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Nonmonotonic dependence of polymer glass mechanical response
on chain bending stiffness
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We investigate the mechanical properties of amorphous polymers by means of coarse-grained sim-
ulations and nonaffine lattice dynamics theory. A small increase of polymer chain bending stiffness
leads first to softening of the material, while hardening happens only upon further strengthening
of the backbones. This nonmonotonic variation of the storage modulus G’ with bending stiffness is
caused by a competition between additional resistance to deformation offered by stiffer backbones
and decreased density of the material due to a necessary decrease in monomer-monomer coordi-
nation. This counter-intuitive finding suggests that the strength of polymer glasses may in some
circumstances be enhanced by softening the bending of constituent chains.

Introduction The study of polymer dynamics has s
been at the heart of soft matter research for decades, s
yet a comprehensive theoretical basis that links monomer ss
chemistry to mechanical properties remains under devel- so
opment [1, 2]. Polymers below their glass transition tem- s
perature, which find application in everyday consumer e
goods and high-technology material applications, pose e
a particular challenge as understanding their properties e
further requires an assimilation of glassy dynamics, itself e
a topic of ongoing debate [3].

65
Throughout the historical development of polymer 4

physics, it has proven constructive to consider two ide- ¢
alised linear polymer models: freely-jointed, in which g
chains are assumed to comprise random walks of fixed
step length with no monomer interactions; and freely- ,,
rotating, in which the angle formed by three consecutive ,,
monomers is strictly fixed but the monomers are oth- .,
erwise unconstrained. Here we explore the mechanical ,,
properties of polymer glasses between these limits as the ,,
monomer motions become increasingly constrained by a
bending penalty. We further enforce excluded volumes
around individual monomers.
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It is already established that increasing the number "

of constraints on particles in a many-body system re-
duces the critical coordination, and hence the critical
density, at which the system achieves marginal stabil-
ity [4]. This has been apparent in granular systems
for some time, when comparing frictionless to frictional
packings [5]. Indeed, constraint-counting arguments un-
derpin recent theories for shear thickening in athermal
suspensions [6]. An analogy between friction in granu-
lar systems and bending in polymers has been proposed
theoretically [7] and in experiments on ‘granular poly-
mers’ [8] and is a promising lead towards unifying the
understanding of marginal stability across a surprisingly
broad class of soft matter systems [9, 10].
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The introduction of bending constraints in bead-spring o
polymer chains is expected to reduce the critical coordi- o3
nation Zg, i.e. the sum of inter- and intra-chain interac- o

tions at the glass transition, and, therefore, the critical
density [11]. Such a density reduction is reminiscent of
the role of plasticising additives [12], designed to reduce
the mechanical strength of the material by increasing the
free volume. By contrast, one might expect enhanced
bending stiffness to increase the strength of the bulk ma-
terial. The question remains, therefore, what overall ef-
fect the introduction of such constraints has on the me-
chanical properties of glassy polymers.

In this Rapid Communication we show using simula-
tions and theory that the competing effects of increas-
ing backbone strength and increasing free volume lead to
nonmonotonic behaviour of the shear modulus of glassy
polymers as a function of bending stiffness. This find-
ing offers a connection between monomer chemistry and
polymer glass rheology, demonstrating that manipulat-
ing bending constraints at the monomer level can have
nontrivial influence on the bulk mechanical properties of
the material.

Simulation details A non-overlapping random-walk
algorithm is used to generate initial loose configurations
of N, = 10* monomers, in chains of length 10%. For
each monomer in our system we use LAMMPS [14] to
solve the Langevin equation with coefficient of friction
1/¢ and random forces fp(t) satisfying (fp(t)fp(t')) =
2mkgTH(t —t')/€ at time ¢. Monomers of uniform mass
m interact through potentials U given by the Kremer-
Grest model [15], comprising a Lennard-Jones potential
UM of depth er,; and rest length 21/64 acting between
monomer pairs within a cut-off range r. = 2.50 and a
finitely extensible nonlinear elastic potential UFFNE with
maximal length Ry and emerging rest length ~ 0.960
acting between sequential monomer pairs along each
chain [16]. epj sets the LJ energy scale and epgng iS
the bond energy scale where eppng /ey = 30. With ref-
erence to fundamental units of mass v, length d, and
energy €, we set ¢ = 1 and m = 1, giving a time unit
of 7 = y/mo?/ery, and we set & = 1007. We de-

