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Abstract

We treat the stability issue for an inverse problem arising from nonde-
structive evaluation by thermal imaging. We consider the determination
of an unknown portion of the boundary of a thermic conducting body
by overdetermined boundary data for a parabolic initial-boundary value
problem. We prove a stability estimate with a single measurement with
some a priori information on the unknown part of the boundary and min-
imal assumptions on the data, in particular on the thermal conductivity.
Then, we obtain that even when the unknown part of the boundary is
a priori known to be smooth, the data are as regular as possible and all
possible measurements are taken into account, still the problem is expo-
nentially ill-posed. Therefore, our stability estimate is optimal.
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1 Introduction

Let Q be a bounded domain in RN, N > 2, with a sufficiently smooth boundary
0%, a closed part of which, say I, is not known and not accessible. For instance,
I could be some interior component of 92 or some inaccessible portion of the
exterior component of 9Q2. On the other hand, we assume that the set A = 0Q\I
is accessible and known. Let T be a positive number and let k = k(z, 1), (z,t) €
RY x R, be a symmetric N x N matrix whose entries are Lipschitz continuous
(real) functions. We assume that & is also uniformly elliptic. Given a nontrivial
function f on A x [0,7] such that suppf is compactly contained in A x [0, 7],
let us consider the initial-boundary value problem

Opu — div(k(z,t)Vu) =0 in Q x (0,7T),
u(z,0) =0 r€Q,

(1.1) u=0 on I x [0,T],
u=f on A x [0,T].
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Given an open portion ¥ of 92 such that ¥ C A, we consider the inverse
problem of determining I from the knowledge of kKVu - v on 3 x [0, T], where v
denotes the exterior normal to €.

This problem arises from nondestructive testing using thermal imaging. In
fact, €2 represents a thermic conducting body, with thermal conductivity k,
A is a known part of the boundary and I represents an unknown privileged
isothermal surface, such as a solidification front, [2], a corroded portion of 92
or the boundary of a cavity inside 2, [3, 20]. We prescribe the temperature on
the accessible part of the boundary, A, and we measure on ¥ x [0,77] the heat
flux exiting the body, and, through this additional measurement, we want to
determine I.

The uniqueness result for the problem above has been proved by Isakov,
see [11]. In [5] it is shown via a counterexample that uniqueness may fail when
u(-,0) £ 0.

In this paper we approach the stability issue of this problem from two dif-
ferent points of view. First of all, we prove a stability estimate under some
a priori information on I and some assumptions on A, k and the oscillation
character of f. The stability estimate we prove is of logarithmic type and it is
therefore very weak, however it is essentially optimal. In fact, we then analyse
the instability character of the problem and we find that this inverse problem is
exponentially unstable, that is logarithmic stability estimates are best possible.
We wish to remark that, for what concerns the stability estimate, the aim is
to keep as minimal as possible the a priori information on the unknown I and
the assumptions on the data A, x and f while still keeping the optimality of
the estimate. Conversely, to properly analyse the instability of the problem, we
study what happens in the most favourable situation, that is we suppose to
have strong a priori information on I, A and x as simple as possible and, more
notably, instead of a single measurement with a given f we take into account
all possible measurements. Still the instability is of exponential type, and this
means that performing different or more measurements does not substantially
improve the stability of the problem.

By the stability estimates and the instability analysis we can therefore char-
acterize in a quite precise manner the modulus of continuity of the map which
associates to the measurement xVu - v on ¥ x [0,T] the unknown part of the
boundary I.

More precisely, we wish to remark that the stability estimate is established
when T is assumed to be C*# 0 < § < 1, whereas A is just Lipschitz. Further-
more, k£ may depend on both time and space variables. We notice that in [5] an
analogous logarithmic stability estimate has been proved when A is assumed to
be O and & does not depend on t.

The proof of the stability estimate has the same structure of those given
in [1, 4, 5, 18]. As in these papers, the main effort consists of deducing some
quantitative estimates of unique continuation, in particular three cylinder in-
equalities in the interior and at the boundary and stability estimates for Cauchy
problems. An optimal three cylinder inequality in the interior has been proved
in [9, 21] and it is recalled in Theorem 3.4. We also need an optimal three cylin-
der inequality at the boundary and this is obtained in Theorem 3.5. The main
novelty here is the dependence of the thermal conductivity by time, too. Let
us also note that the stability estimate for Cauchy problems, Theorem 3.6, has
been obtained for a Lipschitz boundary.



In turn, in order to obtain such quantitative estimates of unique continua-
tion, the main effort is to find a suitable Carleman estimate, see Theorem 3.1.

Instead, in the instability analysis we deal with the following framework. We
assume that = B1(0)\D where D represents an unknown cavity. Therefore we
identify A with the exterior boundary of Q, 9B;(0), and I with the boundary
of the cavity, 9D. We further assume that « is identically equal to the identity
matrix, that is the body is homogeneous and isotropic. Let us fix an integer m.
To each C"™ regular cavity D we associate its Dirichlet-to-Neumann map D(D),
that is the operator that maps each prescribed temperature f on A x [0, 7] into
the corresponding heat flux %| Ax[0,7], Where u solves (1.1). We establish the
instability properties of the function that associates to each operator D(D) the
corresponding cavity D.

The basic idea of the method we use for such a purpose goes back to [12].
More recently, this idea has been applied successfully to the inverse problem
of conductivity, see [17]. Later, in [7], the method has been formulated in an
abstract framework suitable to be applied in the context of inverse problems. In
that paper, in fact, the abstract formulation has been applied to many different
inverse elliptic problems. Here we also make use of the abstract setting, however
the parabolic case presents additional difficulties with respect to the elliptic case.
A crucial step in order to apply the abstract method relies on the construction of
a sequence {ug }ren of solutions to an auxiliary initial-boundary value problem
(namely (1.1) with Q = B;(0), that is D = ), satisfying the following properties.
First, the linear space generated by {uy }ren should be dense among all possible
solutions to the auxiliary problem and, second, uj should decay exponentially
with respect to k on any compact subset of By(0). In the elliptic case, such
a sequence is provided by the harmonic polynomials, whereas in the parabolic
case its construction is much more delicate and is performed in Section 5, with
the crucial exponential decay estimate given in Proposition 5.5.

The plan of the paper is as follows. In Section 2 we state the main results of
the paper: the stability estimate, Theorem 2.4, and the exponential instability,
Theorem 2.5. In Section 3 we prove the Carleman inequality, Theorem 3.1, and
obtain the quantitative estimates of unique continuation. Then, the proof of
Theorem 2.4 is concluded in Section 4. Finally, in Section 5, we prove Theo-
rem 2.5.
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2 Statement of the main results

We begin by giving some notation and definitions. We shall fix the space di-
mension N, N > 2, throughout the paper. We shall use the letter C' or K to
denote positive constants. The value of the constants may change from line to
line, but we shall specify their dependence everywhere they appear (sometimes
we emphasize their difference writing Cy, C1, ...). We shall always omit the
dependence of the constants on N.

For every x € RY we shall set 2 = (2/,zy), where 2’ € RY~! and 2y € R,
and we shall denote by B,(z) and B.(x2'), respectively, the open ball in R¥



centred at = of radius » and the open ball in RN ! centred at 2’ of radius 7.
Sometimes we shall write B, and B, instead of B,.(0) and B..(0), respectively.

Let 7, to be positive numbers. For every z € RV, ¢ € RY such that || = 1
and « € (0, 7) we shall denote by C(z,(, «,r) the cone {y € B,(x) : (7{;_'2‘( >
cosa} and we shall denote by C?(z,(, ,7) the set C(z,(,a,7) x (0,ty). We
shall denote by D% (x) the cylinder B,.(x) x (0, ). For every function 1) on RV 1
such that 1(0) = 0, we shall denote by D}, the set {(«/,zn,t) € By x (0,t) :
P(z') < zx}. When dealing with N + 1 variables (x,t), with = = (z1,...,2n),
we shall denote V = V,, div = div,, A = div(V), D? = D%. We shall write, for
brevity, 0; f = 37{2, O f = %. Finally, we shall denote by Z the identity matrix.

Definition 2.1 Let Q be a bounded domain in R". Given a nonnegative integer
m and 3, 0 < B < 1, we shall say that a portion ¥ of 9 is of C™# class with
constants Ry, E > 0, if for every P € X, there exists a rigid transformation of
coordinates under which we have P = 0 and

QN Bgr, ={(2',2N) € Br, : o~ > ¢(z')},

where ¢ is a C™? function on Bp, satisfying ¢(0) = 0, [l¢llcms(m;, ) < ERo
0
and, whenever m > 1, also |[V¢(0)| = 0. We remark that when m =0and g =1

we shall also speak of Lipschitz class and that when 8 = 0 we shall speak of C™
class.

