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ABSTRACT. This work deals with a system of interacting reinforced stochastic processes, where each
process X7 = (Xn,j)n is located at a vertex j of a finite weighted direct graph, and it can be interpreted
as the sequence of “actions” adopted by an agent j of the network. The interaction among the dynamics
of these processes depends on the weighted adjacency matrix W associated to the underlying graph:
indeed, the probability that an agent j chooses a certain action depends on its personal “inclination”
Zn,; and on the inclinations Z, 5, with h # j, of the other agents according to the entries of W. The
best known example of reinforced stochastic process is the Polya urn.
The present paper characterizes the asymptotic behavior of the weighted empirical means N, ; =
> w1 dn,kXk,j, proving their almost sure synchronization and some central limit theorems in the sense
of stable convergence. By means of a more sophisticated decomposition of the considered processes
adopted here, these findings complete and improve some asymptotic results for the personal inclinations
77 = (Zn,;)n and for the empirical means X’ = (3.7_, X&,;/n)n given in recent papers (e.g. [I, 2 [I8]).
Our work is motivated by the aim to understand how the different rates of convergence of the involved
stochastic processes combine and, from an applicative point of view, by the construction of confidence
intervals for the common limit inclination of the agents and of a test statistics to make inference on the
matrix W, based on the weighted empirical means. In particular, we answer a research question posed
in [1].
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works; Preferential Attachment; Weighted Empirical Means; Synchronization; Asymptotic Normality.
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1. FRAMEWORK, MODEL AND MOTIVATIONS

The stochastic evolution of systems composed by elements which interact among each other has
always been of great interest in several scientific fields. For example, economic and social sciences
deal with agents that take decisions under the influence of other agents. In social life, preferences
and beliefs are partly transmitted by means of various forms of social interaction and opinions are
driven by the tendency of individuals to become more similar when they interact. Hence, a collective
phenomenon, that we call “synchronization”, reflects the result of the interactions among different
individuals. The underlying idea is that individuals have opinions that change according to the influence
of other individuals giving rise to a sort of collective behavior.

In particular, there exists a growing interest in systems of interacting urn models (e.g. [3, 6] 9] 1T,
16l 20, 22, 26, 28], 31]) and their variants and generalizations (e.g. [1l 2, [I8]). Our work is placed in
the stream of this scientific literature. Specifically, it deals with the class of the so-called interacting
reinforced stochastic processes considered in [I}, 2] with a general network-based interaction and in [18]
with a mean-field interaction. Generally speaking, by reinforcement in a stochastic dynamics we mean
any mechanism for which the probability that a given event occurs has an increasing dependence on
the number of times that the same event occurred in the past. This “reinforcement mechanism?”, also
known as “preferential attachment rule” or “Rich get richer rule” or “Matthew effect”, is a key feature
governing the dynamics of many biological, economic and social systems (see, e.g. [32]). The best known
example of reinforced stochastic process is the standard Eggenberger-Polya urn [21], 29], which has been
widely studied and generalized (some recent variants can be found in [4], Bl 8, 10} 12] 14, 23| 24, 27]).

A Reinforced Stochastic Process (RSP) can be defined as a stochastic process in which, along the
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time-steps, an agent performs an action chosen in the set {0,1} in such a way that the probability of
adopting “action 1”7 at a certain time-step has an increasing dependence on the number of times that the
agent adopted “action 1”7 in the previous actions. Formally, it is a stochastic process X = {X,, : n > 1}
taking values in {0, 1} and such that

(1) P(Xp41 =12, X1,...., Xp) = Zp s
with
(2) Ly = (1 - Tnfl)anl + rnlena

where Zj is a random variable with values in [0, 1], F, := 0(Zp) Vo (X : 1 <k <mn) and (rp)p>0 is a
sequence of real numbers in (0, 1) such that

(3) limn'r, =¢>0 with 1/2 <~y < 1.
n

(We refer to [18] for a discussion on the case 0 < v < 1/2, for which there is a different asymptotic
behavior of the model that is out of the scope of this research work.) The process X describes the
sequence of actions along the time-steps and, if at time-step n, the “action 1”7 has taken place, that is
X, =1, then for “action 1” the probability of occurrence at time-step (n+ 1) increases. Therefore, the
larger Z,_1, the higher the probability of having X,, = 1 and so the higher the probability of having
Zy, greater than Z, 1. This means the larger the number of times in which X; = 1 with 1 < k < n,
the higher the probability Z, of observing X,,+1 = 1.

As told before, the best known example of reinforced stochastic process is the standard Eggenberger-
Polya urn, where an urn contains a red and b white balls and, at each discrete time, a ball is drawn
out from the urn and then it is put again inside the urn together with one additional ball of the same
color. In this case, we have

z, = A E ka1 Xi
a+b+n

It is immediate to verify that

0= and  Z,y1 = (1 —1p)Zn + raXng1
with r, = (a+b+n+1)"tand soy =c = 1.

In the present work we are interested in the analysis of a system of N > 2 interacting reinforced
stochastic processes {X7 = (Xnj)n>1 0 1 < j < N} positioned at the vertices of a weighted directed
graph G = (V, E, W), where V := {1,..., N} denotes the set of vertices, ECV x V the set of edges
and W = [wp, j|n jevxyv the weighted adjacency matrix with wp ; > 0 for each pair of vertices. The
presence of the edge (h,j) € E indicates a “direct influence” that the vertex h has on the vertex j
and it corresponds to a strictly positive element wy, ; of W, that represents a weight quantifying this
influence. We assume the weights to be normalized so that Zfzvzl wp; = 1 for each j € V. The
interaction between the processes {X7 : j € V'} is explicitly inserted in Equation and it is modeled
as follows: for any n > 0, the random variables {X,,;1; : j € V} are conditionally independent given
Fn with

N
(4) P(Xnt1j=11Fn) =Y wnjZun = wjiZnj+ Y wh;Znn,

h=1 htj
where F, ;= 0(Zop:heV)Vo(Xy,;:1<k<n,jeV)and, for each h € V, the evolution dynamics
of the single process (Zy, 1 )n>0 is the same as in (2)), that is

(5) Zn,h = (1 - 74n—1)Zn—1,h + Tn—an,h 5

with Zy j, a random variable taking values in [0, 1] and (74,)n>0 a sequence of real numbers in (0, 1) such
that condition holds true.

As an example, we can imagine that G = (V, E) represents a network of N individuals that at each
time-step have to make a choice between two possible actions {0,1}. For any n > 1, the random
variables {X,, ; : j € V'} take values in {0,1} and they describe the actions adopted by the agents of
the network along the time-steps; while each random variable Z,, ;, takes values in [0, 1] and it can be
interpreted as the “personal inclination” of the agent h of adopting “action 1”. Thus, the probability
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that the agent j adopts “action 1”7 at time-step (n + 1) is given by a convex combination of j’s own
inclination and the inclination of the other agents at time-step n, according to the “influence-weights”
wp,j as in . Note that, from a mathematical point of view, we can have w;; # 0 or w;; = 0. In
both cases we have a reinforcement mechanism for the personal inclinations of the agents: indeed, by
(5), whenever X, ;, = 1, we have a positive increment in the personal inclination of the agent h, that
is Zyn > Zp—1,n- However, only in the case wj; > 0, this fact results in a greater probability of having
Xn41,; = 1 according to . Therefore, if wj; > 0, then we have a “true self-reinforcing” mechanism;
while, in the opposite case, we have a reinforcement property only in the own inclination of the single
agent, but this does not affect the probability .

The literature [2, [I8], 16, 20] focus on the asymptotic behavior of the stochastic processes of the
personal inclinations {Z7 = (Z,;)n : j € V} of the agents; while [I] studies the average of times

in which the agents adopt “action 1”7, i.e. the stochastic processes of the empirical means {Yil =
(L3 Xkj)n t j € V). The results given in [I], together with the resulting statistical tools, repre-
sent a great improvement in any area of application, since the “actions” X, ; adopted by the agents of
the network are much more likely to be observed than their personal inclinations Z,, ; of adopting these
actions. More specifically, in that paper, under suitable assumptions, it is proved that all the empirical
means converge almost surely to the same limit random variable (almost sure synchronization), which
is also the common limit random variable of the stochastic processes Z7 = (Znj)n, say Zso. Moreover,
some Central Limit Theorems (CLTSs) for the empirical means hold true and they lead to the construc-
tion of asymptotic confidence intervals for the common limit random variable Z,, and of a statistical
test to make inference on the weighted adjacency matrix W of the network in the case v = 1.

In the present paper, we continue in this direction: indeed, we not only extend the results obtained
in [I] for the empirical means to the “weighted empirical means”, but, using a more sophisticated
decomposition, we obtain two improvements: first, we here handle the two cases, v < 1 and v = 1,
in the same way (while in [I] we use two different arguments) and, second, we here solve a research
question posed in [I] and, consequently, we succeed in constructing a test statistics to make inference
on the weighted adjacency matrix W of the network for all values of the model parameters (not only
in the case v = 1). More precisely, in this paper we focus on the weighted average of times in which
the agents adopt “action 17, i.e. we study the stochastic processes of the weighted empirical means
{NJ = (Nyj)n: j € V} defined, for each j € V, as Nj := 0 and, for any n > 1,

n
a
(6) NTL,] = anrkaJ 5 Where Qn,k ==
k=1 2121 aj

with (ag)r>1 a suitable sequence of strictly positive real numbers. Since Y ;_; gnx = 1, we have the
relation

n—1 Zn_l ay n—1

G Xy, = S=L— In-1kXkj | = (1= qnn)No—1j
Sia

k=1 =19\ 5

and so we get

(7) Nn,j = (1 - Qn,n) Nn—l,j + Qn,an,j-

Note that this framework includes as special case the process of the standard empirical means studied
in [1], which corresponds to the case a = 1 for any k£ > 1 (and hence ¢, = 1/n for any 1 < k < n).
Furthermore, the above dynamics , and @ can be expressed in a compact form, using the random
vectors X, = (Xp1,... ,Xn,N)—r forn > 1, Ny, == (Np1,... ,Nn,]\/)—r and Zy, == (21, .. .,ZmN)—r for
n >0, as

(8) E[Xpi1|F] = W' Zy,

where W T1 = 1 by the normalization of the weights, and

{Zn = (1_Tn—1)zn—1 + o1 Xy,

9
( ) Nn = (1_Qn,n) Nn—l + Qn,an-

Under suitable assumptions, we prove the almost sure synchronization of the stochastic processes N7 =
(Npj)n, with j € V, toward the same limit random variable Z.,, which is the common limit random
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variable of the stochastic processes Z7 = (Z, j), and we provide some CLTs in the sense of stable
convergence. In particular, we assume

(10) limn”gnpn =¢q¢ >0 with 1/2 <v <1
n

and the asymptotic covariances in the provided CLTs depend on the random variable Z,,, on the
eigen-structure of the weighted adjacency matrix W and on the parameters v, ¢ and v, ¢ governing
the asymptotic behavior of the sequence (ry,), and (gnn)n, respectively. We also discuss the possible
statistical applications of these convergence results: asymptotic confidence intervals for the common
limit random variable Z,, and test statistics to make inference on the weighted adjacency matrix W of
the network. In particular, as said before, we obtain a statistical test on the matrix W for all values
of the model parameters (not only in the case v = v = ¢ = 1 as in [I]). Moreover, our results give a
hint regarding a possible “optimal choice” of v and ¢ and so point out the advantages of employing the
weighted empirical means with v < 1, instead of the simple empirical means.

Finally, we point out that the existence of joint central limit theorems for the pair (Z,,N,,) is not
obvious because the “discount factors” in the dynamics of the increments (Z, — Z,,—1), and (N, —
N, —1)n are generally different. Indeed, as shown in @D, these two stochastic processes follow the
dynamics

(11> {Zn_znl = Tn-1 (Xn_znfl)v

Nn - anl = Q4nn (Xn - anl) )

and so, when we assume v # +, it could be surprising that in some cases there exists a common conver-
gence rate for the pair (Z,,N,,). It is worthwhile to note that dynamics similar to have already
been considered in the Stochastic Approximation literature. Specifically, in [30] the authors established
a CLT for a pair of recursive procedures having two different step-sizes. However, this result does not
apply to our situation. Indeed, the covariance matrices ¥, and ¥y in their main result (Theorem 1)
are deterministic, while the asymptotic covariance matrices in our CLTs are random (as said before,
they depend on the random variable Z.,). This is why we do not use the simple convergence in distri-
bution, but we employ the notion of stable convergence, which is, among other things, essential for the
considered statistical applications. Moreover in [30], the authors find two different convergence rates,
depending on the two different step-sizes, while, as already said, we find a common convergence rate
also in some cases with v # ~.

Summing up, this work complete the convergence results obtained in [I 2] for the stochastic pro-

cesses of the personal inclinations Z7 = (Zn’j)n and of the empirical means X’ = (ij)n, and it extend
them to the weighted empirical means N7 = (N, j),. However the main focus here concerns the new
decomposition employed for the analysis of the asymptotic behavior of the pair (Z,, N, ), that, among
other things, allows us to solve the research question arisen in [I] regarding the statistical test on W
in the case 7 < 1. Thus, in what follows, we will go fast on the point in common with [Il 2], while we
concentrate on the novelties.

