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Abstract

We give a characterization of injective (with respect to the class of embeddings) topologica
spaces using their T0-reflection, that turns out to be injective itself. We then prove that the exist
of an injective hull of(X,f ) in the categoryTop/B of topological fibre spaces is equivalent to t
existence of an injective hull of its T0-reflection(X0, f0) in Top/B0 (and in the categoryTop0/B0
of T0 topological fibre spaces).
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Introduction

New investigations on injective objects have been recently forwarded (see [1,2
in comma-categories, since “sliced” injectivity describes weak factorization syste
concept used in homotopy theory, in particular for model categories. The quest
any C/B for B in a given categoryC has enoughH-injectives acquires a particula
relevance, since it is equivalent, under mild conditions onH, to the existence inC of a
weak factorization system that has morphisms ofH as left part andH-injectives in the
comma-categories as right part (see [2,8,9]). So it may be useful to know the nat
H-injectives inC/B and in this direction there are results in [2] for the categoryPos of
partial ordered sets and monotone mappings and for the category of small categoriCat.
In [4] a characterization of injective (T0) topological fibre spaces overB can be found.
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If any C/B has not only enoughH-injectives, but alsoH-injective hulls, we get inC a
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particular weak factorization system, called left essential in [9]. In [5] we found a nece
and sufficient condition for the existence of injective hulls of T0 topological fibre space
whose restriction to the image is injective. Now the question arises naturally: What
topological (not T0) fibre spaces? As Wyler did for topological spaces in [10], we use s
properties of the T0-reflection to find an answer to the above question. In the “non-fib
case, Wyler found a space is injective if and only if its T0-reflection is injective. In the
fibred case, the injectivity of the T0-reflection(X0, f0) may not be sufficient to ensure th
injectivity of (X,f ). For example, ifS denotes the Sierpinski space,I the indiscrete spac
with two points andb a bijective map between them,(S, b) has a trivially injective T0-
reflection, but it is not injective, since it is not a topological quotient (see Proposition 2
In order to have a characterization, we need an additional request onf , that isf has to
send indiscrete components onto indiscrete components.

As a final result, we obtain that the existence of an injective hull of(X,f ) in Top/B is
equivalent to the existence of an injective hull of its T0-reflection(X0, f0) in Top/B0 (and
in Top0/B0). The analogy with the “non-fibred” case is obtained by means of the noti
pullback complement (see [6]), that turns out to be an useful tool to construct an inj
hull of (X,f ), once an injective hull of(X0, f0) is given.

1. Injectivity

Let H be a class of morphisms in a categoryC. We recall the following definitions:

Definition 1.1. An object I is H-injective if, for all h :X → Y in H, the function
C(h, I) : C(Y, I) → C(X, I) is surjective.

Definition 1.2. A morphismh :X → I in H is H-essential if, for everyk, the composite
kh lies inH only if k does; if, in addition,I is H-injective, thenh is anH-injective hull
of X.

C is said to have enoughH-injectives if for every objectX in C there is a morphism
h :X → I in H with I H-injective; if h can be chosen to beH-essential, thenC has
injective hulls.

It is well-known thatH-injective hulls, if they exist, are uniquely determined, up to i
morphisms.

In the comma-categoryC/B (whose objects(X,f ) areC-morphismsf :X → B with
fixed codomainB), (X,f ) is thenH-injectiveif, for any commutative diagram inC

U
u

h

X

f

V v B
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with h ∈H, there exists an arrows :V → X

l

[4]),
en
he
e
state

ents).

s:
X
u

h

A

f

Y

s

v B

such thatsh = u andf s = v.
Furthermore,j : (X,f ) → (Y, i) is a H-injective hull of (X,f ) in C/B, if (Y, i) is

H-injective andj in H is essential inC/B, that is: for any factorizationi = hk

X
f

j

B

Y
k

i

Z

h

with hk in H, necessarilyk ∈H follows.

Notation. From now on, injective will denoteH-injective forH the class of topologica
embeddings.

Any comma-categoryTop/B has enough injectives (see, e.g., Proposition 1.8 in
but it has not injective hulls, sinceTop has not. Thus it may be useful to know wh
an object(X,f ) has an injective hull inTop/B. Since we have a result in [5] about t
existence of injective hulls in the categoriesTop0/B0 of T0 topological fibre spaces, w
would like to know how the T0-reflection behaves in such a situation. So we need to
some results on the properties of the T0-reflection.

