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Abstract

We give a characterization of injective (with respect to the class of embeddings) topological fibre
spaces using theirgfreflection, that turns out to be injective itself. We then prove that the existence
of an injective hull of(X, f) in the categoryTop/B of topological fibre spaces is equivalent to the
existence of an injective hull of itsgFreflection(Xgq, fo) in Top/Bg (and in the categoryopg/Bg
of Tg topological fibre spaces).

0 2003 Elsevier B.V. All rights reserved.

MSC:18G05; 55R05; 54B30

Keywords:Injective object; Injective hull; §-reflection; Initial topology; Pullback complement

Introduction

New investigations on injective objects have been recently forwarded (see [1,2,8,9])
in comma-categories, since “sliced” injectivity describes weak factorization systems, a
concept used in homotopy theory, in particular for model categories. The question if
any C/B for B in a given categoryC has enoughH-injectives acquires a particular
relevance, since it is equivalent, under mild conditionsHonto the existence il€ of a
weak factorization system that has morphismgts left part and<-injectives in the
comma-categories as right part (see [2,8,9]). So it may be useful to know the nature of
‘H-injectives inC/B and in this direction there are results in [2] for the catedeoyg of
partial ordered sets and monotone mappings and for the category of small cat€gbries
In [4] a characterization of injective ) topological fibre spaces ové can be found.
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If any C/B has not only enoughi-injectives, but als@{-injective hulls, we getirC a
particular weak factorization system, called left essential in [9]. In [5] we found a necessary
and sufficient condition for the existence of injective hulls gftdpological fibre spaces
whose restriction to the image is injective. Now the question arises naturally: What about
topological (not ) fibre spaces? As Wyler did for topological spaces in [10], we use some
properties of the g-reflection to find an answer to the above question. In the “non-fibred”
case, Wyler found a space is injective if and only if itg-fEflection is injective. In the
fibred case, the injectivity of thegfreflection(Xo, fo) may not be sufficient to ensure the
injectivity of (X, f). For example, ifS denotes the Sierpinski spadethe indiscrete space
with two points andb a bijective map between ther§, b) has a trivially injective -
reflection, but it is not injective, since it is not a topological quotient (see Proposition 2.4.1).
In order to have a characterization, we need an additional requegt trat is f has to
send indiscrete components onto indiscrete components.

As a final result, we obtain that the existence of an injective hulkgff) in Top/B is
equivalent to the existence of an injective hull of itgrEflection(Xg, fo) in Top/Bp (and
in Topo/ Bo). The analogy with the “non-fibred” case is obtained by means of the notion of
pullback complement (see [6]), that turns out to be an useful tool to construct an injective
hull of (X, f), once an injective hull ofXo, fo) is given.

1. Injectivity
Let H be a class of morphisms in a categ@yWe recall the following definitions:

Definition 1.1. An object I is H-injective if, for all h: X — Y in ‘H, the function
C(h, I):C(Y,I) — C(X, I) is surjective.

Definition 1.2. A morphismi: X — I in 'H is H-essential if, for every, the composite
kh lies in’H only if & does; if, in addition/ is H-injective, then: is an’H-injective hull
of X.

C is said to have enougH-injectives if for every objecX in C there is a morphism
h:X — I in ‘H with I H-injective; if » can be chosen to bE-essential, therC has
injective hulls.

It is well-known thatH-injective hulls, if they exist, are uniquely determined, up to iso-
morphisms.

In the comma-categor@/B (whose objectsX, f) areC-morphismsf : X — B with
fixed codomaim), (X, f) is thenH-injectiveif, for any commutative diagram i@

U—%=Xx

|l

V——8



F. Cagliari, S. Mantovani / Topology and its Applications 132 (2003) 129-138 131

with & € H, there exists an arrosv. V — X
X——=A
| )
Y——8B

such thath =u and fs = v.
Furthermorej: (X, f) — (Y,i) is a H-injective hull of (X, f) in C/B, if (Y,i) is
‘H-injective andj in H is essential irC/ B, that is: for any factorizatioh= hk

with hk in H, necessarily € H follows.

