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Abstract: The Casimir effect for a scalar field in presence of delta-type potentials has been
investigated for a long time in the case of surface delta functions, modelling semi-transparent
boundaries. More recently Albeverio, Cacciapuoti, Cognola, Spreafico and Zerbini have considered
some configurations involving delta-type potentials concentrated at points of R?; in particular,
the case with an isolated point singularity at the origin can be formulated as a field theory on R3\ {0},
with self-adjoint boundary conditions at the origin for the Laplacian. However, the above authors
have discussed only global aspects of the Casimir effect, focusing their attention on the vacuum
expectation value (VEV) of the total energy. In the present paper we analyze the local Casimir effect
with a point delta-type potential, computing the renormalized VEV of the stress-energy tensor at
any point of R3\ {0}; for this purpose we follow the zeta regularization approach, in the formulation
already employed for different configurations in previous works of ours.
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1. Introduction

The main characters in investigations on vacuum effects of the Casimir type are the boundary
conditions assumed for the quantum field and/or the external potential possibly acting on the field
itself [1-15]. The boundary conditions are typically employed to account for the presence of perfectly
conducting walls, or perfectly reflecting mirrors. On the other hand, the interpretation of the external
potentials depends essentially on their structure; in many cases these potentials can be viewed as
modelling some type of confinement, softer than the one given by sharp boundaries.

Nowadays, a quite remarkable literature is available, regarding Casimir-type settings with external
delta-type potentials. Such models can be viewed as limit cases of configurations with sharply peaked
(but regular) potentials.

Most of the literature considers the case of surface delta functions, concentrated on supports
of co-dimension 1; these are commonly interpreted as semi-transparent walls, inducing a partial
confinement of the quantum field. The first ones to investigate a Casimir configuration of this
kind were probably Mamaev and Trunov [16], who computed the renormalized VEV of the energy
density for a massive scalar field in presence of delta potentials concentrated on two parallel plates.
Variations of the same model, concerning both a scalar and a spinor field, were later examined by
Bordag, Hennig and Robaschik in [17]. In the last two decades, there has been a renewed interest on
surface delta potentials: see, e.g., [18-27].
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The Casimir effect in presence of point delta-type potentials (concentrated on supports of
co-dimension 3) has been studied only in more recent times, and the existing literature is not so wide;
these configurations are typically interpreted in terms of point-like impurities. In [28], Spreafico and
Zerbini proposed a general setting to renormalize the relative partition function of a finite-temperature
quantum field theory (on flat or even on curved, ultrastatic spacetimes with noncompact spatial
section); in this work the authors discussed, as an application, the total Casimir energy at finite or zero
temperature for a massless scalar field (in flat spacetime), in presence of one or two point-like impurities.
In [29] Albeverio, Cognola, Spreafico and Zerbini computed the renormalized, relative partition
function and the Casimir force for a massless scalar field in presence of an infinite conducting plate
and of a point-like impurity, placed outside the plate. A similar analysis was performed in [30] by
Albeverio, Cacciapuoti and Spreafico, who determined the renormalized, relative partition function
for a massless scalar field in presence of a point-like impurity and of a Coulomb potential centered at
the same point.

From a mathematical point of view, the description of delta-type potentials can be given in terms
of suitable boundary conditions across the support of the delta functions, defining a self-adjoint
realization of the Laplace operator. This approach has been developed for delta functions concentrated
on surfaces, curves or points in R3. Therefore, a problem involving —A (the opposite of the Laplacian)
plus a delta-type potential is reformulated with full analytical rigor as a problem in the region outside
the singularity, where the fundamental operator is —A with the above mentioned boundary conditions.
When this setting was originally devised, the interest in delta-type potentials was not motivated
by their action on quantum fields but, rather, by non-relativistic quantum mechanics; the aim was
to define rigorously Schrodinger operators with delta-type potentials and to develop, in particular,
the corresponding scattering theory. Of course, the operator —A plus a delta-type potential has a
different status in quantum field theory, where it can appear in the spatial part of the field equations.

In the case of a point delta-type potential on R?, the rigorous definition of the corresponding
operator in terms of boundary conditions for the Laplacian was first given in a seminal paper of
Berezin and Faddeev [31]; a standard reference on this topic, using systematically the language of
Sobolev spaces, is the book by Albeverio et al. [32]. To implement this setting, a price must be paid:
one must think the potential as the product of the point delta function by an infinitesimally small
coupling constant. It is customary to interpret the infinitesimal nature of this constant as the effect of
some “renormalization” of the interaction, an idea suggested by the construction of [31].