fine a third energy associated with chain bending given
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FIG. 1. Entry into the glassy state and its structural properties for 8y = 109.5°. (a) Sketch of polymer chain illustrating the
angle  and rest positions for LJ (2'/0) and FENE (0.960) interactions. (b) Snapshot of glassy polymer in periodic box [13].
(¢) The decrease of volume associated with decreasing T at fixed pressure, for several values of €pend/crLs. We approximate
the low- and high-temperature dependences as linear, and take their intersection to occur at T = T,. (d) Variation of glass
transition temperature T with enena/cLs. (e) Variation of Npo®/V;, the density at Ty, with epena/ers. (f) Variation of Z,
the coordination number at Ty, with epena/ers. Dashed line in (d)-(f) indicates epena = 0.
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FIG. 2. Nonmonotonic mechanical response of a polymer glass as a function of chain bending stiffness. (a) Elastic modulus
G’ as a function of epend /eLy for three values of er;. We used five realisations and found the variation between realisations to
be smaller than the marker size. (b) Elastic modulus G’ as a function of epena/ery for three values of . Inset: decreasing
density with increasing epend/eny. (c) Elastic modulus contributions from LJ, FENE and angular potentials for ery = € and
6o = 109.5°. (d) Lissajous-Bowditch plots showing linear elastic stress contributions [i] the total ; [ii] X7; [iii] ¥*N%; and
[iv] "4 each rescaled by their maximal values. Strains are rescaled by the amplitude 7o. (e) Temperature dependence of G’
across a range of bending stiffnesses epend/cLy. (f) Contour plot showing G’ as a function of rescaled temperature 7™ /T, and

€bend /€L Dashed black arrows indicate decreasing G’; dotted white lines show region of minimal G’.
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by UP"(0) = epena[l — cos(f — 6p)] for energy scaless
€bend and rest angle 6y. The angle 6 is formed betweeniss
consecutive monomer triplets along each linear chain,s
Fig la. A dissipative timescale emerges as mo?/Eep,y 5
and a thermal timescale emerges as mo?/EkpT. Theiss
state of our system, i.e. whether it is in the melt or glassyiss
state, is given simply by the ratio of these timescales, asiss
T* = kgT/ery [17]. A snapshot of the polymer glass isiso
given in Fig. 1b. 160

Decreasing density with epena/erLy Using periodicie
boundaries we equilibrate the system in a melted state
at T* = 1.2, maintaining zero external pressure using a'®
Nose-Hoover barostat. We then cool the system by de-**
creasing T* at rate 1/7., with 7. ~ O(10°)7. Results™
are presented in Fig. 1 for 6y = 109.5°. The system un-'®
dergoes a decrease in volume V as it is cooled, with a'®
change of slope at T* = T}, Fig. 1c [18]. The coordina-
tion of the system is quantified by counting all neighbour-1e7

ing monomers that are within the repulsive part of the

. N, 3 21/6
Lennard-Jones, ie.: Z = =7 0 7 g(r)4nr?dr where

g(r) is the monomer-monomer radial distribution func-*
tion. The glass transition occurs at 7" = T, where'®
V =V, and Z = Z;. As expected [19], T increases™
with €pend, with apparent limiting values occurring for'™
Ebend/ELJ — 0 and epena/eLy > 102 (Fig. 1d), while'™
the associated density Npo®/V, (Fig. le) and coordina-'
tion Z, (Fig. 1f) decrease. Z, varies from 5.9 to 4.4,
close to the expected values when transitioning from a'™
purely central force network to one bound by bending

constraints [4, 20]. A value closer to Z, = 4 is expected,,
for chain lengths > 102 and for epena/eny — 00, while

further constraints such as torsional rigidity are expected

to lead to further reduction [4]. Thus, adding constraints:7
to the monomers reduces the critical coordination andis
density of the system. The trends in Figs. le,f remain
the same at any fixed 7" < T}; the shearing simulationst

described below are run at 7% = 103 for comparison'"

with athermal theory and at higher temperatures to test'
the robustness of the nonmonotonic response near 77 .'*
Further structural description is given in Fig S1. 184

Nonmonotonic dependence of G' on epend/eLs Theizz
storage modulus G’ is obtained for bending stiffnesses
in the range epena/eLy = 0.01 — 3000 and rest angles188
o = 90°, 109.5° and 180° by two means. In the first,
we use dynamic simulation to apply an oscillatory shear
deformation to the system at T* = 10~2 and zero exter-
nal pressure, with strain amplitude vo = 1% and period
2007. For these parameters the system remains in the lin-
ear elastic regime. From the potentials UM, UFENE and ,
UPerd described above, we obtain per-monomer forces
as, e.g., f*7 = —dU" /dr and compute shear stresses in
xy (with velocity x, gradient y, vorticity z) according to
» = % Zi\zl Ton ;‘;, where N represents the totalies
number of LJ interactions and r is the vector betweenio
interacting monomers, and similarly for FENE (SFENE),,
and bending (XP°"d) interactions. We take the total
3 and compute G’ from the linear oscillatory stress re-xe

0
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sponse in the usual way after O(10%) cycles.

