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Two-loop renormalization of the electric charge in the standard model
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We discuss the renormalization of the electric charge at the two-loop level in the standard model of the
electroweak interactions. We explicitly calculate the expression of the complete on-shell two-loop counterterm
using the background field method and discuss the advantages of this computational approach. We consider the
related quantityê2(m), defined in theMS renormalization scheme and present numerical results for different
values of the scalem. We find that the full two-loop electroweak corrections contribute more than ten parts in
units 1025 to the Dâ(mz

2) parameter, obtainingâ21(mz)5128.1260.05 for Dahad
(5)(mz

2)50.027 572
60.000 359.
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I. INTRODUCTION

The very high experimental precision reached at
CERNe1e2 collider LEP and prospected at DESY TeV E
ergy Superconducting Linear Accelerator~TESLA! with the
GigaZ option requires a corresponding theoretical effort
provide accurate predictions. The inclusion of higher-or
effects and a very precise knowledge of the input parame
of the electroweak standard model~SM! are necessary ingre
dients of precision physics. Among the three basic input
rameters usually employed, namely,a, Gm , andmz , the fine
structure constant defined at zero momentum transfer,a~0!,
is the most precise one with a relative error of 3.7 parts
billion. However, for physics at high-momentum transf
such as physics at theZ resonance, the use of an effectiv
coupling defined at the relevant scale is more appropri
e.g., for theZ resonancea(mz) is more adequate thana~0!.

In pure QED the natural definition of an effective QE
coupling at the scaleAs,

a~s!5
a

12Da~s!
, ~1!

Da~s!54pa Re@Pgg~s!2Pgg~0!#, ~2!

is given in terms of the photon vacuum polarization functi
evaluated at different scales.

In the full SM, the Bosonic contribution to the photo
vacuum polarization at high-momentum transfer is, in g
eral, not gauge invariant. Thus it cannot be included in
sensible way in Eq.~1!. Equation~1! with only the Fermi-
onic contribution included is a good effective coupling at t
mz scale. However, for energy scales much higher thanmz ,
which will be tested by the future accelerators, an effect
QED coupling that takes into account also the Bosonic c
tributions can be considered.

A different definition of a QED effective coupling can b
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obtained by considering the modified minimal subtracti
(MS) QED coupling constant at the scalem defined by

â~m!5
a

11~2d̂e/e!
. ~3!

Equation~3! is expressed in terms of the finite part of th
on-shell electric charge counterterm~i.e., with the dimen-
sional regularization pole subtracted!, which is a gauge-
invariant quantity that includes both Fermionic and Boso
contributions. In the background field method~BFM!, as will
be discussed in detail in Sec. 3, the counterterm is given o
by the photon vacuum polarization diagrams, evaluated
q250. At the one-loop level the electric charge renormaliz
tion has been discussed in Refs.@1,2#.

In this paper we present explicit results for the elect
charge counterterm including all second-orderO(a2) elec-
troweak corrections. Our calculation is performed employ
the BFM framework. The issue of the two-loop renormaliz
tion of the electric charge in the SM was already addres
in the usualRj gauge quantization scheme by several pap
discussing the two-loop contributions to themW-mZ interde-
pendence@3#. Our calculation provides the necessary ing
dients to define and evaluate numerically the effective
rameter ê2(m), which is a fundamental quantity in a
precision tests of the SM.

The paper is structured in the following way. In Sec. II w
outline the calculation of the Thomson scattering amplitu
which allows us to define the electric charge counterte
and present the one-loop result in the SM. In Sec. III
discuss the main differences between the usualRj gauge
quantization scheme and the approach offered by the B
that makes manifest the possibility of a Dyson summat
also for the Bosonic contribution. In Sec. IV we present t
results of our calculation of the Thomson scattering am
tude at the two-loop level and comment on the checks
we made. In Sec. V we discuss in detail theMS parameter
©2004 The American Physical Society07-1
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FIG. 1. The diagrams of the Thomson
scattering.
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ê2(m), present numerical results for this parameter for d
ferent values of the scalem, and discuss the relevance atm
5mz of the contributions we have computed. Finally, w
comment on the variation of the 95% upper limit on t
Higgs boson mass induced by our new result onâ(mz).