Before proceeding, let us mention that general delta-type potentials have also been treated
within the framework of much more general mathematical theories; in particular, they have been
described in terms of singular perturbations of self-adjoint operators in scales of Hilbert spaces by
Albeverio et al. [33,34] and by means of Krein-like resolvent formulas by Posilicano et al. [35,36].

In the present work, we analyze the Casimir physics of a massless scalar field in presence of
a point-like impurity. This configuration is closely related to the settings of [28-30]; however these
papers discussed only global observables, like the total energy. On the contrary, our analysis is focused
on local aspects; more precisely, we compute the renormalized VEV of the stress-energy tensor at
any space point outside the impurity. To treat the point delta-type potential, we stick to the standard
setting of [31,32]. Besides, to renormalize the stress-energy VEV we follow the local zeta regularization
approach; here, a regularization is introduced for the field theory depending an a complex parameter,
and the renormalization of local observables is defined in terms of the analytic continuation with
respect to this parameter.

Zeta regularization is an elegant strategy to give meaning to the divergent expressions appearing
in naive manipulations of quantum field theory; its application to the local observables of quantum
fields was proposed by Dowker and Critchley [37], Hawking [38] and Wald [39], and especially
supported by Actor, Cognola, Dowker, Elizalde, Moretti, Zerbini et al., who must be credited with
developing this idea in a systematic way (see [40-43] and the references cited therein). The same ideas
have become more popular in the treatment of global observables (such as the total energy), resulting
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into an abundant literature (see, e.g., [44—46] and references therein); notably, global zeta regularization
appears in all the previously cited works on field theory with point-like singularities. In our recent
book [47], we have proposed a formulation of the local (and global) zeta techniques for a scalar field,
based on canonical quantization and on the introduction of a suitably regularized field operator
depending on a parameter u € C; the renormalization of local (or global) observables is defined in
terms of the analytic continuation to a neighborhood of the point # = 0, formally corresponding to the
unregularized field operator.

From the very beginning of zeta regularization theory, it was understood that the analytic
continuation required by this approach is deeply related to certain integral kernels associated to
the fundamental operator of the field theory, i.e., —A plus the possibly given external potential.
Here we mention, in particular, the Dirichlet and heat kernels which correspond, respectively, to the
complex powers and to the exponential of the fundamental operator; these facts are relevant even for
the results described in the present paper.

Let us describe the organization of the present work. In Section 2 we summarize the local zeta
regularization scheme for the stress-energy VEV of a scalar field and its connection to the above
mentioned kernels, following systematically [47]; in particular, we introduce the fundamental operator
A associated to the field equation and account for the possibility to replace it with the modified version
A; := A+ ¢ (depending on the “infrared cutoff” ¢ > 0, which should be ultimately sent to zero).
In Section 3 we consider on R? the operator —A plus a point delta-type potential concentrated at
the origin; following [32], we review the rigorous description of this configuration in terms of the
fundamental operator A = —A on Q := R3\ {0} (with suitable boundary conditions at the origin)
and introduce as well its modified version A,. In Section 4 we report an explicit expression for the
heat kernel of A, following trivially from a result of [48] on the same kernel for .A; this expression is
rephrased in Section 5 in terms of a system of spherical coordinates, to be used on Q2 up to the end of
the paper.

In Section 6 we determine the zeta-regularized stress-energy VEV (0| Tﬁ{f‘ 0) for our field theory
with point singularity; more precisely, we derive an integral representation for this VEV using
the previously mentioned expression for the heat kernel and some known relations involving the
Dirichlet kernel of A.. This representation of the stress-energy VEV, depending on the regulating
parameter # € C and on the infrared cutoff ¢ > 0, is reformulated in Section 7 in terms of Bessel
functions; this also allows to determine the analytic continuation of the map u — <O\Tﬁf 0) to a
meromorphic function on the whole complex plane, possessing a simple pole at u = 0. We compute
the regular part of (0|T;;|0) at this point in Section 8 and subsequently evaluate the limit ¢ — 0"
of the resulting expression in Section 9; according to a general prescription of [47], these operations
determine the renormalized stress-energy VEV (0|T},,|0) .. The final expressions thus obtained for the
non-vanishing components of (0| TMV |0)en are reported in the conclusive Section 10; therein, we also
analyze the asymptotic behavior of the renormalized stress-energy VEV in various regimes, discussing
especially the expansions for small and large distances from the point impurity (see, respectively,
Sections 10.1 and 10.2).

Some of the computations required by this paper were assisted by the symbolic mode of

Mathematica.

