =

y
∑

s=0

ps|x(s|x) =

y
∑

s=0

θs2θ
xs
3

[

1− θ1θ
s
3 − θ2θ

x
3 + (θ1θ2θ3)θ

x+s
3

]

/(1− θ1)

=

y
∑

s=0

[(θ2θ
x
3 )

s − θ1(θ2θ
x+1
3 )s − (θ2θ

x
3 )

s+1 + θ1(θ2θ
x+1
3 )s+1]/(1− θ1)

=

y
∑

s=0

[(1− θ2θ
x
3 )(θ2θ

x
3 )

s − θ1(1 − θ2θ
x+1
3 )(θ2θ

x+1
3 )s]/(1− θ1)

=

[

(1 − θ2θ
x
3 )

1− (θ2θ
x
3 )

y+1

1− θ2θx3
− θ1(1− θ2θ

x+1
3 )

1 − (θ2θ
x+1
3 )y+1

1− θ2θ
x+1
3

]

/(1− θ1)

= [1− (θ2θ
x
3 )

y+1 − θ1(1− (θ2θ
x+1
3 )y+1)]/(1− θ1). (6)
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Note that if θ3 = 1, corresponding to the independence case, then the expres-
sion of the conditional c.d.f. (6) above correctly reduces to

Fy|x(y) = [1− θy+1
2 − θ1(1− θy+1

2 )]/(1− θ1) = 1− θy+1
2 ,

which corresponds to the marginal c.d.f. of Y (geometrically distributed with
parameter θ2). Straightforward but tedious calculations lead to the following
expression for the conditional expectation E(Y |x):

E(Y |x) =
θ2θ

x
3

(1− θ2θx3 )(1− θ2θ
x+1
3 )

1− θ2θ
x+1
3 − θ1θ3 + θ1θ2θ

x+1
3

1− θ1
.

If we set θ3 = 1, the conditional moment above consistently reduces to θ2/(1−
θ2).

The simulation procedure then translates into implementing the following
steps:

1. Let u, v be two independent uniform random numbers in (0, 1)
2. Set x = G←θ1 (u), with Gθ1 denoting the c.d.f. of a geometric random

variable with parameter θ1 and G←θ1 its generalized inverse: G←θ1 (u) :=

inf
{

z ∈ Z
+
0 : Gθ1(z) ≥ u

}

=
⌈

ln(1−u)
ln θ1

⌉

− 1, with ⌈·⌉ denoting the ceiling

function
3. Set y = F←

y|x(v). Since Fy|x(y) is not analytically invertible, one needs to
resort to some root-finding routine in order to find the non-negative integer
value y such that Fy|x(y) ≥ v and Fy|x(y − 1) < v. This can be carried
out numerically by solving the equation Fy|x(y) − v = 0 in R, and then
rounding its unique solution y∗ to y = ⌈y∗⌉

4. (x, y) is a random pair from the bivariate geometric distribution (3) with
parameters θ1, θ2, and θ3.

4 PEARSON’S CORRELATION AND DEPENDENCE

STRUCTURE

For the bivariate model at study, it would be useful to determine the range of
dependence in terms of linear correlation ρxy. Recalling that ρxy = (E(XY )−

E(X)E(Y ))/
√

Var(X)Var(Y ), in order to compute ρxy, we need to calculate
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the mixed moment E(XY ). We have

E(XY ) =

∞
∑

x=0

∞
∑

y=0

xyp(x, y) =

∞
∑

x=0

∞
∑

y=0

xyθx1 θ
y
2θ

xy
3

[

1− θ1θ
y
3 − θ2θ

x
3 + (θ1θ2θ3)θ

x+y
3

]

=

∞
∑

x=0

∞
∑

y=0

xyθx1 (θ2θ
x
3 )

y −

∞
∑

x=0

∞
∑

y=0

xθx+1
1 y(θ2θ

x+1
3 )y+

−

∞
∑

x=0

∞
∑

y=0

xθx1y(θ2θ
x
3 )

y+1 +

∞
∑

x=0

∞
∑

y=0

x(θ1θ3)
x+1yθ2(θ2θ

x+1
3 )y

= θ2

∞
∑

x=0

x(θ1θ3)
x

(1− θ2θx3 )
2
− θ2

∞
∑

x=0

x(θ1θ3)
x+1

(1− θ2θ
x+1
3 )2

− θ22

∞
∑

x=0

x
(θ1θ

2
3)

x

(1− θ2θx3 )
2
+ θ22

∞
∑

x=0

x(θ1θ
2
3)

x+1

(1− θ2θ
x+1
3 )2

= θ2

∞
∑

x=0

(θ1θ3)
x+1

(1− θ2θ
x+1
3 )2

− θ22

∞
∑

x=0

(θ1θ
2
3)

x+1

(1− θ2θ
x+1
3 )2

=

∞
∑

x=0

(θ1θ3)
x+1θ2[1− θ2θ

x+1
3 ]