II. STRUCTURE OF THE CALCULATION

The electric charge is defined in terms of Thomson sc
tering, namely of the scattering of a fermion off a photon
vanishingly small energy. The diagrams that describe
process in the SM can be depicted symbolically as in Fig

As is well known in pure QED, theg-Z mixing diagram
@Fig. 1~c!# is absent while the Ward-Takahashi identity e
sures the cancellation of the vertex contribution@Fig. 1~a!#
against the wave-function renormalization of the fermi
@Figs. 1~d! and ~e!# such that the relation between the ba
chargee0 and the conventional renormalized chargee can be
written, via Dyson summation, as

e25
e0

2

12e0
2Pgg

~ f !~0!
, ~4!

wherePgg
( f )(0) is the Fermionic QED vacuum-polarizatio

function evaluated atq250.
We write in general a vector boson (V) self-energy as

PVV
mn~q2!5AVV~q2!gmn1BVV~q2!qmqn, ~5!

employing the convention that the photon vacuum polari
tion function is related to the transverse part of its se
energy by

Agg~q2!5q2e0
2Pgg~q2!. ~6!

The discussion of the Thomson scattering in the full S
when the theory is quantized employing the conventio
linear Rj gauge-fixing procedure@4# differs from the QED
case. We recall that in theRj gauges the classical Lagrangia
is supplemented by a gauge fixing function of the form
07300
-
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l

LRj

g.f.52
1

2j
~Fg

21FZ
212F1F2!,

F65]mWm
67 i jmWf6,

FZ5]mZm2jmzx,

Fg5]mAm ~7!

that cancels, at the tree-level, the mixing between the ve
and scalar fields. In Eq.~7! f andx are the unphysical coun
terparts associated to theW andZ bosons.

In the SM the radiating fermion couples both to the ph
ton and theZ currents (Jg

m ,JZ
m), the latter via theg-Z mixing

diagram, Fig. 1~c!. Furthermore, the theory does not satisfy
QED-like Ward identity, namely the sum of diagrams Fig
1~a!, ~d!, and~e! does not add anymore to zero. Instead th
come out proportional to the third current of the weak is
spin J3

m[2(JZ
m1s2Jg

m) with s2[sin2 uW, so that the part of
J3

m proportional to theZ current cancels the contributio
coming from theg-Z mixing in order to obtain a result only
proportional to the photonic current. The final result is co
stituted by the total photon self-energy contribution~Fermi-
onic plus Bosonic1! plus the vertex part from diagrams@Figs.
1~a!, ~d!, and ~e!# proportional toJg

m . At the one-loop level
we have@1#

e25e0
2H 11e0

2Pgg
~ f !~0!2

7e0
2

8p2 F 1

n24
1 ln

mw

m
2

1

21
G J

[e0
2S 11

2de~1!

e
D , ~8!

wherede(1) is the on-shell one-loop electric charge count
term. In Eq.~8! the last term in the curly bracket represen
O(e0

2) Bosonic contributions to the charge renormalizati
and in thej51 Feynman gauge three out of the seven pa

1We classify as Fermionic any self-energy diagram that contain
least one Fermionic line while all the others are indicated
Bosonic.
7-2
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TWO-LOOP RENORMALIZATION OF THE ELECTRIC . . . PHYSICAL REVIEW D 69, 073007 ~2004!
come from the Bosonic contribution to the photon se
energy while the remaining four are from the vertex d
grams. In Eq.~8! n is the dimension of the space-time andm
is a rescaled ’t Hooft mass according to

m→ meg/2

~4p!1/2. ~9!

The factoreg/2(4p)21/2 is appended to the usual ’t Hoo
mass in order to cancel some numerical constants that a
artifact of dimensional regularization@5#. We notice that, be-
cause of the presence of nonvanishing vertex contribut
the possibility of a Dyson summation like Eq.~4! in the SM
with linear gauge fixing is not manifestly evident.

In general, the renormalization of the electric charge
the SM with linear gauge-fixing requires the evaluation
the full set of diagrams of Fig. 1 and beyond the one-lo
level it can become quite complicated although the anal
could be somewhat simplified with an appropriate use of
relevant Ward identity~see Sec. IV!. However, the problem
cannot be reduced to the calculation of just the pho
vacuum polarization as in pure QED because of the lack
QED-like Ward identity.