The rest of the paper is organized as follows. In Section [2| we describe the notation and the assump-
tions used along the paper. In Section [8] and Section [] we illustrate our main results and we discuss
some possible statistical applications. An interesting example of interacting system is also provided
in order to clarify the statement of the theorems and the related comments. Section [§ and Section [6]
contain the proofs or the main steps of the proofs of our results, while the technical details have been
gathered in the appendix. In particular, Subsection [5.2| contains the main ingredient of the proofs of
the CLTSs, that is a suitable decomposition of the joint stochastic process (Z,,N,). Finally, for the
reader’s convenience, the appendix also supplies a brief review on the notion of stable convergence and
its variants (e.g. see [13] [15], 17, 25] 33]).

2. NOTATION AND ASSUMPTIONS

Throughout all the paper, we will assume N > 2 and adopt the same notation used in [I, 2]. In
particular, we denote by Re(z), Zm(z), Z and |z| the real part, the imaginary part, the conjugate and
the modulus of a complex number z. Then, for a matrix A with complex elements, we let A and AT be
its conjugate and its transpose, while we indicate by |A| the sum of the modulus of its elements. The
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identity matrix is denoted by I, independently of its dimension that will be clear from the context. The
spectrum of A, i.e. the set of all the eigenvalues of A repeated with their multiplicity, is denoted by
Sp(A), while its sub-set containing the eigenvalues with maximum real part is denoted by Apax(A), i.e.
A* € Amax(A) whenever Re(A*) = max{Re(\) : A € Sp(A)}. The notation diag(ai,...,aq) indicates
the diagonal matrix of dimension d with diagonal elements a1, ...,aq. Finally, we consider any vector
v as a matrix with only one column (so that all the above notations apply to v) and we indicate by
|v|| its norm, i.e. ||v||> = ¥ v. The vectors and the matrices whose elements are all ones or zeros are
denoted by 1 and 0, respectively, independently of their dimension that will be clear from the context.

For the matrix W we make the following assumption:

Assumption 2.1. The weighted adjacency matrix W is irreducible and diagonalizable.

The irreducibility of W reflects a situation in which all the vertices are connected among each others
and hence there are no sub-systems with independent dynamics (see [2, [3] for further details). The
diagonalizability of W allows us to find a non-singular matrix U such that ﬁTW(ﬁ T~1is diagonal with
complex elements A\; € Sp(W). Notice that each column u; of U is a left eigenvector of W associated
to the eigenvalue A;. Without loss of generality, we take ||u;|| = 1. Moreover, when the multiplicity of
some \; is bigger than one, we set the corresponding eigenvectors to be orthogonal. Then, if we define

V= (ﬁ T)~1, we have that each column v; of Visa right eigenvector of W associated to the eigenvalue
A; such that

(12) u;r v; =1, and u, v; =0, Vh#j.

These constraints combined with the above assumptions on W (precisely, wy, ; > 0, W1 =1 and the
irreducibility) imply, by Frobenius-Perron Theorem, that \; := 1 is an eigenvalue of W with multiplicity
one, Apmax(W) = {1} and

(13) w=N"121  N21Tvi=1  and v i=[vy]; >0 V1< <N

Moreover, we recall the relation

N
(14) > uv) =1
j=1

Finally, we set a; :== 1 — \; € C for each j > 2, i.e. for each A; belonging to Sp(W) \ {1}, and we
denote by \* an eigenvalue belonging to Sp(W) \ {1} such that

Re(N*) = max {Re(\;) : A\j € Sp(W) \ {1}}.

Throughout all the paper, we assume that the two sequences (ry,)n>0 and (gnn)n>1, which appear
in (9)), satisfy the following assumption:

Assumption 2.2. There exist real constants v,v € (1/2,1] and ¢,q > 0 such that

c 1 q 1
(15) Tn—1 = H + 0 (7127> and Gnn = W +0 <n?1/> .

In particular, it follows

limn’r, =c>0 and limn” gy =q > 0.
n n

The following remark will be useful for a certain proof in the sequel.

Remark 2.1. Recalling that ¢, , = a,/ Zl":l a;, the second relation in implies that Z:Z’i an =
+oc. Indeed, the above relation together with 3% a,, = ¢ < 400 entails a,, = ¢fn™" + O(n"?) and

so, since v < 1, S

n—1 @n = +00, which is a contradiction.

In the special case considered in [I], where the random variables N, ; correspond to the standard
empirical means (a, = 1 for each n), we have v = 1 and ¢ = 1. Other possible choices are the following:
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e >0 a; =n® with § > 0, which brings to

an =n° — (n—1)°

and . 5
wm=1—=—=1—(1——| =dn""+0(n"°),
an, ST W - (n™7)

so that we have v =1 and ¢ = 6 > 0;

e > a; = exp(bn’®) with b > 0 and § € (0,1/2), which brings to
an = exp(bn®) — exp(b(n — 1)°)

and

SIS a 5.8
=1 =LY 1 exp b ((n— 1) —
i, Do @ P [ <(n ) " )}

= bn’ (1 - (1- n_1)5> +0 <n25(1 —(1- n_l)‘s)z) = bn’ (5n_1 + O(n_Z)) + O(n_@_%))

= b0n" 179 £ O(n=%9) 4 O(n= 329y = pon= 179 4 O(n=20-9),

so that v = (1 —9) € (1/2,1) and ¢ = b6 > 0.
To ease the notation, we set 7,1 := en™ and @y := gn~", so that condition can be rewritten

as
Tp—1="np_1+0 (nz'Y) and fnn = non <n2y) .

For the CLTs provided in the sequel, we make also the following assumption:

Assumption 2.3. When v = 1, we assume the condition c > 1/[2(1-Re(\*))], i.e Re(A*) < 1—(2¢)~ L.
When v = 1, we assume q > 1/2.

Note that in Assumption condition for the sequence (ry), is slightly more restrictive than
the one assumed in [I}, 2]. However, it is always verified in the applicative contexts we have in mind.
The reason behind this choice is that we want to avoid some technical complications in order to focus
on the differences brought by the use of the weighted empirical means, specially on the relationship
between the pair (v,r) and the asymptotic behaviors of the considered stochastic processes. For the
same reason, in the CLTs for the case v = =, we add also the following assumption:

(16) qFcojVji>2.

We think that this condition is not necessary. Indeed, if there exists j > 2 such that ¢ = cay,
we conjecture that our proofs still work (but changing the asymptotic expression adopted for a certain
quantity, see the proof of Lemma and they lead to exactly the same asymptotic covariances provided
in the CLTs under the above condition . Our conjecture is motivated by the fact that this is what
happens in [I] for the simple empirical means. Moreover, the expressions obtained for the asymptotic
covariances in the following CLTs do not require condition . However, as told before, we do not
want to make the following proofs even heavier and so, when v = ~, we will work under condition ((16)).

3. MAIN RESULTS ON THE JOINT STOCHASTIC PROCESS

The first achievement concerns the almost sure synchronization of all the involved stochastic pro-
cesses, that is

(17) Y, = (I%I") L% oo,
n
where Z, is a random variable with values in [0, 1]. This fact means that all the stochastic processes
Z) = (Zynj)n and N7 = (N ;)n positioned at different vertices j € V' of the graph converge almost
surely to the same random variable Z.
The synchronization for the first component of Y, that is

(18) Yo =Z, 25 Z, 1,
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is the result contained in [2, Theorem 3.1], while for the second component, we prove in the present
work the following result:

Theorem 3.1. Under Assumptions and[2.3, we have
(19) Yoo =N, &5 Z 1.

Regarding the distribution of Z,, we recall that [2, Theorems 3.5 and 3.6] state the following two
properties:

(i) P(Zs = 2z) =0 for any z € (0,1).
(ii) If we have P(N)_,{Zo; = 0}) + P(N{Z0; = 1}) <1, then P(0 < Zy < 1) > 0.

In particular, these facts entail that the asymptotic covariances in the following CLTs are “truly”
random. Indeed, their random part Z. (1 — Z) is different from zero with probability greater than
zero and almost surely different from a constant in (0, 1).

Furthermore, it is interesting to note that the almost sure synchronization holds true without any
assumptions on the initial configuration Zg and for any choice of the weighted adjacency matrix W with
the required assumptions. Finally, note that the synchronization is induced along time independently
of the fixed size N of the network, and so it does not require a large-scale limit (i.e. the limit for
N — 400), which is usual in statistical mechanics for the study of interacting particle systems.

Regarding the convergence rate and the second-order asymptotic distribution of (Y, — Zx1), setting
for each v € (1/2,1]

1
(20) Yo = nuu<{2,27-—1} €[1/2,1],
2.2
21 £, =117 with 52— e
and
(22) U=(w w .. uy)=(N"121 U) withU:=(uy .. uy),

we obtain the following result:

Theorem 3.2. Under all the assumptions stated in Section[3, the following statements hold true:
(a) If 1/2 < v < 7y, then

0 0
(23) (Y, — Zool)— J\/( 0, Zoo(l1—-Zy) (0 ﬁS(q)ﬁT> > stably,
’LUh€7"€, fOT 1 S j17j2 g N7
q
(24) (S5 1= §VjT1Vj2 :

(b) If vo < v < 1, then
(25) W73 (Y — Zool)—s N( 0, Zoo(l — Zoo)S, ) stably.

(c) If v =70 <1, then
PV = 0 0
(26) n72(Yy — Zol)—N (0, Zoo(1 - Zs) [ 24 + 0 TS@iT stably,

where SO is the same matriz defined in (a) by (24).
(d) Ifv =7 =1 (that isv =~ = 1), then

- ﬁSIIﬁT (7512ﬁ'l'
(27) VY, — Zoo1)—N <0 s Zoo(l— Zoo) (21 + <(~],5’21[7T ﬁSQQﬁT>)> stably,



8 G. ALETTI, 1. CRIMALDI, AND A. GHIGLIETTI
where S = (ST and, for 2 < j1,j2,j < N,

(S =[S0 = [SY]y, = 0,
'ijm

11 c?
[S ]jlj? = C(ajl ¥ Oljg) — 1V31
(S = [y, = 0,

(S12),1 = c(g—c) v]lvi,

cq(caj, +c—1) T
812 I J1 1 -
[ ]31]2 (Cajl + cay, — 1)(caj1 tq— 1)VJ1V32

[522]11 — (q — C)2

2
vl

gg—c)(c+q-1) 7
Vv, Vi,
(caj+q—1)(2¢—1) "’
263(aj1 + ajz) + QCQq(Ozlesz +1) - CQ(ajlajz +aj +aj, + 2) viv
(2q — 1)(c(aj, +aj) = L)(caj, +q—1)(cay, +¢-1) 77
s clg— Doy tap) - @etg-Dg-1)
(2 — 1)(e(ey, +azy) = D(cay, +q—1)(cag, +q—1) 777

(e) If yo <v =1, then

[9%]j1 = [9%]15 =

[S22]j1j2 = q

+q

(28) nV_%(Yn — Zsol)— N( 0, Zoo(l—Zy) <§] + vl <0 0 >> > stably

’ YT N[2g—(2y-1)]\0 11T '
Remark 3.1. Looking at the asymptotic covariance matrices in the different cases of the above theorem,
note that in case (a) the convergence rate of the first component is bigger then the one of the second
component. Indeed, from our previous work [2], we know that it is n?/2. On the other hand, there
are cases (see (b), (c) and (e)) in which the convergence rates of the two components are the same,
although the discount factors r, ~ cn™7 and ¢, , ~ gn™" in @ have different convergence rates.

Remark 3.2. Recall that we have
1<+ [lvi —w? = [vif* < N
Therefore we obtain the following lower and upper bounds (that do not depend on W) for 2 and for

v
the second term in the asymptotic covariance of relation (28)):

62 2
~2

<o, <

I |

N(2y—-1)

and

2 ||V1H2c2 c

N[2¢—(2y—-1)] = N[2¢—(2y—-1)] = 2¢— (2y - 1)’
Notice that the lower bound is achieved when v; = u; = N~/21, i.e. when W is doubly stochastic,
which means W1 =W7'T1 =1.

2

Remark 3.3. The results of Theorem extend those presented in [I], since they are valid only for
g = v = 1 which here corresponds to a special situation in case (d) and (e) of Theorem Indeed,
when ¢ = v = 1 and v < 1 we have that [I, Theorem 3.2] coincides with the result of case (e) while,
when ¢ = v = 1 and v = 1, we have that [I, Theorem 3.4] coincides with the result of case (d), because
we have S B
(US“UT USHUT) B <U§ZZUT U§ZNUT>
U507 05207) = \G85,07 TownlT)

where the matrices S 77, S »n and S NN are defined in [].
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Remark 3.4. The main goal of this work is to provide results for a system of N > 2 interacting
reinforced stochastic processes. However, it is worth to note that Theorem and the consequent
limit (17), hold true also for N = 1. Moreover, statements (d) and (e) of Theorem [3.2] with N =1 are
true and they correspond to [I, Theorems 3.2 and 3.3]. Finally statements (a), (b) and (c) of Theorem
with N =1 (and so without the condition on A*) can be proven with the same proof provided in
the sequel (see the following Remark [5.3)).

We conclude this section with the example of the “mean-field” interaction.