Remark 2.2 We have chosen to normalize all norms in such a way that their
terms are dimensionally homogeneous and coincide with the standard definition

when the dimensional parameter Ry is equal to one. For instance, we have that

1
lellonssy,) = I9llLesy,) + Roll Velle s, ) + Bo ™ Vels,m,

where [Ve(a') = Vo(y)l
Pr) — vely
IVolgp, = sup e
© z',y'€By, |2’ — |
z'#y’

In the same fashion, if D =Q x (0,7), T > 0, and w is a function belonging
to H>!(D) the norm |ul|g2.1(p) is meant as follows

1
||7-LH§J2»1(D) = W A(UQ + R3|VU|2 + Ré\DzuF + Tz(ﬁtu)2)dxdt,
0

and so on for any other integral or fractional order Sobolev space defined on D
or on X x (0,7), ¥ being a portion of Q2. For what concerns the definition and
main properties of these Sobolev spaces we refer to [16].

2.1 The stability result

Let M, Rg, E, F, A\, A, T and B be given positive numbers with A, § € (0, 1].
Theorem 2.4 below is based on the following assumptions and a priori informa-
tion.

Assumptions on the domain and the accessible part of the boundary



We assume that € is a bounded domain in RY satisfying

(2.1) 0 < MRY,

where || denotes the Lebesgue measure of Q2. We also assume that
(2.2) 00 is of C"! class with constants Ry, E.

We shall distinguish two nonempty parts A, I of 92 which satisfy

(2.3) TUA=0Q, TNA=0, INA=0dA=al,

where interiors and boundaries are intended here in the relative topology of 9).
Moreover we assume that we can select a portion 3 of A satisfying

(2.4) 8QQBRO<P1)CECARO,

where P; is a point belonging to ¥ and Agr, = {zx € 9Q : dist(x,I) > Ry}.

Remark 2.3 Observe that condition (2.2) above implies a lower bound on the
diameter of 2 and on the diameter of every connected component of 9€2. On the
other hand, conditions (2.1) and (2.2) imply an upper bound on the diameter
of Q.

A priori information on the unknown part of the boundary
We suppose that

(2.5) I is of C*? class with constants Ro, E.

Assumption about the boundary data
We shall assume that the Dirichlet data f appearing in problem (1.1) belongs
to HY/21/4(A x (0,T)), it is nontrivial and satisfies

£l errr2racaxo,my)

(2.6) suppf C Ag, x [0,T7, <F.

£l 2 ax(0,1))

Let us notice that f can be trivially extended to 99 x (0,7T) by setting f = 0
on I x (0,T). In such a way, denoting

Sy =09 x (0,T),

we shall often consider f as belonging to H'/>'/4(Sr) and we shall set, unless
otherwise specified,

L= 1F e rzaragsy)-

Assumption about the thermal conductivity

We assume that the thermal conductivity k = k(z,t), (z,t) € RY xR, is a
symmetric N x N matrix satisfying the following conditions for every (z,t),
(y,s) € RV*1 and every ¢ € RY

(2.7) MNEP? < w(z, )€€ < ATHEP,

(2.8) [(z,8) — Ky, 5)| < A <z1£oy * lt_TS|> '



In the sequel we shall refer to the set of numbers {R2/T, M, E, F, \, A, 8} as
to the a priori data. We shall also use the following notation

W(Q x (0,T)) ={v: veL*(0,T); H(Q)), dw € L*((0,T); H*(Q))}.

Theorem 2.4 Let Qy, Qo be two domains satisfying (2.1), (2.2). For any i =
1,2, let A;, I;, satisfying (2.3), be the accessibile and inaccessible part of 08,
respectively. Assume that Ay = Ay = A and that Q1 and Qo lie on the same
side of A. Let us take ¥ C A satisfying (2.4). Finally, we suppose that, for any
1 =1,2, I; salisfies the a priori information (2.5).

Let us assume that (2.6), (2.7) and (2.8) are also satisfied and let u; €
W(Q; x (0,T)) be the weak solution to (1.1) when Q = Q;, i = 1,2. If, given
€ >0, we have

1/2
(2.9) RO ||HVU1 V= KVUQ . V||L2(E><(0,T)) < g,

then we have

(2.10) dy(Q1,Q2) < Row(e/| f1]),

where w is an increasing continuous function on [0,00) which satisfies
(2.11) w(s) < Cllogs|~,  for every s < 1,

and C, Cy are positive constants depending on the a priori data only.

Here d3 denotes the Hausdorff distance, namely

d(Q1,92) = max{ sup dist(z, Qz), sup dist(x,Ql)} i
1651 1652

2.2 The instability result

Let Q = B;\D, where D is a compact subset of By. Let A=0B; =SV~! [ =
0D. We also set ¥ = A. For simplicity, throughout this subsection, we also set
the dimensional parameter Ry equal to 1. We set Q = By x (7/2,37/2) C RN*1
and I' = A x (7/2,37/2).

We wish to remark that we could equivalently consider the time interval
(0,7) or (0, 1) instead. We have chosen (m/2,37/2) only because it will turn out
to be convenient for the purpose of the proof.

The following Hilbert spaces will be used. The space H = H%/ 23/ ), its
dual H' = H, = H™3/273/4T"), and Hy = HY?*Y*(T). We consider now the
interpolation spaces between Hy and H;. For what concerns interpolation we
refer again to [16]. For any 6, 0 < § < 1, we define Hy as [Hy, Hi]g, where this
denotes the interpolation at level # between the two spaces Ho and Hy. The
norm in Hy will be denoted by || - ||g. First, we notice that for any 6,0 < 6 <1,
there exists a constant Cjy, which depends on 6 only, such that the following
interpolation inequality holds for any ¢ € Hy

(2.12) 1110 < Collllo ™ I11S-



By using the interpolation properties of fractional order Sobolev spaces on
T, see [16], we can characterize Hy as follows

{ H2(1/4-0).1/4-0(T) ifo<6<1/4,
Hy =

(2.13) H—20-1/9,=0-1/49(T) if1/4<0<1, 0 +#3/4.

Let us notice the interesting case of § = 1/4, where we have Hy = L*(T), and
that Hj,4 does not coincide with H~1~1/2(T).

Let us fix an integer m > 2 and positive constants J, b and 7.

To any strictly positive function g defined on »SV~! = 9B,, we denote
its radial subgraph as subgraph, ,(g9) = {y € RN : 3y = pw, 0 < p <
g(rw), w e S¥=1}. Then, X,45(B,) denotes the set given by {subgraph,.,;(g) :
g e C=(rSN-1), lgllem@sy-1y <band r < g <r+4}.

Let us consider the metric space (X,d) = (X1 (B1/2),dy) where dy de-
notes the Hausdorff distance. Let us notice that every D € X is closed, is
star-shaped with respect to the origin and satisfies El/g cDCcC §3/4.

For any D € X, we set Q(D) = (B1\D) x (n/2,37/2), T'(D) = 0D x
(7/2,37/2). If D =0, then we set Q(D) = Q and I'(D) = 0.

For any D € X U {0}, we consider the operator D(D) : H + Hy which is
defined as follows. For any ¢ € H, let u € H*>'(Q(D)) be the solution to

Ou—Au=0 in Q(D),
u(z,m/2) =0 xze€Q\D,
u=0 on I'(D),
u=1 on I'.

Then, for any ¢ € H, we set

(2.14)

(2.15) D(D)y = %h, u solution to (2.14).
v

We have that Theorems 4.3 and 6.2 in [16, Chapter 4] imply, respectively,
existence and uniqueness of a solution u € H*(Q(D)) to (2.14) and its continu-
ous dependence from the boundary datum ¢ € H. Finally, by the trace theorem
[16, Chapter 4, Theorem 2.1], we can conclude that, for any D € X U {0}, the
operator D(D) : H — Hj is linear and bounded. We can also consider D(D) as
a linear and bounded operator between H and H' = Hy, by setting

0 0
216) (D) G = (Gl bl = [ Ghon forany w0 €

where u solves (2.14) and (-, ) g/ g is the duality pairing between H’ and H.
Let us remark that the operator D is usually referred to as the Dirichlet-to-
Neumann map. We are in the position of stating the instability result.

Theorem 2.5 Let us fix an integer m > 2 and a positive constant b. Let
(X,d) = (me%(ﬁl/g), dy). Then there exists a positive constant 1, depending
on m and b only, such that for every §, 0 < § < d1, we can find Dy, Dy € X
satisfying

2.17 d(D;, B1s3) <6, foranyi=1,2; d(D1,Ds) > 6;
( /

and, for any 0,0 <60 <1,

(2.18) ID(D1) = D(Da)l| 11,1,y < K exp(—06~ w7,

where K is a constant depending on m, b and 6 only.