In the second, we use the nonaffine lattice dynam-
ics formalism [21-23] to theoretically predict the zero-
temperature elastic response from the amorphous struc-
ture. The modulus comprises an affine term G4 [24]
and a nonaffine correction that originates in the lack of
local inversion symmetry of the polymer glass. From
the interaction potentials and particle coordinates, we
obtain the affine contribution to the elastic modulus as

1 92U
GA - v 0v2

, where U is the overall interaction po-
¥—0
tential energy and < is the strain amplitude. To obtain

the nonaffine contribution, we first construct the Hessian
matrix H;; for the system at a given configuration as the
second derivative of the energy following Ref [21], where
the entries can in general be written as

O*U(z) d*U(z) 0z 0z dU(z) 9%z )
aragrb — dz2  Ore orb, dz Oraorb’
stiffness tension

Here z represents a generic argument that in practice
is represented by either the monomer-monomer separa-
tion r or the angle #; we give a detailed form of the
corresponding matrix entries in the SI. H;; thus includes
stiffness and tension contributions from Lennard-Jones,
FENE and angular potentials [25]. The eigenvalue prob-

lem w?mel = > Hijeé? is then solved directly, after
which we compute the storage modulus as
1 I‘(wk)

"(Q) = - = 2

G(@) = Ga — Re (V%:mwi—mQQ—in (2

where T'(wg) is the affine force field correlator, ef, e} are

eigenvectors and the sum is over the k eigenvalues of the
system.

In Fig. 2a we present G’ as a function of bending stiff-
ness from both simulation and theory, for 6, = 109.5°.
Shown are results for three values of ;. We verified
that our results are valid throughout the linear elas-
tic regime by repeating the ep; = ¢ calculations at
Yo = 2%. There is clear nonmonotonic dependence of G’
ON Epeng /€Ly in all cases, with a minimum in G’ occurring
at 2 < epend/ers < 20. The theoretical prediction pro-
vides a strong qualitative match to the simulation result
at erj = €, also showing nonomontonic behaviour. In the
present article, we limit our discussion of the theoretical
approach to its corroboration of the simulation result.
Future works will focus on the detailed interpretation of
the arising features of the density of vibrational states.
When expressed in units of ¢/V (Fig S2), there is a strong
increase of G’ with er; as expected. In units of er,;/V,
though, G’ collapses with a small offset for all e 5, as ex-
pected due to the decreasing relative contribution from
FENE bonds in each case. In Fig. 2b we present G’ at
three rest angles . Nonmonotonic behaviour is recov-
ered in each case. For 6y = 90°, we observe an enhanced
minimum, with a substantial reduction in G’ of approx-
imately 25%, correlated with a consequent decrease in
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density relative to 8y = 109.5°, Fig. 2b Inset. A shallowe
minimum is also observed for 8, = 180°, though at largerze:
values of epeng/ery individual chains become rod-like, atass
which point both the density and G’ of the material haveass
anomalous behaviour (Fig S4). 265

To eludicate the origin of the minimum in G’, we de-26
compose the contributions X%, SFENE = yibend fr.om thesr
simulation result for 8, = 109.5° and ep,; = €, Fig. 2c,2s
verifying that each remains linearly elastic, Fig. 2d. Con-zes
sistent with the decrease of N,0®/V, and Z, with increas-zmo
ing stiffness (Fig le,f), we find a steady decrease in ¥*on
as stiffness is increased. The increasingly rigid built-iner
three body correlations arising from increasing epena/er.y273
necessitate a smaller number of pairwise monomer inter-2r4
actions for marginal stability, which can be achieved aters
a lower density, or equivalently at a higher free volume.2rs
As such the stress contribution from Lennard-Jones in-2r
teractions (which is proportional to the packing density)ers
decreases monotonically. Since X is the dominant con-zro
tribution, this corresponds initially to an overall drop insg,
G’. As expected, though, we find a monotonic increase,s
in 2bend a9 stiffness is increased, as deformation requires,s,
an increasing energy input to move three-body config-,;
urations away from their resting positions. There is ax,
minor nonmonotonicity observed in the FENE contribu-yes
tion to G’, with the minimum being attributable to the,
removal of LJ interactions allowing minor relaxations ofy;
FENE bonds to their resting positions. This magnitudess
of this effect is, though, largely outweighed by the other
contributions.
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We next test the robustness of the nonmonotonic be-zo
haviour away from the low temperature limit, as thex.
glass transition temperature T} is approached from be-zs
low. A plot of G’ as a function of temperature is givenass
in Fig. 2e. For low temperatures, the shear modulus de-2s
creases slowly with increasing temperature, until a criti-ze
cal value is reached at which point the mechanical rigidityas
is lost [20]. Rescaling the temperature axis with the ap-»s
propriate values of T (obtained from Fig 1c), Fig 2f, wezs
find a good collapse of the loss of rigidity G" as T* — T .0
Similarly, we find the minimal G’ occurring in the samesn
range of epend/€Ls as in Fig 2a across temperatures, high-s.
lighted by white dotted lines in Fig 2f. The nonmono-ss
tonic behaviour of G’ thus remains even very close to thesom
glass transition. This raises the question of the mech-ses
anism by which marginal stability is achieved in semi-s;
flexible polymers at T, which might extend recent workse
in the 7" = 0 limit by Ref [11]. The values of T andass
Z4 vary monotonically with chain bending stiffness be-s
tween asymptotic limits (Fig. 1d,f), yet the mechanicalso
strength at the glass transition retains a minimum for,,
intermediate epend/eLJ- a1