Example 3.1. The mean-field interaction can be expressed in terms of a particular weighted adjacency
matrix W as follows: for any 1 < 51,52 < N

(29) Wi gy = % + (1 —a)dj g  with a€0,1],

where 0, ;, is equal to 1 when j; = jo and to 0 otherwise. Note that W in is irreducible for o > 0
and so we are going to consider this case. Since W is doubly stochastic, we have vi =u; = N~ /21,
Moreover, since W is also symmetric, we have U=VandsoUU' =T and V'V =1IF mally, we have
Aj =1—afor all j > 2 and, consequently, we obtain

62

(9) — g[ 117, . . 2< 41,79 < NV =
S 2 ? {[S ].71.72 . —]17]2 — } 2006_1 ’
gc(ca+c—1) I

12 . 12 ..
1=0for2<j; <N gt 2 < <N} =
[S ]jll O or S = ) {[S ]]1]2 SJ1,J2 > } (200&-1)(60&-’—(]—1) )

22 _(q—c)2 221 _ 1227 _ .
(S ]11—72(1_1, [$%%];1 = [STi] =0for 2 < j <N,

{1812 - 2< J1,j2 <N} =
(q0)°[(0® +1)(2¢ — 1) + 2a(c—1) — 1 + 20 — ¢ 1)(g — 1)? — 2¢" (¢ — 1)]
(2 —1)(2ca — 1)(ca + g — 1)?
and the condition Re(A\*) < 1 — (2¢)~! when v = 1 becomes 2ca > 1.

1,

4. USEFUL RESULTS FOR STATISTICAL APPLICATIONS

The first convergence result provided in this section can be used for the construction of asymptotic
confidence intervals for the limit random variable Z,,, that requires to know the following quantities:

e N: the number of agents in the network;

e vy: the right eigenvector of W associated to \; = 1 (note that it is not required to know the
whole weighted adjacency matrix W, e.g. we have vi = u; = N~/21 for any doubly stochastic
matrix);

e v and c: the parameters that describe the first-order asymptotic approximation of the sequence
(Tn)n;

e v and ¢: the parameters that describe the first-order asymptotic approximation of the sequence
(gn,n)n (recall that the weights g, , are chosen and so v and ¢ are always known and, moreover,
they can be optimally chosen).

We point out that it is not required the observation of the random variables Z,, ;, nor the knowledge of
the initial random variables {Zj ; : j € V'} and nor of the exact expression of the sequence (ry),. They
are based on the weighted empirical means of the random variables X, ;, that are typically observable.

The second result stated in this section can be employed for the construction of asymptotic critical
regions for statistical tests on the weighted adjacency matrix W based on the weighted empirical means
(given the values of 7, v, ¢ and ¢). In particular, we point out that in our previous work [1] we succeeded
to provide a testing procedure based on the standard empirical means only for the case v = 1; while
we announced further future investigation for the case 1/2 < v < 1. In the present work we face and
solve this issue, providing a test statistics for all the values of the parameters. Indeed the following
Theorem covers all the cases for the pair (v, v).
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Let us consider the decomposition N,, = 1]\~7n + N/,, where
(30) 1N, = ulvian = N_1/21v1an and N/ =N, — 1N, = (I — ule)Nn.
Concerning the first term, by and the almost sure synchronization ((17)), we immediately obtain

N, 25 7.
Moreover, under all the assumptions stated in Section [2} setting
% ifr<y or v=r<I1,
(31) 72 .= H‘XTHQ % (;]q—_c)lz ifv=n99=1(thatisv =~ =1),
c? :
m if vo<v=1,

where vy and 53 are defined in and in , respectively, we have the following result:
Theorem 4.1. Under all the assumptions stated in Section[3, the following statements hold true:
(a) If v < 0, then
n2(Ny = Zoo) — N (0, Zoo(l — Zoo)3 ) stably.
(b) If vo < v < 1, then
nv_%(]\an —Zss) — N (0, Zo(1 - Zoo)5§ ) stably.
(c) fv=9orv=1(ie.v=yp<lorv=vy=1o0rvyw<v=1), then
W73 (N = Zoo) — N (0, Zoo(1 = Zoo) (62 +52) ) stably.

Note that 52 has not been defined in the case 79 < v < 1, i.e. in the case (b) of the above result,
because in this case it does not appear in the asymptotic covariance matrix.

In the following remark, we point out the advantages of employing the weighted empirical means
with v < 1, instead of the simple empirical means (for which we have v = ¢ = 1), providing a brief
discussion on the possible “optimal choice” of v and g:

Remark 4.1. The convergence rates and the asymptotic variances expressed in the cases of the above
Theorem allows us to make some considerations on the existence of an “optimal” choice of the
parameters v and ¢ in order to “maximize the convergence” of N, towards the random limit Z..
Indeed, first note that the convergence rate in case (a) is slower than the rates of the other two cases,
and, moreover, the asymptotic variance in case (¢) is strictly larger than the variance in case (b). Hence,
the interval 79 < v < 1 in case (b) provides an “optimal” range of values where the parameter v should
be chosen. In addition, looking into the proof of Theorem it is possible to investigate more deeply

into the behavior of N,, and so derive more accurate optimality conditions on the values of v and ¢ (see
the following Remark [6.2)).

Analogously, concerning the term N/, = (I—u;v{ )N, from and the almost sure synchronization

, we obtain
N/, “3 0.
Moreover, setting
(32) (771 = (0 uy ... uN) = (0 U) y
we get the following theorem:
Theorem 4.2. Under all the assumptions stated in Section[3, the following statements hold true:
(a) If v <, then
nzN/,— N( 0, Zoo(l — Zoo)U_1SDUT, ) stably,

where S9 is defined in .
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(b) If v =7, then
n2N/ — N( 0, Zoo(1— Zoo)ﬁ_ls§2ﬁf1 ) stably,

where, for any 2 < j1,jo < N, we have that [S2%]11, [S3%]1j, and [S2?];,1 are not needed to be
defined since the first column of U_y is 0, while the remaining elements [S,%Z]jm are defined as
2 03(aj1 +aj,) + 2c2q(ajlozj2 +1)— 11{7:1}02(%10(]-2 + aj, + o, +2) oTo.
(2¢ — Tpymny)(clag, + ajy) — Tgympy)(cayy +q — Dppmpy)(cay, +q — Tgpmgy) 7072
+ q2 (g — ]1{7:1})2(041'1 + aj,) — ]1{7:1}(20 +q-1)(¢—1) vij2 '
(2q — Tgy—1y) (e, + ajy) — Tp—1y) (e, +q — Tgy—ny)(cayy, + ¢ — Tgy—1y)
(c) If v < v, then

(33)

nzN/ —s N( 0, Zoo(l — Zoo)U_18U ", ) stably,

where, for any 2 < ji,jo < N, we have that [S]i1, [S]1j, and [S]j,1 are not needed to be defined
since the first column of U_y is 0, while the remaining elements [S];,;, are defined as

(S N MV VA A S T
oy, ) 2q— 1,232y —1)  \ey,  ajp ) 2¢— 1y 2¢— 1y

Note that the convergence rate for (N’) is always n*/2.

In the following example we go on with the analysis of the mean-field interaction.

Example 4.1. If we cons1der again the mean-field interaction (see (2 (29)), we have NI, = (I-N~'11")N,,
(because vy = u; = N~1/21). Moreover, since U = V and so V'V = I, we find S(‘I) =11,

{15%]j1jo : 2< j1,ja < N} =21 with
§22.— ¢4 (a® +1)(2¢ — 1{7=1})+2c2a(c - 1{7:1})—1{7:1}024_20[0((1 _ 1{7:1})2_1“:1}(20 +q—1)(g—1)]

T (2 — Tgy=13)(2ca — Typy)(ca+ g — Tp—13)?

and

3 o (1-a)? 1 (1-a) 1 1
S= sl withsi=g << o 2q—11{u:1}(27—1)+2 o 2q—11{u:1}7+2q—1{y:1} '

Hence, since (7_1H7_T1 =UU" =1 —-N"111T, we get that

n/2(1 — N"111T)N, — N (0, Zoo(1 — Zoo)s* (I — N’lllT)) stably,

22
5

U'U=TandUUT =1 —- N~'117 and employing Kfn as a strong consistent estimator of Z,,, we get

where s* is equal to ¢/2 or s%° or s, according to the values of v and 7. Finally, using the relations

nzz/2 d
— ——5U ' Na ~ N (0,])
Np(1 = Ny)s*
and
" N NN, &2
~ ~ n —1-
No(1—=Np)s* "

Given the values of v, v, ¢ and ¢, this result can be used in order to perform a statistical test on the
parameter « in the definition of W (see (29)).

5. PROOF OF THE RESULTS ON THE JOINT STOCHASTIC PROCESS

Here we prove the convergence results stated in Section
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5.1. Proof of Theorem As already recalled (see (18))), we have Z, %% Zo. Hence, since the
condition W'1 = 1 and the equality [®), we get E[X,|Fn-1] 2% Z.1. Therefore, the convergence
N, %3 Z,1 follows from [I, Lemma B.1] with ¢; = kY, Unk = CiGnk and n = 1. Note that the
assumptions on the weights ¢, = ar/ Y, a;, easily implies that ¢; and v, satisfy the conditions
required in the employed lemma' indeed, by definition, we have Y, ¢, = 1 and from the second
relation in we get Y " a, = 400 and

n"a, = qz a; + O (n_” Z al> =q Z a; + O (an(n”qnm)_l) =q Z a; + O(ay,),
=1 =1

=1 =1
and so we obtain

hm Up k = CLQj hm =0, limv,, =limec,qnn =g,
n n

1 n
= lim Gni =1
no Yo ";n

and

n
[Un ks — Vnk—1] = k‘”ak —(k—1)"ak_1
> lvnk = v,
P Zl 1@

T qu(Ew o) ol

k=1 =1

Ek 1@ —
= £ o(1) =0(1).

O

5.2. Decomposition of the joint stochastic process. In this section we describe the main tool used
in the following proofs, that is a suitable decomposition of the joint stochastic process Y := (Y, )n.
Indeed, in order to determine the convergence rate and the second-order asymptotic distribution of
(Y, — Zoo1) for any values of the parameters, we need to decompose Y into a sum of “primitive”
stochastic processes, and then establish the asymptotic behavior for each one of them. As we will see,
they converge at different rates.

Let us express the dynamics (9)) of the stochastic processes (Z,), and (Ny,), as follows:

Zn - anl = _7/:1171 (I - WT) anl + ?nflAMn + AF{‘Z,na
(34)
Nn - Nn—l = _E]\n,n (Nn—l - WTZn—l) + Z]\n,nAlv-[n + A:R'N,ny

where AM,, := (X,, — W'Z,_1) is a martingale increment with respect to the filtration F := (F;, ),
while ARz, := (rp—1 — Tn—1)(Xy — Zp—1) and ARNy, = (¢nn — @nn) (Xn — Zp—1) are two remainder
terms. Hence, by means of , the dynamics of the stochastic process Y can be expressed as

(35) Y, = (I - Qn)Ynfl + RnAMY,n + A]-:{Y,na
where AMy,, := (AM,,,AM,,)", ARy, := (ARz,, ARy,)",

(T (I=-WT) 0 ARV A
(36) Qn o ( _é\n nWT Z]\n,nl and Rn T 0 Z]\n,nI .

Now, we want to decompose the stochastic process Y in a sum of stochastic processes, whose dynamics
are of the same types of , but more tractable. To this purpose, we set U, := (uj(l), Uj(g)) for each

j=1,...,N, and we impose the following relations:
__TT*D. . « . [Qy 0 L 1 0
(37) Uj = U} P with Uj = (0 uj) and P; = <g()\j) 1> ,

and, for any n > 1,

o L (Rai-x) 0
(38) QnU; =U;Dg jn, where Dqjn = <_)\jhn(/\j) Gnn)
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We recall that \; and u; denote the eigenvalues and the left eigenvectors of W, respectively. The above
functions g and h,, will be suitable defined later on. In particular, we will define h, in such a way
that the sequence (hy,(\;))n converges to zero at the biggest possible rate. In order to solve the above
system of equations, we firstly observe that, by , we have

u; 0
39 = m) o |
(39) i (9(/\j)uj> i@ <uj>

" w [Tno1(1—X; 0 % Tno1(1—X; 0
(40) Qnt—QntPj—Uj< 1= A) )Pj—UJ( %) )

*an,n)\j dn,n *(/I\n,n)\jJran,ng()‘j) an,n
and
. — L 5 . JT* ?nfl(l_)\j) 0
4 Vil@in = UitDasn =, (?nl(l—kj)g(kj)—kjhn(kj) Gun)

Then, combining together and in order to satisfy , we obtain
_an,nAj + Z]\n,ng()‘J) - ?n—l(l - )‘])Q(AJ) - Ajhn(/\j>a
from which we get the equality
(42) Ailnn = hn(X5)] = 9(Aj)[Gnn — Tn1(1 = Aj)]-
Now, for all values of v, v and j € {1,...,N}, we want to define g(\;) and hy,(\;) in such a way

that is verified for any n and hy(\;) vanishes to zero with the biggest possible rate. To this end,
we note that by we have the following two facts:
o If \; =0, we can set g(\;) = g(0) = 0 and hy,()\;) = hy(0) is not relevant.
o If \; # 0, g();) does not depend on n only if hy,(A;) = 7,—1(1 — A;), which implies g(A;) = A;,
or if h,(Aj) = @n.n, which implies g(A;) = 0.
Hence, since 7,1 and @y, have convergence rates n” and n”, respectively, we choose to set

Tno1(l —x if v <,
(43) ho(z) = {A 1( ) ' g
Qn,nﬂ{xgél} lf v 2 Y
and
" T if v <y,
(44) o) = {5 e

Note that, since A\; = 1, we have g(A\1) = ¢g(1) = 1 and h, (A1) = hy(1) = 0 regardless the values of v
and .

