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Abstract

We treat the inverse problem of determining material losses, such as
cavities, in a conducting body, by performing electrostatic measurements
at the boundary. We develop a numerical approach, based on variational
methods, to reconstruct the unknown material loss by a single boundary
measurement of current and voltage type.

The method is based on the use of phase-field functions to model the
material losses and on a perimeter-like penalization to regularize the other-
wise ill-posed problem. We justify the proposed approach by a convergence
result, as the error on the measurement goes to zero.
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1 Introduction

In many inverse or optimal shape problems arising in the applications, the aim
is to reconstruct the shape of an object, usually represented by an unknown
open set, satisfying certain requirements. If we restrict ourselves to a variational
formulation, for the sake of simplicity, we look for the shape minimizing a given
functional F' among all the admissible shapes. The shape is often modeled as
a binary function, that is the open set is described through its characteristic
function.

Two of the main issues for a satisfactory numerical resolution of this kind
of problems are the following. First of all, and especially for inverse problems,
the problem may be ill-posed, that is stability is missing or, in other words,
F is not continuous. Second, numerically handling shapes or sets is not an
easy task from the implementation point of view. The first issue is usually
tackled by a regularization method, namely by adding to the functional a term
penalizing the binary function with respect to some BV -related norm. For most
applications, this should be enough for ensuring a regularization without being



restricting on the class of admissible unknowns. Often the BV -related norm is
simply a perimeter-like penalization. About the handling of shapes or sets in
computations, in many cases this is performed by associating to the open set
a smooth function describing it. For example, one way of doing it is to replace
the characteristic function of an open set D with a smooth function, referred to
as a phase-field function, which is close to 0 outside D, close to 1 inside D, and
has a quick transition from 0 to 1 across the boundary of D. Another way is the
so-called level-set method, where D is identified with the sublevel set {¢) < 0}
of a smooth function .

We are interested in using perimeter-like regularizations and phase-field func-
tions for solving inverse or optimal shape problems, in particular those that are
not well-posed. We aim to prove in a rigorous way that this kind of approach
provides a good approximation of the original problem, allowing us at the same
time to tame the ill-posedness and to have a formulation amenable to be easily
implemented. A cornerstone of this method is the approximation, in the sense of
I'-convergence, of the perimeter functional by functionals defined on phase-field
functions, due to Modica and Mortola, [16]. Since [15] such a result has found
innumerable applications. In fact, whenever the functional F' is continuous in a
suitable way, the invariance of I'-convergence by continuous perturbations per-
mits to obtain an analogous I'-convergence result if we add to F' the perimeter
penalization. Whenever the problem is ill-posed, that is F' is not continuous,
a corresponding convergence result is not straightforward any more. Since we
believe that the method is valuable also in the ill-posed case, it would be im-
portant to justify it in a rigorous way, in general through a convergence result
inspired by I'-convergence techniques, for various interesting applications.

In this paper we perform such an analysis for the following inverse problem,
arising from non-destructive evaluation. We aim to determine perfectly insu-
lating defects in a homogeneous and isotropic conducting body by performing
electrostatic measurements of voltage and current type at the boundary. The
conducting body is contained in €, a bounded domain of R, N > 2. The de-
fects may have different geometrical properties, for instance we may have at the
same time cracks (either interior or surface breaking), or material losses (either
interior, that is cavities, or at the boundary). We denote with K the union of
the boundaries of these defects, whereas 7 is a part of the boundary of 2 which
is accessible, known and disjoint from K. If a current density f € L?(7), with
zero mean, is applied on 7, then the electrostatic potential u = u(f, K) is the
solution to the following Neumann boundary value problem

Au=0 in Q\K,
(1.1) Vu-v=f on?,
Vu-v=0 on d(Q\K)\7.

We call Gk the connected component of Q\K which is reachable from 4 and we
say that a defect is a material loss if Gk is equal to the interior of its closure,
that is if no crack-type defect is present.

The value of w, that is the voltage, may be measured on another part of
the boundary of €2, say -, which we assume to be accessible, known, disjoint
from K and belonging to G k. We call g such a measurement, that is g = u/,.
For simplicity, we may also assume that « coincides with 4. If the defect K is
unknown, we aim to recover its shape and location, that is Gk, by prescribing



one or more current densities f and measuring the corresponding voltage on =,
g = ul, where u solves (1.1). In mathematical words, we are given one or more
pairs of Cauchy data (g, f) on a known part of the boundary and we aim to
reconstruct the domain of validity of the elliptic equation.

Here we are interested in the reconstruction only of material losses, that is
cavities or material losses at the boundary, and for simplicity we refer to it as
the inverse cavity problem. It is well-known that, in every dimension, a single
boundary measurement is enough to reconstruct a material loss, thus providing
uniqueness for the inverse problem, see for instance [21] for a proof with minimal
regularity assumptions on the unknown material loss. Stability results have been
proved in [1] for the three dimensional case and in [2] for the planar case, where
also the instability character of the problem has been explicitly shown.

We notice that u, the electrostatic potential solution to (1.1), is constant
on any connected component of Q\K different from Gg. The key observation
is that its jump set in Q is essentially contained in K. The uniqueness result
recalled before actually allows us to say more, in fact the jump set of u uniquely
determines G, that is the unknown material loss. Therefore we are interested in
the reconstruction of the electrostatic potential u and especially of its (unknown)
jump set. This suggests the possibility to set up a reconstruction procedure by
solving a free-discontinuity problem related to the function wu.

The main difficulty for the reconstruction is due to the ill-posedness of the
problem. In fact, since they are measured, the Cauchy data that are available
are not exact. Since the problem is severely ill-posed, such an error on the
measurements may lead to a much greater error on the reconstructed defect.
Furthermore, the inverse problem is nonlinear. In fact, even if the direct prob-
lem (1.1) is linear, the dependence of the electrostatic potential u, and of its
values on v, from the defect K is nonlinear. Finally, from a numerical point of
view, the fact that the unknown is a set, namely G, introduces an additional
complication for the implementation.

We propose a variational method to tackle at the same time these difficulties.
The idea is to use a perimeter-like penalization to regularize the problem and
to replace the unknown set G with its characteristic function and, in turn,
with a phase-field function, to obtain a formulation that may be implemented
numerically. Namely, the regularization we propose is related to the so-called
Modica-Mortola functional, an approximation of the perimeter when phase-field
functions are used. We might construct a family of functionals, depending on
the noise level on the measurements €, to be minimized with respect to the
variable u (the reconstructed potential) and the phase-field variable v. However,
to simplify the implementation we would rather have a functional depending on
the phase-field variable v only. Thus, we take u depending on v, u = u(v), as
a solution to an almost degenerate elliptic problem whose coefficient is given
by a slight modification of v, depending on €. In other words, we replace the
direct cavity problem with an elliptic problem in 2 where the coefficient of the
equation is close to 1 in G, close to 0 outside G g, with a quick transition across
the boundary Gg. The method consists then of minimizing the so-obtained
functionals, depending on e, with respect to the phase-field variable v only.
We remark that the reconstructed material loss may be simply computed by a
suitable thresholding of the minimizing phase-field and that an approximation
of the looked-for electrostatic potential is given by u = wu(v) where v is the
minimizing phase-field.



The main result of the paper, Theorem 4.2, is that the corresponding min-
imizers v, converge, as ¢ — 07, to the characteristic function of G, thus
identifying the looked-for material loss, and that u. = u(v.) converge to the
looked-for potential u. Such a convergence result, whose proofs is obtained by
techniques borrowed by I'-convergence, provides a rigorous justification of the
method. About the material loss to be reconstructed, this is assumed to satisfy
a Lipschitz type regularity. We finally remark that the method makes use of
a single measurement and that is enough to reconstruct the whole unknown
material loss K.

If we instead allow the unknown defect not to be a material loss, that is it
may include crack-type defects, for simplicity we refer to this problem as the
inwverse crack problem. About uniqueness, stability and reconstruction results on
the inverse crack problem, we refer to [7] and the references therein. The main
difference between the two cases is that for the determination of cracks one mea-
surement is not enough, however, at least in the planar case, two suitably chosen
measurements are sufficient. In [22, 23] a corresponding variational approach for
the inverse crack problem has been developed. Again such an approach makes
use of a penalization on the (N — 1)-dimensional measure of the defects and of
phase-field functions. Namely, it was constructed a family of functionals, again
depending on the noise level on the measurements €, to be minimized with re-
spect to the variable u (the reconstructed potential) and the phase-field variable
v. Instead of the perimeter functional and the Modica-Mortola functional, the
Mumford-Shah functional [18] and its approximation, in the sense of I' conver-
gence, due to Ambrosio and Tortorelli [4, 5] were used, respectively. Also in this
case a convergence result guaranteed a justification of the method. In Section 5
we recall the results obtained in [23] for the inverse crack problem and we com-
pare with those obtained here for the inverse cavity problem. The main difficulty
in the implementation of the method of [23] is that the functional to be mini-
mized depends on two variables, the variable u, which should approximate the
electrostatic potential, and the variable v, which is the phase-field variable that
should approximate the jump set of the potential and hence the defect. It would
be desirable to formulate the problem depending on one variable only, for in-
stance only on the phase-field variable. Unfortunately such a formulation, which
is proved here for the material loss case, may not be feasible. In fact, Section 5
is devoted to show that the result in [23] is essentially optimal, through several
counterexamples. Moreover, more regularity is needed for the unknown defects
of crack-type, namely a regularity assumptions of C! type, instead of Lipschitz,
have to be imposed. Thus, we show that restricting ourselves to the reconstruc-
tion of material losses allows us to gain the following advantages. First, we may
lower the a priori assumptions on the unknown defect to ones which are more
suited for applications. More importantly, we obtain and justify a formulation
which looks more natural and quite simpler to be implemented.