(1− θ2θ
x+1
3 )2

= θ1θ2θ3

∞
∑

x=0

(θ1θ3)
x

1− θ2θ
x+1
3

,

and then, recalling the expressions of expected value and variance for the
univariate geometric distribution,

ρxy =

θ1θ2θ3
∑∞

x=0

(θ1θ3)
x

1− θ2θ
x+1
3

−
θ1θ2

(1 − θ1)(1− θ2)

θ1θ2/[(1− θ1)(1 − θ2)]2

=
√

θ1θ2

[

θ3(1− θ1)(1 − θ2)

∞
∑

x=0

(θ1θ3)
x

1− θ2θ
x+1
3

− 1

]

. (7)

Note how ρxy depends not only on the dependence parameter θ3, but also on
the two marginal parameters θ1 and θ2. Since ρxy can be also rewritten as

ρxy =
√

θ1θ2(1− θ1)(1 − θ2)

∞
∑

x=0

[

θ3(θ1θ3)
x

1− θ2θ
x+1
3

−
θx1

1− θ2

]

and being
θ3(θ1θ3)

x

1− θ2θ
x+1
3

≤
θx1

1− θ2θ
x+1
3

≤
θx1

1− θ2
, ∀x ≥ 0,

we have that ρxy ≤ 0 for any possible choice of θ3, the equality holding if and
only if θ3 = 1. Thus the bivariate geometric distribution can model only nega-
tive dependence. Furthermore, being f(θ3; θ1, θ2, x) = θ3(θ1θ3)

x/(1 − θ2θ
x+1
3 )

an increasing function of θ3 for any fixed θ1, θ2, and x ∈ Z
+
0 ; we can state that

ρxy is an increasing function of θ3, with 0 < θ3 ≤ 1 and θ3 ≥ (θ1+θ2−1)/(θ1θ2),
for any given 0 < θ1 < 1, 0 < θ2 < 1. Table 1 reports the values of ρxy for
several parameter combinations. If we consider the particular case θ1 = θ2 = θ
(identical marginal distributions), the constraint on θ3 becomes 0 < θ3 ≤ 1
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Table 1 Pearson’s correlation for the bivariate geometric model (3) for several parameters’
combinations, computed by approximating the infinite series sum in Eq. (7)

θ1 θ2 θ3 ρxy
0.3 0.3 0.1 −0.284
0.3 0.7 0.1 −0.448
0.5 0.5 0.1 −0.486
0.3 0.3 0.3 −0.247
0.3 0.7 0.3 −0.419
0.5 0.5 0.3 −0.449
0.3 0.3 0.6 −0.171
0.3 0.7 0.6 −0.342
0.5 0.5 0.6 −0.355
0.6 0.6 0.6 −0.470
0.3 0.3 0.9 −0.055
0.3 0.7 0.9 −0.153
0.5 0.5 0.9 −0.148
0.6 0.6 0.9 −0.231
0.7 0.7 0.9 −0.354

and θ3 ≥ (2θ−1)/θ2; i.e, simply 0 < θ3 ≤ 1 if θ ≤ 1/2 and (2θ−1)/θ2 ≤ θ3 ≤ 1
if θ > 1/2. For any value of the common marginal parameter θ, we can eval-
uate which is the range of the correlation coefficient ρxy, obtained by varying
the dependence parameter θ3. In Figure 1, we plot the lower bound of Pear-
son’s correlation ρ as a function of θ, ρ(θ) = infθ3 ρxy (the upper bound being
ρ(θ) = 0 for any choice of θ, which is obtained by setting θ3 = 1). Note that
from (7), by setting θ1 = θ2 = θ ≤ 1/2 and letting θ3 go to zero, we obtain
that ρ = −θ if θ ≤ 1/2. Moreover, the absolute infimum of ρ(θ), infθ infθ3 ρxy,
is just obtained for θ = 1/2 letting θ3 go to zero and is equal to ρ = −1/2.