2. The General Setting

Quantum field theory and the fundamental operator. In the present section we briefly recall the general
setting of [47] for the quantum theory of a scalar field on a space domain with boundary conditions,
possibly in presence of a static external potential; this formulation will be methodically employed in
the sequel.
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We use natural units, so that c = 1 and i = 1, and work in (1 + 3)-dimensional Minkowski
spacetime; this is identified with R* = R x R3 using a set of inertial coordinates

X = (xy)]i:(),l,z,?) = (xor (xi)i:1,2,3) = (t/ X) ’ (1)
so that the spacetime line element reads
ds® = v dxtdx”, (Muv) = diag(—1,1,1,1) . )

We assume that, in this coordinate system, the spatial domain for the field consists of a fixed open
subset Q) of R3.

To proceed, we consider a canonically quantized, neutral scalar field 43 R xQ = Ly(F),
(t,x) — ¢(t,x) (F is the Fock space and Ls,(J) are the self-adjoint operators on it); this can interact
with a static background potential V : Q) — R, x — V(x). We indicate with |0) € § the vacuum state
and we systematically use the acronym VEV for “vacuum expectation value”. We assume the field ¢
to fulfill the Klein-Gordon-like equation

(—att—A—i‘V)(f):O/ (3)

with given boundary conditions on dQ) (here and in the sequel, A is the 3-dimensional Laplacian).
The operator
A= -A+V (4)

with the prescribed boundary conditions will be called the fundamental operator of the system.
We require A to be a self-adjoint, non-negative operator in L2(Q)); obviously enough, “.4 non-negative”
means that A has spectrum ¢(A) C [0, +c0). These conditions of self-adjointness and non-negativity
are in fact limitations about the admissible boundary conditions and potentials.

The operator A considered in this work corresponds, morally, to a delta-type potential placed at
the origin x = 0, multiplied by an infinitesimally small coupling constant. According to the already
cited paper of Berezin and Faddeev [31], this configuration can be described rigorously in terms of
the space domain Q) := R?\ {0}, defining A to be the operator —A on Q) with suitable boundary
conditions at the origin (and with no external potential V); the basic features of A will be reviewed in
Section 3. In the remainder of the present Section 2 we will not focus on this specific configuration,
referring again to a general field theory as in [47].

Zeta regularization and renormalization of the stress-energy VEV. A quantum field theory of the type
considered in [47] is typically affected by ultraviolet divergences: these appear in the computation
of VEVs for many significant observables, in particular for the stress-energy tensor. To treat these
divergences, one can first regularize the field operator, and then set up a suitable renormalization
procedure; the zeta approach employed in [47] and in the present work is a technique allowing to
achieve these goals.

The field regularization illustrated in [47] requires a self-adjoint, strictly positive operator on
L%(Q); the last condition means that the spectrum of the operator must be contained in [¢2, +c0) for
some ¢ > 0. When the fundamental operator A is strictly positive, it can be used directly for the
purpose of regularization; however, in many interesting cases (including the one considered in the
present work), the spectrum ¢ (A) contains a right neighborhood of the zero. In these cases, one can
replace A with the modified fundamental operator

ei= A+ (e>0) (5)

and ultimately take the limit ¢ — 0. The parameter ¢ introduced in Equation (5) can be interpreted as
an infrared cutoff; note that ¢ is dimensionally a mass in our units withc =7 = 1.
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After defining the operator (5), we introduce the zeta-regularized field operator

P = (k2A) B, 6)

where u € C is the regulating parameter and ¥ > 0 is a “mass scale” parameter; note that
P ‘u:O = ¢, at least formally. We use the above regularized field operator to define the zeta-regularized
stress-energy tensor

A " " 1 " " X " "
it = (1= 20) 9t 0t — (5 =20 ) o (0 0FE +V (G7) ~ 2 ft 0Bt @

Here: ¢ € R is an assigned dimensionless parameter; A o B := (1/2)(AB + BA) for all linear
operators A, B on §; all the bilinear terms in ¢} are evaluated on the diagonal (e.g., 9, ¥ 0 9, ¢ indicates
themap x € R x Q1 9Pl (x) 0 9y P¥(x)); V (P¥)? stands for the map x = (t,x) — V(x) §¥(x)*.

The VEV (0|T};°|0) is well defined and analytic for ¢ > 0 and Re u large enough; when the map
u— (0|T}/7]0) can be analytlcally continued to a neighborhood of u = 0 (possibly, with a singularity
at 0), we define the renormalized stress-energy VEV as [47]

(00 [0)ren := 111(1)1+ RP

, (OIT;

ooy, ®)
where RP indicates the regular part of the Laurent expansion near u = 0 (Consider a complex-valued
analytic function u — F(u), defined in a complex neighborhood of u = 0 except, possibly, the origin;
then, 3 has Laurent expansion Flu) =5, Tk uk. We define the regular part of F near u = 0 to be
(RPF)(u) := L} Fj uf ; in particular, RP| oF = o). In Equation (8), taking the regular part in u
amounts to renormahze the ultraviolet dlvergences, which are the harder problem to be solved; then
the cutoff € associated to the milder, infrared pathologies is simply removed taking its zero limit.