Now, recalling that v;, for j = 1,..., N, denote the right eigenvectors of W, we set V; := (v;1), Vj(2)),
for each j = 1,..., N, with the condition

Y «._(vi O ~T_ (1 —a(¥)
Vi =Vj P, where V= (O Vj) and P = <0 1 ,

so that we have
(45) _ (VY5 d _ —g()\j)Vj
Vi =\ o an Vi) = Vi :
J

Note that, we also have

(46) V,'Qn = DqjnV;' .
Moreover, by , we have
(47) ujT(i) Vi@ =1, and u;(l) Vi) =0, Vh#jorl#i.

Finally, since {u;;) : j = 1,..,N;i = 1,2} and {v;4) : j = 1,...,N;i = 1,2} satisfy, for any
j€{1,...,N}, the relation

.
T T T wv; 0
(48) UiVim =9 vim + o) Vie) = ( o’ ujvj>
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and since , the stochastic process {Y,, : n > 1} can be decomposed as
N
(49) Y, = > Y.  withYj, = UV} Y,.

The dynamics of each term Y, can be deduced from by multiplying this equation by U]-Vj—r =
U;‘V}*T and using and the relation VjTYn = VjTijn, We thus obtain

(50) Yjn = Ui(I = Dqjn) V;' Yjn-1 +U;DryVi'T AMy,, + U;V;' ARy,
where
Tno1 O
51 D = n ~ .
( ) R < 0 Qn,n>

For the sequel, it will be useful to decompose Y, further as

N N N
(52) Y, =) Yin = Y Y+ Y Yo
j=1 j=1 j=1

where, for any j € {1,.., N},
(53) Y]‘m = Yj(l),n + Yj(Q)JL and Yj(i),n =u (Z)V](l)Y = uj(i)V;r(i)ij, for i = 1, 2.

and set
o 1Z, ~ (1 S _
(54) Yo = Y1) = wayvi Yo = <E§1Tz ) =7, (1> with Z, == N~V2v[ 7,
and
R N N
Yo=Y, - Y, =Y~ Yi)n=> Yinn + > Yiom
(55) =2 =

N N
=Y Yimm + Yigm + Y Yiom

j=2 Jj=2
Remark 5.1. Note that the random vectors ?n and \A{'n correspond to the random vectors Zn(l7 1)—r

and (in,ﬁn)T, respectively, considered in [I, 2] in the case a,, = 1 for each n (so that we have v = 1
and ¢ = 1): indeed, we have

(56) 1Zn = ulvlTZn, in = - ulvlT)Zn =7, Zn, ﬁn =N, — 12,17

where Z,, and Z, are exactly the same stochastic processes considered in [I, 2], while N,, (and so Nj,)
differs from the stochastic process considered in [I] because here the random variables N,, ; are defined
in terms of a generic sequence (a,) (see @) satisfying suitable assumptions.

Finally, it is worthwhile to point out that the decomposition of XA’n in terms of the stochastic processes
Y (i) is a new element with respect to the previous works and, as we will see in the sequel, it will be
the key tool in order to obtain the exact convergence rate of Y,,. Indeed, the convergence rate and the
second-order asymptotic distribution of Y, will be the result of the different asymptotic behaviors of
the three quantities in the last term of .

5.3. Central limit theorems for 3? and ”SA{' The convergence rate and the second-order asymptotic
distribution of (Y, — Z1) will be obtained by studying separately and then comblmng together the

second-order convergence of Y to Zso1 and the second-order convergence of Y to 0. To this regards,
we recall that, by [2, Theorem 4.2], under Assumptions and [2.2) . we have for 1/2 < v < 1 that

(57) nvfé(?n —Zol)— N ( 0, Zo(1— Zoo)fl7 ) stably in the strong sense,

where iv is defined in . In this work we fully describe the second-order convergence of ?n, proving
the following theorem:
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Theorem 5.1. Under all the assumptions stated in Section[d, the following statements hold true:
(a) If v <, then

s 0 0
n?Y,— N ( 0, Zoo(1—Zx) (0 ﬁS(Q)ﬁT> ) stably,

where U and S are defined in and , respectively.
(b) If v =+, then

] GSUTT DsR0T
Y, — N ( 0, Zoo(1 - Zw) (~ T T stably
b o o T T 5

USAUT TSR

where 5’31 = (8227 and, for 2 < j1,j2 < N,

v

[5;1]11 = [Su]jll = [Sn]lh = 0,
[Sll]j jo 1= ¢ V'ijza

v claj, +ajy) — Liy=1y "
(5371 = [8%y = 0,

121 ._ c(g—¢) I
[S’y ]]11 = ca, Tq— ]l{’y:l}vjlvh

cq(cay, +c—1—y)

gl2) . 24 v v, ,
[ v ]]1]2 (cay, + cay — 11{7:1})(caj1 +q - 1{7:1}) e

21 . ﬂ 2
[57 Ji1:= 25— 1y [v1]%,

q(g—c)(c+q—1=1y)
[S’zﬂjl N [532]” - (caj +q— 1{7=1})(2q{— Il{}v=1})vaVb
03(04j1 + aj,) + 202q(ozjlaj2 +1) - ]l{,Y:l}cQ(ozjlan +aj, + a5, +2) T,
(2¢ — Lgy—1y)(clay, + ajy) = Tppmpy)(cayy +q = Liy—ny)(cay, +q — Tgygy) 707
o(q = Lp=1y)* (s + @5) = Ly (2c+ g — (g — 1) VT
(20 — Ty (clay, + @) = Tgymyy)(cay, +q — Lgpmpy)(cag, + g — Tppmqy) 17
(¢) If y < v, then

2
Sy . C ) 0 0
n'"2Y,— J\/( 0, Z(1 ZOO)N[Qq @y 1)) || v]] (0 117 stably.

Remark 5.2. Note that, when v # ~ the convergence rates of the first and the second component of
S?n are always different: indeed from [2], we know that, under our assumptions, the convergence rate of
Zn is always n?/2, while the above theorem shows that the convergence rate of ﬁn changes according
to the pair (v, v).

Regarding the proof of Theorem we note that, using the definition of ?n given in Section
we can say that this random variable can be decomposed in a sum of suitable random variables that
have the form
(58) DD Yim

jeJ iel;
where JC{1,---, N}, I;C{1,2} for any j € J and Y}, is defined in . Hence, in order to char-
acterize the asymptotic behavior of ?n, we first establish the second-order asymptotic behavior of the

above general sum (58) under certain specifications of the sets J and I; (see Lemma [5.1)) and then we
combine them together appropriately according to their convergence rates.

[5”2/2]3'1& = q2

+ ¢

Lemma 5.1. Under all the assumptions stated in Section @ consider the general sum in the
following cases:
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N} and I; = {1} forall j € J;
N} and I; = {2} forall j € J;
SN}, I ={2} and I; = {1,2} for all j € J\ {1};
N} and I; = {1} forall j € J;

= {1} and Iy = {2};

N} and I; = {2} forall j € J.

Then, in all the above listed cases, we have

(59)
DD Yo TN {020 Z0) 3030 vivie 0 3 @y uf |
jeJ il J1€J ja€J i€lj, i2€1,
where
n'?  for cases (i), (iii) and (i)
(60) to(J(I)) := { n*/?  for cases (ii) and (vi)
n'"z  for case (v).

and d71(1):32(2) gre constants corresponding to the result of suitable limits computed in Section of
the appendiz.

Proof of Theorem From the above lemma, we immediately get the proof of Theorem
Indeed, in case (a) we get

N N
S 1
vy — _— /2 . v/2 .
nm Yy = no—n2" ZYJ(l),n +n ZYJ(Q) n
i—2 j=1
where, considering the above cases (i) and (i), the first term in the sum converges in probability to
zero, while the second term converges stably to the desired Gaussian kernel, that is the Gaussian kernel
with zero mean and random covariance matrix

N N
T 1(2),52(2 T
J1=1j2=1
where
T <° 0 )
31(2) Ha (2) 0 ujlu;'l; :
In case (b) we simply have
N N
WY =02 D Yiam+ ) Yiem |
J=2 J=1

where the right-hand term converges stably to the desired Gaussian kernel (see the above case (iii)),
that is the Gaussian kernel with zero mean and random covariance matrix

ED ot

j1=1j2=1i1=14i2=1

T j1(41),52 (¢ T
- ﬂ{jlzilzl}ﬂ{j2:i2:1})vjlvj2djl( 172 2)uj1(i1)uj2(i2) )
where

T

Tg—1u, ul
uj1(1)uj2(1) — {72=1} Y51 Yy,

uj u J
’ Ty, u-uT>’
{71=1} Hg2=1}Hj1 Yy,

L =13uju m

uj u ]2

WiUhe2) = | 1{]1 1}u]1ujT2 )

! T 0 T)
)
J1 j2 1{]2 1y u J2

Wi 2)W1) =
T 0 >
0 uju o

U, (2)Uj,(2)
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Finally, in case (c), we obtain

[SI

Y, =

M\t

N 1 N

V- 5 .
D Yn + 172 Y g + Y7 L > Yo
j=2 J=2
where, considering the above cases (iv), (v) and (vi), we have that the first and the third terms in the
sum converge in probability to zero, while the second term converges stably to the desired Gaussian
kernel, that is the Gaussian kernel With zero mean and random covariance matrix

Zoo(1 = Zoo) V1| Pd" @ Phay gy u 5

- (0o o\ 1/0 o0
(61) 111(2)“1(2)—<0 u1u1T>_N(0 11T>-

We now go on with the proof of Lemma

Proof of Lemma Since this proof is quite long, we split it into various steps and the technical
computations and details are collected in the appendix.

First step: decomposition of the general sum .

First of all, we observe that, for any set JC{1,---, N}, the dynamics of ) jes Yjn can be obtained by

summing up equation for j € J:

O

S Yin = | D U T -Dqjm)Vi" | Y Yjna+| Y UiDraVyT | AMy,+ [ > U;V;T | ARy,
jeJ JjeJ JjeJ jeJ JjeJ

Then, recalling that Re(c;) > 0 for each j > 2 because Re();) < 1 for each j > 2, and taking an integer
mg > 2 large enough such that for n > mg we have Re(a;)en™ < 1 for each j > 2 and gn™" < 1, we

can write
T
ZYJ”_ ZUAmon 1‘/]' ZYj,mo
jeJ JjeJ JjeJ
n .
(62) + Z ZUjAch,n—leTUjDR,kV}*T AMy 11
k=mgo \j€J

j T
+ Z Z UjA?H—Ln—lV} ARyJH_l for n > mg,
k=myo JjeJ

where, for any j € J,

(63) Agc—i—l n—1—

[T lkss (T = Dgjm) formo <k <n-—2
I fork=n-—1.

Setting for any x = a, + ib, € C with a;, >0 and 1/2 <6 <1,

p(x) = ﬁ (1 - m—) for k > my

m=mqo
and
-
b ()
Flz+l,n71($) = ;Z<$) for mog <k <n-—1,

It is easy to see that, for j = 1, we have

1 0
(64) Al%;-l—l,n—l = <0 F;;/H n_l(q)> formg<k<n-—1
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and, for j > 2, after some calculations reported in Section of the appendix, we obtain

; F) (caj) 0
65 A’ = kt1,n—13777 for mg<k<n-1,
(65) ktln—1 (Aij+1,n1(Caj,Q) Fy iy n-1(q) 0="=
where
(66) Grt1n-1(7,q) = Z Pt (@ (1 =) B (q)
I=k+1
Then, since VTU* = P71, equation (62)) can be rewritten as

n—1 n—1
(67) ZYJTL = ZU Amom, 1VjT ZYj,mo + Z Tg—i—l,n—l + Z Pi+1,n—1 for n > m,

jeJ jeJ jeJ k=mg k=mg
with

J _ AJ -1 *T

Tk+1,n—1 - ZUJAk-l-l,n—le DR,ij AMy j 41,
jeJ

J _ Ad T

Prrin—1 = ZUJAkJrl,nfle ARy jt1.
jeJ

In order to get a similar decomposition for the general sum , we set, for any j € J,

u; 0 0 0
(68) UJQ(l) = (uj(l) 0) = <g()\jj)uj 0> and UJQ(Q) = (0 uj(z)) - <0 uj>

and taking into account the last relation in , we get

(69) ZZYj(i),n: mon 1ZYJmO+ Z Tlifln s Z pk+1n . forn >my,

jeJ iEIj jeJ k=myo k=mg
with
J(I) _ J
Cmg,n—l - ZZ 7(3) A mo,n— IV
jeJ i€l
J(I) _ 0 Al —1 «T
Tiiing = Z Z Uiy Ak s1n—1F; DriVi ' | AMy ki1,
jeJ i€l;
J(I) _ 0 4J T
Prtin—1 = Z Z Uj(i)AkJrl,nfle ARy jt1-
JET i€l

In the sequel of the proof, we Will establish the asymptotic behavior of the general sum (H8) by studying

separately the three terms C’mo n—12-jes Yimos Zk o k’—i-l)n , and Zk o P Z-(i-ll)n 1 in the six cases

(7)-(vi) specified in the statement of the considered lemma.
Second step: asymptotic behavior of ng(gn 1 de 7Y jmge
From . ., and . ), taking into account the fact that in all the considered cases with 1 € J,

i.e. (ii), (zi7) and ( ), we have 1 ¢ I, we get

= 0(C) +0(C7h) + 0(C),

‘ mon
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where
Cil = Z H{le[}’ mo,n— 1 (cag)l,
J€J,j#1
o= Z H{Qelj}’Gmo,n—l(CO‘jvq)‘a
J€J, j#1
cr2oo= 21{261}\ mom—1(Q)] -
JjeJ

Using in the appendix and denoting by a* the real part of a* := 1 — A* it is immediate to see that
1=y

n
O(exp <—ca* >) if1/2<~vy<1
C’rlll - Z ]1{1€Ij} 1- Y
jed, j#1 O(n=) ify=1

nlfu
O<exp<—q >) ifl1/2<v<1
Ct = Z Lizer;y 1-v
jed O(n™9) ifv=1.
For the term C?!, we apply Lemma so that we get:

Case v < y: We have G,y n—1(cay,q) = O(n*(V*”)]F#L L@+ 1 E e 1(ca;)|) by means of
Lemma [A.4] and so

C2 = 3" Apery0 (O FS 0 ()] + | Fy (o))
J€J, j#1

where, as above, by (81)), we have |F", mom—1(a)| = O (exp (—q?:,y)) and

and

1—y

n
O |exp | —ca® ifl1/2<~v<1
F iy (cay)] = ( p< 1—v>) [2<7
O(n=") if v = 1.