We finally wish to mention that a numerical implementation, based on the
results of this paper and on those of [23], may be found in [20]. The corresponding
numerical experiments show the validity of these methods also from a practical
point of view.

The plan of the paper is the following. After a preliminaries section, Sec-
tion 2, we describe the setting of the direct and inverse problem in Section 3.
We treat the material loss case in in Section 4, where there is the main result
of the paper, Theorem 4.2. In Section 5, we recall the results for the inverse



crack problem proved in [23] and we compare the crack and material loss cases
and discuss their differences. In particular we show the optimality of the result
of [23]. Finally, in Section 6 we deal with the differentiability of the functionals
involved. Such differentiability is crucial for developing the algorithm used in
[20].
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2 Preliminaries

Throughout the paper the integer N > 2 will denote the space dimension. We
remark that we shall sometimes drop the dependence of any constant upon
N, the space dimension. For every z € RV, we shall set x = (2/, 2y), where
2’ € RV=1 and zy € R, and, for any r > 0, we shall denote by B,.(z) the open
ball in RY centred at z of radius r. Usually we shall write B, instead of B,.(0).
For any subset E C RY and any r > 0, we denote B,.(E) =,y Br(x).

For any non-negative integer k we denote by #* the k-dimensional Hausdorff
measure. For Borel subsets of RY the N-dimensional Hausdorff measure coin-
cides with £V, the N-dimensional Lebesgue measure. Furthermore, if v ¢ RY
is a smooth manifold of dimension k, then H* restricted to 7 coincides with its
k-dimensional surface measure. For any Borel E C RY we let |E| = LY (E).

We recall that a bounded open set Q C RY is said to have a Lipschitz
boundary if for every x € O there exist a Lipschitz function ¢ : RV=1 — R
and a positive constant r such that for any y € B,.(z) we have, up to a rigid
transformation,

y € Q ifand only if yy < o(y).

We observe that in this case the boundary of €2 has finite (N — 1)-dimensional
Hausdorff measure, that is HY~1(9Q) < +oo.

We say that a function ¢ : A — B, A and B being metric spaces, is bi-
Lipschitz if it is injective and ¢ and ¢! : p(A) — A are both Lipschitz func-
tions. If both the Lipschitz constants of ¢ and ¢! are bounded by L > 1, then
we say that ¢ is bi-Lipschitz with constant L.

We recall some basic notation and properties of functions of bounded varia-
tion and sets of finite perimeter. For a more comprehensive treatment of these
subjects see, for instance, [3, 11, 13].

Given a bounded open set 2 C RY we denote by BV () the Banach space
of functions of bounded variation. We recall that v € BV (Q) if and only if
u € LY(Q) and its distributional derivative Du is a bounded vector measure. We
endow BV (Q) with the standard norm as follows. Given u € BV (Q2), we denote
by |Dul the total variation of its distributional derivative and we set [|u[| gy (o) =
lull () + [Du|(€2). We recall that whenever u € Wh1(Q), then u € BV (Q) and
|D’UJ‘(Q) = fQ |VU|, therefore ||U||BV(Q) = ||U||L1(Q) + ||VU||L1(Q) = ||U’HW1’1(Q)'

We say that a sequence of BV (Q) functions {up};2, weakly* converges in
BV (Q) tou € BV(Q) if and only if uj, converges to u in L'(Q2) and Duy, weakly*



converges to Du in §2, that is
(2.1) li}ILn/ vdDuy, = / vdDu  for any v € Cy(£2).
Q Q

By Proposition 3.13 in [3], we have that if a sequence of BV () functions
{up}?2, is bounded in BV () and converges to u in L'(f2), then u € BV ()
and uy, converges to u weakly* in BV ().

Let €2 be a bounded open set with Lipschitz boundary. A sequence of BV ()
functions {up,}32, such that sup,, [|usllpv (o) < +oo admits a subsequence con-
verging weakly™ in BV (Q) to a function u € BV(2), see for instance Theo-
rem 3.23 in [3]. As a corollary, we infer that for any C' > 0 the set {u € BV (Q) :
ull Bv (@) < C} is a compact subset of L'(9).

Let E be a bounded Borel set contained in B C RY. We shall denote by x5
its characteristic function. We notice that E is compactly contained in Bpry1,
which we shall denote by £ € Br41. We say that F is a set of finite perimeter
if xg belongs to BV (Bpr+1) and we call the number P(F) = |Dxg|(Br+1) its
perimeter.

Let us further remark that the intersection of two sets of finite perimeter
is still a set of finite perimeter. Moreover, whenever E is open and HN"1(OE)
is finite, then F is a set of finite perimeter, see for instance [11, Section 5.11,
Theorem 1]. Therefore a bounded open set Q with Lipschitz boundary is a set
of finite perimeter and its perimeter P(Q2) coincides with H~N~1(9).

For any bounded open set ), we define the following perimeter functional
P : LY(Q) — [0, +00] such that

c|Du|(Q) if uwe BV(Q) and u € {0,1} a.e.,
(2.2) P(u) =
+ 0o otherwise,

where ¢ is a positive constant to be chosen later. We observe that P(u) = ¢P(E)
if u = xg and F is a set of finite perimeter compactly contained in §2.

We denote by SBV () the space of special functions of bounded variation.
For any v € SBV(Q), the density of the absolutely continuous part of Du
with respect to £V will be denoted by Vu, the approzimate gradient of u. The
singular part, with respect to £, of Du is concentrated on J(u), J(u) being
the approzimate discontinuity set (or jump set) of u in Q. We further say that a
function u € GSBV (), the space of generalized functions of bounded variation,
if u e L1(Q2) and for any T > 0 its truncation ur = (=T)V (T Au) € SBV(Q).
Let us recall that the approximate gradient Vu of u € GSBV(Q) is defined
almost everywhere and coincides with Vur almost everywhere on {u = ur},
and that J(u) = Upsq J(ur).

The special functions of bounded variation have important compactness and
semicontinuity properties, see for instance [3, Theorem 4.7 and Theorem 4.8].

We remark that if v € BV(Q) and u € {0,1} almost everywhere in €, then
u € SBV(Q) and P(u) = c|Du|(Q) = cHN 1 (J(u)).

Let us define the so-called Mumford-Shah functional, introduced in [18] in
the context of image segmentation. Let us fix positive constants b and c. Let
MS : L} (Q) — [0, +0oc] be given by

(2.3) MS(u) = b/Q |Vul> + cHN 1 (J(u) if u e GSBV(Q),



whereas MS(u) = 400 otherwise.

Let us introduce the following I'-convergence results concerning the approxi-
mation of the perimeter functional and the Mumford-Shah functional by phase-
field functionals. For the definition and properties of I'-convergence we refer to
[8]. The perimeter approximation is due to Modica and Mortola, [16], whereas
the Mumford-Shah functional approximation is due to Ambrosio and Tortorelli,
[4, 5]. We shall follow the notation and proofs contained in [6].

Throughout the paper, for any p, 1 < p < 400, we shall denote its conjugate
exponent by p/, that is p~! + (p')~! = 1. Let W : R — [0, +00) be a continuous
function such that W(t) = 0 if and only if ¢ € {0,1}. Let ey = fol VW (t)dt.
In the definition of the perimeter functional we pick ¢ = 2¢y. For instance, we
may choose W (t) = 9t%(t — 1)? for any t € R, whence ¢ = 2cy = 1.

The following approximation result is due to Modica and Mortola, [16], see
also [6, Theorem 4.13].

Theorem 2.1. Let Q C RN be a bounded open set with Lipschitz boundary.
For any n > 0 we define the functional P, : L*(Q) — [0,400] as follows

1 2 1,2
n/QW(v)M/QIVv\ if v e W2(9,[0, 1),

+ o0 otherwise.

(24)  Py(v) =

Then we have that, with respect to the metric of L*(£2), P, I'-converges to
Pasn—07T.

Here W2(Q,[0,1]) = {v € WH2(Q) : 0 < v <1 a.e. in Q}. We note that
the result does not change if in the definition of P, we omit the constraint

0<v<1a.e. in Q.

Also the following result, due to Modica, [15], will be useful.