Fig. 1 Lower and upper bounds for Pearson’s correlation for the bivariate geometric model
with identical geometric margins with parameter θ
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We must remark that for two identically distributed geometric margins
with common parameter θ the maximum attainable linear correlation is 1,
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which is achieved by linking them through the comonotonicity copulaM(u, v) =
min {u, v}, whereas the minimum attainable correlation, which is achieved by
linking them through the countermonotonicity copulaW (u, v) = max {u+ v − 1, 0},
is equal to −θ, if θ ≤ 1/2, whereas for θ > 1/2 it can be numerically computed
by resorting to the algorithm provided in Huber and Maric (2014) and is in
any case smaller than −0.5.

We close this section with some remarks about the dependence structure
of the bivariate geometric model. Since for the geometric margins the s.f.s are
given by S1(x) = θx1 and S2(y) = θy2 , we can write the joint s.f. S(x, y) (4) as

S(x, y) = Ĉ(S1(x), S2(y)), (8)

with Ĉ being the survival copula

Ĉ(u, v) = uv exp (−θ lnu ln v) , (9)

where θ = − ln θ3/(ln θ1 ln θ2). The copulas (9), with the parameter θ in [0, 1)
(see also Eq.(4.2.9) in Nelsen (1999)), are the survival copulas associated with
Gumbel’s bivariate exponential distribution (Gumbel 1960). These copulas are
also known as Gumbel-Barnett family, as Barnett (1980) first discussed it as
a family of copulas. Requiring that the parameter θ in (9) lies in [0, 1) results
in θ3 ≤ 1 and ln θ3 > − ln θ1 ln θ2; this constraint is more stringent than the
actual constraint on θ3 for the bivariate geometric model. Note that for θ = 0
(i.e., θ3 = 1), the function in (9) reduces to the independence copula Π(u, v).

Recall that Sklar’s theorem (Sklar 1959) establishes that for a bivariate
model the survival copula Ĉ that can be extracted from the joint s.f. is unique
if and only if the marginal s.f.s are both continuous; if not, as in this case, there
are infinite survival copulas associated with the joint s.f.. All these copulas
Ĉ(u, v) should however satisfy Eq.(8) for any (u, v) ∈ Ran(S1) × Ran(S2),
where Ran(Si) denotes the range of Si, i = 1, 2.

Since F (x, y) ≤ F1(x)F2(y) = (1 − θx+1
1 )(1 − θy+1

2 ) = 1 − θx+1
1 − θy+1

2 +
θx+1
1 θy+1

2 , for every (x, y) ∈ Z
+
0 × Z

+
0 , we conclude that the bivariate geomet-

ric model possesses negative quadrant dependence (NQD, see Mari and Kotz
(2001, p.34)). We recall that negative quadrant dependence is shown to be a
stronger notion of dependence than the negative (Pearson) correlation.

Indeed, it can be proved that the bivariate geometric distribution possesses
a stronger form of dependence, namely negative regression dependence (NRD).
A bivariate random variable (X,Y ) is said to enjoy the NRD property if its
conditional c.d.f. Fy|x(y) is an increasing function of x for all y (Mari and Kotz
2001, p.38). The conditional c.d.f. (6), for any y, is an increasing function of
x: in fact, if we compute its first order derivative with respect to x we obtain

∂Fy|x(y)

∂x
=

ln θ3(y + 1)θy+1
2 (θy+1

3 )x(−1 + θ1θ
y+1
3 )

1− θ1

which is larger than zero for any choice of x and y if θ3 < 1, and equal to zero
if θ3 = 0. Thus we can conclude that for θ3 6= 1 the function (6) is increasing
in x for all y and thus the bivariate geometric distribution possesses the NRD
property.
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5 STRESS-STRENGTH RELIABILITY PARAMETER

The probability R = P (X ≤ Y ) (and P (X < Y )) has been often investigated
in the statistical literature. If Y is the strength of a (mechanical, electrical,. . . )
system which is subject to a stressX , and the system regularly operates unless
the stress exceeds the strength, then R is the probability that the system
works, i.e. a measure of system performance. Most of the papers studying the
computation and estimation ofR deal with independent continuous probability
distributions for stress and strength. However, in some real life situations,
stress or strength can be modeled by discrete distribution. For example, when
the stress is the number of the products that customers want to buy and the
strength is the number of the products that factory produces (Jovanović 2017).
Furthermore, stress and strength may be modeled as non-independent random
variables; this can be justified since a system that have to resist to higher levels
of stress is designed to have higher levels of strength (thus implying a positive
dependence/correlation between stress and strength).