III. BACKGROUND-FIELD METHOD ANALYSIS

As is well known, in a gauge theory the choice of a gau
in order to quantize the theory can spoil in the intermedi
steps the original gauge symmetry of the Lagrangian tha
actually restored at the end when physical processes are
sidered. This is what actually happens when the SM is qu
tized with the linear gauge-fixing function of Eq.~7!. The
BFM @6,7# is a technique for quantizing gauge theories t
avoids the complete explicit breaking of the gauge symm
try. One of the salient features of this approach is that
fields are split into two components: a classical backgro
field V̂ and a quantum fieldV that appears only in the loops
The gauge-fixing procedure is achieved through a nonlin
term in the fields that breaks the gauge invariance only of
quantum part of the Lagrangian, preserving the gauge s
metry of the effective action with respect to the backgrou
fields. As a result, the background field Green functions
isfy simple QED-like Ward identities.

The application of the BFM to the SM was discussed
Ref. @8#. A suitable generalization of the gauge-fixing term
Eq. ~7! to the BFM that retains the gauge invariance of t
action under background field transformation can be writ
as @9#

LBFM
g.f. 52

1

2jQ
~Gg

21GZ
212G1G2!,

G65]mWm
67 i jQmWf66 i ~eÂm2gcẐm!Wm

6

6 i ~eAm2gcZm!Ŵm
67

i

2
gjQ@~Ĥ7 i x̂ !f6

2~H7 ix!f̂6#,
07300
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GZ5]mZm2jQmzx1 igc~Ŵm
1W2m2Wm

1Ŵ2m!

1 igjQ

c22s2

2cs
~f̂1f22f1f̂2!

1gjQ

1

2c
~ x̂H2Ĥx2vx!,

Gg5]mAm1 ie~Ŵm
1W2m2Wm

1Ŵ2m!

1 iejQ~f̂1f22f1f̂2!, ~10!

whereg is the SU~2! coupling,c[cosuW, jQ the quantum
gauge parameter, andH the physical Higgs field.

The invariance of the effective action under the relev
background gauge transformation of the background fie
allows us to write identities that have a simpler structure
the conventional Slavnov-Taylor identities and in general
not involve ghost fields. In particular, for the two- and thre
point functions involving the photon the following identitie
hold to all orders in perturbation theory:

qmGm
g f̄ f~q,p̄,p!52eQf@S f~ p̄!2S f~2p!#, ~11!

Bgg~0!50, ~12!

BgZ~0!50, ~13!

where Gm
g f̄ f is the three-point function photon-fermion

antifermion,S f is the fermion two-point function,q5 p̄1p
the photon momentum, andQf is the charge of the fermionf
in units e. Equation~11! is the usual QED Ward identity
Equations~11! and ~13! are not true in the conventionalRj

gauges, while Eq.~12! is valid at one loop but is spoiled b
higher-order corrections. From Eqs.~12! and ~13! and from
the analyticity properties of the two-point functions, it fo
lows that, to all orders,

Agg~0!50, ~14!

AgZ~0!50. ~15!

In theRj gauges Eq.~14! is valid at one loop, while Eq.~15!
does not hold. An important consequence of Eqs.~11!–~15!
is that in the SM, when the BFM is employed, the renorm
ization of the electric charge receives contributions o
from the photon vacuum polarization, analogously to QE
It follows that the relation between bare charge and
renormalized one can be written as in Eq.~4! and the Dyson
summation is justified not only for the QED part but for th
complete SM contribution. Therefore in the SM, the relati
betweene0 and e is obtained from Eq.~4! with Pgg

( f )(0)
replaced by the complete~Bosonic plus Fermionic! Pgg(0)
evaluated with the BFM Feynman rules for the SM. W
would like to stress that, differently from the convention
analysis in the standardRj gauge, the BFM approach make
manifest the possibility of the Dyson summation also for t
Bosonic part of the vacuum polarization function, a fact
ready discussed in Refs.@8,10#.
7-3
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IV. RESULTS

Before presenting the result for the two-loop contributi
to the vacuum polarization function we briefly discuss so
interesting aspects of a two-loop BFM calculation.