Case v > vy: We have Gy n-1(caj,q) = O(n~=V|FY ron—1 (@ + [F e 1(ca;)|) by means of
Lemma [A4] and so

CELI = Z ]]‘{QGIJ'}O < —(=) | mo,n— 1( )| + |F77107n71(ca.j)|) ’
JEJ, j#1

where, as above, by (81)), we have |F}) mon—1(caj)| =0 (exp (—ca* T—?)) and

nlfz/
O<exp<—q >> if1/2<v<1

[Frnom—1(@)] = l-v
O(n™9) ifv=1.

Case v = 7: By assumption E| and Lemma we have G n1(cay,q) = O(IF) 1 (q)| +
’ mo,n— 1(CC¥]‘)|) and so

0721,1 = Z H{QEI }O (‘ mo,n— 1 )‘—i_‘ mo,n— 1(caj)‘>7
J€J j#1

where, as above, by , we have for x = qor x € {ca;: je J, j#1}
nt=
O<exp<—aw >> ifl1)2<v=y<1
L=~
O(n™ %) ifr=y=1

| mo,n— 1( )|_

11f there exists j such that ¢ = ca;j, we have to consider the other asymptotic expression given in Lemma
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and so, setting z* := min{q, ca*}, we can write

nt=7

O(exp<x* >) ifl)2<v=7y<1
Cil =Y lper 1=y

jeJ, j#1 O(n="") ifv=vy=1.

Summing up, taking into account the conditions ca™ > 1 / 2 when v =1 and ¢ > 1/2 when v = 1, we

can conclude that in all the six cases (i)-(vi) we have t,(J ‘ — 0 and so

‘monl

J(I a.s
tn(JD)Crn 1 9 Yy 50
JjeJ
Third step: asymptotic behav10r of Zk mo P Zi[1)7n_1 .
We recall that, by Assumption we have |ARz 1| = O(k™®) and |ARy k41| = O(k~?¥). Then,

from , , and , taking into account the fact that in all the considered cases with 1 € J,
i.e. (ii), (i97) and (v), we have 1 ¢ I;, we get

Z P | = Olol) + 02 + 0(p22),

k=myg
where
n—1
o= D Lpery o KNEL ()l
jeJ, j#1 k=mgo
n—1
pat = Z Lioer; Z k™2 |Grp1n-1(cy, q)|
JjeJ, j#1 k=mgo
n—1
=Y Lpery o (K7 ) F ()]
jedJ k=mg

Using Lemma (with =2y >1,e=1and 6 =), we get

O (n7) if1/2 <y <1,
O (n=° ify=1and 1/2 < ca™ < 1,
ou = Z aer @) En_l ln)(n)) if y=1and cc/L* =1
jed,j#1 v ’
(0] (nil) if y=1and ca* > 1.

For p2%, we observe that we have k727 = O(k™2") when v < v and k=2 = O(k™27) when v > 7.

Therefore, using Lemma 2(withe=1landd=vand f=2v>1lifv<~vyand f=2y>1ifv >~),
we obtain for the case v <~

n—1
= Z ]1{2te}0 Z k_ZV’FIgH,nfl(Q)’

jeJ k=mg
O (n™") if1/2 <v <1,
_Zl O (n79) ifr=1and 1/2 < ¢ <1,
B = 2 o (n"'In(n)) ifv=1andqg=1,
O(n_l) ifv=1landg>1,
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and for the case v > v

n—1
%2 - Z I[{2@;'}0 Z k_QW‘FkVH,nﬂ(CI”
jeJ k=mg
(70) O (n=271) if1/2<v<1,
72]1 O (n™9) ifr=1and 1/2<q<2y—1,
_jeJ (2el;} O (n~%In(n)) ifr=1and g=2y—-1>1/2,
O (n=2*1) if v =1and ¢ > max{1/2,2y —1}.

For the term p2!, we apply Lemma and Lemma so that we get:

Case v < v: We have Gyt ,-1(caj,q) = O(n_(V_”)|F,;’+17n_1( )| + k== EY Nl L(ca;)|) by
means of Lemma and so we get

n—1 n—1
(v 1, 1
P = Z Lioer3O [ n (y=v) Z W\le,nq(Q)H‘ Z ngﬂ,nﬂ(c%ﬂ )
JjeJ j#1 k=mg k=mg

where, by Lemma the first term is O(n=37%2"), while for the second term we have

O (n=27tv) if1/2 <y <1,
nz_:l 1 7 (ca;)| = O (n=") ify=1and 1/2 < ca* <2 —v,
il k3y—v " ktln—137 O (n=2In(n)) if y=1and ca* =2 —v,
O (n=2t7) ify=1and ca* >2—v.

Case v > v: We have Gji1,,-1(caj,q) = O(n~ ”_7)|F,;’+17n_1( )| + k== 7)|Fk+1n L(ca;)|) by
means of Lemma and so we get

n—1 n—1
—(— 1 1
pr= Y lpepO|n )y @\Fﬁ+1,n71(Q)|+§ W\Fllﬂmq(caj)\ ;
J€J, j#1 k=mg k=mg

where, by Lemma the second term is O(n~"), while the sum in the first term has the
asymptotic behavior given in ([70)).

Case v = 7: By assumption and Lemma we have Git1n—1(caj,q) = O(’F13+1,n—1(q)’+
]F]le_l(caj)]), and so we get

n—1 n—1
1 1
21
pit= Y0 Lpepo| Yo 2 i1 @)+ > 2 (el |
JeJ, j#1 k=mgo k=mo

where, by Lemma we have for z =qorz € {ca;: j€ J, j#1}

O(n~ 'Y) ifl)2<v=vy<l1,
= 1, ., O (n—a=) ify=y=1and 1/2 <a, <1,
Z T’Fk-l-l n—l(x)’ = -1 . o .
k:mok:V ’ (n In(n ) ifv=v=1and a, =1,
O( *1) ifr=~v=1and a; > 1
and so, setting z* := min{q, ca*}, we can write
O (n™7) if1/2<v=~vy<l,
o2 = Z 1ier s O(n‘x*) ifr=y=1and 1/2 <2* <1,
" ey O (n'In(n)) ifv=y=1and z* =1,
7 O(nil) ifvr=~v=1land z* > 1.

2If there exists j such that ¢ = ca;j, we have to consider the other asymptotic expression given in Lemma
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Summing up, taking into account the conditions ca* > 1/2 when v = 1 and ¢ > 1/2 when v = 1,
from the asymptotic behavior given above we easily obtain that in all the cases (i)-(v) we have

n—1
(71) ()| S el 2% 0.
k=mg

In the case (vi), the evaluation of the asymptotic behavior given in (70]) for the term p2? is not enough
in order to conclude that t,(J(I))p?? — 0 a.s. Therefore, we need a better evaluation, that we can get
applying Lemma in a different way. Indeed, in the case (vi), taking v > 1 and applying Lemma
A2 with e =u, 6 = v and 8 = 2yu > 1, we find

n—1
(ta(TU))P2)" =00 [ Y0 K2y (@)
k=mo
O (n=2vutv) if 1/2 <v <1,
D KeN Cly ifr=1land 1/2<g<2y—ul,
O (n™"1n(n)) ifv=1and ¢ =2y —u"!>1/2
O (n=27ut) if v =1and ¢ > max{1/2,2y —u~!}.

Hence, from the above relations we get that it is possible to find w > 1 large enough such that
(tn(J(I1))p22)* — 0 a.s, that trivially implies t,,(J(I))p22 — 0 a.s. Therefore also in the case (vi), we
can conclude that (| . ) holds true.

Fourth step: asymptotic behavior of Zk mo (I)

Tt
We aim at proving that, for each of the cases (i) — (vi), the quantity ¢, (J(I)) Zk "o k+11) 1 converges
stably to the desired Gaussian kernel. For this purpose, we apply Theorem [B.I} More precisely, we set
Gkn = Fr+1 and, given the fact that condition (c1) required in this theorem is obviously satisfied, we
check only conditions (¢2) and (c3).

For condition (¢2), we have to study the convergence of

J(I) J(I) T
Z Tid i ( k+1,n—1) .

k=mg
To this end, we note that
J(I) J(I) T _ 0 T 0,T
Z LY 1 ( k+1,n—1) = Z Z Uj ) Z Tk+1 i k+1,n—1) Ujg(ig)
k=mg J1€J, j2€Ji1€]j1,i2€]j2 k=mgo

T T
Z Z Z Tk+1n 1 T?Hn 1) Wi (1) Wjs (ia) »

1€, j2€d i1€lyy in€lj, | k=mo (i1,42)
?

where

T

k+ln—1 = A

kt1n—1L 1DRk:V AMy j41.

Thus, we can focus on the convergence of t,(J(I))? Y 7=} o Tiﬂrl . 1(Tff+1 1) . Regarding to this,
we observe that

TJl

J
k+1,n— l(T ’

Ji J1,J2 ( pJ2 T
k+1,n— 1) Ak+1n lHk—l-l (Ak+1n 1)

)
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where
H]Y? = P;'DpgVi T AMy 1AMy Vi DR Py T
-1 * T T * -T
= P, "DriVj <I> AMj 1AMy, (I 1) Via DRl
= PJZIDR,lejTlAMkHAM;Hij1TDRJ€PJET 7
= hi'v] AMy 1AM} v, (h)?)T
— IB]JC::]lQh]l (hJQ)
with o
W = Vi AMp 1AM, vy, and

h o= P lDp 1= (. k1 )
k i TRk (Qk,k — Tr—19(Aj)

Now, we set di n = A h,;, so that we can write

k+1,n—1
n—1
(72) S T (T, )T = Y sl )
k=mg k=mg
Hence, in order to obtain the almost sure convergence of t,(J(I))? Tfﬂ o I(Tff+1 1), by

means of the usual martingale arguments (see [I, Lemma B.1]) and the techmcal results collected
in Section |A| of the appendix, it is enough to prove the convergence of t,(J(I))? Ek o dj1 (dffn)T
Indeed, since {X,, ;: j =1,..., N} are conditionally independent given F,,, we have

E[AM, ) AM, ;| Fn-1] =0 for h # j;

while, for each j, using the normalization W1 = 1, we have

N
E[(AMy)? | Fri] (th,] e 1h) <1th,jzn_1,h> 2% Zoo(1 = Zoo).
h=1

Therefore, we get
E[(AM,)(AM,)" | Fro1] 2% Zoo(1 — Zoo)I
and so
E[3 311-1-]12 | Fn] = VTE[AMn—H(AMn—H)T ‘]:n]ng =% Zo(1— Zoo)Vj—EVJé )
from which we finally obtain

n—1 n—1
as. = limt, (J(1)? D" Ty, (TR, )T = Ze(l = Zoo)V] v, limta(J(D)* - dfl,(df2,)7.
k=mg k=mg

In order to compute the limits in the last term of the above relation, we observe that, by means of
and , we have the following analytic expression of d?C n

73 d = Al by, = (. Tk
(73) k,n ktln—17 Lk <(Qk,k —Th-1) Fy 11 0-1(q)
and, for j > 2,
. ~ Te_1F (caj)
74 4 = Al h,. = N k4+1,n—1\C%j '
(74) kin ket Ln—170k <Aka1Gk+1,n1(COég, Q) + @k — Te-19(Nj)) FY 1y 1(q)

Using these equalities, in Section of the appendix, for all the considered cases (i) — (vi), we find
the limit of each component of ¢, (J ( EDI mo d] ! (d?fn)T, that is we compute

Qi1 (@).g2(i2) . lim £, ( Z dJl 11)dJ2 i2) 7

k=mo
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where d] M) and dj (2 ) are, respectively, the first and the second component of dim given in and .
Summlng up, we have

J(I) T as, T (i) o (i T
ZTan (Tiinm1) = Zoo(l— Zoo) Z Vi1 Viz Z dh(I)D(Q)ujl(il)ujz(iz)'

k=mg J1€J, ja€J i€l ,i2€lj,

For the check of condition (c3) of Theorem we observe that, by , , and , taking
into account the fact that in all the considered cases with 1 € J, i.e. (i), (¢i¢) and (v), we have 1 ¢ I,
we can write

\Tkﬂn =0 k+1,n—1)+0(rk+1n 1)+O(sz+1n 1)

where Fk -1 F%}H’n_l and Tﬁl,n_l are the following deterministic quantities:
Fk+1 n-1 = Z ]1{1611-}?1:—1|F;Z+1,n71(004j)| )
Jed, j#1
it = Y LperyPr-1lGratn-1(cay, q)|
Jed, j#1
T2 = > Lpery(Feot + Qi) Y1 na (0]
Jje€J

Therefore, we find for any v > 1

n—1
J(I 2u U J(I) u
(swp )T, < @)™ Y T, =

mo<k<n—1

k=myg
n—1
tn(J(I))* Z O ((Tii 1) Z O (M1 1)) + Z O ((T&10-1)™)
k=mg k=my k=mg

We now analyze the last three terms. For the first one, by Lemma [A72) with 8 = 2yu, e = 2u and 6 = 7,
we have

n—1 n—1

1

2 0@ ™) = D TnerpO | D gl (e
k=mo jedj#1 k=mo
O (n=7e1) if1/2 <y <1,
Z 7 0] (n_QC“*“) if y=1and 1/2 < ca* <1— (2u)7!,
eI el o (n=2**1n(n)) if y=1and ca* =1— (2u)~!,
) (TL*%H) if y=1and ca* >1— (2u)!