Proposition 2.2. For any C > 0 and any n > 0, let us define
Ac={v el (Q): 0<v<1ae and P,(v) < C}.
Then Ac is precompact in L*(Q).

Remark 2.3. With the same proof, we can show the following. Let us consider
any family {vy}o<n<y, such that, for some positive constant C' and for any 7,
0 < n < ny, we have 0 < v, < 1 almost everywhere and P,(v,) < C. Then
{vn}Yo<n<n, is precompact in L'(€2).

Let usfix ¢, 1 < ¢ < +00.Let V : R — [0, +00) be a continuous function such
that V(t) = 0 if and only if ¢ = 1 and let ¢y = fol VV(t)dt. Let ¢ : R — R be a
continuous non-decreasing function such that (0) = 0, ¥(1) = 1 and ¥(t) > 0
if t > 0. For any n > 0, let us fix 0,, = 0,(g) > 0 such that lim,_,¢+ 0,/n?"* = 0.
Finally, we define ¢, = (1 — 0,)¢ + o,,. Provided o,, < 1, we have that ¢, is a
continuous, non-decreasing function such that 1, (0) = o, and ¥, (1) = 1.

For instance, we may choose V(t) = (¢t — 1)?/4 for any ¢t € R, whence
4cy = 1. About ¢, we may take ¥(t) = t7, v > 0, if ¢ > 0, while ¥(t) = 0 if



t < 0 Alternatively, we may choose 9 (t) = 0 if t < 0, ¥(t) = —2t3 + 3t2 for any
t €[0,1], and ¥(t) =1 for any ¢ > 1. We may finally take o,(q) = n¢.

Then, for any n > 0, we define the following functional AT : LY(Q) x
LY (Q) — [0, +00] by

1
(25) ATH(u,0) =b /Q ) al’ + 7 /Q V() +1 /Q Vo2
if u e WH4(Q) and v € WH%(Q, [0,1]),

whereas AT (u,v) = +o00 otherwise. We shall refer to AT as the Ambrosio-
Tortorelli functional.

Let us define the following variant of the Mumford-Shah functional. The
main difference is that we allow the exponent ¢ to be different for 2, requiring
only that 1 < ¢ < 4o00. For reasons which will appear evident soon, we also
add a formal variable v and we pick ¢ = 4cy. We define the functional MS? :
LY(Q) x LY(Q) — [0, +00] by

(2.6) MS(u,0) = b / IVl + dey BN (I (u))
Q
if ue GSBV(Q) and v =1 a.e. in ,

whereas MS%(u,v) = 400 otherwise.

The Ambrosio-Tortorelli functional approximates the Mumford-Shah func-
tional, in the sense of I'-convergence. Such an important approximation result
is due to Ambrosio and Tortorelli, [4, 5], see also [6].

Theorem 2.4. With respect to the metric of L'(Q) x LY(Q), we have that, as
n— 0%, AT} T-converges to MS?.

Let us review some regularity results which will be needed in the sequel.
Most of these results are a consequence of a theorem by Meyers, [17], see also
[12], and of standard regularity estimates, and we shall omit the proofs. Let
2 C RY be a bounded open set with Lipschitz boundary. Let A = A(z), x € €,
be an N x N matrix whose entries are measurable and such that, for some
0 < A <1, we have

(2.7) A(z)E-€> NE|? for any € € RY and for a.e. 2 € Q,
' Al @) <A

We remark that for any matrix A, by ||A|| we denote the norm of the matrix as
a linear operator.

Let f € L*(0Q), with s > 1 if N = 2or s > 2(N —1)/N if N > 3,
be such that [, f = 0 and let F' € LP(Q,RY), with p > 2. Let us denote
Wi (Q) = {u e WH2(Q) : Jou=0}. Then, there exists a unique u € Wi (Q)
such that

(2.8) /AVu-Vv: / F~Vv—|—/ fv for any v € WI’Q(Q).
Q Q 1o}

This is the weak formulation of

div(AVu) = div(F) in Q
AVu-v=f on 0f.

The following regularity result holds true.



Proposition 2.5. Under the previous assumptions, the following regularity
properties hold.
First of all, we have, for a constant Cy depending on N, X\, p, s and  only,

(2.9) [ullwrz@) < Co (1F]|Lri0) + [1fll2e00)) -
If p> N and s > N — 1, there exist a constant C; > 0 such that
(2.10) lull () < C1 (1F Nl o) + 1fll2e00) -

Here Cy depends on N, X\, p, s and € only.
There exists a constant Q > 2, depending on N, A and Q only (Q — 2 if
A — 07), such that if p satisfies 2 <p < Q and s > (N — 1)p/N, then

(2.11) IVull L) < Co (1F || L) + || f]

Here Cy depends on N, A, p, s and 2 only.
We conclude that if s > N — 1, there exists a constant q(\) > 2, depending
on N, A, s and Q only, such that for any p, 2 < p < q(\), we have

(2.12) IVullzr) < Cs (1F o) + 1]

L (09)) -

LS(BQ)) ;
in particular, if p = q(X\)
(2.13) IVull ey < Ca (IF| Loy + [1£]

Here C3 depends on N, \, p, s and Q only, whereas C4 depends on N, X\, s and
Q only.

Ls(aQ)) .

Remark 2.6. Let us observe that Q and ¢()\) converges to 2 as A — 0%, whereas
all the constants Cy—C, might tend to +00 as A — 0", Let us also remark that
the same kinds of estimates hold true if we replace W.2(€) with, for instance,

Wy () = {u e Wh2(Q): /Eu = o}

where F is a Borel subset of 92 with non-empty interior, clearly with respect
to the induced topology of 0€2. In this case, the constants Cy—C}y might depend
on FE as well.

We conclude this section with the following lemma, in which we state a
Caccioppoli inequality.

Lemma 2.7. Let us assume that A = A(z), © € Bag, is a symmetric N x
N matriz whose entries belong to L*°(Bagr). We also assume that, for some
constants 0 < X\ < A, we have

MNP < A(x)E-€ < AE* for every € € RY and for a.e. © € Byg.

Let w € L (Bag) be a weight satisfying 0 < e < w < 1 almost everywhere in
Bogr. If u solves in a weak sense

div(wAVu) =0 in Bag,
then

(2.14) / w|Vul? < % wu?
Br R Bar

where C' depends on A and A only.



PROOF. In order to prove (2.14) it is enough to take a cutoff function x such
that x € C§°(Bar), 0 < x <1 on Bag, and x = 1 on Br. We may also assume
that for an absolute constant C' we have |Vx| < C/R on Bsg. Then we use
the test function ux? in the equation and with simple computations we obtain
(2.14). O

3 The direct problem and setting of the inverse
problem

Let Q, Q1 and Q; be three bounded domains contained in RN, N > 2, with
Lipschitz boundaries such that €2; C ©; C €2 and the following properties are

satisfied. First, Q\; is not empty and dist(Qy, 92, N Q) > 0. Then, there exist
~ and 4, closed subsets of 92, which are contained in the interior of 92 N 0
and whose interiors, with respect to the induced topology of 0f), are not empty.
We assume that ©, Q;, O, v and 7 are fixed throughout the paper.
Let Ky be an admissible defect, that is Ky is a non-empty compact set

contained in Q such that dist(Kp,Q;) > 0. We denote with G, the connected
component of Q\ Ky such that 0, C Gk,- We observe that y U4 C 0Gg,. We
remark that if Ko C 092 then Gg, = 2, that is no defect is present in the
conductor.

We say that an admissible defect K is a material loss defect, or material loss
for short, if G, is equal to the interior of its own closure (that is no crack-type
defect is allowed).

Remark 3.1. If the defect Ky to be reconstructed is compactly contained in
Q and 09 is connected, then we may take v and 4 equal to 0f). Furthermore,
if 90 is regular enough and we a priori know that dist(Ky,9Q) > 4, for some
d > 0 small enough, then we may choose €y = {x € Q: dist(z,0Q) < §/2} and
Q1 = {z€Q: dist(z,00) < 35/4}.

Let us fix a number s, s > N — 1, which shall be kept fixed thorughout
the paper. Let us prescribe fy € L*(0f2) such that fBQ fo =0, fo # 0 and

supp(fo) C 7.
Let the electrostatic potential ug = u(fo, Ko) be the weak solution to the
following Neumann boundary value problem

AUO =0 in Q\K(),
(31) VUO V= fo on ’5/,
Vug-v=0 on I(Q\Ko)\7,

with the normalization conditions

(3.2) L up = 0,

and
(3.3) up =0 almost everywhere in Q\G,.
Let us recall that our measured additional information is gy € L?(y) where

go = u0|7' By (32)7 we have f’y go = 0.
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We observe that there exists a unique solution ug to (3.1)-(3.2)-(3.3) and
that it satisfies the following regularity properties, see [22] for further details.