3 Quantitative estimates of unique continuation

We shall prove some Carleman estimates and we shall apply them to solutions
to parabolic equations and we shall obtain an optimal three cylinder inequality
at the boundary, a stability estimate for Cauchy problems and an estimate
of smallness propagation. Since the Carleman estimates are obtained by the
technique employed in [9] we shall adopt the notation used in that paper.

Let {g"(x,t)} be a symmetric N x N matrix whose entries are real functions.
When ¢ € RY and (z,t), (y,s) € RVNT! assume that

N
(3.1) ATHER < D g, t)gig; < Mg
ij=1
and
N 1/2
(3.2) > (g t) = g7 (y.9)? | <Az =yl + |t - s]).
i,j=1

Let gg be a given positive number and let L be the following parabolic operator

(3.3) Lu = 0;(g" (x,t)0ju) — qo0yu.
For any positive numbers 7 and t, we set Q% = B, x (—tg,ty), Qf° =

(B, \{0}) x (—to,t0). When h is a C®1(RV~1) function such that h(0) = 0, we
shall denote by I'j, the set

I ={(z,t) e RN . zn = h(2)},
we shall denote by F’;ﬂr the set I, N Q% and we shall denote by ZOT the set
o ={(z.) Q0 ax > h(z')}.

If 2 = (2, h(2')) we denote by v(z), or simply by v, the unit vector of RY
—Varh(z'),1

V1 |Varh(z)?

To simplify the notation we shall use some of the standard notation in Rie-
mannian geometry, but we shall always drop the corresponding volume element
in the definition of the Laplace-Beltrami operator associated to a Riemannian
metric. We do this because it simplifies the formulas appearing in the proofs
of the following lemmas, especially when the metric is allowed to depend on
the time variable and we make use of partial integration with respect to this
variable.

In particular, if g(z,t) = {gi;(z,t)}];_; denotes the inverse matrix of the
matrix of coefficients of L, we have g~ !(z,t) = {g"(z,t) %‘:17
function f and any two variable vector fields £ and 71, we set

and, for any

N
= gz )&m;, P =€

ij=1

N
Vi=g"'Vaof, div(e) =) aig, Af=div(V]).
=1



When h is a C%1(RV 1) function and = = (2, h(2’)) we denote by n(z,t),
or simply by n, the vector
n(z,t) =g Yz, t)v(z).
With this notation we have
Lu = Au — qo0su.

For the sake of brevity, in the sequel we shall denote, respectively, by [ the
integral over Q1 with respect to the Lebesgue measure dX = dxdt and by frl
h,1

the integral over T} | with respect to the N-dimensional surface measure. In
Theorem 3.1 below we shall adopt the following notation. We denote

1/2

N
(3.4) p(z,t) = Z Gij (O,t).’l,‘il‘j

ij=1

For positive numbers a and p to be chosen later we set

N
(3.5) o(x,t) = p(z,t) — alp(x,t)? | Y gn;(0,t)z;
j=1
and

(3.6) w(z,t) = p(o(x,t)), where p(s) = sexp (/OS eM_ldT) .

T

Observe that p is the distance function from = = 0 associated to the metric
N . . o
Do =1 9:5(0,t)dz;dz; and o is a perturbation of p satisfying

(3.7) jo(z,t) = p(x,t)] < Calp(, 1))+,
where C depends on A only.

Theorem 3.1 Assume that the parabolic operator L satifies the conditions (3.2)
and (3.3) and let us take h € CYP(By) such that h(0) = |V h(0)| = 0 and
Allcrsp;y < E, with0 < B <1 and E > 0. Then, there are constants 0 < d <
1, po >0, ag > 0 and C > 1 depending on X\, A, E and B only such that, for
any a > C(qo + 1) and any u € Cl(@,ll’l) NC>(Q},,) such that w =0 on T}
and suppu C Q}, the following inequality holds

(3.8) C/w2*2a(Lu)2 > /(OAUB*M\VU\2 + aBwPE 22,

where w is defined by (3.5) and (3.6) with a = ag and p = ug.

We begin the proof of the theorem above by setting, for any function w €
C*'(Q7) such that w, [Vw| > 0 in Q}, ,, the operator L (f) = w™*L(w®f).
We have

2 2
(39)  La(f) = AF 0298 £~ ago(@,logw) £ + 201 A(F) ~ oD .




where

Vw-Vf 1
|Vw|? 2
We shall denote by MY the symmetric N x N matrix

wAw — |Vwl|?

(3.10) A(f) =w Tur

ELf, Fl =

1
(3.11) MY = i{MZJ + Mji}i\,[j:p
where, using the summation notation of repeated indices,

(3.12)
1. [ wVw wg™ Opw 1 we®ow, ,, 1
lwi':*d —_ 51"_ i\ ——=—— —(0ih— = ’—7F9§i-.
J QIVQVwP> 7 8J<|VwP T 9T R T 3Tty

The following lemmas hold true, [9].

Lemma 3.2 Let p be defined by (3.4), let ¢ be a positive nondecreasing function
on (0,+00). Let w be a function of C**(Q1) class such that w, |[Vw| > 0 in
Q- Let

o(s) = p(s)/(s¢'(5)).
Then the symmetric matriv MY, satisfies M9, Vw = 0 and the following facts
hold
Fiy = 0(w)FS —wd'(w), M, = o(w) M+ we'(w)(Z -

0,t) _ 0,t) __
FIOH = N —2, M9OD =

Vw ® Vw )
[Vw[2 )7

Lemma 3.3 Let w be a function of C*1(Q1) class such that w, |Vw| > 0 in
Q1+ Then, for any o > 1 and any u € Cl(@i) N C>®(Q1) such that u =0 on
I‘}L,l and suppu C Q1, the following inequality holds

(3.13)
2
/IVwW(Laf)2—Bw(f) >0 [ MUTI T [ FRAUY 2 [ Fisou

w

[Vw|? 2 q(z)/ w’ 2 / 2, W
A 0 _
woo [ EERAGP+ D [ S0~ [195Pa S

w? g w?V|Vuw|? - Vf
_ W 5 iy o F wvivwyr CvJ
w [ moosos -2 [ g o
2
— 4a’q, /(8tlogw)A(f)f—|—2aqg /(8tlogw)|va|2f8tf,
where
wVw - n
3.14 B., :M/‘A————V-n?
(314) =2 | o

PROOF OF THEOREM 3.1. Let w be defined by (3.6). First of all we choose a
in such a way that Vw - n > 0 in a neighbourhood of 0. Denoting by (:|-) the
Euclidean scalar product we have

(3.15)  Vw-n=¢'(0) (((g_l(x,t) — g 10,4))Volv) + (g_l(O,t)VU|1/))

10



and
(o)’ (@ Varh — b))
V14 |Veh)2 pz,t)\/14 |V h|?

/ / N
_ aB@Vwh Z M) (50,02 | (o, ).
j=1

(3.16) (g7 (0,t)Volv) = a

1+ |V h|?
Let us now choose a = 2EA~(#*+1)/2 By (3.16) we obtain
(g70,t)Val|v) > C~Ya'|P, for every 2’ € Bic
where C' > 1 depends on A, E and 3 only. With this value of a we also have
(97 (2,8) = g7(0,1))Volv)| < Clz|, on Ty,

where C' depends on A, A, E and 8 only.
By (3.15), (3.14) and the inequalities above, we obtain

(3.17) Bu(f) =0,

for all f € Cl(@}M) N COO(Q}M) such that f = 0 on F,ll,l and suppf C Q}/C,
where C' > 1 depends on A, A, E and 8 only.

With the previous choice of a and for a fixed number p > 1, we have ¢(s) =
e“sﬁ, where ¢ is defined in Lemma 3.2. Moreover the following properties can
be easily checked on Q] e for some constant C' > 1 depending on A\, A, E,
and p only

|z|/C < o < Czl, o/C <w<CCo, 1/C < |Vw| < C,
(3.18) [8:(w?/|Vw[*)| < Cw?, 00| < Cu’, V[Vl < Cw’
|A¢| < CwP2, |FI| < C, |0 logw| < C.

In order to estimate from below the first integral on the right hand side of (3.13),

we observe that if we denote

(Vo -V/)
Vol

(Vw-Vf)

Vi=Vi- |[Vw|?

Vo=Vf-— Vuw,

then from Lemma 3.2 we have
(3.19) MINF-Vf=0od|VF*+oMINF-VT.

