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Abstract

In this dissertation, we introduce the sheaf of nearly overconvergent quaternion modular
forms of general weight over a normal integral model of a Shimura curve via the machinery of
vector bundles with marked sections. We then study the Gauss-Manin connection and Hecke
operators on the aforementioned sheaf using Serre-Tate coordinates, and finally show that the
Gauss-Manin connection can be iterated p-adically.

Abstract

In questa tesi, introduciamo il fascio delle forme modulari quaternioniche quasi sovracon-
vergenti di peso arbitrario su un modello integrale normale di curve di Shimura attraverso lo
strumento dei fibreti vettoriali con sezioni contrassegnate. Studiamo in seguito la connessione
di Gauss-Manin e gli operatori di Hecke sul fascio menzionato precedentemente usando le coor-
dinate di Serre-Tate, ed infine mostriamo che la connessione di Gauss-Manin puo essere iterata
p-adicamente.
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Introduction

Background and motivation

Analogous to the role played by nearly holomorphic modular forms in the study of complex
L-functions, nearly overconvergent modular forms play a vital role in the study of p-adic L-
functions.

In the complex setting, the notion of nearly holomorphic modular form (of weight k£ € N,
order d € N) was first introduced by G. Shimura to prove the algebraicity of special values of
L-functions [Shi76]. One key tool in the proof is the Maass-Shimura operator on the space of
nearly holomorphic modular forms which raises the weight by 2 and order by 1.

It was realized later by E. Urban [Urbl4] that one can give a sheaf-theoretic definition of
nearly holomorphic forms using the (logarithmic) algebraic de Rham cohomology of the universal
(generalized) elliptic curve over the compactified modular curve. More precisely, let X :=
X1(N) be the compactified modular curve of level I'; (V) for some integer N > 4, and let
E/X be the universal (generalized) elliptic curve. Also, let w be the Hodge line bundle over
X, H:= Hiz(£/X) be the degree-1 relative (logarithmic) de Rham cohomology sheaf, and let
W, H'™ be the real analytic sheaves over X¢ = X ®z 1] C associated to w, H respectively.
Then the Hodge decomposition of H'™® and the Kodaira-Spencer isomorphism induce a canonical
isomorphism between nearly holomorphic forms of level N, weight k, order d and sections of
Sym?(H"™) @ wk~¢ over Xc. Moreover, one can recover the Maass-Shimura operator from the
Gauss-Manin connection on Sym?(H') ® w¥~¢ via this isomorphism.

In the p-adic setting (p 1 V), the notion of nearly overconvergent modular forms (of finite
order) was first introduced by R. Coleman [Col97]. Like nearly holomorphic modular forms,
nearly overconvergent modular forms are equipped with a differential operator, the Atkin-Serre
operator. Recently, Bertolini-Darmon-Prasanna [BDP*13], Darmon-Rotger [DR14], Harron-
Xiao [HX14] and E. Urban [Urbl14] independently developed a more systematic theory of (p-
adic families of) nearly overconvergent modular forms (of finite order). The family nature of
nearly overconvergent modular forms and the Atkin-Serre operator make the theory of nearly
overconvergent modular forms a powerful tool in the study of p-adic L-functions.

To be more specific, let A := Z,[[Z]] be the Iwasawa algebra, W := Spa(A, A) (this is the
parameterizing space of continuous characters of Z,;. for more details, see §1.7) and x : Z,; —
A be the universal character, i.e. the character sending ¢ € Z; to the group-like element [t]
in A*. Let X&‘i, H24, w,4 be the adicification of Xq,, H, w respectively. Then for affinoid
subdomains U := Spa(R, R") of W such that p is invertible in R, and for the restriction ry; of
K to U, over certain strict neighborhoods of the ordinary locus of X&i X $pa(Q,,z,) U, Andreatta-
Tovita-Stevens [AIS14] and V. Pilloni [Pil13] independently constructed the overconvergent sheaf
™ of weight xy; such that the specialization of "¢ along the classical weight

ki ZY =7 ad"

recovers the restriction of g;@dk to certain strict neighborhoods of the ordinary locus of X@‘i. For

any d € N, sections of Symd(Had) @1"u~9 are called the p-adic families of nearly overconvergent
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modular forms of weight Ky, order d. Using the unit root splitting over the ordinary locus,
one can recover the Atkin-Serre operator from the naturally defined Gauss-Manin connection
on Sym?(H*!) ® npru—,

Motivated by the desire to construct triple product p-adic L-functions (associated with Cole-
man families), Andreatta-Iovita [AI17] introduced the (integral) nearly overconvergent sheaf W,
of unbounded order. More precisely, let AY 2 Z,[[T]] be the connected component of the Iwasawa
algebra A and let Wy := Spa(A9[],AY) ¢ W with

(A0 4) — (ALY, p) if T =10, 1],
Q)= b

(MO (Ee, L), T), if T = [p*,p'],a,b € N.

In [AIP], Andreatta-Iovita-Pilloni introduced a normal formal model X, ; of the strict neighbor-
hood 4. ; of the ordinary locus of X@i X Wy cut out by the existence of the canonical subgroup of
certain level of £. Denote the restriction of x to Wy by x;. Then the unbounded overconvergent
modular sheaf W, of weight s is obtained by applying the machinery of vector bundles with
marked sections to a certain subsheaf of H2d and a marked section obtained from a generator
of the Cartier dual of the aforementioned canonical subgroup via the Hodge-Tate period map.
The sheaf W, is equipped with an increasing filtration Fil, such that Fil;W,, recovers the
restriction of the sheaf Sym?(H?d) @ "~ to the adic generic fiber X, 1. Moreover, the sheaf
W,., is equipped with a (meromorphic) connection V induced from the Gauss-Manin connection
on H and the sections of W, are equipped with a completely continuous operator, the Atkin
operator U,. By an elaborate calculation using the g-expansion, i.e. expansion at cusps, the au-
thors of [AI17] are able to show that for p-adic weights 6 satisfying mild conditions and sections
f e HoX, 1, W, )V»=9(:= ker(U,)), there is a canonical section V9(f), defined by p-adically
iterating the Gauss-Manin connection V, of W, 109 over a smaller strict neighborhood. This
result is the main technical tool in the construction of triple product p-adic L-functions asso-
ciated with Coleman families [AI17], and in the construction of Katz type p-adic L-functions
when p is non-split in the CM field [AT].

Main results

The main topic of this dissertation is to generalize the construction of W, over modular curves
in [AIL7] to Shimura curves associated with indefinite quaternion algebras over the rational
numbers Q, and prove the iteration result using the Serre-Tate local expansion.

Let us provide more information about our results. Fix a pair (B,Op) consisting of an
indefinite quaternion division algebra B/Q and a maximal order Op C B and fix an integer
N > 4 prime to the discriminant A of B. Let X := X(N) be the Shimura curve of level
Vi(N) associated with B defined over Z[+x] and A/X be the universal false elliptic curve over
X. Choose a rational prime p such that (p, NA) = 1. Let X be the p-adic completion of Xz,
and let G be the direct summand of A[p>] cut out by a non-trivial idempotent in Op ). Let
wg be the sheaf of invariant differentials of G, and Hg := H}3(G/X). Then up to a chosen
isomorphism, we have the Hodge-de Rham exact sequence

0 — wg = Hg — wf — 0,
as well as the Gauss-Manin connection and the Kodaira-Spencer isomorphism

V: Hg — Hg ®z, KS: w§® =l

1 .
X /2y’ X/zp
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For r € N, let X, ; be the admissible formal blow-up of X x Spf (A?) on which the p"t!-power of
the Hasse invariant of G divides a (see Definition 2.2.9). The formal scheme X,. 1 is designed to be
r+a, if I = [p p]

r, if I =10,1]

exist. The normality of X, ; allows us to define the level-n partial Igusa tower J&,,, 1 over X,

normal. Moreover on X, 1, the canonical subgroups H,, of G of level n < {

by considering trivializations of the Cartier dual H” of H,.

By properly modifying the sheaf wg, Hg using the image s of a generator of HP via the
Hodge-Tate period map, we obtain a full system of vector bundles with a marked section
(Hﬁg,Qg,S) over J&,, . By the machinery of vector bundles with marked sections (called
VBMS machinery below, see § 1.6.1) and descent, we have the following result, which is adopted
from Theorem 2.3.2.

Theorem 0.0.1. Let k: Z; — A} be any weight. We have formal sheaves W, and w" over
X, 1 such that

(i) the sheaf w" is a coherent Ox, -module whose sections over the generic fiber X, of Xy 1
are the (p-adic families of ) overconvergent quaternion modular forms;

(ii) the sheaf W, is equipped with an increasing filtration Fils such that

(a) for each h € N, GryW, := % =" Qo , gg%. In particular, FilgW,, = ro®;

(b) the a-adic completion of limp, Fil, W, is W.

Over an explicitly defined cover of J&,, ., the Gauss-Manin connection V on Hg induces
a connection V on Hﬁg such that the section s is horizontal modulo an explicitly defined ideal.
Once again by the VBMS machinery and descent, we have the following result, which is adopted
from Theorem 2.3.8.

Theorem 0.0.2. The sheaf W, is equipped with a meromorphic connection

N 1
Vi W Wby 0l

whose poles are bounded effectively by the Hasse invariant. Moreover, the connection V satisfies
Griffiths’ transversality with respect to Fils and the induced Ox, ,-linear map

Grp (V) Grp(Wg)[1/a] — Grh(WH)®oxM Q;T,I/A?[l/a]

log(r(7))

is an isomorphism times with multiplication by p,. — h, where . 1= lim,_4q oz (7)

Over sections of W,,, we can define Hecke operators T for £ 1 pA and the Atkin operator U,
P
define the Dirichlet twist operator X which respects the filtration and changes the weight by

which respect the filtration and preserve the weight. For any finite character x of Z*, we can
2x. For more details, see § 2.3.4.

By local calculations in the Serre-Tate coordinates, we can study pair-wise relations between
these operators and the Gauss-Manin connection, as well as the iteration of the Gauss-Manin
connection. More precisely, we have the following result, which is Theorem 2.5.1.

Theorem 0.0.3. Let K be a finite extension of Q, with ring of integers Ok. Let ¢ =4 if p =2
and g =p if p > 3. Fiz an interval Iy C [0,00) and an interval I = [0,1] or [p®, p®] for a,b € N,
and assume that

ki Zy = A, 0: Zy = AL g, A k= AR®z,0K
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are weights satisfying
(i) there exists a constant c(k) € N such that uy + 2c(k) € pAY;

(ii) for any t € Z;, 0(t) = 0'(t Ot (t) for a finite character x : Zy — O, a constant
c(0) € N (bigger than c(k)) and a weight 0" : 25 — (A%,K)X such that

po € qAG, i, 0'(t) = exp(pglog(t)) V t € Z.

Then there exist positive integers r' > r and v (depending on n, r and p, ¢(0)) such that for any
g € HO(:{T,L Wn)Upio

(a) the sequence A(g,0)m == > 7", (713?_1 (Vg:;c)(k) — Id)jvz(k) (9) and the sequence

7
’

m i  1Vja—1 A -
= % (p/ia 1) < > (I ( 1? )(Vi(f:zlc)(k) - Id)m"'ﬂa) Vi (g)
1=0

J1+...4ji<m a=1 Ja

converge in HD(XT/,I Rz, AIQ,K,W)[é];

(b) the limit

“og(VP L NV (g) i= lim B(g,0)m

c(k
vk+2c(/€)vk( )( ) - exp(p k+2¢(k) M—00

belongs to HO(X, 1 @z, A1y, W20/ ) [2];

(c) the element

c(k
Vig) = 0V o T iy Vi (9)

is well-defined in HO(X,“/J ®z, Ay i, Wiio0).

Organization of this dissertation

We want to briefly describe the organization of this dissertation.

Chapter 1 contains only background materials. In § 1.1, we recall the notions of formal
schemes and adic spaces, which will be our working languages for p-adic geometry. In § 1.2, we
briefly introduce p-divisible groups and abelian schemes, which are the main geometric objects
dealt with in this dissertation. In § 1.3, we review the de Rham cohomology theory of p-
divisible groups and abelian schemes and recall the definition of the Gauss-Manin connection.
The following three sections contain the main technical tools used in this dissertation. § 1.4
recalls the definition of the Serre-Tate coordinates and Katz’s computation of the Gauss-Manin
connection in these coordinates. § 1.5 contains basic properties of canonical subgroups of p-
divisible groups and the Hodge-Tate period map. § 1.6 briefly reviews the machinery of vector
bundles with marked sections with an emphasis on those bundles coming from p-divisible groups
and sections defined via the Hodge-Tate period map. In § 1.7, besides a brief introduction of
the adic weight space, we recall the p-adic measure theory of Z,, which will be used in the local
calculations in the Serre-Tate coordinates.

In Chapter 2, we deal with nearly overconvergent quaternion modular forms. In § 2.1,
we recall the moduli description of Shimura curves and fix some conventions. In § 2.2, we
introduce the Hasse invariant of a false elliptic curve using a proper chosen direct summand
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of the associated p-divisible group, and then define the integral model X, ; and the partial
Igusa tower J&,, ;. ;. Some useful properties of J&, ,.; are also proved in this section. In § 2.3,
we first construct the nearly overconvergent quaternion modular sheaf W, using the VBMS
machinery, then study the filtration of and the Gauss-Manin connection on W,. After that,
we show the functoriality of W,,, and define Hecke operators on W,,. Finally, we compare the
sheaf " := FilgW, with other constructions of overconvergent quaternion modular forms. §
2.4 deals with local behaviors of the Gauss-Manin connection and Hecke operators in Serre-Tate
coordinates. In § 2.5, using these local computation results, we prove that the Gauss-Manin
connection iterates p-adically. In § 2.6, we briefly mention several potential applications of our
results.

The Appendix A reproves the results concerning overconvergent elliptic modular forms in
[AT17] using the Serre-Tate local expansion, which is included for completeness. The organi-
zation of Appendix A is almost parallel to Chapter 2. More specifically, in § A.1, we recall
the definitions of the compactified modular curve, the integral model X, ; and the partial Igusa
tower J&,,, 1. In § A.2, we first review the filtration of and the Gauss-Manin connection on the
nearly overconvergent modular sheaf W, and discuss the functoriality of W,. Then we define
Hecke operators over W,,. Finally, we compare 0" := FilgW,, with other constructions of over-
convergent modular forms. In § A.3, we analyze the behavior of the Gauss-Manin connection
and Hecke operators in Serre-Tate local coordinates and then in § A.4, we apply these local
results to show that the Gauss-Manin connection iterates p-adically.
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Notational conventions

We will try to always use the standard notation.

All rings and ring homomorphisms will be unitary. Unless explicitly stated, all rings
are assumed to be commutative and all modules are assumed to be left. Moreover, ring
homomorphisms of topological rings are required to be continuous.

For any ring R, the multiplicative group of units in R will be denoted by R*. For any
positive integer n, the subgroup {z € R* : z™ = 1} will be denoted by p,(R).

We will use the notion of schemes as in [Harl3, § 2.1-2.5]. In particular, for any scheme
S, we will use the superscript —" to denote the dual module of any Og-module.

For a finite flat commutative group scheme (resp. a p-divisible group, resp. an abelian
scheme) G over a base scheme, we will use G¥ to denote the Cartier dual. For more
detailed definitions, see § 1.2.

We will use the notion of formal schemes as in [Bos14, Chapters 7-8] and the notion of
adic spaces as in [Hub94, § 1-2]. For more information, see § 1.1.

We will use N, Z, Q, R, C to denote the set of natural numbers, integers, rational numbers,

real numbers and complex numbers respectively.

We will always fix a rational prime number p, and use Z,, Qp, F, to denote the ring of
p-adic integers, the field of p-adic numbers and the finite field consisting of p elements
respectively.

For any perfect field k£ of characteristic p, we denote the associated ring of Witt vectors
by W (k).



1 Preliminaries

In this chapter, we will recall background materials and fix notations which will be used
freely in later parts of this dissertation.

1.1 Formal schemes and adic spaces

In this section, we recall some basic properties of formal schemes and adic spaces.

1.1.1 Formal schemes
Our main reference for formal schemes is the book [Bos14].
Definition 1.1.1. Let A be a topological ring.

(i) We say A is [-adic for an ideal I C A if the topology on A is the I-adic topology and A is
I-adic complete and separated, i.e. A = @n A/I™.

(ii) We say A is an adic (resp. f-adic) ring if A is I-adic for some ideal (resp. finitely generated
ideal) I C A. Such an ideal I is called an ideal of definition.

Definition 1.1.2. Given any f-adic ring A with an ideal of definition I, the formal spectrum
Spf(A) is the set of open prime ideals of A equipped with the Zariski topology. For any a € A,
we denote the open subset of Spf(A) on which a does not vanish by D(a) and we define the
structure sheaf O on Spf(A) by the rule

D(a) — Ala™1) := @A/I"[a_l].

The pair (Spf(A), Q) is a locally topologically ringed space, which is referred to as the affine
formal scheme associated with A and denoted by Spf(A) again.

A formal scheme is a locally topologically ringed space (X,Ox) such that any x € X admits
an open neighborhood U such that (U, Ox|v) is isomorphic to Spf(A) for some f-adic ring A.

The category of formal schemes admits fiber products.

Definition 1.1.3. Let Spf(A), Spf(B) be formal scheme over Spf(R). We define the fiber
product Spf(A) Xgpe(r) SPE(B) to be Spf(AQRB), where AQrB is the completed tensor product
given by @n,m A/I" ®@r B/J™ for any ideals of definition I C A, J C B.

By gluing, we can define the fiber product X Xz Y of formal schemes X, Y over Z.

We can obtain formal schemes from schemes by formal completion along closed subschemes.

Definition 1.1.4. Let X be a locally noetherian scheme and Y C X be a closed subscheme
defined by an ideal sheaf T C Ox. The formal completion of X along Y is the formal scheme
(Y, Oy ) where Oy is the restriction of lim Ox/I" to Y.

In this dissertation, we will only consider admissible formal schemes.
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Definition 1.1.5. Let R be an I-adic noetherian ring which is I-torsion-free.

(i) An I-torsion-free topological R-algebra A is called admissible if A is isomorphic to an
R-algebra of the form R(X1, ..., X,)/a equipped with the I-adic topology.

(ii) A formal R-scheme X ‘s called admissible if there is an open affine covering {U;} of X
such that U; = Spf(A;) with the R-algebra A; being admissible for each i.

We conclude this subsection by recalling the notion of coherent sheaves and admissible formal
blow-ups.

Definition 1.1.6. Fiz an I-adic noetherian ring R which is I-torsion-free.

(i) For any admissible R-algebra A and any finitely generated A-module M, the O-module M
on Spf(A) is defined by setting M(D(a)) := M ®4 Ala™").

(i) For an admissible formal R-scheme X,

(a) an Ox-module F is called coherent if there exists an open affine cover {U; = Spf(A;)}
of X such that F|, = M; for some finitely generated A;-module M;;

(b) an ideal T C Ox is called open if locally on X, T contains I"Ox for some n > 1;
(¢) for any coherent open ideal T C Ox, the formal R-scheme

Xz = lim Proj(©320Z¢ ®o (Ox/I"Ox))

together with the natural morphism X7 — X is called the formal blow-up of T on X.
Such a formal blow-up is called an admissible formal blow-up.

1.1.2 Adic spaces
Our main reference for adic spaces is the article [Hub94].

Definition 1.1.7. Let A be a topological ring, and let T be a totally ordered abelian group (whose
order is extended to the monoid T'U{0} by setting 0 < ~y for any v € T'). A T'-valued continuous
valuation is map |-| : A — T'U{0} such that

(1) 1] =1, 0] = 0;
(i1) for any a,b € A, |ab| = |a||b], |a + b] < max{|al, |b|};
(iii) for any vy € ', the set {a € A: |a| <~} is open.
Two continuous valuations |-|, |-|" (not necessary having the same target) are called equivalent if
for any a,b € A, |a|] < |b| if and only if |a|’ < |b’.
Definition 1.1.8. (i) Let A be a topological ring.

(a) a subset S C A is called bounded if for all open neighborhoods U of 0, there exists an
open neighborhood V- of 0 such that V.S C U.

(b) an element x € A is called power-bounded if the set {z™ : n > 0} is bounded.
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(c¢) the set of power-bounded elements in A is denoted by A°. Its subset of topologically
nilpotent elements is denoted by A°°.

(d) a sub-ring At C A is called a ring of integral elements if AT C A° is open and
integrally closed.

We will call the ring A Huber if there is an open subring Ag C A which is f-adic. Such
a ring Ag is called a ring of definition. If a Huber ring A contains a topological nilpotent

unit, then we call it Tate.
(ii) A pair (A, AT) consisting of a Huber ring A and a ring of integral elements AT C A is
called an affinoid ring. A morphism between affinoid rings
[+ (A A7) = (B,BY)
is a continuous ring homomorphism f : A — B such that f(AT) C B™T.

Definition 1.1.9. Let (A, A™) be an affinoid ring. We define the adic spectrum Spa(A, A™) to
be the set of equivalence classes of continuous valuations | | such that |AY| < 1, equipped with

the topology generated by subsets of the form

{z: [f(2)] <lg(z)| # 0} for some f, g € A.

For elements s1, 83, ...,8, € A and finite subsets T4, ..., T,, C A such that T;A C A is open for
i=1,...,n, we define the associated rational subset to be
T T,

U{T;/si}) = U(S—ll, s 8—) ={z e X: |ti(z)| <|si(x)| #0; ¥V t; € T;}.
Proposition 1.1.10. Let X = Spa(A, A™) for an affinoid ring (A, A*) and U C X be a rational
subset. There exists an affinoid ring (Ox(U), O%(U)) together with a structure morphism

(4,4%) = (Ox(U), 0% (1))

such that the corresponding map Spa(Ox (U), 0% (U)) — X factors through U, and is universal
for all such maps. Moreover, if

(i) A admits a noetherian ring of definition; or
(ii) A is Tate and strongly noetherian, i.e, the ring A(X1, ..., X,,) is noetherain for any n > 0,

then the pre-sheaves Ox, (’);E of topological rings on X defined by sending any open W C X to

Ox(W):=  lm  Ox(U), O%(W):= lm O()
UCW rational UCW rational

are sheaves.

Proof. Here we only sketch the construction of the localization (Ox (U), O%(U)) of (4, AT). For
more details, see [Hub94, § 1].

Choose a ring of definition Ay C A and a finitely generated ideal of definition I C Ay,
and assume U = U(%7 v Z—:) for some sq,...,8, and 11,...,T,, C A such that T;A is open for
i = 1,..,n. Then the I Ay[{T;/s;}]-adic topology on Ag[{T;/si}] := Ao[ti/sili = 1,...,n,t; € T}]
defines a ring topology on A[{1/s;}] := A[l/si|i = 1,...,n] such that Ag[{T;/s;}] is an open
subring. Take A[{1/s;}]T to be the integral closure of the image of AT[{T;/s;}] in A[{1/s;}].
The affinoid ring (Ox(U), O%(U)) is the completion (A({T;/s;}), A({T;/s:})T) with respect to
the topology defined above. O
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Following [Hub94], we have the following definition of adic spaces.

Definition 1.1.11. (i) An affinoid ring (A, A™) is called sheafy if the structure pre-sheaf Ox
on X = Spa(A, A") is a sheaf. For any sheafy affinoid ring (A, A™), the associated affinoid
adic space is Spa(A, AT) together with the structure sheaf Ox and the induced valuations
on Ox 4 forx € X.

(i) Let (V) denote the category whose objects are triples (X,Ox,| - (z)|zex) where X is a
topological space, Ox is a sheaf of complete topological rings, and for each x € X, | - (x)|
is an equivalence class of valuations on Ox , and whose morphisms between two objects
(X, 0x, |- (z)|zex) and (Y, Oy, |-(y)|yey) are maps of locally topologically ringed topological
spaces f: X —Y such that for any x € X, the induced valuation

OY,f(m) i) OX@ ﬂ) I, u {0}
s equivalent to

|- (f(@)] : Oy, pz) = Ty U{0}-

The full subcategory of adic spaces in (V') consists of objects (X, Ox, |.(x)|zex) which admit
an open covering by spaces U; such that the triple (U;, Ox|u,, (|.(z)|)zev,) is isomorphic to
an affinoid adic space.

(iii) Let X be an adic space. A pointx in X is called analytic if there exists an open neighborhood
U of x such that Ox (U) is Tate. The open subspace of X consisting of analytic points are
denoted by X*. If X® = X, we call X analytic.

Definition 1.1.12. Let X = Spa(A, A") for an affinoid ring (A, AT) where A is strongly
noetherian or A admits a noetherian ring of definition, and M be a finite generated A-module.
We can define a pre-sheaf M by sending an open subset W C X to

M(W):=  lim Mo, O0x(U).
UCW rational

The pre-sheaf M is an acyclic sheaf. More precisely,

Proposition 1.1.13. [Hub94, Theorem 2.5| With the notation in Definition 1.1.12, M is a sheaf
of topologically complete groups and H'(U, M) = 0 for any rational subset U C X and i > 1.

The following result, which is a combination of [Hub94, Proposition 4.1 & 4.2], illustrates
the relation between formal schemes and adic spaces.

Proposition 1.1.14. The assignment Spf(R) — Spa(R, R) defines a fully faithful functor —¢
from the category of locally noetherian formal schemes to the category of adic spaces. Moreover,
over any locally noetherian formal scheme X, there is a functor F — F? from Ox-modules to
any O xaa-modules which is fully faithful when restricted to coherent Ox-modules.

The category of analytic adic spaces admits fiber products.

Definition 1.1.15. Let (A, A™) be a Tate affinoid ring, and let

f:(AAT) = (B,B"), g:(AA") = (C,CT)
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be Tate affinoid rings over (A, A"). The Tate assumption allows one to choose a ring of defi-
nition Ao (resp. By, resp. Co) of A (resp. B, resp. C) and an ideal of definition I C Ay such
that

f(Ao) C Bo, f(Ag) C Co

and f(I)By (resp. f(I)Cp) is an ideal of definition of By (resp. Cp). We can equip the fiber
product D := B ® C a Huber ring structure by declaring that Dy := By ® 4, Co with the 1Dg-
adic topology is an open subring. Let DT be the integral closure of f @ g(BT @4+ CT). The
completion of (D, D) is the fiber product of (B, B") and (C,CT) over (A, A™).

By gluing, we can define fiber product in the category of analytic adic spaces.

We conclude this section by a discussion about adic generic fibers of formal schemes. Let
Ao be an admissible Z,-algebra, A = AO[%] and A1 be the normalization of Ay in A. As Ag is
noetherian, Spa(Ag, Ag) and Spa(A, A™) are affinoid adic spaces according to Proposition 1.1.10.
For any locally noetherain p-adic formal scheme 2) over Spf(Ay), the adic generic fiber Y of 9 is

the fiber product 924 X Spa(Ag,Ao) SPa(A, AT). Inspired by [Kas99, Lemma 9.7], we have

Lemma 1.1.16. IfY) is moreover noetherian and Zy-flat, then for any locally free Oy-module
F of finite rank, we have

HO(@,F)[;} = HO(Y, 7).

Proof. Let Spf(R) C 9) be any affine open. For some ring of integral elements R C R[%], we
have 1
Spa(R, R) Xspa(ag,4,) SPa(A, A1) = Spa(R[g]a RY).

Assume F is trivialized over Spf(R). Since ) is Z,-flat, we have
1 0 1 + ad
F(Spf(R)) = F(SpE(R))[ ] = H(Spa(RL ], BT), F7).

Since %) is noetherian, we can cover ) by finitely many affine opens {Spf(R;)}ics such that F is
trivialized over each Spf(R;). Thus for any f € H°(), F2d), there exists a constant h such that

p"f € H°(Spt(R;), F) = H(Spa(R;, R;), F*Y), Vi€ I.

Since F is a coherent sheaf, we know p"f € HY(Q), F) = H°(9*4, F24), and the lemma follows.
O

By abuse of language, we will usually omit —4 in the notation.

1.2 Abelian schemes and p-divisible groups

In this section, we recall basic properties of abelian schemes and p-divisible groups. Through-
out this section, S will be a fixed base scheme.

1.2.1 Finite flat group schemes

Our main reference for finite flat group scheme is the exposition article [Tat97].
Let Sets, Gr be the categories of sets and groups respectively, and let Schg be the category
of S-schemes.
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Definition 1.2.1. A group scheme G/S is an S-scheme together with a lifting of the functor
Hom(—,G) : Schg — Sets to Hom(—,G) : Schg — Gr. A group scheme G is called

(i) commutative if G(T) := Hom(T, G) is commutative for all T € Schg;

(ii) finite flat if Og is locally free of finite rank as Og-module. This rank is a locally constant
function on S with values in N, which is called the rank of G and denoted by [G : S];

o étale if the underlying scheme is étale over S.
e connected if the underlying scheme is connected (assuming S is connected).

A homomorphism of group schemes is a morphism of schemes which induces a natural transfor-
mation of the corresponding group functors.

Example 1.2.2. We list several important group schemes.

(i) The additive group over S is the group functor sending an S-scheme T' to the additive
group Or(T). It is represented by the base change of Spec(Z[X]) to S, and denoted by
Gas.

(ii) The multiplicative group is the group functor sending an S-scheme 7' to the multiplicative
group Or(T)*. Tt is represented by the base change of Spec(Z[X, X~!]) to S and denoted
by Gp.s.

(iii) For an abstract finite group G, the constant group scheme associated to G over S is the
group functor sending an S-scheme T to the group of locally constant functions from the
underlying topological space |T'| to G. It is represented by L;eeS and denoted by Gg.

(iv) For any group homomorphism ¢ : G — G’ of S-groups, the group functor sending an
S-scheme T to ker(¢ : G(T) — G'(T)) is representable. This group scheme is called
the kernel of ¢ and denoted by ker(¢). In particular, the kernel of the n-th power map
[n] : G — G is denoted by G[n]. If G = Gy, 5, we denote Gy, 5[n] by fin 5.

When S is clear from content, we usually omit it in notations.
It would be convenient to discuss finite flat group schemes using the f.p.p.f site.

Definition 1.2.3. Let X be a S-scheme. An f.p.p.f covering of X is a family of scheme mor-
phisms {f; : X; — X} such that each f; : X; — X is flat, locally of finite presentation and
Uier fi(X;) = X.

The category Schg together with f.p.p.f coverings is called the f.p.p.f site on S. We will denote
sheaves (resp. sheaves of groups) over the f.p.p.f site on S by f.p.p.f sheaves (resp. S-groups).

Proposition 1.2.4. Let S be a locally noetherian scheme.

(i) Let G/S be a group scheme and H C G be a a finite flat closed subgroup. The geometric
quotient m : G — G/H ezists. If H is moreover normal, then G/H is a group scheme
which fits into the exact sequence of f.p.p.f S-groups

0—-H—G—G/H—DO.

Moreover, G is finite flat if and only if G/H s finite flat and [G : S] = [H : S|[G : G/H].
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(ii) If G is a finite commutative group scheme of rank n, then n kills G, i.e. the n-th power
map [n] : G — G is the 0 map.

(iii) If S is the spectrum of a Henselian local ring, then we have the connected-étale exact

sequence of f.p.p.f S-groups
0-G"=G—=G%—=0

where G° is the connected component of G and G is the mazimal étale quotient group of

G.

Proof. (i) For details, see [Tat97, § 3.4]. (¢i) This is a theorem of Deligne, see [Tat97, § 3.8].
(i4i) See [Tat97, § 3.7.1]. 0

Theorem 1.2.5. Let G/S be a finite flat commutative group scheme. Then the inner-Hom
functor
T — HOHIT(GT, Gm,T)

on Schg is representable by a finite flat group scheme over S, which is called the Cartier dual of
G and denoted by GP. Moreover, the Cartier dual induces a duality on the category of finite
flat commutative group schemes over S.

Proof. For details, see [Tat97, § 3.8]. O

1.2.2 Abelian schemes

Our main reference for abelian schemes is the lecture notes [Mil08]. The unpublished book
[vdGMO7] is also very useful.
We start with several definitions. Recall that S is a fixed base scheme.

Definition 1.2.6. (i) A surjective group homomorphism f: G — G’ with quasi-finite kernel
between smooth S-group schemes is called an isogeny.

(ii) An abelian scheme of relative dimension g over S is a S-group scheme A — S which
is proper, flat and finitely-presented, and has smooth and connected geometric fiber of
dimension g. In particular, an abelian scheme of relative dimension 1 is called an elliptic
curve, an abelian scheme of relative dimension 2 is called an abelian surface, and abelian
schemes over a field are called abelian varieties.

(iii) A semi-abelian scheme over S is a group scheme w : G — S that is separated, smooth,
commutative and such that for each point s € S, the fiber G4 is an extension of an abelian
variety by a torus

0—-T,— Gg— A; — 0.

We collect several general properties of (semi-)abelian schemes here.

Proposition 1.2.7. (i) Let A/S be an abelian scheme. Then A is commutative and any
morphism A — G to a separated S-group G that maps identity to identity is a S-group
homomorphism. Moreover, let 5 € S be a geometric point, and As be the fiber of A at s.
Then the natural map Endg(A) — End;(As) is injective.
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(i1) Let f : A — A’ be any isogeny between abelian S-schemes of dimension g. Then [ is
finite and locally free. In particular, ker(f) is a finite flat group scheme over S. The rank
of ker(f) is called the degree of f and denoted by deg(f).

(iii) For any abelian scheme A/S of relative dimension g, the N-power map [N]: A — A is an
isogeny of degree N29. If N is invertible over S, then A[N] is étale.

(iv) Let f: A— A be any degree-N isogeny between abelian S-schemes. Then there exists a
unique isogeny g : A" — A such that f o g =[N] and go f = [N].

D

(v) There is a contravariant involution — on the category of abelian schemes over S with

isogeny. Moreover, any invertible sheaf L over any abelian scheme A/S defines a homo-
morphism AN(L) : A — AP and for any isogeny f : A — B of abelian S-schemes with
duality fP . BP — AP, the Cartier dual of ker(f) is ker(fP).

(vi) Assume S is locally noetherian. Let A/S be a semi-abelian scheme and H C A be a closed
subgroup, flat and quasi-finite over S. Then A/H is a semi-abelian scheme if H is étale
or A is étale locally quasi-projective.

Proof. For details of (i) — (iv), we refer to [Mil08, § 15]. For (v), see [FC13, Chapter 1.1]. For
(vi), see [Lanl3, Lemma 3.4]. O

Definition 1.2.8. Let A/S be an abelian scheme. A homomorphism X : A — AP of S-groups is
called a polarization of A if for each geometric point s € S, A\s = AN(L3) for some ample invertible
sheaf Ls on As. A polarization A : A — AP is called principal if \ is an isomorphism.

Proposition 1.2.9. Let 7: A — S be an abelian scheme. Any polarization A : A — AP is an
isogeny and (A\P)P = X\ upon the identification (AP)P = A.

Let L be a relative ample invertible sheaf over A. Then A(L) is a polarization, which is
principal if and only if m.(L) is invertible.

Proof. See the discussion in [FC13, Page 4]. O
For a polarized abelian variety, there is a natural involution on the endomorphism ring.

Definition 1.2.10. Let k be any field and B be a (non-commutative) k-algebra. An involution
on B is a k-linear map — : B — B such that

1=1; ab=ba; a=a, Va,becB.

If aa € k for all a € B, the involution is called standard.
If k = Q and B is finite dimensional, an involution — : B — B is called positive if for any
a # 0 € B, we have Tr(aa) > 0 where Tr is the trace defined by left multiplication.

Definition 1.2.11. Let A/k be an abelian variety with a polarization X : A — AP. The Rosati
involution associated to A\ is an involution

t:=1y: End°(A) :== End(4) ®7 Q — End°(4), a—Atoal ol
If X\ is principal, then the Rosati involution preserves the sub-ring End(A).

The Rosati involution is positive up to multiplication by =+1.
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Proposition 1.2.12. Let A/k be a polarized abelian variety over an algebraically field k = k.
Then End®(A) is a finite dimensional semi-simple algebra over Q of rank at most 4 dimy(A)?,
and up to multiplication by £1, the Rosati convolution T is positive. Moreover, if we have a
decomposition End®(A) = [[;_, My, (D;) for some positive integers ni, .., n, and division algebras
D;, then there exists an isogeny

A— ATt x XA

for pair-wisely non-isogenous simple abelian varieties A;, i.e. A; admits no non-trivial abelian
subvarieties.

Proof. For details, see [Mil08, Theorem 13.2 & Proposition 9.1]. O

1.2.3 p-divisble groups

Our treatment closely follows [Wan09].
There are two equivalent definitions of p-divisible groups.

Definition 1.2.13. A p-divisible group G over S is an f.p.p.f group G such that:

(i) the group G is p-divisible i.e. the p-power map [p] : G — G is an epimorphism;

(i) the group G is p-torsion i.e. G =lim G[p"];
(iii) for each n > 1, G[p"] is a finite flat group scheme over S.
Equivalently, a p-divisible group G/S is an inductive system {Gy }n>1 of finite flat group schemes
over S such that Gy, = Gp11[p"] and for each point s € S, the rank of the fiber of G(n) at s is
") where h(s) is locally constant function on S, called the height of G.

An f.p.p.f S-group morphism f : G — G’ between two p-divisible groups is called an isogeny

if it is an f.p.p.f epimorphism with locally finite free kernel, i.e. the kernel is representable by a
finite flat group scheme.

We list several basic properties of p-divisible groups.

Proposition 1.2.14. (i) The category of p-divisible groups is pseudo-abelian, stable under
base change and extensions. More precisely, we have the following:

(a) Let G/S be a p-divisible group and e € Endg(G) be a non-trivial idempotent. Then
ker(e) and ker(1 — e) are both p-divisible groups over S and G = ker(e) @ ker(1 —e).

(b) Let f : S" — S be a morphism of schemes and G/S be a p-divsible group. Then
1*(G) is a p-divisible group over S’.

(¢) If we have an exact sequence of f.p.p.f S-groups
O—>G1—>G2—>G3—>O
and G1,G3 are p-divisible groups, then so is Ga and h(G2) = h(G1) + h(G3).

(ii) Let G/S be a p-divisible group and H/S be a finite flat group scheme together with a
monomorphism of f.p.p.f S-groups « : H — G. Then the f.p.p.f S-group G/H s also a
p-divisible group.



1. Preliminaries 16

(111) If S is connected or quasi-compact, then a homomorphism f: G — G’ between p-divisible
groups is an isogeny if and only if there exists a homomorphism g : G’ — G such that
fog=p"N and go f = p" for some positive integer N.

(iv) Let G = {G(n)}n>1 be a p-divisible group over S. The inductive system {G(n)P},>1
with transition maps p? : G(n)P — G(n+1)P is also a p-divisible group over S, called
the Cartier dual (or the Serre dual) of G and denoted by GP. Moreover, the Cartier dual
induces a duality on the category of p-divisible groups over S.

(v) Assume S = Spec(R) for some henselian local ring, and let G = {G(n)}n>1 be a p-divisible
group over R. Then G° = {G(n)°}n>1 and G = {G(n)*},>1 are p-divisible groups over
R and we have the connected-étale exact sequence of f.p.p.f groups

0 G —G—G*—0.
(vi) If A/S is an abelian scheme of relative dimension g, then A[p™] := {A[p"]} is a p-divisible
group of height 2g. Moreover, A[p>]P = AP[p>].
Proof. See [Wan09, § 1.1] and the references therein. O

As we will work over formal schemes, we recall the notion of p-divisible groups over formal
schemes following de Jong.