There exists a constant C; > 0, depending on s, 2, Q, Q. ~v and 7 only,
such that

(3.4) Vuoll 22\ ko) < Cill follzs ),
(3.5) uoll o) < Cillfollzs )

The estimate (3.5) guarantees that ug belongs to W2(Q\ Ky). Furthermore,
under the additional assumption that H¥~1(Ky) < +oo, or equivalently that
HN1(0Gk,) < 400, we have that ug belongs to SBV({), its approximate
discontinuity set J(ug) satisfies HY~1(J(ug)\0GK,) = 0 and, finally, Vug, the
weak derivative of ug in Q\ Ky, coincides almost everywhere in  with the ap-
proximate gradient of ug, see for instance [3, Proposition 4.4].

For any r, 1 < r < 400, and any Borel set £ C 92 whose interior, in the
induced topology, is not empty, we define

Wy (Q) = {u e Whr(Q) : /Eu = o} :

We observe that, by a generalized Poincaré inequality, on WéT(Q) the usual
WL (£2) norm and the norm ||’U/HW;T(Q) = [|Vu| ) are equivalent. Therefore,
we shall set this second one as the natural norm of W4" ().

Let us consider a weight w in Q satisfying the following properties. We
assume that w € L*>(Q) and that w > ¢ almost everywhere in Q, for some
e > 0.

For any such weight w, and any wuy, us € WH2(Q2), we define the bilinear
form

(ug,u2)yw = / wVuy - Vug
Q

and we denote the seminorm

1/2
o = (1, un) /2 = (/ w|w1|2) |
Q

We denote, for any u; € Wh2(Q),

1/2
lealho = (s leqey + leaf2)

We have that || - ||, is an equivalent norm for W12(Q), and (,-),, is a scalar
product on WI};’Q (©) whose corresponding norm, | - |, is an equivalent norm for
WE’Q(Q), for any set E as before.

For any such weight w and any f € L*(0Q) such that [,,f = 0 and
supp(f) C 7, let v = u(w) be the solution to the following Neumann type
boundary value problem

div(wVu) =0 in Q
(3.6) wVu-v=f  ondQ
f7 u = 0.

11



The weak formulation of (3.6) is the following. We look for a function u €
W12(€2) such that

/ wVu-Vu, = / fuy  for any uy € W1’2(Q).

Q ¥

Obviously we have existence and uniqueness of such a solution. Furthermore,
the following regularity result holds for u.

Proposition 3.2. Under the previous notation and assumptions, let u solve
(3.6) for some weight w. We assume that

||y < A

and R
w(x) =1 for a.e. x € Q.

Then there exists a constant Cs, depending on s, £, 1, Q, v, 7 and A
only, such that

(3.7) [ulw < Coll fllLs %)
(3.8) [ulloe () < Col|f]

Le(3)
We notice that the constant Cy does not depend on w or on €.

ProoOF. We sketch the proof of this proposition. Inequality (3.7) follows from an
application of Poincaré inequality in 7. The L bound (3.8) is a consequence
of the maximum principle and may be proved following the same arguments
used to prove (3.5), see [22] for details. O

Let us fix the notation for our inverse problem. Let Ky be the unknown
defect, which for the time being we assume to be just an admissible defect.

We assume that fy belongs to L°(9€) and satisfies supp(fo) C 4 and
faQ fo = 0. We recall that s is a fixed constant such that s > N — 1.

The unknown electrostatic potential is ug = u(Ky, fo), solution to (3.1)-
(3.2)-(3.3), and the additional measured data is go = uo|,. We observe that
9o € L*(v) and [ go = 0.

Let us fix a noise level €, 0 < € < 1, then the noisy Cauchy data are given by
fe and g.. Here f. belongs to L*(0€2) and satisfies supp(f) C 7 and [, fe =0,
whereas g. belongs to L?(y) and satisfies f7 ge = 0. We assume that

(3.9) [fo — fel

Forany 0 < e < 1,let n = n(e) > 0 and a. > 0 be such that lim,_,qg+ n(e) =0
and lim,_,o+ a. = 0. Further assumptions on 7(g) and a. will be imposed later.

Let us fix a constant ¢1, 0 < ¢; < 1. We recall that ¢ : R — R is a continuous,
non-decreasing function such that (0) = 0, (1) = 1, and ¥(t) > 0 if ¢ > 0.
In particular 1(c;) > 0. Provided o, < 1/2, we have that v, is a continuous,
non-decreasing function such that ¢,(0) = o, and ¥,(1) = 1. Furthermore,
bnler) > (er)/2 > 0.

In the sequel we shall always assume that

o5 <e and ||go — gellz2(y) < e

0<o,<1/2 foranyn>0.
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Without loss of generality, we also assume that 1, W, and V are bounded all
over R, for instance by a constant A. For any n > 0, again without loss of
generality, we assume that 1 is such that ¢, > 0, /2 all over R.

To any function ¥ € L*(Q2) we associate the function v = 1 — @. We observe
that, provided 0 < v < 1 almost everywhere in €2, we also have 0 < v < 1 almost
everywhere in €.

For any 7 > 0 and for any o € L'(Q), let w, = w,(?) = 9,(v), where
v = 1—0. We observe that w;, is such that |jwy,||L~@) < A+1/2 and w, > 0,/2
almost everywhere in 2. Therefore we define, for any o € L'(Q) and any e,
0 < e < 1, the function 4. € W} () where 4. = u.(0) is the solution to the
following boundary value problem

div(w, (0)Vae) =0 in Q
(3.10) { wn(f))nVﬂs -v=f. ondQ,

where as usual n = n(e). .

We finally fix positive constants ai, as, ¢, 5, and c2, 0 < ¢1 < ¢ < 1. We
also define the following space W(Q) = {# € WH2(Q) : & = 0 a.e. in O }. To
any 9 € W(Q) we associate the function v = 1— 9. We remark that v € W12(Q)
and v = 1 almost everywhere in Q. All these constants and the notation will
be kept fixed throughout the paper.

4 Determination of material losses

In this section, the main of the paper, we shall consider the problem of deter-
mining material losses. We begin by defining suitable classes of material losses.

Definition 4.1. Let us fix a positive constant §. We say that B is an admissible
class of material losses if the following holds. First, any K € B is an admissible
defect such that dist(K,Q;) > 6 and G is a domain with Lipschitz boundary.
Second, we assume that, for some constant C, we have HVN~1(0G ) < C for
any K € B. Finally, we assume that the set {Gx : K € B} is compact with
respect to the Hausdorff distance.

In the remaining part of this section, let us fix B, an admissible class of
material losses in the sense of Definition 4.1. We assume that the unknown
defect K belongs to B. We observe that, as in Proposition 2.5, we have there
exist a constant ¢ > 2 and a constant C' > 0, not depending on fy, such that
Vug € L1(2,RN), in particular

IVuol|Lao) < C|l fol

Lo (%)

Here the constants ¢ and C' depend also on s and on Kj. In the sequel of the
section, we shall fix ¢ > 2 as such a constant, which depends on Kj, among
other things. We define ¢; = (¢ —2)/(2¢) and we observe that 0 < ¢; < 1/2. We
also define the following set. For any positive constant a, we say that v € H(a) if
v e Wh2(Q,[0,1]), v = 1 almost everywhere in Q; and there exists K € B such
that v > ¢y almost everywhere in Q\B,(Q\Gx) and v < ¢; almost everywhere
in Q\B,(Gx). We observe that, by the compactness of the class B with respect
to the Hausdorff distance, such a set H(a) is closed with respect to the weak
W12(Q) convergence.
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For any €, 0 < ¢ < 1, we define G. : W(Q) — R as follows. For any o € W (),
recalling that v =1 — v, we set

@) 6.0 =2 [f - g+ [ w,@Var+ 3 [ W e [ [VoP,
el Jy Q nJa Q
Here n = n(e), 0oy = 0,(2), wy = wy(e)(0) = Yy (v) and G = 6 (D) is the
solution to (3.10). Here and in the sequel of this section, we may also set the
constant b = 0, that is we may drop the second term of the functional.

Then, for any €, 0 < ¢ < 1, we define G. : L*(Q2) — [0, +o0] as follows. For
any ¥ € L(Q) we set

(4.2) Ge(0) =G.(0) ifveW(Q)andv=(1-10)e H(a.),
whereas G.(0) = 400 otherwise.

Theorem 4.2. Besides the previous notation and assumptions, let us further
assume that the following constants satisfy 0 < 8 < § < 2, and that

n(e)*

limsup —— < +o0,
e—0t a

and, finally, that a. > 2n(e).
Let ug = u(fo, Ko). For anye, 0 <e <1, let

m. = inf{G.(0) : o€ LY(Q)}.

Then we have that, for some constant C, m. < C for any e, 0 < e < 1.
Furthermore, if v € LY(Q) is such that

G(0:) <C  foranye, 0<e <1,

the following holds. For any e, let v. = 1—0, and 4. = 4. (). Then we have that
Un(e) (v2)Ue — ug strongly in LP(Q) for any p, 1 < p < 400, and ¥y e)(v:) Viie
converges to Vug weakly in L*(Q).

