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ABSTRACT. We consider the K3 surfaces that arise as double covers of the
elliptic modular surface of level 5, R5 5. Such surfaces have a natural elliptic
fibration induced by the fibration on Rs5 5. Moreover, they admit several other
elliptic fibrations. We describe such fibrations in terms of linear systems of
curves on R5 5. This has a major advantage over other methods of classification
of elliptic fibrations, namely, a simple algorithm that has as input equations of
linear systems of curves in the projective plane yields a Weierstrass equation
for each elliptic fibration. We deal in detail with the cases for which the double
cover is branched over the two reducible fibers of type Is and for which it is
branched over two smooth fibers, giving a complete list of elliptic fibrations
for these two scenarios.

1. INTRODUCTION

Let S/C be a smooth projective surface and B/C be a smooth projective curve.
We say that a proper flat map £: .S — B is an elliptic fibration if the generic fiber
Sp is a smooth genus 1 curve and a section O: B — S is given. Given a section, we
regard the generic fibre of £ as an elliptic curve over the function field k(B) and
so we can work with a Weierstrass form of £. We will say that an elliptic fibration
is relatively minimal if there are no contractible curves contained in its fibers. For
the remainder of this paper all elliptic fibrations will be assumed to be relatively
minimal and not of product type.

Not all surfaces S admit elliptic fibrations and if S admits an elliptic fibration,
a lot is known about the base curve and about the maximal number of elliptic
fibrations on it. More precisely if S is of general type, then S admits no elliptic
fibrations; if the Kodaira dimension of S is non-positive, then the curve B is ra-
tional; if a surface S admits more than one elliptic fibration as above, then it is
a K3 surface (a surface with trivial canonical bundle and trivial irregularity). In
particular if S is either a K3 surface or a rational surface, then B ~ P'. Every
relatively minimal rational elliptic surface is the total space of a pencil of plane
cubics; such surfaces admit only the obvious elliptic fibration. We refer to [6] and
to [11] for more on the theory of elliptic fibrations on surfaces.

1.1. K3 surfaces arising from rational elliptic surfaces, and their elliptic
fibrations. In this paper we will consider K3 surfaces S that are double covers
of rational elliptic surfaces R, branched over two fibers of the elliptic fibration
Er : R — P!. More precisely, such K3 surfaces are the minimal resolution of

the fiber product S of a rational elliptic surface £g: R — P! and a degree two
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map P! — P!, which is necessarily branched over two points. We recall that an
involution on a K3 surface is non—symplectic if it acts by —1 on H%(S, Kg5) ~ C. Call
¢ the involution on S agreeing with the cover involution of the 2 : 1 map S — R;
then this involution is non—symplectic and fixes the inverse image of two fibers of
the fibration £ : R — P!, which are the branch curves. The quotient surface S/:
is rational and is either R or a blow-up of R (denoted by R in what follows).

It was proved by Zhang (see [15]) that every K3 surface S admitting a non—
symplectic involution ¢ whose fixed locus contains curves of genus at most 1 arises
by a base change of order two from a rational elliptic fibration £: R — P! as
described above.

The K3 surface S obtained as above is naturally equipped with one elliptic
fibration £ : S — P!, induced via pullback from Eg. In [4] the relationship between
elliptic fibrations on S and linear systems on the rational surface R (or IA%) is studied.
The elliptic fibrations on S fall into one of the three categories below according to
the action of ¢ on the fibers. Note that £ belongs to the second one:

e if 1 preserves each fiber of the fibration, then it acts on the fibers as the elliptic
involution. The elliptic fibration on S is therefore induced by fibrations in rational
curves on 2. We will call these pencils “conic bundles” if they are rational fibrations
on R and “generalized conic bundles” if they are rational fibrations on R (but not
on R);

e if , preserves the fibration, but not each fiber of the fibration, this implies that
¢ acts on the base of the fibration (with two fixed points). In this case the elliptic
fibration on S is induced by a pencil of genus 1 curves on R, whose members split
in the double cover. We call these pencils “splitting genus 1 pencils”;

e if + does not preserve the elliptic fibration, we call the fibration of type 3. A
fibration is of type 3 if and only if the class of the fiber of the fibration, in the
Néron-Severi group of S, is not preserved by ¢.

As a result of this classification and of the technique introduced in [4], in good
cases one may classify the singular fibers of all elliptic fibrations £: S — P! in terms
of the singular fibers of more tractable linear series on S/¢. Our focus here is on even
finer information: obtaining explicit Weierstrass equations of elliptic fibrations on
such K3 surfaces. Using Tate’s algorithm, one may then read off the singular fibers
from the order of vanishing of the coefficients and discriminant of the Weierstrass
equation (see, for example, the table on page 41 of [6]). In Sections 5.2 and 6.1.2 we
give methods and algorithms for determining Weierstrass equations coming from
conic bundles and splitting genus 1 pencils on rational elliptic surfaces, under some
assumptions. This is our main result.

Theorem 1.1. Let S be a K3 surface arising from the rational elliptic surface
Er: R — P! as described above. Let £ be an elliptic fibration on S that is not of
type 3. Then, under certain conditions, one obtains a Weierstrass equation for €
by applying
e the Algorithm of Section 5.2 if £ is induced by a (generalized) conic bundle
with prescribed properties (see Section 5.2 for details);
o the Algorithm of Section 6.1.2 if £ is induced by a splitting genus 1 pencil.

1.2. Outline of the paper. We focus particularly on K3 surfaces arising as double
covers of Rs 5, the elliptic modular surface of level 5. This is the universal elliptic
curve over the modular curve X1 (5) and the evident map &g, ;: Rs5 — X1(5) ~ P!
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is the unique elliptic fibration. The fibers of £g; ; are smooth except for two nodal
rational curves (type I) and two 5-gons (type I5); this property also determines
Rs 5 and implies that the Mordell-Weil group MW (Eg) = Z/5Z. The geometry of
this surface as the total space of a pencil of plane cubics is described in Section 2.

In Section 3 we classify the conic bundles on Rj5 5 up to automorphisms. The
main result of this Section is Proposition 3.1.

In the remainder of the paper we study elliptic fibrations on different K3 surfaces
arising from Rj 5 by choosing different base changes. In Section 4 we describe such
K3 surfaces, writing their equations as double covers of P2, as well as giving the
Weierstrass form of the elliptic fibrations induced by £g.

In Section 5 we consider the elliptic fibrations induced on K3 surfaces by the
conic bundles classified in Section 3. We observe directly that the same conic bundle
induces elliptic fibrations with very different properties on K3 surfaces according
to the choice of the branch curves. In Sections 6 and 7 we restrict our attention to
two K3 surfaces obtained by choosing maximally different branch fibers: in Section
6 we consider the very special case where the branch fibers are 2[5 and in Section
7 we consider the generic case where the branch fibers are 21j.

When the double cover is branched over the two 5-gons, the K3 surface is called
Ss,5 and the involution ¢ fixes the union of 10 rational curves. There is a unique such
K3 surface possessing such a non—symplectic involution. This K3 surface admits 13
types of elliptic fibrations, classified by Nishiyama in [9]. In this special case we are
able to determine equations for all elliptic fibrations on Ss 5 using our techniques
and algorithms. We observe that in this case there are no fibrations of type 3. The
main result of this Section is Proposition 6.1.

When the double cover is branched on two smooth fibers, the K3 surface moves
in the 2-dimensional family of the K3 surfaces admitting an elliptic fibration with a
5-torsion section. We call a very general member of this family X5 5 and using the
lattice-theoretic technique of [9] we list all the admissible configurations of fibers of
an elliptic fibration on X5 5 in Table 7.1 proving Proposition 7.1. In this case the
elliptic fibrations cannot be induced by splitting genus 1 pencils or by generalized
conic bundles. On the other hand there are plenty of elliptic fibrations of type 3
and we describe one of them in detail.
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providing such a stimulating research environment. We also thank Bernd Sturmfels
for drawing our attention to the connections with tropical geometry, and the referee
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2. THE SURFACE Rj 5

Let Rs 5 be the elliptic modular surface of level 5. We know from [1, Tableau]
(with coordinates X = z¢,Y = zo—x1, Z = x2) that the surface Rj 5 is the blow-up
of P? in the basepoints of the pencil P of cubics

(2.1) Ax1xo(xo — 1) + pao(xo — 1 — x2) (10 — 22) = 0.

We will denote this blow-up morphism by : Rs 5 — P2. The cubic correspond-
ing to A = 0 is reducible and consists of the three lines my; : g =0, mo :
xg —x1 —x2 =0, m3 : x9p — x2 = 0; the cubic corresponding to p = 0 is reducible
and consists of the three lines £1 : zg —x1 =0, fo : 21 =0, f3 : x5 = 0.



FIGURE 1. The reducible cubics and basepoints of the pencil P.

The nine basepoints of this pencil of cubics are: @1 := (0: 0 : 1); the point Q7,
infinitely near to )1 and corresponding to the tangent direction mi; Q2 := (1:1:
0); the point Q%, infinitely near to Q2 and corresponding to the tangent direction
ma; Q3 := (0 : 1 : 0); the point Q%, infinitely near to Q3 and corresponding to
the tangent direction f3; Q4 := (1 : 0 : 1); the point @, infinitely near to @4 and
corresponding to the tangent direction fo; Q5 := (1:1:1).

In the following we will denote by T3 the point (1 : 0 : 0), which is not a basepoint
of the pencil and corresponds to the intersection of the lines /5 and ¢3, and by T5
the point (0: 1: —1), which is not a basepoint of the pencil and corresponds to the
intersection of the lines m; and mo.

Let h denote the preimage of the class of a line; then NS(R55) is spanned by h
and the components of the exceptional divisors of the blow up 3 : Rs5 — P2. We
will denote the (irreducible) exceptional divisor corresponding to Q; (resp. Q}) by
E; (vesp. F;) fori=1,2,3,4. At Q5 there is only E5. Note that F? = —1, E? = —2
abuse of notation, let ¢1,{s,¢3 and my, mo, m3 denote the proper transforms on
Rs 5 of the corresponding lines in P?. We have the following relations in NS(R5 5):

(2.2)
zlzh—El—Fl—Eg—Fg—E% mlzh—El—QFl—Eg—Fg
Zgzh—El—Fl—E4—2F4 m2=h—E2—2F2—E4—F4
63:h7E17F17E372F3 m3:h7E37F37E47F47E5.

The Weierstrass equation of the elliptic fibration of Rs 5 is obtained by (2.1)
choosing zo = 1 and applying standard transformations. It is

(2.3) v =3+ AN u)x + B(\: p), where

1 1
A(/,(,) : T8M4 — 1/,63)\ 2)\2 4/,6)\3 — 7)\4’ and
1 1 25 25
4M + PN N2 +f,u2)\4f—u)\5+f)\6

B(u) :
()= 55 18 288 288 18 864



ELLIPTIC FIBRATIONS ON COVERS OF THE ELLIPTIC MODULAR SURFACE 5

The discriminant is 757°A% (=A% + 11pX + p?), so there are two fibers of type I
over (A:pu)=(0:1)and (A:p)=(1:0). Moreover there are two fibers of type I
over (A:p) = (1: -3+ 3./5).