Now, from Lemma 3.2, Mg(o’t) = 0, and by straightforward calculations we
have
(3.20)

IME| = [ME — MIOD| 4+ | MO — MIOD| < Coo?,  for any o < 1/Cy,

where Cp > 1 depends on A, A, E and § only (note that Cy does not depend

on f).
By (3.19) and (3.20) we have, when suppf C Q%/CO,

(3.21) /M-g,Vf Vf> /(U(;S’ — CodP )|V fI2.
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Now we estimate from below the second and third integrals on the right
hand side of (3.13). From Lemma 3.2 we have

(3.22) Fj = (N-2)¢+(Bg—od'),

where B = F9 — (N — 2).
From Lemma 3.2, Fg(o’t) = N — 2, hence

(3.23) |B(x,t)| < |[FI—FIOD|+|FgO0 —FIOD| < Coo?,  for any o < 1/Co,

where Cy > 1 depends on A, A, F and 3 only.
The identity

(Vw-Vf)?

.24 2 |Vf]?
(3.24) IVFI®=IVfI"+ Vop

(3.22) and the divergence theorem imply that
B2) [ Fauh = (-2 [ Paw 2 [Bo-a)as

i WV F)2
2/(B¢ — o |VIP +2 [ (Bo- 09 (V- V/)

[Vw|? 7
and

o) [rsar=--L72 [ Pass [(Bo-od)sor

By the identity (3.9), we obtain the following formula for the second integral on
the right hand side of (3.25)

(3.21) 2 / (Bo— o)) fAf =
it

2 / (Bé — 06 )w " fLof + 20> / (c¢/ — Bo)

2
2 [0 = 5017 (20520 = wouf - oo oz ).
By (3.21), (3.25), (3.26) and (3.27) we obtain, for any a > 1,

(3.28) da / MSYS-Vf+a / FIA(F) — 240 / Fifof >

Vw
| | f7=Ry,

za/(a¢’—2coo—5¢+3¢)|@f\2+2a3/( ¢ — qu)

where
Ry = 2a / (Bé— 0¢)w 2 fLof + (N / PA(
2

+ 2a/(a¢’ - Bo)f (Qav 2‘

+ (N~ 20 / P06 — 20 / (Bé — o) f0,.

AU) — aohf — a0a(D 1ogw>f)

12



By (3.18) and Young inequality we obtain

(3.29)
R, < 2 / ‘V af)2+C/(a3wf2+36/2+aw72+5+a2(w72+2ﬂ+q0))f2

w - 2 w?
—|—C’oz/w2+6/2(A(f))2—|—C'a/wﬁ(vvwv2f)+ Vo |2(8tf)

where C' depends on A\, A, E/, 8 and p only.

Now, let us choose p = 4Cy. With this choice of p and by (3.18) we obtain
the following estimate from below for the first term on the right hand side of
(3.28)

(3.30) 2a/(o¢' —2Co%¢ + Bo)|VS? > Coa/w6|@f\2, for any o > 1,

where Cy depends on A\, A, E and [ only.
On the other hand, by (3.10) we obtain

(W VR VP
/ |vw|2 _/wQ_ﬁ (A(f) wa)

Vwl|? 1 Vwl|?
<o [V a2} [V pgyeye

This inequality and the second formula in (3.24) yield to

Vw2 Vuw|?
/ﬂ|vf|2>c /ﬁ|Vf|2 C/| | C/|w2|ﬁ

where C' > 1 depends on A, A, E and 8 only.
The inequality above, (3.13), (3.17), (3.28) and (3.30) yield to

2 2
1) [ gopal? =0 [WhrE et [0 - cpa)

o —CwP [Vw|? 2 ﬁ w? 2
o[- Bgbam+ 2 [ 2o

w3V |Vw|? - Vf
[Vwlt

where

w? .
Ro=Ri—q / Watg”aifajf - 2610/ O f

w?

— 402 qg /(at logw)A(f)erQaqg /(& log w) Vo |2f8tf

Using (3.29) and Young inequality to estimate Ry from above, by (3.18) and
(3.31) we obtain, for any o > C and suppf C Q%/C,

1 w? _ _ _

2 2
+C_1O‘/w2(A(f))2+§g¢/wa|2(atf)2
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where C' > 1 depends on A, A, E and 8 only.
Finally, recalling that f = w™%u and (3.9), we easily obtain (3.8). O

By the Carleman estimates, we can obtain the following three cylinder in-
equalities. In Theorem 3.4 we state the three cylinder inequality in the interior,
proved in [9], in Theorem 3.5 we state the three cylinder inequality at the bound-
ary. We shall omit its proof because it is analogous to the one of Theorem 15 in
[21].

Theorem 3.4 (Three Cylinder Inequality in the Interior) LetT; and R
be positive numbers such that Ty € (0,T], R € (0, Ro]. Let k be a symmetric
N x N real matriz satisfying (2.7) and (2.8). Let u € H>' (D) satisfy

Oyu — div(k(z,t)Vu) = 0 in D',  u(z,0) = 0.
Then, there exist constants s1 € (0,1) and C > 1 depending on A and A only

such that, for any p1, p2 and T satisfying 0 < p; < pa < s?R, 7 € (0,T}), the
following inequality holds

CR K 9 1-9
(332) HU”LQ(DZ"%*T) S'—Y (p2> ||u||L2(D3;11)||UHL2(D£1)7
where
log &1t R T\¢
3.33 V=—"L_ and y=C +1> :
(3.33) Clog % ! (Tl T

Theorem 3.5 (Three Cylinder Inequality at the Boundary) LetT; and
R be positive numbers such that Ty € (0,T], R € (0, Ro]. Let k be a symmetric
N x N real matriz satisfying (2.7) and (2.8) and v be a function of C*? class
with constants E, Ry such that ¢¥(0) = 0. Let u € Hl’l(DifR) N leo(,l (DifR) be
a solution to

Oy — div(k(z,t)Vu) =0 in DifR, u=0onTyNDE, wu(r,0) =0.

Then, there exist constants s1 € (0,1) and C > 1 depending on A\, A, E and
B only such that, for any p1, p2 and T satisfying 0 < p1 < pa < s3R, 7 € (0,T1),
the following inequality holds

- o (CRY o
639l <7(50) elapn Il

where ¥ and v are as in (3.33).

We now turn our attention to the stability estimates for Cauchy problems
and to smallness propagation estimates.

Theorem 3.6 (Stability Estimate for Cauchy Problem) Letd, T1 and R

be positive numbers such that Ty € (0,T], R € (0, Ro]. Let k be a symmetric
N x N real matriz satisfying (2.7) and (2.8) and v be a function of C*1 class

14



with constants E, Ry such that ¥ (0) = 0. Let u € Hl’l(DifR) N leocl (DﬁR) be
a solution to

Oyu — div(k(z,t)Vu) =0 in DﬁR, u=0onTyNDE, u(x0) =0
and satisfy

1
3.35) 7/ kVul|v)? < 62
( BT oo V)

Then, there exists a constant C > 1 depending on A\, A and E only such that,
for any p1, pa and T satisfying 0 < po < C7I1R, 0 < py < C7lpy, 7 € (0,T1),
the following inequality holds

(3.36) T

-9
”uHL2U)¢ < I(gﬂlnqu 1

1-7 T
1) LDy, )’

where

log 22 Cpa\ ™" R T\
LTI S _o(B LY
T Clg () e

PROOF. We present here only the most remarkable steps of the proof.
First of all, we extend the function u to the cylinder Qil g by setting it equal

to zero outside Dzl r, and we continue to denote by u such an extension. Then, let

us introduce the change of variables y = R™1x, s = Tflt. Denoting by v(y, s) =
u(Ry, T1s) and h(y') = ¢(Ry’), we have that v € H"(Q}, ;) N HfOCI(Q}“) is a
solution to

(3.37) Lv =08;(¢"(y,5)9;v) — qodsv =0in Qp 1, v=0onT} |,

where g~ (y,s) = k(Ry, T1s) and qo = R*T; *, and v satisfies also
(3.38) / (g7 'Vulv)? < 6%
T

Moreover, the matrix g~! satisfies (3.1) and (3.2) and k is a function of Lipschitz
class with constants F, 1 and such that h(0) = 0.
Let € be a positive number to be chosen later. Let us denote

(339)  w(y,s) = p(pe(y,5), where p(n) = exp ( /”d)