For the third term, we observe that 7,_; = O(qk ) when v < and gy, = O(7x—1) when v > ~. Hence,
by Lemma with e = 2u, d = v and 8 = 2vu if v < v and § = 2yu if v > 7, we get for the case
vy

n—1 n—1

1
Z 0o ((Fk+1n 1 21{261 }O Z W’Flgﬂ,n—l(@’%
k=mg JjeJ k=mg

O (n~vu=1) if1/2<v <1,
«, O (n—2m) if y=1and 1/2 < q<1— (2u)1,
- Z {2€l;} O (n=2*"1n(n)) if v="Tand ¢g=1-(2u)"!
O (n~2w+1) ifr=1andgqg>1—(2u)"!,

Y

jeJ
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and for the case v > v

(75)
n—1 1
Z O Fk—l—l n—1) u) = Zf{xlj}o Z W|Fﬁ+1,n—1(Q)|2u
k=mo JjeJ k=my
O (n=21wtv) if1/2<v<1,
_ZI O (n—2av) if v=1and 1/2 < q <~y — (2u)~,
B < 2L o (n=27*11n(n)) ifr=1land g=7v— (2u)~! >1/2,
O (n—27ut) if v =1and ¢ > max{1/2,y — (2u)"'}.

For the second term, we apply Lemma together with Lemma [A.4] so that we get'

Case v < y: We have Gii1p-1(cj,q) = O(n_(V_”)|F,;’+Ln_1( )| 4 k™ (y—=v) |EY L 1(caj)|) by
means of Lemma and so we find

n—1
1
Z O F1<;+1 n— 1)2u) = Z I{ZG]]-}O Z W|Gk+17n—l(ca]’7Q)‘2u =
k=myo jeJj#1 k=myo
n—1 1 n—1 1
Z IO =20 Z W|Fﬁ+1,nf1@)\2u + Z W|Flg+l,nfl(caj)|2u ;
jeJj#1 k=mg k=mg
where, by Lemma the first term is O(n=%4+2%+V) while for the second term we have
O (n—trut2vuty) if1/2<~<1
Z 1 T (cou) 2 = @) (n_%“:“) ify=1and 1/2 <ca* <2—v— (2u)"},
A2 L1160 O (=2 In(n)) if y=1and ca* =2 —v — (2u)~},
k=mg
O (n~dut2vutl) ify=1and ca* >2—v— (2u)~!

Case v > v: We have Gpi1n-1(caj,q) = O(n_(y_7)|Flg+1,n—1( )+ k™ (= 7)|Fk+1n 1(004])|) by
means of Lemma and so we find

n—1
1
Z O(Mn)™) = > Iperyo| > W!Gk+1,n—1(00jﬂ)|2u =
k=mo jeJj#1 k=myo
n—1 1 n—1 1
D IperyO [ n 2 Y W\Fﬁl,nﬂ(Q)FU‘F > ngﬂ,nq(c%ﬂh ;
JjeJj#1 k=mg k=mg

where, by Lemma the second term is O(n~2"“*7), while the sum in the first term has the
asymptotic behavior given in (|75)).

Case v = v: By assumption and Lemma we have Gj11 n-1(coj,q) = O(’F]lrl )]+
|F 1 (caj)]), and so we find

n—1 n—1 n—1

1 1
Z O ((Fi}kl,n—l)%t) = Z I{2elj}0 Z W\FZ+1,H,1(Q)I2“ + Z W|FIZ+1,n71(Caj)|2u )
k=myg jeJj#1 k=mg k=mg
where, by Lemma we have for x = qorx € {ca;: je J j#1}
O (n72u=1) if1/2<v=y<1,
-1 _ . _
nz 1 FYL, (@) = O (n2a=1) ifv=y=1and 1/2 <a, <1— (2u)"},
i k2yu ™ rtln= O (n=2*"1n(n)) ifv=y=1anda, =1— (2u)~!,
O (n=2v11) ifv=y=1and a; >1— (2u)~!

3If there exists j such that ¢ = ca;j, we have to consider the other asymptotic expression given in Lemma
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and so, setting z* := min{q, ca*}, we can write

O (n=72u=1) if1/2<v=y<1,
n—1 * .
O (n=27") ifv=y=1land 1/2 <2* <1— (2u)~}
o) F21 2u) I ' ’
k;() (( kJrl,nfl) ) jejzj#l {2¢e1;} O (n—Qu—i—l ln(n)) if v = v =1and f=1— (2u)—1’
’ O (n~2utt) ifv=vy=1and z*>1— (2u)~!.

Summing up, taking into account the conditions ca* > 1/2 when v =1 and ¢ > 1/2 when v = 1, we
can conclude that in all the six cases (7)-(vi), there exists a suitable u > 1 such that

J(I 2u Lt
sup ’tn<J(I))Tk—(i-1),n—l|) — 0.
mo<k<n—1

This convergence trivially implies condition (¢3) of Theorem (B.1 g

5.4. Proof of Theorem The proof of Theorem [3.2] follows by recalling that
(?n - Zool) = (?n - Zool) + ?n,

where the convergence rate for the first term is n7"2 for any parameters (see (57))), while the convergence
rate of the second term is n®, with e specified in Theorem according to the values of the parameters.
Therefore, we can have three different cases:

o Ife<~y— %, then we have

€ ~ A~
n (Y — Zool) = j 3 — Zool) + 1Y,
n' 2

where the first term converges in probability to zero and the second term converges stably to a
certain Gaussian kernel. This occurs only in case (a) with e = v/2 and v < 7.
o Ife>~— %, then we have

73

n°Y,,,

N3 (Y — Zool) = 002 (Y — Zool) + ”ne
where the first term converges stably (in the strong sense) to the Gaussian kernel given in
and the second term converges in probability to zero. This occurs in case (a) with e = /2 and
Y < v < 7, in case (b) with e = /2 and v = 7 < 1 and in case (¢) with e = v — v/2 and
y<v<l

o [fe=~— %, then we have

072 (Y — Zool) =077 2(Y, — Zool) + 00 2Y,,

where the first term converges stably in the strong sense to the Gaussian kernel given in and
the second term is F,-measurable and it converges stably to a certain Gaussian kernel. Thus,
in this case, we can apply Theorem in Appendix. This occurs in case (a) with e = v/2 and
v =1 <1, in case (b) withe =~/2and v =y =1 (i.e. v = 7 = 1) and in case (c) with
e=v—v/2andy<v=1(le yp<v=1).

O

Remark 5.3. As told in Remark statements (a), (b) and (c) of Theorem [3.2] with N =1 (and so
without the condition on A*) can be proven with the same proof. Specifically, it is enough to take into

account that when N = 1, we have }Afn = Y1(2) and Zn =Zy.

6. PROOF OF THE RESULTS FOR STATISTICAL APPLICATIONS

Here we prove the convergence results stated in Section [dl As we will see, the decomposition of Y,
given in Section [5.2]is a fundamental tool also for the proof of these results.
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6.1. Proof of Theorem [4.1l For the proof of this result, we need the following lemma:

Lemma 6.1. Let us set
v v
(76) 6 = §l{y§'y} + (7 - 5) ]l{’y<l/}'

Then, under all the assumptions stated in Section[d, we have

a.s, V 0

where
2 forv <~,
(g—c)* _
JH2)1(2) — % forv =1,
£ fory <w.

2¢—17,=13(27-1)
Proof. We observe that Y;(3) can be written as the general sum with J = {1} and I} = {2}.
Therefore case v > 7 coincides with the case (v) of Lemma taking into account the value d'(2)1(2)
computed in Section for this case and equality (61). The cases v < v and v = + follows from the

same arguments employed for the proof of Lemma [5.1, setting t,(J(I)) = n*/? and using the value
d'?)12) obtained in Section when v < 7. O

Remark 6.1. Note that, when v = v and ¢ = ¢, we have d'@-12) = 0 and so we obtain that nﬂYl(g)

converges to 0 in probability. This means that in this case the convergence of Y(z) to 0 is faster than
B — /2

nP=n .

Proof of Theorem The convergence rate and the second-order asymptotic distribution of N,
can be obtained by combining the second-order convergences of the two stochastic processes Z, and
(N, — Zy,). In order to get the convergence results for these two last processes, we observe that

N_1/2u1r (0 I) ?n = ZnN_l/Qu;rl = Zn and

NPT (0 1) Yy, = NV (0 DwvipYa = N] (Cuv] wv]) Y, =

(No = Zp)N?ul1 =N, - Z,
(where we have used for the first equality and relations (53)), (39 , 1 ), (30]) and . for the
other equalities). Hence, from the convergence result stated in (57) and Lemma [6.1] together with
Remark |6 . we obtain that Z converges in probability to the random variable Z., Wlth rate n7~1/2
and (N, — Zn) converges in probability to zero with at least rate n® defined in . Then, since
Nn = Z + (N -7 n), it is possible to follow analogous arguments to those used in the proof of
Theorem [3.2 to combine the asymptotic behaviors of Z,, and (N,, — Z,,). More precisely:

(a) in the case v < 7y, we necessarily have 79 = 2y — 1 < 7 (since v < 1) and so we have

B =wv/2 < (y—1/2). Thus N, has the same convergence rate and the same asymptotic
variance as (N, — Z,) = N~"/?u] (0 I) Y (2)n, that is (see Lemma we get
n?(Ny — Zog) —> N (0, Zoo(l — Zs)5? ) stably
with 62 = ¢q/2;
(b) in the case v9 < v < 1, we have 8 > (y—1/2) and hence N,, has the same asymptotic behavior
as Zy, = N~Y?u] (0 I)Y,, that is (see (57))

W73 (N = Zoo) —N (0, Zoo(l = Zo0)32 ) stably;
() f v =1 (le. v=2y—1< ) orv =1, wehave f = (y — 1/2) and hence the asymptotic
behavior of N,, follows by combining the convergence results for (Nn — Zn) and Z as done in
the proof of Theorem and so we get

W73 (N = Zoo) — N (0, Zoo(1 = Zoo) (62 +37) ) stably,
where &2 is defined in (31]).
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O

Remark 6.2. Returning to Remark [4.1] [4.1] we observe that in the proof of Theorem [4.1] - 1] the asymptotic
behavior of N is obtained as the combination of the asymptotic behaviors of N » and Z In case
(b), Zn converges slower than N, Zn, and so only the rate and the asymptotic variance of Z appear
in the statement of the result. However, if we look at an higher level of approximation, we should also
consider the process N Zn7 that converges to zero with at least rate n®. Then, we can note that 3 as
a function of v has its maximum in v = -, which hence provides the “optimal value” of v. In addition,
in this case the quantity d*®1(?) as a function of ¢ has its minimum in ¢ = ¢, which hence gives the

“optimal value” of g. Note that, as told in the previous Remark [6.1, when v = v and g = ¢, we have
nﬁYl(g) — 0 in probability and so also nﬁ(N - Z n) — 0 in probability. This means that in this case

the convergence of Nn — Zn to zero is faster then n=? = n=7/2.

6.2. Proof of Theorem Recalling , together with and the fact that

-
A 0
o= (0,

0 u;v;

we can write Nj, = Zjvzg u;v/N, = (0 I) Z;Vﬂ UrViTY,. Now we can use the decomposition
Y, = (?n + ?n) and the fact that U;‘V}*T?n =0 for any 2 < j < N (by and ) in order to
obtain the equality
N
N, = (0 )Y UV TY,.
j=2
Hence, the convergence rate and the second-order asymptotic distribution of N/, can be obtained by

using the convergences stated in Theorem or in Lemma Specifically, case (a) follows from
Theorem [5.1f(a), observing that (by (12)) we have

w7 (00 0 0 ~
(0 I) ZUVT(O U) (0 I) (0 (71)_(0 U_1)-
Case (b) follows from Theorem [5.1|(b), observing that (by (12))) we have
N ~ ~
U 0 U.; 0 ~
I vt ~“)=(0 I )= :
© 0xuT (g g)=0 0 7))t 7

Finally, case (c) cannot be obtained directly by using the convergences stated in Theorem since in
this case we have (by (12))

o oS () - 0 (2) - 0(() -

Jj=2 j=2

Therefore, we need to express N/ in the following equivalent way:

N
N, = (0 )Y U;v;'Y, = (0 1) ZY (W + ZY :
j=2

where for the last equality we have used the decomposition of ?n and the fact that U7 Vj*TYl(Q)m =
U]’»“Vj*Tul(z)vI(Q)Yn = 0 for 2 < j < N. Now, we recall that, in case (c), that is v > 7, we have
g(A1) = g(1) = 1 and g(A;) = 0 for 2 < j < N and so we get (0 I)uqy =0for 2 <j < N. As
a consequence, since Y (1), = uj(l)va(l)Yn, we have that (0 I) Z;VZQ Y1), = 0, and the desired
convergence result follows from case (vi) of Lemma O
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APPENDIX A. COMPUTATIONS FOR THE PROOF OF LEMMA [5.1]

In all the sequel, given (zy,)n, (2))n two sequences of complex numbers, the notation z, = O(z))
means |z,| < C|z),| for a suitable constant C' > 0 and n large enough. Moreover, if 2], # 0, the no-
tation z, ~ zz], with z € C\ {0} means lim,, z,/2], = z and, finally, the notation z, = o(z],) means
lim,, 2z, /2], = 0.