2. The T0-reflection

The categoryTop0 of T0 topological spaces is reflective in the categoryTop (with
reflectorπ given on the objects by the topological quotients on the indiscrete compon
The unit of this adjunction is called the T0-reflection, so that, for anyX in Top, there exists
a T0 spaceX0 and a mapπ

X
:X → X0 such that the following universal property hold

for any T0 spaceZ0 and for any mapf :X → Z0, there exists a unique mapf0 :X0 →Z0
such thatf = f0πX .

Given anyB in Top, this unit defines a functor between the categoriesTop/B and
Top0/B0, so that any object(X,f ) in Top/B is reflected in(X0, f0) in Top0/B0:

X
f

π
X

B

π
B

X0 f0
B0

We recall the following properties of this T0-reflection (see also [10]):
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Proposition 2.1.

paces

ns

y

(1) X has the initial topology andX0 has the final topology with respect to the T0 quotient
π
X

:X →X0.
(2) f :X → Y is a function between topological spaces preserving indiscrete subs

such that the induced functionf0 :X0 → Y0 is continuous, then f is continuous.
(3) f :X → Y is an embedding if and only iff is monic andf0 :X0 → Y0 is an

embedding.
(4) TheT0-reflection has stable units, that is(see[3]), the pullbackp of anyπ

X
along any

mapq :Y → X0

Y ′ p

q ′

Y

q

X π
X

X0

has a T0-reflectionp0 that is an isomorphism.

Proposition 2.2. If f :X → B is a surjective map andX has the initial topology with
respect tof , then(X,f ) is injective inTop/B.

In particular, any(X,π
X
) is injective inTop/X0.

Proof. Given a commutative diagram inTop

Y
u

h

X

f

Z v B

with h an embedding, since in the categorySet/B injective objects are surjective functio
overB, there is a functionk :Z → X such thatkh= u andf k = v. But thisk is continuous,
sinceX has the initial topology with respect tof andf k is continuous. In particular, b
Proposition 2.1(1) we can apply this result to(X,πX).

Corollary 2.3. If f :X → B is a surjective map with T0-reflection f0 that is an
isomorphism, then(X,f ) is injective inTop/B.

Proof. Under these hypothesis, by Proposition 2.1(1),X has the initial topology with
respect tof , then we can apply Proposition 2.2.

Before going on, we need to recall some useful properties of injectives inTop/B.

Proposition 2.4.

(1) If (X,f ) is injective inTop/B, f is a retraction inTop. In particular, for anyx ∈ X

there exists a sectionsx of f with sx(f (x))= x.
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(2) Given (X,h) injective in Top/Y and (Y, k) injective in Top/Z, then (X, kh) is

t

injective inTop/Z.

Proof. (1) If (X,f ) is injective inTop/B, given a pointx ∈ X and its embedding inX,
we can consider following diagram:

{x}
f|

X

f

B
id

B

Since(X,f ) is injective, there exists a sections :B →X of f with sx(f (x))= x.
(2) It easily follows from the definition of injective objects in comma-categories.

Lemma 2.5. Givenf :X0 → B0 in Top0, then(X,f0) is injective inTop/B0 if and only if
it is injective inTop0/B0.

Proof. It follows from the definition of injective objects, knowing that the T0-reflection
preserves embeddings (by Proposition 2.1(3)).

Now we are ready to give the first characterization theorem:

Theorem 2.6. (X,f ) is injective inTop/B if and only if

(1) For any indiscrete componentC ofX, f (C) is an indiscrete component ofB.
(2) Its T0-reflection(X0, f0) is injective inTop0/B0.

Proof. Let (X,f ) be injective inTop/B.
(1) For any indiscrete componentC of X, f (C) is indiscrete, sincef is continuous.

Then f (C) ⊂ C′, with C′ indiscrete component ofB. Given b1 ∈ f (C), that is b1 =
f (x1), with x1 ∈ C, we can consider the corresponding sectionsx1 of f given by
Proposition 2.4(1). Thenx1 ∈ sx1(C

′), so thatsx1(C
′) ⊂ C, sinceC′ is a component. Bu

thenC′ = f (sx1(C
′)) ⊂ f (C), so thatf (C) = C′.