Now the function
2 2 2
B =6+ A7 pt
pr (@A p)iy(Aep) = (12 N

is a 5-torsion section of this fibration. It is known, see e.g. [11, Section 9.5] that
the elliptic fibration on Rjs 5 has Mordell-Weil group equal to Z/5Z.
The negative curves on Rjs 5 are

(1) the ten components of the two fibers of type I5 denoted by 6(()1), G):(Ll), @él),
04", ©" on the first fiber and O, 07, 6%, 0, ©?) 0n the second
fiber (these are all (—2)-curves);

(2) the five sections Py, Py, P», P3, and Py, where Py meets the components
@él) and 6(()2), Py meets the components 951) and 9;2), P, meets the com-
ponents @él) and @f), P35 meets the components @gl) and (952) and Py
meets the components (9511) and @ég) (these sections are all (—1)-curves).

The dual graph of this configuration is given in Figure 2. We observe that the
Figure 2 is a generalization of the Petersen graph (it is exactly the Petersen graph if
one does not consider the empty edges) and we point out that this graph represents

several intersecting objects in algebraic geometry and in tropical geometry, see eg.
[10].

61(31) @él)

FIGURE 2. Dual graph of negative curves on Rs55. The symbol e
denotes a (—2)-curve, and o denotes a (—1)-curve.

We may then make the following choice of identifications:

@(()1) =mi @(11) = E3 @gl) = ms @él) = E4 @Ell) = my
24 eP=p eP=r o=t 6P =5 Y=
Ph=FN P =F;3 P, =Fs P;=F, P, =Fs.

We observe that there is an automorphism o5 on Rjs 5 of order 5, which is the

translation by the section P;. It acts on the negative curves as follows: 05(651)) =
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91(-1&-)1 and 05(652)) = 91(_232, where i+ 1 and i+ 2 are considered modulo 5; o5(Py) =
Py 1, where k + 1 is considered modulo 5.

There is also an automorphism o9 of order 2 on Rj5 5 which is the elliptic involu-
tion on the elliptic curve (2.3) over the function field k(u). Note that oo restricts
to the elliptic involution on each smooth fiber of the fibration (2.3). It acts on
the negative curves as follows: Ug(@l(»j)) = 6(32, where i € Z/5Z, j = 1,2 and
o9(Py) = P_y, where k € Z/5Z.

There is also an automorphism « of Rs 5 lying above the involution of P! a: (X :
) — (—p : A). In terms of the Weierstrass equation (2.3), we have

a: (z,y,p) > (2/p?, —y/p®, —1/p).

Note that the automorphism o203 is induced by the element < —(1)1 (%) :1))) € PGL3(C).

From this description, the action on NS(Rs5) is apparent: a(@(()l)) = 6(()2) and
a(©P) =6l; a@e") =0 and a(0!*) = ©""); and finally ©(P,) = P, while

the remaining sections are permuted so as to preserve intersections.

3. CONIC BUNDLES ON Ry 5

In this section we classify the conic bundles on Rs 5 by considering their reducible
fibers proving Proposition 3.1

The key result we use is that on a rational elliptic surface, every conic bundle
has at least one reducible fiber. Further, any reducible fiber must be of type A,, or
D,,, as shown in Figure 3, see e.g. [4].

: 2 2 2 2
o——e —o---—90 ---—o
D,

FIGURE 3. Possible reducible fibers of conic bundles on (minimal)
rational elliptic surfaces. The number n and m refer to the number
of components. Multiplicity of a component is indicated above the
corresponding vertex if it is not 1. The symbol e denotes a (—2)-
curve, and o denotes a (—1)-curve.

Proposition 3.1. There are exactly three conic bundles on Rs 5 up to automor-
phisms, i.e. the conic bundles By, Bo and Bs induced by the pencils of plane rational
curves with equations 3.1, 8.2 and 3.3 respectively.

Proof. Step 1: classification of the reducible fibers. Every conic bundle has
at least one reducible fiber, so in order to classify the conic bundles it suffices to
find all the possible reducible fibers. The components of the reducible fibers are
negative curves. As Rs5 (and in fact any extremal rational elliptic surface, see
[6, VIII.1.2]) has only finitely many curves of negative self-intersection, one simply
must find all possible A4,, and D,, (for m > 3) configurations among the curves
with negative self intersection.

Every reducible fiber contains at least a (—1)-curve, as shown in Figure 3. Since
we are looking for a classification up to automorphisms, and the automorphism o
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permutes the (—1)-curves on Rs 5, we can always assume that one of the reducible
fibers of the conic bundle contains the (—1)-curve Py. Moreover we recall that the

action of o9 switches @Ej ) with @éj_)i and the action of o switches the two I5-fibers.
Up to the action of o2 and «, the reducible fibers of type A,, that contain Py as a
component are necessarily of one of the following type:

e P+ Zf:o @El) + Py, k =1,2,3 and in this case we have a fiber of type Ag43.

Up to the action of o9 the reducible fibers of type D,, that contain Py as a
component are necessarily of the following types:
e 2P + @él) + @(()2) and in this case we have a fiber of type Ds;
2P + 29(()1) + @gl) + 9511) and in this case we have a fiber of type Dy.

Step 2: at most three conic bundles. We consider the conic bundles associ-
ated to the possible singular fibers described above and show that some of them are
equivalent up to the action of o5 and o3. Moreover we describe the conic bundles
that we find and we gives equations for them:

(1) |B1] =|Po+ G)(()l) + @gl) + Py|. The components of one reducible fiber are Py,
@(()1), @gl), Py. This fiber is of type A4. The curves @gl), @il)’ @(()2) and @g) are
sections of the bundle. There is another reducible fiber of type A4 which is formed
by the curves P, @512), @éz), Py, and one of type D3 which is formed by Ps (with
multiplicity 2), 6%1), 6&2).

Using the identifications made earlier, this class can also be written as:
Bi=Fi+mi+Es+F3=F +(h—E —2F, —E3— F3)+ E3+ F3 =h— E; — F}.

Unwinding what this means geometrically: |B;| comes via proper transform from
the pencil of lines through Q; in P2 which has equation
(3.1) r1 = TXo.
Under this description we can also understand the singular fibers: they correspond
to the special lines my,¥f;, and ¢5. For example the line ¢5 corresponds to the
reducible fiber 8*(£y) — By — Fy = ly + E4 + 2F, = 02 + 0 + 2p;.
The conic bundle |B;| is sent to other conic bundles by o5, by o2 and by their
powers. Each of these has exactly three reducible fibers of types A4, A4 and Ds.
We observe that the fiber of type D3 of the conic bundle |B;| is sent to 2P, +

@gl) + ®§2) by the automorphism o2, so the conic bundle with reducible fiber
2P + @((Jl) + 982) is equivalent to |B1| up to automorphisms.

Similarly the Ay-fiber P, + 0% + 0 + P, is sent to Ps + 0% + 07 + P, by
05, s0 also the conic bundle with reducible fiber Py + @(()2) + 952) + P53 is equivalent
to |Bi| up to automorphisms.

(2) |Bs| = |Po+ 9(()1) + @gl) + @él) + P,|. The components of one reducible fiber
are Py, 6)81), @gl), @;1), P,. This fiber is of type As. The curves @gl), @S), @(()2),
@4(12) and P, are sections of the bundle. There is another reducible fiber of type As
which is formed by the curves Ps, 07, 0§ o, p,.

Similarly here we can write:

B2:F1+m1+E3+m3+E5:2h—E1—F1—E3—2F3—E4—F4.
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Hence Bj corresponds to the pencil of conics through Q1,Qs,Q%, and Q4. More
explicitly this is given by conics passing through ()1 and ()4, and tangent to {3 at
Qs and in P2 this pencil is given by the equation

(3.2) 129 = T(xT022 — x%)

The two reducible fibers correspond to the reducible conics mq, Umg and £5 U £3.

The As-fiber of |Ba| whose components are Ps, G)?), @52), @9, Py is sent to
the reducible fiber Py + 7, 0 + Py by o2.

(3) |Bs| = | Po +®(()1) +@§1) +®(21) +®é1) + Ps|. The components of one reducible
fiber are Py, @((Jl), @gl), @gl), @él), P5. This fiber is of type Ag. The curves 662),
@gQ), P, and P, are sections of the bundle. The curve @A(Ll) is a multisection of
degree 2. There is another reducible fiber of type D4 which is formed by the curves
Py, 05,0, 0.

We can also describe this using:

By =F+my+E3+ms+ Ey+ Fy =2h— By — Fy — B3 — 2F3 — Ej.

Therefore Bz comes from the pencil of conics in P? through Q,Q3, Q%5 and Qs;
that is conics through @Q; and @5, tangent to f3 at @Q3, and in P? this pencil is
given by the equation

(3.3) X129 = (T 4+ D)xgze — Txg.

We can again understand the reducible fibers as coming from reducible conics ¢1 U/3
and my Ums.

The Dy-fiber is sent to the fiber 2P, + 2@82) + 952) + @4(12) by o5.

Step 3: exactly three conic bundles. It remains only to prove that the
conic bundles B; for i = 1,2,3 are all inequivalent up to automorphisms. Since
the reducible fibers of |By| are (244, D3), the reducible fibers of |Bs| are (245)
and the reducible fibers of |Bs| are (Ag, D4), they cannot be equivalent up to
automorphisms. Hence there are three conic bundles on R5 5 up to automorphisms.

|

4. K3 SURFACES OBTAINED BY [i5 5

Now we consider K3 surfaces obtained from Rss by a base change of order 2
branched on two fibers. Of course the K3 surface obtained depends on the branch
fibers. Let us explicitly give the description of the K3 surfaces that we can obtain
in this way. They will be both described as elliptic fibrations (induced by the one
of Rs5) and as double covers of P2,

4.1. The branch fibers are 2I5: the K3 surface S;55. Let us consider the
K3 surface S5 5 obtained by a base change of order 2 of Rs5 5 whose branch locus
corresponds to the two fibers of type I5. This means that all the components of
the fibers of type I5 are in the branch locus of the double cover S5 5 --» Rs 5.

4.1.1. The surface R. The double cover of Rs5 5 branched over the two fibers of
type Is has ordinary double point singularities at the 10 points over the nodes in
the branch fibers. In order to obtain a K3 surface one can blow-up these 10 points
on the double cover, introducing 10 exceptional divisors. Equivalently one may
first blow-up the 10 nodes of the branch fibers to obtain a non-minimal rational
elliptic surface R and then normalize the double cover of this surface branched over
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the preimage of the branch fibers. Note that in the preimage the 10 exceptional
curves all occur with multiplicity 2, and so they are not in the branch locus after
normalization. B

We will make use of this non-minimal rational elliptic surface R; it is simply
the blow-up of P? in 9 4+ 10 points, some of which are infinitely near to each other.
The 10 additional points are 77, T» and the 2 points on each of the exceptional
divisors E; for ¢ = 1,2, 3,4 corresponding to the tangent directions at ); specified
by respectively £ and {5, 1 and {3, m; and mg, and finally mo and mg.