For the proposed bivariate geometric distribution, the stress-strength pa-
rameter R can be computed as

R = P (X ≤ Y ) =
∞
∑

y=0

y
∑

x=0

p(x, y),

with p(x, y) given by Eq.(3), and thus assumes the following expression:

R =

∞
∑

y=0

y
∑

x=0

θx1θ
y
2θ

xy
3

[

1− θ1θ
y
3 − θ2θ

x
3 + (θ1θ2θ3)θ

x+y
3

]

=
∞
∑

y=0

y
∑

x=0

θy2(θ1θ
y
3)

x − θ2(θ1θ
y
3)

x+1 − θy+1
2 (θ1θ

y+1
3 )x + θy+1

2 (θ1θ
y+1
3 )x+1

=
∞
∑

y=0

θy2
1− (θ1θ

y
3)

y+1

1− θ1θ
y+1
3

(1 − θ1θ
y+1
3 )− θy+1

2

1− (θ1θ
y+1
3 )y+1

1− θ1θ
y+1
3

(1− θ1θ
y+1
3 )

=

∞
∑

y=0

θy2(1 − θ2)−

∞
∑

y=0

θy2 [(θ1θ
y
3)

y+1 − θ2(θ1θ
y+1
3 )y+1]

= 1−

∞
∑

y=0

θy+1
1 θy2θ

y(y+1)
3 (1− θy+1

3 θ2) (10)

In general, the infinite sum in (10) cannot be expressed in a closed form, but
has to be evaluated numerically. However, if θ3 = 1 (independence case), its
expression reduces to the following:

R = 1−

∞
∑

y=0

θy+1
1 θy2 (1−θ2) = 1−θ1(1−θ2)

∞
∑

y=0

(θ1θ2)
y = 1−

θ1(1− θ2)

1− θ1θ2
=

1− θ1
1− θ1θ2
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which precisely coincides with that derived by Maiti (1995) for two indepen-
dent geometric variables. For identically distributed margins, with common
parameter θ = θ1 = θ2, the expression of R in (10) becomes:

R = 1−

∞
∑

y=0

θ2y+1θ
y(y+1)
3 (1− θy+1

3 θ);

the graph of lower and upper bounds (R(θ) = infθ3 R(θ, θ3) and R(θ) =
supθ3 R(θ, θ3)) of the reliability parameter as a function of θ is displayed in
Figure 2. It can be empirically shown that R(θ, θ3), for a fixed value of θ, is
an increasing function of θ3, so that its upper bound is obtained for θ3 = 1
(independent margins), whereas the lower bound is obtained when θ3 tends
to its minimum feasible value. Note that whereas the upper bound R(θ) is a
monotone decreasing function of θ, the lower bound R(θ) is not monotonic in
(0, 1).

Fig. 2 Lower and upper bounds for the reliability parameter R for the bivariate geometric
model with identical geometric margins with parameter θ
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6 ESTIMATION

In this section, we propose possible methods for point estimation of the pa-
rameters of the bivariate geometric model, based on a i.i.d. sample (xi, yi),
i = 1, 2 . . . , n. We start with the standard maximum likelihood method and
then move to several original variants/mixtures of the method of moments
and method of proportion, and to a least-squares method, which are strictly
grounded on the mathematical properties of the bivariate distribution. All the
three parameters are always assumed to be unknown.
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6.1 Maximum Likelihood

For the model at study with p.m.f. expressed by (3), the log-likelihood function
is given by

ℓ(θ1, θ2, θ3; (x1, y1), . . . , (xn, yn)) = ln θ1

n
∑

i=1

xi + ln θ2

n
∑

i=1

yi + ln θ3

n
∑

i=1

xiyi

+
n
∑

i=1

ln(1− θ1θ
yi

3 − θ2θ
xi

3 + θ1θ2θ3θ
xi+yi

3 ).

The three normal equations derived from equating the log-likelihood deriva-
tives (with respect to θ1, θ2, and θ3) to zero are given by:

∂ℓ(θ1, θ2, θ3)

∂θ1
=

∑n

i=1 xi

θ1
+

n
∑

i=1

−θyi

3 + θ2θ3θ
xi+yi

3

1− θ1θ
yi

3 − θ2θ
xi

3 + θ1θ2θ3θ
xi+yi

3

= 0

∂ℓ(θ1, θ2, θ3)

∂θ2
=

∑n

i=1 yi
θ2

+

n
∑

i=1

−θxi

3 + θ1θ3θ
xi+yi

3

1− θ1θ
yi

3 − θ2θ
xi

3 + θ1θ2θ3θ
xi+yi

3

= 0

∂ℓ(θ1, θ2, θ3)

∂θ3
=

∑n

i=1 xiyi
θ3

+

n
∑

i=1

−θ1yiθ
yi−1
3 − θ2xiθ

xi−1
3 + θ1θ2(xi + yi + 1)θxi+yi

3

1− θ1θ
yi

3 − θ2θ
xi

3 + θ1θ2θ3θ
xi+yi

3

= 0.