The presence of two different kinds of fields, the bac
ground and the quantum ones, requires the introduction
two different sets of Feynman rules, one for the quant
fields that are actually identical to conventional ones, a
one for vertices where at least one background field
present. Since the gauge-fixing term of Eq.~10! differs from
the conventional one, Eq.~7!, by terms that involve both
classical and quantum fields, the corresponding mixed ve
ces are modified. In particular, because Eq.~10! is quadratic
in the quantum fields, only vertices in which two quantu
fields are present can differ from the conventional ones, l
for example, theĝW1W2 vertex that acquires ajQ depen-
dence. Furthermore, the nonlinearity of the gauge-fix
function induces a modified ghost sector with respect to
linearRj gauges. In a two-loop calculation both sets of Fey
man rules are needed. In fact, in the case of the elec
charge, the external photon is a background field and cou
to the Bosonic particles running into the loop differen
from an internal photon, which instead should be regarde
a quantum field. A complete set of BFM Feynman rules c
be found in Ref.@8#.

The QED-like BFM identities simplify considerably th
renormalization procedure. Indeed, it is convenient to cho
a renormalization prescription that automatically respe
Eqs. ~11!–~15! and for our two-loop calculation this shoul
be enforced at the one-loop level. Possible subtleties of
implementation are only related to the Bosonic sector.
recall that in the one-loop diagrams, besides the fermions
which we employ the usual on-shell mass renormalizati
the particles that contribute to the Bosonic part of t
vacuum polarization,Pgg

(b)(0), are theW boson, its unphysi-
cal counterpart, and the charged ghosts, whose ma
squared aremW

2 andjQmW
2 , respectively. It is then clear tha

if we renormalize the masses of all these particles in
same way, namely employing the sameW mass counterterm
dmW

2 for all, Eqs. ~11!–~15!, that are satisfied at one-loop
will be automatically preserved under renormalization. T
choice corresponds to employing a gauge fixing funct
written in terms of bare parameters and fields. The tadp
contribution needs a detailed comment. We perform the s
dard tadpole subtraction, namely we choose the tadp
counterterm to cancel the complete one-loop tadpole co
bution. This induces an additional term in the mass coun
term of the unphysical scalar proportional to one-loop t
poles. This contribution is needed to restore a topology
two-loop diagrams canceled by our choice of the tadp
counterterm and does not invalidate the preservation of
QED-like Ward identity under our renormalization prescr
tion.

Several other prescriptions for the renormalization of
gauge fixing part and associated ghost sector are conc
able. In particular, one can add the gauge-fixing term to
renormalized Lagrangian, so that Eq.~10! is expressed in
terms of renormalized quantities. In this case, while the m
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of unphysical scalar is not renormalized, a part from t
tadpole contribution, the counterterm of the charged gh
mass becomes12 that of W boson. However, besides a cou
terterm for theW-f transition, several new contributions in
volving coupling and mass counterterms are induced du
the mismatch between the bare quantities appearing in
classical Lagrangian and the renormalized quantities in
gauge-fixing term. We have explicitly verified that the tw
procedures give the same result. Furthermore we have
explicitly verified the two identities, Eqs.~11! and ~15!, at
the two-loop level in the BFM Feynman gauge,jQ51.

The BFM allows us to write the relation between the ba
and renormalized electric charge as

e25
e0

2

12e0
2Pgg~0!

, ~16!

Pgg~0!5Pgg
~ f !~0!1Pgg

~b!~0!, ~17!

Pgg
~ f !~0!5Pgg

~1!~0!1Pgg
~p!~0!1Pgg

~5!~0!

5Pgg
~1!~0!1Pgg

~p!~0!1@Pgg
~5!~0!2RePgg

~5!~mZ
2!#

1RePgg
~5!~mZ

2!, ~18!

where the Fermionic contribution has been separated in
leptonic partPgg

(1) , a perturbative quark contributionPgg
(p) ,

and a nonperturbative one,Pgg
(5)(0). Thelatter, associated to

diagrams in which a light quark couples to a photon, can
related toDahad

(5)(mZ
2)[4pa@RePgg

(5)(mZ
2)2Pgg

(5)(0)# that can
be evaluated from the experimental data on the cross sec
e1e2→hadrons by using a dispersion relation2 while the
other term, RePgg