Definition 1.2.15. Let X be a locally Noetherian formal scheme. Let 3 C Ox be the mazimal
ideal of definition and X,, = Spec(Ox/I"). A p-divisible group G over X is a system {Gn}n>1
of p-divisible groups G,/ X,, together with an isomorphism Gp+1 ®x,, ., Xn = Gy, for eachn > 1.

n+1

1.2.4 Frobenius and Verschiebung

Assume S is an Fj-scheme, and let f: X — S be a morphism of F,-schemes. We have a
commutative diagram

where the square is Cartesian (and defines X (p)) and Fps is the absolute Frobenius map. The
map
F: X —x®

in the above diagram is called the Frobenius map (relative to .S).

Proposition 1.2.16. IfG is a commutative flat S-group scheme, then we can define a morphism
of S-schemes V : GWP) — G, called the Verschiebung map, so that both F and V are S-group
homomorphisms and V o F = [p] : G — G. Moreover, we have the following

(i) if G is an abelian scheme over S of relative dimension g, then F' and V' are isogenies of
degree p9 and Vo F = F oV = [p].
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(ii) if G is finite locally free over S, then the Verschiebung morphism is the Cartier dual of
the Frobenius morphism, i.e. V(?/s = Fgp/s and (Fg/S)D =Vgn/s.

Proof. For details, see [vdGMO7, § 5.2]. O

Let G = {G(n)} be a p-divisible over S. Then G® = {G(n)®)} is also a p-divisible over S.
Note that the Frobenius and Verschiebung morphisms are compatible for all n > 1, so we have
isogenies of p-divisible groups

F:G=>a6P, v. gl 5q

such that FoV =V o F = [p].

1.3 The Hodge-de Rham filtration and the Gauss-Manin connection

In this section, we recall basic properties of algebraic de Rham cohomology and Gauss-Manin
connections of abelian schemes (and p-divisible groups). Throughout this section, S will be a
fixed base scheme.

1.3.1 Algebraic de Rham cohomology
Our main reference for algebraic de Rham cohomology is [BBMO6].
Definition 1.3.1. Let f: X — S be any morphism of schemes and let
V%5 = (0= Ox = Qg = /g — )

be the de Rham complex. For each i € N, we define the i-th relative de Rham cohomology group
Hig (X/S) to be Rif*(QB(/S). The filtration F*Q% ¢ of Q%5 given by

FIOY = (0= ... 50— Qo —» QI —

X/s X/s ..), Vje€N

induces a descending, separated and erhaustive filtration
FIHiR(X/S) = (R f(FIQ% 5) = R fu(Q/5)), Vi €N

on Hig (X/S) for each i € N. This filtration is called the Hodge filtration. By taking the Cartan-
Ellenberg resolution, we get the Hodge to de Rham spectral sequence

EPY = R1fO% o = Hp'(X/S).

The algebraic de Rham cohomology of abelian schemes is well-understood. To simplify
notations, for an abelian scheme 7 : A — S, we will denote the vector bundle Q% /s by ways-

Proposition 1.3.2. Let m: A — S be an abelian scheme with zero section e : S — A. The
Hodge to de Rham spectral sequence of A degenerates at the first page and we have a canonical
exact sequence of locally free Og-modules of finite rank

0= wys — Hig(A/S) = R'm.04 — 0.

whose formation commutes with base change on S and which is functorial with respect to A.
Moreover,
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(i) we have an identification w5/ = e*Qh/S;
(ii) for each i >0, Hip(A/S) = NHiz (A/S).
Let ' : AP — S be the dual abelian scheme. Then there is a canonical perfect pairing
Hlp(A/S) x Hip(AP/S) = Os
which induces a perfect pairing
wa/g X RO 40 — Og.

Proof. The computation of algebraic de Rham cohomology is [BBM06, Proposition 2.5.2]. De-
tails about the perfect pairing can be found in [BBMO06, Chapter 5]. O

The algebraic de Rham cohomology groups are equipped with the Gauss-Manin connection.

Definition 1.3.3. Let X be any S-scheme with relative differentials Qﬁ(/s, and M be an Ox-
module. A connection on M over S is a map

such that for any open sub-scheme U C X, we have
V(hs) =hV(s) +d(h)®s, Vse MU), h € Ox(U).

A section s € M(U) is called horizontal with respect to V if V(s) = 0.
For any i > 1, a connection V on M induces a map

Vi Moy Vy/y = M®oy ng/ly, s@h = s@dh+(—1)'Vs@h, ¥V h € Uy )y (U), s € M(U).

If the induced sequence
M I M@,y 5 Mo 0%,y
1s a complex, then the connection V is called flat or integrable.

Alternatively, we have the Grothendieck’s description of connections. Equip the Ox-module
R:=0x® Qk/s with the ring structure given by:

(f,)(g,8) = (fg, fB + ga).

We have a projection R — Ox, (f,«) — f together with two sections

which corresponds to a diagram

A J1

X X1 :=Specy(R) X .

J2
Then a connection on the Ox-module M is an isomorphism of Ox1-modules
€: jo(M)=ji(M)
such that A*(e) = 1d. Moreover, € is flat if it satisfies suitable co-cycle conditions. The relation
between € and the usual definition V is given by

e(leom)=me1+V(m), YmeM.

For connections with logarithmic poles, a similar description is also available.
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Definition 1.3.4. Let f: X — Y be a smooth morphism of S-schemes. We have a canonical
exact sequence
0= [ Q55 = Qs = Uxyy — 0. (1.3.1)

The Kodaira-Spencer map is the connection map
KS: f.Q%y — R'U.(f*Qy/s) = R' f.Ox ®0, Qs
The sequence 1.5.1 induces a filtration FI}Q}/S of QS(/S given by
FieQy)s = Im(f*Qy 5 ®oy Qs = Qx/s),  VieN.

As GrpQB(/S = f*QZ;,/S R0y Q;;/;,, this filtration induces a spectral sequence

EP = QI;/S ®oy Hig(X/Y) = RPTIf, X/s-

The differential
Y HiR(X/Y) = Q) @0, Hig(X/Y)

is called the Gauss-Manin connection and denoted by V x/y .
According to the discussion in [KOG68], we have

Proposition 1.3.5. Let f: X — Y be a smooth morphism of S-schemes. The Gauss-Manin
connection
Vxy : Hig(X/Y) = Hig(X/Y) ®o, Q%//S

1s flat. Moreover, the Kodaira-Spencer map KS coincides with the composition
Vx/vy
[ )y = Hig(X/Y) ——= HIR (X/Y) ®@0y Q35 = R f.Ox © Qy /.
The Gauss-Manin connection and Kodaira-Spencer map have the following properties.

Proposition 1.3.6. Let S be any base scheme.

(i) Let X — Y be a smooth morphism of S-schemes with Y smooth over S. Let (Y’ iy) be
a closed smooth S-subscheme of Y, X' = X xy Y’ and let 1 : i(’;Q%//S — Q%,,/S be the
canonical pull-back map. The Gauss-Manin connections V x,y and Vxy: satisfy

VX’/Y’ (o] ’LEk) = (1 X LO) o ZSVX/Y
(i) If S is connected and w: A" — A is an isogeny of abelian schemes over S, then
VA’/SOW* = (7'(>|< ®Id) OVA/S'

In particular, the action of the (non-commutative) endomorphism ring Endg(A) on Hly (A/S)
18 Og-linear and commutes with Gauss-Manin connections.

Proof. For details, we refer to [Morll, § 2.1]. O
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1.3.2 Universal vector extensions of p-divisible groups

Our discussion on universal extensions is close to [Wan09, § 1.2-1.3]. The book [MMO06] and
lecture notes [CO09] are also very helpful.
Recall that S is a fixed base scheme.

Definition 1.3.7. To any quasi-coherent Og-module M, we may associate an f.p.p.f sheaf M
by the assignment
Schg — Gr; T w— I'(T, Mr)

where My is the pull-back of M to T. If M is locally free, then M is representable by a group
scheme which is locally a product of G,’s. Such group schemes are called vector groups.
For any commutative f.p.p.f group G/S, a universal vector extension is an exact sequence of
f-p.p.f sheaves
() 0=-V(G) —EG) —-G—0

such that V(G) is a vector group and (€) is universal for all extensions of G by S-vector groups,
i.e. for any vector group V', (€) induces an isomorphism

Homg(V(G),V) — Exty(G,V).

Thanks to the discussion in [MMO06, § 1.8-1.9], universal vector extensions of abelian schemes
and p-divisible groups exist. More precisely,

Theorem 1.3.8. (i) If A/S is an abelian scheme, then the universal vector extension E(A)
of A exists and is functorial with respect to A.

(ii) If p is locally nilpotent on S and G/S is a p-divisible group, then the universal extension
E(G) of G exists and is functorial with respect to G. Moreover, if G = A[p™] for some
abelian scheme A, then the pull-back of E(A) to G coincides with E(G).

One can define Lie algebra and invariant differentials of the universal vector extensions of
abelian schemes and p-divisible groups.

Definition 1.3.9. (i) For any f.p.p.f sheaf G/S and any k > 1, we set inf*(G) to be the
subsheaf of G defined as following: an element t € G(T) belongs to inf*(G)(T) if there
exists a f.p.p.f covering {T; — T} and for each i, there is a closed subscheme T — T;
defined by a sheaf of ideal whose k + 1-power is zero such that t,, = 0. The injective limit

ligk infk(G) is the infinitesimal completion of G, denoted by G.

(ii) An S-scheme G is called formally smooth if for any affine scheme X/S and a closed sub-
scheme Xq defined by an ideal sheaf T such that > = 0, any morphism of S-schemes
Xo — G lifts to a morphism X — G of S-schemes.

(iii) An f.p.p.f S-group G is an formal Lie group if G is formally smooth, infk(G) is representable
for each k >1 and G = G.

Proposition 1.3.10. (i) For any abelian scheme A/S, both A and E/(Z) are formal Lie
groups. In fact, A is just the completion of A along the zero section.

—

(i) If p is locally nilpotent on S and G/S is a p-divisible group, then both G and (G) are
formal Lie groups.
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Proof. For details, see the discussion in [Wan09, § 1.2]. O

It is known that locally a formal Lie group over S has the form Spf(Og[[X1, ..., Xn]]) for
some N > 0.

Definition 1.3.11. For any formal Lie group G over S with unit section s, we define the sheaf
of invariant differentials we to be S*Qé/s and define the Lie algebra Lie(G) to be w(.
If p is locally nilpotent on S and G/S is a p-divisible group, we set

Lie(G) := Lie(G), Lie(E(G)) := Lie(E(G)), wg i=wg
The Og-rank of we s called the dimension of G.
Theorem 1.3.12. Let S be any base scheme.

(i) For any abelian scheme A/S, the universal vector extension is given by
0—=wyp = E(A) - A—0.

Moreover, by taking invariant differentials of the above exact sequence, one recovers the
Hodge-de Rham sequence

0—wy — HR(A/S) = R'1,04 — 0.

(ii) If p is locally nilpotent on S and G/S is a p-divisible group, then the universal vector
extension is given by
0= wgp = E(G) — G —0.

Let Hiz (G/S) be the invariant differential of E(G). Then Hig(G/S) admits a flat con-
nection, called the Gauss-Manin connection, and fits in the eract sequence

0 — wg — Hig(G/S) — Lie(GP) — 0.

If G = A[p™>] for some abelian scheme A/S, then we recover the Hodge-de Rham sequence
of A and the Gauss-Manin connection on Hp (A/S).

Proof. For details, we refer to [BBM06, Chapter 5] or [Mes72, Chapter IV]. O

We remark that by passing to the limit, similar results remain valid for p-divisible groups
over an adic formal scheme on which p is topologically nilpotent.

1.4 The Gauss-Manin connection in Serre-Tate coordinates

In this section, we recall general computation results of the Gauss-Manin connection in
Serre-Tate coordinates following the exposition article [Kat81].
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1.4.1 Serre-Tate theorem

Let R be a ring on which p is nilpotent and Abg be the category of abelian schemes over R
with group homomorphisms. Let I C R be a nilpotent ideal, Ry = R/I and Def(R, Ry) be the
category of triples (Ao, G,¢€) consisting of an abelian scheme Ay/Ry, a p-divisible group G/R
and an isomorphism of p-divisible groups

e: G XRRO ng[poo]
with obvious morphisms. The theorem of Serre-Tate states

Theorem 1.4.1. [Kat81, Theorem 1.2.1] The functor
AbR — Def(R, RQ), A (A XR Ro,A[poo],Id)
induces an equivalence of categories.

Let k be a perfect field of characteristic p and denote the category of local artinian W (k)-
algebras with residue field (isomorphic to) k& together with the obvious morphisms as Cy.

Definition 1.4.2. For any abelian variety A/k, a deformation of A to an object R € Cy, is a
pair (A, €) consisting of an abelian scheme A/R and an isomorphism

€: Axpk— A.
According to Grothendieck, the deformation functor is pro-representable.

Theorem 1.4.3. [Oor71, Theorem 2.2.1] Let A/k be an abelian variety of dimension g over
a perfect field k of characteristic p. Then the functor M\A/k which to an object R € Ci asso-
ciates the isomorphism classes of deformations of A to R is pro-represented by a complete, local
noetherian ring R which is non-canonically isomorphic to W (k)[[ti;,1 < 1,7 < g]].

If k is algebraically closed and A/k is ordinary, thanks to the work of Serre-Tate, we have a
canonical way to choose the coordinates t;;.

Definition 1.4.4. Let S be a scheme on which p is locally nilpotent or an adic formal scheme
on which p is topologically nilpotent. A p-divisible group G/S is called ordinary if G sits in the
middle of a short exact sequence

0-Gi—>G—=Gy—0

where G1/S, Ga/S are p-divisible groups such that G? and Gy are étale. An abelian scheme
A/S is called ordinary if A[p>] is ordinary.

We remark that if S = Spec(R) for a Henselian local ring R, then G is ordinary if and only
if the Cartier dual of G° is étale.

Theorem 1.4.5. Let A be an ordinary abelian variety over an algebraically closed field k of
characteristic p, and let T,A := l&nnfl[p”](k) be the “physical” Tate module.

(i) There is an isomorphism of functors
M 3 4(~) = Homg, (Tp A ©z, T,AP, G ().

In particular, M A/ has the structure of a formal torus.
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(ii) For any R € Cy and any deformation A of A/k to R, let
q(A/R;—, =) : T,Ax T,AP = G,.(R)
be the corresponding bilinear form. For any o € TpA and o' € Tpf_lD, we have

9(A/R;a,a/) = g(AP /R; o, ).

(iii) Let f : A — B be a homomorphism to another ordinary abelian variety B/k, and let A/R,
B/R be deformations of A, B to R € Cy, respectively. Then f admits a lifting (necessarily
unique) f: A — B if and only if

4(A/R;a, J°(8)) = ¢(B/R; J(a),B), ¥ a € TyA, B € T,B".

Proof. A detailed argument can be found in [Kat81, Theorem 2.1]. We sketch the construction
of ¢(A/R; —, —) here for the convenience of readers. Let P = {B,} € T,A, Q = {Q,} € T,AP,
and let A/R be a deformation of A/k. For any lift P, of P, in A(R), as

A(R) :=ker(A(R) — A(k) = A(k))

is killed by p™ for n > 0, the element p" P, is independent of the choice of F,,. Moreover, for
each n > 1, the Weil pairing e : A[p"] x AP[p"] — ppn together with the exact sequences

0 — Ap"](R) — A[p"|(R) — A[p"](k) — 0;
0 — AP[p"|(R) — AP[p")(R) — AP[p"|(k) — 0
induces a pairing e : A[p"] x AP[p"|(k) — ppn. Therefore the element e(p” Py, Qn) € ppn(R)

is well-defined and independent of n. The bilinear form ¢(A/R;—,—) is obtained by setting

Q(A/R7 P? Q) = @(pnP,m Qn) O

Remark 1.4.6. (i) By passing to the limit, the universal deformation A/R of A/k corre-
sponds to a bilinear form q(A/R; —,—): T,A ®z, T,AP — ém(R)

(ii) When k is not algebraically closed, the group structure on M ® k descends to a group
structure on M. For details, see [No092, § 1.1].

1.4.2 The Gauss-Manin connection in Serre-Tate coordinates

Let k be an algebraically closed field of characteristic p, A/k be an ordinary abelian variety
of dimension g and 7 : A — R be the universal deformation of A/k. Denoting H}y(A/R) by
H 4, we have the (formal) Hodge-de Rham sequence

0= wy g — Hy — Lie(A”/R) =0

as well as the (formal) Gauss-Manin connection V : Hy — Hy ® Q%z W (k) For any (formal)
scheme S over k (resp. W (k)), let S) be the pullback of S via the absolute Frobenius morphism.
Let M Ak be the deformation space of A/k. Then according to the discussion in [Kat81, § 4.1],
we have a canonical isomorphism



1. Preliminaries 24

which identifies A®) with the universal deformation of A®).

Let H C A be the canonical subgroup of level 1 (see Proposition 1.5.5 for more details).
Then A’ := A/H is a lifting of A®), and we have a unique classifying map M Alk Y M Ak
such that 1*(A®) = A’. The composition map

¢ M\A/k Y, M\A(p)/k = (M\A/k)(p) - M\A/k

satisfies that ¢*(A) = A’. Moreover, the quotient isogeny A — A’ over M Ak induces a ¢-linear
map F : Hy — H 4 which makes the following diagram commute

0 —wyg — Hg — Lie(AP/R) —0,
0 — wyp — Ha — Lie(A”/R) —0.
View the vector bundles w 4%, H4 and Lie(A”/R) as R-modules.
Proposition 1.4.7. (i) We have a canonical isomorphism
HT : T,A” ®z, R 2wz
which induces an isomorphism

T,AP = {z € Hy: F(z) = px}.

(i) Dually, we have a canonical isomorphism
Homg, (T,A,Z,) ®z, R = Lie(A” /R).
which induces an isomorphism
n: Homg, (T,A,Z,) = {z € Ha: F(z)=x}
via the quotient map H 4 — Lie(AP/R).

Proof. Our formulation here follows [Brol3, Lemma IV.2]. For details, see [Kat81, Lemma 4.2.1].
For more properties of the Hodge-Tate period morphism HT, see § 1.5.2. O

Let {Pi,..., P;} be a Zy-basis of T,A, {P}, ...,Pgt} be the dual basis, and {Q1,...,Q4} be a
Zy-basis of T,AP. By setting

tij =q(A/R; P;,Q;) —1 € R,
we have R = W (k)[[ti;,1 <i,5 < g]].

Theorem 1.4.8. [Kat81, Theorem 4.3.1] For 1 < i < g, we have V(n(P})) = 0 and for any
Q € T,AP,
g
VHT(Q)) = Y _n(P}) ® dlogg(A/R; P, Q).

i=1
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1.5 Canonical subgroups and the Hodge-Tate period morphism

In this section, we review basic properties of canonical subgroups and the Hodge-Tate period
morphism for p-divisible groups, which will be the main technical tools in this dissertation. Our
exposition closely follows [AIP, Appendix A].

1.5.1 Canonical subgroups

Definition 1.5.1. Let S be a scheme of characteristic p and G/S be a p-divisible group of height
h and dimension d. The Veischiebung map V : G®) — G induces a morphism

HW(G)
Wg/s — WG /8

called the Hasse-Witt matrix of G. The determinant Ha(G) € (/\dwg/s)®(p*1) of HW(Q) is called
the Hasse invariant of G.

The Hasse invariant of an ordinary abelian scheme is invertible. More precisely,

Proposition 1.5.2. Let S be a scheme of characteristic p and let A/S be an abelian scheme of
relative dimension n. For G := A[p*°], the following are equivalent:

(i) the Hasse invariant Ha(G) is invertible;

(ii) the abelian scheme A is ordinary;
(iii) for any geometric point § of the étale site Sg, |A[p](35)| = p";
(iv) for any geometric point § € Set,

Gs & il % (Qp/Zp)".

Proof. The key ingredient is the fact that an isogeny between abelian schemes is étale if and
only if its kernel is an étale group scheme. For more details, we refer to [Sch15, Proposition
I11.2.5]. O

We need to lift the Hasse invariant to the p-adic setting.

Definition 1.5.3. Let R be any p-adically complete ring. Let G/R be a p-divisible group of
dimension d and G := G xr R/p. We define the Hodge ideal Hdg(G) to be the inverse image
of the ideal Ha(G)(A%wg)®—P) € R/p in R. When G is clear from context, we simply write
Hdg(G) as Hdg.

The following will used frequently.

Lemma 1.5.4. [AIP, Lemma A.1] Zariski locally, the ideal Hdg is generated by two elements.
If p € Hdg?, then Hdg is invertible.

In the rest of this section, we will fix an integral domain A and a non-zero element o € A
such that

(i) the ring A is a-adic;

(ii) there is a continuous morphism Z, — A.
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Proposition 1.5.5. [AIP, Corollary A.2] Let G be a p-divisible group of height h and dimension
m+1
for

some positive integer m. For each 1 < n < m, G admits a canonical subgroup H, of level n

d < h over an a-adic complete A-algebra R which is A-torsion-free. Suppose p € Hdg?

which is locally free of rank p™* and

p"—1

H, = Ker(F") mod pHdg -1
where F™ is the n-th iteration of the relative Frobenius map.

(i) Let G' := G/H,. Then Hdg(G") = Hdg(G)*" and for each n' < m —n, G' admits a

canonical subgroup H), of level n' which fits into the exact sequence
0— Hp, — Hpyp — H,, — 0.

In particular, H, is a subgroup of Hptm.

(i) The conormal sheaf wepm/m, s annihilated by Hdg(G)ppi:ll’ and we have
detwppny/m, = detwepn/ Hdg 77 .

(iii) If o € Hdg(G), then G[p"]/H, is étale over R[] and locally isomorphic to (Z/p"Z)"~.

(iv) We have Hdg(G) = Hdg(GP), and the Weil pairing Gp"] x GP[p"] — ppn induces an
identification H,(G) = H,(GP)*.

1.5.2 The Hodge-Tate period morphism

Definition 1.5.6. Let S be any base scheme and % be the standard invariant differential on
Gm,s. Then for any finite flat commutative group scheme H/S, we have a canonical map of

sheaves "
HT : H” = Hom(H,Gn) = wys; [+ F ().

If p is locally nilpotent on S and G/S is a p-divisible group, we define T,G to be the sheaf on
Schg given by T~ lim G[p"|(T). Then by taking the limit with respect to G[p"], we have a
canonical map of sheaves HT : T,G — wgp. The analogous definition works when S is an adic
formal scheme on which p is topologically nilpotent.

The following proposition plays a crucial role in this dissertation.

Proposition 1.5.7. Let « = p and S be a p-adic normal formal scheme over A without A-
torsion, and let G/S be a p-divisible group of height h and dimension d. Assume that there
exists a positive integer n such that p € Hdgpnﬂ. Then the level-n canonical subgroup H, C G
exists, and we have

n 1

ker(wg — wy, ) C p”Hdg_%gG.
In particular, we have a well-defined map, which will also be denoted by HT by abuse of notation,
p HT Wa

&Hn — P —1

H .
pHAg™ 7T wg

n

Moreover assume that S is connected and HP(S) = (Z/p"7Z)“.
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(i) Let Qg C wg be the Og-submodule generated by some (hence any) lift of the images of a
7./p"Z-basis of HP(S) along HT. Then Qg is locally free of rank d.

(ii) The Og-module [det(Q2q) : det(wg)] is an invertible ideal whose (p — 1)-th power is Hdg.
1
We will denote it by Hdgr—1.

(iii) Setting T(G) = p"Hdgfppj, then Hdgﬁgg C Q¢ C wg, and the map HT induces an
isomorphism
HP(S) ©z 0s/I(G) = Q¢ ®o, Os/L(G).

Proof. Our statement follows the discussion in [AI17, § 6.1]. For the main part and item (i),
note that S is normal, so we can reduce to the case S = Spf(R) for some complete discrete
valuation ring R of characteristic (0, p), which in turn follows from the discussion in [AIP15, §
3.2]. Item (i7) follows from [AIP, Proposition A.3] and item (ii7) can be deduced directly from
items (i) and (ii). O

Remark 1.5.8. Let C, be a complete algebraically closed non-Archimedean field over Qy (for
example, the p-adic completion of any algebraic closure of Q,), and let Oc,, be its ring of integers.
Then for any p-divisible group G/O(cp, the Hodge-Tate period morphism HT induces the Hodge-
Tate complex

HTY, (1)
0 — Lie(G)(1) —925 T,G @, Oc, —% wep — 0
whose cohomology groups are killed by pp%l. For details, we refer to [SW13, Proposition 4.3.6]
and the references therein.

1.6 Formal vector bundles with marked sections

In this section, we briefly introduce the machinery of vector bundles with marked sections
(abbreviated as VBMS), following the article [AI17]. Throughout this section, S will be a
fixed connected formal scheme with an invertible ideal of definition Z C Og, and S will be the
reduction of S modulo Z. We will only consider formal schemes f : T — S with the ideal of
definition f*(Z) C Or.

We first recall the notion of formal vector bundles.

Definition 1.6.1. A formal vector bundle of rank n over S is a formal scheme f: X — S
together with extra data, called charts, consisting of an affine open covering {U;}icr of S and for
each i € I, an isomorphism 1; : X|Ui = Y (U;) = Ay, such that for any i,j € I and any affine
open formal scheme U C U; NUj, the induced map 1j o @b;l on AY; is a linear automorphism.

A morphism g : X — Y between two formal vector bundles over S of ranks n, n', with
charts ({Ui}, vi)ier, ({U}},0))jes respectively is a morphism of S-formal schemes such that for
every 1 € I, j € J and every affine open subscheme U C U; N UJ’-, the composition

n LZJZ_l X 9|U Y w; An/
U lv v Ay

s a linear map.

According to [AI17, Lemma 2.2}, for any locally free Og-module € of finite rank over S, there
is a unique formal vector bundle V(&) over S such that V(£)(T) = H°(T,t*(£)V) for any formal
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scheme t : T — S. Moreover, the functor £ — V(€) induces a rank-preserving anti-equivalence
between the category of locally free Og-modules of finite rank and the category of formal vector
bundles over S of finite rank.

Definition 1.6.2. Let £ be locally free Og-module of finite rank over S and & be the associated
Og-module. A set of marked sections of € is a set of global sections {s1,..,sq4} C H°(S,&) such
that the induced map

@;-1:105—)5; (al,...,ad) '—)ZGiSi
identifies O% with a locally direct summand of &.

Definition 1.6.3. A system of vector bundles with marked sections over S (with respect to T)
is a triple (€, F,{s1,...,84}) consisting of a locally free Og-module € of finite rank, a locally free
Og-submodule F C & of rank d such that £/F is also locally free, and a set of marked sections
{s1,..., 84} of F. For simplicity, we denote (£,E,{s1,--- ,sq}) by (£,{s1,...54})-

A morphism between two systems of vector bundles with marked sections

f (&, F {s1,8qa)) = (E,F {1, .n84})

is a morphism of Og-modules f : & — £ with modulo T reduction f such that

f(F)CF; f(si)=s;, Vi=1,..,d.
Lemma 1.6.4. Let (€,{s1,...,84}) be a system of vector bundle with marked sections over S.

(i) The subfunctor Vo(E, s1,...,5q) of V(E) that associates to any formal scheme t : T — S
the subset of sections p € HO(T,t*(E)Y) whose modulo T reduction p satisfies p(t*(s;)) = 1
for every i = 1,...,d is represented by an open formal subscheme of an admissible formal
blow up of V(E).

(ii) If there is a Og-submodule F C & of rank d such that (£, F,{s1,...,84}) is a system of
vector bundles with marked sections, then we have a Cartesian diagram

VO(ga S1yeeey Sd) - V(g)

l |

VO(]:, S1yeeey Sd) - V(]:)

whose vertical arrows are principal homogeneous spaces under the group of affine transfor-
mations Ag_d. Let

fO : VO(57817 '--75d) — Sa fé : VO(]:,Sl,.-.,Sd) — S

be the structure morphisms. Then fo«Oyy(g s,,....s4) 15 endowed with an increasing filtration
Filg such that
(a) the sheaf fo«Ovyy(g,s,....s5) 18 the L-adic completion of lim , Filg fo«Ovy (e 51,

54)7

-----
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Proof. We give a sketch here. For details of item (i), see [AI17, Lemma 2.4], and for details of
item (i7), see [AI17, Lemma 2.5 & Corollary 2.6].

Let U = Spf(R) C S be an open affine such that Z(U) = (), F(U) is a free R-module with a
basis {e;}i=1,. 4 satisfying e, mod 7 =s;, and £(U) is a free R-module with a basis {e;};=1,. 4.
Then by sending e; to X;, we have

V(E)), = Spf(R(X1, ..., Xar)), V(F)|, = Spf(R(X1, ..., Xa))-
Let Z; = @ for each ¢ = 1,...,d. Unwinding the definition, we have
Vo(g, Sy eeny Sd)|U == Spf(R<Z1, ceny Zd, Xd+1a ceey Xd/>), Vo(]:, Sy eeey Sd)‘U = Spf(R<Zl, ceey Zd>),

and Fily, fo,« Oy, (g s,.,....s,) (U) consists of polynomials of degree < h in the variables Xqy1, ..., Xa
with R(Z1, ..., Zg)-coefficients. This local description allows us to prove the desired results. [

In cases that we want to emphasize the ideal Z, we put it at the end of the notation. For
example, we write Vy(E, s1, .., $q) with respect to I as Vy(&, s1, ..., Sq; Z).
We have the following functoriality result.

Lemma 1.6.5. Let
g: (&, F sy, .y si}) = (€, F, {51,y 84})

be a morphism of systems of vector bundles with marked sections over S. Then we have a
commutative diagram
Vo((‘:, S1yeeey Sd) — Vo(]:, S1yeeny Sd)

| I
Vo(&',sY, ..., 8h)) —=Vo(F', 51, .., Sd)-
Consequently, the induced morphism
g: f(l),*OVO(S’,s’I,...,sgl) - fO,*OVO(S,sl,..,sd)
18 compatible with filtration, where
fg : V()(E,Sl,...,sd) —)S, f(l) : Vo(gl,sll,...,sld) — S
are the structure morphisms.

Fix a Zy-algebra A together with a non-zero divisor 7 € A such that A is 7-adic and assume
S is a 7-adic formal scheme locally of finite type over Spf(A). Note that Z and (7) defines the
same topology. Let (£, F,{s1, - ,sq}) be a system of vector bundles with marked sections and
V: &E=E ®OSQ§ /A be a flat connection such that every s; is horizontal for the reduction of V
modulo Z.

Lemma 1.6.6. We have a flat connection
Vo i forOvy(sinsg) = S0.O0v(E 5150005 V5 4
where & is the T-adic completed tensor product. Moreover, we have the following:

(i) The connection Vg satisfies Griffiths transversality with respect to Fils, i.e.

Vo(Filn fo (Ovy(es1,0))) C Filig1 foe(Oviyesn,nsg) 205 Qgas ¥ h N
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(i) The induced map

Gr(Vo) : GrafocOvy (e snsa) = CThi1 foxOvy( sn,.s) D05 254
is Og-linear for each h € N and Gre(Vy) is Sym®(E/F)-linear.

Proof. The connection is constructed using Grothendieck’s description (see Definition 1.3.3).
More precisely, let S' = Spf(Og @ Qé‘/A% J1, j2 be the two projections, and € : j7 (&) — j5(€)
be the isomorphism of Og1-modules corresponding to V. Let € be the reduction of € modulo Z.
The horizontal assumption on {s;};=1, 4 implies that

€U (si)) = jalsi), V1<i<d.
Then we have a morphism of systems of vector bundles with marked section over S*
e: (J1(€), 41 (F), {71 (s1), s g1 (sa)}) = (42(€), 52 (F), {2 (s1) - 52 (84) })-
By Lemma 1.6.5, we have a commutative diagram

Vo(g,sl,...,sd) XS,jz Sl *E>V0(8781, ...,Sd) XS,jl Sl

l l

Vo(F, 317---,3d) XS, jo st 45)1}0(;731’""861) X 8,51 st

Once again by Grothendieck’s description, we get the desired connection V. For more details
and the remaining part of the proof, see [AI17, Lemma 2.9]. O

The connection Vy has the following functoriality.

Proposition 1.6.7. Let
g: (&, F {1, nsh}) = (€, F,{s1, ..., 84})

be a morphism of systems of vector bundles with marked sections over S, and assume that we
are given connections

V' & = 800054, Vi €= ED0sQ 4
such that Vog = (g®1Id)oV'. If all s} are horizontal for V' modulo Z, then Vyog = (g®Id)o V.

Proof. For details, we refer to [AI17, Corollary 2.7 & Lemma 2.9]. O

1.6.1 Formal vector bundles with marked sections associated to p-divisible groups

In this dissertation, we will only consider formal vector bundles with marked sections coming
from p-divisible groups. Let S be a connected normal p-adic formal scheme and let G/S is a
p-divisible group of height h, dimension d. Assume that there is an integer n € N such that
p € Hdg”" " Let H, C G be tge level-n canonical subgroup. Assume that H,(S) = (Z/p"Z)¢,

and let 7 :=Z(G) := p"Hdg_%. Note that Z(G) is invertible thanks to Lemma 1.5.4.
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Definition 1.6.8. We define HﬁG to be the push-out of

Hdg(G) 7 Twg —= Hdg(G) 7 TH, (G),

|

e
and set Py, ..., P; to be a fived basis of HY (S) and s; to be the image of HT(P;) in H°(S, Qq/Z(G)Qq).

Proposition 1.6.9. [AIl7, Proposition 6.2-6.3] We have an ezact sequence of locally free Og-
modules

0— Qg — HY, — Hdg(G)P%lgéD -0

Moreover, (Hg, Qa, {s1,...,84}) is a system of vector bundles with marked sections over S with
respect to the ideal Z(QG).
If moreover GP[p"|(S) = (Z/p"Z)", then the Gauss-Manin connection V on Hig (G) induces
a connection
vﬁ . Hﬁ Hﬂ & 1 Ql
¢ Hg 7 Hg®os————ga
Hdg(G)»-1

such that for each 1 <1 <d, Vg(si) = 0 modulo Z(G).
We remark that if the ideal Hdg(G)P%1 is a p-th power in Og/pQOg, we have a connection
Vi 1 HY, - HE®0 Q)4
Let G'/S be another p-divisible group of height h and dimension d such that
1

Hdg(G") c Hdg(G), and p € Hdg(G')?

Assume there is an isogeny f : G’ — G which induces an isomorphism between the level-n
canonical subgroups H), C G' and H,, C G.

Proposition 1.6.10. [AIl17, Proposition 6.4-6.5] Setting Z := Z(G'), the isogeny f : G' — G
induces a natural morphism of exact sequences

_1
0 Qc HY, Hdg(G)7Twl,p —=0
b
0 Qg Hﬁg/ Hdg(G’)pfilgé“D —0

where f*: Qg — Qg is an isomorphism, f*(s;) = s; mod Z for each i = 1,...d and the right
vertical arrow is induced by fP : GP — G'"P. If

GPp"(S) = (Z/p"z)", G"Pp"|(S) = (Z/p"Z)",

then f*: HﬁG — HﬁG, is compatible with the connections VﬂG and VﬁG,.

1.7 Measures on Z, and the weight space

In this section, we briefly recall the p-adic measure theory of Z, and the weight space
associated with Z;'.
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1.7.1 Measures on Z,
Our main reference for the measure theory on Z, is the lecture note [Col04].

Definition 1.7.1. Let |-| be the p-adic norm on Q, normalized by |p| = p~t. A Qp-Banach
algebra is a Qp-algebra B equipped with a function ||-|| : B — R>q satisfying that

(i) ||1]| =1, and ||a|| =0 if and only if a = 0;
(ii) for any a,b € B,
ladl| < [lal[[[oll, lla + bl] < max{[|al, [b]|};
(7’7’7') fO?“ any x € sz a € B? ||£L'Cl” = ‘$|||a||f

and that B is complete with respect to metric induced by ||-||. A Qp-Banach algebra (B, ||-||) is
called uniform if the unit ball B° := {a € B : |la|]| < 1} contains all power bounded elements in
B.

Definition 1.7.2. Let (B, |-]|) be any uniform Q,-Banach algebra, and C°(Z,, B) be the space of
continuous B-valued functions on Zy, equipped with the norm || f|| := sup,ez, | f(z)]. A B-valued
measure on Zy is a continuous B-linear function from C°(Z,, B) to B. We denote the space of
B-valued measure on Zy, by Do(Zy, B).

For any B-valued measure p on Z,, its Amice transformation is the power series

A (T) = /Zp(l T = Z%/Z (Z) duT™ € B[T)).

The structures of C°(Z,, B) and D°(Z,, B) are well-understood by the following theorem of
Mabhler.

Theorem 1.7.3. Let B be any uniform Q,-Banach algebra.

(i) A function f: Z, — B is continuous if and only if f(x) =3, 5, bn (%), with by, € B and
b, — 0.

(i) The Amice transformation is an isometry from Dy(Zy, B) to the set

b,T" : b, € B, sup |b,| < oo
> 2PO| \ }

n>0 n
equipped with the norm given by [|3_,0bnT" || := sup,>q [bnl.
Proof. For details, we refer to [Col04, Theorems 1.3.2 & 1.4.5]. O

For any f € C°(Z,,Q,) and p € D°(Zy, B), we can define a new measure f -y by setting
(f - u)(g) := p(fg) for any g € C°(Zy, B). The Amice transformation of f - u is explicitly
computed for typical functions in [Col04, Page 13].

Proposition 1.7.4. Let y € D°(Zy, B) with Au(T) = 3,50 baT™.

(i) If f(z) =z, then Ay, (T) = 0A,(T) where & := (1+T)L;
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(1t) If f is the characteristic function on i + p"Z,, then
Ap(T) =p™ > 27 Au(2(1+T) = 1).

zP=1

Definition 1.7.5. We define the ¢ operator on D°(Z,, B) by
e ) f o / f(pr)d

and the y-operator by
w0 [
Here when ¢ Zy, we understand f(3) to be 0.
The followmg proposition follows from the discussion in [Col04, Page 14].

Proposition 1.7.6. For any p € Do(Zy, B), we have

Apy(T) = Ap((L+T)P = 1); - Ay (T Z Au(z(14+T) —1).
zp 1
Moreover, 1 o ¢ = 1d, and (u) = 0 if and only if ju is supported on Z,. Actually, if f is the
characteristic function of Z,, then ¢ o ¢(u) = fu.

The space D°(Zy,Q)) is related to the Iwasawa algebra Zy[[Zy)].

Definition 1.7.7. For any profinite group G, the completed group algebra of G with Z,-coefficients

is Zp[[G]] == Zp|G/H] equipped with the projective limit topology.

1'&nopen H<G
Proposition 1.7.8. Any element p € Z,[[Zy]] is the projective limit of some
Hn = Z aglg] € OZy/p" L),

9ELp [p" Ly

and the map Zy|[Zp]] — Do(Zyp, Qp) induced by the integration pairing

) [ fdwi=lim 3 afulo)
P gEL/P™L
is a well-defined injection whose image is just the unit ball in D°(Zy,Qp). Here {fn} is any
sequence of functions such that each fy factors through Z,/p"Z, and lim, o frn = f.