The system above cannot be solved analytically yet; the MLEs can be derived
only numerically, by using some proper routine in any mathematical/statistical
environment implementing (constrained) optimization (e.g., optim in R).

6.2 Method of Moments and Proportion

A standard method of moments should equate the two marginal moments and
the mixed moment of the geometric distribution to the corresponding sample
quantities and then solve this system of three equations for the three unknown
parameters. Equating E(X) to x̄ and E(Y ) to ȳ directly leads to the estimates

θ̂1 = x̄/(1 + x̄) (11a)

θ̂2 = ȳ/(1 + ȳ) (11b)

for the two marginal parameters. However, as we have seen in Section 4, the
mixed moment E(XY ) does not have a closed-form expression, so the standard
version of the method of moments is not viable for deriving the remaining
parameter θ3.

A possible modification that tackles this technical issue considers the s.f.
S(x, y). We have that S(1, 1) = P (X ≥ 1, Y ≥ 1) = θ1θ2θ3; then, we can
equate it to the corresponding sample quantity, ŝ11 =

∑n

i=1 1{xi≥1,yi≥1}/n,

thus deriving an estimate for θ3 as θ̂MMP
3 = ŝ11/(θ̂1θ̂2). This method can be

seen as an hybrid method blending the method of moments, used for estimating
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the two marginal parameters, and the method of proportion, which is partic-
ular suitable for discrete models (see Khan et al. 1989), and is used here for
estimating the dependence parameter; this is the reason for the abbreviation
MMP (Method of Moments and Proportion).

Another possible modification of the method of moments could exploit the
characterization of the bivariate geometric model in terms of bivariate failure
rates and mean residual lifetimes recalled in Section 2. Since we have:

λ1(x, 1) = 1− θ1θ3 ∀x ∈ Z
+
0

λ2(1, y) = 1− θ2θ3 ∀y ∈ Z
+
0

and, by particularizing Eq.(5),

λ1(0, 1) · µ1(0, 0) = 1 = λ2(1, 0) · µ2(0, 0)

where µ1(0, 0) = E(X |X > 0, Y > 0), µ2(0, 0) = E(Y |X > 0, Y > 0); then,
plugging in the moment estimates of θ1 and θ2, and computing the sam-
ple conditional moments x̄+ :=

∑n

i=1 xi · 1{xi>0,yi>0}/
∑n

i=1 1{xi>0,yi>0} and
ȳ+ :=

∑n

i=1 yi · 1{xi>0,yi>0}/
∑n

i=1 1{xi>0,yi>0}, we get:

(1− θ̂1θ3)x̄
+ = 1 (12a)

(1 − θ̂2θ3)ȳ
+ = 1 (12b)

from which one can derive an estimate of θ3 as

θ̂MM1
3 =

x̄+ − 1

x̄+θ̂1
(13)

or

θ̂MM2
3 =

ȳ+ − 1

ȳ+θ̂2
, (14)

MM1 and MM2 standing for “method of moments 1” (based on the bivariate
failure rate and mean residual life of the first component of the bivariate
random vector) and “method of moments 2” (based on the bivariate failure
rate and mean residual life of the second component).

Alternatively, instead of choosing between the two estimators MM1 and
MM2, one can seek for an estimator derived as a solution of the two equations
(12a) and (12b)“put together”. Such an estimator is expected to have a better
performance in terms of bias and standard error than either estimator (13)
or (14). Summing up the left members of Eq.(12a) and (12b) and equating
it to the sum of the right members of the same equations, we can derive an
estimator of θ3 as

θ̂MM3
3 =

x̄+ + ȳ+ − 2

θ̂1x̄+ + θ̂2ȳ+
. (15)

As a further possible modification, on can sum up the two equations (12a)

and (12b) after rewriting them as x̄+ = (1− θ̂1θ3)
−1 and ȳ+ = (1− θ̂2θ3)

−1:

x̄+ + ȳ+ =
1

1− θ̂1θ3
+

1

1− θ̂2θ3
,
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from which one derives a quadratic equation in θ3 with two real roots; the
smallest is given by

θ̂MM4
3 =

(θ̂1 + θ̂2) · (s̄
+ − 1)−

√

s̄+ · (s̄+ − 2) · (θ̂1 − θ̂2)2 + (θ̂1 + θ̂2)2

2 · s̄+ · θ̂1 · θ̂2
(16)

with s̄+ = x̄+ + ȳ+.
Finally, another possible modification simply arises from equating the left

members of Equations (12a) and (12b) and then solving for θ3:

θ̂MM5
3 =

ȳ+ − x̄+

θ̂2ȳ+ − θ̂1x̄+
.