Notation. From now on, injective will denot@{-injective for H the class of topological
embeddings.

Any comma-categoryfop/B has enough injectives (see, e.g., Proposition 1.8 in [4]),
but it has not injective hulls, sincéop has not. Thus it may be useful to know when
an object(X, f) has an injective hull infop/B. Since we have a result in [5] about the
existence of injective hulls in the categorigspg/Bo of Tp topological fibre spaces, we
would like to know how the g-reflection behaves in such a situation. So we need to state
some results on the properties of thgreflection.

2. The Tq-reflection

The categoryTopg of Tg topological spaces is reflective in the categdop (with
reflectorr given on the objects by the topological quotients on the indiscrete components).
The unit of this adjunction is called theFeflection, so that, for an¥ in Top, there exists
a Tp spaceXo and a mapr, : X — Xp such that the following universal property holds:
for any Ty spaceZg and for any mapgf : X — Zg, there exists a unique mafp: Xo — Zo
such thatf = forrx.

Given anyB in Top, this unit defines a functor between the categofieg/B and
Topo/ Bo, so that any objeatX, ) in Top/B is reflected in(Xg, fo) in Topo/ Bo:

f

X——8B

XOTBO

We recall the following properties of thisyIreflection (see also [10]):
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Proposition 2.1.

(1) X hasthe initial topology an&o has the final topology with respect to thg quotient
w, X — Xo.

(2) f:X — Y is a function between topological spaces preserving indiscrete subspaces
such that the induced functiofy : Xo — Yp is continuous, then f is continuous.

(3) f:X — Y is an embedding if and only if is monic andfp:Xo — Yo is an
embedding.

(4) TheTo-reflection has stable units, that(see[3]), the pullbackp of anyr, along any
mapgqg :Y — Xo

Y/$Y

4

X~ Xo
has a B-reflectionpg that is an isomorphism.

Proposition 2.2. If f:X — B is a surjective map an& has the initial topology with
respect tof, then(X, f) is injective inTop/B.
In particular, any(X, ) is injective inTop/ Xo.

Proof. Given a commutative diagram fop
Yy ——=X

|

Z?B

with 2 an embedding, since in the categ®g/ B injective objects are surjective functions
overB, thereis afunctio : Z — X suchthakh = u andfk = v. But thisk is continuous,
sinceX has the initial topology with respect t6 and fk is continuous. In particular, by
Proposition 2.1(1) we can apply this result(o, ).

Corollary 2.3. If f:X — B is a surjective map with grreflection fo that is an
isomorphism, theX, f) is injective inTop/B.

Proof. Under these hypothesis, by Proposition 2.1¢f)has the initial topology with
respect tof, then we can apply Proposition 2.2.

Before going on, we need to recall some useful properties of injectivegapB.
Proposition 2.4.

() If (X, f) is injective inTop/B, f is a retraction inTop. In particular, for anyx € X
there exists a sectiony of f with s, (f(x)) = x.
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(2) Given (X, h) injective in Top/Y and (Y, k) injective in Top/Z, then (X, kh) is
injective inTop/Z.

Proof. (1) If (X, f) is injective inTop/B, given a pointx € X and its embedding iX,
we can consider following diagram:

}——x

i l

B——B

Since(X, f) is injective, there exists a sectionB — X of f with s, (f(x)) = x.
(2) It easily follows from the definition of injective objects in comma-categories.

Lemma 2.5. Given f : Xo — Bo in Topo, then(X, fo) is injective inTop/ By if and only if
it is injective inTopo/ Bo.

Proof. It follows from the definition of injective objects, knowing that the-feflection
preserves embeddings (by Proposition 2.1(3)).

Now we are ready to give the first characterization theorem:

Theorem 2.6. (X, f) is injective inTop/B if and only if

(1) For any indiscrete componentof X, f(C) is an indiscrete component &f.
(2) Its To-reflection(Xo, fo) is injective inTopg/ Bo.

Proof. Let (X, f) be injective inTop/B.