Proof. For details, we refer to [ST04, § 12]. O

For completeness, we record Amice’s locally analytic analogue of Mahler’s theorem, which
is used implicitly in the discussion of the weight space. For any uniform Banach Qp-algebra B
and any positive integer h, a function f : Z, — B is called h-analytic if for any a € Z,, there
is f.(T) € B(T) such that f,(z) = f(p"x + a) for any € Z,. Then Amice’s theorem, which is
[Col04, Theorem 1.7.8], says

Theorem 1.7.9. A function f : Z, — B is h-analytic if and only if there exists b, € B, b, = 0
as n — 0o such that f(x) =3, <, bn[ﬁ]'(i) Moreover, for eachn >0,

(D) @B € B

where [-] is the greatest integer function.
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1.7.2 The weight space

Our exposition on the weight space follows from [AIP, § 2]. The discussion in [CHJ17, § 2.1]
is also be helpful.
Let ¢ =4 if p=2 and ¢ = p if p > 3. Decomposing Z, as (Z/qZ)* x (1 + qZp), then we

have an isomorphism

ZpllZy)) = Zp[(Z/qZ) [[T));  explq) = 1 +T.

We will identify A := Z,[[ZX]] (resp. A? := Z,[[1 + qZ,]]) with Z,[(Z/qZ)*][[T]] (resp. Zy[[T]])
equipped with the (p, T')-adic topology.

Lemma 1.7.10. [AIP, Lemma 2.1] The space Spa(A, A) is a noetherian adic space. Moreover,
we have the following:

(i) There is a 1 — 1 correspondence between the non-analytic points in Spa(A, A) and points

in Spec(Fp[(Z/qZ)*]); and
(ii) The open subspace Spa(A, A)* of analytic points is covered by the open subsets
[w € Spa(A,A): [a(p)] £ 0}, {z € Spa(A,A): [o(T)| £ 0},

We call Spa(A, A)® the adic weight space, and the open subspace W' := {z € Spa(A, A) :
|z(p)| # 0} the rigid analytic weight space.

Definition 1.7.11. Denote Spa(A®), A©) by WO and for any closed interval I = [p®,p°] with
a € NU{—o0}, b € N, denote the open affinoid subspace

(e WO |pl, <|TIP" #0; [T < |pl, # 0}

by WI(O), where for a = —oo, the first condition is understood as empty.
We have y
AP =00 ") = AP, li; T
( AO (2 T it g £ —co,
By equipping Ago)[%] with the norm |ja| = infmpnaE A® p", we obtain a uniform Q,-Banach

algebra whose unit ball is Ago).

The functor sending complete affinoid (Z,, Z,)-algebra (4, A™) to the group of continuous
homomorphisms Hom(Z,;, A*) is represented by the affinoid ring (A, A). Moreover, the universal
character x : Z; — A* is given by sending a € Z; to the group-like element [a]. For each
closed interval I C [0,00), let w7 : Z; — A} be the induced universal character. We define the
weight of K1 to be

L, = lim M.
LT a5l log(a)
Then for any affinoid ring (A, A*) over (Z,, Z,), and for any interval I C [0,p"q ], the character
k1 extends uniquely to a function

Zy(1+ @ AT) = (ATt kp(t) = log(pe, exp(t)), V€ 14 gp" tAT.
Let GI (resp. G;b) be the sheaf such that for any affinoid ring (A, A™),

GI(A,AT) == AT (resp. G (A, A1) == (A1)™).
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Proposition 1.7.12. [AIP, Proposition 2.1] For n > 1 and I = [0, p"q '], the universal char-
acter k1 defines a unique pairing

Wi x 5 (1+ "G = G
which restricts to a pairing
Wi x (14 qp"'GE) = 1+ qGy.

Remark 1.7.13. Following [KL16, § 2.6], a quasi-Stein space in the category of locally noetherian
adic space is an object X which can be written as the union of an ascending sequence

XoCcXjC....CcX, C..

of affinoid subspaces such that for each i > 0, the natural map O(X;1+1) — O(X;) has dense
image. Then according to [Eme07, Proposition 6.4.5] (see also [ST03, Theorem 4.11]), W' s
a quasi-Stein space. In particular, HO OV, Ow) ia a Fréchet Qyp-algebra which is faithfully flat
over A[1/p].



2 Nearly overconvergent quaternion modular forms

In this chapter we will first discuss the Hasse invariant of a false elliptic curves and establish
the integral models of strict neighborhoods of the ordinary locus of Shimura curves.

Then we will apply the VBMS machinery to (a certain direct summand of) the p-divisible
group associated to the universal false elliptic curve to construct the nearly overconvergent
quaternion modular sheaf W, for a certain weight .

After that, we will study the filtration of W,, analyze the (meromorphic) Gauss-Manin
connection on Wy, and define the Hecke operators, in particular the U,-operator, on W.

Finally, we will study the local behavior of the Gauss-Manin connection and Hecke operator
in Serre-Tate coordinates, and show that the Gauss-Manin connection iterates p-adically.

2.1 Shimura curve over Q

In this section, we briefly recall the moduli description of Shimura curves over Q.

2.1.1 Quaternion algebras

Definition 2.1.1. Let F be any field. A quaternion algebra B/F is a four-dimensional central
simple algebra over F'.

It is well-known, see [Voil7, § 3.5 & 6.2], that

Proposition 2.1.2. Let F' be any field. A quaternion algebra B/ F is either My (F') or a division
algebra over F'. Moreover, if F' has characteristic other than 2, then there exists a F'-basis 1,1, 7, k
of B such that

a:=i2e F*, b:=j2cF*, k=ij=—ji

while if the characteristic is 2, there exists a F-basis 1,1,7,k of B such that
a=i?+icF;, b:=j2cF*, k=ij=7j(+1).
We will denote the quaternion algebra B/F by (a,b| F') and [a,b | F) respectively.

Definition 2.1.3. Let B/F be a quaternion algebra. If B = (a,b | F') with the basis {1,1,j,k},
we define the main involution on B to be

—: B> B, a=z1+4+ 221+ x3] + x4k — & =11 — T2l — 3] — T4k;
if B=/la,b| F) with a basis {1,i,j,k}, we define the main involution on B to be
—: B—>B; a=ux+x0+ 3]+ x4k — @ :=a+ xo.
The reduced trace Tr and reduced norm N on B are defined as
Tr(a) := a+ a; resp. N(a) := aa.

Clearly, the main involution is standard, i.e. & € F for any x € B.
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Definition 2.1.4. Let O C F be a subring and B/F be a quaternion algebra. An O-order in B
is a subring L C B such that L is finitely generated as an O-module and L @0 F = B.

(i) An O-order is called maximal if it is not strictly contained in any larger order.
(ii) An O-order is called Eichler if it is the intersection of two maximal orders.

Definition 2.1.5. Let B be a quaternion algebra over a field F. For any x1,..,x4 € B, we
define the discriminant of x1, .., x4 to be

d(ml, .oy $4) = det(Tr(acixj)lSi’jg;).

Let O C F be a subring and L C B be an O-order. The discriminant disc(L) of L is the ideal of
O generated by
{d(.ﬁl:‘l, . $4) D X1y, T4 € L};

and the reduced discriminant disc’(L) of L is the ideal of O generated by
{m(x1,z9,23) 1 x1,..,23 € L}, m(z1,x2,23) := Tr((x1202 — x221)T3).
Lemma 2.1.6. [Voil7, Lemma 15.4.8] Given two projective O-orders L C L' C B, we have
disc/(L) = [L' : L]disc/(L);  disc/(L)? = disc(L).
Quaternion algebras over Q

The following result is well-known. For details, see for example [Ser79].
Proposition 2.1.7. We have the following classification of quaternion algebras:
(i) The 2-by-2 matriz ring M2(C) is the unique quaternion algebra over complex numbers C.

(i) The matriz ring Ma(R) and the Hamilton quaternion HH = (=1, —1 | R) are the only quater-
nion algebras over R. Moreover, H ®@g C = My(C).

(iii) Let ¢ be a rational prime and L/Qy be a finite extension with uniformizer w. Then there
exist only two quaternion algebras over L: Ms(L) and (w,u | L) where u is a non-square
in OF . Moreover, for any degree-2 field extension L'/L, we have that (m,u | L) @ L' =
My (L).

Definition 2.1.8. A quaternion algebra B over a local field is called ramified if B is a division
algebra, and unramified if B is the 2-by-2 matrix ring.

Let F be a number field. A quaternion algebra B/F' is called ramified resp. unramified at a
place v if B, := B ®p F, is ramified resp. unramified. When F' = Q, B 1is called definite resp.
indefinite if B ®q R is ramified resp. unramified.

Theorem 2.1.9. For any number field F', there is a 1 — 1 correspondence between quaternion
algebras over F' and subsets of non-complex places of F' with even cardinality given by sending
a quaternion algebra B/F to the set of ramified places of B.

Moreover if K/F is a quadratic field extension, then the following are equivalent:

(1) the field K splits B, i.e. B®p K = My(K);
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(i) no ramified finite place of B in F splits in K and no ramified archimedean place of B in
F is unramified in K ;

(iii) there exists an embedding K — B of F-algebras.

Proof. For details of the 1—1 correspondence, we refer to [Voil7, Theorem 14.1]. The equivalence
between item (i) and item (ii) is an application of the 1 — 1 correspondence and item (iii) of
Proposition 2.1.7. The equivalence between item (ii7) and item (i) is a special case of the
Skolem-Noether theorem. O

Definition 2.1.10. For any quaternion algebra B/Q, the discriminant A of B is the product of
all ramified non-Archimedean places of B.

Note that B is uniquely determined by A, and in particular, B is definite resp. indefinite if
and only if A has an odd resp. even number of distinct prime factors.

For any global field or non-Archimedean local field F' with ring of integers Op and any
quaternion algebra B/F, we refer to an Op-order simply as an order. We record the following

results.

Proposition 2.1.11. [Voil7, Proposition 23.43] For any finite field extension F/Q, with uni-
formizer m and for any quaternion algebra B/F, we have that:

e if B is ramified, there exists a unique mazximal order, consisting of all Op-integral elements.

o if B = My(F), then all mazimal orders of B are conjugate to Ma(Op). Moreover, any
Eichler order of B with reduced discriminant ©™ is conjugate to the standard Eichler order

Or Of
™0 Ofp]’
Theorem 2.1.12. [Voil7, Theorem 9.5.1] Let B/Q be a quaternion algebra with discriminant
A and L C B be a fized order. Then the assignment M — {M,}, defines a 1 —1 correspondence

between the set of orders in B and the set of collections of orders N, C B, indexed by places v
of Q such that N, = L, for all but finitely many primes.

of level ©"

By [Voil7, Paragraph 23.4.19, Lemma 10.4.2 & Theorem 23.2.9], we have

Corollary 2.1.13. Let B/Q be a quaternion algebra with discriminant A. An order L C B s
mazximal if and only if disc/(L) = A. More generally, for any Eichler order L C B,

(i) the reduced discriminant disc’(L) = NA for some integer N > 1, called the level of L, with
(N> A) =1;

(ii) for (v,A) =1, L, is conjugate to the standard Eichler order of level v°* ()
(iii) for v | A, L, is the mazximal order.

By [Voil7, Example 28.4.15], we know that if B/Q is indefinite, then all Eichler orders of
the same level are conjugate.
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2.1.2 False elliptic curves and false isogenies

In this subsection, B/Q will be an indefinite quaternion algebra of discriminant A together
with a fixed maximal order Op and a fixed isomorphism B ®g R = My(R), and B®)/Q will be

pAif pt A

the unique definite quaternion algebra with discriminant
p A if p| A.

Definition 2.1.14. A false elliptic curve over a base scheme S is a pair (A,i) consisting of an
abelian surface A/S and an injective ring homomorphism i : Op — Endg(A). When i is clear
from content, we omit it in the notation.

Definition 2.1.15. Let (A,i), (B,j) be false elliptic curves over a base scheme S. A false
homomorphism f : (A,i) — (B,j) is a S-group homomorphism such that for any x € Op,
foi(z) =j(x)of. A false homomorphism f is called a false isogeny if f is an isogeny of abelian
schemes.

The set of all false homomorphism from (A,i) to (B, j) is denoted by Homep, ((A, 1), (B, 7))-
If (A,i) = (B,j), we denote Homop,((4,17),(B,j)) by Endo,(A,7) and equip it with the ring
structure given by composition. Moreover, we set Endg, (A, 1) := Endog (4,1) ®z Q.

False elliptic curves

False elliptic curves over fields are well-understood.

Proposition 2.1.16. [Phil5, Proposition 2.1.4] Given any false elliptic curve (A,i) over F,,
then Endg,  (A) is

(i) either an imaginary quadratic field K/Q which splits B; or
(ii) the definite quaternion algebra B®).

Moreover, A is isogenous to E? for some elliptic curve E/]Fp where E is ordinary in case (1)
and supersingular in case (ii).

Let H C C denote the upper half plane. View Op as a subring of My(R) via the fixed
isomorphism B ®g R = M>(R) and for any 7 € H, set A, := Op 71' . According to [Phil5,
Proposition 2.1.5 & 2.1.6], we have

Proposition 2.1.17. Any false elliptic curve (A, i) over C is of the form C? /A, for some T € H.
Moreover, for any false elliptic curve (A,i) over C,

(i) either (A,i) is simple with End°(A) = B (this forces B to be a division algebra) and
Endp, (A) = Q; or

(ii) the false elliptic curve (A, i) is isogenous to E? for some elliptic curve E/C. In this case,

(a) if B is a division algebra, then E/C admits complex multiplication by an imaginary
field K which splits B, and Endg  (A) = K;

(b) if E/C does not admit complex multiplication, then B = M3(Q) and Endg, ,(A) = Q.
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Proposition 2.1.18. [Phil5, Lemma 2.1.9] Let (A,1i), (B,J) be false elliptic curves over any
algebraically closed field. If A and B are isogenous as abelian varieties, then (A,i), (B,j) are
1sogenous as false elliptic curves.

Let — be the main involution of B. By Theorem 2.1.9, there exists t € B such that t? = —A
and the map
x: B~ B; a—t‘tat

is an involution. Note that the order Op is stable under * because it is stable under the main
convolution and the conjugation induced by t. By the discussion in [Buz97, Page 3], we have
the following result for families of false elliptic curves.

Theorem 2.1.19. Let S be any scheme with A € OF, and let (A,i) be any false elliptic curve
over S. Then there exists a unique principal polarization Ay : A — AP such that on each
geometric point 5 € S, the Rosati involution

T: End°(A4;) — End°(A4j3)
induces the tnvolution * on B.

We remark that here the action O on AP is given by a + i(a)?, V a € Op.
False dual isogenies and false degrees

In this subsubsection, we will fix a connected base scheme S such that A € OF. Combining
[Phil5, Lemma 2.1.13, Proposition 2.1.14 & Corollary 2.1.17], we have

Lemma 2.1.20. Let f: (A,i) — (B,j) be a false isogeny of false elliptic curves over S. Then
the morphism

fr=X 10 fPorp: (B,j)— (4,d)

is also a false isogeny, referred to as the false dual isogeny of f, such that (f') = f. Moreover,
we have the following:

(i) If g: (A,i) — (B,7), h: (B,j) — (C,k) are false isogenies of false elliptic curves over S,
then
(f+9)=f+4gs (hof) =fol

(i) The composition f'o f: (A,i) — (A,i) is the multiplication by an integer, called the false
degree of f and denoted by deg'(f), satisfying that

deg(f) = (deg'(f))?, deg/(f) = deg/(f").

By [Phil5, Lemma 2.1.18 & Proposition 2.1.19], we have

Proposition 2.1.21. Let (A,1), (B,j) be false elliptic curves over S. Any non-zero false ho-
momorphism f: (A,i) — (B,J) is an isogeny and

deg’ : Homp,(A,B) = Z, f— deg'(f)

s a positive definite quadratic form.
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Let f: (A,i1) — (B, j) be a false isogeny of false elliptic curves over S. Note that the Cartier
dual of ker(f) is (canonically isomorphic to) ker(fP).

Definition 2.1.22. We define the Weil pairing (—, —) : ker(f) xker(f’) — G, to be the pairing
ker(f) x ker(f?) — G, pre-composed with the isomorphism ker(f") )\?B ker(fP).
Note that we have

V P eker(f)(S), Q € ker(f')(5), € Op, (i(z)P,Q) = (P,j(z")Q).

2.1.3 Shimura curves of level Vi(N)

In this subsection, B/Q will be an indefinite quaternion division algebra of discriminant A
together with a maximal order Op C B and fixed isomorphisms

B®QR2M2(R), OB®ZZUgMQ(ZU) A U"'A

These data induce an isomorphism Op ®z Z/NZ = My(Z/NZ) for any N € N such that
(N,A) =1.

Definition 2.1.23. Let (A, 1) be a false elliptic curve over a scheme S on which A is invertible.

(i) A full level-N structure on (A, i) is an isomorphism of S-group schemes
Y: (O ®zZ/NZ)s — A[N]
which preserves the left action of Op.

(ii) An arithmetic level-N structure (also called a level V(N )-structure) on (A, 1) is an inclusion
YN UN X py = A[N]

of group schemes with left action of Op over S, where we equip uy X py with the Op-
action induced by the fived isomorphism Op @z Z/NZ = My(Z/NZ) and the canonical
map Z/NZ — Endg(un).

We will use (A,i,1) (resp. (A,i1.1hn)) to denote a false elliptic curve (A,1) with a full (resp. an
arithmetic) level N structure.

The moduli problem of false elliptic curves with level V; (N )-structure is representable. More
precisely, as stated in [Buz97, § 2],

Theorem 2.1.24. Assume N > 4. The functor associates to an Z[ﬁ]—scheme S the iso-
morphism classes of false elliptic curves with level Vi (N)-structure over S is representable by
a scheme XP(N) which is smooth, proper and of relative dimension 1 over Z[ﬁ] with geo-
metrically irreducible fibers. In particular, there is a universal false elliptic curve with level
Vi(N)-structure over XP(N), which will be denoted by (A,i,9n).

Remark 2.1.25. Analogous to the discussion in [Kat77, § 1.4], for a false elliptic curve (A,1)
over S, we can define the naive level-N structure to be an inclusion

Uyt (Z/NZ x ZJNTZ)g — A[N].
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When S contains all N -th roots of unity, by fizing an isomorphism Z/N7Z = py, we can identify
a naive level-N structure with an arithmetic one.

On the other hand, suppose that (A,i,vn) is a false elliptic with naive level-N structure
over S. Then A" := A/Im(yn) together with the induced embedding i' : Op — Endg(A’)
is a false elliptic over S and the quotient map © : (A,i) — (A',i') is a false isogeny. Let
' (A1) — (A,7) be the false dual isogeny. Then ker(w') is the Cartier dual of Im(¢n) and
we have an isomorphism

Py opn X py = ker(n') C A'[N].

The assignment (A,i,¥n) — (A, 7, ¢)y) induces a 1 — 1 correspondence between false elliptic
curves together with a naive level-N structure over S and false elliptic curves together with an
arithmetic level-N structure over S.

Since we will consider p-adic theory for (p, NA) = 1, it is (almost) equivalent to choose
either level-N structure. We choose the arithmetic one, because it has slightly better rationality
properties.

Definition 2.1.26. The Z[+x]-scheme X (N) is called the Shimura curve of level Vi (N) asso-
ciated to the indefinite quaternion division algebra B.

We include the following complex description of X (N) for completeness. Let A (resp. Ay)
be the ring of adeles (resp. finite adeles) of Q and Op y = Op ®7z Z. Then we have a surjective
ring(resp. group) homomorphism

OB,f%MQ(Z/NZ), resp. Ogvf%GLQ(Z/NZ)
Let V1 (N) be the pre-image of
{<a Z) € GLy(Z/NZ): ¢=0, d=1 mod N}
c
and Vo C GL2(R) be the stabilizer of v/—1 under the Mébius action of GLy(R) on C — R. By

the discussion in [Buz97, Page 5],

Proposition 2.1.27. There is a natural bijection between X (N)(C) and
B*\(B ®qg A)"/Vi(N)Voo.

Let Op n be the standard Eichler order of level N in Op, i.e. the Eichler order whose image
along the isomorphism Op ®z Z/N7Z = Ms(Z/NZ) consists of upper triangular matrizes, and
let 't v be the group of units in Op n whose reduced norm is 1 and whose image along the fized

1
isomorphism has the form ( . Then we have the following bijection

01
XP(N)(C) =T n\H.

2.1.4 Summary of notations

We fix the following notations for the remaining part of this chapter. Recall that p is a fixed

rational prime.
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B/Q will be an indefinite quaternion division algebra of prime-to-p discriminant A and
main involution —, together with a fixed isomorphism B ®g R = Ms(R).

Op C B will be a maximal order with fixed isomorphisms Op ®yz Z, = My(Z,) for all
finite place v t A.

N will be a positive integer such that N >4, (N;A) =1 and (p, NA) = 1.

1 will be the involution on B defined by a' = t~lat for a fixed element ¢t € B such that
2 =—A.

e € Op, will be a non-trivial idempotent, and g, ¢’ will be elements in O » such that

l—e=gteg, el =(g)eg.

This is possible because all non-trivial idempotents in Op ), are conjugate by Skolem-
Noether theorem.

All false elliptic curves will be defined with respect to Op.

For any false elliptic curve (A,i) defined over a base scheme on which A is invertible,
Aa: A — AP will be the principal polarization such that on each geometric point, the
corresponding Rosati involution is compatible with 7.

For any false isogeny f : (A,i) — (B,j) with false dual isogeny f’: (B,j) — (A,i), the
Weil pairing (—, —) : ker(f) x ker(f") — Gy, will satisfy

(xP,Q) = (P,z'Q), VPekerf, Qekerf, xeOp.

For any false elliptic curve with level Vi (IV)-structure (4,4, ¢ y) and any finite flat group
subscheme H of A of rank prime to N which is stable under the action of Op, the quotient
of (A,i,¢n) by H will be the triple (A/H,,v¢}) where i : Op — End(A/H) is the
embedding induced by the quotient isogeny m: A — A/H, and ¥\ : uny X uny — A/H[N]
is the unique level V; (NN)-structure on (A/H, i) which makes the diagram below commute:

UN X UN

y Py

A[N] uJ A/H[N].

XPB(N) will be the Shimura curve of level V3(N) and (A, i,y) will be the universal false
elliptic curve together with the universal level V;(N)-structure over X{(N). Via base
change, we will view X 1B (N), A as Z,-schemes and we will denote the p-adic completion
of XB(N), A by X B(N), A respectively. When no confusion arises, we will simply write
XB(N) (resp. XP(N)) as X (resp. X).
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2.2 The Hasse invariant and the partial Igusa tower
2.2.1 p-divisible groups associated to false elliptic curves

Let S be any Z,-scheme and (A,7) be any false elliptic over S. Given any n > 1 and any
finite flat group subscheme H C A[p"] which is stable under the action of Op, we have an
Opp-action on H since Z, acts on H via Z,/p"Z,. Set

H?:=%ker(e: H— H); H':=ker(l—e: H— H).

The inclusion H' x H?> — H is an isomorphism and the chosen element ¢ induces an isomorphism
g: H1 = HQ.

Lemma 2.2.1. [Kas99, Lemma 10.1] Given any n > 1, let H C Alp"] be any finite flat group
subscheme. Then H 1is stable under the Op-action if and only if there exist group subschemes
H, CH fOT’i =1,2 such that H = Hy x H>, (1 — €)H1 =0 and Hy = g(Hl).

In particular, for each n > 1, A[p"] is stable under the action Op, so we have
A" < AP P = AR, g A= AP
Clearly, these decompositions and isomorphisms are compatible, so we have
A=)t x A= = Ap™); g APp™]t = AP

Denote A[p™®]! by G4 and A[p™]? by G’;. Since A[p>°] has height 4 and dimension 2, both G4
and G’y have height 2 and dimension 1. Let

A"t i=ker(1 — el : A" — APp™]); Ap™)tt i=ker(1 — el 1 Ap™] — Ap™]).
The Weil pairings (—, —) : A[p"] x A[p"] — G, [p"] for all n > 1 induce isomorphisms
AP = AR, GR & A

By the functoriality of de Rham cohomology, the Op-action on A induces an OOBpp—action on the
Hodge-de Rham sequence

0= wa/s — Hig(A/S) — Lie(A”/S) — 0.
Thanks to Theorem 1.3.12, when p is locally nilpotent on S, we have
0= wg, /s — Hig(Ga/S) — Lie(GY) — 0.

Lemma 2.2.2. When p is locally nilpotent on S, the decomposition A[p>®] = G4 x G’y induces
an identification between

0— ewq/g — eHir(A/S) — eLie(AP/S) — 0; and
0= we, /s — Hir(Ga/S) — Lie(A[p™]"1/5) — 0.

Moreover, let Va and V¢, be the Gauss-Manin connection on Hin(A/S) and Hig(Ga/S)
respectively. Then we have Vg, =V aoe.
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Proof. By Theorem 1.3.12, the decomposition A[p>] = G4 x G, induces identifications
WG, s = eWa/ss Hig(Ga/S) = eHig(A/S), Lie(G/S) = eLie(AP/S), Ve, =Vaoe.

Note that the chosen principal polarization A4 induces an isomorphism Lie(A4/S) = Lie(A”/S)
compatible with the involution T on Op, so we have a non-degenerate pairing

Lle(AD/S) X QA/S — OS

such that the adjoint of # € Op,, is zf. Combining with the isomorphism G = A[p>|bT
induced by A4, the Weil pairing induces an isomorphism of Og-modules

eLie(AP/S) = eTLie(A/S) = Lie(A[p™]}1/5),
and the proof is complete. O

To simplify the notation, we will write H}z(Ga/S) as Hg, .
We now consider the universal false elliptic curve (A, 7) over X.

Proposition 2.2.3. [Kas99, Corollary 3.2] Let m : (A,i) — X be the universal false elliptic

curve. The Kodaira-Spencer morphism
KS: mQlyx = Qxjz, @ox R'mO4

induces an isomorphism
€7T*Q_A/X (%4 BTW*QA/X — Q}qu.

By composing with the isomorphism ¢ : eW*Q}A % & €T7T*Q}4 % induced by ¢’ € Of p We
have an isomorphism, also referred to as the Kodaira-Spencer isomorphism,

KS: ggi/){ % 677*(2}4/)( ® 6J[7T*Q}4/X ES—) Qﬁ(/Zp' (2.2.1)

If we change the choice of ¢/, then KS varies by some element in Ly
By passing to the limit, we have the Hodge-de Rham exact sequence of O ¢-modules

0 — wg — Hg — Lie(GT) — 0,
as well as the Kodaira-Spencer isomorphism and the Gauss-Manin connection

KS: w%? — QL

. . 1
Wg X/2,) V: Hg%Hg@oX Qf(

/Zp

where G := G4 and G := A[poo]l’T.

2.2.2 The Hasse invariant

Definition 2.2.4. Let S be any Fp-scheme and (A,i) be any false elliptic curve over S. We
define H(A) to be the Hasse invariant Ha(G 4) of G 4.

For any false elliptic curve (A,i) over a Fj,-scheme, we can canonically equip A®P) with a
structure of false elliptic curve such that the Frobenius map F : A — A® is a false isogeny
whose false dual isogeny is the Verschiebung map V : A®) — A. The following result is well-

known.
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(»-1)
A

Proposition 2.2.5. The false elliptic curve (A, 1) is ordinary if and only if H(A) € g% 1

invertible.

Proof. By Proposition 1.5.2, we know that (A, ) is ordinary if and only if V : A®) — A is finite
étale, which is equivalent to ker(V') being an étale group. As ker(V) = ker(V)! x ker(V)? for
ker(V)1 = ker(V : fo) — Ga), ker(V)2 = ker(V : (G;‘)(p) — G,

and ker(V)! 2 ker(V)?, we know that ker(V) is étale if and only if ker(V)! is étale, which in
turn is equivalent to Ha(G 4) being invertible. For an alternative proof, see [Kas99, Proposition

5.1]. O

Let k be an algebraically closed field of characteristic p and (A, i) be a false elliptic curve
over k. Then we have actually shown that A[p] is connected if and only if H(A) = 0. In this
case, the false elliptic curve (A,17) is called supersingular. Consider the universal false elliptic
curve A over X£(N). Let A be the mod-p reduction of A and H := H(A).

Lemma 2.2.6. [Kas99, Lemma 5.2] The Hasse invariant H has simple zeroes on X (N)®z, Fy.

In fact, such a result holds in a broader framework, see [Kas04, Proposition 5.3].
The Hasse invariant H admits a global lift under mild conditions.

Proposition 2.2.7. [Kas99, Proposition 6.2] If k > 3, then Hl(XlB(N),gé) = 0. As a conse-
quence, if p > 5, there exists an element Ep_q1 € HO(XlB(N),ggfl) such that

E, 1 =H mod p.
In general, we need to consider the Hodge ideal.

Definition 2.2.8. Let (A,i,9%n) be the universal false elliptic curve over X = XE(N) We
define the Hodge ideal Hdg := Hdg(A) C O of A to be the inverse image ofgg)(l_p)H C Oxg, -

According to Lemma 1.5.4, Hdg is locally generated by two elements, and if p € Hdg?, then
Hdg is invertible.
2.2.3 The ordinary locus and strict neighborhoods

Recall that if I = [0,1] or [p%,p*] with a,b € N, we have

(Zpl[TN(E). p) if T =1[0,1],

(A%, ) = b
(Zp[[TW o, 1), T) i 1 = [p%,p"].

Definition 2.2.9. Let X; := X QSpf(Z,) Spf(AY), and base change A, G := G 4, wg to Xy. We
define the ordinary locus f{?rd to be the functor which associates to every a-adically complete
AY-algebra R the set of morphisms f : Spf(R) — X such that f*(Hdg) = R.

Moreover, for any integer r € N, we define the strict neighborhood X, 1 to be the functor which
associates to every a-adically complete A?—algebm R the set of equivalence classes of pairs (f,n),
where f: Spf(R) — X is a morphism of formal schemes and n € HO(Spf(R), f*(w(X—PP"" "))
such that

41

nHP"" = o mod p>.

Here the equivalence is given by (f,n) ~ (f',n') if f = f andn=(1+ %u)n' for some u € R.
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The equivalence relation is designed to guarantee that X, ; is representable. More precisely,
in analogy with the modular curve case (see [AIP, Proposition 3.1] or [Sch15, Lemma II1.2.13]),

Lemma 2.2.10. We have

(i) The functor Zf‘}rd 1s representable by the open formal subscheme of X1 defined by the con-
dition that H s invertible.

(1t) The functor X, 1 is representable by an open formal subscheme of an admissible blow-up of
X1. Moreover, there is a natural map .’{?rd — X, 1 tdentifying .’{?rd as an open subscheme

Of :{7“71-

Proof. Let Spf(A) C X be affine open on which wg can be trivialized over Spf(A4) and let
Spf(A ®z, AY) C X1 be the preimage of Spf(A). By fixing a trivialization, we will identify H as
a scalar. Let H € A be an lift of H. Then we have

1

ﬁ»v
X1 ®x, Spf(A ®z, A]) = Spf <A ®z, AYXY /@YX - a)).

X9 ®x, Spf(A @z, AY) = Spf(A @7, AY(

We need to check that these expressions are independent of (the choice of) the lift H. The case
of %‘I’rd is clear. For the case of X, j, choose n € A ®z, A(I) such that 17(I:I)I’T+1 = a+ p?u for some

u€ A®gz, A?, and let H be another lift of H. It is straightforward to check that

~\prt1

(P = (|

" mod P2,
and since o | p in AY, we have that 1 + pgu is a unit in A ®z, AY. Combining these facts, we
have that ' := n(1 + %u)_l satisfies /(H')?""" = o mod p? Thus the local description is
independent of the choice of the lift H.

The final part follows from the observations that Spf(A ®z, A?(%» is open in Spf(A®z, AY)

~ r+1

as well as in Spf(A®z, AY(X)/(H"~ X —«)), and H is invertible if and only if H is invertible. []
Denote the adic generic fibers of X, 1, .’{?rd, X1 by X1, Xl‘)rd, X7 respectively.

Remark 2.2.11. The adic space X, 1 is affinoid. In fact, by Proposition 2.2.7, upon replacing
H by a power, we may choose a global lifting H of H such that X,.1 is the open subspace of Xt
defined by [HP"™" H
line bundle, so X, is affinoid.

> max{|T|, |p|}. By [Kas99, Corollary 3.2], H is a global section of an ample

A similar result concerning modular curves holds; see Remark A.1.6.

Following essentially the argument of [AIP, Lemma 3.4], we have the following crucial result.
For the definitions of relevant commutative algebra terminologies, we refer to [Aut14].

Lemma 2.2.12. The formal scheme X, is excellent and normal.

Proof. By applying [Val76, Theorem 9] to Z,, we get that X, ; is excellent. To show the nor-
mality, let Spf(A) € X be an affine open on which wg can be trivialized, and let H be a lift of
H (viewed as a scalar). We have that the inverse image of Spf(A) in X, ; is Spf(R) for

. {A[[Tmu,w/(up ~ T —p) if 1=10,1],
A[[T])(u, v, w) /(TP v — p,uv — TP~ B 'w — T) if T = [p, p*].
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We prove the normality using Serre’s criterion, i.e. a ring is normal if and only if it is Cohen-
Macauly and regular at codimension 1. Since A is regular, the algebra R is Cohen-Macauly.
Note that for any dimension 1 local ring (S, m), if we have a non-zero divisor 7 € tv such that
S/m is reduced, then S is regular with parameter 7. Let p € Spec(R) be a codimension-1 point.

e If a ¢ p, then p is a point of Spec(R[1]). As X, ; is smooth, we have that R[1] is formally
smooth, which implies the regularity of (.

o If a € p, then p is a generic point of

RJaR = {A/p[“w(ﬁ”* v) if I=[0,1],
A/plu, v, w]/ (o, B w) if T = [pa’pb].

~IfH ¢ o, then R,/aR,, is reduced, so R,, is regular of dimension 1 with parameter
.

— If H € p, then

A/(p,I:I)[u,v] if I =10,1];

R/HR = { 3
A/ (p, B)u, v, w]/(uv) if T = [p,p"].

Note that H has simple zeroes in A/p by Proposition 2.2.6, so R, /ﬁRp is reduced,
so R, is regular with parameter H.

Now we have the regularity of all codimension-1 points of Spec(R), hence the normality of R by
Serre’s criterion. ]

2.2.4 The partial Igusa towers
We call a triple (n,r, ) pre-adapted if
(i) I=[0,1]]and 1 <n <r;or
(i) I=[p%p’land 1 <n <r+a.

r+1

Recall that over X, ;, we have a € Hdg? Note that if I = [0,1], then o = p, while if
I = [p® p], then o = T and we have T° | p in A9. Therefore for any pre-adapted triple (n, 7, I),
pE Hdgpn+1 over X, ;. By Lemma 1.5.4, Hdg is invertible over X, ; and thanks to Proposition
1.5.5, the p-divisible group G admits the level-n canonical subgroup H!. As G =2 GP | we have

Hdg(G") = Hdg(¢") = Hdg(G),

so G admits the level-n canonical subgroup Hy'' and (H1)P = Gt[p"]/HMT.
To define the partial Igusa towers over X, ;, we need the following lemma.

Lemma 2.2.13. Let S be a connected locally noetherian (formal)-scheme and G be a finite étale
group scheme of rank n over S. The functor sending a (formal) S-scheme T to

(i) the set of T-group subschemes of G of rank m with m | n; or

(ii) the set of T-group subschemes of Gt of rank m which intersects G’y trivially where G' C G
is a fized rank-n' group subscheme over S; or
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(iii) the set of trivializations of Gp over T

is representable by a finite étale (formal) S-scheme. Here the subscript T means base change to
T.

Proof. We give an argument here for lack of reference. We deal with the first case; the other
two are similar. Take a finite Galois cover S of S with Galois group I such that G g is constant.
Assume that Gg = Hg for some finite group H. Then H is equipped with an I'-action. Let
{H;}ier be the set of all subgroups of rank m in H. Then I' has an induced action on {H;}c;.
For each v € T', we have that v * H; = H,; for some 7(i) € I.

It is straightforward to show that Ll;c;S represents the functor which sends a (formal) S-
scheme T to the set of T-subgroups of rank m of G 7. Moreover, over L;c 1S, we have

e an action of I' which sends a point s lying in the i-th component to the point v x s lying
in the ~y(7)-th component;

e a universal object UjcrH; with H; lying over the i-th component S. The action of T' on
UierH; is given by v * (a;)i = (7 * @i)()-

Clearly, the structure map Ljc;S — S — S is -invariant and finite étale, so according to
[Hel18, Corollary 2.16], the quotient X of L;czS by I is a (formal) scheme which admits a finite
étale morphism to S and fits into the Cartesian diagram below

UierS — 8

|

X——85.

Similarly, the quotient of L;c;H; by I' is a rank-m subgroup of Hx C Gx, and the base change
of Hx to Uie[‘g is W;er Hj.

We claim that X represents the functor which sends a (formal) S-scheme T to the set of
rank-m T-group subschemes of Gp with m | n and Hx is the universal object. In fact, given any
(formal) S-scheme T with T' = T'x ¢S, by [Hel18, Proposition 2.17], we know that Aut(7/T) =T
and T/T' = T. Hence choosing an element f € X (T) is equivalent to choosing an T-invariant
S-morphism f : T — X, which is moreover equivalent to choosing an T'-equivariant S-morphism

f: T%Uie]S’:XXSS.

By the universal property of U;erS, choosing f is equivalent to choosing a finite étale rank-m
group subscheme U of G over T, which is equipped with an I-action compatible with the
I-action on T. Now taking the quotient of U by I', we get a rank-m group subscheme U of G
over T, which characterizes U as U xp T = U. Via the correspondence described above, we can
easily show that f*(Hx) = U, which completes the proof. O

Note that X, ;, (H!)? and G[p"]P are étale and locally isomorphic to Z/p"Z and (Z/p"Z)*
respectively. Inspired by the argument of [AIP, Lemma 3.2],

Lemma 2.2.14. We have

(i) There is a finite étale Galois cover Ig’m, over X, parameterizing compatible trivializa-
tions (Z/p"Z)? = GP[p"] and (HY)P = Z/p"Z over X, ;. Moreover, the normalization of
X1 in G, , 1 is well-defined and finite over X, .
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(ii) There is a finite étale Galois cover LG, .1 over X, | parameterizing trivializations (H})P =
Z/p"Z over X, . Moreover, the normalization of X, in ZG,, 1 is well-defined and finite
over X, .