In general, therefore, one might expect that any chemi-ais
cal change that decreases the monomer-monomer coordi-sis
nation of the system, i.e. adding bending constraints orss
frustrating packing by inclusion of plasticisers, will resultsi
in a decrease in the contribution to G’ from non-bondingsz
interactions (represented here as Lennard-Jones). Wess

have demonstrated here with the 6y = 90° case that this
might be ‘designed for’ in practice by adjusting the rest
angles of linear chains to enhance this decrease. Con-
versely, it follows trivially that increasing bending stiff-
ness of polymer chains will generally increase the G’ con-
tribution from angular potentials.

The two contributions to the storage modulus G’ from
non-bonding and bending interactions thus have opposite
responses to increases in chain bending stiffness. As a
result, there is a competition between these contributions
that leads to an overall nonmonotonic dependence of G’
on bending stiffness, with there being a minimum in G’ at
€bend/€L] = 2 — 20. Parameter exploration in ey and
0y demonstrate that both the depth and location of the
minimum in G’ can be tuned by manipulating monomer
chemistry, suggesting ways in which one might exploit or
suppress the nonmonotonicity. Together, these findings
predict that nonmonotonicity in G’ is a generic feature
across glassy polymeric materials.

Given the monomer chemistry of some novel polymeric
system, one might use ab-initio computations to derive
coarse-grained forms of the non-bonding and bending in-
teractions, with energy scales that serve as proxies for
€Ly and Epend, respectively [26, 27]. Our results here can
then serve to guide the synthesis of materials by pre-
dicting whether the mechanical response will be in the
nonmonotonic region, based on the value of the control
parameter pend/€rJ-

Outlook Nonmonotonic dependence of polymer glass
mechanical properties results from two contrasting effects
as polymer chain bending stiffness is increased: decreased
density (and coordination) as monomer-monomer bend-
ing constraints are added; and increased mechanical
rigidity of the chains. Our results strongly support this
being a general phenomenon, as it is robust all the way up
to the glass transition temperature and persists for vari-
ous sets of model parameters. Since bead-spring models
form the basis of much contemporary theory for poly-
mer glasses and their material properties, this finding
has broad consequences across polymer physics. Indeed,
nonmonotonicity of dynamic quantities with respect to
chain length and stiffness is emerging as a widespread
feature of polymeric systems in various contexts [28, 29].
It is, so far, difficult to isolate bending stiffness experi-
mentally, since many other factors can influence the me-
chanical properties. Model systems such as colloidal and
granular polymers (CGPs) [30] might be good candidates
for verifying our predicted nonmonotonicity, though, as
they offer a very high level of control over coarse-grained
properties.

The density of vibrational states from which we con-
structed the theoretical calculation of G’ using nonaffine
lattice dynamics promises to offer additional insights
into the structural and dynamic properties of polymer
glasses in future works, both under shear induced yield-
ing [31, 32] and approaching T}, and under imposed pres-
sure [33]. Future work might extend the present finding
to coarse-grained potentials that represent more specific
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materials [7, 27, 34]. Moreover, the present result repre-s
sents the limit of long chains, while future work might ex-ss3
plore the minimum chain length required to observe non-s:
monotonicity. This is further relevant to colloidal gels,sss
where specific adhesive forces have been shown to leadsss
to bending moments among small aggregates [35] thatsy
could influence the rheological properties [36] in an analo-ss
gous way to that discussed here. Indeed, returning to the

analogy with granular materials, it is not clear whetherss
similar nonmonotonicity in G’ might be observed exper-o
imentally for increasing particle-particle friction. Recentsa
theory [37] suggests otherwise, as endogenous noise gen-s
erated in such packings is responsible for rapidly openingsss

and closing contacts meaning both the friction coefficient
and Z are rather poorly defined. Understanding the role
of rigidity in the mechanical properties of polymers will
be useful in applications as diverse as packing genetic
material in cells [38], the structure of polyelectrolyte ag-
gregates [39] and high-rate deformation of advanced ma-
terials [40].
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