(1) For any indiscrete compone€tof X, f(C) is indiscrete, sincef is continuous.
Then f(C) c C’, with C’ indiscrete component oB. Given by € f(C), that isby =
f(x1), with x; € C, we can consider the corresponding sectign of f given by
Proposition 2.4(1). Then; € s, (C’), so thats,, (C’) C C, sinceC’ is a component. But
thenC’ = f (s, (C") C f(C), so thatf (C) =C'.

(2) Given the p-reflection(Xg, fo) and the diagram

f

X——8B

XOT Bo
by Propositions 2.2 and 2.4(2), r,, f) is injective inTop/Bo. Since(Xo, fo) is a retract
of (X, m, f) in Top/Bo by the retractionr, , it is injective inTop/ Bo and then inTopg/ Bo
by Lemma 2.5.
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Now let (X, f) fulfill conditions (1) and (2). We want to show that it is injective in
Top/B. So let

A(—j) A

zlflm

X——8B

Xo 7 Bo

be a commutative diagram ifiop with j an embedding. By condition (2] Xo, fo) is
injective inTopg/Bo and then inTop/ By, by Lemma 2.5. Consequently, there exists a map
ho: A’ — Xo such thathgj = 1 and foho = m,m. For anyxo € Xo, let Co = 7 1(x0)

an indiscrete component &f. By condition (1), f (Co) = Cy is the indiscrete component
of B given bynB—l(bo), wherebg = fo(xp). The square in the following diagram

17Y(Cof—2> ho~Y(x0)

W

Co C6

A
is commutative by construction. Sin@€y, f)) is injective by Corollary 2.3, there exi§t§0
with jihy =1 andhy_ fj =m. Let us defineh = J{h. |x, € Xo}. By Proposition 2.1(2),
h is continuous since , i1 = ho and by constructioriz =1 and fh = m.

Before giving the characterization theorem on injective hulls, we need some preliminary
results:

Lemma 2.7 (cf. [10]). An embedding : Xo — Yo is essential inTopg if and only if it is
essential inTop.

Proof. It follows from the definition of essential embedding, knowing that the T
reflection preserves embeddings (by Proposition 2.1(3)).

Proposition 2.8. (Xg, fo) has injective hull inTopg/ Bo if and only if has injective hull in
Top/Bo and in this case the injective hulls coincide.

Proof. If (Xo, fo) has injective hullj : (Xo, fo) = (Yo, go) in Topo/Bo, then (Yo, go) is
injective in Topg/Bo and then inTop/Bo by Lemma 2.5. Furthermorg is essential in
Topp and then inTop by Lemma 2.7.

If (Xo. fo) has injective hullj: (Xo, fo) — (Y, g) in Top/Bg, #n(j) =7,j: X —
7(Y) = Yo is an embedding and then, is an embedding, sincg is essential. Hence
Yo=Y andj is an injective hull of(Xq, fo) also inTopg/Bo.

As a main ingredient of the next characterization theorem, we will use the notion of
pullback complement. So we need to recall (see [6]):
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Definition 2.9. Given a morphismm : U — B, the pullback complement ofi along a
morphisme: A — U is the morphismz in a pullback diagram

A—5=U

P T) B
such that, given any pullback diagram

x—4-y

ki lm

Y—¢>8

and a morphisnk: X — A with eh = d, there is a unique morphisi : Y — P with
eh’ = g andh’k = mh.

The existence of pullback complements of a monomorphisin a categoryC with
finite limits is equivalent to the exponentiability of in C (see [6]), so that in the locally
Cartesian closed categoBgt pullback complements of monomorphisms always exist. In
Top pullback complements of an embeddimgexist along any morphism if and only if
m is a locally closed embedding (see [7,6]). But pullback complements of an embedding
m along particular morphisms may exist also without conditiongmoras the following
proposition shows:

Proposition 2.10. Letm be any embedding ifiop and letA have the initial topology with
respecttee: A — U. Then there exists a pullback complementadlonge:

A——=U

)
P——B
e

whereP has the initial topology with respectta P — B.
Proof. Let us consider the pullback complementmfalong the functiore in Set. If we
take onP = (B\m(U))U A the initial topology with respect te: P — B, m is continuous

sincee m = me is continuous. The diagram is a pullback complement diagram albopin
because of the initial topology of.