(5)(mZ
2), can be analyzed perturbatively. Th

top contribution to the vacuum polarization can be reliab
calculated in perturbation theory because of the large va
of the top mass. Similarly, two-loop diagrams in which
light quark couples internally to theW andZ bosons allow a
perturbative evaluation. These contributions together w
the top ones are collected inPgg

(p)(0).
We report here the one and two-loop irreducible pertur

tive contribution to the BFM photon vacuum polarizatio
function evaluated at zero-momentum transfer, with the o
loop result expressed in terms of the physical masses of
fermions and of theW boson. We express all the results
units 1/(16p2). The leptonic part is given by

Pgg
~1!~0!5

I l

~n24!
1(

l
H 4

3
lnS ml

2

m2D S 11
3a

4p
D 2

15a

4p

2
a

4ps2 F151

36
2

13

3
lnS mW

2

m2 D
1

1

c2 S 1

4
2s212s4D X3

2
22 lnS mZ

2

m2D CG J , ~19!

2For an alternative approach that evaluates directlyPgg
(5)(0) via an

unsubtracted dispersion relation, see Ref.@11#.
7-4
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whereml are the lepton masses.
The perturbative quark contributions, including QCD corrections, are given by (zt[mZ

2/mt
2, ht[mh

2/mt
2, tW[mt

2/mW
2 ),

Pgg
~p!~0!5

I p

~n24!
1

16

9
lnS mt

2

m2D S 11
as

p
1

a

3p
D 2

20as

3p
2

20a

9p

2Nc

a

4ps2
H 4~217140c2232c4!zt

2

243c2~241zt!
1

1081~24432800c21640c4!zt1~5732840c21672c4!zt
2

486c2~241zt!zt

1
4@7117zt240c2~21zt!132c4~21zt!#B0~mt

2,mt
2,mZ

2!

243c2

1

2@271~237240c2132c4!zt1~34280c2164c4!zt
2# lnS mt

2

m2D
243c2zt

1
2 ln~zt!

243c2~241zt!
2 @1261637zt2275zt

2134zt
3240c2~36120zt213zt

212zt
3!132c4~36120zt213zt

212zt
3!#

2

4@27240c2~221zt!132c4~221zt!18zt#fS zt

4
D

27c2~241zt!
2zt

1
4~241ht!B0~mh

2,mt
2,mt

2!

27c2zt

1
2~26211ht12ht

2!ln~ht!

27~241ht!ztc
2

1
~2528ht!

54ztc
2 2

~1024ht!

27ztc
2 lnS mt

2

m2D 1

4~211ht!fS ht

4
D

9~241ht!htztc
2 2

29

36
2

8

27tw

1
379

216
tW1

7

6
tW
2 2~ tW21!~21tW!

3S 7

6
B0~mW

2 ,0,mt
2!1

4

27tW

B0~mt
2,0,mW

2 !D 1
tW~2617tW263tW

2 !

54~ tW21!
ln~ tW!1

16292tW256tW
2 263tW

3

54tW

lnS mW
2

m2 D

1
1

c2 S 11

72
2

19

54
s21

35

81
s4D F324 lnS mZ

2

m2D G1
139

18
2

70

9
lnS mW

2

m2 D J , ~20!

where in the last line the perturbative contributions of the first five light quarks is collected.3

The light quark contribution RePgg
(5)(mZ

2) has been discussed in detail in Refs.@12,13#. For completeness we report th
result:

RePgg
~5!~mZ

2!5
I 5

~n24!
14(

qÞt
Qq

2F lnS mZ
2

m2D S 11
as

p
1

3a

4p
Qq

2D 2
5

3
1S as

p
1

3a

4p
Qq

2D S 4z~3!2
55

12
D G . ~21!

Finally, the terms of purely Bosonic origin are (hW[mh
2/mW

2 ):

3The bottom contribution includes only diagrams with theZ exchange.
073007-5
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Pgg
~b!~0!5

I b

~n24!
27 lnS mW

2

m2 D 1
2

3
2

a

4ps2
H 27hW

2 c4128hWc411092668s21888s42336s6

12c4 lnS mW
2

m2 D
1

~27hW
4 177hW

3 2322hW
2 1468hW172!

12~hW24!2 ln~hW!1
~10821047s212086s421356s61216s8!