-
and
v 1/2
(3.40) pe(y, s) = Z 9i;(0,8)(y + cen)i(y +cen);
ij=1

Proceeding in the same manner as in the proof of Theorem 3.5, see [21], it is
not difficult to show that there exist constants C > 1, d € (0,1), depending on
A, A and F only, such that, putting 4 = C in (3.39), for any a > C(go + 1) and
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any v € Hl’l(Q}LJ) N HQ’I(Q}M) such that © = 0 on I‘,ll,1 and supp?d C Q(Ii’pe,

loc

the following inequality holds

1=2a(Yw - n)
3.41 C/wHaLﬁ?—za/ w R Vwen) G e s
( ) ( ) 1"}2’11 ‘V’LU|2‘II|2 ( )

> /(aw1—2a|v1~}|2 _~_a3w—1—2a1~)2)'

Let us apply the above stated inequality to the function o = v{, where v satisfies
(3.37) and (3.38) and ( is a function of class C3(Q}) which is defined as follows.
Let us fix dy € (0,d), r € (g,d1/2) and s € (0,1). Let us denote t; = 1 —s0/2,
ty = 1 — so. Let 1 be the even function such that ¢ € C3(—1,1), ¢ is equal to
1in [—t9,to], it is equal to 0 in [—1, —¢;] and

3
Y(s) = exp (— <t2 + s|) > , for any s € (—t1, —ta].

t1+ s

Let f be a function in C?([0,d;]) that is equal to 1 in [0,d;/2] and is equal to
0 in [3dy /4, d1]. Moreover, assume that |f'| < ¢/dy, | f"| < ¢/d? in [dy/2,3d1 /4],
where c is an absolute constant.

Then, ( is defined by

C(y,s) = f(p=(y, ) (s),

and we denote fo’;«pg = {(y,s) € RN*L © p.(y,s) <7, ynv > h(y), s €

(—t2,t2)}. Let us choose € = rv/\/2 in (3.39), (3.40). By (3.38) and (3.41) we
have that there exists a constant C' > 1 depending on A\, A and F only such
that for all & > C(qosg 4 1)'2 the following inequality holds

(3.42)

ol s ) < Cldi® +aos5Y) ((@@(f/)z))a lullzzy ) + (;%)a 5)

b v

where rp = ———.
0T oVIt E?
Now, set

log(lullz2 @y, ,,)/9)
oy = ' '
' log(e(di/2)/¢(r0))

If oy > C(gosp ' +1)'? then we choose o = ; in (3.42) and we obtain

(3.43) ”UHLz(Q;{r) < C(d1_2 4 qosal)(sﬂo Hu”};zg}z,dl),

where
| — los(p(di/2)/¢(r))
log(p(d1/2)/¢(ro))

If o < C(qosa1 + 1)'2 then, by an easy estimate from above of the left hand
side of (3.42), we obtain

(344) HUHN(QQT) < C(d;Q + qosal + (Cdl/r)al)(sﬂo ||u||i;(ﬁQU}I dl).
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By (3.43) and (3.44), returning to the original variables, it is easy to obtain the
inequality (3.36). O

In Proposition 3.7 below we shall use the following notation. Let o and
R be positive numbers such that @ < 7 and let s; € (0,1) be defined as in
Theorem 3.4. Given zg, ¢ € RY, with |[¢| = 1, we denote

R

3.45 AMN=——
( ) ' 1T ¥sina’

wy =z +MC,  p1 = (1/4)\s7sina.

Furthermore, given a bounded domain D in R¥*! a number 8,0 < 8 < 1, and
a function u defined on D, we shall denote

\U|B B8/2,D = sup (@, 1) — u(y, 5)| .
e (@), (y.s)eD (|7 —y[? + [t — 5])B/2
(z,t)#(y,s)

Proposition 3.7 (Smallness Propagation Estimate) Let us take positive
numbers a, B, H, Th and R such that « < 7, T € (0,T], R € (0, Ry]. Let
k be a symmetric N x N matriz such that (2.7) and (2.8) are satisfied. Let
we H2N(CT (20,¢, a, R)) be a solution to

loc
Opu — div(k(z,t)Vu) = 0 in CT*(20,¢,a, R), u(z,0) =0 in C(z0,(, o, R),

such that

(3.46) ull L2 (s w0, )y + Bl 5,872,071 (wg,¢ ) < H-
Then, for every t € (0,71/2),

(3.47) lu(zo,t)| < CH|log((eH) )|I~P

)

-1
lell a1 uny

where C' depends on a, B, \, A and R?/Ty only and B depends on «, (3, \ and
A only.

ProOF. For the sake of simplicity we assume that g =0, ( = en. Let

. 1—(1/4)s?sina

1+ (1/4)s?sina
and, for every k > 2,
M= a7\, wp = Meen,  pr = d" .
It is simple to check that, for every k > 1, the following inclusions hold true
(3.48) By, (wiy1) C Bsp, (wy) C B2, (wg) € C(0,en, @, R).
Denote by
dp =M — pr = a* I\ (1 — (1/4)s2sina), k> 1.

For a number r belonging to (0, d;], to be chosen later, let us set k = min{k €
N: di <r}. We have

| log(r/dV)| _ + |log(r/dy)|

3.49 <k-1<
(3.49) lloga] < Thogdl

+ 1.
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Moreover, for j =0,1,...,k, we set t; = Ty (1 — 23—%) and o; = ||ul|

By Theorem 3.4 and (3.48), and since obviously o;j4+1 < |||

L2(Dy} (w;))’

ti+1
L*(Dg.,, (wj41))’
we obtain

(350) Oj+1 < FU‘?* (||u||L2(CT1 (O,eN,a,R)))1_9*7 for J =0,1,..., kv

where log(4/3s1)
. og S1 75 _ Co(1+k)C1
0, = 27U = O ,
C1log(4C1/52) ‘

and here C; depends on A\ and A only and Cy depends on A\, A and R?/Ty only.
By iterating (3.50), we obtain that

—1/(1-6.) g% —6F
(3.51) o <K % (lull 2 0,0 e

Let us recall the following interpolation inequality

N¥2+28
—(N+2) 2 _N42
(3'52) ||U||L°°(D;1;0) <C (Po /DTo v > (|v|ﬂ,,8/27DZO)N+2+2ﬁ

1/2
+C (pa(NJrz)/ 1)2) ,
pTo

P

where pp = min{p, v/Tp} and C is an absolute constant.
By (3.46), (3.51) and (3.52), we obtain

23

_ _ N42
(3.53) ”uHLw(D;E(w;)) < C(al—k)(N+2)/2H N¥2128 (Uﬁ)m’
k

where C depends on A, A and R?/T; only. Let us consider the point x, = rey.
We have that (z,,t) € Df,g(w?) for every t € (0,731/2). By (3.46) and (3.53), we
have

[u(0,0)] < [u(zr,t) = w(0, )] + [u(z,, 1)| <

§CH<(C;)5+ <a1,g)(1\7+2)/2 (Zc)l\fﬁfmi‘),

where C depends on A\, A and R?/Ty only.
From this last inequality and (3.51) we obtain

8 _ _ 250k
(3.54)  |u(0,t)| < CH (;) + (alfk) (N+2)/2 eC(1+k)C1 (%) N+2128 ,
1

where C' depends on «, 3, A\, A and R?/T; only and C; depends on A and A
only. Let us choose

|log a|

1 /0 28 N\ | 2lTog 0]

r =d; |log (e (ﬁl) NH”B)‘

From (3.54), taking into account (3.49), we obtain

| log a|
01\ |~ 2BTTog 0«1
0,1) < CH‘I (7)‘
u(0,8)] < og (=5
and (3.47) follows. O
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4 Proof of Theorem 2.4

Given the results obtained in the previous section, the proof of Theorem 2.4 can
be concluded with a procedure which is analogous to the one used to prove the
main theorems of [4, 5]. However, for the convenience of the reader, we point
out in this section the most important steps of the proof. We begin by stating
the following propositions. In this section we shall denote by G the connected
component of Q7 N Qs such that ¥ C G.

Proposition 4.1 Let the hypotheses of Theorem 2.4 be satisfied. We have

(4.1) max ]Iuil < [Ifllw (/11D

(Q:\G)x[0,T/2
where w is an increasing continuous function on [0,00) satisfying
(4.2) w(t) < C(log|logt|)™YN,  for any 0 <t <e ™,

and C' depends on the a priori data only.

Furthermore, if in addition we assume that there exist L > 0 and ro € (0, Ro]
such that OG is of Lipschitz class with constants ro, L, then (4.1) holds true
with w satisfying

(4.3) w(t) < Cyllogt|=%2, forany 0 <t <1,
where Cy, Cy depend on Ry/ro and the a priori data only.