Now we are ready to state the main theorem:

Theorem 2.11. (X, f) has injective hull inTop/B if and only if itsTo-reflection(Xo, fo)
has injective hull inTop/ Bo.

Proof. Let (X, f) have injective hullj: (X, f) — (Y, g) in Top/B. We want to show that
the To-reflectionjo: (Xo, fo) = (Yo, go) is an injective hull of( Xo, fo) in Top/ By, that is
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in Topo/ Bo by Proposition 2.8(Y, g) is injective inTop/ B, hence(Yp, go) is injective in
Topo/Bo, by Theorem 2.6. We have only to prove thgis essential irTopg/ Bo. Let then
ko: (Yo, g0) = (Zo, ho) be a map such thab := kg jo is an embedding:

X0—>Bo

PNV

Y04>Z0

Let us defineZ := Zg x Y, whereY is the setr endowed with the indiscrete topology
and the mag := (kow,, idy):Y — Z is continuous since bottyr,, idy are continuous.
Sincen (Z) = Zp, we can consider the following commutative diagram

N ZO
ho

{1

Looking at this as a diagram iBet, we obtain that, sincé is monic andr, is epic,
there exists a function: Z — B such thatik = g andn i = how,. But B has the initial
topology with respect ter, andw,h = hom, is continuous, henck is continuous. Thus
(Z, h) is an object offop/B andq :=kj : (X, f) — (Z, h) isamonomorphism iffop/B:

X ! B
WA
J 8
Y . z

The Tp-reflectionz (q) = go of ¢ is an embedding, hence algas an embedding, by
Proposition 2.1(3). Buj is essential, sé and, by Proposition 2.1(3}p are embeddings.
This proves thafjp is essential.

Let jo: (Xo, fo) — (Yo, go) be the injective hull of X, fo) in Top/Bo (and inTopo/ Bo

by 2.8). Letg be the pullback ofo alongr . By the universal property, there exists a map
[: X — Y making the following diagram commutative:

-

[

X%B

AL

Ty

Jo

Xo—————Bo

WA

Yo
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From Proposition 2.1(4)11(?) = Yo. FurthermoreX has the initial topology with
respect tojor, , then with respect tb. If I = me, with e epimorphism anek embedding,
then X has the initial topology with respect te, so that(X,e) is injective, by
Propositions 2.2 and by 2.10, there exists the pullback complemeralohgm:

X —51(X)

~F

Y——>7Y

By Proposition 2.2 of [8](Y, ¢) is injective inTop/?. Moreover(Y, 2) isinjective in
Top/B, g being a pullback ofgo and (Yo, go) is injective inTop/Bg. Thus, if g = ge,
(Y, g) is injective inTop/B. Now we have to show that: (X, f) — (¥, g) is essential in
Top/B.

Sincern (e) is an isomorphismg (g) = 7w (g) = go andn(l) = 7 (j) = jo, by Proposi-
tion 2.1(4). Letk: (Y, g) — (Z,h) be a map such that := kj is an embedding. Then
(q) = qo is an embedding ankp is an embedding, sincg is essential. By Proposi-
tion 2.1(3), it is sufficient to show that is a monomorphism. Lat, 8:T — Y be such
thatka = kB = ¥ by definition:

?éx

Thenrn, (ko) = 7, (ka) = ko(r, o) = ko(7r, ) andko monic impliesr, o = 7, B :=
¢ by definition. Thergop = hokop = hom, v = 7, (hyr).

By the universal property of the pullback of alonggo in correspondence to the maps
hy:T — B andg:T — Zgthere exists a unique map frdito Y satisfying the requested
properties. Bug(ea) = hyr = g(eéB), thenea = ¢ =: o by definition:

7 — X —=1(X)
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Taking the pullback of alongm, by the universal property of the pullback complement,
the map fromT to Y making the square on the top left commutative is unique, so that
a = B. Thenk is monic and the proofis completed.
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