Proof. We deal with item (i) here; the proof of item (i7) is similar.
Let Spf(R) C X1 be an affine open. Note that R is a-adic, so the adic generic fiber of Spf(R)
is Spa(R[1], R). Since (H})" and H[ are étale over R[1], by Lemma 2.2.13 there is a finite étale

1
Galois algebra R),[1] over R[1] parameterizing all comgatible trivializations (Z/p"Z)? = GP[p"]
and Z/p"Z = (H})P over R[], where R], is the normalization of R in R},[1]. Note that R is
excellent, so that R} is excellent and finite over R. Therefore R] is a-adically complete and
separated, and if we equip Rﬁl[é] with topology such that R], is a ring of definition and («) is

an ideal of definition, we get a Tate affinoid ring (R,[%], R,). It is straightforward to check

that Spa(R},[1], R),) is a finite étale Galois cover of Spa(R[1], R) parameterizing all compatible
trivializations (Z/p"Z)? = GP[p"] and (H,)P = Z/p"Z over Spa(R[%], R). To construct ZG), , |,
1
can be glued. To show that R], can be glued, it suffices to show that for any 0 # f € R, R%<%>
is the normalization of R(%) in R[] ®r R<%> As R(%) is flat over R, R;(%) = R}, ®r R<%>

we only need to show that we can glue Spa(R,,[1], R). By Lemma 2.2.13, we know that R}, [1]

is a subring of R} [1] ®g R(%) T?lus R;(%) is normal and finite over R(%) thanks to the
normality of R and the fact that for any normal, excellent ring C' and any ideal I C C, the
I-adically completion of C' [é] is normal for any g € C (for details, see [AIP, Proposition 3.4]).
This argument actually shows that Spf(R),) can be glued into a normal formal scheme over X, j,

which is the normalization of X,.r in ZG;, , ;. O

Definition 2.2.15. Let (n,r,I) be any pre-adapted triple. We define the formal partial Igusa
tower of level n 3&,, .1 over X, 1 to be the normalization of X, in TG, , 1. We will also denote
the normalization of X, 1 in IG, by J&!

n,r, n,r,J*
The Galois group of ZG,, ,; over X, is (Z/p"Z)*. More precisely, for any ZG, , j-point
a: Z/p"Z = (H})P and any g € (Z/p"Z)*, g *  is the composition
Z/p"7 =% 7.)p"7 % HP .
By the normality of 3&,,,; and J&/ we have that the (Z/p"Z)*-action on ZG,, , extends

n,r,I»
to J8,, 1, and

Hy (3&n,1) = Z/p"Z,  Gp"1P(36;,,.1) = (Z/p" L), (H,)" (38, ) = Z/p"L.

n,r,I n,r,
We can describe J&,, ,.; using the universal false elliptic curve A instead of G. Setting
H?:=g(H), H,:=H}xH?,

then H, is a rank p?" finite flat Op-submodule of A according to Lemma 2.2.1. By Lemma
2.2.1 and Proposition 1.5.5, we have the following:

(i) over &, j, a trivialization Z/p"Z = (H})? is equivalent to an isomorphism (Z/p"Z)? = HY
of Opg-modules;

n

(ii) modulo pHdg_ij,
H =ker(F": G4 — G%"), H,=ker(F": A— A®").

In particular, H,, depends only on A.
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We will call H, the level-n canonical subgroup of A. For a more systematic treatment of canonical
subgroups of 7-divisible groups, we refer to [Bral3, § 2.2].

Adapting the proof of [AIP, Proposition 3.3 & 3.6] (recorded as Proposition A.1.9 in this
dissertation), we can show

Proposition 2.2.16. Let Hi be the level-1 canonical subgroup of the universal false elliptic
curve (A,i) and f: (A1) = (A/Hy,1i) be the quotient false isogeny.

(i) For each r > 1, f induces a morphism ¢ : X, 4111 — X, 1 which is finite flat of degree p

and whose reduction modulo pHdg ™!

is characterized by ¢*(A|, 1)

1s the Frobenius map relative to A(I). The morphism

JH;.

- A|x7‘+1,1

(i) Given any pre-adapted triple (n,r,I), f induces a finite (Z/p"Z)* -equivariant morphism
O I8, 11,1 — IO, 1 which makes the diagram below commute

~ P ~
J®n,r+1,[ - Jﬁn,r,[

L,

Xrq1,1 X1

Proof. For item (i), given any affine open Spf(R) C X,41 1, the quotient (A" := A/Hy,i,9Y) of
(A,i,9n) by Hy determines a morphism g : Spf(R) — X;. Note that G 4,5, = G4/H] where
H{ is the canonical subgroup of G 4. So we have

H(A') = H(A)” mod pHdg(A)™%; wa Egg’; mod pHdg(A)™'. (2.2.2)

_ 42
Note that by definition, there exists n € QSAP P (R) such that

742

H(A)?

n=a mod p’.

By taking p"t!-th powers of equations 2.2.2, we have

r+2

H(A)"™ = H(AP™ mod ((pHdg(A)~)”""", p?pHdg(A) ),

(1—p)pm*t
A/

and we can choose 1’ € gg such that

i =71 mod ((pHdg(A)" )P p?pHdg(A)™1).

Combining these facts, we have

HAY " =a mod p2.
By definition, the pair (g,7') determines a morphism ¢ : Spf(R) — X, characterized by
O (A, 0w) = (A1, 0. ~
Let Spf(A) C X be an affine open on which H admits a lift H. Then we have that the inverse
image of Spf(A) in X,41,7 resp. X, 1 is

~ r+2

A®z, AJ(X)/(HP

~ r+1

X —a) (resp. A@z, ANY)/(H"Y — o)),

and the morphism

~ r+1 T+2

¢ Az, AYX)/P X —a) > Agg, ANY)/(HY - a)
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is A?—linear. Moreover, modulo pH™ !, we have that ¢ is the Frobenius map (relative to A?) on
A ®z, A?/pI;I*1 and ¢(X) =Y. In particular, ¢ is finite flat of degree p modulo . Note
that A ®z, A? is pHdg'-adic, so we have that ¢ is also finite flat of degree p.

By gluing, we get the desired finite flat degree-p morphism ¢ : X, 1 — X, 1.

p
Hdg(A)

For item (ii), we first construct a morphism ® : ZG, ,+11 — ZG, s on generic fibers.
Let Spa(C,C™) be any affionid and = : Spa(C,C%) — ZG, 41,5 be any point. The point
x determines a false elliptic curve (A,4) and a trivialization v, : Z/p"Z = (H}(A))P of the
level-n canonical subgroup HL(A) C Ga. As p € Hdg(A)P"" = Hdg(A)P"", the level-n
canonical subgroup of (A’,7) exists and is isomorphic to Hy11(A)/H1(A). Moreover, since f
has false degree p, the false dual isogeny f’ : (A’,7) — (A,i) of f induces an isomorphism

H(A f:> H}(A). The composition

"N\D
V1 2z S B4R L miA)P,
determines a Spa(C,C*)-point ((4’,7),7') of ZG, ;. The morphism ® defined by sending
((A,7),7) to ((A,1),4') is clearly (Z/p™Z)*-equivariant and compatible with ¢ : X, 411 — X, .
By normality, we can extend ® to a morphism ® : 36, .17 — J&,, ., which is the desired
morphism. O

Let hy @ 3&, 1 — J&,_1, 1 be the structure morphism. By normality, we have

hn,*(Oj®n7T,1)1+p”’1Z/p”Z = 056 Vn>2, hl,*(ojﬁl,r,j)(Z/pZ)x = O%T,I'

n—1,r1"
Moreover, inspired by the argument in the proof of [AIP, Proposition 3.5]

Proposition 2.2.17. We have
n—1
Tryjo(h1x(Ose,,.,)) = Ox,;, HAg” O, 1., C Trpn1(hns(Ose,,,,)) ¥V n =2

Proof. The case n =1 is straightforward, as the degree p — 1 is prime to p.

For n > 2, let Spf(R) C X,.1 be an affine open on which Hdg(A) is generated by H (possible
by Lemma 1.5.4), let Spf(B;) be its inverse image in (H}(A))P for i = n — 1,n and let Spf(C)
be its inverse image in (H!/H! )P. Let D(B,/B,_1) be the different ideal of B,,_; — B,, and
D(C/R) be the different ideal of R — C. Note that over the f.p.p.f topology, the morphism
(HHP — (H! )P is a homogeneous space of (H}/H! )P so we have an identification of
B, ®p, _, B, = C ®r B,-modules

D(By,/Bn-1) ®B,_, B, = D(C/R) ®g By.

Let A'= A/H, 1. As Gy is of dimension 1 and H{(A') 2 H}/H} |, by Proposition 1.5.5, we
have that
n—1
Y(H}(A))P = Yah, [p}/Hdg(GA')7 Hdg(A)P" ~ = Hdg(A'),

and the annihilator of w( HI(A))D 18 Hdg(.A)pn_lR, which in turn imply that the annihilator

of Q%Hl (AP /%, 1 is Hdg(.A)pn_lC. According to the relation between the different ideal and
1 T

differentials (see [Farl0, § 1 & 2]), we have D(C/R) = Hdg(A)*" ' C. By faithfully flat descent,
we have D(B,/B,_1) = Hdg(A)"" ' B,. Upon shrinking Spf(R), we may assume B, is a free
Bj_1-module. Under this assumption, we have an isomorphism

D(By/Bn-1)"' = Homp, ,(Bn,Bn_1); x+ Trp, /g, ().
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The existence of surjective morphisms B,, — B,_1 as B,_1-modules implies that

Tan/anl(D(Bn/B’n—l)_l) == Bn—l-

Since D(By,/By—1) = Hdg(A)?" " By, we have Trp /5, ,(B,) = Hdg(A)”" ' B,_1.

Note that for each n > 1, (H})P is locally isomorphic to Z/p"Z, so over X, we have an

D

open immersion ZG,, 1 — (H})? for each n > 1, and a Cartesian diagram

IGnr s — (Hy)P

| |

Ign—lm,[ — (Hl

n—l)D

for each n > 2. By taking normalizations, for each n > 2, we have a commutative diagram

3&,,1 (H))P

| |

jﬁn—l,r,[ — (Hl )D

n—1
.»p fori=mn,n—1. Bear this in mind,

the desired result follows directly from the fact that Trp, /g, (Bn) = Hdg(A)"" "' B,_1. O

over X, ;1 which induces injective morphisms (9( ayr = Ose
1

Lemma 2.2.18. Over 3, 1, there exists an invertible sheaf § whose (p — 1)-power is Hdg.
Moreover, the natural morphism 3,1 — X, 1 is flat.

Proof. Assume Spf(R) C X, is an affine open on which Hdg is generated by H. By an explicit
calculation using Oort-Tate theory (see for example [Bral3, Proposition 3.4]), (H{)” has the
form Spec(R[x]/(z? — Hz)). Let Spf(C) C 3B .1 be the preimage of Spf(R). As (H})P(C) =
7./pZ, there exists z € C such that zP~1 = H.

Let C" := R[z]/(xP~'—H). Then C’ is Cohen-Macauly because R is normal. For any height-1
prime p C ',

o if H ¢ g, the étaleness of HP over B[%] implies CY, is regular;

e if H € g, then C\,/xC", is reduced, so Cj, is regular with parameter z.

By Serre’s criterion of normality, we have that C’ is normal. Since (H{)P = Z/pZ over X,., the
morphism
C'=C, xz+z

is an isomorphism after inverting a. Note that both C' and C’ are normal, so we have
=20, =z,
which implies the flatness of C' over R and completes the proof. 0

We remark that an analogous result holds in the modular curve case; see Lemma A.1.10.

We have the following results describing the difference between the ordinary locus and its
strict neighborhoods. The modular curve analogue, which is a combination of [AI17, Lemma
3.3 & 3.4], is recorded as Proposition A.1.11.
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Proposition 2.2.19. Fiz a pre-adapted triple (n,r,I).

(i) Let v : f{ﬁrld — X,.1 be the natural map, and Jeord = 361 Xx, %Srld be the ordinary

n,r,d *

locus of 3&,, .. 1. Then for each h € N, the kernels of

Ox'r,l/o{hoxr,l — L*(Oxgrld/ahoxgl}d)’ Oj@n,'r',]/ahoj@n,nl — [’*(Ojézri I/ahqu‘}%rgl)

r r+1 e
are annihilated by Hdg" " and Hdghp =, respectively.

(i) Letn: 3,1 — X1 = X1 — X be the structure map. The cokernel of the induced map

T]*(Qii’/zp) — Q%‘Qﬁn,r,z//\? is annihilated by a power (depending on n) of .

Proof. Here we only consider the case I = [p?, p’]; the case I = [0, 1] is similar. As in Lemma
2.2.10, let Spf(A) C X be an affine open on which wg can be trivialized and H admits a lift H.
The inverse image of Spf(A) in X7 (resp. X, 1) is Spf(A ®z, AY)(resp. Spf(R)) where

a b—a T
Az, A] = A[[T])(u,v)/(T" v — p,uv — T"" ") (resp. R = A®y, A(I)(@)).
For item (i), since the inverse image of Spf(A) in X9"! is Spf(R°™) for R = A®y, A?(%), by
setting w = % € R, the kernel of the natural map

R/ThR N Rord/ThRord

is generated by (w”, Tw"™!, ..., TP 'w) = w". The result for X, 1 follows directly.

Note that by Lemma 2.2.18, 3&, ,.; is flat over X, ;. Combining with the result for X, r, we
have the result for 3&;, ;. For n > 2, according to the argument in Proposition 2.2.17, 3&,,,
is the normalization of 3&,, ;.1 := J&1, 1 X (H1yp (H}L)D in ZG,, 1. Moreover, the different ideal
D(HP /HP) equals to Hdgpp:lp Op,, and by descent, the different ideal D(%nﬂ-’[/jﬁlﬂ‘?[) equals
to Hdgpp:lp (’)% E Thus we have 6" POy C O= . Note that %n,r,l is flat over 3B ;. 1

n,m, 1 Jﬁn,'r,l
because (H})P is flat over (Hi)P, so the kernel of

h h
O T O%n,r,l — L*(O%ord /T Oj-\ésord )

n,r,I n,r,I

is killed by Hdghprﬂ, and the desired result for J3&,, , ; follows.
Note that for given any morphism f: X — Y of formal schemes over any base scheme S,

jF\én,r,l/

we have a right exact sequence
f*(Q;/S) - Q}(/S — Qﬁw — 0.

As the pull-back of QL along the natural map ¥; — X is just Q2 it suffices to show

X/Zyp Xr/AY
the relative differentials Q%E L and Q%eﬁ L Jx, are annihilated by powers of Hdg. By an
explicit calculation using the second exact sequence of Kéhler differentials, we obtain the desired

result for Q%&«,z/%z' Since the pre-image of Spf(R) in 3&y,.; is Spf(R[z]/(zP~! — H)), we know

Ol is annihilated by 6”~2. By the relation between different ideal and differential forms,
3(51,7‘,1/-%7‘,[

we know that Q%@ /3614 is annihilated by Hdg2 F=u Combining all these, we get the desired
result. ; ; O

We remark that according to our argument, there exists a positive integer ¢, and a positive

integer c¢s such that the relative differentials Q%Qj and QSl& ,/x, are annihilated by Hdg®

n,r,]/xr,l

and Hdg® respectively.
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2.3 The nearly overconvergent quaternion modular sheaf

Fix a pre-adapted triple (n,r, I), and let 3&,,, ELN X, 1 be the formal partial Igusa tower of
level n. Let (A, i) be the universal false elliptic curve, G := G4 and let H} C G[p"], H,, C A[p"]
be the level-n canonical subgroups. Let Hdg be the Hodge ideal associated to .A. Recall that
HP(38,,,.1) & Z/p"Z and over I&,,, 1, there is an ideal § whose (p — 1)-th power is Hdg. Let
s 1= s, := HT(P,) where P, € HP(3®,,, ) is the universal section. By applying the VBMS
machinery in § 1.6.1 to (Hﬁg := 0Hg, Qg := dwg, s) with respect to the ideal ﬁn = p”Hdg_ij,
we have the following commutative diagram:

Vo(HL,, 5)

Vo(Qg, 8) > 3,01 -2 X, 1.

Let 7 C T** be formal groups over X, ; such that

T(S)=1+p"(8,)0s CT(S)™ =Z;(1+p"(8,)0s) C Gm(S)

In

for any X, ;-formal scheme p: S — X,.;. We define actions of 7 (resp. T°*) on VO(HB}, s) and
Vo(Qg, s) over I&,, .1 (resp. X, 1) as follows:

(i) for any J&,, , ;-formal scheme p: S — 3, ;. 1, a point v € VO(Hﬁg, $)(S) is an Og-linear
map v : p*(Hﬁg) — Og whose reduction ¥ modulo p*(8 ) sends p*(s) to 1. For any
t € T(S), we define t * v := t~1v. The action of T on Vy(Qg, s) is similar.

(ii) for any X, j-formal scheme u: S — X, ;, a point in VO(Hﬁg, $)(S) is a pair (p, v) consisting
of alift p: § — I8, of u and an Og-linear map v : p*(Hﬂg) — Og such that
v(p*(s)) = 1. For any A\ € Z; with image Min (Z/p"Z)*, we set Ax (p,v) := (Ao p, A\"1v).
This makes sense because the automorphism A 36,1 — TG, ;1 induces isomorphisms

N Qg = Qg; Hﬁg iHﬁg
such that modulo 3 , A*(s) = As. The action of 7 on Vy(Qs, s) is similar.
We let T act on functions via pull-back, i.e. (t* f)(p,v) = f(t* (p,v)).

Definition 2.3.1. Let 1 : Z; — A} be the universal character, K1,y be the restriction of ki
to (Z/qZ)*, and KY = k(K1) .
o We define w"i-f to be the coherent Ox, ,-module (gix(Oss, . ;)70 AD)[(kr,p)7") wherei =2
ifp=2andi=11ifp>3.

o We define w0 := fo (Oyya,.0) (K1) 1], where f§ := gnon': Vo(Qe,s) — X,z is the
structure morphism.

o We define W := foﬁ*(OVo(Hﬁg S))[(F;?)*l]’ where fo := gpoT : V()(Hi,s) — X, 1 is the
structure morphism.

o We define w" := "0 ®oy, W, W, = Wy, ®0x, , W

Here —[x] means taking x-isotypic components with respect to the (Z/p'Z)* -action for wo™.f and
the T -action for other sheaves. When the interval I is clear, we omit it in notations.
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2.3.1 Local descriptions of W,

We call a triple (n,r,I) adapted if

e I=00,1,4<n<rifp=2or2<n<rifp>3;or

o I=[p"p],b+4<n<r+4aifp=2orb+2<n<r+aifp>3.
Then following essentially the idea of [AI17, Theorem 3.11], we have

Theorem 2.3.2. Let (n,r,I) be an adapted triple. The filtration Filgm, (O
1.6.4 (i1)) induces a filtration Fily := g, «(Fils) on fo.(O
action of T, For every h > 0, we define

VO(H”g,s)) (see Lemma

Vo(Hé,s)) which s preserved by the

Fil, W), := Filj, fo (O, (o ,5))[0@0)*1]; Fil, Wy, := Fil,W; @0, , 0"/

Then we obtain an increasing filtration Fily of W,(.;O) such that

(i) for each h € N, Fil,W? is a locally free Ox, ;-module of rank h+1 for the Zariski topology
on Xy 1;

(i) for each h € N, GrhW,(.;O) >~ 1y (0) Qoy, , @5%. In particular, FﬂOW.‘(-iO) = i (0);

(i13) W is the a-adic completion of limy, Filhwgo).

The rest of this subsection is devoted to the proof of this theorem.

Let R be an a-torsion-free a-adic A?—algebra, and let p : Spf(R) — X, ; be a morphism of
A9-formal schemes such that p*(wg) (resp. p*(Hg)) is a free R-module of rank 1 (resp. 2) with
a generator w(resp. a basis {w,n}). Let

pn : SPE(Ry) := Spf(R) Xz, ; IGp 1 — I&p 1

be the base change of p to Spf(R,). Shrinking Spf(R) if necessary, we will assume that
pi(B )(resp. pi(0)) is generated by By(resp. 0) such that pf(Qg) and p;"L(Hﬁg) have bases

—n

{f :=dw} and {f, e := dn} respectively with f mod (5,) = pi(s).

Lemma 2.3.3. Let X,Y,Z be variables such that 1 4+ 3,72 = X. By assigning f,e to X,Y

respectively, we have
p*(V(HE)) = Spf(Rn(X,Y)),  p*(Vo(HE, 5)) = Spf(Rn(Z,Y)).
Moreover, we have that

(i) for anyt € T(Rn) and f =3, 59 aij Z'Y7 € Ry(Z,Y), one has

Cler= X na0zv s =Ye( et ey

$>0,5>0 i>s 5 P
(ii) for any \ € Z) with image X\ € (Z/p"Z)* and for any r € R,, one has
Ak (1+6,2) = X uN) (14 8.2), AxY =X"tu(N)Y; Asxr=N*(r) (2.3.2)

. . N
with w: (Z/p"Z)* — RY; A 200
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Proof. Let f¥, €" be the dual R,-basis of pX(f), pi(e) respectively. Then by the constructions
in Lemma 1.6.4, for any morphism u : Spf(R)) — Spf(R,,), one has
V(HG)(R;,) = {au* (f¥) +bu*(e”) = a,b € Ry} = Spf(Ra(X,Y))(RY,),
Vo(HEG, s)(Ry) = {au(£Y) + bu'(e¥) : a € 1+ BR;,, b € R} = Spf(Ra(Z,Y))(R),)

by viewing the element au*(fV) + bu*(e") as the R,-morphism

-1
R{X)Y) >R, X+—aY —b RJZY)—>R,, 6 Z— GB—,Y = b.
If t € T(R,), then
t—1
Bn

Lu X =tX, t'xY=tY, t'xZ=tZ+

and equation 2.3.1 follows.
For equation 2.3.2, note that A*(w) = w because w is defined over X, ;. As f = dw, for any
NEZy, N(f) = w(\) f. Moreover, as X (p,v) = v(p*(f)) for any points (p,v), we have

AxX(p,v) = X(Ax (p,v)) = X(Xop, A1) = A7 (o™ () (f)) = A u(N)w(p"(f))

This implies that A* X = A~'u(\)X. The cases of Y is similar and the case of 7 follows directly
from definition. O

Lemma 2.3.4. Let 7’ : Vy(Qg,s) — I8, and 7 : VO(Hﬁg,s) — J3&,,,.1 be the structure
morphisms and V = ﬁ Then

(T (Ovyg )I(EY) 7Y = Ru(1 + Bn2)" := Ruk(1 + BuZ),

p;;(ﬂ‘*(OVO(Hug’s)))[(/{O)_l] = {Z am(l + an)nvm D am € Ry, am — O}'
m=0
Proof. Note that 1 + 3,7 is invertible because p"~! | 8,, so V is well-defined in R(Z,Y) and
R(Z,V) = R(Z,Y). Also, we have that (1 + 3,2)" := k(1 + $,2) = k°(1 + B,Z). We claim
that
Ru(Z)T =R,; Ru(Z,Y)T = R,(V).

For any t = (1 + Byu) € T(Ry) and g(Z) = 3, sqanZ" € R.(Z)7, by equation 2.3.2, we have

9(Z2) =t"xg(2) = an(u+1t2)"
n>0
Evaluating at Z = 0, we have ap = ¢g(0) = ZZOZO an,u” for any u € R,,, which forces a,, = 0 for all
n > 1. Similarly, note that V is fixed by the action of 7, soif g(Z,V) = ij ai jZ2'V3i € Ry(Z,V)
is fixed by the T-action, then

i, 1]

Evaluating at Z = 0, we get that a; ; = 0 if ¢ > 0.
Note that (14 3,Z)" is invertible and ¢ * (1 + 3,2Z)* = (k°)71(¢)(1 + B,2)", so we have

Ro(Z)[(K°) Y] = Ru(1+ Bn2)",  RulZ,Y)[(x")7'] = Ru(V) (L + Ba2)".
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Let w""0 := 7, (Oyy(0g,5))[(K°) '] and WO .= W*(OVO(HE’S))[(RO)A] with respect to the T-

action. By Lemma 2.3.4, Wg admits an increasing filtration Fil,.

Lemma 2.3.5. For each h € N, we have that FithQ s a locally free Oy
h+1 and

-module of rank

n,r,I
Crp WO 2 "0 g (wg)2h,

Proof. Over Spf(R,,), we have
h .
Fil,W) = {3 a1+ B.2)"V', a; € Ry},
1=0

where V = 1+ﬁ —,and Y, 1+ (3,7 are defined by e = on ~ Y, f = éw ~> 1 + 3,7 respectively.
By Lemma 2.3.4, (14 3,2Z)" is a local generator of w’*? and the image of (14 3,2)*V" is a
local generator of Gr,W%. Recall that we have the Hodge-de Rham exact sequence

0— wg — Hg — w_p — 0.

gD

Note that w is a basis of wg and the image of 7 is a basis of g&é, so we may identify the image
of (14 B,Z)"V" in the graded piece Grj, as a local generator of W' ® (wg)™" ® (wgn)~".
Note that the chosen principal polarization and the chosen element ¢’ induce an isomorphism
wg = wgp, we have GrhWQ =~ ph0 @ (gg)_%. O

Recall that g =pifp >3 and g =4 if p=2.
Lemma 2.3.6. Let (n,r,I) be an adapted triple.

(i) The natural morphism Oje, . — T(Oyyqg,s)) induces an isomorphism
Oj@n,r,[/q = m/’ﬁ,o/q'

(ii) Let 0%, C Ox,, be the subsheaf of topological nilpotent elements. Then we have
RUZ) ~1COF,, K1+ p"'Z,) — 1 CHdgr OF,

Proof. For (i), note that locally, say over Spf(R,,), '~ is R, k(1 + 8,Z). Now by Proposition
1.7.12, we have k(14 3,Z) =1 mod ¢ as p"~! | B,. We are done.
For (ii), note that for any integer ¢ > 1

i— 1

m(equpi) =(1 —|—T)pi =1+ Z (;)T’ =1 mod (T? Tp '),

so we have
i— 1

k(1 +qp'Zy) — 1 C (TP, T 'p, ... p'T)Ox, , C (T ,p)Ox, ,.

As k9 is the connected part of k7, we have that /{?(Z;) = k(1 +¢Zy,), and K,I( y)—1C 0%
By the adapted assumption on (n,r,I), we have

T € (p), pHdg?" cXxXyy, if I=10,1];

T

pHdg " C xr I i 73Hdg7p C xr I if I = [pa’pb].
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Note that p:%lp < p", so we have

K91+ p"1Z,) — 1 C Hdg'v ' OF .
]

Now assume p : Spf(R) — X, is an open immersion and Hdg is generated by H over
Spf(R). By Proposition 2.2.17, we can inductively construct {c;}i—o,...» such that

7

1 - pio
co=1, c1 = ]fl’ e €H 1Ry Tr,-/i,l(ci) =ci—1, Vi=1,.,n.

Generalizing the descent argument in [AIP, Lemma 5.4], we have

Proposition 2.3.7. Let (n,r,1) be an adapted triple and let b, be a section of w"*°(R,,) which
corresponds to 1 via the isomorphism w""%/q = Ozs, /qOss, ., (in Lemma 2.3.6). Then
" (R) is a free R-module of rank 1. Moreover, for any lift & of o € (Z/p"Z)*, the element

b:= Z K9(5)G * (cabp)

o€(Z/p"L)*
is a well-defined generator of w*9(R). Consequently, we have

WO(R) ={> anbV": an € R Jim_ay, — 0}
—00
h>0

Proof. Note that for any A € 1+ p"Z,, A * b, = (K3)71(\)by, so b is independent of the lift &.
Write b, as 1+ gh,, with h, € w"*°(R,,). We have

b= Z KY(5)6 * ¢ + Z K3(5)G * (qephy).

o€(Z/p"Z)* oc(Z/pnZ)*
AsHPT | HP""" | p, we have

> K¥6)6 * (genhn) € Ry Ru(Z).
o€(Z/p"L)*

As (n,r,I) is adapted, by Lemma 2.3.6, we have

S W) re € e+ ROR(Z)
oc€1+pi—17/piZ

for each 1 < i < n. Taking the summation of all 1 < i <n, we have

> k¥6)6 % cn €14 R RA(Z).
o€(Z/p™L)*

So bel+ R;°R,(Z). Moreover, it is easy to check
vb= (k)TN Vv € L),

so b € W Y(R,) = Ryk(1+ B,Z). As b =1 mod RS°, we have that b is also a generator of
the R,-module w"*?(R,,). For any element b’ € w™(R) C w’*9(R,), if we write b’ as u'b for
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u € Ry, then v/ is invariant under the (Z/p"Z)*-action, hence belonging to R. This shows the
R-module w"%(R) is free of rank 1 with generator b.

Note that V is fixed by the action of T, so the image of bV" along Gr, W0 = /-0 ®g§2h

is a basis of "0 ® gg%(R). By induction, we have

h
{)_aidV': a; € R} = Fil, W)(R).
=0

As Wg is the a-adic completion of limy, Filhwg, we have that WY (R) is the a-adic completion
of limy, Fil, WY(R), i.e.

W2(R) ={>_anbV": aj € R, Jim_ay, — 0}.
—00
h>0

2.3.2 The Gauss-Manin connection on W,

/

n.r.1» We have
R

Fix a pre-adapted triple (n,r,I). By the construction of J&

Gp"P (38, 1) = (Z/p"2)*, (HY)" (38, ) =Z/p"L.

/

n.r1, the Gauss-Manin connection on Hg induces a connection
b

So by Proposition 1.6.9, over J&
1

jes;'z,r,l é

. T S 1
Vi HE — H®0 Qer

/A9

such that s = HT(P,) is horizontal with respect to V¥ mod B, Now the VBMS machinery

!/

implies that over J&,, , ;, we have an integrable connection

1
® =0t

f.
Vi (O vo(H“g,s)) 5738 /A

VO(Hug,s)) — F*(O

which satisfies Griffiths’ transversality.
Theorem 2.3.8. Let i =2 if p=2,1=1if p> 3 and assume (n,r,I) is adapted.

(i) The connection V* on (O over JQS;MJ descends to a connection

vo(Hﬁg,s))

VO .

W > W, Ok 1/l
which satisfies Griffiths’ tranversality and the induced Ox, ;-linear map

Grp (V) : Grp(WO)[1/a] = Grppqy (W) ®0, , Q;M saoll/o]
18 an tsomorphism times with multiplication by p, — h.

(ii) Tensoring VO with the connection V7 induced by the derivation d : Os6,,; — Q%Gi’n]//\g,

we have a connection
Vii= VR@ U/ Wll/a] - Weboy U nell/al
which satisfies Griffiths’ transversality and the induced Ox, ;-linear map

Grp (Vi) @ Grp(Wy)[1/a] — Gth(Wﬁ)@oxnl Q;&«,I/A?[l/a]

18 an tsomorphism times with multiplication by p, — h.
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(iii) Let k € N be a specialization of k and denote the specialization of an object along k by a
subscript k. Then we have a canonical identification

(Sym* (Hg) ®,9 Ar[L/a])r = (Fily(Wx)[1/a])

which is compatible with connection and filtration. Here on the left, we consider the Gauss-
Manin connection and the Hodge filtration.

The proof of this theorem depends on the following local calculations.

Let Spf(R) be an a-torsion-free formal scheme over AY and p : Spf(R) — X1 be a morphism
of AY-formal schemes such that p*(wg) C p*(Hg) are free R-modules of rank-1 (resp. 2) with
bases w and {w,n} respectively. Consider the pull-backs

Spf(R,) := 38/, .| xx. , SPE(R) 2 T/ Spf(Ry) := 3G, Xx,; SPE(R) 2% 36,1,

n,r,I»

and assume that p, (8, ) (resp. pj,(d)) are generated by S, (resp. d) such that {f = dw} and
{f,e= 577}~are bases of p (Qg) C ,o;"L(Hug) respectively with f mod f, = p(s).
Equip R, = R, & %QE, /A0 with the ring structure given by (a, f)(b, g) = (ab,ag + bf) and
n I
the R/ -algebra structures given by

J1, (resp.) jo: R, — R;l, a— (a,0), (resp.) a+— (a,da),

and let A : R, — R’ be the natural projection. According to Definition 1.3.3, the connection
V* over Spf(R!,) is a R!-linear isomorphism

€ 1 3Pl (HE)) 22 ji (ol (HE))

such that A*(ef) = Id. Let “ Z € CLy(R!) be the matrix of ! with respect to the basis
c

{f®l,e®1} and {1 ® f,1® e} (viewed as column vectors) and write a = 1+ ag, d = 1 + dp.
Recall that X =1+ 3,2.

Lemma 2.3.9. We have that ag, b, c,dy € H%igﬂ}%n//\?, and for each h € N,
VHXV) = (e — ) X"V @ ag + h X5V @ do + (e — R) XV T @b+ X VT @ (2.3.3)

Proof. Since A*(e*) = Id, we have that A(a) = A(d) = 1 and A(b) = A(c) = 0, which means

ap, b, c,dg € Q}%, /A0 In particular, a2 = b = ¢? = d3 = 0.
n I
To simplify notations, we omit pj;* in the following. By definition, over R,, (in fact, R works),
1

there exists x,y, z,w € QR /

h that
ag Such tha

Vw =wer+n®y, VO)=w®z+new.

Since f = dw and g = dn with § € R,,, over R), we have

Vi) = V(o) =fo L+ ferteay,

do
Vﬂ(e):V(5n):e®F+f®z+e®w.
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Note that 6?~! generates the ideal Hdg, so we have

do 71d(§‘p—1 1 1 1 E
? = (p— ) 617_1 S @QRn/A?’ aOabv ¢, do € HideRn/A?

Since X and Y are obtained from f and e respectively, we have

f(X)=aX +bY; &(Y)=cX+dY.

Recall that pu, = lim,—1 101% ggl). As a% = b% = apb = 0, the element

(a+ V) = (14 (ap+bV))" := exp(us log(1l 4 (ag + bV)))

is well-defined, and equals to 1+ p,(ag +bV'). Moreover, note that (a +bV')(1 — (ag +0V)) =1,
so for any h > 0, we have that (a +bV)™" =1 — h(ag + bV) and

(c+dV)' = (V4 (c+ do)V)" = VI £ bV Y e+ doV) = (1 4 hdo)V" 4 chV L,

By construction, we then have

X+ v
aX +bY
= Xﬂ(vh + (th + (,U/m - h)aO)Vh + b(uﬁ _ h)vh+1 + Chvhil).

E(X VM) = (aX + bY )™ W= X"(a+bV) " (c+dV)h
Note that V#(X*V") = #(X*V") — X*V" so we have
VHXEVR) = (e — W)X VP @ ag + h XV @ dy + (e — D)XV @b+ h XV 1 @ c.
O

As a consequence of Lemma 2.3.4 and Lemma, 2.3.9, V! induces a flat connection over IS, 1

1

0. 1
V : I Hdej®n,’r',1/A(]].

0 370 S
K W:“i — WR®Oj®n
As V* satisfies the Griffiths’ tranversality , so is V0.
Proposition 2.3.10. The connection VY induces a connection
vy

K

WO — Wﬂ@omﬁgm sall/o]

such that the induced Ox, ,-linear map
G (V2) : Gru(WO)[1/a] —+ G (W) @0, 2% | nol1/al
s an isomorphism times with multiplication by ., — h.

Proof. Note that the base change of W9 from X, ; to 38, ,. s is isomorphic to Wg by the argument
of Proposition 2.3.7, so we have

N 1
vO . VVO Vvo 1
K K H®O}:T’I HdeJQﬁnm[/A?'
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By Proposition 2.2.19, there is a constant ¢, such that HdgC”Q%n,T’I/A? C g;:(Q%ET,I/A(}). Note
that after inverting (any lift of) H, g, : 38,,, 1 — X, 1 is finite étale with Galois group (Z/p"Z)*

and Q; L/A0 has no Hdg-torsion, so by faithfully flat descent, we get the desired connection
T I

A 1 R 1
0. 0 0 1 0 1
VH : Wﬁ — WK@O:{T,I Hdg1+cn er,I/A? C WR@O%T,I Qx'r',I/A? [a]

More concretely, let Spf(R) C X, ; be an affine open. By Proposition 2.3.7, we have

W2(R) ={>_ anlUn, an € R,a), — 0}
h>0

where Uy, = s(1 + 3,Z)"V" for some s € R such that L(s)(%@)"‘ =1 for any \ € (Z/p"Z)*.

S
Then we have

Vo (Un) = Uy © (dlog s + prdlog 6 + pwt + h(w — x)) + (e — h)Un1 @ y + hUp_1 @ 2.

Since %(5)(%@)“ =1 for any X\ € (Z/p"Z)*, we have dlogs + usydlogd € Q}z/AO[l/O‘]' So VY
I

induces a R-linear map
Gy (V) : Grp(W)(R) — Grpy1 (WO)(R) ®p Q0 poll/ad; Un = (s — h)Una @y
The Kodaira-Spencer isomorphism
KS: wg = wip ®ox Vg, W n@y

implies that y is a generator of the free O x-module Q7 /2, hence a generator of the R[é]—module

Ql

R ao0ll/a] (via the structure map n: X, ; — X), which completes the proof. O
I

Lemma 2.3.11. The deriwation d : Oje,,, — Q%Qj‘ /A0 induces a connection
[ 1,7, I

vf Pt — ®(935T1 Q;TI/A(}D/O[]'

Proof. Let Spf(R) C X, be an affine open and Spf(R;) be the preimage of Spf(R) in J&; , ;.
The derivation on R; defines a map

1
d: R; ®A? Ar — Q}%i//\? ®A9 Ar CAj ®A(I) R, ®r EQ}‘Z/AT

where the inclusion is due to Proposition 2.2.19 and the constant ¢; is independent of R.

Note that after inverting H, HP is étale and locally isomorphic to Z/p'Z, so RZ[%] is finite
étale over R[%] with Galois group (Z/p'Z)*. By taking [H}l]—isotypic component with respect
to the (Z/p‘Z)*-action, we get
1 1

’,
Vi o S e

O

Proof of Theorem 2.3.8. By Proposition 2.3.10 and Lemma 2.3.11, we are reduced to showing
item (iii). By abuse of notation, we assume that x € N is a classical weight. Then over J&,, , 1,
we have an isomorphism

Sym“(Hé) ~Fil,,W? f=dw— X, e=n—Y
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which is compatible with filtration and connection. Note that Hﬁg = JdHg, so we have isomor-
phisms of Oj¢,, . ,-modules

Sym“(Hﬁg) = Q”Sym“(Hﬂg), and Fil, (W) = §*Sym” (Hg).

Note that after inverting Hdg, J&,, ,  is étale over X, 1, so

= 050,

1
mﬂf ®Oxr,] Oj@n,r,I[Hdg]

Composing these isomorphisms, we get an isomorphism

1

Fil,, (W) ®ox, , 036, @]’

1 K
@] = Sym”(Hg) ©0 A1 ®0y  Oe,, ..

which by descent induces the desired isomorphism

i 1. 1
Sym"(Hg) @0 AI[@] = Flln(wn)[@]'

Iteration of the Gauss-Manin connection

We remark that the arguments in the proofs of Theorem 2.3.8, Proposition 2.3.10, Lemma
2.3.11 actually imply that there exists a constant c; such that

Sym®*(wg) @p9 Ar C Filg(Ws),

Hdng—I—Q
and there exist constants ¢, ¢; such that

1 1,

0. 0 0 f.
VO WO W Vi o M 8oy e,y

H’®0X7‘,I Hdg1+cn er,I/A(I) ;
Note that by the argument of Proposition 2.2.19, there is a constant c¢s such that Hdg® annihi-
lates Q%e L /x5O the Kodaira-Spencer isomorphism induces a morphism

KS™': Q) Sym?(wg).

1
T,I/A(I) - Hdgcs

Also note that the multiplicative structures on (O and Ojg, ., induce a map

Vo(Hug,s))
WH & Fﬂo (Wg) — W,ﬁ_g.

Combining all these facts, the Gauss-Manin connection

1

Vi: We = W, @z, , ngﬂ/lxg

induces a map, also called the Gauss-Manin connection,

V}{ : W){ % WH+27

Hdgc(”)

where ¢(n) :=3+c, + ¢ +cp +cs.
To consider V, for different x at the same time, we introduce the following definition.
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Definition 2.3.12. Let fj : Vo(Hﬁg, s) = 3, .1 — X, 1 be the structure map. We define
0._ . . yyo .
W= fo’*OVo(HugvS)’ Wi=W oy, 0"/

0,/ .__ 0 0. ! 0,/
WY = Wi, CW W= W) ®0, w0,
MEZ

Note that for m # m/, Wy, N W9, = (0), so we have a well-defined connection

v"f : W; — ( )W:i’ vﬁ |Wm+2m: VN“!‘QTTL‘

Hdge™
For each M > 0, we denote the iteration

Ve 1 V+2 1 VitaM—2 1
W, — mwn—ﬂ — W kA4 HdgMC(")

Wronm
by VM. When the weight & is clear, we simply write V,, as V.