For a discussion on the role of the parameter ¢ appearing in Equation (7) and in the related
VEVs we refer to [47] (see, especially, Appendix A and references therein). Here we limit ourselves
to mention that the conformal invariance properties of the stress-energy tensor can be discussed and
yield a natural decomposition of the form

<0|TW|0>ren = (if ‘;‘c) yv ’ Gc = )

1
¢
The functions TP(,S), T}(;) in Equation (9) are referred to, respectively, as the conformal and
non-conformal parts of the stress-energy VEV (and . is called the critical value). Of course, if we have
(0] Tyv |0)ren for any value of &, we obtain its conformal and non-conformal parts with the prescriptions

T( = (0|T,0) ren|¢ ¢, and T(.) = g (Tyw T4 —(0[T,0) ren|¢ 0)-

Integral kernels. For the implementation of the previous scheme, it is essential to point out the
relations between the regularized stress-energy VEV and some integral kernels [47]; in order to
illustrate them, it is convenient to recall some basic facts about such kernels.

In general, given a linear operator B : f — Bf acting on L?(Q), the integra] kernel of B is the
unique (generalized) function O x QO — C, (x,y) — B(x,y) such that (Bf)(x) = [, dy B(x,y) f(y)
(x € O).

In particular, let A be a strictly positive self-adjoint operator in L2(Q) and consider the
complex power A~°, with exponent s € C; the corresponding kernel (x,y) — A7°(x,y) is
called the s-th Dirichlet kernel of A. For A strictly positive (or even non negative), we can
define the corresponding heat semigroup (e™*');c(y o); the mapping (t,xy) — e “(xy)
is called the heat kernel of A (the variable t must not be confused with the time coordinate t).
The Mellin-type integral representation A~*(x,y) = I'(s)~! f0+°°dt £~ le~*(x,y) holds true for all
s € C such that the previous integral converges.
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Now, let us return to the quantum field theory of the previous paragraphs; this has important
connections with the Dirichlet and heat kernels of the operator A = A,. In fact, it can be shown that the
components of the regularized stress-energy VEV are completely determined by the Dirichlet kernel
A *%(x,y) via the following relations, where i, j, ¢ € {1,2,3} are spatial indexes and summation over
repeated indexes is understood:

(0IT55 (x)[0) =

o Kj} + g) AT (xy) + (i - «:) (30, +v(x) AT ("’Y)Lx ; i
01T ()[0) = (0|74 (x)[0) = 0; an

(0T (x)]0) = (0|T;*(x)[0) =
e (58 (A7 oy = (%004 Vi) AT () ) + W)

() oo ) ]

(0| T3/ (x)|0) is short for (O[T} (t,x)|0); indeed, the VEV does not depend on the time coordinate ?).

In a number of interesting cases, explicit expressions are available for the heat kernel e~ *4(x,y) of the

fundamental operator A. Recalling Equation (5), we obtain from here the heat kernel of the modified

fundamental operator A, via the identity

e He(xy) = e e xy) . (13)

Subsequently, we can determine the Dirichlet kernels appearing in Equations (10)—(12) via the
Mellin relation

1 Foo
A (xy) = @/@ dt ¢ le e (x,y) . (14)

Curvilinear coordinates. In order to fit the symmetries of the specific problem under analysis, it is
often useful to consider on () a set of curvilinear coordinates q = (qi)i:1,2,3 in place of the Cartesian
coordinates x = (x'); this induces a set of coordinates § = (4") = (t,q) on Minkowski spacetime.
The line elements of (2 and of Minkowski spacetime read, respectively,

A = a;(q)dqdg/,  ds* = —d +d0* = g,,(q) dg'dq”, (15)
where a;;(q) is a suitable symmetric and positive definite matrix, while

goo(q) = -1,  goi(q) = gio(q) =0,  gij(q) = a;(q) - (16)

For the components of the stress-energy tensor in the spacetime coordinates g# we have an
expression similar to (7), with 77, and the second order derivatives d,, replaced, respectively, by the
metric coefficients g;,,(q) and by the corresponding covariant derivatives V,,, ( recall that the first
order covariant derivatives V,, coincide with the ordinary derivatives d,, on scalar functions).