We will denote by Eq,, Er, and Eg, the exceptional divisors over @5, 77 and
T, respectively. These three divisors are (—1)-curves.

We will denote by F;, F;, G; and H; the four exceptional divisors over @); for
i =1,2,3,4. For each i, the divisor F; is a (—4)-divisor intersecting F;, G;, and
H;, which are orthogonal (—1)-curves. We make the identification that F; is the
tangent direction corresponding to the basepoint of the pencil of cubics, and H;
and G; correspond to the tangent directions specified in the following table:

i |1 2 3 4

Gi El 63 mi ms
Hi EQ €1 ms3 Mma.

Note that the F; and Fj are the strict transforms of the curves of the same name
on R5,5.
The strict transforms of the lines ¢; and m;, j = 1,2,3 on R are the following:

412 = h—El—Fl—2G1—Hl—EQ—FQ—GQ—QHQ—EQS;
623 == h*E17F17G172H17E472F47G47H47ET1;
632 = h—E2—F2—2G2—H2—E3—2F3—Gg—Hg—ETl;
my . = h—E1—2F1—G1—Hl—E3—F3—2G3—2H3—ET2;
meo = h—E2—2F2—G2—HQ—E4—F4—G4—2H4—ET2;
ms = h—E3—F3—G3—2H3—E4—F4—2G4—H4—EQ5.

The sections of the non-relatively minimal fibration on R are F %, 7=1,2,3,4 and
Eq, (i.e. the strict transform of the sections of the fibration on Rj5 5).

4.1.2. Geometric description of Ss 5 and its Néron—Severi group. The surface Ss 5
admits a non-symplectic involution ¢ which is the cover involution of the double
cover S5 5 — R. This involution fixes 10 rational curves (the curves my;, 4;,i = 1,2, 3
and E; with j = 1,2,3,4) and it acts trivially on the Néron-Severi group.

The elliptic fibration &g, ,: S55 — P! induced by Eg,,: Rs5 — P! has two
fibers of type I1o (induced by the fibers of type Is on Rs5) and four other singular
fibers, all of type I;. The trivial lattice of the fibration (generated by the class
of the generic fiber, the class of the zero section and the classes of the non trivial
components of the reducible fibers) has rank 20. The trivial lattice is a sublattice
of the Néron—Severi group, and since the Néron—Severi group of a K3 surface has
rank at most 20, we conclude that it is exactly 20. By the Shioda-Tate formula
there are no sections of infinite order for the fibration &g, ;: S55 — P'. The 5-
torsion sections of the fibration on Rjs 5 induce 5-torsion sections of £g, ,. Hence,
MW (Es;, ;) 2 Z/5Z. The possible torsion parts of the Mordell-Weil group of an
elliptic fibration on a K3 surface are Z/nZ for 2 < n < 8, and Z/2Z x Z/mZ, for
m = 2,4,6, (Z/kZ)?* for k = 3,4 (see for example [12, Thm 7.1]). So we conclude
that MW (Es, ;) = Z/5Z.
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ol 24 olv)

FIGURE 4. Dual graph of relevant negative curves on Ss 5.

The curves @gj ) are in the branch locus and we denote by QZ(-j ) the rational curve

on S5 5 which maps 1: 1 to G)Z(-j ). Moreover, we have 10 other rational curves on
Ss.5 : the curves ng?il_l, for i1,i1 — 1 € Z/5Z, j = 1,2, which are the curves
resolving the singularities of the intersection point between @Ef ) and @g ) and are
the double cover of the 10 exceptional curves of the blow up R— Rs 5. The curves
P; are not in the branch locus and we denote by @); their 2 : 1 cover in S5 5. The
dual graph of this configuration is given in Figure 4. We observe that this gives
exactly the diagram given in [14, Figure 1] as dual graph of certain rational curves
on the K3 surface whose transcendental lattice is (2)2, which is a different way to
describe the surface Ss 5.

Let w: S55 — R denote the double cover. As can be deduced from (2.4) and the
above identifications, pushing forward curve classes has the following effect:

(4.1)
m ) =m Oy =26, w0 =B w0 =20, mQ=2R
nON =26, oY) =B w00 =20 n0Y =B nQ;=2F
no =g mol o, 0P =6 708 =20, Qi =2F
W*Qg% =2H; W*le) =My ﬂ'*Qf()) =2Fp 77*94(12) =0 mQs=2F,
m OV =my QN =28, 0P =6 0l =20 nQ.=2E:.

4.1.3. Weierstrass equation of S5 5. By the Welerstrass equation (2.3) the fibers of
ERs. 5 of type I5 are the fibers over = 0 and p = co. So the base change branched
on these fibers is given by yu — u? and the elliptic fibration on S5 5 induced by the
one on R 5 is

(4.2) y* =2 + A(u)x + B(p), where

-1 1 7 1 1
A(p) = TSHS - 1#6 - ﬂlﬁ + 1#2 T and
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1 5 1 40 25 ¢ 25 , 1, 1
sed’ T M Tt Tast TmY T ser
The discriminant is 7zp'%(—1 + 1142 + p*), so there are, as expected, two fibers

of type I over u = 0 and pu = co. Moreover there are four fibers of type I; over
p==+y/—-+25

B(p) :=

4.1.4. Double cover of P2. On the other hand, R and Rj5 5 are blow-ups of P? and the
branch fibers of 7 : S5 5 --» R5 5 corresponds to the cubics f3 := z122(zo —x1) =0
and g3 := zo(xo — 1 — x2)(xo — x2) = 0. This exhibits S5 5 as a double cover of
P? branched along the union of these two cubics. So we obtain a different equation
for S5 5, as a double cover of P2 i.e.

(4.3) w? = x129(x0 — x1)To (0 — 1 — T2) (T — T2).

We observe that S5 5 is rigid (both in the moduli space of the elliptic K3 surfaces
with prescribed reducible fibers and in the moduli space of the K3 surfaces with a
non-symplectic involution with a prescribed fixed locus), since both Rs 5 and the
choice of the branch fibers are.

4.2. The branch fibers are 2[,: the K3 surface X55. Let us consider the
K3 surface X5 5 obtained by a base change of order 2 of R5 5 whose branch locus
corresponds to two fibers of type Iy. Let us assume it is very general among the
K3 obtained in this way. This K3 surface lies in a 2-dimensional family of K3

surfaces (see [3]), whose parameters depend on the choice of the two branch fibers
(see (4.5)).

4.2.1. Geometric description of X5 5 and its Néron—Severi group. The surface X5 5
admits a non-symplectic involution ¢ which is the cover involution of the double
cover X5 5 — Rs 5 and which fixes two elliptic curves.

The elliptic fibration €x, , : X55 — P! induced by Eg, , : Rs5 — P! has four
fibers of type Is and four fibers of type I;. Moreover it has a 5-torsion section,
induced by the one of sections of the elliptic fibration on &g, .. The Néron-Severi
group and the transcendental lattice of this K3 surface are computed in [3] and a
set of generators of the Néron—Severi group is given by the class of the fiber of the
fibration, the zero section, one section of order 5 and the irreducible components
of the reducible fibers of the fibration. _

The curves @l(-] ) are not in the branch locus and we denote by Ql(-j ) for k = 1,2

the two disjoint rational curves which are mapped to @1(-] ) by the quotient map
X555 = Rs 5. The curves P; are not in the branch locus and we denote by @); their
2 : 1 cover in X5 5. The dual graph of this configuration is shown in Figure 5.
This diagram is also a tropical surface, similar to the one given in [10, Figure 1],
as pointed out by B. Sturmfels.

4.2.2. Weierstrass equation of X5 5. Let us denote by p; and pe two arbitrary
points of IPL such that the fibers of (2.3) over uy and pg are smooth. Let X5 5 be
the surface obtained from Rs 5 by a base change of order 2 branched in p; and pa.
We already observed that the surface X 5 lives in a 2-dimensional family of K3
surfaces and its equation depends on the two parameters pp and po.
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1,1 1,2
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FIGURE 5. Dual graph of relevant negative curves on Xs 5.

Let us consider the base change P%azﬁ) — IP’%WA) branched over (p: A) = (p1 : 1)
and (s : 1), i.e. the base change given by

(4.4) p=pma’ + 8% A=a’+5%/p.
It induces on X5 5 the elliptic fibration

(4.5) y* = 2%+ A(a: B)z + B(a: B)
whose discriminant is

(4.6)

5 5
(022 + 87)° (ma® + 82)° (o' i + 1ot mpg — o' + 1o o f>+
2p0%36° + 1102387 — 202 + 136 + 18z — %)) / (1645)
For generic values of u; and us the elliptic fibration has 4[5 4+ 41; as singular
fibers.

4.2.3. Double cover of P2. On the other hand, Xsj5 is the double cover of P?
branched on the union of the two cubics 2122 (xo—x1)+ 120 (To—21 —22) (To—22) =
0 and z122(xo — ®1) + poxo(zo — 1 — z2) (2o — x2) = 0. So X5 5 can be described
by the equation

(4.7) w? = (a:lxg(xo —x1) + mxo(xg — 21 — x2) (20 — mg))
(3?1332(1‘0 — 1) + pawo(zo — 1 — 22)(TO — $2))

4.3. Branch fibers I5 and I;. If one uses as branch fibers a fiber of type I5 and
one of type I; one obtains a rigid K3 surface (in the moduli space of the elliptic K3
surfaces with prescribed reducible fibers), whose singular fibers are I1g+215+12+21;
and theoretically one has four different admissible choices to do that. Indeed one
can choose the fiber of type Is which is the branch fiber to be the fiber either
over u; = 0 or over u; = oo and similarly one can choose the fiber of type Iy
which is the branch fiber to be the fiber either over pus = (—11 + 5v/5)/2 or over
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po = (=11 — 5/5)/2. In order to obtain the Weierstrass equation of these elliptic
fibrations it suffices to apply the base change (4.4) with the chosen values for u;
and po.

We assume that o = (—11+5+/5)/2 and we obtain the following two Weierstrass
equations. If p; = 0 the base change (4.4) applied to u; = 0 and uy = (=11 +
5v/5)/2 gives an elliptic fibration:

v =2+ A(a: f)z+ Bla: B)

whose discriminant is
1 5
-5 (—a2 v 552\/5) (—2a2 1182 + 5ﬂ2\/5) a0,

In order to choose p; = 0o, one has to slightly change the equation of the base
change (4.4), which now is u = o2 and A = a?/us + 32 and one obtains

v =2+ Aa: f)z+ Bla: B)

whose discriminant is

oo (-375125 1+ 167761V5) (~250% + 62V5) (~202 + 115% 4 552\/5)5620}0.

‘We observe that in the first case the K3 surface obtained is described as a double
cover of P? by the equation

w? = x122(x0—21) (xoxlxg(l?) + 5\/5) — x%xg(ll + 5\/5) + ng — 41‘(2)372 — 2x1x(2) + 2900335) ,
in the second by the equation

w? = xo(xo—11—22)(To—1T2) <x0x1x2(13 +5V5) — 2229 (11 + 5V/5) + 227 — dadzs — 22123 + QxOmg) .