Proposition 4.2 Let Q be a bounded domain in RY satisfying (2.1) and (2.2).
Letu € W(Q2x (0,T)) be the solution to (1.1), where f satisfies (2.6) and k sat-
isfies (2.7), (2.8). For every p > 0 and every xo € Q, = {x € Q: dist(z,0Q) >
p}, we have

(44) ||UHL2(D7;/4(1.0)) > C”fHa

where C depends on Ro/p and the a priori data only.

Up to obvious changes, Proposition 4.1 can be proved following the lines of
the proof of Proposition 5.2 in [5] and using standard regularity estimate for
parabolic equations, see for instance [15, Chapter VI, Section 11], whereas the
proof of Proposition 4.2 is similar to that of Proposition 5.5 in [4]. Here we recall
the definition of modified distance introduced in [1].

Definition 4.3 We call modified distance between 2; and 9 the number

(4.5) dm (Q1,9Q9) = max{ sup dist(z,Qs), sup dist(x,Ql)}.
€N, €002
Note that
(4.6) A (Q1,92) < d3(Q1,92),

but, in general, the reverse inequality does not hold. However, the following
proposition holds true, [1].
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Proposition 4.4 Let Oy and Qg be bounded domains satisfying (2.1) and (2.2).
For any i = 1,2, let A;, I; satisfy (2.3). Let us also assume that A} = As = A
and that 1 and Qs lie on the same side of A. There exist numbers dy > 0,
ro € (0, Rol, such that %‘; and ;—% depend on E only and the following facts hold
true. If

(4.7) du(1,92) < do,
then there exists an absolute constant C' > 0 such that
(48) dﬂ(ﬁhﬁZ) S Cdm(Qly QZ);

and any connected component of Q1 N Qs has boundary of Lipschitz class with
constants rq, L where o is as above and L > 0 depends on E only.

PROOF OF THEOREM 2.4. For the sake of simplicity we denote d = dg;(Q1, Q2)
and dp, = dm (21, Q2). Let us prove that if o > 0 is such that

(4.9) lwill2(@ineyxo,7/2)) < 0y i=1,2,
then
(4.10) d, dy, < CiRo(o/|| N,

where C7, C5 depend on the a priori data only.

We begin by proving (4.10) for d,,. We may assume, without loss of gener-
ality, that there exists zo € Iy C 9§ such that dist(xo, Q2) = d;,,. By (4.9) we
have

(4.11) |t ll L2 ((@inBa,, (z0))x(0,7/2)) < O

Let s1 be defined as in Theorem 3.5. We distinguish two cases. If d,,, > s2Ro/2,
— 2 —

let d = 2(1:17\/%, T = x9—vdv1 + E?2, where v denotes the outer unit normal

to 1 at xg. We have

B3(T) C 1 N Bg2g, )2 (o).
By Proposition 4.2, (4.11) and the above inclusion we have
(4.12) o> HUI||L2((QiﬁBS%RO/2(zo))><(U,T/2)) > C| 1],

where C' depends on the a priori data only. Since it is evident that d,, < CRy,
where C' depends on E and M only, and d,,, > s? Ry/2, by (4.12) we have that,
in this case, d,, satisfies (4.10) with C; depending on the a priori data only and
Cy =1

Otherwise, if d,, < s?Ry/2, let us apply Theorem 3.5 with p; = d,,, p2 =
s2Ry/2, R= Ry, T =T/2, 7 =T/4 and, by (4.11), we obtain

1

el z2(@unB s g owoy < 0,174y < CFIC/ILFI) 7%

where C' depends on the a priori data only. Then, by Proposition 4.2 and the
inequality above, we can conclude that d,, satisfies (4.10) also in this case.
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We have proved that (4.10) holds for d,,, and, now, we use this result to show
that (4.10) holds for d, too. Without loss of generality, we may assume that there
exists yo € Q; such that dist(yo, 22) = d. Let us denote § = dist(yo, dQ;) and
let us distinguish three cases, depending on the value of § with respect to d and
do, dp as in Proposition 4.4.

First, if 6 < d/2, we take zy € 0§} such that |yo — 20| = ¢ and we have

dm 2 diSt(Zo,ﬁg) Z d—9o 2 5/2,

hence ¢ < 2d,,, and, since (4.10) holds for d,,, we have that it also holds for d.
Second, if d/2 < § < dy/2, then d < dy and Proposition 4.4 applies, hence
by (4.8) d can be controlled by d,, and therefore d satisfies (4.10) as well.
Third, if 6 > max{d/2,dy/2}, let us set d; = min{d/2, s3do/4} where s; €
(0,1) has been introduced in Theorem 3.4. We have

(4.13) Ba, (yo) € 0 \Q2,  Bgza,/2(y0) C 1.

Now, let us apply Theorem 3.4 with p; = dy, p2 = s2dy/2, R = do, T1 = T/2,
7="T/4 and, by (4.9) and (4.13), we have

1
TRy

Il 20, st <078 < CUFNE /AT

where C' depends on the a priori data only. Then, by Proposition 4.2, we obtain
that

(4.14) d1 < C1Ro(a/| 1)<,

with C; and C5 depending on the a priori data only.

Now, let ¢ = ||f||(4§17d1‘%0)c2. If 0 < &, then dy < (s3dp)/4, hence d = 2d;
and (4.10) follows by (4.14). If ¢ > & then (4.10) immediately follows.

By Proposition 4.1 and (4.10) we have

702
d < CyRolog|log(e/|| FIDI|

where Cp, Cy depend on the a priori data only. Then, there exists g9 > 0,
depending on the a priori data only, such that if ¢ < g¢ then d < dy. Thus, by
Proposition 4.4, G satisfies the hypotheses of Proposition 4.2. Hence in (4.10) we
may replace o with || f|lw(e/||f]|) where w(t) < Cy|logt|~2, Cy, Cy depending
on the a priori data only, and thus (2.10) follows. O

5 Proof of Theorem 2.5
We begin with the following definition.

Definition 5.1 Let (X, d) be a metric space. For a given positive §, Z C X is
d-discrete if for any two distinct points 21, 21 in Z we have d(z1,2]) > 6.

Let (X,d) be as in the hypotheses of Theorem 2.5. Let us set Dy = El/g
and let us call, for any 6 > 0, X5 = {D € X : d(D, Dy) < d§}. We observe that
for any 4, 0 < 6 < 1/4, we have X5 = Xynp5(B1/2). We have that (X, d) satisfies
the following proposition, see for instance [7, Proposition 3.1].
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Proposition 5.2 There ezists dg > 0, depending on m and b only, such that for
any 6, 0 < § < &g, we can find Zs C X5 such that Zs is 0-discrete, with respect
to the Hausdorff distance, and Zs has at least exp(2*N5(()N_l)/m5’(Nfl)/m)

elements.

Before proving Theorem 2.5, we need to introduce some further notation. Let
Q =0x(0,27), T = Ax(0,27) and, for any D € X, let Q(D) = (Q\D) x (0, 27)
and T'(D) = dD x (0,2x). Clearly, we set Q(#)) = Q and T'(§)) = 0.

Let us consider the Hilbert space L? (f‘) endowed with the scalar product

(4, )o = /F 6, for any ,é € L*(F).

We can choose as an orthonormal basis of L?(A) the following set

(5.1) (s 52 0and 1<p<p,}

where each f;,, is a real valued spherical harmonic of degree j, j being a non-
negative integer. Therefore, we have that

(5.2) —Aafip=Xifip =30 + N —2)fjp,

where A4 is the Laplace-Beltrami operator on A. For any j > 0, the integer p;
is the dimension of the space of spherical harmonics of degree j and we have
that, see for instance [19, page 4],

B 1 if j =0,
b; = (2J+Aj{'i12\f)(j2-§lN_3)l if j > 1,

so that
pi <20 +1DN? >0
Then we have that the set

1 . n .
63 {bu = JzsmGOLp): 0> 152 0md1<p<p

is an orthonormal basis of L?(T") with respect to the scalar product (-, -)o.

For any s, 0 < s < 1, let us consider the Sobolev space H%S’S(F). We have
the following properties. First, H?OS’S(f‘) = H?%%(T) if and only if s < 1/2. Then,
for any s # 1/2, we can endow H?()S’S(f‘) with the following scalar product
(5.4)

n\2s 5,5 (T
(.0)s =" (14274 (5) ) Yugn)o(6,bnsplo, for amy 1,6 € HE (D),

n>1, j>0
1<p<pj;

with respect to which the set

(5.5) {qﬁnjp = Ynip :n>1,7>0and 1 <p< p]}
L+ A% 4 ()%

is an orthonormal basis of H?OS’S(I‘).
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For any n, j and p, let us define v(in]—p) = y/n+ 7 and let us call, for any

positive integer ¢, N1(q) = #{(n,7,p) : ’)/(’l/;njp) < ¢}, where # denotes the
number of elements. By the previous estimate on p;, we have that

(5.6) Ni(q) <2(1+¢)*N, for any ¢ € N.