Furthermore, for any constant ¢, ¢; < ¢ < ca, the sets {ve > ¢} converge, as
e — 0%, to Gk, in the Hausdorff distance.

Remark 4.3. We remark that the theorem in particular hold for a family
U € L1(Q) of minimizers or quasi-minimizers, that is satisfying

lim (G:(0:) —me) =0.

e—=0t

PRrROOF. By Proposition 3.2, we infer that there exists a constant C' such that
for any ¢, 0 < e <1, and for any © € W(2), we have

/wn(6)|Vﬁ€(ﬂ)|2 <C and [@(®)|ie@ < C.
Q
By a construction pretty similar to the one used in Proposition 4.5 in [23],

we may construct 9. € W (Q) and u. € WH2(Q), for any ¢, 0 < ¢ < 1, such that
the following properties hold. For any €, 0 < e < 1, first v. = (1 — 0.) € H(a.)

and )
[ W [vep<c
nJo Q
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Second, on vy we have u.|, = ugly = go. Finally,

/ wy (02) |V (ue — @i (:))]* < Cel.
Q

By Poincaré inequality in €2, we conclude that

(43) La5<ae>gs|2 sz(L |as<ﬁ5>u52+ﬁ|gogs|2> <O +22).

We immediately conclude that for a constant C' we have m. < C for any ¢,
0<e<l

For any n € N, let ¢, > 0 be such that lim, ¢, = 0 and let G,, = G, . Let
¥, be such that G, (0,) < C, for any n € N. Then by Remark 2.3, we obtain
that, up to a subsequence, v,, converges in L'(Q), and actually in L?(Q2) for any
p, 1 < p < 400, and almost everywhere in €2, to a function v. Such a function
v is such that P(v) is finite. Furthermore, by the definition of H(a) and the
compactness properties of B, we may also assume that there exists K € BB such
that v = 1 almost everywhere in G and v = 0 almost everywhere in Q\Gg. In
other words, v = xq, -

Let us call wy, = wy(c,)(0n) and @, = @, (0,). Let us notice that \/w, Vi,
is uniformly bounded in L?(£2,R"), therefore, up to a subsequence, VWwn Vi,
converges to V € L*(Q,RY) weakly in L?(Q,RY).

Since v, —+ XGy almost everywhere in €2, we conclude that also w, and \/w,,
converge to X¢, almost everywhere in Q and in LP(Q) for any p, 1 < p < 4o0.

For any Bagr(y) C (2\G k), we have that w,, converges to zero almost every-
where in Byg(y). By the uniform L* bound on @, and by the dominated con-
vergence theorem, we conclude that fB2R(y) w,@2 — 0 as n — oo. By the Cac-
cioppoli inequality described in Lemma 2.7, (2.14), we conclude that \/w, Vi,
converges to 0 strongly in L?(Bgr(y),RY), consequently V = 0 almost every-
where in Q\Gx. We conclude that w,, Vi, weakly converges to V in L*(Q,R")
as well. On the other hand, again up to subsequences and by using the property
of H(a), we may follow the arguments of the proof of Proposition 4.3 in [23] in
order to find a function @ with the following properties. First, /w1, converges
to 4 almost everywhere in € and consequently in L? () for any p, 1 < p < +oc.
Second, by the same reasoning above, we conclude that @ = 0 almost every-
where in Q\@ and that also w,u, converges to @ almost everywhere in €2 and
in LP(Q) for any p, 1 < p < +oo. Then, we have that & € W1?(Gg), @ is
harmonic in G and Vu = V in Gg. We also have that on + and on 7, 4,
converges to @ strongly in LP(yN#) for any p, 1 < p < +00. As a consequence,
U = go on 7.

Let us take any function ¢ € W12(G). Since G is a domain with Lip-
schitz boundary, therefore it is an extension domain, we can find a function
@ € W12(Q) such that ¢ = ¢ on Gx. We conclude that for any n € N we have

/anﬁn~V¢:/fsng5.
Q 5

/ Wy Vi, - Vo — Vu -V
Q Gk

Since, as n — 00,
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and

Lfa7ls5—>[yf0¢,

Vu Ve = /foap for any ¢ € Wl’Q(GK).
¥

we conclude that

Then @ solves (3.1)-(3.2)-(3.3) with K, replaced by K. Then, since & = ug
on 7, we conclude by using Theorems 3.3 and 3.6 in [21] that & = ug almost
everywhere in 2 and that Gx = Gg,. The rest of the proof easily follows. O

We conclude this section with the following existence results, which may be
easily proved by the direct method.

Proposition 4.4. The following problems admit a solution.
(i) minG. on W(Q), with constraint 0 <o < 1.

(i) minG. on W (), with constraints 0 < © < 1 and v € H(a.) (that is there
exists the minimum of G- over L'(Q)).

5 The crack case

In this section we shall deal with the determination of general defects, in par-
ticular of cracks. We begin by recalling results proved in [23]. We include them
here for the convenience of the reader and to compare them with the new results
devoted to the determination of material losses, in particular of cavities, which
we treated in Section 4. For what concerns the classes of admissible defects we
shall use in this section, let us begin with the following definition. We limit
ourselves to the two or three-dimensional case, however it is not difficult to see
how these definitions can be generalized to higher dimensions.

If N = 2, fixed a positive constant L > 1, we say that I' is an L-Lipschitz,
or L-C%', arc if, up to a rigid transformation, I' = {(z,y) € R? : —a/2 <
r<a/2, y=p1(x)}, where L7! < a < L and ¢; : R — R is a Lipschitz map
with Lipschitz constant bounded by L and such that ¢;(0) = 0. For any «,
0 < a <1, we say that ' is an L-CY® arc if ¢; is C® and its C™® norm is
bounded by L. The points (a/2,¢1(a/2)) and (—a/2,p1(—a/2)) will be called
the vertices or endpoints of the arc T'.

Let us consider now the case N = 3. Let T be the closed equilateral triangle
which is contained in the plane IT = {(z,y,2) € R® : 2z = 0} with vertices
Vi = (0,1,0), Vo = (—v/3/2,-1/2,0) and V3 = (v/3/2,—1/2,0) and T" C R?
be its prOJectlon on the plane II. Fixed a positive constant L > 1, we call
an L-Lipschitz, or L-C%1, generalized triangle a set I' such that, up to a rigid
transformation, I' = {(z,y,2) € R® : (z,y) € o(T"), 2 = ¢1(z,y)}, where
¢ : R? — R? is a bi-Lipschitz function with constant L such that ¢(0) = 0 and
1 : R? — R is a Lipschitz map with Lipschitz constant bounded by L and such
that 1(0) = 0. For any a, 0 < a < 1, we say that ' is an L-C1% generalized
triangle if o1 is O™ and its C® norm is bounded by L.

In both cases, the image through ¢ of any vertex or side of T” will be called
a generalized vertex or generalized side of ¢(T”), respectively. The image on
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the graph of ¢ of one of the generalized vertices of ¢(T”) will be called a
generalized verter of T', whereas the image of one of the generalized sides of
©(T") will be called a generalized side of T'. We also remark that there exists a
constant L; > 0, depending on L only, such that we can find ¢ : R? — R3, a
bi-Lipschitz function with constant Lq, such that T' = o(T).

Definition 5.1. Let us assume that Q ¢ Br C RY, with R > 1 and N = 2, 3.
For any positive constants L > 1, and ¢, ¢ < 1, any k =0,1 and o, 0 < a < 1,
such that k + a > 1, we define B(N, (k,«), L, §, ¢) in the following way. We say
that A € B(N,(k,a),L,6,c) if and only if A C Bag, there exists a positive
integer n, depending on A, such that A =J_; T;, I'; an L-C* arc (if N = 2)
or generalized triangle (if N = 3) for any ¢ = 1,...,n, such that the following
conditions are satisfied:

i) foranyi,j € {1,...,n} with i # j, we have that either I'; NT; is not empty
or dist(I';,T'j) > 6;

ii) for any ¢,j € {1,...,n} with ¢ # j, if I'; NT'; is not empty then I'; N T'; is
a common endpoint V if N = 2 and either a common generalized vertex
V or a common generalized side v if N = 3. Furthermore, in such a case,
for any = € T'; we have dist(z,T';) > clx — V| or dist(z,T';) > edist(z,7),
respectively.

Let us remark that there exists an integer M, depending on N, R, L, 6 and
¢ only, such that for any A € B(N, (k,«), L, d, ¢) we have that n < M.

More importantly, we have that any of the classes B described in Defini-
tion 5.1 is non-empty, is composed of non-empty compact sets and it is compact
with respect to the Hausdorff distance. Finally, if A belongs to any of these
classes, then HN~1(A) is bounded by a constant depending on the class only.

For the time being, let us fix B as one of the classes of Definition 5.1. We
call the constant k, o, L, § and ¢ the a priori data related to B. For any such

class B we call B’ the class of admissible defects K such that dist(K,Q;) > 6,
HN2(KNON) < 400 and there exists A € B such that K C A and HV2(K N
A\K) < +o0.