4.4. Branch fibers I5 and I. If one chooses as branch fibers one fiber of type
I5 and one of type Iy one obtains a l-dimensional family of K3 surfaces, whose
singular fibers are I1o + 2[5 + 41; and theoretically one has two different admissible
ways to do that. Indeed one can chose that the fiber of type I5 which is the branch
fiber is the fiber either over p; = 0 or over u; = oo, while ps is the parameter of
the family. In order to obtain the equations of these elliptic fibrations one has to
apply the base changes (1 = 8%, X = o + 2/uz) or (= a?, X\ = a?/us + B?) to
the equation (2.3), exactly as in the previous sections.

Similarly one can describe these K3 surfaces as a double cover of P? substituting
in (4.7) the appropriate values of p; and po.

4.5. Branch fibers I; and Ij. If one chooses as branch fibers one fiber of type
I; and one of type Iy one obtains a 1-dimensional family of K3 surfaces, whose
singular fibers are 415 + I + 217 and theoretically one has two different admissible
ways to do that. Indeed one can choose that the fiber of type I; which is the branch
fiber is the fiber either over p; = (=11 —5v/5)/2 or over i = (—11+5v/5)/2, while
W2 is the parameter of the family. In order to obtain the equations of these elliptic
fibrations one has to apply the base change (4.4) with the chosen 4 to the equation
(2.3) and to obtain an equation of this surface as a double cover of P? one has to
substitute the chosen p; in (4.7).
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4.6. Branch fibers 2I;. If one chooses as branch fibers the two fibers of type Iy
one obtains a rigid K3 surface, whose reducible fibers are 415 + 2I,. In order to
obtain the equation of this elliptic fibration one has to apply the base change (4.4)
with the chosen p; = (=11 — 5v/5)/2 and py = (=11 + 5v/5)/2 to the equation
(2.3). Similarly to obtain an equation of this surface as a double cover of P? one
has to substitute p; = (=11 — 5v/5)/2 and ps = (=11 + 5v/5)/2 in (4.7).

5. ELLIPTIC FIBRATIONS ON K3 SURFACES INDUCED BY THE CONIC BUNDLES

The aim of this section is to describe both geometrically and by the Weierstrass
equations the elliptic fibrations induced by the conic bundles B; (described in Sec-
tion 3) on the K3 surfaces described in Section 4. We also provided a general
method to find these Weierstrass equations, under some assumption on the conic
bundles, see Section 5.2.

5.1. An example. Let us consider the K3 surface S 5, whose equation as a double
cover of P? is given by (4.3). Let us consider also the conic bundle | B;| from Section
3. By [4, Theorem 5.3], the conic bundle |Bj| induces an elliptic fibration on S; 5

with three reducible fibers of type I3: one whose components are Qq, QZ(:()), Q(()l),
Q%, le), Q1, and Qéli, one whose components are o, Qf&, Qf), Qf%, QéQ), Qu,

and Qg@, and one whose components are QS%, leg, Qél), Qs3, QEQ), 9(222, and Qﬁ%

5.1.1. Equation of the elliptic fibration on Ss 5 induced by |B1|. Let us consider the
conic bundle B; on Rj 5 associated to the pencil of lines x; = 729 C P2. Tt induces
an elliptic fibration on S5 5. To find the equation of this elliptic fibration we use
the equation of S5 5 as double cover of P2, i.e. the equation (4.3) and we substitute
in 1 = 7o in (4.3).

This gives:

w? = (To)xa (o — TX) Lo (T0 — TZY — T2)(T0 — X2).

We put x5 = 1 and we obtain

w? = 7(1 — )2 (xg — 720 — 1) (20 — 1).

Let us consider the change of coordinates w — wx( and divide both the members
by x3. We obtain

w? = 7(1 — 7)xo(xo — T20 — 1)(20 — 1).

This is the equation of an elliptic fibration over PL. Moreover one can explicitly
compute the Weierstrass form: first one uses the change of coordinates w — 72(1 —
7)w and g — Txo obtaining

w?r (1 —7)% = 72(1 — N)ao(txo(1 — 7) — 1) (120 — 2)

(o) (o)

Second, one considers the change of coordinates w + w/73(1 — 7)% and zg
xo/7%(1 — 7)? and multiplies all the equation by 79(1 — 7)%. So one obtains

(5.1) w? = xo(xo — 7(1 — 7)) (20 — 7(1 — 7)?).

The discriminant is 78(1 — 7)® and so, by Tate’s algorithm, there are three fibers
of type I5 over =0, 7 =1, 7 = o0.

and so
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5.2. An algorithm to compute Weierstrass equations. The aim of this sec-
tion is to formalize systematically what we did above.

Setup. Let V be a K3 surface obtained by a base change of order 2 from a rational
elliptic surface R. Therefore, V can be described as double cover of P? branched
on the union of two (possibly reducible) plane cubics from the pencil determining
R. It has an equation of the form

(5.2) w? = f3(xo : 1 2 w2)g3(zo : 21 : x2).

Let B be a conic bundle on R, e.g. a basepoint-free linear system of rational
curves giving R — PL. Pushing forward to P2, B is given by a pencil of plane
rational curves with equation h(xg : x1 : 22,7). The polynomial h(zg : 21 : xa,T)
is homogeneous in xg, x1, T2, say of degree e > 1 and linear in 7.

As the anticanonical series on R coincides with the elliptic fibration, the ad-
junction formula implies that every curve with equation h(z : x1 : x2,7) meets
both of the branch curves (the proper transforms on R of) f3 = 0 and g3 = 0
in two additional points. It therefore meets (the proper transform of) their union
f3g3 = 0 in four points. (Note that there may be additional points of intersection
on P? which are separated in the blow-up R). Therefore the preimage in V is the
double cover of a rational curve branched over 4 points, e.g. the standard presen-
tation of an elliptic curve. For general 7, we must find an isomorphism of the curve
h(zwg : 21 : 22, 7) = 0 with P!, and extract the images of the four intersection points
with fgg3 =0.

When e < 3, an isomorphism with P! is provided by projection from a point of
order e — 1 on the curve (e.g. any point in P? if e = 1, a point on the conic if e = 2,
and a double point of the cubic if e = 3). Such a point necessarily exists (in the
case e = 3 the singularity must be a basepoint of the pencil) and is also necessarily
a basepoint of the original pencil of cubics giving £g. Up to acting by PGL3(C),
we may assume that this point is (0: 1 : 0).

Algorithm when e < 3.

(1) Compute the resultant of the polynomials f3(zg : z1 : @2)gs(zo : 1 : x2)
and h(zg : 21 : x9,7) with respect to the variable x;. The result is a
polynomial r(xg : x2,7) which is homogeneous in z¢ and 2, corresponding
to the images of all of the intersection points {f3gs = 0} N {h, = 0} after
projection from (0:1:0).

(2) Since B is a conic bundle, r(zq : 22, 7) will be of the form a(z¢ : 22, 7)%b(x0 :
29, 7)c(T), where a and b are homogeneous in g and z, the degree of a
depends upon e and the degree of b in g and x5 is 4.

(3) The equation of V is now given by w? = r(zg : x4, 7), which is birationally
equivalent to

(5.3) w? = c(7)b(xo : T2, 7),

by the change of coordinates w — wa(xg : z2,7). Since for almost every T,
the equation (5.3) is the equation of a 2 : 1 cover of ]P)%froifz) branched in 4
points, (5.3) is the equation of the genus 1 fibration on the K3 surface V
induced by the conic bundle B.

(4) If there is a section of fibration (5.3), then it is possible to obtain the

Weierstrass form by standard transformations.
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Remark 5.1. The algorithm can be applied exactly in the same way to the gen-
eralized conic bundles, and not only to the conic bundles.

When e > 4, projection from a point may suffice, for example if all curves have
a basepoint of degree e — 1. However there are several conic bundles whose general
member can not be parametrized by lines.

We now consider a parametrization which can be done by conics. Let P be a
pencil of rational curves of degree e passing through the (possibly infinitely near)
basepoints 771, ... T, with certain multiplicities. Let C be a pencil of conics whose
basepoints are among 77, ... T, and such that 2e — 1 intersection points between a
generic curve in P and a generic curve in C are in {77, ... 7T, }. So there is exactly one
extra intersection between a generic curve in P and a generic curve in C. This allows
to parametrize the curves in P by the curves in C. If moreover the base points of C
are three distinct points and one infinitely near point we will say that the condition
(%) is satisfied. So (*) is satisfied if the curves in P can be parametrized by a pencil
of conics passing through 4 points, exactly two of which are infinitely near.

If the condition (%) is satisfied, up to changing coordinates by some matrix
M € PGL3(C), we may assume that the basepoints of C are py = (0:0: 1),py =
(0:1:0),p3 =(1:0:0) and the infinitely near point p} corresponds to the line
xo = x1. The pencil of degree 2 maps P! — P? sending

L= p1, 00 > pa, 0— p3
with derivative at z = 1 in the direction of the line zg = x; is given by
(xog:mwy:a2)=(2—1:2(z2—=1):p-2), p e P

In the following we are interested in pencils of quartics which satisfy the condition
(%), so we study the effect of this condition on quartic curves. We say that a pencil
of quartics satisfies (1) if, up to a change of coordinates, it is of one of the following
types: (1) each quartic is double at ps and has a tacnode at p; with principal
tangent specified by p/; (2) each quartic is double at py and p3 and has a cusp at
p1 with principal tangent specified by pf.

We recall that, by the construction of the conic bundles, all the basepoints of P
(and thus also of C) are also singular points for the sextic f3 - g3 = 0.

Algorithm assuming (}).

(1) Factor h(z —1: z(z — 1) : pz,7) = c(7)2%(z — 1)’r(2,p, 7) where r(z,p, )
is linear in z and a + b is 5 or 6 depending on the multiplicity of h at
p2. The solution zg of r(z,p,7) = 0 gives the rational parameterization
h(zo —1: z0(20 — 1) : pzo,7) = 0 with parameter p € PL.

(2) A birational equation of the K3 surface is given by

w® = (f3-g3)(z0 — 1: 20(z0 — 1) : pzo).

(3) If there is a section of fibration (5.3), then it is possible to obtain the

Weierstrass form by standard transformations.

This algorithm can be generalized to pencil of curves satisfying (x).

5.3. The elliptic fibrations induced by conic bundles. Here we can describe
and compute the equations of all the elliptic fibrations induced by the conic bundles
on the different K3 surfaces introduced. For this purpose, we apply the algorithm,
described in the previous section, to the equations of the conic bundles given in
Section 3 and to the Weierstrass equations given in Section 4.
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5.3.1. The K3 surface Ss 5. The conic bundle |Bs| induces an elliptic fibration on

Ss,5 with two reducible fibers of type I;: one whose components are ), Q&i, Q(()l),

Q%, Q(ll), Qgi, le), @2, and leg, and one whose components are ()3, Qf()), Q?),
0%, 0, 0%, 0P, Qq, and Q7).