Obviously enough, a function x — f(x) on Q or (x,y) — h(x,y) on Q x Q) induces a function of
the curvilinear coordinates q of x and p of y; we indicate the latter function with the slightly abusive
notation q — f(q) or (q,p) — h(q, p). Keeping this in mind, we can write the following analogues of
Equations (10)—(12) [47]:
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(0/T5g (a)|0) =

| (3+0)a T @p e (3-¢) (70, + via) Ae”ﬁq,p)}p_q : a7
(0IT35"(q)10) = (0|T37(q)[0) = 0; (18)

(O[T(q)[0) = (O[T (q)]0) =
o (1 8) i@ (4% @p) - (79,0 Vi) A (@ p)) + (19)
+ ((; - C) Agiyi — Cinqf> Aeuzﬂ(q,p)}

In the above, D ; ; are the covariant derivatives of second order corresponding to the metric
coefficients a;;(q) of the given curvilinear coordinates on (); let us recall that, for any scalar function f
on (), we have

pP=q

Dyigif = g f = 7ij(a) 9pef (20)

where 'y;‘j are the Christoffel symbols for the spatial metric 4;;, i.e., 'yfj = % akﬁ(a,»agj + 9ja;p — dgajj).
Of course, the analogues of Equations (13) and (14) in curvilinear coordinates are

e (q,p) = e e (qp), 21)
. 1 e
A5(qp) = @/0 det e e (q, p) . (22)

3. The Fundamental Operator for a Point Impurity

The precise definition of the operator A corresponding to a delta-type potential is a non-trivial
problem, whose treatment depends crucially on the co-dimension of the support of the delta-type
potential. As already indicated, the case of a point impurity in spatial dimension d = 3 (with support
of co-dimension 3) was first treated in a mathematically precise setting by Berezin and Faddeev in [31].
These authors proposed an approach to define the operator

2

where Jy is the Dirac delta at the origin, A € R\ {0} is a fixed parameter and p is infinitesimally small;
we already mentioned that the infinitesimal nature of the coupling constant can be interpreted as
the effect of a renormalization. The approach of [31] was refined in many subsequent works; here
we mention, in particular, the book [32] by Albeverio et al. (see also the vast literature cited therein).
The present variable A is connected to the variable a of [32] by the relation A = 1/ (47tw).

According to the references mentioned above, the heuristic expression (23) has a rigorous
counterpart based on the space domain

O = R\ {0} (24)

and on the Laplacian on this domain, with an appropriate boundary condition at the origin.

To define precisely this counterpart, from now on we intend the derivatives, the Laplacian, etc.
of functions on R3 (or on Q) in the sense of the Schwartz distribution theory. We indicate with
H?(IR?) the Sobolev space of complex-valued functions on R3 whose (distributional) derivatives up
to second order are in L?(R3); we recall that H?(IR?) is embedded in the space Cg(R?) of bounded,
continuous functions on R [49].
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To go on, for each z € C\ [0, +c0) we consider the function

N

g, : O—C, Gz(x) := yreaml

(25)
Here and in the following, we consider the principal determination of the argument for complex
numbers, i.e., arg : C\ [0, +00) — (0,277); furthermore, for any z € C \ [0, +o0), we always write \/z
to indicate the square root determined by this choice of the argument, i.e., the one with Im /z > 0.
Note that §; € L?(Q) and that (—A —z)G, = 0 everywhere in Q (however, one has
(—A —z) §; = dp in R? which shows, in particular, that G, does not belong to H(IR3)). Then, after fixing
A € Rwe set
5 2,3 4mtA
DomA := {l[) € L°(O) ‘ JzeC\ [0,+), pe H(R’) s.t. p=¢p+ ——+—— ¢(0) 92},
1—iyzA (26)

A := (=A) | DomA C L2(Q) — L*(Q).

Let us point out some known facts about the operator A defined above.

(i) The condition characterizing a function ¢ in the domain of A is in fact a boundary condition at the
origin x = 0:  is required to be the sum of a function ¢ € H2(R3) C Cp(RR?), well defined even at
the origin, and of another function diverging at the origin, with the peculiar form 1741,73\5 3 ¢(0) G;.

In addition, for any fixed z € C\ [0, +c0), this decomposition of ¢ is shown to be unique [32,36].
(ii) Consider a function ¢ € Dom.A and its decomposition as in (26), based on some pair
(z,9). For any z/ € C)\ [0,4), i has a similar representation based on the pair (Z/, ¢’),

where ¢’ = ¢ + 1:11.7:/)‘5 7 ¢(0) (Sz — Gz). Let us remark that the difference §; — G, does indeed

belong to the Sobolev space H2(R3), despite the fact that G, and G, are both singular at the origin;
to prove this claim it suffices to recall that G, € L2(Q) ~ L?*(R3?) and to use the resolvent-type
identity G, — G, = (2/— z) Ro(z) Gy (see, e.g., Lemma 2.1 of [36]), where the bounded operator
Ro(z) : L?(R3) — H?(R3) is the resolvent associated to the free Laplacian (—A) | H2(R3).