Moreover, we say that K € B’ satisfies Assumption A if the following holds.

Assumption A. We assume that, for any =g € K N €, there exists r > 0,
depending on zg, such that for any U connected component of (Q\K) N B, (o)
we can find 7y > 0, an open set Uy, such that U N B, (z9) C U; C U, and a
bijective map T : U; — (—1,1)" such that the following properties hold. The
maps T and 7! are locally Lipschitz and there exists a constant C' such that
|DT|| and || DT!|| are bounded by C almost everywhere. By the regularity of
Q = (—1,1)N, T7! can be actually extended up to the boundary and we have
that 771 : [-1,1]Y — R is a Lipschitz map with Lipschitz constant bounded
by C. Furthermore, if we set I' = [~1,1]Y~1 x {1}, we require that T-*(T) =
oUy N Ky, T7X0,...,0,1) = z9 and T~ }(y) € Q\K for any y € [-1,1]V\TI.
We assume that, for any xy € K N0, there exists r > 0, depending on
xo, such that for any U connected component of (Q\K) N B,(zo) we can find
r1 > 0, an open set Uy, such that U N B,,(zg) C U; C U, and a bijective
map T : Uy — (0,1) x (—1,1)V =1 such that the following properties hold. The
maps T and T~! are locally Lipschitz and there exists a constant C' such that
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|DT|| and || DT~?| are bounded by C almost everywhere. By the regularity of
Q1 = (0,1) x (=1,1)N=1 T=1 can be actually extended up to the boundary
and we have that 7~ : Q; — RY is a Lipschitz map with Lipschitz constant
bounded by C. Furthermore, if we set I'; = [0,1] x [-1,1]¥72 x {1} and I'y =
{0} x [-1,1]N L, we require that T-1(I'y) = 0U; N K, T-1(I'y) = U, N 99,
T7140,...,0,1) = 2 and T71(y) € Q\K for any y € Q1\(I'; UT3).

In the sequel we shall fix positive constants L > 1, § and ¢, ¢ < 1, and «,
0 < a < 1. We also assume that €} C Bg, for some fixed constant R > 1. Let
B =B(N,(1,a),L,d c). We assume that the unknown defect Ky belongs to B’
and that it satisfies Assumption A. We recall that examples of defects satisfying
Assumption A are described in [22, 23].

The next proposition states that the gradient of ug satisfies a higher inte-
grability property.

Proposition 5.2. Under the previous assumptions, there exist a constant ¢ > 2
and a constant C > 0, which do not depend on fy, such that Vug € L1(Q,RY),
in particular

IVuollLa@) < CllfollLs5)-
PROOF. See the proof of Proposition 4.5 in [22]. O

We remark that the constants ¢ and C in Proposition 5.2 depend also on s
and on K.

For any a > 0, we call Hi(a) the set of functions v € W2(€,[0,1]) such
that v = 1 almost everywhere in Ql and for some A € B we have v > ¢; almost
everywhere in Q\ B, (A), where again ¢; is a constant such that 0 < ¢; < 1.

For any 0 < ¢ < 1 and any g > 2, let us define .7:';1 : W,}’q(ﬂ) x W(Q) - R
as follows. For any (u,0) € W;-4(Q) x W (Q), recalling that v = 1 — 0, we set

~ ~ ay - az
6.0 Fud) = Ll + % [ - g

EF Jny
1 2
b/ﬂ¢,,(v)|Vu|q+ n/QV(v)—i—n/Q|Vv| .

Here n = n(e), on = 0y(q), wy = Wy(c)(V) = Yye)(v) and G, = (D) is the
solution to (3.10). We also recall that

\ufﬂsﬁun :/Q@ZJ,,(E)(UHV(ufﬂs)P:/szn(e)(v)|vu|272[fsu+[fsﬁ5.
gl gl

Then, for any 0 < ¢ < 1 and any ¢ > 2, we define FZ as the following
functional on L'(Q) x L*(Q). For any (u,?) € L'(Q) x L'(Q) we set

(5:2) Fi(u,0) = F(u,0)
if (u,0) € W4(Q) x W(Q) and v = (1 — 0) € Hy(ac),

whereas F?(u,?) = +oo otherwise.

Now we shall fix the constant ¢ > 2 as the one defined in Proposition 5.2,
which depends on Ky, among other things. Again we set g1 = (¢ — 2)/(2¢q) and
we observe that 0 < ¢; < 1/2. The following convergence result is the main
result of [23].
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Theorem 5.3. Besides the previous notation and assumptions, let us further
assume that the following constants satisfy 0 < § < 2, 0 < B <2, and that

2q1
€
lim sup ! )ri < 400,

e—0*t
and, finally, that a. > 2n(e).
Let up = u(fo, Ko). Then there exists a constant Ey, Ey depending on s, 2,
Q1, Q1, v and v only, such that for any E, Ey < E < +00, the following holds.
For any 0 <e <1, let

me = inf{FI(u,d) : (u,?) € L'(Q) x L'(Q) and |Jul| =) < E}.

Then we have that, for some constant C', me < C for any 0 <e < 1.
For any n € N, let &, > 0 be such that lim, e, = 0 and let (u,,?,) €
LY(Q) x L' (Q) be such that |[uy| L) < E and
Fa

En

(Un, Up) < C  for any n € N.

Then, up to a subsequence, u, — u strongly in LP(Q) for any p, 1 < p < +o0,
and Py, (Un) Vun, — Vu strongly in LP(Q2) for any 2 < p < q, where u = ug
almost everywhere in G, and Vu = Vug almost everywhere in €.

Furthermore, there exist compact sets A C Q and A € B, such that A C A
and HN"1(J(u)\A) = 0, satisfying the following property. For any constant c,
0 < ¢ < ¢, the sets {v, < c} converge, as n — 00, to A in the Hausdorff
distance.

An analogous to Proposition 4.4 holds true, again easily proved by the direct
method.

Proposition 5.4. Let Ey be as in Theorem 5.3. Then for any p, 2 < p < ¢,
and any E, Ey < E < +00, the following problems admit a solution.

(i) min F? on WEP(€Q) x W(Q), with constraints 0 <0 <1 and ||u| = (q) <
E.

(ii) min FP on WP (Q) x W(Q), with constraints 0 <0 < 1, v € Hy(ac) and
ull oo () < E (that is there exists the minimum of F? over L'(2) x L*(£2)
with the same L™ bound on u).

Let us now consider the main differences between the cracks and material
losses cases. Our aim is to show the optimality of Theorem 5.3, by showing that
a reduction to a functional depending on the phase-variable only, with similar
convergence properties, may not be feasible. As we have shown in the previous
section such a reduction is instead possible in the material loss case.

By Proposition 2.5 and Proposition 3.2, we infer that there exists a constant
C such that for any ¢, 0 < e < 1, and for any © € W(Q2), we have

[on@IVa@P <C and @) < C.
Q
Furthermore, there exists ¢(¢) > 2, depending on N, €, s and ¢ only, such that

@ (?) belongs to W14(5)(©). We can also find a constant C;, depending on N,
Q, 7, s, [ folls a0y and € only, such that for any o € W(Q)

[Vite (0)]| Lace) (@) < Ch-
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We remark that the dependence of ¢(g) on ¢ is through o,,(.) and that, unfortu-
nately, it might happen that g(¢) — 2% and C; — +oo as e — 07.

Let us consider the following operator. For any ¢, 0 < ¢ < 1, we define
He : W(Q) = W12(Q) as follows

He(0) = 0. (0) for any 0 € W(Q).

We recall that for any 7, 1 < r < 400, we endow W."(€) with the norm
Hu||W71,r(Q) = ||Vu|| - (q) for any u € W™ (Q2). We observe that 7. is continuous
with respect to the weak-W12() convergence in W ({2) and strong convergence
in W1-2().

We obtain that for any ¢, 2 < g < g(¢), we have that H. : W (2) — W14()
and that for any ¢, 2 < ¢ < ¢(e), H. is continuous again with respect to the
weak-W12(Q) convergence in W () and strong convergence in W3-9(Q).

Then for any ¢ > 2, let us define F¢ : W(Q) — [0, +00] as follows. For any
e W(Q) we set

(5.3) F? -(9),7) =

(1) = Fa(m
2 i (9) — ge|? )|Vt (3)]7 + = v vl2.
% [ @ ol [ werwamms [ vy [

Let us notice that for any ¢ > 2, we have that there exists min ¢ on W () with
the constraint 0 < ¢ < 1, and with the constraints 0 < v <1 and v € Hy(ac) as
well.

We investigate whether, for some ¢ > 2, we may have convergence properties
for ﬁg as we have for ﬁg. We observe that G. is equal to ]352 but to replace the
single-well potential Vwith the double-well potential W. It would be desirable
to have a convergence result for J’:"EQ, or at least for ﬁg with some ¢ > 2, as we
have for G., Theorem 4.2. By counterexamples we show that difficulties arise in
both cases. We begin with the case ¢ = 2 and then we deal with the case ¢ > 2.