The Weierstrass equation is computed applying the algorithm to f3gs = zox122(zo—
x1)(z0 — 22) (w0 — 21 — 72), by (4.3), and h(zg : 21 : T2, 7) = 2179 — T(Tow2 — 23).
One obtains the Weierstrass equation

2(_ 2 4 1 3 -9 2 -1 2 2 2 1
3 27
So the discriminant A(7) is —7'°(—1 4 7)%(7 + 1)%. Hence, by Tate’s algorithm,
this fibration has two fibers of type I} over 7 = 0, 0o and two fibers of type Iy over
T ==l

The conic bundle |B;| induces an elliptic fibration on Sy 5 with two reducible
fibers: one of type I§ whose components are @, Qgi, Q(()l), 9(11,()» le), Q(Qli, Qél),
Qg%, le), @3, and QS%, one of type IIT* whose components are @4, Q§2), Qg;,
o), o, o, off), and fF).

The Weierstrass equation is

(55) y?—ad— (3 + 6712+ 97 + 3)33 3 (1 +3)(2m3 + 1272 + 187+ 9) .

3 27
So the discriminant A(7) is —7%(7 + 4)(7 + 1)2. Hence, by Tate’s algorithm, this
fibration has one fiber of type I§ over 7 = oo, one fiber of type I1I* over 7 = 0,
one fiber of type Is over 7 = —1 and one fiber of type I; over 7 = —4.

5.3.2. The K3 surface X5 5. Here we consider the elliptic fibrations induced by
B; on X55. We recall that in this case one has to apply the algorithm to (4.7).
We summarize the results in the following table, where r denotes the rank of the
Mordell-WEeil group of the fibration.

(5.6)
A singular fibers | r
701 = 1)%(p1 — p2)* Lig 7=0
B (13 — 272 — 272 g + 672 + T + T3 — 4ue) 2l T=o00,1 |2
(13 =272 — 272y + 67y + 7+ TS — 4p) 611
B 8= 272 TP 4 27 — T 4 p2) (=T + o) 2Is 7=0,00 9
2 (=P 42 7P 4 210 — T+ ) (=7 4 ) (g1 — p2)? 81
I T =00
B —7'8(7 + 272 4 73 — BuoT — 2uat? + 4pud + T,u%) }2 — 1
1@ = 6T+ 27 7 pd T+ At — 207 (i — p2)’ 6L
1

5.3.3. Other K3 surfaces. As we saw above, all the equations for K3 surfaces that
are double covers of Rs5 s branched over some special fibers can be obtained from
the general equation for X5 5 by substituting particular values of y; and po. In
particular in order to find the Weierstrass equations of the elliptic fibrations induced
by the conic bundles B; on a specific K3 surface it suffices to substitute in (5.6)
the appropriate values of pu; and us. As an example here we construct a table
analogous to (5.6) if the K3 surface is obtained by Rj5 5 branching along one fiber of
type Is and one smooth fiber. We already noticed that one has two different choices
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for the I5 branch fiber. Once one chooses the branch fiber I5, the construction is
not symmetric in I5. For i = 1,2 the reducible fibers of the conic bundle |B;| are
symmetric up to switching the Is-fibers, so the conic bundle |B;| is associated to
elliptic fibrations with the same property choosing differently the I5 branch fiber.
For the conic bundles |B;| and |Bz| we will choose the I5 branch fiber to be the
one over pu; = 0. The conic bundle |Bs| has a unique reducible fiber, supported
over one specific I5, so the elliptic fibrations induced by this conic bundle have not
necessarily the same properties if one change the I5 branch fibers. So we give the
equations of the elliptic fibrations if one chose both p; = 0 and p; = co.

For all the conic bundles ps is the parameter of the 1-dimensional family of K3
surfaces we are considering. So we obtain the following (where r = rank(MW) and
both the reducible fibers and r are given for generic choice of ps):

(5.7)
A singular fibers
7 4 8.3 2 2 2 I =0, I 7=1
B —7 s (=14 7)%(7° — 27° — 27% o + 7 + 672 + Tz — 4u2) I r—oo 35
6 — 9 1
I; =0, I =1
B, N R R e R (R B
B 117+ = I =-1
" i’ 0 —psm? (T 4+ )27+ 277 + 73 — 6ot — 27 + 4p3 + Tp3) Iio TT :087 3[? T
B I =0
i :?”oo —78(4 4+ 7)(7 + 272 + 73 — 6ot — 2ua7? + 4ud + Tu3) Ig‘ - ; -

6. THE K3 SURFACE S5 5 AND ITS ELLIPTIC FIBRATIONS

The aim of this section is to prove the following results, computing the equations
of all the elliptic fibrations on Ss 5.

Proposition 6.1. The K3 surface Ss 5 admits 13 different elliptic fibrations. One
of them 1is induced by Er, 3 are induced by conic bundles, 8 by splitting genus one
pencils and 6 by generalized conic bundles. The equations of these elliptic fibrations
are given in 4.2 (the one induced by Er), in 5.1, 5.4, 5.5 (the ones induced by the
conic bunldes), in 6.7 (the ones induced by splitting genus 1 pencil) and in 6.8, 6.9
(the ones induced by generalized conic bundles).

To prove this, we deeply analyze the elliptic fibrations on Ss 5 induced by splitting
genus 1 pencils and generalized conic bundles, in particular giving an algorithm to
find the Weierstrass equation of any elliptic fibration induced by a splitting genus
1 pencil.

The K3 surface S5 5 can be also described as the (unique!) K3 surface which
admits a non-symplectic involution fixing 10 rational curves. Indeed, by our con-
struction it is clear that ¢ fixes 10 rational curves (the inverse image of the com-
ponents of the two I5 fibers). The fact that this K3 surface is unique is classically
known, and due to Nikulin, see [8]. The transcendental lattice of this K3 surface is
Ts ~ (2)@®(2). The elliptic fibrations on this K3 surface are classified by Nishiyama,
see [9, Table 1.2], who used a lattice theoretic method that we will apply later to a
different K3 surface, in Section 7. The complete list of the elliptic fibrations is the
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following:
_ — Vel n° | singular fibers MW
T arren, T i o
+ 21, {1} 8 | I +1;+2L Z]2Z
2 | II"+ 17 +2I, {1} 2
/ 9 2 + 21, (z/2Z)
(6.1) 3 Iy + 21 + 214 L)2Z
2 2 10 | Iig+ I+ 41, Z[AZ
i 2L+ 1y 222 | e o 4 | 7 X 23
b\ HI"+I§+Dh+ N |Z/22] — 311*2 1 (z/22)°
6 g+ Ir + AT Z/37Z =
18 + 12 1 / 13 26 + 46 Z/5Z

Since the involution ¢ acts as the identity on the Néron—Severi group of S; s,
there are no fibrations of type 3 on this K3 surface.

The fibration 13 in Table (6.1) is the one induced by the fibration £g, ; and it
has equation (4.2). By Section 5, the fibrations 5, 9, and 12 are induced by conic
bundles and their equations are (5.5), (5.4), and (5.1), respectively.

The other fibrations are induced either by generalized conic bundles or by split-
ting genus 1 pencils.

An elliptic fibration induced by a splitting genus 1 pencil corresponds to a fibra-
tion of genus 1 curves on a non-relatively minimal rational elliptic surface (that is,
this fibration admits (—1)-curves as components of some fibers). The original rela-
tively minimal rational elliptic surface Rs 5 can be recovered from this non-minimal
surface by blowing down some divisors. A different choice of divisors to blow-down,
namely the (—1)—curves which are components of the fibers of the splitting genus 1
pencil, gives us another rational elliptic surface on which the splitting genus 1 pencil
above corresponds to a relatively minimal elliptic fibration. Hence each fibration
given by a splitting genus 1 pencil is indeed induced by a rational elliptic surface
(different from Rs5) by a base change of order 2 whose branch locus consists of
10 curves. Considering the list of elliptic fibrations on S 5 given in Table 6.1 one
observes immediately that the fibrations 6, 10 and 11 could be of this type, i.e.,
they could be induced by splitting genus 1 pencils, (this is in fact proved in [4]).
Indeed they present some fibers which appear in pairs (each pair is good candidate
to be the inverse image of a unique fiber on the rational elliptic surface) and at
most two other fibers, which do not appear an even number of time, but which are
either of type I3, or of type IV*. These fibers are the one obtained by base change
of order 2 branched over I,, or I'V-fibers, so they could be the ramification fibers
of the base change. The others fibration in Table 6.1 have not the same properties,
thus can not be induced by rational elliptic surface by a base change of order 2. We
already observed that the fibration 13 is induced by the elliptic fibration on Rs 5
and that the fibrations 5, 9 and 12 are induced by conic bundles, so the fibrations
1,2, 3,4, 7, 8 are induced by generalized conic bundles.

6.1. Splitting genus 1 fibrations.

6.1.1. An example, the fibration 6. We give an example of splitting genus 1 pencil
of curves: we are looking for a fiber of type I;5 and it is given by
Wx = Qo+ +0P+0P + o)+ + o) + o + af) + 0P+
+Qs + 0 + o) + o + of) + o +olf) + o).
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Using (4.1), the class Wg := m,Wx is

(6.2)
2P+ E\+2G 1+ 01+ 2Ho+ Eo+2Go+-0s+2 B, o+ 2Fy+ Eg+2G 4+ ms+2Hs+ Es+2Gs+my =

Sh—2E,—2F\—2G1—4H | —FEy—2F;—Gy—Hy—2E3—4F3—2G3—2H3—Fy—F,—G4—2H,—2Eq, —Er,.

Since we know that the curves in the linear system described split in the double
cover, we can assume that the class Wg is both the push down and the geometric
image of a fiber of our fibration (i.e. m.(Wx) = n(Wx) = Wg).

This class is the strict transform on R of quintics in P2 with the following prop-
erties: they have a tacnode in )1 with principal tangent f5; they have a tacnode
in Q3 with principal tangent £3; they have a node in @Qs; the tangent in Q5 is mo;
the tangent in Q4 is my; they pass through T5.

This gives the following families of quintics

(6.3) — b:cg + bxéxl + bxéxz — 65031711’2 + 6$31‘%1’3 + em%x1x§+
(—=3b — e)xoxiri + brlxl + baias = 0.

This is the equation of the splitting genus 1 pencil that we are looking for. It
indeed corresponds to a pencil of curves of genus 1 parametrized by (b : e).

We now have to intersect the branch sextic given in equation (4.3) with (6.3).
The resultant of the polynomials (4.3) and (6.3) with respect to the variable x¢ is

fziZ:z:%Qb:s(:L’l — 932)4(932 + xl)Z(e + 2b).

We observe that all the solutions in (x1, 22) have even multiplicities, as is necessarily
if the double cover splits into two curves, isomorphic to the base curve, see [4,
Section 3]. More precisely, the curve splits after the base change of order two
branched in (b : e) = (0:1) and (b:e) = (1 : —2), cf. Lemma 6.2 below. In
order to write down explicitly the Weierstrass form of the elliptic fibration on X5 5
one first finds the rational elliptic fibration given by the splitting pencil of genus
1 curves (6.3), and then one performs the base change of order two. This can be
computed by any computer algebra system and it is

v =23+ Ab:e)z+ Bb:e),

where 23 . 5 1 1 1
Ab:e) = 2pt — ZbPe — Zb2e® + —be® — —et
(bre) = Jgb" = pble = ghoe + f5be” — ge
and
181 17 31 1 5 1 1
Bb:e):=——b5 — — e+ —pte? — —b3ed — et + —be® — ——¢5.
(b:e) S640 142 €T 288" ¢ TH1” ¢ Ts8” ¢ T 1™ T gea€

The discriminant of this rational elliptic fibration is
1
17}.179(6 + 2b)(e* — 5be + 13b?)
and the fibration has one fiber of type Iy and three other singular fibers, all of type
1.