12c4~124c2!
ln~c2!

2
7~hW

2 24hW112!

12
B0~mW

2 ,mh
2,mW

2 !1

3S 3hW2121
4

hW
D

2~hW24!2 fS hW

4
D

2
7~2991264s22212s4148s6!

12c4 B0~mW
2 ,mW

2 ,mZ
2!2

9c2~324s214s4!

2~124c2!
fS 1

4c2D 1
1

36c4~hW24!

3@21c4hW
3 2153c4hW

2 1hW~237913464s225404s412340s6!14~66424034s215689s422340s6!#J .

~22!
r

rm

ex-

e-
e it.
m-
s.
m-
al

n
t

l

The divergent parts ofPgg
( i ) denoted byI i ( i 5 l ,p,5,b) are, in

units 1/(16p2),

I l5(
l

F8

3
1

a

4ps2 S 4s21
13

3
1

1

2c2 ~124s218s4!D G ,

~23!

I p5NcF32

27
S 11

as

2p
1

a

6p
D

1
a

4ps2 S 2
13

18

mt
2

mW
2 1

2552318s21136s4

54c2 D G ,

~24!

I 55
44

9
S 21

as

p
D 1

35a

27p
, ~25!

I b52142
a

4ps2

1252128s2

6c2 . ~26!

In Eqs.~19!–~22! B0(s,m1 ,m2) is the real part of the scala
one-loop self-energy integral defined as

B0~s,m1 ,m2!52E dx ln
x2s2x~s1m12m2!1m1

m2

~27!

whose explicit expression can be found, e.g., in Ref.@14# and
07300
f~z!55
4A z

12z
Cl2~2 arcsinAz! 0,z<1

1

l F24Li2S 12l

2 D12 ln2S 12l

2 D
2 ln2~4z!1p2/3G z.1,

~28!

where Cl2(x)5Im Li2(eix) is the Clausen function andl
5A121/z.

The on-shell two-loop electric charge counterte
2de(2)/e is given by the two-loop contribution to the BFM
photon vacuum polarization function, namely the terms
plicitly proportional toa ~or as) in Eqs.~19!–~26!. We stress
that 2de(2)/e is a gauge invariant quantity that does not d
pend on the gauge fixing procedure employed to comput

To check our results we have computed the two-loop a
plitude to the Thomson scattering in two different way
First, we employed the BFM gauge-fixing procedure assu
ing jQ51. In this case the amplitude is directly proportion
to Jg through

MBFM
~2! 5

1

2q2 Agg
~2!~0!1

3

8q4 Agg
~1!~0!Agg

~1!~0!, ~29!

where the factors38 and 1
2 take into account the wave-functio

renormalization of the external photon and the superscrip~1,
2! indicates the loop order.

In the second case we have used the conventionaRj

gauge-fixing procedure withj51. In this case the vertex
7-6
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corrections are different from zero4 and give rise to two con-
tributions, proportional toJg and to JZ , respectively. Ac-
cordingly, the total amplitude is composed by two parts, o
proportional to the photonic currentMRj ,Jg

(2) and the other

proportional to theZ currentMRj ,JZ

(2) . Calling Vg,Jg

( i ) (Vg,JZ

( i ) )

( i 51,2) the part of the photon vertex proportional toJg
(JZ), analogously for theZ vertex we have

MRj ,Jg

~2! 5
1

2q2 Agg
~2!~0!1

21

2q2mZ
2 AgZ

~1!~0!AZg
~1!~0!

1
3

8q4 Agg
~1!~0!Agg

~1!~0!1Vg,Jg

~2! 1
1

2q2 Vg,Jg

~1! Agg
~1!~0!

1
21

mZ
2 VZ,Jg

~1! AZg
~1!~0!, ~30!

MRj ,JZ

~2! 5
21

mZ
2 AZg

~2!~0!1
21

2mZ
2q2

AZg
~1!~0!Agg

~1!~0!

1
1

~mZ
2!2

AZZ
~1!~0!AZg

~1!~0!1Vg,JZ

~2!

1
1

2q2 Vg,JZ

~1! Agg
~1!~0!1

21

mZ
2 VZ,JZ

~1! AZg
~1!~0!.

~31!