By the construction used in [23, Proposition 4.5] the next proposition im-
mediately follows.

Proposition 5.5. Under the assumptions of Theorem 5.3 and if 0 < B <qg<L2,
we can find V. for any e, 0 < € < 1, such that the following holds. For any e,
0 < e <1, we have, first, that

Fi(v.) < C.

Second, {v. < 1/2} = {z € Q: dist(z, Ko) < &, + n/2} where &, = /noy.
Finally, for any n € N, let €, > 0 be such that lim, e, = 0 and let v, = 0.,
and Uy, = U, (0,). Then, up to a subsequence, @, — u strongly in LP(QY) for
any p, 1 <p < +00, and Py (c, ) (vn) Vi, — Vu strongly in L?(Q), where u = ug
almost everywhere in G, and Vu = Vug almost everywhere in €.

In terms of I'-convergence, we have obtained a kind of I'-limsup inequality.
What is missing is the corresponding I'-liminf inequality, because taking ¢ = 2
does not guarantee enough compactness. In fact the solutions to the correspond-
ing weighted elliptic problems may converge to a function which is not a solution
to a material loss direct problem, as we shall show in Example 5.6 where we use
the instability of the Neumann problem with respect to boundary variations.
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In any case, trying to solve the inverse problem by minimizing .7:'3 on W(Q)
with the constraints 0 < o < 1 and v € Hy(a.), might be a good strategy. We
recall that in this case the assumption 0 < 8 < ¢ < 2 should be adopted. In
fact, minimizing ﬁf is numerically simpler than minimizing ]:"g and still leads
to good numerical reconstructions. In fact this method is adopted in [20] and

the numerical simulations presented there show its efficacy.

Example 5.6. Let us consider the following example. Let D be a smooth
bounded domain of R¥=1, N > 2. and let A2 > 0 be a Neumann eigenvalue
for —A on D and let f be a corresponding eigenfunction, that is

—~Af=Xf inD
Vf-v=0 ondD.

We notice that [ f = 0 and we may normalize f in such a way that [, |f]* = 1.
For some constant 7' > 2, to be fixed later, let & = D x (0,7) and let

Gr, = D x (0,2), that is Ky = D x {2}. Let 7y =4 = D x {0}. Then let ug be
a solution to

Aug =0 in Q

Vug-v=f onD x{0}

Vug-v=0 on K

Vug-v=0 ondD x (0,T).

We normalize ug in such a way that fv up = 0 and, by separation of variables,
we have that
sh(2\
uo(z,y) = @ m cosh(Ay) —sinh(A\y)|, =z € D, ye€(0,2),

whereas 1y may be chosen identically equal to 0 in D x (2,T).

By a simple computation, again by separation of variables, we may find 1" > 2
and g > 0 and two functions 4~ and u* such that the following conditions hold.
First, 4~ =g in D x (0,1) and u* solves

Aut = in Dx (1,T)
Vut-v=0 on D x{T}
Vut-v=0 ondD x (1,T).

Second, the following transmission condition holds true on D x {1}

u, (z,1) = uf (2,1) = p(u* (z,1) —u™ (2,1)), ze€D.

By following [19], we may then construct a Neumann sieve K5 C Ky, § > 0,
such that if ugs solves

AU5 =0 in Q\K5
Vus-v=f onvy
Vus-v=0 on d(Q\Ks)\vy
f,y Uus = 0,

the following holds. We have that, as § — 0T, us converges to u~ = ugy weakly
in H'(D x (0,1)), and strongly in L?(D x (0, 1)), and us converges to ut weakly
in HY(D x (1,T)), and strongly in L?(D x (1,T)) . Therefore, the Cauchy data
of us on v converges, for instance in L?(v), to the Cauchy data of 1y on 7.

21



By using Proposition 5.5 to approximate Ks and ug, for any n € N we can
find &, > 0, 1, > 0 and ¥, such that

.7:2n (Up) <C for any n € N,

€

and that, as n — oo, the following holds. First, €, — 0 and 7,, — 07. Second,
if 4y, = @, (Up), n € N, then we have that @, converges to u~ = ug strongly in
L?(D x (0,1)) and @, converges to u* strongly in L?(D x (1,T)). Furthermore,
Vi, - v|y = Vug - v|, for any n € N and

|t — uo||L2(7) — 0 asn— oo.

Therefore, even if the Cauchy data of ug on - are well approximated by
those of 1., (0,), we have that v, = 1 — ¥, is small in a region close to the
corresponding Neumann sieve which is far away from the actual location of
the looked-for defect K. This example shows also the difficulty in proving a
convergence result without imposing any further condition on the region where
v is small.

On the other hand, one might try to minimize ]:'g on W () for some ¢q > 2.
If we take ¢ > 2, then compactness and convergence would follow as a simple
consequence of Theorem 5.3, but we may not guarantee that we can find a
sequence of phase-field functions 9,, such that .7:'5‘177 (0p,) is uniformly bounded.

Again we use the constraints 0 < ¢ < 1 and v € Hy(ac). If one would be able
to find 7., 0 < € < 1, such that ﬁg(ﬁa) < C for any 0 < € < 1 for some constant
C, then by Proposition 4.3 in [23], we would obtain the results of Theorem 5.3,
replacing ]:"g with ]:"g , even allowing E to be equal to +oo.

We believe that constructing such functions v, for some ¢ > 2 is a difficult
task and that minimizing .7:'3 for some ¢ > 2 might lead to a not correct recon-
struction. In Proposition 5.7 below we show the difficulty of obtaining such a
uniform bound.

In order to have higher integrability of the gradient of . (7), we need to
guarantee that w,(0) = ¥,(v) is a weight satisfying certain properties, for in-
stance those described by Stredulinsky in [25]. An important class of weights
for which these properties are satisfied is the so-called Muckenhoupt class As.

We recall that w, a non-negative measurable function over RY, is a weight
if 0 < w < 400 almost everywhere and w is locally integrable. We say that a
weight w belongs to the Muckenhoupt class A if there exists a constant C' such
that for any ball B C RV we have

o () () s

The best constant C for which (5.4) holds is usually referred to as the As-
constant of w. We observe that the As-constant of w is always greater than
or equal to 1. For more details about the Muckenhoupt weights and weighted
elliptic equations, we refer for instance to [14].

Therefore, a reasonable assumption is to take w = wy;,(0) belonging to the
Muckenhoupt class As and such that its As-constant is bounded by C', for some
fixed C. Without loss of generality we can assume that 0 < w < 1 almost
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everywhere and that w = 1 outside a given ball Byr. Consequently, we infer
that there exists a constant C7, depending on C' and R only, such that

/ ufl S Cl.
Br

Proposition 5.7. Let us fixr ¢ > 2. Let €,,, n € N, be a sequence of positive
numbers such that lim,, ¢, = 0. For anyn € N, let .7:'3 = fgn and let v, € W(2)
be such that the following holds. For anyn € N, we assume that 0 < 9, <1 and
we set My, = ﬁ(fn); Un = (1 - ’[)n) € Hl(asn)) Wp = wn(ﬁn) and iy, = ﬁsn(ﬁn)'
For any n € N, we assume

(5.5) / w, ' <Oy
Q

and

1
/wn|Vﬂn|q+*/ v<vn>+nn/ Voul? < C.
Q M Jo Q

Let us consider @ as the solution to

{Aa:o in Q

(5.6) Va-v=fy onf.

We assume that K¢ satisfies the assumption of Theorem 5.3 and that 4 # ug, in
particular that |, # ugly = go. We also assume, for the time being, that Q and
fo are regular enough to guarantee that @ € L>°(Q) and Vi € L=(Q,RY). We
may also assume that actually v, provides a good approzimation of Ko, namely
that {v, <1} C By, (Ky) where a,, = a,,.

Then we have that, as n — 0o, w, Vi, converges to Vi weakly in L*(Q).
Consequently, as n — oo, we also have that [ |in — g, | = [, @ — go|* # 0

and .7:";7n (On) = +o0.

PROOF. Let us compute

[V = Vil = [ (= ) =0+ [ (=) V@, - ).

By the uniform bound on u,,, we easily obtain that

/ (fe, — fo)(@n, — @) =0 asn — oco.
a0

Let us evaluate the other term. We have

Cw)Va V(- = [ T e v, - a
/Q<1 Vit Vit )/Qmmv (@, — ).