Now we consider the base change of order 2 branched in (b:e) = (0: 1) and
(b:e)=(1:-2). It can be directly written as a map P(4. , — P(,,,, where b = 3
and e = —(32 + 28 + €2.

So we obtain a new elliptic fibration on S5 5 whose equation is

(6.4) v =2+ A(B:e)x+B'(B:e),



ELLIPTIC FIBRATIONS ON COVERS OF THE ELLIPTIC MODULAR SURFACE 21

Apie)i= %58 - %56(—62 +2fe+€%) — éﬁ“(—ﬁQ +2Be + €2)2+

BB 28+ )P = (1/48)(~5 + 2 + )*
and
B'(B:e€):=—(1/108)3"2—(5/9)8" e—(7/18)0*+(28/27) 37> +(7/12) 8%¢* — (11/12) B7° +
—(35/72)35€°4-(1/3) 35" +(5/24) 845 —(5/108) 33 — (1/18) 820 — (1/72) ' B—(1/864) 2.
The discriminant is

(1/16)'8(198* — 1433 — 36%€? + 48> + ') (e + B)°.

This fibration has a fiber of type Is, as expected, one fiber of type I (in (5 : €) =
(1:-1)), and four fibers of type I;. By construction this elliptic fibration exhibits
Ss,5 as the double cover of a rational elliptic surface with one fiber of type Iy and
three fibers of type I.

6.1.2. Splitting genus 1 fibration: an algorithm. The aim of this section is to gen-
eralize the previous construction to other splitting genus 1 pencils.
Setup. Let 7: V — P! be a K3 surface which is a double cover of a (not necessarily
minimal) rational elliptic surface R branched over two fibers. If H: R — ]P’%b:e) is a
splitting genus 1 pencil, then the induced elliptic fibration on V' comes via pullback
from a double cover P(y , — P{,. ). Hence given an equation for the fibration #,
it suffices to find the branch points of the map P%ﬁzs) — ]P’%b:e) in order to find the
Weierstrass equation for the elliptic fibration on V. We now explain how to do this
in general, when the branch curves and equations for H are given in P2

Assume that the equation of V as double cover of P? is given by w? = f3(zo : 21 :
x2)g3(xo : @1 : @2). Let h((zo : 1 : z2), (b : €)) be the equation of the pushforward
of a splitting genus 1 pencil from R to P2. The equation h is homogeneous of
some degree in the coordinate (zo : z1 : 22) on P? and linear in the coordinate
(b : e) of the base P! of the pencil. For every (b : e), the curve with equation
h((zg : 21 : z2),(b: e)) is of arithmetic genus 1.

Write Upeg Cy for the irreducible components of the branch curves f3gs = 0.
For D C P?, write multc, (D) for the multiplicity of the component Cj in D. Then
we have the following.

Lemma 6.2. A plane curve D ..y C P2 that is member of the pencil H is a branch
curve for the double cover

induced by the splitting genus 1 pencil if and only if there exists k € K such that
multc, (D(b:e)) # 0.

Proof. If D meets the branch curves transversely, it does so only in points of even
multiplicity, and so splits in the double cover as two disjoint elliptic curves. It
suffices, therefore, to show that if D contains at least one component Cj, the
support of the preimage of D under the 2 : 1 map 7: V — P? is connected. This
follows from the fact that the preimage of Cj is a double curve, the support of
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which maps isomorphically onto Cj, and so every component of 7*D must meet
this curve. ([

We will also make use of the following elementary fact. Let D;.e,) C P? be a
plane curve in the pencil H with equation h((zg : 1 : x2), (bo : €p)). Denote by
r((z1 : 22)(b : €)) the resultant of f3(zg : 1 : x2)gs(xo : 1 : x2) and A((xg : 21 :
x3), (b: €)) with respect to zo.

Lemma 6.3. The resultant r((x1 : x2)(b : €)) vanishes to order

{degC’k D (1:0:0) & Cy

= by, (D(bg:e)) -
> multe, (Dpyiey) (degCr—1) : (1:0:0) € Cy

%
at (b:e)=(bo:ep)-

Proof. This follows from the geometric description of the zeros of the resultant in
terms of projecting the scheme-theoretic intersection of h = 0 and f3gs = 0 from
the point (1:0:0). O

Writing ord s.c,) for the order of vanishing at (bg : €9), we may combine these
two Lemmas to show the following;:

Corollary 6.4. If ord,:c,) (r((ml s o) (b : e))) > 0, then the curve Dpy.cq) i5 @
branch curve for the double cover induced by the splitting genus 1 pencil.

If (1:0:0) & UrCy and D(p,.c,) is a branch curve for the double cover induced
by the splitting genus 1 pencil, then ord py.eo) (r((z1 : 22)(b: €))) > 0.

We can therefore determine the relevant branch points from the resultant. This
leads to the following algorithm.
Algorithm.

(1) Compute the resultant r((x1 : x2)(b : €)) of the two polynomials fs(xo :
21t @2)gs(xo : 21 : o) and h((zg : 21 : x2), (b : €)) in one variable, say .

(2) Observe that r((x1 : 22)(b : e)) = c1(b : e)ca(b : €)s((w1 : 22), (b : €))?,
where ¢;(b : e) are homogeneous polynomials each with a unique root,
denoted by (b; : e;). (If (1 : 0 : 0) is in the branch curves, it may be
necessary to change coordinates first.)

(3) Write the Weierstrass form of h((zo : z1 : x2),(b : €)), by applying the
standard transformations. This is the equation of a rational elliptic surface,
and the base of the fibration is ]P’%b:e).

(4) Consider the base change P(g. ) — P,y given by (b= (b1 /e1) + €, e =
B2 + (ea/by)€?) (cf. (4.4)). Substituting this base change in the previ-
ous Weierstrass equation, one finds the Weierstrass equation of the elliptic
fibration on the K3 surface V' whose base is P(lﬁze).

6.2. The elliptic fibrations on S5 5. In this section we want to describe all the
elliptic fibrations on S5 5 giving equations for each of them.

In [2] a model of S5 5 as a double cover of P? was given and the elliptic fibrations
induced by (generalized) conic bundles are already studied geometrically in that
context. Here we explicitly describe in our context both the fibrations induced by
generalized conic bundles and the ones induced by splitting genus 1 curves, giving
also a Weierstrass equation for each of them.
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6.2.1. Elliptic fibrations induced by splitting genus 1 pencils. The fibration 11 of
Table (6.1) is induced by the class of the fiber

My = Qo+ + o) + oV + Q1 + 0 + o) +of + o + o + o) + o
which is the class of a fiber of type I12. The curves le), leg, Qél), Qgi, Qil),
@3, and ng) are orthogonal to the components of the I1o-fiber and form a fiber
of type IV*. The classes 2, Q4, leg, QSS, Qfg, Qéli are sections of the elliptic
fibration induced by |M;|. We observe that there are 6 curves fixed by ¢ among the
components of the fiber of type I12 (the curves ng) for (¢,7) = (0,1), (1,1), (2,2),
(3,2), (4,2), (0,2)) and 4 among the components of the IV*-fiber (the curves ng)

for (i,7) = (3,1), (2,1), (4,1), (1,2)).
The push-down of the class M; is

3h—E1—Fl—G1—2H1—E2—2F2—G2—H2—E3—F3—G3—H3—ET1—ETz—E5

which corresponds to a pencil of cubics passing through @1 with tangent line /o,
through @9 with tangent line mq, through Qs, Er,, Er,, and Q5. The equation of
this pencil is

(6.5) b(xdx) — wox? + 23wg + 1123 — 20210) + e(zor 109 — TET2) = 0.

The Weierstrass form of the (rational) elliptic fibration associated to the pencil
(6.5) is

o 3 1(280% +4eb+e®)(2b+e)®  (3T6D" + 176eb® + 60e’D” + 8e3b + e*) (20 + ¢)?

y =2 13 x 864 :

whose discriminant is b°(31b% + 4eb + €?)(2b + €)*/16. This elliptic fibration has a
fiber of type Is on b =0 and one of type IV on (b:e) = (1:—2).
The fibration 10 of Table (6.1) is induced by the class of the fiber

Ms = Qo+ 1o+ 108 ol +of) 0+l + 0V 1+ +0% +0P +0f) +0f?,

which is the class of a fiber of type I16.
The push-down of the class M, is

4h—E1—Fl—Gl—2H1—EQ—FQ—QGQ—HQ—E3—2F3—Gg—H3—E4—2F4—G4—H4—2ET2—2E5

which corresponds to a pencil of quartics with bitangent lines I (in Q2 and Q4)

and I3 (in @ and Q3) and having two nodes in E7, and E5. The equation of this

pencil is

(6.6) bzé — 2bx§z1 + b:z:%x% — 2b$81‘2 + (3b+ 4e)z3x1x2 +(=b— 4e)z0x%x2+
exxo 4+ baled + (—b — 4e)zox 23 + 2exiri + exyay = 0.

Using the algorithm, we find the following Weierstrass equations for elliptic fi-
brations on S 5 induced by splitting genus 1 pencils.
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i elliptic fibrations

A= ZS P 50—+ 20 +€%) — g BB + 20 + )7+
+158%(— B2 + 2Be + €2)3 — (1/48)(— 52 + 2fe + €2)*
6 | B=—(1/108)p2 — (5/9)3e — (7/18) 302 + (28/27) %3 + (7/12)8%¢* — (11/12) 57>+

A = (1/16)B18(198* — 14p3%¢ — 332%€2 + 486> + €*) (e + B)?

—(35/72) 355 + (1/3)3%" + (5/24) B4e® — (5/108)5%¢° — (1/18)5%€'0 — (1/72)e'1 53 — (1/864)¢'?

A= —(24e* + pHB1/48, B = —(2166° + 365%* + 5%)31 /864

1 A = 12(27¢t + 8435 /16

A= (B8 +166*3% — 16¢%)/48, B = —(B* — 8¢*)(—8€® — 1665 + 3%) /864

10 A = €'%3%(2e — B)(2¢ + B)(4€> + *)/16

6.2.2. Elliptic fibrations induced by generalized conic bundles. Let us consider the
divisors:

Ny:o= 200 +4Q0 + 6957 + 500) + 40 + 308 + 208 Q§22 +300),
Ny: = 29(2) +400) + 69(2 + 5Q< @+ 49(2) + 39“’ + 200 { + 3Qo,
Ny: = Qo+Q)+Qi+03, +2<Q(1)+Q( )+Q(1)+Q( y
+ o+l + 0 + Qs+ P + o) + o) + 9(2) +0f),
Ny: = 0P +20 +3Q0 + 49“ +30() + 20V + af) + 20},
Ny: = 993) + Qo+ 0% + 0% 42 (Q“> + 0+ + o) + oY + ol + o + Qo + o).