Let A = HY>Y YD), B’ = H = H-3>73/4) and Hy = HY/>Y/4(T).
For any D € X U {0}, let us define in the same fashion as before the Dirichlet-
to-Neumann map associated to D, that is the linear and bounded operator
D(D) : H — Hy such that for any ¢ € H we have

ot

D(D)) = 5%7

where 4 solves

(5.7) . L

_ Let us also define the following two linear and bounded operators G,G* :
H — H such that for any v € H we have

- G, 1) = B, e 1457,
’ G*(w,t) = (w, t)e VTt (27 — )=3/2,

We have that there exists a constant C such that
(5.9) ||é\|c(ﬁ,ﬁ)a Hé*Hﬁ(ﬁ,fi) < (.

Now we can define, for any D € X U {0}, the following linear and bounded
operator Dy (D) : H — H' as follows

(5.10) (D1(D), ) g g = (D(D)GY,G* ) gy gy, for any 1, ¢ € H.

Then the proof of Theorem 2.5 is an immediate consequence of the following
two propositions.

Proposition 5.3 There exists a constant Ca, depending on m and b only, such
that for any D € X and any ¢ € H

(5.11) I(D(D) = D@)ll 77, < Calloll =18, 0,2m):

where g solves (5.7) with D = (.

Proposition 5.4 There exists a positive constant 6, depending on m and b
only, such that for any §, 0 < 6 < 61, we can find D1, Dy € X satisfying (2.17)
and such that

~ ~ __ N-1
(512) HDl(Dl) — Dl(Dg)”[/(H’H/) < 2€Xp(—($ 2m (2N +1) )
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PROOF OF THEOREM 2.5. We observe that there exists a constant C3 such that
the following two inequalities are satisfied for any ¢ € H

ID@)ll 5, < Chlliioll g2 (ys  Miioll 21y < Call¥l 5-

By Proposition 5.3, we have that there exists a constant C4, depending on m
and b only, such that

(5.13) ”ﬁ(D)HE(FI,I?o) < (4, forany D€ X.

Then, we consider the following fact. For any v € H, let ¢ € ﬁ be its
extension by 0 outside I'. We have that J : H — H, where J(¢) = 1 for any
1 € H, is a linear isometry. Furthermore, we have that the linear operators
G,G* : H — H such that for any v € H

G() =GW)lr, G*(¥) =G W)lr,
are invertible and there exists a constant Cs5 such that
(5.14) G er, iy NGl 2, eys NG M 2,y 1G*) ™ gy < Cs.
For any D € X, for any ¥, ¢ € H, we have that
(5.15) D(D)¢ = D(D)J¢|r

and
(5.16) ~ -
(D(D), $)rr,ur = (D(D)J, J§) g g = (D1(D) TG4, J(G*) L) o -

By (5.15) and (5.13), we infer that for any Dy, Dy € X we have
(5.17) ID(D1) = D(Da2)ll 21, 110) < 2C4.

By (5.16) and (5.14), we infer that for any Dy, Dy € X we have
(5.18) ID(D1) — D(Ds) | (a1, 1y < CE|D1(D1) — 151(D2)||L(ﬁ,ﬁf)-

The proof of Theorem 2.5 follows immediately from Proposition 5.4, (5.17),
(5.18) and the interpolation inequality (2.12). O

PROOF OF PROPOSITION 5.3. Let x € C§°(B1) be a cutoff function such that
0<x<1, x=1lin Bsss, x =0 outside Bys.

Let us take the auxiliary function v = % — (1 — x)@o, @ being the solution to
(5.7). We have that 2¢| = (D(D) — D(0))3) and that v solves

dw—Av=f inQ(D),
v(z,0) =0 x € Q\D,
v=0 on I'(D),
v=20 on f‘,

(5.19)
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where f = —Axig —2Vx - Vi and hence, by construction of x; it is supported
in (B7/5\Bs/6) x [0,27] and, for a constant Cg,

(5.20) 1l L2608, 0) < Colltoll a2 (5,5 x0,2n)-

Then we perform the following change of variables. There exists a constant
C7, depending on m and b only, such that for any D € X we can find a bijective
function ¢ : By — B satisfying

o(x) =z, forany x € §1/4 U (B1\Bs/6). cp(Fl/Q) =D,
lelem @,y 1o lom@,) < Cr.
Let w(x,t) = v(p(x),t). We have that w solves
adyw — div(AVw) = f in Q(ELQ),

w(z,0) =0 r € Q\By s,
21 o\
(5.21) w=0 on I'(By2),
w =0 on I,

where a is a function depending on x only, A is a symmetric N x N matrix
depending on x only, and there exists a constant ¢; > 0, depending on m and b
only, such that for any = € B; we have

a(z) > ¢, A@)E-ZE>c|E|? for any E € RY,

Ha||cm71(§l)7 ||A| Cvnfl(§1) S 1/61.

By standard regularity estimates, see for instance [13, Chapter III, Section 6],
we obtain that there exists a constant Cg, depending on ¢; only, so that

[0l gr21(gB, 1)) < Csllfll 2B 20

Therefore the proof is concluded by noticing that, by the trace theorem [16,
Chapter 4, Theorem 2.1], there exists a constant Cy such that

ow
H ov |f“H0 = Cg||wHH2’1(Q(§1/2))

and that, by construction, g—jﬂf

29| O

We now turn our attention to Proposition 5.4. Let us fix integers n > 1,
jZO,p7 1§p§p], and let

\Ij7ljp(w7t) = yn(t)fjp(w)a (wvt) € Ax Ra
where

y (t)_{ esin(§t)e” /1T it >0,

0 if t <0.
Let us remark that y,, € C*°(R) and y,, € H™(R) for any nonnegative integer
m. Then we consider the following boundary value problem. Let U = U, ;p,(z, )
be a classical solution to

U — AU =0 in Q x (0,+00),
(5.22) U(z,t) =0 (z,t) € Q X (—00,0],

U=, on A x R.

The following decay estimate of exponential type will be crucial.
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Proposition 5.5 For anyn, j, p, let U,jp solve (5.22). Let us fix po, 0 < po <
1. Then there exist positive constants Ky and ki, depending on py only, such
that

(523) HUan||L2(BpO><R) < Kl exp(—klwn—ﬁ-j).

The proof of Proposition 5.5 is rather technical and therefore we postpone
it to the end of the section. As a corollary of Proposition 5.5, we obtain the
following result.

Lemma 5.6 For anyn, j, p, and any D € X, we have

(5.24) 1(D1(D) = D1(0))Pnjpll g < Ko exp(—kiv(Wnjp)),

where Ko depends on m and b only.

PROOF. By (5.9) and (5.10), and the relation between 1,5, and t,,;,, (5.5), we
obtain that

I(D1(D) = Di(8)dnjpll g < Col(D(D) = D(0) Gl -

Let U,jp solve (5.22). Then we have that the restriction of U,,;, to the time
interval (0, 27) solves (5.7) with D = () and boundary datum G4,,,. By (5.11),
we infer that there exists a constant K3, depending on m and b only, such that

I(D1(D) = Dy (0)dnipll gr < Ksl|Unipll 1121 (5.5 x 0,20

Then the conclusion follows by Proposition 5.5 and a Caccioppoli type in-
equality of the form

1Unjpll21(B,, % (0,2m)) < KallUnjpllL2(B,, % (0,2m))

where 0 < p; < pg < 1 and K, depends on pg and p; only. For similar Cacciop-
poli type inequalities we refer to [13, Chapter III, Section 6]. O

Now we almost have what is needed to prove Proposition 5.4 and hence
conclude the proof of Theorem 2.5.

PROOF OF PROPOSITION 5.4. We need to introduce the operator which is ad-
joint to Dy. For any D € X U{(}, let us define the bounded and linear operator
D*(D) : H — Hy such that, for any ¢ € H, we have

~ ~ 0V
D*(D)p = —|=
( )¢ 81/ |F7
where ¥ solves

o0+ A0 =0 in Q(D),
o(x,2r) =0 xe€Q\D,
(5.25) 0 on I'(D),

o} onT.

[STENSH

Then we define D} (D) : H — H' so that

(D}(D)$, ) g = (D*(D)G*,Ga)) g g, for any ¢, ¢ € H.
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Using the weak formulation of (5.7) and (5.25), it is easy to show that the
following adjointness property holds true for any D € X U {0}

(D1(D), ) g g = (D5 (D), ) g gy, for any ¥, ¢ € H.