(iii) Consider again a decomposition as in (26) for a function ¢ € DomdA; recalling that
(A —2z)G,=0, we have (—A —z)p = (—A —2z)¢ in Q. This identity if often used in
manipulations involving A; incidentally, the expression on the right-hand side is in L2(Q)
(since ¢ € H?(RR?)), which ensures (—A — z) ) and —Ay = A to be as well in L?(Q)), as stated
in Equation (26).

The analysis performed in [31,32] shows that the setting on () based on the operator (26) is
morally equivalent (for A # 0) to the configuration suggested by Equation (23). Let us remark that the
prescription (26) with A = 0 gives

DomA|,_, = H*(R%); (27)

this shows, in particular, that the fundamental operator A coincides with the free Laplacian
(—A) | H?(R3) for A = 0.

Concerning the spectrum of A, we refer to Theorem 1.1.4 of [32].

For each A € R, the continuous spectrum of A is in fact absolutely continuous and

(TC(A) = Uac(.A) = [0, +00)} (28)

in this regard, let us mention that the scattering theory for A developed in Section I.1.4 of the cited book
allows to interpret —A as the s = 0, partial wave scattering length. Referring to the point spectrum of

A, we have
@ ifA >0,
UP('A) = 2 . (29)
(—1/A2}  ifA<0.
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The appearance of a negative eigenvalue for A < 0 prevents the perturbed operator A from
fulfilling the basic assumption of non-negativity, which is necessary in order to set up a field theory in
the framework of [47]; for this reason, throughout this work we restrict the attention to the sole case

A0, (30)

where 0(A) = [0, +00).

From here to the end of the paper, () is the space domain (24) and A is the operator (26) for
some fixed A > 0. We consider a field theory on ), with fundamental operator A; since A is just the
(opposite of the) Laplacian on this domain, we will apply the setting of Section 2 with V(x) = 0 for all
x € Q). Of course, the equivalent of this statement in any curvilinear coordinate system q for () is

V(q) =0. (31)

Since 0(\A) contains a right neighborhood of zero, following Equation (5), we will introduce an
infrared cutoff ¢ > 0 and consider the modified fundamental operator A, := A + €% in place of A;
at the end of the paper (see, in particular, Section 9), € will be sent to zero.

4. The Heat Kernel for a Point Impurity
The heat kernel of A has been computed in [48] (see, in particular, Equation (3.4) on page 228);

from this result and from Equation (21) we obtain the following, for x,y € Q:

e He(x,y) =

e et ey? 2t 1 +°°d —(%er) (32)
@2 |© 0 T\ Tk e '

In passing, let us notice that the above expression for the heat kernel can be viewed as the sum of
two distinct terms. The first one coincides with the standard heat kernel associated to the modified,

free operator —A + €* (indeed, let us recall that in spatial dimension d = 3 the heat kernel associated

_2 x—y|2
to the operator —A + &2 on H?(R®) has the form e’t(’A+€2)(x, y) = W e , for x,y € R3);

for this reason, the first term can be viewed as a “free-theory” contribution, which also appears when
A = 0. The second term corresponds to the two addenda within the round brackets in Equation (32);

this can be viewed as a “perturbative” contribution and it can be easily checked that it vanishes for
A— 0T,

5. Spherical Coordinates

To fit the symmetries of the problem under analysis, let us consider on () the standard spherical
coordinates q = (1,0, ¢) € (0, +0c0) x (0, 7r) x (0,277), which are related to the Cartesian coordinates
x by

x! = rsin® cos ¢, ¥ = rsin® sing, x> = rcosf. (33)

Of course, the metric coefficients in spherical coordinates are (4;i(q)) = diag(1,7?,r? sin? @), and
the corresponding Christoffel symbols are readily obtained. Now, let

q=(rb,9), p=("0,9); (34)
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then, the correspondent of Equation (32) in spherical coordinates reads

e (g p) =
e te - r2+y’272rit5(9,9’,q)—¢’) n 2t - (r+47t’)2 1 +°°dw e—(%—“”ﬂ'l)z) (35)
(47t)3/2 re’ A Jo ’
where , /
56,0, —¢') := cos(f —6') cos? (§17—2§0> + cos(6 + ') sin? <(P—2§0> . (36)

note that 12+ r'>— 27 7/5(6,0, ¢ — ¢') is just the expression of [x —y|2 = |x|2+ |y|*— 2x -y when x,y
have spherical coordinates q, p as in Equation (34).