The linear system |V;| induces the elliptic fibration number 4 of the Table (6.1),
indeed the divisor IN; corresponds to an elliptic fibration with a fibre of type IT%,
1T+ If,, 111*, 1§ if i = 1,2, 3,4, 8 respectively, so N3 (resp. Ng) corresponds to the
unique fibration in Table (6.1) with a fiber of type I3, (resp. I), i.e. the fibration 3
(resp. 8). A priori, N; could correspond either to the fibration 1 or to the fibration
2 (which are the fibrations which admit at least a fiber of type IT*). To distinguish
among these cases we consider the other reducible fibers: the curves orthogonal to
N; are th7 for h,j € {1,2,3,4}, h < j, Q,(Cl) for k =1,2,3,4, Q2 and Q4 and they
span the lattice .,E;, so N7 corresponds to the fibration 1 in Table (6.1); the curves
orthogonal to N, are Qg;, for h,j € {0,1,2,3,4}, h < j, Q,(cl) for k=1,2,3,4 and
Q2 and they span the lattice Dyg, so Ny corresponds to the fibration 2 in Table
(6.1).

Let us now consider the fibration N4. The fiber associated to N, is a fiber of
type II1*. The curves Q(l) and le) are sections of the fibration. The curves Qgi,
02, Qg,,z%, Q(Q) Qfg, 9(2 , @2, Q4 are orthogonal to Ny and are the components
of another ﬁber of type III*. This implies that |Ny| is the fibration 4 in Table
(6.1), and that the unique other reducible fiber is of type I}. The curves Qs, le),
Qfllg and Qg% are orthogonal to N4 and span a lattice isometric to Dy. So they are
components of the Ij-fiber in the fibration |N4|. A Ij-fiber has five components, four
of them are @3, 31), Q41§ and Qg127 the fifth component is another curve, say V;. So

that we have a special fiber of the fibration | N4|, which is 29(1)—1—9(1) (1)—|—Q3+Vl

Hence we can express the class of the curve V7 as Ny — (29(1) + Qi % + Q + Q3).
From this expression one can compute all the intersection numbers of V1 Wlth all
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the curves QF 482, and Q. One can also observe that since V; is a component of
a fiber of the fibration | Ny, it is orthogonal to all the components of the two other
reducible fibers of the same fibration, i.e. to the components of the I11*-fibers.

Let us now consider the class:

Ny o= 00 4ol 41+ 00 + 200 + Qo + 0 + 0 + 0@ + o)+
+ 0?40l + 0?4+ o)+ 0P + Qo+ 0 oy Q(l) + Q<1>)

It is the class of the elliptic fibration 7 in the Table (6.1) since it is the class of a
fiber of an elliptic fibration on S5 5 with a fiber of type I7;.

All the classes N;, for i = 1,2,3,4,7,8 considered above correspond to general-
ized conic bundles which can be written in the following way in terms of the classes
on R:

i (m(N3)) /2
1| 4h— (Ea+ Fy+ Ga + Ho) — (2FE5 + 3F3 + 3G3 + 2Hs) — 2(Ey + 2F, + G4 + Hy) — Eny,
2| 4h — (2E2 + 2F5 4+ 2Go + 3H2) — 2(E4 +2Fs+ G4+ H4) — (Eg +2F3+ G3 + H3) — E;5
3| 4h — (2E1 +2F; +2G1 + 3H1) —(BEs+ Fy+ Gy + 2H4) —2(Es+2F3+ Gs+ Hs) — E5
4 2h — (E1 + F1 + 2G1 + Hy) — (B3 + 2F3 + G5 + H3)
7 7h—3(E1 +F1+2Gl+H1)—(E2+2F2+G2+H2)+
—2(Ey +2Fy + G4+ Hy) — (4E3 + 6F3 + 4G5 + 5H3)
3 4h72(E+7F1+G1+H1)7(2E2+3F2+2G2+2H2)+
—(E4+2Fy + G4+ Hy) — (2E5 4+ 2F5 + 2G3 + 3Hs)
This allows to compute explicitly the equations of pencils of singular rational
curves in P? corresponding to our elliptic fibrations on Sj 5.

i pencils in P2
1] a(zg — 23z, + 31‘(2)331302 - 43683;2 + 6x523 — 31:055137% - 49603:% + xlxg + 23) + gror3Ts
2 n(zg — 223z + 232t + 7x0x1x2 - 3x1x0m2 — dzox] + 67323 — 8Tow123)+

+n(2x1x2 4552900 + 3x123 + 23) + m(lexzmo — 8x319)
3 f(=ad + 23120 + 2370 — 2323) + n(2d + 2327 — 23r0 — TOT173)
4 125 + 0 (1072 — T172)

TLox1 Lo (Lo — xo)(mg — 1) (22 — ToT2 + T172) —|— o(—x128 + 2worirs — 12287123+

‘ r
7 +7x3m%x§ — 8xoxlx2 + 6$0x1x2 3x0m1x2 + xo — 323 — 23x3rd — 3w i+

+10x3z 23 + 6w2x0 4952;100 + 3x2x1x0 + z3xd — 4x2x3)
3 s(mo — 2x0m1 + a:oxl + 3x0x1m2 — 33056%332 — 23303:2 + m%x% — xoxlxg)—i—

+t(—x32129 + 2T T + 2207175 — 2I22)

Now it remains to find the Weierstrass equations of the elliptic fibrations on
Ss,5 corresponding to the linear systems (m.(N;)/2) on R. In case 4, the curves
which are fibers of the conic bundle have degree 2, so we can directly apply the
first algorithm in Section 5.2. In cases 1,2,3, and 8 the curves are quartics which
satisfy condition (T) and so we may apply the second algorithm in Section 5.2. The
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rational parameterizations and induced Weierstrass equations are given by

(6.8)
i rational parameterization elliptic fibration
— 3 T _
. ;Co = tglgi ;255 ZQP A= —3a%* B =a"g5 +a°g"
1= - - - 10 10 2 2
A = —432 a(a— a+
ﬂiz:gpfaqp +gp7aqp2 g (a—g)*(a+g)
*o = :2:"‘ v ifgmf’ - Snmp A = 108m2n*(—n? + 384m?)
2 1= 2 pm pwnm;"f% b n? B = —432m®n®(n* — 576n2m? + 55296m*)
- - - _ 10 12 2 _ y- 2
o2 = —64m2p’ + 8nmp® + 64m>p® — Snmp? A = 570630428688384n'0m % (n? — 432m?)
— (3f6 — 18f5n +36f4n,2 — 24f3n3 — 3f2n4 +6fn5 — n6)~
fco—p(—np+fp+n)( np® + fp* + fp—n+ f) . ) 27(f —n)? o
3 =(p+ 1)( n+f)p (— np+fp+n) B = (9f° —54f%n 4+ 117f*n? — 108f%n® + 39f°n* — 6fn° + n).
2= (ond? 4 [0+ fp—m+ 1) 27n(f — n)®(3f% — 6fn + 2n?)
A = —8503056(n — 2f)(3n — 2f) f2(2n — f)2(n — f)'®
1 A=7%1+7)7? B=0,
A =47%1+7)°8
o = (p— 1)(sp+t)(tp? — sp — t) A= —27t%5%(s? + 4577 + t7)
8 T = sp2(tp2 —sp—t) B = —27t383(52 + 2t2)(2s4 + 852t — t4)
=(p—1)(—sp+tp—t)(sp+1t) A = 850305655t (s2 + 4t2)

The fibration induced by |N7| is the unique elliptic fibration on a K3 surface with
a fiber of type I, (which is a maximal fiber, since if a K3 surface admits an elliptic
fibration with this reducible fiber, then this is the unique reducible fiber). So it
suffices to know the equation of this elliptic fibration, which is classically known
[13, Theorem 1.2]. Hence for | N7| we only re-write here the known equation, a part
from the fact that we chose the parameters over IF’%T:J) in such a way that 4 fibers

of type I, are over the points (7 : 0) = ((£v/—26 £ 14i\/7)/4 : 1). These values
correspond to the septic in |N7| which are tangent to ms in a smooth point. We
therefore have equation:

(6.9)
A=r72(— 120 —(3/8)0 T —(15/2048)0 T —(9/262144) 6),

B = 130(—160% — (3/4)7%0% — (21/1024)0*74 — (35/131072)750> — (63/33554432) 8),
A= —(729/4503599627370496) 20(20480 + 527202 4+ 74).

We note that it is possible to obtain such an equation using our techniques.
Indeed one may find a rational parameterization of the septic plane curves of the
generalized conic bundle by rational cubic curves, and from there the computation
follows in the same way as above. We omit this computation here as the equation
is already in the literature.

7. THE K3 SURFACE X5 5 AND ITS ELLIPTIC FIBRATIONS

The K3 surface X 5 is very well-known and studied, in particular since its Néron—
Severi group allows to describe the moduli spaces of K3 surfaces with an elliptic
fibration with a 5-torsion section in terms of L-polarized K3 surfaces, see [5]. Indeed,
if a K3 surface admits an elliptic fibration with a 5-torsion section, then the lattice
U @ M has to be primitively embedded in its Néron—Severi lattice, where M is an
overlattice of index 5 of a root lattice. The lattice M is known to be an overlattice
of index 5 of A} and so the lattice U & M is isometric to the Néron—Severi lattice
of X5 5. Hence the moduli space of the K3 surfaces which are N.S(Xj5 5)-polarized
coincides with the moduli space of the K3 surfaces which admit an elliptic fibration
with a 5-torsion section.
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7.1. The list of all the elliptic fibrations. The transcendental lattice of X5 5
is known to be Tx ~ U @ U(5), see e.g. [3]. This allows to apply the Nishiyama
method in order to classify (at least lattice theoretically) the elliptic fibrations on
X55. This method is studied and applied in several papers, and we do not intend
to describe it in details. Here we just observe that we can apply the method using
Ay @ Ay as the lattice T, so that T is a negative-definite lattice with the same
discriminant form as the one of the transcendental lattice Tx and whose rank is
rank(7T") = rank(T'x ) +4. Then one has to find the primitive embeddings of A4 ® Ay
in the Niemeier lattice up to isometries, and this can be done by embedding T" into
the root lattice of the Niemeier lattices. The list of the Niemeier lattices and the
possible embeddings of root lattices in Niemeier lattices up to the Weyl group can
be found in [9] (see also [7]). In particular one has that A4 embeds primitively in
a unique way (up to the action of the Weyl group) in A,, for n > 4, in D,, for
m > 4, in B, for h = 6,7,8, see [9, Lemmas 4.2 and 4.3]. On the other hand
Ay & Ay has a primitive embedding in A, for n > 9, in D,, for m > 10, and
has no primitive embeddings in Ej, for h = 6,7,8, see [9, Lemma 4.5]. All these
primitive embeddings are unique with the exception of A4 & Ay < D1g, for which
there are two possible primitive embeddings, see [9, Page 325, just before Step 3].
The orthogonal complement of the embedded copy of A4 & A4 in the root lattice
of each Niemeier lattices is a lattice L which can be computed by [9, Corollary
4.4] and which encodes information about both the reducible fibers and the rank
of the Mordell-Weil group of the elliptic fibrations. In particular the root lattice
of L is the lattice spanned by the irreducible components of the reducible fibers
orthogonal to the zero section. More precise information on the sections can be
obtained by a deeper analysis of these embeddings, but this is outside the scope of
this paper. So in the following list we give the root lattice of the Niemeier lattice
that we are considering, the embeddings of A4 @ A4 in this root lattice, the root
lattices of the orthogonal complement, and in the last two columns the properties of
the associated elliptic fibration. This gives the complete list of the types of elliptic
fibrations on X5 5 :
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n° Niemeier