Given 1/2 < § <1,z = ay +ib; € C with a, > 0 and an integer mgy > 2 such that azm % < 1 for
all m > my, let us set

n

(77) P (x) = 1__[ (1 - %) for n > mg.

A.1. Some technical results. We first recall the following result, which has been proved in [2].

Lemma A.1. |2, Lemma A.4] We have

o) P 1/2<6<1
(78) (@) = <‘”_‘p( wi)) Jor1/2<o<
O (n™%) fordo=1
and
0) Y o 1/2<6<1
(79) ) = {0l (w)) Jor1j2<i<
O (n%) foro=1.
Therefore , if we set
) 2(90)
(80) Fiign(@) === for mog <k <n,
' Pr )
we have

O (exp (1“_”5(k1*5 — n1*5)>) for1/2<0<1

é _
(81) |Fk+1,n(x)’ “ o (E)%> for 6 = 1.

n

Now, we prove two other results.

Lemma A.2. Given 8 > 1 and e > 0, we have

O (n=(8=9) ifl/2<d5<1,
"1 s . O (n=c%) if0=1andea, < —1,
82 —|F =
(82) kzn;() k:ﬁ‘ ()] O (n=¥=Y1n(n)) if 0 =1and eay, = — 1,
0] (n_(ﬂ_l)) ifo=1and ea, > — 1.

Proof. The desired relations immediately follows from using the well-known relation

O(1) fora <0,
~ 1 In(n) +d+ O(n~!) =In(n) + O(1) for a =0,
;kl_“ B a'n®+0(1) for0<a<l,
a 'n®+0m* 1Y) fora>1,

(83)

where d is the Euler-Mascheroni constant, and the relation

Z’”‘: exp(ak®/b) _ ( /” exp(at®/b) dt) 0 ({exp(atb/b)]n L4810 /” exp(at®/b) dt)
1 1 1

kS 8 atb+6-1 a t8+b
(84) k=1

b/
:O<w> fora>0,b>0,5>1.

Indeed, for the case § = 1, it is enough to apply with @ = ea, — (8 — 1); while, for the case
1/2 < § < 1, it is enough to apply with a = ea,, b=1— 46 and §. O
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The following lemma extends [2, Lemma A.5].

Lemma A.3. Given 1/2 < §; < d2 < 1, B > 6 and z1,22 € C with Re(z1) > 0, Re(xa) >
mo > 2 be an integer such that max{Re(z1), Re(x2)}m ™ < 1 for all m > mg. Then we have
(85)

0, let

1 ; —
) e if1/2 < 61 =82 < 1,
lim o 37 KPR @) ER () = { g 00 =02 = Land Re(er ) > - 1,
k=mo 1 if1/2 < 81 <y < 1.

x1

Proof. Let us start with observing that, in each considered case, relation implies
(36) limn 9 |2 (1) [p32 (22)] = 0.

Indeed, in particular, when §; = d2 = 1 we have the additional condition Re(xq + z2) > 5 — 1.

Now, fix k > 2 and let us set 1 := 8 — 6; and £5(z) := 1/p% () and define the following quantity

5 5 1 5 o
Dy = EZ Nzl (2) — ngl—l(xl)gkﬂ—l(x?)

- <k;"<k-}1>n) G0y (2 + o (62 () — G ()2 (02)

Lo y&mﬁmm 10_&MM&WUI

= 4 (21)£32 (w2) [(k:’? T —1p

Then, we observe the following;:

Q)2 (x2) K O (1) 62 (w2)

1 1 n 1
(87) (]{77_(]{—1)77> = _]€1+77+O<k‘2+77> fork‘—>—|-oo
and
(88) Gl ()62 (x2) (1 azl) (1_7> L mm m @
O ()62 (z2) = A N

Now, by using and in the above expression of Dy, we have for £k — 400

1T x T 1 T1x x
M=%mm%mﬂ(kﬂ+wwﬁm0+“2—1—2)+@ e e

k(81+62) k61 02

B =)0 (x2) [F5EF — g +o(1/RTH0)] if 0) = 0y = 6,
O (@) (w2) |2 +o(1/KT)] ity < 6,
09 (1) 09 (w2) BLE22 + o(£9 (21)0 (x2) /KTH0)  if 61 =02 =6 < 1,

= SO (@1) 0} (w2) BEET + o(Ch (1)) (w2) /K"HY)  if 61 = 62 = 1 and Re(z1 + x2) > 1,
O (1) 02 (22) 25 + o(€0) (w1) 60 (x2) /K7H0Y) if 6y < b

kn f(61+d2)  E61

that is

LLER2 00 (1)05 (w2) if1/2<61=0=06<1,
(89) Dk ~ 11:7]3121 ui gl (;L'l)el ({L‘g) if 51 = (52 =1 and Re(xl + Z‘Q) >,
E‘Sl (:1:1)552(:52) if 1/2 < 51 < 52 <1.

kn+51

L2

2

Now, following the same arguments used in the proof of [2 Lemma A.5], in order to conclude, we apply

[2, Corollary A.2] with

1 : B
0 o lpiln2 11+9102 if 1/2<51—52 =40<1
Zn = Dy,  vp=n"p (x1)pp2(22), wn = D T \mTemmy 6 =02=1and Re(z1 +22)
" 1

= if1/2<(51<52§1.

xr1

)

>
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Indeed, lim,, v, = 0 by , lim, w, = w # 0 by ,

hmvn Z 2k —hmn" (xq pn (x2) Z Dy,

k=mg k=mg
O (@) 02 (x2) Gy (@1)2y (w2)
. ) & n \L1)ty (L2 mo—1 mo—1
— 11711n n"pit(x1)ps? (x2) < s 0= (o — 10) =1
by and 2!, = zpwy, = 120n 140 2. O

A.2. Analytic expression of Ai el with j > 2. Let us recall the definition of the following
quantities for j > 2:

n—1 n
AZ:-H 1= H (I —=Dgjm), where Dgjn = (Tnl(l — ) AO >
" m=k+1 ” . *)‘jhn(Aj) dn,n

no1(1—x if v <~,
with h,, defined in (43)), that is h,(z) = { i ) K

Tnnlizr1) if v>r.

The aim of thls sectlon is to compute the product above and so finding the useful expression of A

k+1,n—1
presented in , ie.
A7 _ < Ey g e (coy) 0 )
RALn=L = A\ NjGrsin-1(cag, q) FYyy, 1(a))
where
n—1
Griin-1(cag,0) = D Fly 1 (ca)hi(g) Fy i (a)-
I=k+1
It is straightforward to see that [Aiﬂ no1)21 =0,
) n—1
[A?H—l,n—l]ll = H (1 =Tm—1(1=Aj)) = Fi;y+1,n_1(caj),
m=k+1
) n—1
[A?CJrl,nfl]zz = H (]- - (/J\m,m) = F]g—‘rl,n—l(q)a
m=k+1
while it is not immediate to determine [Afc e 1J12. To this end, let us set x,_1 := [Afc e 1Jo1 and

observe that, since A,€+1 g = AkJrl ol = Dgq jn-1) and xp11 = Xjhry1(A;), we have that

Tn1 = Tn2(1 = Fo1 (1= N))) + [A 1 ol22XjBn 1 (X))
= Tn— 2F —1n— l(caj)+Fk+1n 2 (@) Ajhn-1(A;)
=2p-3F, 5, 1(cay) + i1 s3(@)Njhn—2(N) F_y 1 (caj) + Filiq o (@)Ajhn—1(2))

n—2
:$k+1F13+2,n_1(CO‘j)+ Z FIZ—&-l,l—l( )>\ hl()‘) I+1,n— 1(Ca])+Fk+1n 2(q ))‘jhn—lo‘j)
l=k+2
Z Fk:+1l H(@Ahi(Af) F I+1,n— 1 (caj)

I=k+1
= NjGrg1m-1(caj, q).
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A.3. Asymptotic behavior of Gy, n,l(x q). Let us recall the definition

Grr1n-1(2,q) = Z Dt (@)1= ¢ e g (a)-
I=k+1

Here we prove the following result:

Lemma A.4. When v =, we have for x € C\ {0}

(90)
JUL—Q (FIZH,n—l(q) - FIZ+1 no1(Z )> if T # q,

Crrtn1 (@0) = § £ Fly 1 (@) [(0= D7 = (B 1D1] + O(F,,,_y(0) fz=qand1/2<y<1,
A1 (@) (35) + O F 1 (@) if—qandy=1

When v # ~, we have for x € C\ {0}
v Y v
(91> G]ngl’nfl(x,Q) _ C(.’E,Q) (Fk-i—ln l(q) Fk:—‘rln 1( )> +0 <’Fk+1,n—1(q)’ + | k+1,n— 1( )’) ’

(n—1)» K n2H k2

where p = |y — v| and

R R .
ifv > 7.

SHCSY

Proof. Recalling the definition ., we can write

n—1 ¥y v
v Pn1 (%) N ()
Grt1n-1(2,q) Z D@L = ) Fyyy(q) = Y 5 hi(l— ¢ le) =5

(92) l=k+1 I=k+1 Dy (CL’) pk(Q)
Y n—1 -1, v
x h
= pn;l( ) Z (1= )Xl, where X, = plv(q).
pile) 4=, (= qz,z) P/ (x)
Moreover, recalling the definition , we have for x # 0
(1 —clz) = iFlC_lgc =l ?f v
Qi =ql™" if v > 1.

Let us start with the case v = . In this case, we have

X, _
AXZ::XZ—XZ_1:<1— ll)Xl:(x a a >Xl

X q (1—ql™)
T — q —qgh(1=c1
¢_@l_y T4 1 ¢ JU)XI.
qg 1—aqy q L —q
It follows that .
n
T — h(l—=c 1z
QZ l(l_/\ )Xl—Xn—l_Xk
q =11 qi,l
Since
pzfl(fﬂ) . pzfl(fv) pn_1(q) v (q) and
n _
(93) i (q) pi(a) ph_y(2) Fn
pn,1($) pn,1($) p%(‘]) _ FV (.7})
p;(q) pi(q) pp(x) Frlnm
we find by
T —q

Gk’—i—l,n—l(xa Q) = (F]ZJrl,nfl(Q) - F]ZJan,l(l'))

and so for x # q we get

q
Gk+1,n71($7Q) = z—q <F13+1,n—1(Q) - F/:+1,n—1(93>> .
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When v = v and z = ¢, we have X; = 1 and so we obtain (by (92) together with )

— Y _9
Gk:+l,nfl(xa Q) - qu+1,n 1 Z lA/ 1 _ ql A/ q k+1 n— 1 Z F’ +0 Z =
I=k+1 I=k+1 I>k+1

(n=D'=7  (k+1)1 7 L 0(1) 4 O(k—(Qy—l)) if 1/2 <v<l1

— oF" 1— 1—v
Fis1n-1(9) {m(n —1)—In(k+1)+0(n ) +0k™) ify=1,

which implies the two different asymptotic behavior in according to the value of ~.

33

Now, let us consider the case v # v and introduce the sequence {y;;1 > 1} defined as y; := [7#, with

= |y — v|. Then, we have

1 1 1
uXi —y—1Xi-1 = Ay Xy + y1AX; = <l# - (l—l)#> X+ <lﬂ +0 <l1+ﬂ>> AX)

" 1 1 1
_ <z1+ﬂ +o0 <W>> X, + <zu 40 (gw)) AX,,

X,
AX) =X, — X1 = <1— l 1)Xl = R X,

Ro=(1- Xia) _ 2l —ql™" ?17107191— a1 _0 _ 1 ‘
Xi 1L —ql7 L—ay pmin{y.v}

Taking into account that g+ min{vy,v} < 1+ p for v # ~, we obtain that

where

with

Xi—yaXia= B o] X, =K(z )}”(71))(%2)(
YXt =y X = g = 1= R Gy et
where
K@) = (-2 1pe + (2) 1) = Cla0)”
and
I e e I T
1= qll(2u v) + O(l (1+N)) ify > 5.
Note that Q; ~ xl~Grtmin{y.r}) with a suitable & % 0. The above expression implies that
n—1 n—1
Xn—l Xk hl(l —Cc
— = X —y1X1) =K 7X X
(94) CES > (X — -1 X1) (x,9) > (1—a) 1+ Z QX1
I=k+1 I=k+1 I=k+1

With similar computations, setting
Xia| L= 1 -l

R =1-— =
: | X1 11— ql™|

and taking into account that R}~ ~ x/I~Zrmin{y}) with a suitable ' # 0 and min{y,v} < 1 for

v # 7, we find

X X Ry 1 ]
120 - (1_1)2# = l27+0 11+2p |Xl| :Ql‘Xl|
Then, since Q; ~ £"Q;] with a suitable x” 7& 0,
n—1
[ Xna| [ Xkl
Z QX = ( Z Qi |Xl‘> <( — D2 k)
I=k+1 I=k+1
Finally, by , , and the last above relations, we obtain for x # 0

Fklrj—l-l n—l(q) Flz—f—l n—l(l‘)) +0 <|Fl;/+17n—1(Q)| |Fl;y+l7n—1($)|>

Gk+1,n—1($7 Q) = C(x7 Q) ( (n ; 1)# - 7]43'“ n2u e
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A.4. Computation of the limit d/1(1)J2(2), Recall that we have

dj(l) N ?k—l for ] =1
kn . .
Th— 1Fk+1n (caj) for j >2

and

F@ ) @k = Tho1) Filyy g (q) for j =1
o AjTk=1Grr1,n-1(c, @) + (@ — Th-19(N;)) Fyy 1 () for j > 2,

where g is defined in (44)), and so, for each j > 2, we have g(\;) = A; when v < =, while g()\;) = 0
when v > 7.