We apply Holder inequality with coefficients ¢, p and r such that ¢=' +p~! +
r~! =1 and we obtain

[ - w)va v, - <
Q

1/r 1/q 1/p
(/ wnr/q> (/ wn|V(an—a)q) (/ |1—wn|P|va|p> .
Q Q Q
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We use our assumptions to infer

[ a=w)va-va,-m<c (/an”q)l/r (/Q 1 —wn")w,

with C independent of n. We may choose r such that 0 < r/q < 1, therefore,
since 0 < w,, < 1, we have wﬁr/q < w, 1. Hence, by (5.5), we conclude that
Jo wn|Vin, — Vil? goes to zero as n — co. We obtain that [ |i, — @[* goes to
zero as well. We then apply Theorem 4.4 in [23] and the proof is concluded. O

Therefore, even if v, is a good phase-field approximation of Ky, i, is not a
good approximation of ug. In order to have that @, approximates ug, we need
to require that v, is very small close to Ky, in such a way that violates (5.5).
In turn, this might suggest the fact that higher integrability and the correct
approximation might in some sense oppose each other.

Let us conclude by observing that (5.5) is a kind of minimal condition to have
fQ Wy |V, |7 uniformly bounded. We wish to point out that potential theory for
weights whose inverse is not integrable has been developed, see for instance [10]
for the case of weights w = w!' P/N 1 < p < N, where w is a so-called strong
Aso-weight. Strong A..-weights have been introduced in [9]. Following [24], an
important example of strong A,,-weights is given by

w(z) = min{1, dist(z, A)*}, z € RY,

where s > 0 and A is a suitable compact set. In [24, Proposition 4.4] it is shown
that w is a strong A,.-weight for any s > 0 provided A is uniformly disconnected.
On the other hand, no strong A.,-weight may vanish on a rectifiable curve,
therefore this class of weights seems to be not apt to approximate hypersurfaces
as we require in our application.

6 Differentiability of the functionals

In this last section, we investigate the differentiability properties of ]:'g , Ge and
]:';17 for a fixed €, 0 < ¢ <1, and any ¢ > 2. For this purpose, we further assume
that the functions 1, V and W are actually of class C' and such that their
derivatives are bounded and uniformly continuous all over R.

We define the following spaces. For any p, 2 < p < 400, let us call L,(Q2) =
{# € LP(Q) : & = 0 ae in O} and W,(Q) = WH2(Q) N L,(Q), with norm
19,0 = 19llLr) and [|3llw, ) = [10llLr@) + [VOllL2(0). To any o € L*(2)
we as usual associate the function v = 1 — ¢. If ¢ belongs either to L,(Q2) or to
W, (), then v € LP(£2), v = 1 almost everywhere in Q;, and, provided 0 < # < 1
almost everywhere in {2, we also have 0 < v < 1 almost everywhere in 2. We
observe that W5(Q) = W(Q) as previously defined. We also recall that W} ()
is equipped with the norm [[ully 1.4 (q) = [Vl Le(q) for any u € W1a(9Q).

We recall that for any e, 0 < e < 1, we define H. : Ly(Q) — W}2(Q) as
follows

H: (D) =u.(0) for any 0 € Lao(Q).

It can be shown that for any 9y € L2 (£2) such an operator H. is differentiable
in 0y with respect to the L>°(Q) norm. Let DH.(To) : Loo(Q2) = W;2(Q) be
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the differential in ¥p. Then for any o in L () we have
DH(00)[v] = Ue(vo, 0)

where U, = U, (9, 0) € W*(Q) solves the following problem

(6.1) { div(thy (v0) VL) = div(th, (v0) 3V (Mo (50))) in €,

Yn(vo)VU: -v =0 on 99.

Here, obviously, vg = 1 — 0g.
We recall that for any vector valued function G € L?(Q,RY), div(G) defines
a functional on W12(€) in the following way

div(@)[¢] = — i G-V¢ for any ¢ € WH2(Q).

Therefore, the weak formulation of (6.1) is looking for a function U. € W;-*(Q)
such that

/an(vo)VUE Vo= /Qw;,(vo)W(He(ﬁo)) -V for any o € WH2(Q).

Here, and analogously in the sequel, the differentiability has to be understood
in the following sense. For any ¢ in L. ()

He (Do + 0) = He (o) + DHe(00)[0] + R(D)
where

RO w2y

1m o
15l Loe =0 [|D| Lo ()

For any ¢ > 2, let us consider the functional F : W1a(2) x W(Q) — R. For
any (uo, Oo) € W4(€) x W (), F1 is differentiable in (ug, @), with respect to
the W1 7(Q) x W (Q) norm. Let DF3(ug, Do) : W1() x Wso(€2) — R be the
differential in (ug,0o). Then, for any (u,0) € W;4(Q) x Wi (), we have

(6.2)  DF(ug,o)[(u, D)] =
a A (20 (v0) Vg - Vu — 7, (v0) Vo ) +

X

2
a{ (fsUs(f}m f)) - 2f5u) + a"2 /(UO - gs)qu
el J5 ef v

b/ (g (v0)|Vuo|**Vug - Vu — ¥, (vo) [Vue|10) +
Q
1

L v+ [ i v

With the same computation, we infer that the functionals FZ.W(Q) =R
and G. : W(Q) — R are differentiable in 9y for any 9 € W(Q2), with respect to
the Wy () norm. Let DF2(7g) : Woo () — R and DG, (7o) : Weo(Q) — R be
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the differentials in (ug, ¥g). Then, for any © € W, (€2), we have

2&2
b

b/Q (QZ/Jn(UO)VHE(T}O) . VUE({;(),’E) — ¢;](’U0)|VH5(’DO)|2’D) +

(6.3) DFZ(io)[d] =

(H&*(’EO) - gE)Ug(fJo, ?7)4‘

—

1 L o
E/Q(fV (vo)v)JrQn/QVvo~Vv
and
(©4) DG(0)o] = 7 [ (H.Go) — 9 Vel )+

b/Q (20 (v0) VHe (o) - VU (T, ) — 1y, (v0)| VHe (T0)[*T) +

1/(-W’(v0)f})+2n/ Vi - V.
nJa Q

It might be useful to have differentiability properties with respect to the
W,(€2) norm, with p finite. In fact in this case W,(£) is a strictly convex real
reflexive Banach space and this is useful when we need to apply a gradient
method in a numerical implementation, see [20] for details on the use of this
information. In order to obtain such differentiability, let us now assume that 1)’,
V' and W' are Holder continuous for some exponent a, 0 < o < 1, all over R.

We recall again that, by Proposition 2.5 and Proposition 3.2, there exists a
constant C' such that for any €, 0 < £ < 1, and for any 0 € Ly(Q2), we have

/wn(5)|Vﬂ5(T1)|2 <C and [@(®)|ie@ < C.
Q
Furthermore, there exists ¢(e) > 2, depending on N, 2, s and ¢ only, such that

@ (?) belongs to W14(=)(©). We can also find a constant C;, depending on N,
Q, 7, s, [ folls 90y and € only, such that for any ¢ € La(£2)

[Viae ()l pacer () < Ch-

We remark that the dependence of ¢(¢) on € is through o,,(.) and that, unfortu-
nately, it might happen that g(¢) — 27 and C; — 400 as € — 0V.

However, we may conclude that #H. : La(Q2) — Wi’Q(E)(Q) and its image is

bounded in W71 ’Q(E)(Q). Furthermore, again by Proposition 2.5, we infer that for
any U9 € Lo(92) we may define as before DH.(?p) and prove that DH.(7p) :

Lg(e)(q(e)+2) /(a(e)—2) (1) — W»&’(q(s)ﬂ)m (©) is a bounded linear operator.

Let p(e) = q(e) gggﬁ Then, straightforward but lengthy computations allow
us to show that for any oy € Lo(f2), H. is differentiable in 9y with respect to

the LP(¥)(Q) and the W1?(€2) norms. The differential is still given by (6.1). We
immediately infer that for any p, p > p(e), G. is differentiable in Vg, for any
9 € W(Q), with respect to the W,(Q) norm, with the differential given by
(6.4).

By an interpolation inequality, we may find ¢ (¢), 2 < q1(¢) < (q(¢) + 2)/2,
depending on ¢(g) and « only, such that for any ¢, 2 < ¢ < ¢i(¢), and any
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p, p > p(e), we have that, for any 09 € L2(Q2), H. is differentiable in 7y with
respect to the LP(Q) and the W} ¢(Q) norms. Obviously the differential is still
given by (6.1).

We conclude that for such ¢ and p, and any v € W(Q), we have that ]:"g is
is differentiable in g, for any 9y € W(£2), with respect to the W, (€2) norm. Its
differential is given by the following formula. For any ¢ € W,(£2) we have

(6.5) DF2(0)o] = 22 [ (Heliv) - g:)U.(0,)+

bA (q't/)n(vo)|V7—[s(170)|q72V7-l5(f)0) . VUE(Tjo,@) — 1/};]('00)|VH5(’50)|11’5) -+

nJa Q

An important final remark is the following. If N = 2, then we may actually
choose p(g) = 2, and we observe that W5(Q?) is a Hilbert space, with the scalar
product [, Vo, - Vo for any 0y, 0 € Wo(S2). If N > 2, then it might happen
that p(e) > 2 and therefore W),y (£2) has not a Hilbert space structure anymore.
However, since p(e) is finite, Wy)(2) is still a strictly convex real reflexive
Banach space.
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