This estimator looks less reliable in practice, since it can yield negative val-
ues. However, all the methods presented in this subsection for estimating the
dependence parameter θ3 suffer from the disadvantage of possibly producing
inconsistent estimates, i.e., values outside the natural parameter space of θ3.

6.3 Least-squares method

For the model at study, we consider the expression (4) of the joint s.f. S(x, y)
for a single bivariate observation (xi, yi) and take its natural logarithm:

lnS(xi, yi) = xi ln θ1 + yi ln θ2 + xiyi ln θ3.

The equation above can be seen as a linear regression model:

s = Xβββ (17)

by setting s = (s1 . . . sn)
′, with si = lnS(xi, yi) as the dependent variable,

X =







x1 y1 x1y1
...

...
...

xn yn xnyn






as the matrix of covariates, βββ = (ln θ1, ln θ2, ln θ3)

′ as

the vector or regression coefficients. Obviously, S(xi, yi), depending on the
unknown parameters θ1, θ2, θ3, has to be somehow estimated; a natural choice
is the “standard” empirical joint s.f., already introduced in Section 6.2:

Ŝ(xi, yi) =

n
∑

j=1

1{xj≥xi,yj≥yi}/n;

note that since 0 < Ŝ(xi, yi) ≤ 1, for any observed (xi, yi), ŝi = lnS(xi, yi) is
always defined. An alternative sample estimator of S is given by

Ŝ∗(xi, yi) =

n
∑

j=1

1{xj≥xi,yj≥yi}/(n− 1);
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for which it holds 0 < Ŝ∗(xi, yi) < 1. Then, in (17), we can substitute ŝ =
(ŝ1 . . . ŝn)

′ to s and the solution of the linear model is given by the standard

expression: β̂ββ = (XTX)−1XT ŝ, by which the LS parameter estimates for the

bivariate geometric model can be derived as θ̂θθ
LS

= exp(β̂ββ).
Although not much can be said about the statistical properties of the LS

estimators, nevertheless they possess the advantage, with respect to the ML
estimators, of being computable analytically. Unfortunately, similarly to the
method of moments, the values of the estimates are not guaranteed to lie in
the corresponding parameter space, so some samples can yield inconsistent
estimates.

7 MONTE CARLO STUDY

In this section, a simulation study is described that is carried out for the
bivariate geometric model of Eq.(3) N = 10, 000 times, for several parameter
combinations (θ1, θ2, θ3), with sample sizes n = 50, 100, 200. Even though the
simulation study cannot be exhaustive, nevertheless we considered a selection
of all the consistent combinations of values of the dependence parameter θ3
and the two marginal parameters θ1 and θ2. Indeed, the aim of this study is
not to assess and rank the “performances” of the parameter estimators for
each possible parameter combination (which is obviously impracticable due
also to the particular form of the parameter space), but to give a rough idea
of their “placing” and how it depends on the parameter combination itself.

For each simulated setting and for all the estimators described in Section
6, except MM5, the study calculates the following measures:

– Average value (AV) of the simulated estimates:

AV (θ̂j) =
¯̂
θj :=

1

N

N
∑

i=1

θ̂ij ,

where θ̂ij is the value on the i-th sample of one of the estimators θ̂j of θj ,
i = 1, . . . , N , j = 1, 2, 3.

– Standard Error (SE) of the simulated estimates:

SE(θ̂j) :=
1

N

N
∑

i=1

(

θ̂ij −
¯̂
θj

)2

.

The Monte Carlo study is carried out in the R programming environment using
ad hoc developed code, which is available at the following link: https://bit.ly/2ETSP8B.
An R package, bivgeom, including routines for computing the joint s.f, c.d.f.,
p.m.f., bivariate failure rates, and correlation, and for implementing random
generation and sample estimation, is freely available on the CRAN repository
(https://CRAN.R-project.org/package=bivgeom).

We mainly focus on the dependence parameter θ3; the results about the two
marginal parameters θ1 and θ2 are less relevant, since the maximum likelihood
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method and the different versions of the method of moments (all sharing the
same expression for the two estimates, see equations (11a) and (11b)) lead
sample by sample to very similar values for the estimates and overall for the
two synthesis measures. Tables 2, 3, and 4 report the AV and SE for all the
estimators for the examined parameter combinations, for sample sizes n = 50,
n = 100, and n = 200, respectively.
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From these results, we try to outline some relevant points. The MLE of
θ3, as one could expect, represent overall, for the vast majority of scenarios,
the best choice (with the smallest absolute bias and standard error). The
superiority of MLE is guaranteed also for the smallest value of sample size
(n = 50). The MLE of θ3 is negatively biased (i.e., the value of its AV is smaller
than the true value of θ3) over most of the examined scenarios. Exceptions to
this behavior are represented by two scenarios with θ3 = 0.1 and n = 200.