(2) Given the T0-reflection(X0, f0) and the diagram

X
f

π
X

B

π
B

X0 f0
B0

by Propositions 2.2 and 2.4(2),(X,π
B
f ) is injective inTop/B0. Since(X0, f0) is a retract

of (X,π
B
f ) in Top/B0 by the retractionπ

X
, it is injective inTop/B0 and then inTop0/B0

by Lemma 2.5.
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Now let (X,f ) fulfill conditions (1) and (2). We want to show that it is injective in

ap
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,

inary

T

e

on of
Top/B. So let

A
j

l

A′

m

X
f

π
X

B

π
B

X0 f0
B0

be a commutative diagram inTop with j an embedding. By condition (2),(X0, f0) is
injective inTop0/B0 and then inTop/B0, by Lemma 2.5. Consequently, there exists a m
h0 :A′ → X0 such thath0j = π

X
l andf0h0 = π

B
m. For anyx0 ∈ X0, let C0 = π−1

X
(x0)

an indiscrete component ofX. By condition (1),f (C0) = C′
0 is the indiscrete compone

of B given byπ−1
B

(b0), whereb0 = f0(x0). The square in the following diagram

l−1(C0)
j|

l|

h0
−1(x0)

m|
hx0

C0 f|
C′

0

is commutative by construction. Since(C0, f|) is injective by Corollary 2.3, there existshx0

with j|hx0
= l| andhx0

f| =m|. Let us defineh = ⋃{hx0
|x0 ∈X0}. By Proposition 2.1(2)

h is continuous sinceπ
X
h= h0 and by constructionjh = l andf h=m.

Before giving the characterization theorem on injective hulls, we need some prelim
results:

Lemma 2.7 (cf. [10]). An embeddingj :X0 → Y0 is essential inTop0 if and only if it is
essential inTop.

Proof. It follows from the definition of essential embedding, knowing that the0-
reflection preserves embeddings (by Proposition 2.1(3)).

Proposition 2.8. (X0, f0) has injective hull inTop0/B0 if and only if has injective hull in
Top/B0 and in this case the injective hulls coincide.

Proof. If (X0, f0) has injective hullj : (X0, f0) → (Y0, g0) in Top0/B0, then(Y0, g0) is
injective in Top0/B0 and then inTop/B0 by Lemma 2.5. Furthermorej is essential in
Top0 and then inTop by Lemma 2.7.

If (X0, f0) has injective hullj : (X0, f0) → (Y, g) in Top/B0, π(j) = π
Y
j :X →

π(Y ) = Y0 is an embedding and thenπ
Y

is an embedding, sincej is essential. Henc
Y0 = Y andj is an injective hull of(X0, f0) also inTop0/B0.

As a main ingredient of the next characterization theorem, we will use the noti
pullback complement. So we need to recall (see [6]):
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Definition 2.9. Given a morphismm :U → B, the pullback complement ofm along a

y
t. In
if
dding

t

morphisme :A→U is the morphismm̄ in a pullback diagram

A
e

m̄

U

m

P
ē

B

such that, given any pullback diagram

X
d

k

U

m

Y g B

and a morphismh :X → A with eh = d , there is a unique morphismh′ :Y → P with
ēh′ = g andh′k = m̄h.

The existence of pullback complements of a monomorphismm in a categoryC with
finite limits is equivalent to the exponentiability ofm in C (see [6]), so that in the locall
Cartesian closed categorySet pullback complements of monomorphisms always exis
Top pullback complements of an embeddingm exist along any morphism if and only
m is a locally closed embedding (see [7,6]). But pullback complements of an embe
m along particular morphisms may exist also without conditions onm, as the following
proposition shows:

Proposition 2.10. Letm be any embedding inTop and letA have the initial topology with
respect toe :A→ U . Then there exists a pullback complement ofm alonge:

A
e

m̄

U

m

P
ē

B

whereP has the initial topology with respect tōe :P →B.

Proof. Let us consider the pullback complement ofm along the functione in Set. If we
take onP = (B \m(U))∪A the initial topology with respect tōe :P →B, m̄ is continuous
sinceē m̄=me is continuous. The diagram is a pullback complement diagram also inTop,
because of the initial topology onA.

Now we are ready to state the main theorem:

Theorem 2.11. (X,f ) has injective hull inTop/B if and only if itsT0-reflection(X0, f0)

has injective hull inTop/B0.