6. The Regularized Stress-Energy VEV

Let us keep the coordinate system and the notations of the previous section. We recall that,
for (suitable) s € C, the s-th Dirichlet kernel .4, °(q, p) can be expressed via Equation (22); the integral
over t appearing therein involves the heat kernel e~*4¢(q,p) given by Equations (35) and (36),
which, in turn, comprises an integral over another variable w. In the end, we obtain an explicit
representation for A; °(q, p), containing integrals for t,w € (0, +0).

It is readily inferred that the above mentioned integral representation of A, °(q, p) is well defined,
even along the diagonal p = q, for any s € C with Res > 3/2. Notice that, as usual, the restriction on
Re s descends from the behavior of the integrand function for t — 0. On the other hand, let us remark
that the presence of the infrared cutoff parameter ¢ > 0 is essential in order to ensure the convergence
of the integral for large values of t (for any s € C).

By differentiation, we obtain analogous representations for the first order derivatives in q, p and
for the second order covariant derivatives in q of the Dirichlet kernel; on the diagonal p = q, these
representations always make sense for Re s sufficiently large.

To proceed, let us consider the relations (17)—(19) (and (31)), allowing to express the VEV of the
zeta-regularized stress-energy tensor in terms of the Dirichlet kernel A;*(q, p). Using the integral
representations discussed formerly for the Dirichlet kernel A °(q, p) and for its derivatives, we obtain
the forthcoming explicit expressions (37)—(40) for the non-vanishing components of the zeta-regularized
stress-energy VEV. These expressions are derived introducing, for any fixed » > 0, the new integration
variables v := w/(27) € (0, +o0) and T := t/r*> € (0, +0):

(0IT55"(@)10) =
K4 +o0

ATy fy T < > " < > i
T
— % 0+oodv e (T @)+ % 0) ((; —2§> (T+U+1)2— % + (1 +C) Tu)] ;

u
5—3 7671'
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(0T (q)10) =
K" e u_3 227
(47-[>3/2 r(u+1) ra—u /0 drT> e

k3 _<i_2§>+<i—§>2+
+(<;_4‘§)72+(;—26) (T+1)+<i—g>—ru>e—1h+ (38)
op oo

-5 o e~ (3 @+1)*+ 3 0) (G _2g) (t+o+1)2—1) — 287 + (i —§> m)] ;

Ol @I0) =
Kt T u g oy 1 1 u
EaEE Tl SRR I i) R Vi)

- <(;—4§> (t+1) 7+ (;—zg) (t+1) - (i—g) Tu) e VT 4 )
r [t

+ % dve— (r(@+1)*+ % 0) ((; — 25) (T+v+1)? = 2&(T4+0v+1)T — (i - §> Tu)].

0

27

Moreover, in compliance with the spherical symmetry of the problem under analysis, we have
(01T (a)]0) = sin’0 (05" (q)[0) - (40)

Consistently with the facts mentioned before about the integral representation of the Dirichlet
kernel (and of its derivatives), it can be checked by direct inspection that all the integrals appearing in
Equations (37)—(39) are finite for any fixed r, & > 0 and for all complex u with

Reu >4; (41)

moreover, the maps u — (0|T°(q)[0) (1, v € {0,7,6, ¢}) described by Equations (37)-(40) are analytic
in the region (41). In the following Section 7, we re-express the previous results in terms of Bessel
functions; this automatically gives the analytic continuations of the maps u — (0| Tﬁ'f (q)]0), which are
meromorphic functions on the whole complex plane with simple poles. Such continuations will be
used in the subsequent Sections 8 and 9 to determine the renormalized stress-energy VEV; for brevity,
we shall give the details of these computations only for the map u — (0|T;5°(q)|0), which is related to
the energy density.

7. Expressing the Previous Results via Bessel Functions; Analytic Continuation

Let us consider the representation (37) for the component (0|Ty5°(q)|0) of the regularized
stress-energy VEV, involving integrals over the two variables 7,v € (0, +00). It can be easily checked
that, for any u € C with Reu > 4 (see Equation (41)), the order of integration over these variables can
be interchanged due to Fubini’s theorem.