The second best performer is the MMP estimator: its absolute bias is al-
most always even smaller than that of MLE, although its standard error is at
the same time (far) larger. The best scenarios for MMP are those character-
ized by θ3 = 0.1. Like MLE, for a fixed value of θ3, the variability of MMP
estimator is strongly affected by the combination (θ1, θ2); larger values of the
two marginal parameters ensure smaller dispersion.

As to the four versions of the method of moments, their performances are
overall worse than those of ML and MMP estimators. However, as foreseen
in Section 6, MM3 and MM4 present better features than MM1 and MM2.
Their biases are always negative (a characteristic they share with MLE) and
their magnitude, as well as the magnitude of the SE, tends to decrease with
increasing values of θ1 and θ2, for a fixed value of θ3.

Despite its analytical expression, the LS estimator does not represent a
valid alternative to MLE. It is always largely and positively biased and apart
from few exceptions is systematically more variable than MLE. This behavior
is particularly apparent for small sample size.

A graphical comparison of the empirical distributions of the set of estima-
tors is provided in Figure 3, which refers to the scenario with θ1 = θ2 = 0.5,
θ3 = 0.3, and n = 100. The figure, reporting the boxplots of the Monte Carlo
distributions of the seven estimators investigated, clearly underlines how in
this case for every sample the MLE, MMP, and LS methods provide a con-
sistent estimator for θ3 (i.e., a value falling in its parameter space, which is
the unit interval), whereas the four variants of the moment method often yield
inconsistent estimates, i.e. values larger than 1. The graph also highlights the
smaller variability of the MLE compared to the other methods.

All these elements strongly support the use of MLE for the estimation of
the dependence parameter θ3; the other methods can be used, if possible, to
provide a “starting value” for the optimization routine of the ML method.

8 APPLICATION TO REAL DATA

In this section, a numerical example is provided to illustrate the application of
the bivariate geometric distribution. The data, considered in Mitchell and Paulson
(1981), consist of the number of aborts by 109 aircrafts in two consecutive
semesters (number of aborts in the first period = x, in the second period =
y), see Table 5. Summary statistics for the dataset are provided below:

x̄ = 0.624, ȳ = 0.725, var(x) = 1.024, var(y) = 1.062, ρ̂xy = −0.161.
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Fig. 3 Boxplot of the empirical distribution of the estimators of θ3, with θ3 = 0.3, θ1 =
θ2 = 0.5, n = 100.
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Table 5 Bivariate distribution of the data taken from Mitchell and Paulson (1981): number
of flight aborts by 109 aircrafts in two consecutive periods

x, y 0 1 2 3 4
0 34 20 4 6 4 68
1 17 7 0 0 0 24
2 6 4 1 0 0 11
3 0 4 0 0 0 4
4 0 0 0 0 0 0
5 2 0 0 0 0 2

59 35 5 6 4 109

Looking at the empirical marginal distributions of x and y, one can assume
they come from two geometric rvs. Through a proper univariate goodness-of-
fit test one can check this hypothesis. By resorting to Kolmogorov-Smirnov
test, see Bracquemond et al. (2002), we accept the null hypotheses that x
and y come from two geometric distributions (bootstrapped p-values 0.7989
and 0.2984, respectively). Then, we can further assume and check whether
the bivariate sample (xi, yi), i = 1, . . . , n, comes from the bivariate geometric
model proposed by Roy (1993). Fitting it to these data, being x̄+ = 1.8125,
ȳ+ = 1.0625, and s̄+ = 2.875, and estimating its parameters through each of
the methods presented in Section 6 leads to the results reported in Table 6.