2.3.3 Functoriality of W,

Functoriality on the interval [

Let (n,r,I) and (n,r, J) be adapted triples with J C I. Let (A, i) resp. G be the universal
false elliptic curve, resp. the associated p-divisible group over X, » and let (ng‘,,Hﬁg?, s7) be the
associated system of vector bundles with marked sections over J&,,,.» for 7 = I, J. Then the
natural morphism A} — AY induces the following commutative diagram

ijn,r,J - 305n,r,[

R

J,I
%r,J %r,la

such that
05,(G1) =G 051(0g,) =Og,; 05,(HE ) =HE ; 05,(s1) = s5.

So we have the following commutative diagram compatible with the action of 7°xt

Vo(HE ,s5) —= Vo(H; , s1) (2.3.4)

VO(QQJ’ SJ) - VO(QQN 51)

36n,T,J

j®n,7‘,[

05,1

%T,J %T,I'

Lemma 2.3.13. The commutative diagram 2.3.4 induces a canonical isomorphism

6°: 931(W2,1) - W%J



2. Nearly overconvergent quaternion modular forms 66

which is compatible with filtration and connection. Tensoring 8 with the canonical morphism
K K
07 1 0% (w}) > 'Y,
we get a canonical morphism 6 : 6% (W, 1) = W, ;7 which is an isomorphism after inverting c.

Proof. The existence of §° : 7. (W) — WY , and the compatibility with filtration and con-
nection follow directly from the diagram 2.3.4.
Note that FilgWY = 1010 is invertible, and 9§7l(m“1’0)*1 = 9:’}7](1*0”1_1’0). So combining the
morphisms
60 65 (0"10) w0 90 g% (0" 0) = o O,
we get a sequence of morphisms

k7,0 * K71,0
O}:r,J — ’ ®Or,J 9],[(m I ) — Oxr,J

whose composition is the identity map. As all three sheaves are locally free of rank 1 and X, ;
is noetherian, we have that 6° : 0% 1 (o™ 0y — %70 is an isomorphism. Since

0~ yris,0 —2h
Grth =10 ®O3€7-,1 Wg,

for each h € N, by induction we have that # induces an isomorphism
00 = 05 (Fil,WY ) — Fil, Wy, .

Since Wg’ ; is the a-adic completion of limy,_, Fil, WY, we see that 6° : iy, (WD) — WO s
an isomorphism.
Note that the lower square of the diagram 2.3.4 induces a canonical morphism

R

which is compatible with connection. As w"7[1] is free of rank 1 as an Ox,; ®p0 Ar-module,

a similar argument as was used for 6° shows that 6/ is an isomorphism after inverting o.
Combining the results for #° and 67, we have that # is compatible with filtration and con-

nection, and becomes an isomorphism after inverting a. ]

Functoriality on n

Let (n,r,I), (n',r,I) be adapted triples such that n < n’. Let (A, ) resp. G be the universal
false elliptic curve, resp. the associated p-divisible group over X, ;. Let (Qg,?,Hﬁgv?, s7) be the
associated system of vector bundles with marked sections on J&-, ; for 7 = n,n’. Via the
natural map 0,/ : I&, . 1 — IB,, ;. 1, we have

05 0 (g0) = Qg Oy, (HE ) =HE . 0% (s0) = sy mod .
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Combining with the fact that ﬁn, C ﬁn, we get a commutative diagram
Vo(HL s $wr) — Vo(HE ., 5n) (2.3.5)

|

VO(Qg,n’v Sn’) - VO(Qg,na Sn)

e

~ n,n ~
Jﬁn’,r,] > Jﬁn,r,]

/

which is clearly compatible with the action of Z; (1 + 3 ,Ga).

%T,I7

Lemma 2.3.14. The diagram 2.3.5 induces canonical isomorphisms

0: Wy, — W 0: Wen — W

K,n'
which are compatible with filtration and connection.

Proof. The diagram 2.3.5 induces a morphism

O ) 7 On@ s

i
VO(Hg,nvsn Gl

which commutes with the Z; (1 + 8 ,G,)-action. By taking the (k})~1-isotypic component, we

get the desired morphism
0 0 0
07 Wy, — W,

which is clearly compatible with filtration and connection. Tensoring
0°: w0 = FilgW?,, — no™"0 = FilyW?_,
with (r®m0)~1 = 0 we get a sequence of morphisms

Kk,n',0

717 70
Ofr,] — W ®anr,1 ™ T — Ofr,]
whose composition is the identity map. This forces
00 . mn,n,(] N mn,n',O

to be an isomorphism. By induction, the isomorphisms

Gr, W), = w0 o, wz®, VheN

imply that 6° is an isomorphism restricted on each filtered submodule Fil;,

0

s SO We see that
I’

the a-adic completion of limy, Fil, W
0: Wp, —» W,

is an isomorphism. The case of W, follows directly.

. Note that W%n is
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Functoriality on r

Let (n,r,I) and (n,r’,I) be adapted triples such that ' > r. Let (A9,4) be the universal
false elliptic curve over X- ; and (Hﬁgy?, g 2, s7) be the associated system of vector bundles with
marked sections on J3&,, » ; for 7 =7/, 7. The natural map 6 : X1 — Xy 1 induces the following
commutative diagram

Vo(H, 1, 57) —= Vo(HE .. 5,) (2.3.6)

VO(QQ,Tlv Sr’) - VO(QQ,T‘7 37")

jﬁn,r’,] > jan,r,[

xr’,[ xr,[a

which is compatible with the 7% action. Analogous to the proof of Lemma 2.3.14, we can show

Lemma 2.3.15. The diagram 2.5.6 induces an isomorphism
00 0" (W),) — W .
which is compatible with connection and filtration, and a canonical morphism
07 ;0" (") — ot
which becomes an isomorphism after inverting a. We moreover have a canonical morphism
0:=0"260": 0*(W,,) =W, .

compatible with connection and filtration which becomes an isomorphism after inverting a.

2.3.4 Hecke operators
The Frobenius and the U,-operator
Let (n,r,I) be a pre-adapted triple. Let H; C A be the level-1 canonical subgroup of the

universal false elliptic curve (A, 7). According to Proposition 2.2.16, the quotient false isogeny
f: (Aji) = (A = A/Hy,i) induces a (Z/p"Z)*-equivaraint commutative diagram

TG ri1] —— TG, 1 (2.3.7)
|,
%r+1,1 :{T,I

where ¢ is characterized by ®*((A, )36, ,.,;) = (A1) /36, .1 ;-

Lemma 2.3.16. Whenn =2 ifp=2andn =1 1ifp > 3, the diagram 2.5.7 induces a morphism
of Ox, ., ,-modules

Vi ¢ (0") =

which is compatible with connection and becomes an isomorphism after inverting o.
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Proof. Let n =2ifp=2,n=1if p> 3. Let m, : 38,1 — X, 1 be the structure morphism
and let
¢*(0™) = ¢" T x(Ose,,,,.;) @p0 A1 = 1@ (Ose,,,,. ;) ©p0 Ar

be the map induced by the diagram 2.3.7. By taking [n}l]—isotypic component with respect
to the (Z/p"Z)*-action, we get the desired morphism V/ together with the compatibility with
connection.

After inverting a (or even Hdg), 0"/ [1] is a free of rank-1 Oz, ; ®0 Aj-module with inverse

—1 -1
" [1], so tensoring V/ with ¢*(w"s )[1], we get a sequence of morphisms

-1 1
Ox,y1y = W0 @0y | ¢ (r"s )[E] — Ox,

+1,1 +1,1

whose composition is the identity map, which implies that V/ is an isomorphism after inverting
Q. O

Let H,ll 41 C G be the level-(n + 1) canonical subgroup. As shown in the proof of Propo-
sition 2.2.16, HY = H’rlz—l—l/Hll C G’ := Gy is the level-n canonical subgroup, and over
36, 41,041,1, the false dual f' : (A',i) — (A,1) of the quotient isogeny f : (A,i) — (A',7)
induces an isomorphism H] = H,. Over ZGp41,r41,1, We have the universal trivialization
Ynt1 : Z/p"TZ — (H},;)P. Therefore there is a unique trivialization v}, : Z/p"Z = (H})P
over G, ;. defined by the commutative diagram

2/p"L 7T R (2.3.8)

l’yn i’y’; \L’yn+1

(f)P P
Hy? == (HYYP —H}.

Let pntin : I8p41,041,1 — Iy 41,1 be the forgetful map. The composition

~ Pn+in [}
ty: J®n+1,r+1,[ E— J®n,r+1,[ — j®n,r,[

is the normalization of the morphism on adic generic fibers sending (A, i, vn+1) to (A',4,7),).

Lemma 2.3.17. Let G' :== G a. Over 38,11 111, the quotient false isogeny f : (A,i) — (A',7)
induces an isomorphism

f*
0 Qo =0
D g g

and moreover a commutative diagram

P10 (Vo(82g, 5n)) t1(Vo(Qg, sn)) (2.3.9)

\/

j®n+l,r+l,1

|

%r—&—l,l

which is compatible with the action of Z; (1 —i—ﬁnHGa). If (n,r,I) is adapted, then the induced
morphism of Ox, -modules VO ¢*(100) — w0 is an isomorphism.
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Proof. Note that G’ = G/H{, so we have
5 Qg — Qg, sl + pspr1 mod B,.18%-

As both Qg and €)g are locally free of rank-1 O -modules, we have that f* is injective

n+1,r+1,1
with image pQg, so f? is a well-defined isomorphism.
Moreover, as pti(8, ) = B, .1 we know that f?(s;) = s, mod t7(8, )$2g. Therefore % induces

a map of J&,, 1,41, 7-formal schemes

Vo(§g, sn;11(8,,)) = t10V0(Qg, sn)) = Vo(Qgr, w5 1(8,))-

n =

Here the notation Vy(wg, sn;t’f(ﬂn)) emphasizes that we view s, as a marked section modulo

t7(8,)). On the other hand, as 8 C ¢7(f, ), we have a morphism

Prs1n(Vo(Qg, 8038, ) = Vo(S2g, sni t1(8,))-

Combining these two morphisms, we get the desired diagram 2.3.9 which is equivariant with
respect to the action of Z; (148, . Ga).

If (n,r,I) is adapted, then by taking the [(x°)~!]-isotypic component with respect to the
Zy (1 + gnHGa)—action and applying the argument in the proof of Lemma 2.3.14, we get the
desired isomorphism of Oy, ,, ;-modules

Vi gt (w0) — Ot;(vO(QQ,Sn))[(HO)fl] — Op;%n(vo(ﬂg,s”))[(“0)71] = "0,

O

Definition 2.3.18. We define V : ¢*(0") — n” to be V' @ V/ and define the Vj,-operator to
be the morphism on global sections

HO (% 1,0%) 25 HO(%,10,1, 6" (10)) 2o HO(Xpp1,1,107).

We can also define the Up-operator over W,;, whose restriction to " is a left inverse of V,.

Lemma 2.3.19. For an adapted triple (n,r,I), the false dual isogeny f' : (A';i) — (A1)
induces a morphism U° : WY — ¢*(WY) of X,41,1-modules which is compatible with filtration
and connection, and whose restriction

U w0 = FilgW? — ¢*(FilgW?) = ¢* (10"0)
is inverse to VV.

Proof. Let (Hﬁg,, Qgr, s, = HT(/,(1))) be the system of vector bundles with marked sections
associated to G’ over I8, 41r41,1- Then we have

1 (A)IGnrr) = A (Qgmssn) = Qg sh), GG, s0) = (HE,, 5,).

Note that pti(8 ) = B, L1 SO '+ G" — G induces morphisms of formal schemes

n =,

Vo(H,, 50 £1(8.)) = £ (Vo(BIS, 50)) = Vo(Hh, 50 £1(8.))i - £10V6(g, 50)) = VolSg, 5 £1(8.))

which commute with the action of Z7(1+ 3, Ga).
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n+1

As pnt| t*{(ﬁn) = p"Hdg »=T1, similar to the proof of Lemma 2.3.14, we have

OVO(ngantT(B ))[(’%O)il} = mn,o’ OVO(HﬁgvsmtI(én))[(Ko)il] = Wg

—n

On the other hand, by the definition of ¢, we have a morphism
* 0 * 0y\—1 0y\—1
" (W) — ¢ (OVO(H”g,sn))[(H )= Otf(Vo(Hng,Sn))[(H )l

which is compatible with filtration. Applying the argument in the proof of Lemma 2.3.14 once
again, we have

P (W) = Ot’{(vo(Hé,sn))[(K )L

Pre-composing its inverse with the identification O,, ( (k%)Y = WY, we get

HY, snit(8,))

0. 0 __ 0\—1 * 0
u-: V\V,,,i = OVQ(Hﬁg,Smt’f(én))[(ﬁ ) } — ¢ (Wn)

Moreover, as the composition
P10 (Vo(Qg, ) = 11(Vo(8g, 5n)) = Vo(Qg, sn; t1(5,))
is just the natural morphism, the restriction of U° on " is a left inverse of V. O

Definition 2.3.20. We define the U, operator on global sections of WY as the composition

Trxr+l,l/x'r,l

1
HO(%, 41,1, WO) w, HY (X411, 0" (W) = HO(%,, 1, W) (= H®(Xy41,1, WD)).

On the generic fiber X1, we define the U,-operator as the composition

1
Trxr+1,l/xr,1

U1 "
wevy -, HO(Xoi1.1, 0" (W) =

HO(Xr—l-l,I,Wn) HO(XT,I;WH)(_) HO(XT+1,IaWn))~
Proposition 2.3.21. For each m € N, we have
Up(H(X, 1, Fil,,(W,))) € H(X, 1, Fil,,,(W,)).

Moreover, we have the following:

(i) the induced map on the graded piece H°(X, 1, Gr,(W2)) is 0 modulo (Hé’gz)h;

(ii) for any classical specialization k € N of k, the identification
(Sym"(Hg) @xg Ar[1/a])x = (Fily(W,)[1/a])1

is compatible with Uy,-operators. Here the subscript k means the specialization of the object
along k.

Proof. Every statement except item (i) is clear from definition. Note that Hdg(A") = Hdg(.A)P,
so by Proposition 1.6.10, f": (A’,i) — (A, %) induces the following commutative diagram

0 Qg HL, dwzh 0

Pl

0 Qg Hﬁg/ ép&(_gll)D —0
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where the first vertical arrow is an isomorphism and the third vertical arrow is induced by
(fHP: (G")P — GP. Via the chosen principal polarization, we have

(G Zker(1—el: Ap™] = APp™)); GP Zker(1—el: Ap™] — Ap™))
which identifies (/)P with the isogeny induced by f : (A,i) — (A’,4i). By construction,

f mod Hidg is the Frobenius map, which is zero on tangent spaces, so we have

[*wgh) =0mod = Wigho  f*(dwgh) =0 mod e N

Hdg 2O T g2t 9P
By unwinding the definition of Uy, the local description of Wg (see Lemma 2.3.4) implies that
U®: Grp,wo — Gre*(W2)

—7, which completes the proof of item (7). O

is 0 modulo ﬁ

As promised, we have

Lemma 2.3.22. The composition
UyoVy: HY(X.1,0%) — H(X, 1, 10")
1s the identity map.

Proof. Note that f oV =1d : 10" — 10", so the composition U, oV, is just
p°Vp

1y
¢* x"' 5 /x’!‘,
HO(X, 1, 0") = HO(Xp 1,1, 6" (")) ———"5 HO(X, 1, 10"%)
Since the morphism ¢ : X, 111 — X, is flat of degree p, we are done. ]

The Up-operator admits a description using the Hecke correspondence.

Definition 2.3.23. For any positive integer d prime to N, we define (d) : XP(N) — XE(N)
to be the diamond operator sending (A,i,¢¥n) to (A,i,dn). Similar definition applies to X, 1,
and we extend (d) to 3B, .1 by acting on the trivializations trivially.

Definition 2.3.24. Let Z, 1 be the adic space over the generic fiber X, 1 of X, 1 which param-
eterizes all rank-p subgroups D' C G[p] intersecting the level-1 canonical subgroup Hl1 C G[p]
trivially (see Lemma 2.2.13). Equivalently, Z, 1 is the adic space over X, 1 which parameterizes
all non-trivial cyclic Og-submodule of Alp] intersecting the level-1 canonical subgroup Hy C A[p)
trivially.

Let
P11 Zr,[ — Xr,l; ((“472)31)1) — (A7Z)
be the structure map. Note that p; is finite étale of degree p.
Lemma 2.3.25. The map defined on points by u : (A,i) — (A/Hy,G[p]/H}) induces a com-

mutative diagram

u
Xr—i-l,] = Zr,[

b

X ——= A&
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where the upper horizontal arrow is an isomorphism with inverse
p2t Zrp = Xeprrs ((A,4), DY) = (p ') (A/D, ).
Moreover, the quotient false isogeny f*: (A,i) — (A/D,1) induces a morphism
Pa(Wx) = p1(Wy)

such that the composition

* LIy
HY( X1 1, W) 25 HO(X, 1 1, ps(W,) — HO (X g, ph(W,)) 2— HO(X, 1, W)
coincides with Up.

Proof. By definition, the morphism p; ow : X417 — A, sends (A, i) to (A/Hy,1), hence
coincides with ¢.

Let D = D! x g(D). The assignment (A, D) — A/D on points induces ps : 2,51 — XAJ.
Note that

prou: Xepir — Xi; (Ajd) = (A/Hi, Gpl/HY) = (0 ) (AJA[p), 1) = (A1)

is an open immersion, so we have () = (0. As p; is étale and p; o u = ¢, we have that
Y ) Zr 1/ b b )

+1,1
the relative differential 1y, ,/x, , along ¢ is zero, which implies ¢ is étale. Clearly ¢ and p;
both have degree p, so u is an isomorphism, which in turn implies that the map ps induces an
isomorphism Z, ; — X411 1.

Let Zy 1 :=ZGnr1 Xx,;m Zr1. Over Z,, 1, the false quotient isogeny
fe (Ai) = (A/D,i)

induces an isomorphism between the level-n canonical subgroups H,, C A and H], C A/D, so the
universal trivialization v : Z/p"Z = HYP induces a trivialization v/ : Z/p"Z = (Hy")P. The
pair ({(p~1)A/D,+’) over 2, induces a commutative diagram compatible with the (Z/p"Z)*-
action

Zn—i—l,'r,[

N

LG nt1,041,1 ZGn 1

\
ZT,I
p1
/ \
@

Xrga 1 X1

Note that f@: (A,i) = (A/D,i) on Z,41,,1 is the pull-back of f': (A/Hy,i) — (A7) over
ZGn+1,r+1,1, s0 the final statement follows from the corresponding statement for /. ]
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Correspondences of degree prime to pA

Let (A,i,vn) be the universal false elliptic curve together with the universal V;(V)-level
structure over X, ;. Let £ be a rational prime such that (pA,¢) =1, and let &, 1 be the formal
scheme over X, ; parameterizing closed Op-submodules C C A[¢] which are locally free of rank
¢% and intersect with Im(vy) trivially (see Lemma 2.2.13).

Note that Op ®z Fy = M»(Fy). Let x be any non-trivial idempotent element in Ms(FF,) and

Al =ker(1—x = Alf) — A[l]); Al == ker(z : All] — A[l)),

Then A[{] = A[f]' x A[¢]?. Moreover, there exists y € Mo(F;) such that 1 — z = yzy~! and
such an element y induces an isomorphism A[{]' 2 A[¢]%. From this, we can show that giving
a Op-submodule C C A[{] of rank ¢? which intersects Im(zy) trivially is equivalent to giving
a subgroup C! C A[f]* of rank ¢ which intersects Im(¢py) trivially. As a consequence, Lemma
2.2.13 implies that the structure map

pri G = X, (A6, YN, C) = (A i, 9n)
is finite étale of degree £+ 1 if (¢, NpA)=1or ¢ if £ | N.

Lemma 2.3.26. Let C C A[{] be the universal Op-submodule of rank €% which intersects Im (1))

trivially, and let €, .1 == T3, .1 Xx &, 1. Then the quotient false isogeny

r,I,P1

f: (Ad) — (A/C,9Q)

nduces morphisms
D2 Q:T,I — %r,la D2n ¢ Q:n,r,l — jan,r,[

and a commutative diagram

i (Vo(HE, 5)) — Vo(HE, 5,) (2.3.10)

pT (VO(QQ7 Sn)) — VO(an sn)

p2,n

j®nrl

L)

Q:n,r,l

D2
Q:TJ xr,]

which is compatible with the T*"-action. The diagram 2.3.10 induces a morphism of Og, -
modules

50 p3(We) — p1(Wy)

which is compatible with connection and filtration.

Proof. The forgetful morphism p; : &,.; — X, 1 determines (an equivalence class of) a pair
(Hdg(A),n) with n € HO(Q:T,I»Q(gl_p)pTH) and Hdg(A)? "'n = a mod p?. As f induces an
isomorphism G 1= G4 = Gyjc = G/C', we have Hdg(A) = Hdg(A/C), so there exists a pair
(Hdg(A/C),n') such that

Hdg(.A/C)pTHn' =a mod p°.
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This implies that the morphism py : &, ; — X characterized by p35(A) = A/C factors through
X,7. Note that f induces an isomorphism between the level-n canonical subgroups H} C G
and H,ll" - GA/C, so the universal section v : Z/p"Z — H,ll’D over J&,, . 1 induces a section
N i Z/p"Z — (Hp')P over €, r such that fP o+’ = ~. The triple (A/C,i,~') determines a
morphism po, : &, .1 — IB,, ;. 1. Together with the morphism of vector bundles over €, . 1,

7 Qg — Qg; HT(7/(1)) — HT(v(1)),

we have the diagram 2.3.10.

By taking the [(k°)~!]-isotypic component with respect to the T®*-action on the induced
morphism

p;(OVO(H”@sn)) = O (Vo (a0

and noting that p; is finite flat, we get a morphism p3(W9) — p(W9) which is compatible with
connection and filtration.

Let i = 2if p =2 and i = 1 if p > 3. By taking the [(xf)~!]-isotypic component with respect
to the (Z/p'Z)*-action on the induced morphism

P2(O36,,,,) ®r0 A1 = Op: 36, ,.,) ©p0 A,

we get a morphism pj(w"f) — pj(t0"f) which is compatible with connection.
By tensoring these two morphisms, we get the desired morphism f* : po(Wy) — pj(Wy)
which is compatible with connection and filtration. ]

Since p; is étale, the trace operator Tr,, is well-defined.

Definition 2.3.27. For any rational prime ¢ such that (¢,pA) = 1, we define the Hecke operator
Ty to be the composition

* * lT\I‘
HO (X1, Wy) 2 HO(Cr.1,p3 (W) Lo HO(C 1, pi (W) -5 HO (X1, W),
Twists by finite characters

Let (n,r,I) be a pre-adapted triple. Let (A, %) be the universal false elliptic curve, G be the
associated p-divisible group, and H} C G[p"], H, C A[p"] be the level-n canonical subgroups
respectively. Let (A’, i) be the quotient of (A,4) by H,,, G4 be the p-divisible group associated
with A, and let Hy;' € G, H', C A’ be the level-n canonical subgroup respectively. Then the
quotient false isogeny f : (A,i) — (A’,7) has false degree p". Moreover, let f': (A1) — (A, 1)
be the false dual isogeny and H) := ker f’. Then we have that A’[p"] = H]! x H], and the false
isogeny f’ induces an isomorphism H), = H,,.

The Weil pairing induces isomorphisms

H! = HP ~{H)P, (HY)P = H]T :=ker(1 —e: H — H]).
Together with the isomorphism
¢ H'"" >~ H" —ker(1—e: H' - H"),

we have (H,ll")D ~ " Over 3G9y rin 1, the section v+ Z/p"Z — (H,’{l)D = H'' defined by
the diagram 2.3.8 induces maps

s: Z)p"Z — HM,  sP H;{l—”},pn.
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Let K/Q, be any finite extension containing all p"-th roots of unity and Ok be the ring of
integers in K. Base change X, 1, 38, from Z, to Og (but we do not change the notations).
A chosen p™-th root of unity ¢ determines an isomorphism

Z/p"T = Homges,, ., (Z/P" Ly ), G+ (5= ¢7).
Inspired by the idea of [AI17, Proposition 3.26], we have

Lemma 2.3.28. The map
n: Homoe, (H/, H,) = Hom(H/", H;') — Hom(Z/p"Z, pipn) = Z)p"Z, u+s s ouos
s a bijection.

Proof. The first isomorphism follows directly from Lemma 2.2.1. As s and s” are isomorphisms
on ZGop r4n,1r and Iy, .1y 1 is a-torsion free, we know 7 is injective and is a bijection when
restricted to the generic fiber. It suffices to show that any morphism wu : H!' — HJ' defined
on the generic fiber extends to J®g, y1pn 1. As Hg’l is finite flat over the normal formal scheme
JIB2p, r4n,1, it suffices to show that u extends in codimension 1. By localization, we may and
do assume (A, ), (A, i), Hy'' and H};' are defined over a discrete valuation ring R of mixed
characteristic (0,p) and that w : H"' = 1Y is defined over L := Frac(R). Let

G =Tm(Id x u: Hy'p — H)'p x Hi') = Galp"]L)

and Gy, be the scheme theoretic closure of G, 1, in G [p"]. We only need to show that the
induced projection G,, C G 4/ [p"] — H}/' is an isomorphism. Note that

Y = Gp)/H), = 1,/
so for any m <n — 1, we have

Hy [p™] = Glp™]/Hyys  Hy ™/ Hp ™) = Glpl/Hi;
H;z’l[pm] = n—i—m/HTlL = Hq}m Hll[pm+1]/H/1[pm] = +m+1/ n+m — = ‘Erl1
where the isomorphisms are induced by appropriate false dual isogenies. By [Tat97, Proposition

4.2.1] and an easy 1nduct10n argument, we are reduced to showing that Hompg(H;" & JHYp 1 ) has p
different elements. As H," ! has rank p and (H /1)D ~ [ ! by Oort-Tate theory, we have

H"' 2 Spec(Rlz]/(«” — B"2));  Hy' = Spec(Rlyl/(y" + =)

Hp

where H is a lift of the Hasse invariant of (A,i). Note that —p admits all p — 1-th root in R
as R contains all p-th roots of unity, and that H"’l( R) = 7Z/pZ by the definition of 3@5% 4,
so H and H2 n both admit all p — 1-th roots over R. For each (p — 1)-th root v of HZP”’ the
morphism y + vz induces a group homomorphism H7’ o H . Together with the trivial
group homomorphism y — 0, we get p different elements of Homp(H;" "l JHY 1). In particular,
any element in Homp,(H}" ' H 1) admits a unique extension to R. So we have G; = H" ' and

the proposition follows. ]
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For any j € Z/p"Z, let p; : H]! — H], be the morphism of Og-modules such that 1(p;) = j,

and let

H,, = (p; x 14)(HY) © H, x HY = A[p").
Clearly we have H, x H;, = A'[p"] as Op-modules. Set A’ := (A'/H,,,i). The quotient false
isogeny f; : A" — A} induces an isomorphism between H,, and its image H, ; = fi(Hy}),
which implies that H), ; C A} is the level-n canonical subgroup. Note that Hj, ; is the kernel
of the false dual isogeny A; — A, so Hdg(A})?”" = Hdg(A’) = Hdg(A)?", which implies that
Hdg(A}) = Hdg(A).

For each j € Z/p"Z, let tj: I82p rpn,1 — I&y r4pn,1 be the normalization of the morphism
ZGonr+ni — LGnrin,1 defined by sending (A, 7,72,) to (A},i,fy}), where g, is the universal
trivialization of (Hj,)P and 7; is the unique trivialization of (H;IJ)D such that f;’D(’y;) =
Let pi, : 36 p4n1 — Xryn,1 be the forgetful map and let vj :=p, 0t; 1 IBop pin 1 — Xpgn,1-

Lemma 2.3.29. Let (n,r,I) be an adapted triple. Over 3By, ,yn 1, the false isogeny

7!
fio (A L (A 2 (40)
induces a morphism of Oze,,, ., ,~modules

fi o (W) = 3 (W)

which preserves the filtration Fil4W, and the Gauss-Manin connection V°. After inverting o,

fj induces a morphism
- 1 . 1
fi s of(Wa)l] = p2n (W) [ ]

which preserves the filtration FileW, and the Gauss-Manin connection V.

Proof. Let (Hﬂg, Qg, s) be the system of vector bundles with marked sections associated to G
over J&,, ,n. 1, and let g} =Gy . Over 389, p4n, 1, We have
J

E(A i) = (Ai7), 6(Q0s) = Qg s)). (G s) = (], s))

where s’ = HT(v;(1)). Proceeding as in the proof of Lemma 2.3.17, we have

r

pn . Qg/ i} Qg.

Together with the isomorphism
f;’* : Qg; = Qg/,

we get an isomorphism

fi

E : Qg; = (g, 59’ = pgn,n(s)v
where pop, 0 IB2, rin, 1 — Xpqn 1 is the forgetful map. We further have a well-defined morphism
£
p—; : gg; — wg, because

Hdg(A) = Hdg(A)) = &', Qg = dwg. Qg = dg,.
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Let f} be the false dual isogeny (A}, i) — (A, j). By duality, we have a well-defined morphism

f,7*
| -1
Combining these together, we have well-defined maps of 3&s,, ;4 -modules

5 1 i

The induced morphism of 3®9,, ;1 ;-formal schemes

P (Ovy (HE, 8)) — (O, (HE, 5))

is clearly compatible with the filtration and the 7T -action.
When (n,7,1) is adpated, we have p¥(W?%) = WY so by taking the [(x°)~!]-isotypic compo-
nent with respect to the 7-action, we get the desired morphism

fi s v (WR) = 3 (W)

which preserves the filtration and the Gauss-Manin connection.
The multiplicative structure on Ozg,, ..., ® A9 A7 induces an isomorphism

1
" [—
[a] Qo

rin, I OIg2n,r+n,I = OIQQn,r+n,I ®A? AI’ a ® b = ab'

Together with the natural identification

U‘;‘((Oxern,I) = Oj@Qn,T+n,I = pgn(oxern,I)’
we obtain a morphism v} (ro"/ )[£] = p5, (0"7)[2]. Tensoring with [7, we get the desired mor-
phism
i (W)l ] = pan (W)l ]
which is compatible with the filtration and the Gauss-Manin connection. O

For any primitive character x : (Z/p"Z)* — (As[C])*, 9(x) = 22 ;cz/pmm)~ x(7)¢? be the
associated Gauss sum.

Corollary 2.3.30. By taking global sections, we get a morphism

—1 . %
O HO (X1, W) 9T e @ypnayx XG5 05)

%Tr
P 0
— (Xr+n,la W/-e+2x)

HY (Xr+n,l’ p2n,*p§n (WH+2X))

which preserves the filtration Fil,.

Proof. Only the statement about weight needs an argument. For any a € (Z/p?"Z)*, we claim
that the following diagram is commutative

j®2n,r+n,1 — j052n,r+n,l (2311)

ta2j i t.f i

~ a o~
J®n,r+n,[ > Jﬁn,r—s—n,l-
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It suffices to check commutativity on points. Let (A,4,7) be the universal false elliptic curve
together with the universal section v : Z/p*"Z — HQDn over I8y, r4n, 1. We have

* (.A,Z,’}/) = (.A,i,av), tj : (AalafY) = (A,ai77/) = (“4;&7’7])

If we replace v by a7, we are changing 7' to a7y’ and s, sV to as, as" respectively, hence changing
H,, to HPa2j and 7; to avy,2;, so we have

ti(A, i, ay) = (.A;gj,i,a'yazj) = a* (ty2;(A,1,7)),

and the commutativity of the diagram 2.3.11 follows.
For any a € Z,; whose image modulo p" is a and for any s € H O(X,.1,W,), we have

ax(( ) xG))(s)

j€(Z/pmL)*

<.
m

JE(Z/p™Z)*
= (r+2071 @ Y xU)F(s),
j€(Z/p"Z)
which proves the statement about weight. O

2.3.5 Comparison with other constructions of overconvergent quaternion modular
forms

In [Bral3], the author constructs overconvergent quaternion modular forms of general weight
in the spirit of test objects, which is analogous to the construction of overconvergent elliptic
modular forms in [AIS14]. Another construction of overconvergent quaternion modular forms
of general weight is given in [CHJ17, § 2.8], using differential forms by adapting the method in
[Pil13]. The equivalence between these two constructions can be shown using the argument in
[AIS14, Appendix B].

In [CHJ17, Chapter 2|, a construction of overconvergent quaternion modular forms using
the perfectoid language is spelled out in details. Moreover, in § 2.8 of op.cit, the equivalence
between the pecfectoid construction and Pilloni type construction is explained in details.

As explained in [Bral3, § 4.2.2], when restricted to the ordinary locus, all overconvergent
quaternion modular forms mentioned above recover Katz’s p-adic quaternion modular forms.

At integral level, we may adapt the formulation in [AIP, § 5] to define overconvergent quater-
nion modular forms as follows: Let f,, : §,r 1 — I, 1 be the formal scheme such that

Fnr1(R) = {(P,w) € (HyP(R) — HyP[p"'|(R)) x wg(R) : HT(P) = w in @g/p"Hdgf%}
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for any formal scheme Spf(R) — X, where R is a-adically complete and a-torsion-free, and
define the T**(R)-action on §, ,1(R) by
(Az) * (P,w) = (AP, A\zx)w), YA€ Z;, v € T(R), (P,w) € Fnr1(R).

P )

Let g, : 36,,1 — X, be the structure map. The overconvergent quaternion modular sheaf
for the universal character xy is defined by

Wy 1= W0 @0p W, Wiy 0= (g © f)O5, ., [(K") ).

We can moreover define the Up, Vj,-operators on tv,, using the formulation in op.cit § 5.4 and
the Hecke operators away from pA adapting the formulation in [Pill3, § 4.1].

Lemma 2.3.31. Let (n,r,I) be any pre-adapted triple. There is a canonical isomorphism be-
tween Vo(Qg, s) and Fp.r.1 which is compatible with the T -action. As a corollary, we have an
isomorphism of Ox, -modules w"! = o, which s compatible with the Hecke operators.

Proof. Let P, € H%’D(JQW,]) be the universal section and s = HT(P,). Let Spf(R) — X,
be an affine formal scheme with R a-adically complete and a-torsion-free. Then Vy(Qg, s)(R)
consists of pairs (p,v) where p : Spf(R) — J3&,,, 1 is an X, ;-morphism and v € Homp(p*Qg, R)
such that .

v(p*(s)) mod p*(p"Hdg #7) = 1.

By the definition of J&,, , ;, we have a 1 — 1 correspondence between p : Spf(R) — J&,, 1
and elements in Hy”(R) — HyP[p"1](R) given by p — p*(P,). Noting that Qg and wg are
invertible Oyg,, . ,-modules, and Qg = Hdgp%l wg, we have an equivalence of functors compatible
with 7®-actions given by

VO(R) = Sn,r,](R); (p’ V) = (p*(Pn)7 V\/)a

where vV is the dual element of v in Qg such that v(v¥) = 1. This functor gives the desired
isomorphisms
w0 2o, 0; W o,

For the compatibility of Hecke operators, see the proof of Lemma A.2.24 below. O

We can also compare " with Katz’s p-adic quaternion modular forms at the integral level.
Note that 3(’5?52 ; — X9 is finite étale with Galois group (Z/p"Z)*, so the inverse limit
T 6%, = lm  J60T
Adapting the argument of [Pil13, Proposition 6.1], we have

7 — .’{‘}rd is well-defined and equipped with an action of Z.

Proposition 2.3.32. There is a canonical isomorphism

k1,0 ~ 0\—1
w0 2 Ores ()

Proof. Let Spf(R) — X4 be an affine formal scheme with R a-adically complete and a-torsion-
free. A point in I ,(R) is a compatible sequence of generators P = {P, € HY”(R)}, and

oo,r,I
the Z)-action is given by A x P = {AP,}. Set HT(P) := lim HT(P,). Then we have an
Z, -equivariant morphism of 3(‘5?5?} ;-formal schemes

IBLL ;= FIS ) = Gt @36, IS5 P (P, HT(P)).

Ty n,r,d - n,r,I»
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As the action of T on F,, s is analytic (see Lemma 2.3.3), by taking the [(x9)~!]-isotypic
component we have an induced morphism

mﬁf;rd Ot [(K) 7] = 7030 [(KD)71].

As J®°rd 1 1s étale over x9rd and <7T*O~®ord )Zr = Oxord we have that ro;/"" is an invertible

1

|xor

O}:ord -module with inverse 1o}’ Moreover, we have a sequence of morphisms

|xor

-1

,0
|;2r? %W*Ojﬁgg‘}n[{( ) ]®O

k1,0

Oxord — m‘ I ®O *03622?7"[["{?] — Ox(;rd (2312)

xord '{ord

whose composition is the identity map. By construction, we have an isomorphism of the adic
generic fibers

ord : ord
oo o — L n RVE]
n>1

so we have
’{170 1 ~ 1 0y—1
m\xgrld[a] = W*Ojeg;ﬁiu[a][(’ﬁ) J-
Combining with equation 2.3.12, we have the desired isomorphism

K10~ 0\—1
ml%i’f}i = W*qusggf“[(’il) J-

2.4 Expansion in Serre-Tate coordinates

Let k = F, and W = W (k) be the associated ring of Witt vectors. Let (A/k,i,vn) be an
ordinary false elliptic curve A/k together with a V;(IN)-level structure 1. Let {P, P} be a
basis of T, A such that

€P1 = Pl, (1 — G)PQ = Pg.

Let PP, PP be the image of Pi,P; in Tpf_lD via Az, and let ()1,Q2 be the dual basis of Py,Ps.
Let R be the deformation space of A /k viewed simply as an abelain variety, and set

qi; = q(A/R; Pi,PjD% tij =qi; — 1, 4,j€{1,2}.

By Theorem 1.4.8, if we let w; = HT(PP), n; = n(Q:), i = 1,2, then we have

1

R dl dl
R=Wlty: i,j=12], V[T")=o0, wv[¥]=(7080 @08@1) M)
2 w2 dlogqio dlogqoo 72
Consider the subfunctor M/ of Spf(R) which sends an artinian local ring R with residue field

k to the set of false elliptic curves over R with reduction A.

Proposition 2.4.1. The subfunctor M/ is a dimension-1 formal torus pro-representable by
Spf(R) where R is the quotient of R by the closed ideal generated by the relations

q(A/R;bP,QP) = q(A/R; P,b'QP), Vbe Op, PecT,A, QP ¢ T,AP.

In particular, R = W{[t]] where t is the image of t11.
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Proof. This is a direct consequence of Theorem 1.4.5(ii7). For more details, see [Brol3, Propo-
sition V.1] or [Morl1, Proposition 3.3]. O

Let A//R be the universal false deformation of A/k. One can recover the Hodge exact
sequence and the Gauss-Manin connection of Af /R by restricting the Hodge sequence and the
Gauss-Manin connection of A/R to R.