We have verified thatMBFM
(2) 5MRj ,Jg

(2) . To achieve this the

two-loop vertex correctionsVg,Jg

(2) are needed. To shortcut th

calculation one notices thatVg,Jg

(2) 51/s2Vg,JZ

(2) because the

photon vertex should be proportional toJ3 . The part of the
photon vertex proportional toJZ can be obtained from Eq
~31! since the conservation of the electric charge requ
MRj ,JZ

(2) 50. We recall that at the two-loop level, in th

’t Hooft-Feynman gauge, Eqs.~14! and~15! are not valid. In
fact, the two terms in

1

2q2 Agg
~2!~0!1

21

2mZ
2q2

AgZ
~1!~0!AZg

~1!~0! ~32!

show individually a 1/q2 pole whenq2→0. However, they
cancel each other so that the total amplitude is regula
q250.

V. PARAMETER ê2
„mZ…

The relation given by Eq.~16! allows us to determine on
of the fundamental parameters of theMS renormalization
scheme,ê2(mZ), i.e., theMS electric charge defined at sca
mZ . The MS renormalization procedure is defined as t
subtraction of pole terms of the form (n24)2m, wherem is

4We include in the vertex corrections also the wave funct
renormalization of the external fermions.
07300
e
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at

an integer>1, and the identification of the ’t Hooft param
eterm @actually the rescaled one of Eq.~9!# with the relevant
mass scale, in this casemZ . One can slightly modify this
basic procedure by implementing the decoupling of hea
particles @15,16#, namely by absorbing the contribution o
particles with mass greater thanmZ in the definition of
ê2(mZ), in particular the contribution ofmt . At the two-loop
level ê2(mZ) contains also a dependence onmh , whose 95%
C.I. direct search lower limit,mh.114.4 GeV, is greater
thanmZ . However, because both the top and the Higgs
partners of isodoublets, theirO(a2) decoupling requires a
specific matching procedure between the two theories ab
and below their mass values. In the present paper we do
implement the decoupling of heavy particles.

In order to obtain the relation betweenê2 and e2, one
writes e0

25ê2/Ẑe in Eq. ~16!, and uses the counterterm

present inẐe to cancel the (n24)21 terms in the regularized
but unrenormalized vacuum polarization functionPgg(0)
setting m5mZ in the explicit expressions@see Eqs.~19!–
~22!#. Without implementing any decoupling we have

Ẑe511
â

4p
~ I l1I t1I 51I b!

1

n24
~33!

so that

e25
ê2~mZ!

11~ â/a!Dâ~mZ
2!

, ~34!

with

Dâ~mZ
2!

524pa@P̂gg
~1!~0!1P̂gg

~p!~0!1P̂gg
~b!~0!#

1
a

p F55

27
1S 11âs~mZ

2!

9p
1

35â~mZ
2!

108p D S 55

12
24z~3! D G

1Dahad
~5!~mZ

2!, ~35!

where P̂gg
( i ) is the self-energy expression subtracted of

divergentI i /(n24) term withm set equal tomZ .
Equation~35! can be easily solved forê2, obtaining

ê2~mZ!5
e2

12Dâ~mZ
2!

. ~36!

The determination ofê2(mZ) requires the specification o
the hadronic contributionDahad

(5)(mZ
2). Several evaluations o

this important parameter have been presented over the la
years@17#. In our numerical analysis we use the recent d
termination by Jegerlehener@18#,

Dahad
~5!~mZ

2!50.027 57260.000 359, ~37!

that together with the following values~in GeV! for the fer-
mion massesme50.000 511, mm50.105 658, mt51.777,
mt5174.3, and for the gauge bosonsmZ591.187, mW

2

580.43 yield, for mh5150, Dâ(mZ
2)50.065 0560.000 36

corresponding toâ215128.12260.054.
7-7
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In Table I we present separately the various contributi
to Dâ(mZ

2). The perturbative contribution of the first fiv
light quarks has been indicated byPgg

(5)(0)uEW. The different
contributions are shown at the one- and at the two-loop le
In the latter case, the QED and QCD contributions w
already discussed in Ref.@16#. We have checked, in the lep
ton and in the top case, that the appropriate subset of
grams from our result reproduces the numbers presente
Ref. @16#. Concerning the two-loop EW diagrams involving
top quark, approximate results including all terms of ord
O(a2mt