Here, for each of the six cases (i) — (vi) listed in Lemma we compute the limit

djl(h),jz(ig) — hmtn Z d]l(’bl d]?(w )

k=mg

For all the computations, we make the assumptions stated in Section [2] and we use Lemma [A3] and

Lemma [A4]
Case (i): Take v <7, j1,j2 € {2,..., N} and i; = i = 1. We have

n—1
. ]1 1) ]2 i2) - ¥ ~2 Y . 2 .
hr?lt g Ay hTEnn g T Fy iy i (e ) Byl (cay)
k=mg k=mg

=c hmn7 Z k2 k:+1n 1(caj1)F,z+17n_1(caj2)

62

C(ajl + O‘jz) - 1{7:1} '

Case (ii): Take v < 7, j1,72 € {1,...,N} and i; = ip = 2. For j; = jo = 1, we have

n—1 n—1
lim t,,(J (1)) 3 @i g = lim n” > @k = Fro1)’ Fyrna(0)?
k=mg k_mO

—hmn Z Qkk Fyliqn- 1(Q)2

k=mg
n—1 q
= ¢’ limn” S EEL L, (0)? = 5
k=myg

(Note that the above second equality is due to the fact that some terms are o(n~") and so we can
cancel them.) Similarly, for the cases j; > 2, jo > 2 and j; =1, jo > 2 and j; > 2, jo = 1, using
Lemma [A4] which allows us to replace in the computation of the desired limit the quantity

Gk-i—l,n—l (COéj, Q) by

(n— 1) kv

o (Fﬁm_l(q) . F;+1,n_1<caj>>
q )
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and removing the terms which are o(n™"), we obtain

n—1 n—1
limt,(J(D)? > iVl =Timn” > G F o 1(0)?
k=mg k=mo
n—1 q
=¢*limn” 30 k() = 5
k=mg

Case (ii1): Take v = 7, j1,j2 € {1,...,N} and i1,i5 € {1,2} with ij, # 1 if j, = 1. Recall
assumption ﬁ Therefore, for j; = jo = 1 and i; = i3 = 2, we have

n—1 n—1

) o _ R o,
hrantn(J(I))z Z dﬁy(:l)dﬁy(f) — 1111111n’7 Z (Qk,k — 1) F];y+1,n_1(Q)2
k=mg k=mg
n—1
- 1 (¢ —¢)?
“lim(g— 0 Y e P (0 = 5
" k::zmo k2 i 2q — 1py=y
For j1 =1, jo > 2,41 = 2 and i3 = 1, we have
limt, (J(1)? > a2 =
k=mg
n—1
i n Y @k = The1) Fly o (@1 g (ca,) =
k=mg
(¢ — ¢)climn” nz:l LFV (q)F; (cous,) = c(g—¢)
! Y e caj, +q—T1ggy
—mo

By symmetry, for j; > 2, jo =1, 41 = 1 and i3 = 2, we have

gt - la=¢)
cogy +q— 11y

For j1 =1, jo > 2 and i1 = i3 = 2, we observe that, by means of Lemma in the computation
of the considered limit, we can replace Gi415—1(caj,q) by

q(caj — ‘1)71 (FIZ+1,n—1(Q) - Fg+1,n—1(caj>)v

that is we can replace di:(z), with 7 > 2 by

s

~ (caj — C)F13+1,n_1(caj) —(¢— C)FIZ—l—l,n—l(Q)
qk.k ca; —q .

4n the case q = cay for some j > 2 the computations are similar, but we have to consider the other asymptotic
expression given in Lemma
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Therefore, we have

: ]1 11 ]2 Z2 _
lim ¢, (J Z dp ) =
k=myg

n—1

. JU [ (eaj, =) F i (cag,) = (@ — ) Fl L ,1(9)
limn? > (q’ka_Tk—l)FlZ—f—Ln—l(q)qk,k( = tnl P ] =

Clj, — 4

k=myg
n—1

(g — o)(cay, —c) 1
caj, — ; limn? § : L2 Filiy (e Filiy 1 (q)
2

k=mg

q(qg — ¢)* = 1

— 2

Ril— limn” > = Fly (@) =
J2 k=mg

q(q —c)(c+q—1g=1y)
(Can +q— ]1{7:1})(2q - ]l{'y:l}) .

By symmetry, for j; > 2, jo =1 and i1 = i3 = 2, we get

gilastiay — M@= 9eta—Tpy)
(caj, +q— Liyz1y)(2q — Lipe1y)

Similarly, for j; > 2, jo > 2, i1 = i = 1, we have

n—1
. ]1 i1) jQ(ZQ T v ~2 v ' v )
hqrmnt Z Ay, hTILnn Z T Fy 1 o (caj ) By o (cagy)
k=mg k=mg
02

C(Oéjl + aj2) — ﬂ{*y:l} )

For j1 > 2, jo > 2,41, = 1 and i2 = 2, we have

n—1
limtn(J(I)) Z d‘ljclr(z“)d]2(12) _
" k= mo
n—1 (caj, — ) F  (caj,) —(g—c)FY ., (q)
lim n7 Z ?k_lF/Z—i-l,n—l(cah)(/]\k,k 2 k+ln-1 '” k+1,n—1 _
' k=g Cjs — 4

cq(cag, +c¢—1y—1y)
(caﬁ +caj, — ]l{'y:l})(cajl +q— 1{7:1})

By symmetry, for j1 > 2, jo > 2,41 = 2 and i3 = 1, we get

g1 (i) (iz) cq(cay, +c—T1ioy) |
(cayjy, + cajy — Tip=1y) (e, + g — Liy=1y)
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Finally, for j1 > 2, jo > 2 and i1 = i3 = 2, we have

limt,,(J Z dp M ai=) =
" k=mg
cai, —o)F), . (coi,)— (q—)F) . (g
hmTﬂZQkk( J1 ) k+1,n 1( ]1) ( ) k+1,n 1( )
coi, —q
k=mg J1

(Can - C)F]:+1,n_1(caj2) - (q - C)F13+1,n_1(Q) .
( CO[]'2 —dq > a
o lag +ag) +2q(ag 0, +1) = Loy (g, a5, + gy + o, +2)
(20 = Lpmyp)(clayy + o) = Liymy)(cayy + = Lgymny)(cayy, + g — Tipmny)
c(q = Lyp=3)* (e + az) = Ly=y(2c + g —1)(g = 1)
(29 = Tgy=ay)(elayy + @jp) = Lgp=iy)(cajy + ¢ = Ly—py) (e, + 4 — Tgy=1y)

q

e

Case (iv): Take v < v, j1,j2 € {2,...,N} and i; = i = 1. We have

n—1
: g1(in) gia(iz) _
11111nt (J( E d1 Y hmn'y g T VFl1 (g ) B (cayy)
k=myo k=mgo
c
= limn” E Il ) ca;, ) F cajy) = —— .
poy k+1,n— 1( ]1) k+1,n71( 32) aj1+aj2

k=mg

The difference with the computations in the case v < - concerns only the fact that here it is
not possible that v =1 since v < v < 1.
Case (v): Take v < v, j1,j2 = 1 and i; = ip = 2. We have

n—1 n—1
‘ L L ) B R N 9
117131tn(J(I))2 > dﬁgl)dﬁff) :115117127 Y @k — Tre1) FYay ()
k=mg k=mg
n—1 C2
-1 2y—v ~2 Joid 2 _ .
lrfln” k_zn; Tk—1 k:+1,n—1(Q) 2 — ]l{l,:1}(2’y —1)
=myo

(Note that the above second equality is due to the fact that some terms are o(n~=(*Y=")) and so
we can cancel them.)

Case (vi): Take v < v, j1,j2 € {2,..., N} and i1 = i = 2. Using Lemma [A.4] which allows us
to replace in the computation of the desired limit the quantity Ggy1n—1(coy,q) by

q (Fky—i-l,n—l(Q) _ FI;Y—}—l,n—l(caj))

coj \ (n—1)v=7 kv—
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and removing the terms which are o(n™"), we have

n—1
. 2 j1(i1) gj2(i2) _
lim ¢,,(J (1)) doaparap =
k=mg
n—1
limn” Y (NP1 Grrtn-1(00,, @) + GepFiy1,n-1(0) (MiaTho1 Ghrtin—1(c0tia, @) + Gek i1 1 (4)) =
k=myg

n—1 n—1
Ain A A A
S S P (04 (2 22 ) Pl Y O R 0

Oéjl Oéj2 n k=mo Oéj1 Oé_72 ko
n—1
271 v —2v v 2
+ P limn” Yy RTE G, () =
k=myg

</\j1/\j2> ¢ N <>\g1 N /\g2> 7 N ¢
gy ) 2q = 1g,—1y(2y — 1) gy ) 2q— Ty 2¢— 1y
APPENDIX B. STABLE CONVERGENCE AND ITS VARIANTS

This brief appendix contains some basic definitions and results concerning stable convergence and
its variants. For more details, we refer the reader to [I3] 15, 17, 25] and the references therein.

Let (€2, A, P) be a probability space, and let S be a Polish space, endowed with its Borel o-field. A
kernel on S, or a random probability measure on S, is a collection K = {K(w) : w € Q} of probability
measures on the Borel o-field of S such that, for each bounded Borel real function f on S, the map

W Kf(w) = / f(2) K(w)(de)

is A-measurable. Given a sub-o-field H of A, a kernel K is said H-measurable if all the above random
variables Kf are H-measurable.

On (Q, A, P), let (Y,,), be a sequence of S-valued random variables, let H be a sub-o-field of A, and
let K be a H-measurable kernel on S. Then we say that Y;, converges H-stably to K, and we write
Y, — K H-stably, if

P(Yye-|H)" EK()|H  forall He H with P(H) > 0,

where K (-) denotes the random variable defined, for each Borel set B of S, as w — Klp(w) = K(w)(B).
In the case when H = A, we simply say that Y,, converges stably to K and we write Y,, —> K stably.
Clearly, if Y;,, — K H-stably, then Y;, converges in distribution to the probability distribution E[K(-)].
Moreover, the H-stable convergence of Y, to K can be stated in terms of the following convergence of
conditional expectations:

(95) Bl (V) |#H) 5T K

for each bounded continuous real function f on S.

In [I7] the notion of H-stable convergence is firstly generalized in a natural way replacing in
the single sub-o-field H by a collection G = (G,,),, (called conditioning system) of sub-o-fields of A and
then it is strengthened by substituting the convergence in o(L!, L>) by the one in probability (i.e. in
L', since f is bounded). Hence, according to [17], we say that Y,, converges to K stably in the strong
sense, with respect to G = (G, )n, if

(96) E[f(Ya)|Ga] = Kf

for each bounded continuous real function f on S.
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Finally, a strengthening of the stable convergence in the strong sense can be naturally obtained if
in we replace the convergence in probability by the almost sure convergence: given a conditioning
system G = (G, )n, we say that Y;, converges to K in the sense of the almost sure conditional convergence,
with respect to G, if

E[f(Ya)|Gn] = Kf

for each bounded continuous real function f on S. The almost sure conditional convergence has been
introduced in [I3] and, subsequently, employed by others in the urn model literature.

We now conclude this section recalling two convergence results that we need in our proofs.

From [19 Proposition 3.1], we can get the following result.

Theorem B.1. Let (Tj ,)1<k<k,,n>1 be a triangular array of d-dimensional real random vectors, such
that, for each fized n, the finite sequence (Ty p)1<k<k, S a martingale difference array with respect
to a given filtration (Gin)k>0. Moreover, let (t,), be a sequence of real numbers and assume that the
following conditions hold:

(c1) GrnCGknt1 for eachn and 1 < k < ky;

(c2) le’;l(tnTk7n)(tnTk7n)T =12 ]]zil Tk,nT];n L5 %, where ¥ is a random positive semidefinite
matriz;

Ll
(c3) SUDPy <<k, [t Trn| — 0.
Then t, Zill T} converges stably to the Gaussian kernel N'(0,X).

The following result combines together a stable convergence and a stable convergence in the strong
sense.

Theorem B.2. [7, Lemma 1| Suppose that C,, and D,, are S-valued random variables, that M and N
are kernels on S, and that G = (Gn)n is a filtration satisfying for all n

0(Cr)CGn and o(Dy)Co (Ungn)
If C,, stably converges to M and D,, converges to N stably in the strong sense, with respect to G, then
(Cn,Dp) — M ®N stably.
(Here, M @ N is the kernel on S x S such that (M @ N)(w) = M(w) ® N(w) for all w.)
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