Lemma 2.4.2. [Brol3, Lemma V.2] For any element
n€Hig(A/R), PeT,AP, QeHom(T,A4,Z,), be Op,

we have
n \7? 17‘72 ) WHP|R = WPIR; Ty QIR — 77Q R

In particular, as eTPiD = PiD , we have

)=

Denote the restriction of wy to R by w and the restriction of n(ef@Q;) to R by 1. Then w and
{w,n} are bases of wg and Hg respectively. Moreover, by Theorem 1.4.8, we have

Vw=n®dlog(l+t); V(n) =0.

Apply Lemma 2.3.9 to X,Y corresponding to f = dw, e = dn respectively and let V = % Then
we have

VHX V) = XMV @ pedlog(0) + (ps — h) X VT @ dlog(1 + t). (2.4.1)

On the other hand, composing with the isomorphism ¢': wg = e'Hg, we have
cKS(w®?) = dlog(1 + 1)

for some ¢ € Z. Upon replacing ¢’ by ¢~ '¢/, we may and will assume KS(w®?) = dlog(1 +t).
Note that (A, i, 1) corresponds to a point z € X (k) where X = X(V), so by the discussion
in [Morl1, Page 24], we have

Lemma 2.4.3. There exists a canonical isomorphism (’A)X’E®ZPW = W[t]].

Proof. Let R be any artinian ring with residue field k, and let A//R be a false deformation of
A/k to R. By Hensel’s lemma, we can uniquely lift 1 to a Vi(IV)-level structure 1) ~N,r- By the
moduli interpretation of X lB (N), we get a morphism Ox , — R. By passing to the inverse limit,
A/ /R has a universal Vj(N)-level structure ¥y and we have a morphism @X,x — R, which
induces a morphism ) X,m®ZpW — R. Let m; be the maximal ideal of Ox . By the universal
property, we have a morphism R — Ox ./m} ®z, W. Passing to the inverse limit, we get a
morphism R — O X7x®ZpW. It is easy to check these two morphisms are inverse to each other,
and the lemma follows from Proposition 2.4.1. O

Convention 2.4.4. Throughout this section, k = Fp, W = W(k), and we will always base
change X := X (N), X, X1, 36,1 and Ago) from Z, to W, and denote them using the same
notation.
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Equip W{[t]] with the p-adic topology and let R; = AY[[t]]. By Lemma 2.4.3, we have
morphisms

p: SpE(W[t]]) = X, Spf(R:) — X9 (— X,.; Vr € N)
such that p*((A,i,¢n)) = (A, 7, Wy). Denote p* ("), p*(Wy)(Re), p*(W)(Ry) by w"(t), W (1),

W (t) respectively. We have the following Serre-Tate expansion principle for Shimura curves. For
the modular curve analogue, we refer to Lemma A.3.3.

Lemma 2.4.5. The evaluation maps

HO(X, 1, W,) = W (t);  HO(X9, W) — W(t),
HO(xXF, W/pNW) — W(t)/p"W(t), VN >1,

are injective.
Proof. As X, is irreducible, it is easy to deduce the injectivity of
HO(%, 1, W,) — W,(t)
from Lemma 1.1.16 and the fact that "/ is locally free of finite rank when restricted to X, ;.
Recall that W0 = fO:*OVO(H”g,s) where fj : Vo(ng,s) — 38,1 — X, 1 is the structure map, and

locally, OVO (15.5)
deduce that

is a ring of formal power series over O As J(’iord S s %or is flat, we can

n,r,I"*

HO(X§ W) = W(t), HOX, W/pNW) = W(t)/p"W(t), VN=>1

are injective from the fact that 3®°rd 1 is geometrically irreducible, which is shown in [Hid12,
Chapter 7]. O

We summarize some running notations for the rest of this section:

e k= F, W = F,, and we base change X, X X1, ﬁﬁn”,A( ) from Zy, to W.

(A/k,i,vpn) is a fixed ordinary false elliptic curve with Vj(N)-level structure ¢y and
universal false deformation (A7 /R4, ¥y).

P € eT,A(k) is a fixed generator, PP := X\ ;(P) € T,AP, and Q is the dual basis of P.

1+t=q(A'/R;P,PP), R = W[[t]], w = HT(PP), and n = n(e!Q). By our convention
on ¢', we have KS(w®?) = dlog(1 + t).

Ry = AN[t]], Rt = Ry ® a0 Az, and p o Spf(Ry) — x9*4 is the morphism characterized by
p* (A, i, ¥n) = (A7, ‘IJN)

w*(t) = p*(w")(Re), Wi (t) = p*(Wi)(Ry), and W(t) = p*(W)(Ry).

2.4.1 The Gauss-Manin connection in Serre-Tate coordinates

Recall that (Hﬁg, Qg, s) is the system of vector bundles with marked sections associated to G
over J&,,,; with respect to the ideal 3 .

Lemma 2.4.6. Let Spf(Ry¢) = 3®, 1 X%, 1.p Spf(R:) and base change p to Spf(Ry ). Equip
Uge(z/pnz)< SPE(R) with the (Z/p"7Z)* -action given by left translation.
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(i) We have an (Z/p"Z)* -equivariant isomorphism Spf(Rnt) = Uge (z/pnz)x SPE(Re)-

(ii) There exists § € R, such that dw mod p"™ = p*(s) and each component d, of § belongs to
TYRy). In particular, k°(8) is well-defined.

Proof. Let C, C Af be the level-n canonical subgroup. As A/R is ordinary, CP is étale. By the
equivalence between the category of finite étale algebras over W[t]] and the category of finite
étale algebras over k, we know that Ch” 2 Z/p"Z as finite flat group schemes over W{[t]].

(1) Note that Spf(R,¢) = J(’5°rr I Xxord , SPE (Rt) because the morphism p factors through
X914, By construction, JQﬁord is the finite étale cover of X4 with Galois group (Z/p"Z)* which
parameterizes all trivializations of HYP over x9'd. The fact eyt =~ Z/p"Z over Spf(R;) implies
that Spf(Rn’t) = I_Ige(Z/an)x Spf(Rt)

(i) Note that AP /k and A/k are ordinary. We can view C2 /k as the maximal étale quotient
of AP[p"], so we have

T,AP (k) = lim AP[p"](k) = lim C;? (k).

n>1 n>1

Let PP be the image of PP in CP (k). Since Spf(R;) is connected, P? can be viewed as a
generator of

CoP (k) = CyP (W) = CpP (Re).
Let v : Z/p"Z — Hy" be the universal trivialization. By item (i),
C%’D(Rmt) = Uge(z/pnz)xcrll’D(Rt).

By considering the action of (Z/p"Z)*, we can show that there exists § € (Z/p"Z)* such that

p*(v(1)) = (89PL) ye(z/pmzy* -
Note that w mod p" = HT(PP) and s = HT(y(1)), so we have

p*(s) = (6gw mod p")ge (zpmz)x -

Consequently, we can choose 0 = (0g)ge(z/prz)* € R;’t with d;, mod p" = &g such that
Sw mod p™ = p*(s). Since K°(d,) is well-defined for each g, we have k%(4) is well-defined. O

Recall that by assumption, KS(w®?) = dlog(1 + t). Take § as in Lemma 2.4.6, and let
X =14 p"Z, Y correspond to f = dw, e = Jdn respectively and set V : % Then by

Proposition 2.3.7, we have

Proposition 2.4.7. Let

0: Ry — Ry (resp. RtaRt Zazt }—>Zmz thtZ L

i>0 i>0

(i) Let Uy, = £2(6) "1 (1 +p"2Z)" (1+p"Z)h' Then

WO —{ZahUﬁoh‘ ahGRahHoo}
h>0

and for any a € Ry and h > 0, we have

vg(aUno,h) = 2f(6_1)(8(a’)Un0+2,h + G(Mn - h)U(nJrQ)O,thl)-
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(ii) Let w0"1(t) := p* (001 )(Ry). Then w"f(t) is a free Ri-module of rank 1. Moreover, we can
choose a basis a,, such that Vﬁ(a,.@f) =0.

(i4i) Let Ugp = Ugop, @ ay,. Then Wy(t) = {tho apUsp @ ap € Ry, ap — 0}, and for any
a € Rt and h > 0, we have

Vi(aUgn) = 0(a)Usp + a(pe — R)Uxt2 pt1- (2.4.2)

Proof. (i) Since k°(9) is well-defined, by equation 2.3.2 in the proof of Lemma 2.3.4, we have
Ax (Ugop) = KON U0, VA EZY.

Note that U = &%(6)~ (1 +p"Z)" =1 mod R and p: Spf(R,) — X, 1 is flat, so by
Proposition 2.3.7, we have

WO(t) = {Z apUgop ¢ ap € Ry, ap, — 00}
h>0

By equation 2.4.1 and Leibniz’s rule, we have

V(Unop) = Uno s ® (dlog (+°)71(8) + jindlog 8) + (s — 1) Uyo py1 ® dlog(1 + 1)
= (ptn — WUy0 g1 ® dlog(1+1);

and for any a € Ry,
Vi(aUyo ) = (0(a)Uyo py + (px = h)Uyo p41) @ dlog(1 + ).
Note that f = dw, so we have

dlog(1 +t) = KS(w®?) = 6 2KS(f%?),
ViU n) = (s = 10 2(1+ 0" 2)*Ugoy p1 = 25 (6~ ) (1t = D) Uy 2)0 s

Thus for any a € R, we have

Vg(aUnojh) = 2f(5_1)(8(a)U(,€+2)07h + a(,u,.i - h)U(,H_Q)OJH_l).

(1i) Let i =2 if p=2and ¢ = 1 if p > 3. By Lemma 2.4.6, there exist orthogonal idempotent
clements e; € Ry, g € (Z/p'Z)* such that R;; = ®Ryeq and for any g € (Z/p'Z)*, gxep, = ey-1p.
It is routine to check that

W) ={ Y aeg®@nrs(gT"),a € R,
9€(Z/p' L)
and that a,, = de(z/piz)x eqg @ kp(g™') is a basis of "/ (¢) such that Vﬁ(a,{f) =0.

(7i7) It suffices to show

(5_2,%0(5_1)@,% = (k+ 2)0(6_1)a(,{+2)f,

which is straightforward. O
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2.4.2 Hecke operators in Serre-Tate coordinates
Hecke operators away from pA

Let ¢ be a rational prime such that (¢,pA) = 1;let ap:= ¢ if £ | N orap:=¢+1if £ { N,
and let {D;};—1, 4, be the set of Op-submodules which are locally free of rank ¢? and intersect
Im(¢n) trivially. Then each D; deforms uniquely to a Op-module D; C AT of rank £2 such that

D;NIm(¥x) = (0). Let (A/Dj,i,1;) be the quotient of (A4,4,¢y) by D;, and let (Aj-v/Rj,i,\Ilj)
be the universal false deformation of (A/D;,4,v;). Then (Af/D;,4) over R induces a morphism

Gj: Spf(R) = Spf(R;);  Gi(A]) = AT/D;.

Let gj : A/ — A//D; be the quotient false isogeny. Then we have (see also [Brol3, Lemma
V.4])

Lemma 2.4.8. Let P; € T,A/D;(k) be the unique element whose image PjD via X j/p, satisfies
that gjl')(PjD) = PP, Qj be the dual basis of Pj, and

wj =HT(PP), nj :=n(Q;), 1+1;:=q(A]/R;; P;, PP) € R;.
Then we have
* * * * * l
9;(Gi(wy)) =w, g;j(Gim;)) =1n, G;(1+t;)=(1+1)7.

Proof. Let g : Al /Dj — Al be the false dual isogeny. As g;0gj =gjog;=1{ both g; and ¢/
induce isomorphisms on the Tate modules, so P; is well-defined and g;(P) = ¢FP;.
By functoriality of the Hodge-Tate period map, the following diagram is commutative

AA/D,

T,(A/D;)(k) — T (A/Dj)P (k)= w 4/,

lg} J/gf’ ig;

T A(k) — A o AP (k) T

So we have g7(G}(w;)) = w and dually, g7(G}(n;)) = ¢n. By Theorem 1.4.5 (iii), we have

1
Gj(1+1;) = q(AT/Dj/R; P, PP) = (A /D;j/R: 59;(P), PY)

1
= q(A/R; ik gP(PP))
1

= (1+1)7.
O
Let Ry, := Agl[t;]], Rtj = Ry; ®p0 A and let pj Spf(Ry;) — X, be the morphism
characterized by p;f(.Af,i,wN) = (Af,i, ¥;). Denote p;(W,)(R:;) by W(t;). Then based on

Lemma 2.4.8, we have
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Proposition 2.4.9. For each j = 1,...,ap, we can choose a basis {U,th}heN for W,.(t;) such
that given any f € H(X, 1, W,) with P5(f) =2 n>0 fi(ti)Uspnj for j =1,...,as, we have

p*(Tu(f)) = Zij«l + )Y =) .

j=1h>0
Proof. Let Spf(Rpy,) := Spf(RY) X p; %1 IGn,r1. According to Proposition 2.4.7, we can choose
dj € (Rng;)™ such that d;w; = pj(s) mod p", and by sending dw; to X; =1+ p"Z; and d;1;
to Yj, the set {U, p j}n>0 where
Y, _
Y Z eg®/<;f1(g)

1+pnZ;
TP se@an
is a basis of W,(t;). Note that by definition and Lemma 2.4.8, we have

GO W5 () = p"(s): GG wy) =w. giGsny) = fn,

Unng = (K°)71(0;) (1 +p"Z)"(

so we have
93G5 Unnj) =1"Usp, V1<j<ay.

Unwinding the definition of Ty, we have p*(T;(f)) = %2?1:1 9;G5(p;(f)). By Lemma 2.4.8,
Gi(t;) =1+ t)1/¢ — 1, so we have

M= > s+ = 1)U,

j=1h>0

Now we can discuss the relation between V, and T).
Proposition 2.4.10. Let f € H(X, 1, W,), then
Vi o Ty(f) = LTy o Vi(f).

Proof. By Lemma 2.4.5, it suffices to show the equality in Serre-Tate coordinates. Assume that
fOI'j:17...7ag, P]( ) Zh>0f.7( ) Kyh,j- Then we have

P (Vo To(f ZZ]@ 1+ )Y - 1)U, )
7=1h>0
=%ZZ((1+t)”’ff;((1+t)1/f DO WU+ (e — ) fi (L + )Y = DU o pi1);
7=1h>0
Zv f] Kh,j)
h>0

Z 1 +t fJ n+2 h,j + f]( )(,u,‘{ - h)UH+2,h+1,j);
h>0
Pr(TeoVulf) =7 Z Y+ )Y A+ )Y = 1) Ui,
j=1h>0

1 & i}
5 DS B Y = ) — WO Uz i = 6" (T 0 T )
j=1 h>0
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The Frobenius and the U,-operator

Let C  Af be the level-1 canonical subgroup. Then the quotient false isogeny
fo: A= AljC
is a lift of the Frobenius morphism
F: A— AW,

Let (AW i, wj(\]?)) be the quotient of (A/k,i,¢n) by ker(F) and (A5®)/R®P) g, 1115\1;)) be the
universal false deformation of (A®) 4, 1/11(5)). Then we have a morphism ¢ : Spf(R) — Spf(R®))
characterized by ¢*(A/®) = Af/C.

Since A/k is ordinary, we have an isomorphism F : T, A(k) = T, A?) (k). Then again following
[Brol3, Lemma V.6 & V.7], we have that

Lemma 2.4.11. Let P®) := F(P), PP®) .= )\A(p)(P(p)), and Q® be the dual basis of PP,
Moreover, let

14 t®) .= g(AP®) ) R®). pe) pDw)y ) .— HT(PPP)) ) .= p(QP)).
Then we have

GFL+tP) = (1L +1P,  fio"w?) =po, fio*0™) =n.
Proof. Let V : A®) — A be the Verschiebung map. By Theorem 1.4.5, we have

¢* (1 +tP) = ¢*(q(ASP) /RP). p(p) pD:(p)y)

A [CIR; F(P), PPP) = g(AT[R; P,V (PPP)))
Al JR; P,pPP) = (1 4 t)P;

f3o* (W®) = HT(V(PP®))) = pHT(PP) = pw;

f50" () = n(F*(Q®))) = n(Q) = n.

= q(
= q(

Let R, := Ar[[t?)]], and let p(P) be the morphism
PP Spf(Ryw) = Xpr, (pP)* (AL, W) = (AFP) 4w ).
Denote (p))*(10")(Ry)) by wr(t)).
Proposition 2.4.12. We can choose a basis {U,EIB} of w*(tP)) such that for any f € H°(X,.1,10,)

with (pP)*(f) = F(tP)UL), we have p*(V(f)) = F((1 + ) — 1)Unp.

Proof. By Lemma 2.4.11, we have

P = S fi e (PP (D), Sfi¢" W) = w.
Then the desired result follows from a similar argument in the proof of Lemma 2.4.8 using
Proposition 2.4.7. 0



2. Nearly overconvergent quaternion modular forms 89

To deal with the operator U, and twists by finite characters, we need to describe étale cyclic
rank-p?” Op-submodules of (A7,i)/R. Fix a primitive p"-th root of unity ¢; set W,, := W[(];
and let (1+¢)?"" be a p"-th root of 1+ ¢.

Proposition 2.4.13. Over W{[t]][¢, (1 + t)P" "], the connected-étale exact sequence
0— A p"° — AT p"] — AT [P — 0 (2.4.3)
admits p™ different splittings as Op-modules.

Proof. Let H,, C A/[p"] be the level-n canonical subgroup. Since A/k is ordinary, we have
that H, = Af[p"]° and that A ,; induces an isomorphism Af[p"] = HP. Taking kernels with
respect to the endomorphism 1 — e, we obtain

0— H = G s[p"] = HPT = 0 (2.4.4)

from the sequence 2.4.3. Moreover, a splitting of the sequence 2.4.3 as Og-modules is equivalent
to a splitting of the sequence 2.4.4. With the help of the isomorphism ¢’ : (H}!)P = HP ’T, we
are reduced to the argument in Proposition A.3.6 below. O

Note that we have A[p"] = (u7!)*@(Z/p"Z)?* as Op-modules. Let (A',4,y) be the quotient of
(A,i,N) by (Z/p"Z)?, and let (A" /R’ i,¥’) be the universal false deformation of (A’,, ).
Let C; C Al be a rank-p?" étale cyclic Og-module and let (.Af/Cj,i,\I/j) be the quotient of
(A7,i, W) by C;. Then (p~1)(AS/C},4,¥;) over W[t]][¢, (1 + )P "] induces a morphism

Fj+ Spf(WHIC, (1 +)" ")) — Spf(R')

characterized by F;(A”f,i,\lf’) = (p~1)(A//C},i, ;). Note that the map T,A(k) — T,A'(k)
induced by the quotient false isogeny f : (A,i) — (A’,i) is multiplication by p™ times an
isomorphism. As stated in [Brol3, Lemma V.9 & V.10] that

Lemma 2.4.14. Let P’ = %, PP = X\z/(P"), and let Q' be the dual basis of P'. Also let

1+t = qA /R P, P"P), W =HT(P), v =nQ).
Then up to reordering C;, we have
Frl+t) =1+t Fr+t)|=o=(".
Let fj: (A,i) — (A7/C;,i) be the quotient isogeny. We have that
W) =w  ffF(0)=p"n

Proof. All statements except the equality I} (1+t')|t=0 = ¢ —J follow from similar arguments as
in the proofs of Lemma 2.4.8 and Lemma 2.4.11.

Let Al.n, be the canonical false lifting of (A,4) to W. Then Al [p"] = (ppn)? & (Z/p"Z)?
as Op-modules. Let H,, ; be the étale subgroup corresponding to Z/p"Z — jipn : 1 — ¢ via
the construction in Proposition 2.3.28. Then it suffices to show (1 + t’)(A{:an/HnJ) = (7. Over
W, the quotient false isogeny Aécan — Aécan / H,, j induces the commutative diagram below

0—— (Mp‘x’)2 — A(J;an [poo] = (Mp‘”)Q @ (Qp/Zp)2 - (Qp/zp)z —0

; : :

0——s (,UJPOO)2 A(J:can/Hn,j [poo] (QP/ZP)2 —0.
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Taking kernels with respect to the endomorphism 1 — e, we have

0 Hepoo ppee @ Qp/Zy — Qp/Zp —0
- k P
0 Hpoe pipoo & Qp/ Ly — Qp/Zp — 0,

where the middle vertical arrow is the quotient by the subgroup generated by (¢7,1/p"). Un-
winding the definition of Serre-Tate coordinates as in the proof of Lemma A.3.7, we have
(1 + /) (Afan/Hn ) = ¢ 0

Now we apply Proposition 2.4.14 to rank-p? étale sub-Opg-modules of (Af , ).

Proposition 2.4.15. Let Ry = AY[[t']] and let p' : Spf(Ry) — X, be the morphism char-
acterized by (p')*(A,i,9n) = (A", i, UN). Denote p'*(W,)(Ry) by W.(t'). Then we have the
following:

(i) we can choose a basis {U, h}h>0 of Wi (') such that for any f € HO(Xr,LWn) such that
P (f) = tho Fh(t’)U&h, we have

ZZFh i1+ )Y — 1)phU, .

i=1 h>0
(ii) for any f € HY(X, 1, W,), we have
pUp(Vi(f)) = Vi o Up(f).

(iii) for any f € HO(X,r,10y), if p*(f) = F(t)Uy, then

p—1

P (VUy(f)) = ;ZF@@ 1) = 1)Uy

=0
Moreover, if F(t) € Ry, then %Ef:_ol F(H(1+t)—1) €R.

Proof. (i)By Proposition 2.4.7 and Lemma 2.4.14, a similar argument as in the proof of Propo-
sition 2.4.9 allows us to choose a basis {U]. , }n>0 of W, (¢') such that for each h > 0,

FiES(Upn) = p"Uspe
By Lemma 2.3.25, we have

. LS oo LS
P (Up(f)) = » D UHFP() = » > E(FE)P U
i=1 i=1
Since Fy*(F(t')) = F(¢TH(1 +t)/P — 1), we are done.
(ii) Based on item (i), we can get the equality by a similar argument as in the proof of
Proposition 2.4.10.
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(7i1) As twisting by the diamond operator does not affect Serre-Tate expansion, we may
assume (p)*p*(f) = F(t)U,. Note that (AP) = A/A[p] = (p)A, so applying (i) to (p)*p*, we
have

P

(WD) (U (1)) = ;ZFW +t)1P — 1)U,

i=1

p
P (VU (f)) = ;Zﬂc‘a 1),
=1

= 1ZF(gZ’(l +1) — 1)U,.
pi:l

If F(t) € Ry, then we can view F(t) as a AY-valued measure on Z,, so by Proposition 1.7.6, we

have
p—1

;ZF(Ci(l +1)—1) €R,.

=0

Twists by finite characters

Let (n,r,I) be an adapted triple and ¢, be a fixed primitive p"-th root of unity.

Proposition 2.4.16. Let x : (Z/p"Z)* — W) be a primitive character. If f € H*(X, 1, W,)
such that p*(f) = >0 Fh t)UKh, then we have

F 0 =S S (RGO — Dan

h>0 je(Z/p"Z)*

Proof. Here we use the notations in Lemma 2.3.29. Recall that

Spf(Rzmt) = Spf(Rt) XX in1 j®2n,r+n,l = I—lae(Z/pQ”Z)X Spf(Rt)ea,

where e,’s are index symbols such that b x e, = eq, for any b € (Z/p*"Z)*. Let C C Al be

the level-n canonical subgroup, and {C/}i=1,.. p» be the rank-p?"? étale cyclic Og-submodules of

A’ /C[p"] over (a certain extension of) Ry, indexed in the way such that C; is the pull-back of
H, C A’ over 382, v p 1 to Spf(Ry)er. This convention forces the pull-back of H,, to Spf(Ry)eq
to be C;zj

For a € (Z/p*"Z)* and 1 < j < p", let u; : Spf(Ri)ea — Spf(R:) be the morphism
characterized by u* (Af) (.Af/C)/C’ cand let f2; 0 A — (.Af/C)/C(’ﬂj be the quotient false

isogeny. By Lemma 2.4.11 and Lemma 2.4.14, we have

Wi (Fa(t) = Fa(Gr ™ (L +4) = 1) foui(w) =p'w;  fluj(n) = p™.
By Proposition 2.4.7, viewing e, as the corresponding idempotent in Ry, ;, we have

faz 5
TRy, . /r (X (7) pjnu] (Fr(O)Uxn)ea) = p"X(1)Fr(G7 (1 + 1) = DUs2yn-

Unwinding the definition of 6%, we find that

P (0X(f)

X Fr(G 7 (1 + 1) = 1)Upsoxh-
h=>0je(Z/p"Z)*
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Proposition 2.4.17. Let (; = C,’i%l and let x : (Zp/p"Zyp)* — W, be any primitive character.
Then for any f € HY(X,1,W,), we have

Up(0X(f)) =0,  0XVo(f) = Viyay 0 0X(f).
IfU,(f) =0, then 6X 6X(f) = .

Proof. By Proposition 2.4.5, it suffices to show the equalities in Serre-Tate local coordinates.
Let p’ and ¢’ as defined in Proposition 2.4.15, and assume (p')*(f) = >_j5 Fa(t") U], ;- We have

(") (0X(f XG)FR(CTI (L +1) = DUp oy 4

h=0 JG(Z/p"Z)

p*(Up(0X(1))) = n+1 ZZ Yo XUDFGIAA+) = DUgiayne

h>0 i=0 je Z/an)

To show p*(U,(6X(f))) = 0, it suffices to show that for each h > 0,

Z S XGEGIGA ) 1) =0,

1=0 j€(Z/p™Z)*

For r > 0,if p{r, Ef:_ol =0, while if p | r, Zje(Z/p"Z)X X(j)(,?jr =0, so we have

p—1 p—1
Y. D XGGTE A =+ )
=0

i=0 je(Z/pn2)*

> xiG=o.
Z]p"7Z

JE( )%

By the binomial expansion, we have

p—1

> xWEGIGa+ 1) =0, Vr>0.

=0 je(Z/p2)*
Note that F}(t) is a power series for each h > 0, so we have U,(6X(f)) = 0.

If moreover U,(f)=0, then by Proposition 1.7.6 and Proposition 2.4.15 (i), for each h > 0,

F}, is the Amice transformation of an A0 valued measure pp, supported on Z;. For i € Z/p"Z,
let 1; be the characteristic function of i + p"Zy, and let G(X) := > ;cz/m7, X( )1;. It is easy to
see that G(x)G(x~!) is the characteristic function on Z). So by Proposition 1.7.4 and 1.7.6, we
have

-1
Fi = Aco o, = D) S S 0BG (14 X) - ).

p r,s€(Z/p™7)*
This implies p* (GXA@X( f )) = p*( f ) because we have
() (0¥ 0X(f)) = Z S XX ER(GT () = UL,
h>0r,se(Z/p"Z)*

Assume that p*(f) = > ;50 F}(t)Uxn. Since we have pueiay = fix, both p*(Vi42,0X(f)) and
p*(OXV . (f)) are equal to

XTI+ OF (G (1 +1) — DUkyaxs2,n

h>0 je(Z/pZ)

X ER(G 7 (1 +1) — 1) (pnt2y — M) Usrox42,n41

h20 je(Z/p"2)*
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2.4.3 Continuity of the Gauss-Manin connection

Recall that W/ (t) := p*(W/.)(R;) and W(t) := p*(W)(R;). As in Definition 2.3.12, for each
N >0, V¥ is the iteration

Vi Vi+2 Vitan—2
Wi — Wipo —— Wepg... ———— Weion.

Proposition 2.4.18. Assume that u, € pAY. For any integer N > 1 and f € H°(X, 1, Wy)
such that U,(f) =0, we have

(VP = 1) (p*(f)) € pYW(E) NW(2).

To show this proposition, we need several lemmas. In the following, we will freely apply the
notation of Proposition 2.4.7.

Lemma 2.4.19. For any g(t) € R, and N > 1, we have

N
VN9 Uxn) =D anwn O™ 7 (g(8)Unson,jrn
j=0

with an g p; =147 =0 and for 1 <j <N,
j—1
N} ,
QN,k,h,j = ( ) H(,u,{—h+N—1—z).
17
In particular,
(i) if e € AY, then an o € A] for all 0 < j < N;
(i) if e € pAY, then Ap b € pAY for 1 < j <p.

Proof. Provided with Proposition 2.4.7 (iii), the induction argument in [AI17, Lemma 3.36]
carries over verbatim. O

Lemma 2.4.20. LetU = Uy and V = Y For any a,r,s,j,h > 0, we have

Tz
s—1

Ustaprj = UUspyj, VI(U") = H(r + U2V, (2.4.5)
=0

Moreover, we have the following:

i) if i, v are positive integers such that (p — V)p*~! | r, then U™ — 1 € p' cie. Ul is g
) if i tive int h that 1)pi—! then U™ — 1 € p'W(t -l
well-defined element in W(t);

(i1) for any integer s > 1 and r € N, we can find polynomials P, s ;(U) € Zy|U] such that
VIGU) = > P0GV,
i>max{r—s,0}

where G,.(U) = W. If s > p orp | r, then we can choose P, ;(U) whose

coefficients are divisible by p.
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Proof. The equalities 2.4.5 follow directly from Proposition 2.4.7 and Lemma 2.4.19.
For (i), by the construction of U, it suffices to show that if (p — 1)p*~! | r, then

Pl a" —1,¥a € T™(Ry)(:= 2 (1 + p"Ry)).

Note that (Z/p'Z)* has order (p — 1)p'~!, so if a € Zy, then p’ | a” — 1. Note that for any
1 <j <r, we have p’ | (;)pna, sop'|a —1forac€l+p'R. For any a € Zy (1 + p"Ry),
write @ = ajag with a1 € Z) and a2 € 1 +p"Ry. Asa”" — 1 = (a] — 1)ab + (af — 1), we have
p' | (a” —1).

For (ii), let F(U) :=2(p — 1)(U>®~1) —1)»~1 € Z[U]. Then by Leibniz’s rule, we have

V(2D — 1)
p7’
2(p — )pr(U®=1) — 1)plr=D+r=1772py
= =
=rG,_(U)F(U)U?V.

V(G (U)) =

Inductively, for any integer u > 1, we can find elements P’ .(U) € Z[U] such that

U,

r—1
VHGT) = Y LGV,

i1>max{r—u,0}
Since U? = (U>P~1) —1)U? 4+ U?, we have

2(p — 1V)pr(UP—1) — 1)pr=1y2y

V(G (V) = ~
_ 2(p B 1)Tp(U2(p—l) _ l)prUQV _|_p(U2(p—l) _ 1)pr—1U2V
pr
p(U2e=1) — 1)pr=1)(2e=1) _ 1)p-1y2y

=2p(p — VrG(U)U?V +2(p — 1)r o
=2p(p — 1)G(U)UV +rG,_1(U)F(U)U?V.
Let Sup = 2> max{v—u,0} IZ[U]Gi(U)V*. Note that
VeV = Ve GiU)GG(U) = G (U),
50 SuwSu v C DSyt w40~ The above calculation implies that

vsu,v C Su+1,va pVS(GT(U)) € SS,T

and if p | r, V¥(G,(U)) € S, for any s € N. Since only terms of degree prime-to-p appear in
F(U), there exists F'(U) € Z,[U] such that V(F'(U)) = F(U)U?V. Therefore we have

V(G1(U)) = V(F'(U)) € S11, V(G1(U)) = VI(F'()) € Ss,1.

Now assume s > p. We proceed by induction. The case r = 0 is obvious. For r > 1, assume the
result holds for » — 1. By Equation 2.4.5, we have that if s > p, then V*(F'(U)) € Ss,0, which

implies

> (5)7 GG - TE ) € 5.,

i=p
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If s—i<pand 1 <i<p, wehavep| (}), which implies

]

<S.> Ve Gy (U))VE(F(U)) € Se.
If s — 4 > p, then by induction hypothesis

<3.> VT Gy (U))VA(F'(U)) € S

7

Combining these together, we have

s

> () VU Gyt (V) VI (F!(U)) € S

i=1
Note that for any s > 1, V*(G1(U)) — V*(F'(U)) € Ss,1, so
> (3) 7 G OG0 - T (E ) € S
i=1
By induction hypothesis again, we have V*(G,_1(U))G1(U) € Ssr. By Leibniz’s rule, we have

V(G (0) = Y () TG G)

=0

- Z <S) VG (U))(VH(G1(U)) = VI(F'(U)))

3 () v G wyviEw)
i=1
+V*(Gr-1(U))G1(U),
which implies that V*(G,(U)) € S; . O
For simplicity, we will use the notation g € Ri]p to mean that Zcpzl g(C(1+t)—1)=0.

Lemma 2.4.21. For any r,n € N such that (p — 1)p"~' | 7 and for any f(t) € R;"?, we have

9" (f(t)) = f(#) mod (p").

Proof. Assume that f is the Amice transformation A, of uy. By Proposition 1.7.6, we have
that yy is supported on Z). By Proposition 1.7.4, we have that 0"(f(t)) = Agry,. Note that
for any x € Z;, 2" = 1 mod p', so there exists a continuous function a(z) on Z, such that

x"pg = pg + p'a(z)ps, which implies
I"(f)—f= Agrpy — Apy = Apia@e) = P'Agz) =0 mod p".
]

Proof of Proposition 2.4.18. Clearly we have (VP~1 —1d)NP(p*(f)) € W’(¢). Tt suffices to show
that (VP~1 —Id)MP(p*(f)) € pYW(t). By Proposition 2.4.15 (i), U,(f) = 0 implies that p*(f) =
ano U, p, with F, € RtU”. To show the proposition, it suffices to use the argument in the
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proof of [AIl7, Proposition 3.37] to show that for any f(t) € Rijp, there exists polynomials
9jrN € Rijp [U] such that pV=2"g; . v € Rijp [U] and
(p—1)Np N
(VP —1)MP(f()Usp) = PV D NG U) gi N Un s

j=0 =0

The case N = 0 is obvious. Assume g;, n is chosen for N. Then by Leibniz’s rule, we have

(VP = 1d)" (g5, N Gr(U) Vs t5)

— i(—l)p—s (i) (pis <(p B 1)S> VG (U) VP (g NUp i)

5s=0 z=0 o
=y (1 <p) (pZDS <(p _xl)s> VG UNVET T g Vi)

1 r=1
+ GT(U)(vpil - Id)p(gj,r,NUn,h—l-j)'

By Lemma 2.4.19 and Leibniz’s rule, for any ¢(t) € RtU”, we have

(VPL— 14 (g(t)Upp) = > (—1)P~ (p> VO (g()Us )

S
s=0
» (p—1)s
= (_1)p—5 <S) ZO a’(p—l)s,fs,h,xa(p_l)s_$(g(t))UH,h-i—xUQ(p_l)s

(p—1)s
(_1)pfs <p) Z a(pfl)s,n,h,:pa(pil)87m(g(t))Un,h+xU2(p71)s

=1

# 2 0 (7) 0% g(e) — g0 4 G ()00

By Lemma 2.4.19, it is easy to deduce p | ( )a (p—1)s,m,h,z By Lemma 2.4.21, we can verify
okg(t) € Rijp for any k € N, and p? | (?)(0P~D3g(t) — g(t)) for 0 < s < p. Combining these, we
have

(p—1)s
(vp—l - Id)p(g(t)Un,h) = Z gr(t)Un,thng(p_l)s +p90(t)Un,h +pG1(U)g(t)Un,h

r=1

such that if p¥ | g(t), then p¥*1 | g.(t) for 0 < z < (p—1)s. By assumption, we can write
9jr N = Zy gy,UY with g, € Rg ? such that p™v—2% gy € R,EJ ?. The above argument shows that
pNpN T2 G (U) (VP — 1d)P(gjr ) can be written as

(p—1)p

N+1(pN+1f2jf(T+1)gj7r+1’NGr+1(U)+ Z pN+172(j+m)7rgj+x,r,N+1Gr(U))
=0

D

where

U a(ita)— U
Givaana1 € BT, pNTIRUTO g N ERP, VOS2 < (p— Lp;

N+1)—2j—(r+1)

U, U,
Girr1n41 € R?, pl Gjr+1,N+1 € R;P
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Forany 1 <s<pand 1<z < (p—1)s, by Lemma 2.4.19 and Lemma 2.4.20 (ii), we have

V(G (U)VP V(g5 NUp it j)

r (p—1)s—=z
=( Y P U)GOVH D foll)Uihtjrw)
z>max{r—=z,0} w=0

= Z Pr,:v,z(U)fw(U)GZ(U)UH»h+j+w+$

where P, .(U) € Z,[U] and f,(U) € Rﬁjp [U]. Moreover, pN=2="f,(U) € Rf” [U] and when
x > p, the coefficients of P, . are divisible by p. It is easy to deduce

() (V) Pre@) =Pt

S T

/
for some P,

(U) € Zp|U]. Note that when z > 1, w > 0, z > r — x, we have
N-2j—r=N+1)-2+w+z)—2+Cy;

for some Cy,, > 0. So for each 1 < s <p, 1 <2 < (p—1)s, we have

Py (f) ((p ‘ 1)5) VG0V gy )

S X

ey S ()(“’;”S) Pro e (U) u(0)G(0) U

z>max{r—z,0} w=0

r (p—1)s—z
= PN+1pN+1—2(]+w+:r:)—z Z Z T z Gz GZ(U)f(U>Un,h+j+w+z-

z>max{r—z,0} w=0
This implies that

pN(vp—l _ Id)p(pN_Qj_ng,r,NGr(U)Umh_,_j)
(p—D)pr+1 ’
=p"*! Z ZpN+1_2(J+Z)_yfj+m,y,N+1Gz(U)Un,h+j+x
j=0 y=0

where fitqyNt1 € Rijp [U] and pN+1=20+2)=vf, . nyy for each x,y. Taking summation, we
obtain Proposition 2.4.18. 0

2.5 p-adic iteration of the (Gauss-Manin connection

Recall that ¢ = p if p > 3 and ¢ = 4 if p = 2. Bearing the Serre-Tate local calculations in
mind, we have (for the corresponding statement for modular curve, see Theorem A .4.1)

Theorem 2.5.1. Let K be a finite extension of Q, with ring of integers O . Fix an interval
Iy C [0,00) and an interval I = [0,1] or [p%,p°] for a,b € N, and assume that

ki Zy = A 0: Zy = A g, A ko= AR,®z,0K

are weights satisfying
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(i) there exists c(k) € N such that uy + 2c(k) € pAY;

(ii) for any t € Z,, 0(t) = 0' ()t x(t) for a finite character x : 7y — Oy, a non-negative
integer c(6) > c(k) and a weight 0’ : Z) — (A(I)g,K)X such that

Lo € QA%,K, 0'(t) = exp(polog(t)) V t € Z.

Then we have positive integers v’ > r and v (depending on n, v and p, c(6)) such that for any
g e HO(:{T,LWH)UPZO;

(a) the sequence A(g,0)m =3 7", (_lj).Fl (V](ﬁ_;?(k) - Id)jvc(k)( ) and the sequence

i

m i —1)Ja—1 . .
w= (X AT, - ) v

=0 Jit+ji<m a=1

converge in Hdg™"HO(X, ®z, A1y, W);
(b) the limit

log(VP2L NV (g) = lim B(g,6")m

c(k Mo
vk+2c(k)vk( )(g) = exp(p 1 ke+2c(k) oo

belongs to Hdg‘”HO(%Tg[ ®z, A1y, Wiyoo);

(c) the element

6 _ c(0)—c(k) c(k)
Vi(g) == 9XVk+2c(k)+29/vk+2c(k)vk (9)

is well-defined in HO(X, | ®z, A1y i, Wryop).