1 E3

2 Eg @ Dis

3 Es & D

4 E2 ® Do

5 E2 ® Dy

6 E2 ® Do

7 E2 & Dy

8 E; @ Ay

9 Er & Air
10 Doy

11 D12 ® D12
12 D12 @ D12
13 D}

14 Dy @& Ass
15 Dy ® Aqs
16 E}

17| Es ® D7 & Anx
18 | B¢ ® D7 @ Ay
19 | Es ® D7 @ Anr
20 | Es ® D7y ® A1y
21 D}

22 D¢ & A3

23 Dg & A2

24 D¢ & A3

25 D2 ® A2

26 D2 A2

27 D} ¢ A2

28 A3

29 Aoy

30 A2,

31 A2,

32 D, ® Al

33 Al

34 A

embedding(s)
A4CES A4CE8
A4CE8 A4CD16
Ay ® Ay C Dig
Ay C E7 Ay C By
Ay C E7 Ay C Dy
Ay ® Ay C Dyo
Ay @ Ay C Dyo
A4CE7 A4CA17
Ay ® Ay C Avr
Ay D Ay C Doy
Ay C Dig Ay C Dyo
Ay @Ay C Do
A4CD8 A4CD8
Ay C Dg Ay C Ags
Ay DAy C A
Ay C BEg Ay C Eg
Ay C Eg Ay C Dy
A4CE6 Ay C Ay
Ay C D7y Ay C A
Ay DAy C Al
Ay C Dg Ay C Dg
Ay C Dg Ay C Ag
Ay C Ag Ay C Ag
A4@A4CA9
Ay C D5 Ay C D
Ay C Dy Ay C Ay
Ay C Ay Ay C Ay
Ay C Ag Ay C Ag
Ay @ Ay C Agy
Ay C Aig Ay C Ay
Ay DAL C Arn
Ay C A5 Ay C As
Ay C Ag Ay C Ag
Ay C Ay Ay C Ay

roots orthogonal
Ay © Ay @ By
Ay @ D1y
FEs @ Dg
A2 @ Dy
E; @ A% @ D5

Ds® A3 @ As
Dy @ Aqo
Dy ® As
A2 9 E2
A3 @ Apq

A ®D; @ As

E¢ @ A2 0 Ag

Es® Dy & A

Dg
Ay @ Ag

De® Ay @ Ay

Dg @ Ag
A7

A;® D5 @ A
D} ¢ A2
A @ Ag

Ay
A7
Ay @ Ay
Dy ® A2
A2 @ AZ
Aj

singular fibers
s + I1* + 21,
Iy + I + 61,
IT* + If + 61,
Iy + It + 61,
[T + Is + I} + 51,
oIIT* + 61,
211T* + 614
Is+ 13+ 8
IIT* + Iy + 71
Iy + 81
oI% + 61,
It + 20, + 611
I; + 21, + 61,
I+ +7h
IX+Is+ 71
2y + 2IV* + 4l
31z + 112 + 61
Iy + It + I + 613
IV* 4 2Ly + I + 51,
IV*+ I3+ I, + 514
215 + 81
Is + o+ 91
I3 + 215 + 61,
I3+ Lo + 61,
2Is + 81,
Is+I7 + 13+ 61
OTF + 215 + 41,
204 + 19 + 714
Lis + 90
oIy + 81,
Is + s + 814
Iy + 216 + 61,
20y + 21, + 61,
Al + 4L

Observe that lines 6 and 7 correspond to the two different embeddings of A4 & Ay
in Djg. The K3 surface X5 5 is obtained as double cover of a rational surface
Rs5 5 branched on two smooth fibers, so there are no elliptic fibrations induced by

generalized conic bundles or by splitting genus 1 pencils, see [4].

So an elliptic

fibration on X5 5 is either induced by a conic bundle on Rs 5 or it is of type 3.
Putting together these considerations with the results of Sections 4 and 5, we
proved the following proposition.

Proposition 7.1. The elliptic fibrations on X5 5 are of 34 types, listed in Table
7.1. The fibration in line 34 of Table 7.1 is induced by Er and its equation is given
in Section 4.2.2; the fibrations of lines 22, 30 and 32 are induced by conic bundles
on Rs 5 and their equations are given in Section 5.3.2. The other fibrations on Xs 5

are of type 3.
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7.2. Fibration of type 3: an example, the fibration 26. The aim of this
section is to construct explicitly an example of an elliptic fibration of type 3 and to
discuss the geometry of the non complete linear system on P? which induces this
fibration.

The divisor

Dy = Q(()z,z) " Q(()l’l) 4200 + 2982,1) " Q(12,1) n Qf’l)

corresponds to the class of the fiber of a fibration which has one reducible fiber
of type I, thus |D;| is one of the fibrations 5,26,27 in Table (7.1). The curves
QY P Q,, Qs, Y, 0 oMY " are sections of the fibration [Ds|.
Assuming that Qéz’l) is the zero section there is fiber whose non trivial components
are 952’2), ng’z), Qu, 951’2), 951,2)7 ng), le’Q). So there is a fiber of type Ig and
|D1] is the fibration 26 in (7.1) and there is a fiber of type I3 whose non trivial
components are le’l), le’l).

Denoted by 7 : X55 — Rs 5, we have 7(Q;) = P; and W(ng’l)) = W(Ql(-j’Q)) =
@Z(»j), for 5 = 1,2 . In particular L(Q§j71)) = ng’Q), thus, ¢«(D1) # D; and indeed
Dy :=(Dy) is

Dy = QP + 0 +2Q, + 2007 + PP 4 o).

We observe that Q> Dy =0, Q5" D, =2, Q,D; =0, 9% D, =0,0*? D, =
1, %Dy =1, and thus DDy =04+2+0+0+1+1=4.

So D1 Dy = 4 and (D; + D5)? = 8. In particular a smooth member of the linear
system |D; + D3] is a curve of genus 5.

We are interested in the class of the curve w(D; + D3). By the projection
formula 7. (D + Ds) = 2m(D; + D3), so we are looking for . (Dy + D5). Since
7T(D1) = W(Dg), %W*(Dl + DQ) = W*(Dl) = ﬂ'*(DQ).

We recall that the map 7 restricted to ng’l) isal:1 map to @Ej), and similarly
the map 7 restricted to QEj’Q) isal:1map to @Ej). On the other hand the map 7
restricted to the sections ; is a 2 : 1 map to the section P;. So

m(D1) = 0 + 0" +4P,+207 + 07 + 67 = 30 +0 + 0 + 6" +4pP,.
Hence by (2.4)
7T*(D1) =3FE;+¥;+¥ly+mq +4F) =3h — Ey — Fy —EQ5 - Fy —2F, — F3 — F3,

which is the class of the strict transforms of cubics in P? passing through Q2, Qs,
Q4 with tangent /5, and Q5.
The equation of the cubics satisfying these properties is

(7.2)  azd +brdey + (—a — b)xox? + deiey+
exor1T9 + frizs + (—3a — 2d)woxs + (a — e — fz123 + (d + 2a)x3 = 0.

This equation depends on 5 parameters (4 projective parameters) and specializes
to equations of cubics which split on the double cover and induces elliptic fibrations
on X5’5.

The generic cubic ¢z as in equation (7.2) is a cubic in P2. We recall that X5 5
is the double cover of P? branched along the reducible sextic cg whose equation is
fagz = 0 for two cubics f3 and g3. So c3 and cg meet in 18 points in P? counted
with multiplicity. Recall that cg is singular at Q2, @3, Q4, and Q5 and in Q4, cg
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is the union of two cubics, both with tangent direction ¢5. Hence c3 intersects cg
in Q2, Q3, Qs with multiplicity 2, and in @4 with multiplicity 4. Outside these
points, ¢z and c¢g intersect in 18 — 2 — 2 — 2 — 4 = 8 points. The inverse image of
cs3 on X5 5 is a double cover of c3 branched in 8 points. Since generically c3 is a
smooth cubic in P2, it has genus 1 and then its inverse image on X5 5 has genus g
such that 2g — 2 = 2(0) + 8. So g = 5.

We already observed that cg is the union of two smooth cubics in P2, which
are the image of the branch curves of the double cover X5 5 — Rs5. Denoting by
b1 : f3 =0 and by := g3 = 0 these two cubics, c3 intersects by in nine points, five of
which are @2, @3, Q4 with tangent /5, and Q5. So c3 and by generically intersect
in four other points. In the case ¢3 splits in the double cover (which is the case in
which ¢z is the image both of D; and Ds), these four points are either one point
with multiplicity 4 or two points with multiplicity 2. The strict transform of by
(resp. by) on Rs 5 is a smooth fiber of the fibration on Rs 5 and its pullback to
X5 5 is a smooth fiber, denoted by B; (resp. Bg)l, of the fibration induced on X5 5
by the one on Rs5. Since a section of this fibration is Qo, B1Qo = B2Qo = 1,
Blﬂgk”) = 0 and thus D1By = D1By = DsB; = D3By = 2. In particular D; and
D, intersect in four points, two on B; and two on Bs. Considering the image of
these curves in P2, one realizes that if c3 is the image of Dy, then it intersects by
(resp. by) in two points each with multiplicity 2.

So, theoretically, in order to find the specializations of a curve c3 which is the
image of Dy, one has to require that the intersection c3 N by consists of the points
Q2, Q3, Q4 with tangent /5, and @5, and of two other points each with multiplicity
2.

As in the previous context one can compute the resultant between the equation
of the cubics c3 and the branch locus of the double cover X55 — P2, given in
(4.7). Since not all the curves in the linear system |c3| split in the double cover,
the resultant of the equation of c3 and the equation of the branch locus of X — P2
is not the square of a polynomial. Nevertheless one recognizes some factors with
even multiplicity (which correspond to the conditions that c3 passes with a certain
multiplicity through a certain base point of the pencil of cubics from which Rj 5
arises) and one can also observe that for certain choices of the values (a,d, e, f) the
resultant becomes a square. For examples one observes that for f = —a —d — e the
resultant with respect to x; is

23(xo — 22)%(zox2(em + am — a + dm) + x3(am + bm) — 23(d — 2a))?
(zoza(el +al —a+dl) + z3(al + bl) — 23(d — 2a))?

so in this case we know that the intersection between the generic member of |cg|
and the branch curve is always with even degree, which is the necessary condition
to have a splitting in any point.
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