It is not difficult to show, with a simple change of variable in time, that
(5.24) holds true if we replace D; with D%. Then, through the adjointness, we
have that for any n, n’, 7, 5/, p, p'

(5.26)

{(D1(D) — D1(0))tnjp &n’j/p’>f[',f1| < Ksexp(—ki max{y(¥njp), Y(njip)}),

where K5 depends on m and b only.

_ Then, recalling Proposition 5.2, the properties of the orthonormal basis
{¥njp} and of +, in particular (5.6), and the decay estimate (5.26) above, we
notice that we are exactly in the position of applying the abstract instability
theorem stated as Theorem 2.1 in [7]. Hence Proposition 5.4 follows. g

PROOF OF PROPOSITION 5.5. We suppose that U,;, can be written as follows

Unjp(: 1) = Vijp(r;8) fip(w), 7= |lzl|, w = z/[|z[].

For the time being, let us denote V' = V,;,(r,t), Vi = O,V and V, = %—‘:,
Ver = 9’V We have that V satisfies

or? *
Vi = Vi — N1y, 4 202y — i (0,1) x (0, 400),
Vir,t)=0 (r,t) € (0,1) x (—00,0],
G2 V(1) = yatt) 1€ (0, +00),
V(0,t) =0 (V,(0,t) = 0) te(0,4+00), j>1(j=0)

Let V be the Fourier transform of V with respect to time, that is
A~ +Oo .
V(r,€) :/ e SV (r,t)dt, £€R, re(0,1).

By using classical tables of integral transforms, see for instance [8], we have
that the Fourier transform of y,, is, for any £ € R,

o V2IE=n72]

() = ———5——((cos(v/2€ = n/2]) — sign(€ — n/2)isin(v/2€ — n/2)))
o= V2[E+n/2]

— T(COS(\/ZE +n/2|) — sign(£ + n/2)isin(1/2|¢ +n/2|)),

hence the following estimate holds

(5.28) [0, (8)| < e VA2l L o=/ gy any £ € R.

We have that V solves

Vi + 2210, — (i + L2 =0 in (0,1) x R,
(5.29) V(1,¢) = yn(§) ¢ER,
V(0,8) =0 (V:(0,) =0) EER, j>1(j=0).
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If we choose o, & and v so that 02 = —if, 1 —2a = N —1 and o® — 12 =

—j(j+ N —2), that is

(6:30) o = Y2 signg), a=2TN w \/(N;Q)Z LG+ N—2),

then, using formulas 5.4.11 and 5.4.12 in [14], we infer that for any £ € R, any
r € (0,1),
V(r¢) = ry(ai}y(ar) + ang(ar)),

where J, and Y, are Bessel functions of order v of first and second kind, re-
spectively, and a§ and ag are coefficients depending on £. Concerning Bessel
functions we refer mainly to [22] and [14]. We always restrict ourselves to the
case in which v > 0, and we recall here the following basic properties. The Bessel
functions have the following asymptotic behaviour as z — 0

Jy~z2v, Y, ~(1/2)", asz—0, ifv>0,

(5.31) Jo—=1, Yy~logz/2, asz—0,

and these formulas hold for the derivative

(5.32) %(Z_VJV(Z)) =—z""J11(2), %(Z_VYV(Z)) =—27"Y,11(2).
Then, it is easy to show that the boundary condition at r = 0 is satisfied if
and only if a§ = 0.
For any r > 0 and any & # 0, we have that J,(or) # 0, see for instance [14,
Theorem 2, p. 127] and [22, Chapter XV]. Therefore, inserting the boundary
condition at » = 1, we obtain that for any r € (0,1),

(5.33) Vi€ =rT JJDV((T))

gn(§),  for any & # 0.

JJ“((‘; r)). We use the following formula,

We wish to estimate the modulus of
see [22, formula 3, p. 498],

v T 2,2
(5.34) Ju(z) = F((f//i)l) H (1 - 7—2l> ’
=1 v,

where 0 < 7,1 < T2 < ... < Ty < ...are the positive zeroes of J, and here
I'(v + 1) is the value of the Gamma function in v + 1.

We infer that
" 1/2
=¥ f[o Eil,l +rig?
Ty + &2 .

=1

+oo /4 4¢2\ 1/2 +o0
TV,Z+T§ ]- 4 2 1
10g||<7_4 +§2> §7§(1*T)52T4l+52.
=1 'V
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In order to evaluate the right hand side of the last formula, we make use of the
following properties of the zeroes of the Bessel functions. First, for any [ € N,
the function v — 7, is increasing, see [22, p. 508], therefore

+oo 1

Z ;l 52 _ZT[A}/]+17Z+§27

where [v] denotes the integer part of v. The so-called interlacing-property, [22,
p. 479], implies that

+oo 1 +oo 1

P s R D =2
4 2 = 4 2

= T T8 T e T e

By Bocher’s Theorem, see [22, p. 494], we obtain that 79; < (21 —1)79 1, for any
[ € N. Therefore, if we denote 7 = 79 1, which is a positive absolute constant,
we can conclude that

Z;l 52*

which in turn is greater than or equal to

—+oo

1
2 e

I=[v]+2

+o0 too
o T2z — 1) + &2 dz = 27(€]3/2 | cwira- mdy
W+ wldr

If we estimate the last integral, distinguishing whether the first endpoint of
the interval of integration is less than 1 or not, we can find a positive absolute
constant K¢ such that

lf ! > Kgmin 1 1
2 vk g2 =0 [€[3/27 (2] +3)373 [

We continue by noticing that there exists a positive constant K7 such that
1 S Ky

Q@] +3)373 = (G +1)%

Thus, recalling (5.33), there exists Kg > 0 such that we have, for any r € (0,1)

and any £ # 0, the following crucial estimate
(5.35)

V8 < enp (~Ka(1 = rgtmin { o s b o

We recall that |g,(€)| can be estimated as in (5.28).
Let us now fix pg, 0 < pg < 1. We wish to estimate

1 po f+oo .
/ Ju(z, t)|*dedt = — / / TNV (r, €)2dedr.
By x(0,+00) 27 0 —o0

Here we have used the fact that [/fj,l|z2(4) = 1 and Plancherel’s Theorem.
Then, by (5.35) and (5.28) we have

for any j > 0.

1 p21/+2
(5.36) / lu(a, t)dadt < — L0 g
By x(0,400) T 2r2v

+2
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where

+oo
E<L 4/ exp <_2K8(1 _ p3)§2 min {|§|%5/2’ (j+11)3}> e_Q‘/Q‘f_"/Q‘dé

— 00

Since v > j and pg < 1, then

1 /)(2JV+2 27
(5.37) 2r2v+2 =0

We now turn our attention to the term E. We distinguish between two cases.
First, if n/4 > (j + 1)2, we have, setting K9 = Kg(1 — pg),

E §4/f exp(—\/ﬁ)df—i—él/lf exp(—Kov/n) exp(—2+/2[¢ — n/2])d¢,

|<n/4 |>n/4

therefore, for a positive absolute constant Kg,
E < 2nexp(—V2n) + Kio exp(—Kgy/n).

We conclude that there exist positive constants Ki1, Ki2, depending on pg
only, such that

K11 exp(—Klg\/ﬁ), if n/4 Z (j + 1)2,
. < . !
(5 38) E_ { Klla 1fn/4<(j+1)2

Then, inserting (5.37) and (5.38) into (5.36), a simple computation yields to
(5.23) with constants K7 and ki depending on py only.
In order to conclude the proof, we have just to check that if we set

Uz, t) = V[l ) fip(/llz]),  (2,) € Q\{0} xR,

where oo
V(r,t):% / V(1 €)de,  (rt) € (0,1) x R

— 00

and V is defined as in (5.33), then U can be extended to a continuous function
on  x R which satisfies (5.22).

For this purpose, the following estimate will be crucial. For any n < 0 and any
£ eR, let ¢ =E&+inand 02 = —i¢, with arg(o) satisfying m/4 < arg(o) < 37/4.
Then, if we apply (5.34) again we obtain that

Jy(or)
Ju (o)

(5.39) <r¥, foranyn<0, £#£0, re(0,1).

Since the support of y, is contained in [0,400), (5.39) and the Paley-Wiener
theory, see for instance [10, Theorem 7.4.3], imply that, for any r € (0, 1), the
support of V(r,t) is contained in [0, +00) as well. Finally, the regularity of y.,
(5.29), that is the equation and the boundary conditions at r = 0 and r = 1
satisfied by V, the asymptotic behaviour of the Bessel functions as z — 0, and,
when j = 0, formula (5.32), imply that V' satisfies (5.27) and, in turn, that the
function U defined above is indeed the solution to (5.22). O
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