Before proving the theorem, we want to point out that the element ¥V 7g gives what we want.
For any specialization ¢ € Z of k, and y € Z of 0, and any f € HO(%T,I, W, )V, let us denote the
specialization of f at z by f,, and the specialization of V¢ (f) at the weight x + 2y by vﬁ(f)w

Proposition 2.5.2. Notations as in Theorem 2.5.1. Let x € Z be any specialization of k,
y' € (p — 1)N be a specialization of x0', and let y := y' + c(0) be the corresponding specialization
of 0. Then for any f € H*(X,.1, W)Y, we have

Vi(fay = VE(fo)-

Proof. By Proposition 1.3.6, the Gauss-Manin connection is functorial, so finite iterations of
Gauss-Manin connections are functorial. By definition, twist by finite characters are functorial.
Moreover, by Proposition 2.4.17, twist by finite character commutes with finite iteration of the
Gauss-Manin connection. Note that ¢ | pg implies ¢ | 3/, so the specializations ¢’ kills x. From
these observation, we are reduced to the case ¢(6) = ¢(k) =0, x =1d, 06 =6 and y € (p — 1)N.
In this case, we have

m i L(1)a—1 . ,
VD =t B0, =3 i M (8 AT S

J1+...+ji<m a=1 Ja

0
The specialization of each B(f,0),, at (x,y) is

m i L(—1)a—1 : ,
B(fatvy)m = Z Zl|( z 1)1’ < Z (H L)(v:(g;—l) - Id)31+m+]a> (f)

j1+...4ji<m a=1 Ja

Using Serre-Tate coordinates, it is easy to show lim,, B(f.,y) = V4f:. As specialization is
continuous with respect to the p-adic topology, we are done. ]
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The rest of this section is devoted to the proof of Theorem 2.5.1.
Proposition 2.5.3. If u,, € pAY, then for any integer N > 1 and g € Ho(f{gf}i,W,{)Up, we have
(VP — 1) (g) € pN HO(X0, W) 1 B0 W)
Proof. This follows directly from Lemma 2.4.5 and Proposition 2.4.18. O
Adapting the idea of [AI17, Proposition 4.4], we have

Proposition 2.5.4. Let (n,r,I) be an adapted triple and s be a non-negative integer. There ex-
ists a positive integer v’ > r (depending onn, r, p and s) such that: for any f € Hdg *H%(X, 1, W)
such that f|3€?rd € HO(%ﬁfld,ajW), we have [ € HO(%W’I,aU/mW).

Proof. Let Spf(R) C X, be an affine open, Spf(R**?) := Spf(R) X%, X9, and
Spf(Ry) := Spf(R) xx,, IGy,1, SpE(RYY) := Spf(R) x o B
Upon shrinking Spf(R), by Lemma 2.3.3, we have
WOR) = R,(Z,Y) — WO(RO) = RO(Z.Y).

Leti=1if p > 3and i = 2if p > 2. By the definition of w"f, we have the following commutative
diagram with injective vertical arrows

s (R) s (Rord)

| |

R; ®A? A —— R?rd ®A? Ar.

Note that by Proposition 2.2.19, 677" (?=D+P" =P ¥ills the kernel of Rn/a?d — RO /ad| so the
kernel of WO(R)/adWO(R) — WO(R) /o WO(RM) is killed by 67" (=1D+P" =P and w*s (R) —
0"/ (R°™) is injective. Combining these, we have the kernel of

W(R)/?W(R) — W(R™)/a/W(R)

is killed by 67" (>=D+" P which implies

sor+1

§IPTT =A== s £ - oW,

Write s = sgj + s1 for sg,s1 € N, and take any ' > r such that

(p—1p" =20 (p— 1) +p" — p+ (p— 1)(s0 + 51)).

On X,/ 1, we have
a € s o 520 =)+ —p+ (= 1) (s0+s1)

)

which implies f € HO(X, 1, al/AW). O

Recall that we have a constant ¢(n) such that V(W,) C Wi

1
Hdge(™)
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Corollary 2.5.5. If u, € pA?, then there exist positive integers v’ > r, v depending on n,r,p,
and there exists a constant ¢ depending on I such that for every integer N > 1 and every
feHY X, W,)Ur=0 we have

Hdg“™M@=1*(vr=1 —1a)N(f) € pN/IHO (%, 1, W) 0 HO(X0 1, W),

and for positive integers h and ji,...,7n such that N = j1 + jo... + jp, we have

n h p—1 _ 14)J:
Hdg“/%(n u)(f) e pN/ELHO (X, 1, W) NV HO (X0 1, W),
Ti=1

Proof. Write N = p[N/p] + Ny. We have
(VPD 1)V = (vP=D —1q)PIN/Pl (g =1 _ 1q)No

Thanks to Proposition 2.4.15, we have Up((V(p_l) —Id)Nof) = 0, so by Proposition 2.5.3, we
have
(V&Y — 1N (f) € HO@, pw).
Note that for any positive integer j, we have
2 J

. p 2 . q J
—1 > pPordy(j);  ordy(=) > ——
(p M+p_1_p0rﬁﬁ,or(ﬂ) ST

so for any h > 1 and positive integers ji, .., jn such that Z?Zl ji = N, we have
R

h
/) = D" 0pl) + vpl(57) = [N/p).
=1

By Proposition 2.5.3, we have

h (VP=1 —1d)7

P )(f) € HO(X{™, [N/p?]W).

Note that HdgN®=DeMm) (ve-1) _1d)N . W/ — W’ is well-defined and that
N(p—1)e(n) < (p = 1)p[N/ple(n) + c(n)(p — 1)* < (p — Dp*[N/p?le(n) + e(n)p(p — 1),
so by proposition 2.5.4 and the fact « | p, there exists positive integer ' > r such that
Hdg*™ =D (VP —1d)N (g) ¢ HO(X 1, olV2PIW) 0 HO(%,0 1, W),

h

p—1 _ 1q)Ji (2.5.1)
Hdge"P(r- 1>q H v D C HY(%, 1, N2 Iwy) 0 HO (%, 1, W),
=1

Note that if I = [0,1], a = p; and if I = [p% p*], @ = T and T?" | p | TP", so by choosing

_{man:HLH

, y=cn)plp—1),
2p1+bfa if [ = [pavpb] ( ) ( )

we get the desired result from the inclusions 2.5.1. O
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Now we are ready to prove Theorem 2.5.1.
Proof of Theorem 2.5.1. By Proposition 2.4.15, we have
Hdg“ ™M™ (g) € HO(%X, 1 ®z, O, Wy yae(r)) P
Thus by Corollary 2.5.5, there exist constants v and ' depending on n, r, p and ¢(k) such that
A(9.0)m, B(g.0')m € Hdg " H"(X,1,1, W),

and {B(g,0)m}m is a Cauchy sequence in Hdg VH®(X, ®z, A, i, W) with respect to the
p-adic topology. Therefore Vg;%(k)v;(k) (9) is well-defined in Hdg " H(X,/ ; ®z, Ar, i, W).
Moreover, it is easy to check that

/ c(k / ok
tx VZ+2c(k)vk( '(g) = (k +2¢(k) + 29/)(t)VZ+2c(k)vk( 'g), Vite Z,.

Note that by Lemma 2.3.3, the action of 7" on W is analytic, so we have

c(k)

Vi oo Vi (9) € HAdg T H (X 1 @2, Aty i, Wiiae(r)+20)

According to Corollary 2.3.30, upon enlarging -, we have

Vilg) € Hdg " HO (%, 1 ®z, Aty i, Wioe).

2.6 Possible applications

We want to briefly mention several possible applications of our results.
The de Rham Eichler-Shimura isomorphisms

The classical Eichler-Shimura isomorphism relates modular forms with modular symbols. As
p-adic modular forms and rigid analytic modular symbols can be put into p-adic families, one
can establish a family version Eichler-Shimura isomorphism in the p-adic setting. In [AIS15],
Andreatta-Tovita-Stevens developed a theory of overconvergent Eichler-Shimura isomorphisms
for modular curves . Later, a generalization of such a theory to Shimura curves over Q was
achieved by Salazar-Gao [GS17].

Let us provide more details about Salazar-Gao’s result. Recall that X := XP(N) is the
moduli space of false elliptic curves with a V;(N)-level structure. Let X (N, p) be the moduli
space of false elliptic curves with a V3 (V)-level structure and an order p?> Og-submodule. Choose
a finite extension K of Q, and denote the absolute Galois group of K by G k. For large enough
rational number w such that p¥ € K, let X(w)/K be the strict neighborhood of X&i defined
by |H| < p. Then the existence of canonical subgroup allows us to identify X (w) with a strict
neighborhood of the connected component of X (N, p)a‘i. Let U C W"8 be an wide open disk
defined over L such that X (w) x U C X, 1 for some r and I. Let Ay be the algebra of bounded
by 1 rigid analytic functions on U and By := Ay ®o, K. Let Ty := Z; x Z;, be the compact
subset of Zg,
Dy be the space of By-valued distribution on Ty, homogeneous of degree x;; for the action of
Z, . Note that Dy has a natural action of the fundamental group I' of X (NN, p)(C). Denote the
push-out of W™ |x )y to X (w) by w"v.

endowed with a natural action of Z; and the Iwahori subgroup of GLa(Z;). Let
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Theorem 2.6.1. [GS17, Theorem 0.1] Assume p > 3. Let h > 0 and assume that U satisfies:
o There exists ko € U(K) such that ko > h —1;
e Both H (T, Dy) and H°(X (w),w*v*2) has slope < h decomposition.

Then there exists a finite set Z C U(C,p) such that for any wide open disk V- C U defined over
K satisfying V(Cp) N Z = 0, there is a finite free AV[%]@)KCp—module, éh, with the trivial

semilinear action of Gx, and a Hecke and Galois equivariant exact sequence

0 — S5"(e- ky) = HY(T, Dy)=hé&xC,
— H(X (w), 0"V T2)Shg e C, — 0.

Here € is the p-adic cyclotomic character of and we view Ky as a character of Gx via €. More-
over, there exists b € By such that the above sequence localized at b splits canonically and

uniquely as G -modules.

We want to mention that Chojecki-Hansen-Johansson [CHJ17] independently gave another
proof of the above theorem using the pro-étale site and the perfectoid Shimura curves introduced
by P. Scholze [Sch13][Sch15].

In the viewpoint of p-adic Hodge theory, the result of Salazar-Gao should be understood as
a Hodge-Tate overconvergent Eichler-Shimura isomorphism. It is natural (also useful) to pursue
de Rham and crystalline overconvergent Eichler-Shimura isomorphisms. Using the results of
[AI17] (recorded also in the Appendix A below), Andreatta-lovita manages to establish de
Rham overconvergent Eichler-Shimura isomorphisms for modular curves. So the results of this
thesis should allow us to establish de Rham Eichler-Shimura isomorphisms for Shimura curves
over Q.

Based on the recent progress on crystalline comparison theorems, in particular a crystalline
nature refinement of the pro-étale site, crystalline Eichler-Shimura isomorphisms should also be
accessible.

Explicit reciprocity law for diagonal classes

Let f, g, h be finite slope p-adic families of elliptic modular forms satisfying reasonable
conditions. Then according to [Urbl4] and [AI17], one can construct a triple product p-adic
L-function £,(f, g, h) whose specializations at unbalanced classical points (k,[,m) interpolates
the algebraic part of the special value of the complex triple product Garrett-Rankin L-function
L(fx, 91, hin, s) at s = W Under the extra assumption that f, g, h are ordinary, using the
overconvegent Eichler-Shimura isomorphism, Bertolini-Seveso-Venerruci [BSV] associate a big
representation V (f, g, h) of Gal(Q/Q) to f, g, h (more precisely, the associated test vectors),
whose specializations at unbalanced classical points (k,l,m) recover the Galois representation
V(fx, g1, hm) associated to fx, g;, hm constructed using the classical Eichler Shimura theory.
They also construct a canonical class k(f, g, h) in HY(Q, V(f, g, h)) (actually, a related Selmer
group) using the Gross-Kudla-Schoen diagonal cycles in the Kuga-Sato varieties fibred over the
modular curve. Under several technical conditions including the Heegner hypothesis, Bertolini-
Seveso-Venerucci showed the following explicit reciprocity law

Theorem 2.6.2. [BSV, Theorem A-B| The image of k(f, g, h) under Perrin-Riou’s big logarith-
m coincides with the triple product p-adic L-function L,(f,g,h). Moreover, for any unbalanced
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classical point (k,l,m), the specialization of k(f,g,h) at (k,l,m) is crystalline if and only if
L(fk,gl,hm, %) = O

Using the results in the thesis, one can construct triple product p-adic L-functions ﬁf (f',g',h)
associated with finite slope families of quaternion modular forms f’, g/, h’ in a manner similar to
[AT17]. By the p-adic Jacquet-Langlands correspondence developed by Greenberg-Seveso [GS16],
hopefully we can choose appropriate B, gB, hB such that [,f (fB,gB hB) and £,(f,g, h) are
the same up to explicit factors. Using the Eichler-Shimura theory for Shimura curves over
Q, hopefully we can generalize the method of Bertolini-Seveso-Venerucci to associate a Gg-
representation V(fB,gB hB) to fB, gB, h®B which satisfies similar interpolation properties.
Then by considering the Kuga-Sato varieties fibred over the Shimura curve, we can construct
the distinguished class #(fB, gB, hB) in H1(Q, V(fB, gB, hB)). Finally using the theory of (¢, T')-
modules, it might be possible to establish an explicit reciprocity law for the finite slope families
fB, gB hB. Consequently, we may relax the Heegner hypothesis and the ordinary assumption
in [BSV] and [DR14], [DR17].

It is also interesting to generalize the study of triple product p-adic L-functions to totally real
number fields F. In this direction, Molina-Salazar [MS18] managed to construct triple product
p-adic L-functions associated with Hida families when p splits completely in F'.

Comparison with the perfectoid approach

Let K be an imaginary quadratic field. Let (f,x,p) be a triple consisting of a cuspidal
newform f (of level I'1(N), weight k > 2), a Hecke operator x of K of infinity type (—k — 7, 7)
adapted to f in a reasonable sense and a rational prime p > 5, inert or ramified in K. Then
based on the p-adic iteration result of Gauss-Manin connection for modular forms in [AI17] (see
also the Appendix A below), Andreatta-lIovita [AI] constructed a Katz-type p-adic L-function
L,(f,x) using an elaborating analysis on the reduction of the supersingular CM points, and
then obtained a p-adic Gross Zagier for Ly(f,x). This result is complementary to the result of
Bertolini-Darmon-Prasanna [BDP*13], where p is required to split completely.

With the help of the trivialization of the Hodge-Tate exact sequence over the perfectoid
modular curve, and the p-adic de Rham comparison theorem, D. Kriz [Kril8] give a new split-
ting of (certain base change of) the Hodge-de Rham exact sequence and a new Maass-Shimura
operator on overconvergent modular forms. Using the local coordinates, the fake Hasse invari-
ants, provided by the Hodge-Tate priod map (and other nice properties of this map proven in
[CS17]), he then showed that this Maass-Shimura operator iterates p-adically, and then obtained
his approximate p-adic L-functions Ly (f,x) from the above triple (f,x,p). Whenk = 2, Kriz
also established a p-adic Gross-Zagier for L,(f, x).

These two approaches have their own advantages. Using the relation between the perfectoid
modular curve and the inverse limit of the partial Igusa tower, hopefully we can compare them
to get a deeper understanding of the whole picture. In particular, we may understand the
non-automorphic nature, pointed out in [AI], of the euler factor at p of Ly(f, x) better.
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A Nearly overconvergent modular forms

In this appendix, we briefly revise nearly overconvergent modular forms. We first recall the

construction of the nearly overconvergent modular sheaf W, of general weight s via applying

the VBMS machinery to the universal elliptic curve over the (appropriately modified) modular

curve.

Then we review the filtration of and the (meromorphic) Gauss-Manin connection on W,; and

discuss Hecke operators, in particular the Uy,-operator, on W,. These two steps largely follow
[AT17, § 3].
Finally, we will study the local behavior of the Gauss-Manin connection and Hecke operator

in Serre-Tate coordinates, and show that the Gauss-Manin connection iterates p-adically.

A.1 The modular curve and partial Igusa towers

Definition A.1.1. Let S be any base scheme.

(iii)

A DR (Deligne-Rapoport) semistable genus-1 curve over S is a proper flat and finitely
presented morphism f : C — S such that for each point s € S, the fiber Cs is either a
smooth and geometrically connected curve of genus 1 or becomes isomorphic to a standard
polygon, i.e. a n-gon, over a finite extension of k(s).

A generalized elliptic curve is a triple (E,+, e) consisting of a DR semistable genus-1 curve
E/S with relative smooth locus E*™, an S-morphism + : E*™ xg E — E and a section
e: S — E%" such that:

(i) the morphism + induces a commutative group scheme structure on E*™ with identity
e.

(i) on each n-gon geometric fiber, the translation action by each rational point in the
smooth locus induces a rotation on the graph of irreducible components.

It is known that for any DR semistable genus-1 curve E/S with all geometric fiber irre-
ducible and any e € E*™(S), there exists a unique + : E*™ xg E — E such that (E,+,¢)
1 a generalized elliptic curve.

let N be a positive integer. A T'y(N)-level structure on a generalized elliptic curve E/S
is a group homomorphism Yy : Z/NZ — E*"[N](S) such that (the closed subscheme
induced by) the effective Cartier divisor Y ey Nzl (a)] is a group subscheme of E*™[N]
which meets all irreducible components of all geometric fibers Es.

Note that for any generalized elliptic curve, the identity component (E*™)? of E*™ is a

semi-abelian scheme.

Given any generalized elliptic curve E with a I'y (V)-level structure ¢ and a closed subgroup
H C E®™ which intersects the image of ¥y trivially, we define the quotient of (E,¥y) by H to
be E/H (provided it is a generalized elliptic curve, for example H has trivial intersection with
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the identity components on non-smooth geometric fibers) equipped with the unique I'; (N)-level
structure ¢, which fits in the commutative diagram

Z/NT.

y Py

ESm ES’TTL /H

When the I'y (IV)-level structure is clear (or irrelevant), we usually omit it in the notation.
According to [KM85, Chapter 8] (see also the introduction of [Con07]),

Theorem A.1.2. We have

(i) Let N > 4. The functor on Z[1/N]-schemes which to S assigns the isomorphism classes
of elliptic curves E/S with T'y(N)-structures is represented by an affine, normal, smooth
scheme Y1(N) of pure relative dimension 1 over Z[1/N].

(ii) Let N > 5. The functor on Z[1/N]-schemes which to S assigns the isomorphism classes
of generalized elliptic curve E/S together with T'y(N)-structure is represented by a proper
smooth scheme X1(N) of pure relative dimension 1 over Z[1/N]. Moreover, Y1(N) C
X1(N) is an open subscheme.

(iii) For N > 5, the cuspidal locus Z = X1(N) —Y1(N) is an étale relative Cartier divisor over
Z[1/N].

One can describe the cuspidal locus explicitly using Tate curves.

Definition A.1.3. The Tate elliptic curve Tate(q) C PZQ((q)) is defined by the inhomogeneous
equation
y? + zy = 23 + B(q)z + C(q)

over Z((q)) where

B(g)=-5Y a3(n)q", C(q) = Z(_5U3(n)12_ 7U‘E’(n))q”, op(n) == > d*"VEk>1n>1.

n>1 n>1 1<d|n

Thanks to the paper [DR73]( see also [Con07, § 2.4]),
Proposition A.1.4. We have

(i) the Tate curve Tate(q™)/Z((q)) extends uniquely to a generalized elliptic curve Tate(q™)
over Z[[q]] with n-gon geometric fiber over ¢ = 0. Moreover, over Z[[q]]:

(a) there is a unique homomorphism pun — Tate(q)*™ lifting un — C{™.

(b) there is an explicit isomorphism of formal groups Gm — Tate(q)) which identifies %

with the canonical differential form 2gﬁy on Tate(q) over Z((q)).

(i) Over Z[1/N, un|, the cuspidal locus is a disjoint union of sections, which is naturally iden-
tified with level T'y(N)-structures of Tate(q) over Z[[¢*/N]][1/N, (n] modulo automorphisms
given by

¢ e g,

where (n is a primitive N-th root of unity.
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Let m: € — X := X;(N) be the universal generalized elliptic curve, 7 : £ — X be the
restriction to the smooth locus and Z = 7~1(Z) be the inverse image of the cuspidal locus Z in
Es™. Then (see for example in [BDP 13, Page 1044]) we have the logarithmic Hodge-de Rham
sequence

0= we = He »ws =0

and the logarithmic Gauss-Manin connection
V' He = He ®0y )z /5 (108(2))

where wg 1= W*Qésm/X(log(Z)) and Hg := Rlﬂ*ﬂgsm/x (log(Z)). By abuse of notation, we will
sometimes denote the universal semi-abelian scheme (£5™)° by £.

A.1.1 Strict neighborhoods of the ordinary locus

In the rest of this chapter, N > 5 will be a fixed prime-to-p integer and prime to p, X (resp.
V) will be the base change of X1(N) (resp. Y1(N)) to Z,, and X (resp. Y) will be the formal
completion of X (resp. Y') along its special fiber. Let & — X be the universal semi-abelian
scheme with universal I'1 (N)-level structure ¢y; let Ha := Ha(€) € H()()A(,g}'g1 ®z, Fp) be the
unique extension of the Hasse invariant of the mod-p reduction of E‘Y (for more details, see
[KMS85, § 12.4]); and let Hdg := Hdg(€) C O be the Hodge ideal generated by the pre-image
of Ha - g?(l_p).

For I = [0,1] or [p%, p’] with a,b € N, we choose a = p if 0 € I and o = T otherwise, and
set Xy := X X Spf(Zy) Spf(A9). Base change &, w := wg, Hg and Hdg to X;.

Definition A.1.5. We define the ordinary locus %‘[’rd to be the formal scheme which associates
to every a-adically complete A(}—algebm R the set of morphisms f : Spf(R) — X such that
f*(Hdg) = R. Moreover, for any integer r € N, we define X, — X1 to be the formal scheme
which associates to every a-adically complete A(}—algebm R the set of equivalence classes of

pairs (f,m) consisting of a morphism f : Spf(R) — X; of formal schemes and an element
n e HO(Spf(R), f*(wPP"™)) such that

anngH = o mod p°.
. . . . 2
Here the equivalence is given by (f,n) ~ (f',n") if f = f" and n = (1 + E-u)n for some u € R.
Analogous to Remark 2.2.11, we have

Remark A.1.6. In fact, %?rd is an open subscheme of X1, X, 1 is an open formal subscheme
of an admissible blow-up of X; and there is a natural map %‘}rd — X1 identifying %‘I’rd as an
open subscheme of X, 1.

Moreover, the adic generic fiber XT[ of X, 1 1s affinoid because, upon replacing Ha by a power
Hapn, we may choose a global lifting Ha of Ha. Then X, 1 is the open subspace of X1 defined by
Ha| > max{|T|, |p|}. As Ha is a global section of an ample line bundle, this implies that X1 is
affinoid.

Parallel to Lemma 2.2.12, we have

Lemma A.1.7. [AIP, Lemma 3.4] For each r > 1, the formal scheme X, is normal and
excellent.
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Recall that a triple (n,r, I) is called pre-adapted if
e I=[0,1],and 1 <n <r;or
o [ =[pp*] fora,beN,and 1 <n<r+a.

Proposition A.1.8. [AIP, Proposition 3.2] For any pre-adapted triple (n,r,I), the universal
semi-abelian scheme & over X, admits a canonical subgroup H, C E[p"] which is locally free of

n

1
rank p" and whose reduction modulo pHdg_ppf1 is ker(F™).

A.1.2 Partial Igusa towers

Fix a pre-adapted triple (n,r,I). As shown in [AIP, Lemma 3.2], since HP = 7Z/p"Z
over X, there is a finite étale Galois cover ZG, ,; over X, parameterizing trivializations
(HY)P = 7./p" 7 over X, 1. Moreover, the normalization of X, r in ZG, , 1 is well-defined and
finite over X, ;. We denote this normalization by J&,, ,.;, and call it the formal partial Igusa
tower of level n over X, ;.

Moreover, note that HP is étale over X, and locally isomorphic to Z/p™Z, so that the
(Z/p"Z)*-action on ZG, , 1 given by defining g * o to be the composition

X
Z)p"2 =% 7.)p" 7 2 7P

for any trivialization o : Z/p"Z = HY and any g € (Z/p"Z)* identifies (Z/p"Z)* with the
Galois group of ZG, ,; over X, ;. By normality, the (Z/p"Z)*-action on ZG, , extends to
J&,, 1. Moreover, since HE is étale over .’fﬁfld, the ordinary locus 3@‘7’52 1= 36,1 ®x, %?rd
is finite étale over X4 with Galois group (Z/p"Z)*.

Parallel to Proposition 2.2.16, we have
Proposition A.1.9. [AIP, Propositions 3.3 & 3.6] For any pre-adapted triple (n,r,I),

(1) the quotient isogeny € — £/Hy induces a finite flat degree-p morphism ¢ : X, 411 — X1
satisfying that ¢*(€) = £/Hy and the reduction modulo pHdg ™" of ¢ is the Froebnius map
relative to A?.

(it) there is a finite (Z/p"7Z)* -equivariant morphism ® : 3&, .1 1 — IS, . 1 which makes the
following diagram commutative:

~ D ~
Jﬁn,r-{—l,[ - Jﬁn,r,l

L,

:{r+1,l :{r,l

As mentioned after Lemma 2.2.18, and stated in [AI17, Remark 2], we have

Lemma A.1.10. Over 38, 1, there exists an invertible sheaf § whose (p — 1)-power is Hdg.
Moreover, the natural morphism 3&1, 1 — X, 1 is flat.

Proof. The existence of § follows from Proposition 1.5.7 as J&; , ; is normal. To show flatness,
for any affine open Spf(R) C X, ; small enough such that over Spf(R), Hdg is generalized by
a local lift Ha of Ha, by the discussion in [AIS14, Proposition 6.2], we know that H{ over R
has the form Spec(R[z]/(zP — Haz)). With these preparations, the argument of Lemma 2.2.18

carries over verbatim. O
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Similar to Proposition 2.2.19, we have
Proposition A.1.11. [AI17, Lemma 3.3 & 3.4] Fiz a pre-adapted triple (n,r,I).

(i) Let v : %gl}d — X1 Jeod, 38,1 be the natural maps. Then for each h € N, the

’7‘7
kernels of

Ox,,/0"Ox, ; = tu(Oxora [0 Oxona); Ose,,, /0" Ose,, ;= 1a(Oggona [ Oygona )

T r+1 L
are annthilated by Hdghp " and Hdghp = respectively.
(i) Letn: 3Gy, .1 — X1 = X1 — X be the composition of natural maps, then the cokernel
of the induced map 17*((2%/2 ) — Q%Qj /A0 is annihilated by a power (depending on n)
P n,r, I
of Hdg.

A.2 The nearly overconvergent modular sheaf

Fix a pre-adapted triple (n,r,I). Let 38, , 1 LA X, 1 be the formal partial Igusa tower of
level n. Let &€ — X, 1 be the universal semi-abelian scheme, H,, C £ be the level-n canonical
subgroup, and Hdg be the Hodge ideal of £. Over J3&,, ,;, we have an ideal § whose (p —
1)-th power is Hdg, and that HP(3®,,, ;) & Z/p"Z. Let s := s, := HT(P,) where P, €
HDP (38, 1) is the universal section. By applying the VBMS machinery in § 1.6.1 to the system
of vector bundles with marked sections (Hg = dwg, Qs 1= dwg,s) with respect to the ideal

n

B, = p”Hdg_%, we have the following commutative diagram

Vg(Hﬁg, s)
Vo(Qe, 8) > 3G 2= Xy

Let T C T be formal groups over X,.; defined by

T(S) =1+4p"(8,)0s C T*(8) == Z; (1 +p"(8,)0s) C Gm(S)

—n

for any formal scheme p : S — X,;. We have natural actions! of 7 (resp. T) on VO(H?S, s)
and Vo(Qe, s) over J&,, ;.1 (resp. X, 1) defined as follows:

i) for any J®,, , ;-formal scheme p: S — 78,1, a point v € V) H ,$)(S) is an Og-linear
(i) i, P s £
map v : p*(Hgg) — Og whose reduction ¥ modulo p*(8 ) sends p*(s) to 1. For any
t € T(S), we define t x v = t~1v. The action of T on Vy(Qe, s) is similar.

(ii) for any X, j-formal scheme u : S — X, j, a point in VO(HQ, s)(S) is a pair (p, v) consisting
of alift p: S — J&,,1 of u and an Og-linear map v : p*(Hi) — Og such that
o(p*(s)) = 1. For any A € ZX with image X in (Z/p"Z)*, we set Ax (p,v) := (Ao p, A" w).
This makes sense because the automorphism A : J&,, . — J&,, . 1 induces isomorphisms

5\*: Qg—)Qg; Hg—)H%

such that modulo 8 , M*(s) = As. The action of 7° on Vy(Qe, s) is similar.

! Our group actions on both the points and functions are different from [AT17, § 3.2] by an inverse.
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We let T act on functions via pull-back, i.e. (t* f)(p,v) = f(t* (p,v)).

Definition A.2.1. Let kg : Z; — A; be the universal character, k1 ¢ be the restriction of Ky
to (Z/qZ)*, and k9 := k(kr )"t

(i) we define "7 to be the coherent Ox, ;-module (gix(Ose,, ;) @0 AD)[(kr,p)™ with i =2
ifp=2andi=11ifp>3.

(it) we define w10 = fi (O s)[(K]) 7], where fi := gnon' = Vo(Qe,s) — Xy g is the
structure morphism.

(iii) we define WY := fO:*(OVO(Hg:,s))KK‘g)_l]’ where fo := gp o : Vo(Hg‘,S) — X, is the
structure morphism.

(iv) we define ! 1= "0 @0, SRS W = W2, R0y, , W

Here the notation [x] means taking x-isotypic components with respect to the (Z/p'Z)* -action
for wrLs and the T -action for other sheaves. When the interval I is clear, we omit it in the

notation.

Note that the local calculations in Lemma 2.3.3, Lemma 2.3.4, Lemma 2.3.5 and Proposition
2.3.7 carry over verbatim if we replace G by £[p*°], so as stated in [AI17, Theorem 3.11], we
have

Theorem A.2.2. Let (n,r,I) be an adapted triple. The filtration Filem.(Oyy s, 5)) nduces a
filtration Filg := gnv*FﬂﬂT*(OVO(Hﬁg,s)) on f07*(OVO(H275)) which is preserved by the action of T.
For every h > 0, we define

Fil,W? := Fil,, fo.(Oy, (i 78))[(#@0)—1]; Fil, W, := Fil, W9 ®0y, , W

Then we obtain an increasing filtration Fily of W,(.go) such that

(i) for each h € N, Fil,W? is a locally free Oz, ;-module of rank h+1 for the Zariski topology
on Xy p;

(ii) for each h € N, we have FiIOW,gO) >~ () gnd GrhW,go) >~ 1p(0) Qo , QE%;

(i) W is the a-adic completions of limy, Fil, W

Moreover, by carrying over the discussion in § 2.3.3, we have the following functoriality
results for W, in the modular curve case.

Lemma A.2.3. Let (n,r,I) and (n,r,J) be adapted triples with J C I, and let W, (resp.
W..7) be the nearly overconvergent modular sheaf defined over X, (resp. X,.5). The natural
map 051 : X, 5 — X, j induces an isomorphism

05 05 (Wh ) =W, ;

and a morphism

HJ,I : eﬁ,l(WH,I) = W/{,J

which becomes an isomorphism after inverting «.
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Lemma A.2.4. Let (n,r,I) and (n',r,J) be adapted triples such that n < n', and let W,
(resp. Wy, 1) be the nearly overconvergent modular sheaf defined with respect to I®,, .1 (resp.
38, .1). Then the natural map 0, ,, : Iy .1 — IB,, . 1 induces isomorphisms

90/ . QZ/VR(WQ’TL) = Wg’n/, Qn/’n N 9:/7n(W,€7n) = Wﬁ,n"

n',n *

Lemma A.2.5. Let (n,r,I) and (n,r',J) be adapted triples such r < ', and let W, (resp.
W, ) be the nearly overconvergent modular sheaf defined over X,.1 (resp. X, 1). Then the
natural map 0,1, : X, 1 — X, 1 induces an isomorphism

0 . px 0 ~ 0
97“/,7“ : er’,r(wn,'r‘) - Wn,r’

and a morphism

Oy Qﬁlvr(wnm) =W,

which becomes an isomorphism after inverting «.

A.2.1 The Gauss-Manin connection on W,

Let ), 1 C X, 1 be the inverse image of Yxspf(zp)Spf(A?) under the structure map X, 1 — X,
Yr.1 be the adic generic fiber of ), s, and let ’Jﬁzml = Q1 Xz, ISny 1. Similar to Lemma

2.2.14, for any pre-adapted triple (n,r,I), there is a finite étale Galois cover Ig;;"r ; of Vg
parameterizing all compatible trivializations

(Z/p"Z)? = PN Z/p"Z= H))
over V1, and the normalization 36;’50 ; of Y1 in IQ::LOT ; is well-defined and finite over ), ;.
Note that by normality, we have
EMP (38}, ) = (Z/p"L)?, H, (38", ) = L/p"Z,

n,r, n,r,I

so by Proposition 1.6.9, the Gauss-Manin connection on Hg induces a connection

. 1
Vi HE - Hio_ . <9

1
< /,0 0
n(,)r,I é j®nv7"1/AI

such that the marked section s is horizontal with respect to V# modulo én By Lemma 1.6.6,
we have a flat connection
1
f. 1ol
VA W*(OVO(HﬁE,S)) %W*(OVO(H;}E’S))@QQJ@/,O /70"

n,r,I

Following the argument in Lemma 2.3.9, we can show that V* descends to a flat connection

~ < oA 1
0. Wyo 0 1
vm : Wf{ - W}f,@oj@%’hl Hdg Qj@%,r,]//\(}’
which is compatible with the flat connection over 365’;?7 I

n,r,

0. wyo 70 & 1
Vit Wy = Wi®0_ o ) Q7 gord /A0 (log(cusps)),
n,r,
so we have a flat connection over J&,, ,. 1, referred to as the Gauss-Manin connection,

~ S0 A 1
Vi Wi— Wg@omn“ Hichggzlmsm,,//\(; (log(cusps))

which satisfies Griffiths’ transversality.
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Convention A.2.6. To simplify notation, we omit the the log poles in the notation when dis-
cussing the Gauss-Manin connections in the rest of this chapter.

By similar arguments as those used in the proofs of Lemma 2.3.10, Lemma 2.3.11 and
Theorem 2.3.8, as stated in [AI17, Theorem 3.18], we have

Theorem A.2.7. Let i =2 ifp=2andi =1 if p > 3, and assume (n,r,I) is an adapted
triple.

(i) The connection Vi on Wg over J&,, . 1 descends to a connection
Ve wo WQ@OMQ;T’I Jaoll/o]
which satisfies Griffiths’ transversality, and the induced Ox, ,-linear map
Gra(V2) : Gy (WO)[1/a] - Gran (WD) @0, | O |/ l1/al
is an isomorphism times with multiplication by p,, — h.

(i4) Tensoring VO with the connection V7 induced by the derivation d : O36,,.; — Qéojm[//&?,

we get a connection
Ve=V2@V/ : W,l/a] > W,i@oxusz;w saoll/al
which satisfies Griffiths transversality, and the induced Ox, ,-linear map
Gri(Vi) : Gra(Wi)[1/a] = Griy1 (W) @0y, Q| /pell/a]
s an tsomorphism times with multiplication by w, — h.

(iii) Let k € N be a specialization of k and denote the specialization of an object along k by a
subscript k. Then we have a canonical identification

(Sym"* (Hg) @p9 Ar[1/a])k = (Fily(W,)[1/a])y

which is compatible with connection and filtration. Here on the left, we consider the Gauss-

Manin connection and the Hodge filtration.

Finally, like the discussion before Definition 2.3.12, with the help of Proposition A.1.11, the
Gauss-Manin connection V. on W, induces a map, which is also referred to as the Gauss-Manin
connection,

VH : WH — er—&-?

Hdge™

for some constant ¢(n).
Parallel to Definition 2.3.12, we define

Definition A.2.8. Let fy: VO(HE, s) = I8, .1 — X, 1 be the structure map. We define
0._ . . o .
WY = f07*0v0(Hg’s), W :=W ®Ox,,’1 "

0,/ .__ 0 0. /. 0,/
WY =W, CW W =W B0y, , 0",
meZ
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Note that for m # m/, Wy, N W9, = (0), so we have a well-defined connection

Vi: W — (@)Wg; Vi Weosom= Vitom.
For each M > 0, we denote the iteration
Vi 1 Vit2 1 Vitom—2 1
W, — mwn+2 — W Kdee- HdgMC(n) Wirom

by Vﬂ/l . When the character k is clear from context, we simply write V, as V.

A.2.2 Hecke operators

In this subsection, we discuss Hecke operators on the nearly overconvergent sheaf W, gen-
eralizing [AI17, § 3.6-3.7]. The Shimura curve counterparts are considered in § 2.3.4.

The Frobenius and the U,-operator
Let (n,r,I) be a pre-adapted triple and let H; C &£ be the level-1 canonical subgroup of

the universal semi-abelian scheme £. According to Proposition A.1.9, the quotient isogeny
[ &= & :=&/H induces a (Z/p"7Z)*-equivariant commutative diagram

I 111 ——> TG, 1 (A.2.1)
I,
%r—&-l,f %7‘,]

where @ is characterized by ®*(€/3¢, . ,) = ;36 o The argument in Lemma 2.3.16 implies

Lemma A.2.9. Let i =2 ifp=2andi=1if p > 3. The diagram A.2.1 induces a morphism
of Ox, ., ,~-modules

Vi ¢f (") — s
which is compatible with connection and becomes an isomorphism after inverting o.

Let H,, 11 C & be the level-n+1 canonical subgroup. Over ZG,,41 41,1, we have the universal
trivialization v,41 @ Z/p"t7Z — HnD+1- Moreover, H/, := Hp11/H; is the level-n canonical
subgroup of & and over J&; +1,041,1> the dual isogeny f': & — & induces an isomorphism
H] =~ H,, so the commutative diagram

207 4 77 L 77 (A.2.2)

l'yn \L’Y;L l'YnJrl
(fHP

HY —— (H},)? L) Hrlz)ﬂ
defines a unique trivialization ~}, : Z/p"Z = (H},)” over IG;,, .. ;. By explicit calculations
using Tate curves (or the result [Con07, Lemma 4.2.3]), we can show 7/, extends uniquely to
LGny1r+1,0- Let ppyin 0 IO,ui1 41,10 — IO, ,41,1 be the forgetful map. We have that the
composition

ts 98yt 2 381 s = I8,

is the normalization of the morphism on adic generic fibers sending (€, vn41) to (€',77,). We
have (for the Shimura curve analogue, see Lemma 2.3.17)
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Lemma A.2.10. Over 36,1411, the quotient isogeny f: € — &' induces an isomorphism

*

— le—>Qg
p

and a commutative diagram

Pri1n(Vo(Qe, 1)) t1(Vo(Qe, sn)) (A.2.3)

\/

j®n+1,r+l,1

|

%r—&-l,l

compatible with the action of Z, (1 +§n+1Ga). Moreover, if (n,r,I) is adapted, then the induced
morphism of Ox, ,-modules VO ¢*(100) = w0 is an isomorphism.