Proof. Let (X,f ) have injective hullj : (X,f ) → (Y, g) in Top/B. We want to show tha
the T0-reflectionj0 : (X0, f0) → (Y0, g0) is an injective hull of(X0, f0) in Top/B0, that is
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in Top0/B0 by Proposition 2.8.(Y, g) is injective inTop/B, hence(Y0, g0) is injective in

y
.

y
.

ap
Top0/B0, by Theorem 2.6. We have only to prove thatj0 is essential inTop0/B0. Let then
k0 : (Y0, g0)→ (Z0, h0) be a map such thatq0 := k0j0 is an embedding:

X0
f0

j0

B0

Y0 k0

g0

Z0

h0

Let us defineZ := Z0 × Ŷ , whereŶ is the setY endowed with the indiscrete topolog
and the mapk := 〈k0πY , idY 〉 :Y → Z is continuous since bothk0πY , idY are continuous
Sinceπ(Z)=Z0, we can consider the following commutative diagram

Y
k

g

Z
π
Z

Z0

h0

B π
B

B0

Looking at this as a diagram inSet, we obtain that, sincek is monic andπ
B

is epic,
there exists a functionh :Z → B such thathk = g andπ

B
h = h0πZ

. ButB has the initial
topology with respect toπ

B
andπ

B
h = h0πZ

is continuous, henceh is continuous. Thus
(Z,h) is an object ofTop/B andq := kj : (X,f ) → (Z,h) is a monomorphism inTop/B:

X
f

j

q
B

Y
k

g

Z

h

The T0-reflectionπ(q) = q0 of q is an embedding, hence alsoq is an embedding, b
Proposition 2.1(3). Butj is essential, sok and, by Proposition 2.1(3),k0 are embeddings
This proves thatj0 is essential.

Let j0 : (X0, f0) → (Y0, g0) be the injective hull of(X0, f0) in Top/B0 (and inTop0/B0
by 2.8). Letg̃ be the pullback ofg0 alongπ

B
. By the universal property, there exists a m

l :X → Ỹ making the following diagram commutative:

X

π
X

f

l

B

π
BỸ

πỸ

g̃

X0

j0

f0
B0

Y0

g0
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From Proposition 2.1(4),π(Ỹ ) = Y0. FurthermoreX has the initial topology with

n
i-

ps
d

respect toj0πX
, then with respect tol. If l = me, with e epimorphism andm embedding,

then X has the initial topology with respect toe, so that (X, e) is injective, by
Propositions 2.2 and by 2.10, there exists the pullback complement ofe alongm:

X
e

j
l

l(X)

m

Y
ẽ Ỹ

By Proposition 2.2 of [8],(Y, ẽ) is injective inTop/Ỹ . Moreover(Ỹ , g̃) is injective in
Top/B, g̃ being a pullback ofg0 and (Y0, g0) is injective in Top/B0. Thus, if g = g̃ẽ,
(Y, g) is injective inTop/B. Now we have to show thatj : (X,f ) → (Y, g) is essential in
Top/B.

Sinceπ(ẽ) is an isomorphism,π(g) = π(g̃) = g0 andπ(l) = π(j) = j0, by Proposi-
tion 2.1(4). Letk : (Y, g) → (Z,h) be a map such thatq := kj is an embedding. The
π(q) = q0 is an embedding andk0 is an embedding, sincej0 is essential. By Propos
tion 2.1(3), it is sufficient to show thatk is a monomorphism. Letα,β :T → Y be such
thatkα = kβ =ψ by definition:

Ỹ X
l

j q

T

ϕ

α

β
Y

g

ẽ

k

π
Y

π
X

Z

π
Z

h

X0

j0 q0

B

π
BY0

g0

k0
Z0

h0

B0

Thenπ
Z
(kα) = π

Z
(kα) �⇒ k0(πY

α) = k0(πY
β) andk0 monic impliesπ

Y
α = π

Y
β :=

ϕ by definition. Theng0ϕ = h0k0ϕ = h0πZψ = πB (hψ).
By the universal property of the pullback ofπ

B
alongg0 in correspondence to the ma

hψ :T → B andϕ :T → Z0 there exists a unique map fromT to Ỹ satisfying the requeste
properties. But̃g(ẽα) = hψ = g̃(ẽβ), thenẽα = ẽβ =: σ by definition:

T ′ X

j

e l(X)

m

T

ψ

α

β
Y

ẽ

k

Ỹ

g̃

Z
h

B
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Taking the pullback ofσ alongm, by the universal property of the pullback complement,
that

ppear.
Appl.

stems,

. Pure

47–167.
tegory

.

the map fromT to Y making the square on the top left commutative is unique, so
α = β . Thenk is monic and the proof is completed.
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