The estimates obtained through the LS method are quite different from
those obtained through the ML method and the MMP; the dependence pa-
rameter θ3 is closer to 1, and the marginal parameters θ1 and θ2 are a bit
larger. Focusing on θ3, the values provided by MM1 and MM2 are very differ-
ent from each other and from the estimates derived through ML, MMP, and
LS. MM3 and MM4 provide values much closer to the MLE. Note that the
MLE of ρxy, obtained by plugging in Equation 7 the MLEs of θ1, θ2, and θ3,
takes the value −0.160, which is almost the same as ρ̂xy.
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Table 6 Parameter estimates for the bivariate geometric model applied
to Mitchell and Paulson (1981) data.

method θ1 θ2 θ3
ML 0.3857 0.4200 0.8033

MMP 0.3842 0.4202 0.9092
MM1 0.3842 0.4202 1.1668
MM2 0.3842 0.4202 0.1400
MM3 0.3842 0.4202 0.7657
MM4 0.3842 0.4202 0.7561
LS 0.4296 0.4341 0.9231

Table 7 Theoretical distribution of the data taken from Mitchell and Paulson (1981) ob-
tained by fitting the bivariate geometric model. Cell borders highlight a possible aggrega-
tion of cells into 9 groupings with frequencies’ sum greater than 5, where the chi-squared
goodness-of-fit statistic is computed.

x, y 0 1 2 3 4
0 35.37 17.15 7.98 3.61 2.85
1 16.04 6.19 2.30 0.83 0.46
2 6.93 2.14 0.64 0.18 0.07
3 2.90 0.72 0.17 0.04 0.01
4 1.19 0.24 0.05 0.01 0.00
5 0.80 0.11 0.02 0.00 0.00

The value of the log-likelihood function computed at the MLEs is ℓmax =
−244.0191 and the corresponding value of the Akaike Information Criterion
(AIC = 2k − 2ℓmax, with k = 3 being the number of parameters) is 494.0382.
The bivariate geometric model introduced in Hawkes (1972), see also Eq.(2),
provides the MLEs p̂11 = 0.1355411, p̂10 = 0.2475996, and p̂01 = 0.2856990,
a value of the log-likelihood function equal to −245.0645, and an AIC equal
to 496.129, which denotes a worse fit to the data. The bivariate negative bi-
nomial distribution proposed in Mitchell and Paulson (1981) shows an AIC
equal to 498.54, thus indicating a worse fit than Roy’s model. The bivariate
geometric model introduced in Phatak and Sreehari (1981) and fully described
in Krishna and Pundir (2009) provides even a worse fit: the maximum value of
the log-likelihood function is equal to −259.5122 and the corresponding AIC
is 523.0244. This could have been expected, since the latter model allows only
for positive correlations, whereas the data show negative dependence.

In order to obtain an absolute measure of fit of the proposed bivariate
model, we can resort to the standard chi-squared goodness-of-fit test. We
compute the theoretical absolute joint frequencies, by using the p.m.f. in
(3) with the MLEs of the parameters θ1, θ2 and θ3; they are displayed in
Table 7. Then we aggregate cells in order to obtain for each grouping an
aggregate frequency larger than 5; we calculate the chi-squared statistic as
χ2 =

∑G

g=1(n̂g − ng)
2/n̂g, where ng is the observed count for grouping g, n̂g

is its theoretical analogue, G is the number of groupings (in this case G = 9:
6 single cells plus 3 actual groupings). Under the null hypothesis that the
bivariate sample comes from the proposed distribution, χ2 is approximately
distributed as a chi-squared random variable with 9 − 3 − 1 = 5 degrees of
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freedom. The empirical value of χ2 is 5.151; its p-value is 0.398 and, being far
larger than zero, it denotes a satisfactory fit of the model to the data.

9 CONCLUSIONS

Random simulation, attainable correlations, point estimation, and reliability
concepts have been described for a bivariate geometric model characterized
by locally constant failure rates. The model can be seen as the very bivari-
ate counterpart of the univariate geometric distribution, characterized by a
constant failure rate, and thus could play an important role among bivariate
discrete distributions.

The marginal and conditional distributions and probability mass functions
have accessible analytical expressions, which allows straightforward pseudo-
random simulation. A Monte Carlo simulation study has empirically proved
that despite the presence of non-trivial parameter constraints and the lack of a
closed-form solution, the performance of the maximum likelihood method for
the dependence parameter is overall superior than those of alternative moment
or least-squares methods, which are developed by exploiting the characterizing
features of the model. An application to a well-known dataset, which has been
previously analysed in the literature by several other authors, illustrates the
feasibility of the proposed estimation techniques and shows that the model can
fit real dependent count data even better than extant alternatives, making a
significant contribution to the discussion on count data modelling.

However, some model limitations have also to be pointed out. First, the
model has been proved to yield negative (to the limit, null) dependence only,
thus its use should be bounded to bivariate count data exhibiting negative
sample correlation. Second, the dependence parameter vary in a range that
depends on the values of the two marginal parameters; so, as mentioned be-
fore, maximum-likelihood estimation is subject to non-trivial constraints and
this makes the study of the properties and asymptotic distribution of the cor-
responding estimators quite challenging; it can be the object of further work.
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