Proof. The claimed result holds away from cusps by a similar but simpler argument as for
Lemma 2.3.17. By an explicit calculation using Tate curves (see Theorem A.1.4), or using the
fancy result [Con07, Lemma 4.2.3], we can extend to the whole X, ;. O

Definition A.2.11. We define V: ¢*(1") — w" to be V° @ V/ and define the V,-operator on
global sections to be

V,: HO(Xps,0") 2 HO(X, i1 g, 6 (07) B HO(X41, 10%).

We can define the Uj,-operator over W,, whose restriction to " is a left inverse of V.
Analogous to Lemma 2.3.19, we have

Lemma A.2.12. Let (n,r,I) be an adapted triple. The dual isogeny f' : & — & over
I8, 11,411 induces a morphism U . WY — ¢* (W) of X,41.1-modules which is compatible
with filtration and connection, and the restriction

w0 = FilgW}, — ¢*(FilgW}) = ¢* (")
is inverse to V.

Proof. The claimed result holds away from cusps by a similar but simpler argument as for
Lemma 2.3.19. By an explicit calculation using Tate curves(see Theorem A.1.4), or using the
fancy result [Con07, Lemma 4.2.3], we can extend to the whole X, ;. t

Definition A.2.13. On global section of W2, the Up-operator is the composition

Trxr+l,1/xr,1

1
HO(Xyi1,0, W) X5 HO (X111, 6%(WY) 2 HO (%1, WO) (= HO(Xy 1,1, W)

On the generic fiber X, 1, we define the Uy-operator as the composition

1
Tr35r+1,1/3€r,1

U1 "
#)HO(XT—H,I’¢ (WH)) -

HO(XT—l—l,I,W/@) HO(XT,IaWn)(_) HO(XT+1,I7WK))'

A similar but simpler argument as for Proposition 2.3.21 shows
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Proposition A.2.14. [AI17, Proposition 3.25] For each m € N, we have
Up(H*(X, 1, Fil,,(W,,))) € H(X, 1, Fil,,,(W,)).

(i) The induced map on the graded piece H(X, 1, Grp,(W2)) is 0 modulo (ﬁgz)h;

(i) for any specialization k € N of k, the identification (Symk(Hg)@JA? Ar[l/a])k = (Filg(We)[1/a])k
is compatible with Up-operators. Here the subscript k means the specialization of the object
along k.

The argument of Lemma 2.3.22 implies the promised result.
Lemma A.2.15. The composition
UpoV,: HYX, 1, w") — H (X, ,10")
1s the identity map.

Analogous to the Shimura curve case, the U, operator can be described using the Hecke
correspondence.

Definition A.2.16. For any positive integer d prime to N, we define (d) : X1(N) — X1(N)
to be the diamond operator sending (E,v¥N) to (E,dyn). Similar definition applies to X, 1, and
by acting on trivializations trivially, we can extend (d) to I&, ;.

Definition A.2.17. Let Z, be the compactification of the adic space Z. 1 over Yrr which
parameterize all subgroups D C E[p| of rank p which intersect the level-1 canonical subgroup
H C €& trivially.

Let p1 : Z2; = Yrr; (€,D) — £ be the structure morphism. We have p; is finite étale of
degree p. Generalizing [Sch15, Theorem III. 2.5(iii)], we have (for the Shimura curve analogue,
see Lemma 2.3.25)

Lemma A.2.18. The map
w: Veprr = Zip € (E/H,Epl/H)

mduces a commutative diagram

i
XrJrl,I = Zr,[

T

Id
Xr,[ - Xr,]

where the upper arrow is an isomorphism whose inverse ps is the unique extension of
22 = Yeprr; (E,D) = (p71)(E/D).
Moreover, the quotient isogeny g: € — E/D on Z. | induces a morphism
P2(Wy) = p1(Wy)
such that the composition

1
1

« =Tr
H( X1 1, W) 25 HO(X, 1 1, ps(W,) — HO (X g, ph(W,)) — HO(X,.1, W,)

coincides with Up.
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Correspondences of degree prime to p

Let € be the universal semi-abelian scheme over X, 7, and ¢n be the universal I'{ (IV)-level
structure on €. Let £ be a rational prime such that (¢, Np) = 1, and &, ; be the compactification
of the formal scheme €7, over ), parameterizing rank-£ cyclic subgroups C of the universal
elliptic £ such that C NIm(¢n) = 0. The structure map p1 : € ; = Yp1, (€, 9N, C) = (E,¢n)
is finite étale of degree ¢ + 1 if (¢, Np) = 1, resp. £ if £ | N. According to [Con07, Lemma 4.2.3],
p1 extends uniquely to a finite flat morphism p; : €, ; — X, ;. Analogous to Lemma 2.3.26, we
have

Lemma A.2.19. Let C C E[{] over € ; be the universal rank-{ cyclic subgroup and let €, ;.1 :=
IG, 1 X%, 1.p1 C,.1. The quotient isogeny f : € — E/C over € ; induces morphisms py @ &1 —
Xr1, p2n: Cupg — IO, 1 such that we have the following commutative diagram

Pr(Vo(HE, 5,)) — Vo(HE, 5,,)

p{(VO<QS7 Sn)) — V()(QS? Sn)

pP2,n

Q:n,r,I 367177”7]

p2

Qtr,]

X1,
which is compatible with T*%-actions and induces a morphism of Okg,.,-modules
[ pa(We) — pi(Wy)
compatible with connection and filtration.
Since p; is finite flat, the trace operator Tr),, is well-defined.
Definition A.2.20. For rational prime £ # p, we define the Hecke operator Ty to be the com-
position
HO, W) T B, 1,3 (W) £ HO(€ 1,1 (W) 2% HO(X, 1, W,

Twists by finite characters

Fix a pre-adapted triple (n,r,I). Let £ be the universal generalized elliptic curve and
H,, C & be the level-n canonical subgroup. Let f: &€ — £ := £/H, be the quotient isogeny and
'+ & — & be the dual isogeny. Let H], C £ be the level-n canonical subgroup. Over 9,11,
we have H/! = ker f’. Moreover, since f’ induces an isomorphism H,, = H,, and f o f' = p", we
have &'[p"] = H]! x H], and the Weil pairing induces an isomorphism

~ 77D ~ D
Over 383, .1, 1, the section ' : Z/p"Z — H;P = H” defined by the diagram A.2.2 induces

maps
s:Z/p"Z — HY!, P H) — .
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Let K/Q, be any finite extension containing all p"-th roots of unity with ring of integers in
Ok and base change X, 1, 38, from Z, to Ok (but we do not change the notation). Note
that a fixed p™-th root of unity ¢ determines an isomorphism

Z/an = Hom3®2n7r+n,1 (Z/ana :up”)a j — (] = CJ)
Similar to Lemma 2.3.28, we have
Lemma A.2.21. [AIl7, Proposition 3.26] Over 3&3, , ., |, the map
n: Hom(H]!, H)) — Hom(Z/p"Z, jipn) = Z/p"Z, g+ sP ogos

s a bijection.

Over 385, ..., 1, for any j € Z/p"Z, let p; : Hy — Hj, be the morphism such that n(p;) = j,
and let

H, = (p; x1d)(H))) C H), x H)] = E'[p"].

Clearly we have H,, x H;, = E'[p"]. Set £ := &'/H,;. The quotient map f; : & — £} induces
an isomorphism between H;, and its image H), ; := fi(H,,), which implies that H), ; C & is the
canonical subgroup of £]. Note that H), ; is the kernel of the dual isogeny &£ — &', so we have
Hdg(é’]’-)pn = Hdg(&’) = Hdg(€)P", which implies Hdg(€7) = Hdg(€).

For each j € Z/p"Z, let t; : 385, ., — IG; ., be the normalization of the morphism
2G5 r4n,1 = LG, pnr which sends (£,72n) to (€],7;), Where 72, is the universal trivialization
of HY and 7} is the unique trivialization of (H;LJ)D such that fj{’D('y}) = +/. By a careful

analysis of cusps using Tate curves, we can extend t; : 3&3, ., r — JI&, ., ; uniquely to

t;: j®2n,r+n,l - jQﬁn,r+n,I-

Let pr : 38,401 — Xrin1 be the forgetful morphism for k£ € N (if meaningful) and v; be
the composition

~ tj ~ Pn
J®2n,r+n,] — qun,r—l-n,f — x'r—l—n,l-

By a similar argument as for Lemma 2.3.29 and a careful study of cusps using Tate curve (see
Theorem A.1.4), we can show

i
Lemma A.2.22. For an adapted triple (n,r,I), the isogeny f; : & EN JOLEN S]’- over 363, 1
defines a morphism of Oze,, ... -modules

£ vi (W) — ph, (W)

which preserves the filtration Fil4W, and the Gauss-Manin connection V°. After inverting o,
fj induces a morphism

£ 5 O W] > P (W)L

which preserves the filtration FileW, and the Gauss-Manin connection V.
Let x : (Z/p"Z)* — (As[¢])* be any primitive character and g(x) := 3¢ (z/pnz) > x(4)¢7 be
the associated Gauss sum. Following essentially the argument in the proof of Corollary 2.3.30,

Corollary A.2.23. By taking global sections, we get a morphism

9O ezypnzyx X6 F50))

ox - HO(XT’—HL,I; WH) HO(Xr+n,17 p2n,*p;n(wn+2x))

1
Tr
p2n 0
» H (XrJrn,Ia Hn—i—Qx)

which preserves the filtration Fil,.
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A.2.3 Comparison with other constructions of the overconvergent modular sheaf

Let (n,r,I) be a pre-adapted triple. In [AIP, § 5.2], the authors construct a formal scheme
fnt Snr1 — I, 1 which represents the functor

SpE(R) = {(P,w) € (Hy (R) — Hy [p" '](R)) x wg(R) : HT(P) =w in Qg/p"Hdg_%}

from the category of affine formal schemes Spf(R) — X, ; where R is a-adically complete and
a-torsion-free to the category of sets, and define the 7%*(R)-action on §y ,1(R) by

(Ax) % (P,w) = (AP, \zw), VYV Xe€ Z;, z € T(R), (P,w) € Fnri(R).
The authors also define the modular sheaf
W0 := (gn © fn)*ogn,w-,l[(ﬁo)il}v Wy = Wgr0 ®O3€r,1 "

for the universal character xy : Z; — A?, where g, : 38, , 1 — X, is the structure map.

By [AIP, § 6.8], when restricted to A} 1, 1y, is a locally free Oy, ;-module sheaf whose global
sections are overconvergent p-adic families of modular forms defined in [Pil13, § 5.1]. The Hecke
operators away from p on tv,, are defined in [Pill3, § 4.1] and the V},— and Up,-operators on to,,
are defined in [AIP, § 5.4.4] and in the discussion before [AIP, Proposition 6.10]? respectively.
According to [AI17, Lemma 3.7], we have

Lemma A.2.24. Let (n,r,I) be a pre-adapted triple. There is a canonical isomorphism between
Vo(Qe,s) and Fpnr1 which is compatible with the T -actions. As a corollary, we have an
isomorphism of Oz, ;-modules w"! = o, which is compatible with Hecke operators.

Proof. For the isomorphism part, an argument analogous to Lemma A.2.24 works.
For the compatibility of V- and U,-operators, it suffices to note that we have a commutative
diagram
Vo(Qe, snt1) —p* (Vo(Qe, sn)) — 11 (Vo (e, 5n))

| :

S’n—&—l,r—s—l,l tT (S’n,r,I)

IR

where the upper horizontal arrows are defined in Lemma A.2.10 and the lower horizontal arrow
is constructed in [AIP, § 5.4.4].

For the compatibility of Hecke operators away from p, using the notation in Lemma A.2.19,
it suffices to note that the isogeny £ — £/C over €, , 1 induces a commutative diagram

pi(Vo(Qe; 8)) —=p5(Vo(Qe, 9))

l~ l~

pf (Sn,r,]) ~—— p; (Sn,r,[)
where the two horizontal arrows are isomorphisms when restricted to the generic fibers. O

Note that for each n € N, 3(’5?:?’ ; is a finite étale Galois cover of X¢*d with Galois group
X . ~Ngyord . H ~qgsord
(Z/p"Z)*,som: TG I&ano J6))

ol = P X974 is well-defined and equipped with an action

of Z,. Moreover, the argument in Proposition 2.3.32 implies the following integral version of
[Pil13, Proposition 6.1].

2 Tt seems that the definitions of Uy,-operator in [Pil13] and [ATP] differ by the diamond operator (p).
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Proposition A.2.25. There is a canonical isomorphism

o0 = T (Oyord (D).

‘}Cord oco,r, I
r, I

We remark that at least another two equivalent constructions of overconvergent modular
forms are available, one in [AIS14] in the spirit of test objects, and another one in [CHJ17,
Theorem 1.1] using the perfectoid language.

A.3 Expansion in Serre-Tate coordinates: the modular curve case

Let k = F, and W = W(k) be the associated ring of Witt vectors. Fix an ordinary elliptic
curve A/k together with a I';(IN)-level structure 1y, and a basis P € T,A = T,AP. Let R
be the deformation space of A/k and A/R be the universal deformation of A/k. By setting
t:=q(A/R;P,P) —1¢€ R, we have R = W|[[t]]. Let P be the dual basis of P and

Wean = HT(P) €Wy, MNean = U(Pt) € Ha.

According to Theorem 1.4.8, {wcan, Mean } is a basis of H 4 and

v Wean _ 0 leg(l + t) Wean
T]Cal’l 0 0 ncan

Note that the pair (A/k,vy) corresponds to a point = € X (k), so by adapting the argument for
Lemma 2.4.3, we have

Lemma A.3.1. There exists a canonical isomorphism Ox QW = W/[t]].

Convention A.3.2. In this section, we will base change X = X1(N), X, X1, 38,1, A(IO)
from Zy,, to W, and denote them using the same notation.

Equip W[[t]] with the p-adic topology and R; = A%[[t]]. Thanks to Lemma A.3.1, since W{[t]]
is p-adic complete, we have morphisms

p: Spt(W[t]]) = X, Spf(R;) — X9"4(— X,.; Vr € N)

characterized by p*((€,vn)) = (A, ¥y). Denote p*(10"), p*(Wi)(Ry), p*(W)(R:) by tof(t),
Wy (t), W(t) respectively. Analogous to Lemma 2.4.5, we have

Lemma A.3.3. The evaluation maps
HY(X1, W) — Wo(t), HOXFW) — W(),
HO(XF, W/pNW) — W(t)/p"W(t), VN=>1.
are injective.

Proof. Note that 3o

-1 18 geometrically irreducible, see for example in [Hid12, Theorem 3.3],

SO we can use precisely the same reasoning as in the proof of Lemma 2.4.5. O
We will use the following notation in the rest of this section:

e A/k will be a fixed ordinary elliptic curve with T';(N)-level structure ¢y and universal
deformation (A/R, ¥y);
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P € T,A(k) will be a fixed generator and P! will be the dual basis of P;

1+t :=q(A/R; P, P), wean := HT(P), and necan := n(P?);

o Ry := AJ[[t]], Ry := Ry ®y0 Ay, and p : Spf(R;) — X9 — X,; will the morphisms
characterized by p*(€,¢¥n) = (A, Uy).

o W (t) := p"(w")(Ry), Wi(t) := p"(Wi)(Re), W(t) := p"(W)(Ry).

Recall that (Hﬁg, (¢, s) is the system of vector bundles with marked sections associated to £ over
J&,,», 1 with respect to the ideal @n By considering the level-n canonical subgroup C,, C A, we
can show that Lemma 2.4.6 and Proposition 2.4.7 hold in the modular curve case using almost
the same argument.

Let ¢ be a rational prime such that (¢,p) = 1, and let ay = ¢ if £ | N, ap =¢+1if £ 1 N.
Let {Dj}j=1,.q, be the set of rank ¢ group subschemes of A/k which intersect Im(vy) trivially.
Each D; deforms uniquely to a rank-¢ group subscheme D; C A such that D;NIm(¥y) = 0. Let
(A/Dj, ;) be the quotient of (A/k,n) by Dj, and let (A;/R;, ¥;) be the universal deformation
of (A/Dj, ;). Then A/D; over R induces a morphism

Gj : Spf(R) — Spf(Rj); G;(A]) = A/D]
Then similar to Lemma 2.4.8, we have

Lemma A.3.4. Let
gj: A— A/Dj, g;- : A/Dj — A
be the quotient isogeny and its dual over R, let P; € Tpfl/Dj(k:) be the unique element such that
95(Pj) = P with a dual basis P, and let
Wean,j := HT(P}), Ncan,j := n(P;), 1+tj:=q(Aj/Rj; Pj, Pj) € R;.
Then we have

* * * * * 1
g; (Gj (Wcan,j)) = Wean;  gj (Gj (Ucan,j)) = {Mecan, Gj(l + tj) =(1+1)e.

Proof. As g; 0gj=g;o g;- =/, both g; and g;- induce isomorphisms on Tate modules, so P; is
well-defined and g} (P}) = ¢P".
By the functoriality of the Hodge-Tate map, we have the following commutative diagram

Tp(A/D;) (k) w4,

lgz ig;

T, A(k) — 0y,

so that we have g7 (Wean,j) = Wean and dually, g;(ncan,j) = INcan. By Theorem 1.4.5 (iii), we have
" 1
Gj(1+1)) = g(A/D;/R: Pj, P)) = q(A/D;/R;: 5g;(P), ;)
1 1
= 4(A/R; 5 P.g;(F;)) = a(A/R; ; P, P)

:(1+t)%
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Given Lemma A.3.4 and Proposition 2.4.7, by carrying over almost the same argument, we
can show Proposition 2.4.9 holds in the modular curve setting.
Let C C A be the level-1 canonical subgroup. The quotient isogeny

fo A= A/C
is a lift of the Frobenius morphism
F: A— AW,

Let (A®), w](\z;)) be the quotient of (A/k, ¥x) by Ker(F), and let (A®) /R®P), \Ilgf;)) be the universal
deformation of (A®) 1/1](\2;)). Then we have a morphism ¢ : Spf(R) — Spf(R®) characterized
by ¢*(AP) = A/C. Since A/k is ordinary, we have an isomorphism F : T,A(k) = T, AP (k).

Lemma A.3.5. Let Q := F(P), Q' be the dual basis of Q and

L) = (AP /R Q.Q), wlf) = HT(Q), )= n(Q).

We have
P (L+tP) = (1L+t)P,  f56" (W) = pwean,  £5¢"(1EL) = Tcan.

Proof. Let V: A® — A be the Verschiebung map. By Theorem 1.4.5, we have

¢*(1+ 1) = ¢*(q(AP/RP); Q,Q)) = q(A/C/R; F(P), Q)
—q(A/RPw )) = a(A/R; P,pP) = (1 + t)P;

oo™ Q) = HT(V(Q)) = pHT(P) = pucan;

fo6" (&) = n(F*(Q") = n(P") = Tcan-

O

Given Lemma A.3.5 and Proposition 2.4.7, essentially the same argument shows Proposition
2.4.12 holds in the modular curve setting.

Fix a primitive p”-th root of unity ¢,, set W,, := W/[(,], and let (1 +¢)P"" be a p"-th root
of 1 4+¢.

Proposition A.3.6. Let C,, C A be the level-n canonical subgroup. Then the connected-étale
exact sequence
0—Cp— Ap" = CP —0 (A.3.1)

admits p" different splittings over W [t]][Cn, (1 4+ )P "]

Proof. We sketch an argument here for completeness and refer to [Hid13, Proposition 6.51] for
details. Note that for each n > 1, we have isomorphisms

nP i Co=pn, n: Z/p"Z=CP.

A splitting of the sequence A.3.1 is equivalent to a lift y € A[p"] of 77(])—1,1). Let z,, € A[]p™]
be a lift of n(pim) for each m > 1. By the construction of Serre-Tate coordinates, (up to the
isomorphism 7”) we may view 1+t as lim,, p"x,, so we have y?" = 1+ ¢. From this, we know
all splittings of sequence A.3.1 happen over W{[t]][C,, (1 + )P "].
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Consider the canonical deformation Aca,/W of A/k, i.e. the deformation corresponding to

t = 0. Then Acan has complex multiplications, so we have a canonical splitting of the connected-
étale sequence

0 = Cpcan — Acan[p"] — CP

n,can

By Proposition A.2.21, for each i € Z/p"Z, the morphism

— 0.

Z)p"L — ppn; 1 G
induces a homomorphism p; : CP,

n,can

Cri=TIm(Id x p; : CP = CF oy X Crican = Acan[p"])-

— Chcan- Let

Then C,,; are all the cyclic étale subgroup of Acan[p"] of rank p™.
To complete the proof, we note that by Hensel’s lemma, the map

WS L+ "] = Wes 0
induces a 1 — 1 correspondence between rank-p™ étale group subschemes of A[p"] and Acan[p"].

O]

Note that A[p"] & pn @ Z/p"Z. Let (A’, 1) be the quotient of (A4,9x), and let (A'/R’, V)
be the universal deformation of (A’,9’;). Let C; C A be the étale subgroup corresponding to
Chi C Acan and (A/C;, ¥;) be the quotient of (A, ¥y) by C;. The pair (p~1)(A/C;, ¥;) over
WI[t]][Cn, (1 + )P "] induces a morphism

Fy+ SpE(WH][Ga, (1 +6)P"]) — Spf(R)
characterized by Ff (A", ¥%) = (p~1)(A/Ci, ¥;). Note that the quotient isogeny f : A — A’
induces a morphism f : T,A(k) — T,A’(k) which is an isomorphism times multiplication by p".
Lemma A.3.7. Let Q = %, Q! be the dual basis, and
1+t = q(A//R/; Q, Q)’ wéan = HT(Q)7 néan = n(Qt)'
Then we have
Fr(L+¢)Y" =1+t Ff(1+t)|=0=¢"
Let fi: A — AJC; be the quotient isogeny. Then we have

fz‘*Fi* (wéan) = Wecan; fi*Fi* (Uéan) = pnncan-

Proof. All can be shown by similar arguments as for Lemma A.3.4 and Lemma A.3.5 except the
statement F*(1+¢')|=o = (=%, which was first shown in [Brall, Proposition 7.2]. We sketch an
argument here for completeness.

Over W,,, we have the following commutative diagram:

0 Hpee Acan[p™] = ppee © Qp/ Ly —= Qp/Zy — 0
= lfi lp"
0 Hpoe Acan/Cn,i [POO] QP/ZP - 0’
so fi(1/p"*t™) is a lift of me in Acan/Chni[p™]. By the definition of Serre-Tate coordinates, we

have
Ff(1+t)|=0 = (1 +t')(Acan/ Hp) = lig p™ fi(1/p" ™) = fi(1/p"),

which is ¢, ¢ because C,,; is generated by (¢%,1/p"). O
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Given Lemma A.3.7, we can show Proposition 2.4.15 and Proposition 2.4.16 in the modular
curve setting by essentially the same argument.

With these preparations, by carrying over the arguments for Proposition 2.4.10, Proposition
2.4.15 and Proposition 2.4.17, we can show

Proposition A.3.8. For any finite character x : Z, — W3 and any f € HY(X,.1,W,), we
have

pUp(Vn(f)) =Vyo Up(f)? Ty oVi(f) =VieoTy(f); 0XVu(f)= Vitay © 0x(f).

Recall that for each N > 0, VV := Vév is the N-th iteration of V. Since Lemma 2.4.19,
Lemma 2.4.20 hold in the modular curve setting and by the argument of Proposition 2.4.18, we
have

Proposition A.3.9. Assume u, € pAY. Then for any N € N>y and f € HO(.’{M,WH)U”, we
have

(VP = 1) (p*(f)) € PV W(t) NW(2).

At the end, we would like to mention that the behavior of the Gauss-Manin connection on
g-expansions of nearly overconvergent modular forms is considered in [AI17, § 3.9] and [Urb14, §
3.5.2], and a detailed discussion of twists of p-adic modular forms by Dirichlet characters in
g-expansion is contained in [Gou06, § 3.6].

A.4 p-adic iteration of the Gauss-Manin connection

Slightly generalizing [AI17, Theorem 4.6 & 4.13], we have the following theorem concerning
p-adic iteration of the Gauss-Manin connection on nearly overconvergent modular forms. (For
the Shimura curve analogue, see Theorem 2.5.1.)

Theorem A.4.1. Let K be a finite extension of Q, with ring of integers Ok . Fix an interval
Iy C [0,00) and an interval I = [0,1] or [p®,p°] for a,b € N, and assume that

k: Z;; — A, 0: Z; — A;e,K’ AI@,K = A19®ZPOK
are weights satisfying that
(i) there exists c(k) € N such that uy + 2c(k) € pAY;

(ii) for any t € Z;, 0(t) = 0' ()t Ox(t) for a finite character x : 2y — O, an integer
c(0) > c(k) and a weight 0" : Z; — (A(}(%K)X such that

pe € qA?g’K, 0'(t) = exp(polog(t)) V t € Z;.

Then we have positive integers r' > r and v (depending on n, v and p, c(6)) such that for any
g€ HO(:{T,LWH)UPZO;

(a) the sequence A(g,0)m = 377", Hjﬁ(v,%”( B~ Id)JVC(k)( ) and the sequence

i

m i _1\ja—1 . .
Z% Ko < DY )(V;(fl_zlc)(k)—Id)“'””“)VZ(k)(g)

i=0 j1+...+ji<m a=1 Ja

converge in Hdg™"HO(X, ®z, A1y, W);
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(b) the limit

/ c(k e — c(k .
V1 ey Vi (9) = exp(-2 og(Vh 5 o DV (9) = Tim B(g,0 )

p—1 m—00

belongs to Hdg*'yHO(%wJ ®z, M1y s Wiyop);

(c) the element

c(0)—c(k / c(k
Vilg) = Hka::-)Qc(k()-‘,)-%’VZ-‘,-Zc(k)vk( '(9)

is well-defined in HO(XT/J ®z, Ay i, Wii20).

Proof. The argument is analogous to that of Theorem A.4.1. Namely, first we combine Lemma
A.3.3 with Proposition A.3.9 to show the modular curve analogue [AI17, Proposition 4.3] of
Proposition 2.5.3. Secondly, with the help of Lemma A.1.11, we can show that Proposition
2.5.4 and Corollary 2.5.5 hold in the modular curve setting using essentially the same argument.
Finally, since the action 7% is analytic, with the help of Proposition A.3.8, we complete the
proof. O

For any specialization x € Z of k, and y € Z of 0, and any f € HO(X,, W;)Y, let us
denote the specialization of f at z by f,, and the specialization of Vz( f) at the weight = + 2y
by VY (f)z,y- Then as Proposition 2.5.2, we have

Proposition A.4.2. Notations as in Theorem A.4.1. Let x € Z be any specialization of k,
y' € (p— 1)N be a specialization of x0', and let y := y' + ¢(0) be the corresponding specialization
of 0. Then for any f € H%(X,.1, W)Y, we have

Vi(Fay = VE(fo)-



[AI17]

(AT]
[ATP15]
[ATP]
[AIS14]
[AIS15]

[Aut14]
[BBMOG6]

[BDP*13]

[Bos14]
[Brall]

[Bral3)]
[Bro13]
[BSV]
[Buz97]
[CHJ17]

[CO09]
[Col04]
[Col97]

[Con07]
[CS17]

[DR14]

Bibliography

F. Andreatta and A. lovita, Triple product p-adic L-functions associated to finite slope p-adic families
of modular forms, with an appendiz by Eric Urban, Arxiv Preprint (2017), available at 1708.02785v1.
tiv, 2, 5, 27, 29, 30, 31, 53, 56, 76, 93, 96, 99, 102, 103, 105, 108, 109, 110, 112, 113, 115, 117, 118,
123, 124

_, Katz type p-adic L-functions for primes p non-split in the CM field and their p-adic Gross-
Zagier formulae, In preparation. 12, 103

F. Andreatta, A. Iovita, and V. Pilloni, p-adic families of Siegel modular cuspforms, Annals of Math-
ematics (2015), 623-697. 127

, Le halo spectral, To appear in Ann. Sci. ENS. tiv, 2, 25, 26, 27, 34, 35, 47, 49, 50, 51, 52, 59,
79, 107, 108, 118

F. Andreatta, A. Iovita, and G. Stevens, Overconvergent modular sheaves and modular forms for GLy 7,
Israel Journal of Mathematics 201 (2014), no. 1, 299-359. 11, 79, 108, 119

, Owerconvergent Eichler-Shimura isomorphisms, J. Inst. Math. Jussieu 14 (2015), no. 2,
221-274. MR3315057 1101

S. P. Authors, Stacks project (2014). 147

P. Berthelot, L. Breen, and W. Messing, Théorie de Dieudonné cristalline 11, Vol. 930, Springer, 2006.
117, 18, 21

M. Bertolini, H. Darmon, K. Prasanna, et al., Generalized heegner cycles and p-adic Rankin L -series,
Duke Mathematical Journal 162 (2013), no. 6, 1033-1148. 11, 103, 107

S. Bosch, Lectures on formal and rigid geometry, Vol. 2105, Springer, 2014. 16, 7

M. Brakocevié, Anticyclotomic p-adic L-function of central critical Rankin—Selberg L-value, Interna-
tional Mathematics Research Notices 2011 (2011), no. 21, 4967-5018. 1122

R. Brasca, p-adic modular forms of non-integral weight over Shimura curves, arXiv preprint arX-
iv:1106.2712 (2013). 151, 53, 79

E. H. Brooks, Generalized Heegner cycles, Shimura curves, and special values of p-adic L-functions,
Ph.D. Thesis, 2013. MR3356751 124, 82, 86, 88, 89

M. Bertolini, M. A. Seveso, and R. Venerucci, Reciprocity laws for diagonal classes and rational points
on elliptic curves. 17102, 103

K. Buzzard, Integral models of certain shimura curves, Duke Mathematical Journal 87 (1997), no. 3,
591. 140, 41, 42

P. Chojecki, D Hansen, and C Johansson, Owverconvergent modular forms and perfectoid Shimura
curves, Documenta Mathematica 22 (2017), 191-262. 134, 79, 102, 119

C.-L. Chai and F. Oort, Moduli of abelian varieties and p-divisible groups (2009). 120
P. Colmez, Fontaine’s rings and p-adic L-functions, Lecture notes (2004). 132, 33

R. F Coleman, p-adic Banach spaces and families of modular forms, Inventiones mathematicae 127
(1997), no. 3, 417-479. 11

B. Conrad, Arithmetic moduli of generalized elliptic curves, Journal of the Institute of Mathematics of
Jussieu 6 (2007), no. 2, 209-278. 1106, 113, 114, 116

A. Caraiani and P. Scholze, On the generic part of the cohomology of compact unitary Shimura varieties,
Ann. of Math. (2) 186 (2017), no. 3, 649-766. MR3702677 1103

H. Darmon and V. Rotger, Diagonal cycles and Euler systems I: A p-adic Gross-Zagier formula,
Annales Scientifiques de I’Ecole Normale Supérieure, 2014, pp. 779-832. 11, 103


1708.02785v1
http://www.ams.org/mathscinet-getitem?mr=3315057
http://www.ams.org/mathscinet-getitem?mr=3356751
http://www.ams.org/mathscinet-getitem?mr=3702677

BIBLIOGRAPHY 126

[DR17]

[DR73]

[Eme07]

[Far10]

[FC13]

[Gou06]

[GS16]

[GS17)

[Har13]
[Hel18]
[Hid12]

[Hid13)
[Hub94]

[HX14]

[Kas04]

[Kas99]
[Kat77]

[Kat81]
[KL16]

[KM85]
[KOG8]
[Kril8]
[Lan13]
[MesT2]
[Milos]
[MMO6]

[Mor11]

, Diagonal cycles and Euler systems II: The Birch and Swinnerton-Dyer conjecture for Hasse-
Weil-Artin L-functions, Journal of the American Mathematical Society 30 (2017), no. 3, 601-672.
1103

P. Deligne and M. Rapoport, Les schémas de modules de courbes elliptiques, Modular functions of one
variable II, 1973, pp. 143-316. 1106

M. Emerton, Locally analytic representation theory of p-adic reductive groups: A summary of some
recent developments, London mathematical society lecture note series 320 (2007), 407. 135

L. Fargues, La filtration de Harder-Narasimhan des schémas en groupes finis et plats, Journal fiir die
reine und angewandte Mathematik (Crelles Journal) 2010 (2010), no. 645, 1-39. 152

G. Faltings and C.-L. Chai, Degeneration of abelian varieties, Vol. 22, Springer Science & Business
Media, 2013. 114

F. Q Gouvéa, Arithmetic of p-adic modular forms, Vol. 1304, Springer, 2006. 1123

M. Greenberg and M. Seveso, p-adic families of cohomological modular forms for indefinite quater-
nion algebras and the Jacquet-Langlands correspondence, Canad. J. Math. 68 (2016), no. 5, 961-998.
MR3536925 1103

S. Gao and D. B. Salazar, Overconvergent Eichler-Shimura isomorphisms for quaternionic modular
forms over Q, Int. J. Number Theory 13 (2017), no. 10, 2687-2715. MR3713098 1101, 102

R. Hartshorne, Algebraic geometry, Vol. 52, Springer Science & Business Media, 2013. 16
N. Held, Fundamental groups of schemes (2018). 149

H. Hida, p-adic automorphic forms on Shimura varieties, Springer Science & Business Media, 2012.
183, 119

, Elliptic curves and arithmetic invariants, Springer, 2013. 1121

R. Huber, A generalization of formal schemes and rigid analytic varieties, Mathematische Zeitschrift
217 (1994), no. 1, 513-551. 16, 8, 9, 10

R. Harron and L. Xiao, Gauss-Manin connections for p-adic families of nearly overconvergent mod-
ular forms [Connexions de Gauss-Manin pour les families p-adiques de formes modulaires quasi-
surconvergentes/, Annales de U'institut fourier, 2014, pp. 2449-2464. 11

P. L. Kassaei, P-adic modular forms over Shimura curves over totally real fields, Compositio Mathe-
matica 140 (2004), no. 2, 359-395. 146

, p-adic modular forms over Shimura curves over Q, Ph.D. Thesis, 1999. 111, 44, 45, 46, 47

N. M Katz, The FEisenstein measure and p-adic interpolation, American Journal of Mathematics 99
(1977), no. 2, 238-311. 141

N. M. Katz, Serre-Tate local moduli, Surfaces algébriques, 1981, pp. 138-202. 121, 22, 23, 24

K. S Kedlaya and R. Liu, Relative p-adic Hodge theory, II: Imperfect period rings, arXiv preprint
arXiv:1602.06899 (2016). 135

N. M Katz and B. Mazur, Arithmetic moduli of elliptic curves, Annals of Mathematics Studies 108
(1985), R9-514. 1106, 107

N. M. Katz and T. Oda, On the differentiation of de Rham cohomology classes with respect to param-
eters, Journal of Mathematics of Kyoto University 8 (1968), no. 2, 199-213. 119

D. Kriz, A new p-adic Maass-Shimura operator and supersingular Rankin-Selberg p-adic L-functions,
arXiv preprint arXiv:1805.03605 (2018). 1103

K.-W. Lan, Arithmetic compactifications of PEL-type Shimura varieties, Princeton University Press,
2013. 14

W. Messing, The crystals associated to Barsotti-Tate groups, Springer, 1972. 121
J. S. Milne, Abelian varieties, course notes (2008). 113, 14, 15

B. Mazur and W. Messing, Universal extensions and one dimensional crystalline cohomology, Vol. 370,
Springer, 2006. 120

A. Mori, Power series expansions of modular forms and their interpolation properties, International
Journal of Number Theory 7 (2011), no. 02, 529-577. 119, 82


http://www.ams.org/mathscinet-getitem?mr=3536925
http://www.ams.org/mathscinet-getitem?mr=3713098

BIBLIOGRAPHY 127

[MS18]

[Noo92]

[OorT71]

[Phil5]
[Pil13]

[Sch13]

[Sch15]

[Ser79]

[ShiT6]

[STO03]

[STO04]
[SW13]

[Tat97]

[Urb14]
[Val76]

[vdGMO7]
[Voil7]
[Wan09)]

S. Molina and D. B. Salazar, Triple product p-adic L-functions for Shimura curves over totally real
number fields, Preprint (2018). 1103

R. M. J. Noot, Hodge classes, Tate classes, and local moduli of abelian varieties, Ph.D. Thesis, 1992.
123

F. Oort, Finite group schemes, local moduli for abelian varieties, and lifting problems, Compositio
Math 23 (1971), 265-296. 122

A. Phillips, Moduli of CM false elliptic curves, Ph.D. Thesis, 2015. 139, 40

V. Pilloni, Overconvergent modular forms [formes modulaires surconvergentes], Annales de l'institut
fourier, 2013, pp. 219-239. 11, 79, 80, 118

P. Scholze, p-adic Hodge theory for rigid-analytic varieties, Forum Math. Pi 1 (2013), el, 77. M-
R3090230 1102

, On torsion in the cohomology of locally symmetric varieties, Annals of Mathematics (2015),
945-1066. 125, 47, 102, 115

J. Serre, Local fields (translated by mj greenberg), Springer-Verlag New York-Heidelberg-Berlin, 1979.
137

G. Shimura, The special values of the zeta functions associated with cusp forms, Communications on
pure and applied Mathematics 29 (1976), no. 6, 783-804. 11

P. Schneider and J. Teitelbaum, Algebras of p-adic distributions and admissible representations, Inven-
tiones mathematicae 153 (2003), no. 1, 145-196. 135

, Continuous and locally analytic representation theory, lecture notes (2004). 133

P. Scholze and J. Weinstein, Moduli of p-divisible groups, Cambridge Journal of Mathematics 1 (2013),
no. 2, 145-237. 27

J. Tate, Finite flat group schemes, Modular forms and Fermat’s last theorem, 1997, pp. 121-154. 111,
13, 76

E. Urban, Nearly overconvergent modular forms, Iwasawa theory 2012, 2014, pp. 401-441. 11, 102, 123

P. Valabrega, A few theorems on completion of excellent ringsm, Nagoya Mathematical Journal 61
(1976), 127-133. 147

G. van der Geer and B. Moonen, Abelian varieties, book in preparation (2007), 71. 113, 17
J. Voight, Quaternion algebras, University of California, Berkeley (2017). 136, 37, 38

H. Wang, Moduli spaces of p-divisible groups and period morphisms, Master’s Thesis, 2009. 115, 16,
20, 21


http://www.ams.org/mathscinet-getitem?mr=3090230

	Acknowledgments
	Introduction
	Preliminaries
	Formal schemes and adic spaces
	Abelian schemes and p-divisible groups
	The Hodge-de Rham filtration and the Gauss-Manin connection
	The Gauss-Manin connection in Serre-Tate coordinates
	Canonical subgroups and the Hodge-Tate period morphism
	Formal vector bundles with marked sections
	Measures on Zp and the weight space

	Nearly overconvergent quaternion modular forms
	Shimura curve over Q
	The Hasse invariant and the partial Igusa tower
	The nearly overconvergent quaternion modular sheaf
	Expansion in Serre-Tate coordinates
	p-adic iteration of the Gauss-Manin connection
	Possible applications

	Appendix
	Nearly overconvergent modular forms
	The modular curve and partial Igusa towers
	The nearly overconvergent modular sheaf
	Expansion in Serre-Tate coordinates: the modular curve case
	p-adic iteration of the Gauss-Manin connection

	Bibliography