2/mW
2 ) were already available@19# and could also be

reproduced.
The largest contributions are due to light fermions~lep-

tons and quarks! exchanging massive vector bosons and h
both positive sign. In contrast the two-loop purely Boson
diagrams have negative sign and are smaller in size. T
contribution grows, in absolute value, withmh but remains
always small: formh5400 GeV it reaches22.57 in units
1025. The top quark contributions deserve a detailed co
ment. The inclusion of the full two-loop EW correction
makes the result tiny, canceling to a large extent
O(a2mt

2/mW
2 ) part. In fact, the expansion of the two-loo

EW corrections in powers ofmt
2 is sensible asymptotically

@20# for very large values ofmt ; only in this regime, when
the top Yukawa coupling is much larger than the gauge c
plings, the termsO(a2mt

2/mW
2 ) are a good approximation o

the full results. In contrast, for realistic values ofmt , the
‘‘subleading’’ terms are as large as the leading ones and
not be neglected. The fact that a large cancellation occ
should be considered fortuitous.

TABLE I. Numerical results forDâ(mz
2), expressed in units

1025. The input parameters are specified in the text. Different p
turbative contributions are presented.

One loop
Two-loop

QCD
Two-loop

QED
Two-loop
EW full

Leptons 3529.2 7.66 10.18
Bosons 2140.7 21.79

Top 2133.7 8.66 0.19 0.08
Pgg

(5)(0)uEW 4.56

RePgg
(5)(mz

2) 473.4 22.39 20.04

Dahad
(5)(mz

2) 2757.2

Total 6485.4 6.27 7.81 13.03
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The size of the full two-loop EW results is more than t
parts in units 1025 and almost half of it is due to purely
electroweak effects. These results are comparable to the
given in the so-called ‘‘theory-driven’’ analyses o
Dahad

(5)(mZ
2) which yield, for instanceDahad

(5)(mZ
2)50.027 63

60.000 16@21#.
The gauge invariant inclusion of the Bosonic contrib

tions in the definition of the effective running coupling
relevant when we consider high-energy processes, like
ones that will be studied at the LHC or at TESLA. In Table
we present the value ofê2(m) for m5300, 500, 800, 1000
GeV. We employ the same value for the hadronic contrib
tions, i.e., Eq.~37!, and include the full one- and two-loo
results for the perturbative part.

VI. CONCLUSIONS

We presented the results of the calculation of the comp
two-loop electroweak corrections to the Thomson scatter
amplitude, which allowed us to fix the electric charge cou
terterm in the on-shell scheme.

We emphasized the advantages offered by the BFM
the quantization of the theory, both from the theoretical a
from the computational point of view. In particular, the BF
makes manifest the possibility of Dyson summation for t
complete photon vacuum polarization function.

We studied the effectiveMS coupling ê2(m) and evalu-
ated it numerically for different values of the scalem. In
particular, forê2(mZ), the effect of the two-loop EW correc
tions is twofold: ~i! they shift the central value and~ii ! re-
duce the theoretical perturbative uncertainty on its deter
nation, which is now pushed at the three-loop lev
Concerning the first point, the indirect Higgs boson ma
determination from a global fit to all electroweak precisi
observables is very sensitive to the precise input value
ê2(mZ). In fact, a variation of the central value ofê2(mZ) by
531025, that can be taken as the difference between
value ofê2(mZ) determined including the complete two-loo
electroweak corrections and that obtained including only
two-loop QED part, gives a reduction in the 95% upper lim
for the Higgs massO~6–8! GeV.
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r-
TABLE II. Numerical results, in units 1025 for Dâ(mz
2) for different values ofm. In the first column the

nonperturbative hadronic contributions is added to the one-loop results.

m @GeV# One loop1NP Two-loop QCD Two-loop EW full Total â21 ~m!

91.187 6485.42 6.27 13.03 6504.72 128.12260.054
300 6991.91 40.90 21.45 7054.26 127.36960.054
500 7209.15 55.75 25.05 7289.96 127.04660.054
800 7409.01 69.42 28.37 7506.81 126.74860.054

1000 7503.90 75.91 29.94 7609.76 126.60760.054
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