On the other hand, let us point out the following relations, descending from well-known integral
representations for the Euler Gamma function I and for the modified Bessel function of second kind
K. (see, respectively, Equations (5.9.1) and (10.32.10) of [50]):

+o00
/ dr 17 1@ = g% I'(o) foralla > 0,0 € CwithReo > 0; (42)
0
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oo 1 g2t b\’
dtt7 e " T T =2 <a) K_s(2ab) foralla,b >0,0 € C. (43)
JO

In view of the developments to be discussed in the forthcoming Sections 8 and 9, for any ¢ € C it
is advantageous to consider in place of the Bessel function K, the map

Ry :(0,400) = C, y— R y) =y Ke(y); (44)
using this function, Equation (43) can be rephrased as
+o0 2 2
/ dt 7 le T 7 = 20T b2 & (2ab) foralla,b > 0,0 € C. (45)
0

Using Equations (42) and (45), by a few additional algebraic manipulations we obtain from
Equation (37) that

oimg @) = et () [(5-2) + (5+2) 3] + o)

e (0 oo () (1)) e

2,

e

o e

((1 —48) (v+ 1) Ry (2er (0 +1)) +
+ ((1 —4¢) (v+1) - % +<i+§> u) Ry (2er(v+1)) + (i —§> ﬁz_g(zsr(vﬂ))ﬂ .

Even though the above identity was derived under the restriction Reu > 4 on the regulating
parameter u, we claim that Equation (46) automatically determines the analytic continuation of the
map u — (0|Ty5°(q)|0) to a function which is meromorphic on the whole complex plane, with only
simple poles. In the following items (i)—(iii) we briefly account for the last statement.

(i) The reciprocal of the Euler Gamma function I' is analytic on the whole complex plane (see, e.g.,
§5.2(i) of [50]); so the Gamma’s in the denominators of Equation (46) give no problem from the
viewpoint of analyticity.

(ii) From the analyticity properties of the Gamma function (see, again, §5.2(i) of [50]) it can be readily
inferred that the term in the first line of Equation (46) is a meromorphic function of u, with simple
poles at

ue{420-2-4 .}, 47)

(where the argument of the Gamma function in the numerator of the above mentioned term is
a non-positive integer). In passing, let us remark that the expression under analysis does not
depend on r or A; indeed, this terms descends solely from the “free-theory” contribution to the
heat kernel (see the comments below Equation (32)).

(iii) Let us now consider the terms in the second, third and fourth line of Equation (46). From some
basic properties of the modified Bessel function K, (see, e.g., §10.25(ii), §10.38 and §10.40 of
[50]) we infer that the function R, defined in Equation (44) has the following regularity features:
for any fixed y € (0, +00), the map o — R, (y) is analytic on the whole complex plane; for any
fixed o € C, both the maps y — R,(y) and y — (9K /90 )(y) are analytic (whence, in particular,
continuous) for y € (0, +00) and they decay exponentially for y — +oo. The facts mentioned
above about R, and I' suffice to infer that the terms under analysis determine an analytic function
of the regulating parameter u, defined on the whole complex plane.
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Before proceeding, let us remark that analogous results can be derived for the analytic
continuations of the maps u — (0|1} (q)|0), associated to the other components of the regularized
stress-energy VEV. In the forthcoming Sections 8 and 9 we determine the renormalized VEV of the
stress-energy tensor, starting from these analytic continuations and implementing Equation (8) for

(0] T}w (q)0)ren-
8. Renormalization of Ultraviolet Divergences: The Regular Part at u = 0

The results reported in the previous section show, among other things, that the analytic
continuations of the maps u +— (0|} (q)|0) possess a simple pole at the point u = 0 (see, e.g.,
Equation (47)), of interest for renormalization. In the present section we proceed to determine the
corresponding regular part at u = 0, appearing in Equation (8) for the renormalized stress-energy VEV.
As an example, we shall report here the details of the related computations only for the energy density
component RP| _(0|Tg¢(q)[0) .

First of all, let us consider the expression (46) for (0T (q)|0) and recall once more the regularity
properties of the various terms appearing therein (see items (i) and (ii) at the end of Section 7).
In addition, let us notice that the following asymptotic expansions hold for u — 0 (see §5 of [50]; here
and in the following gy indicates the Euler-Mascheroni constant):

u 1 1/3
r(3-2) = u+2(27EM>+O(”)’

F(u;H) = ﬁ-ﬁ(log2+%TM)u+O(u2); (48)
(g)u =14u log(g) + O(u?).

Keeping in mind all these facts, by simple computations we obtain from Equation (46)

Rl OimE@i0) = o [ (5 -e) + (3 -2) 10g(2) ] +
+ 871%1’4 [ (i - C) f(2¢er) (; —4(;‘) f(2¢er) +

2r [te A
+ (1 —42) Ro(2er) — Xr ; do (z+1)2

+

(49)

(1-48) (0+1)* Ko(2er (v+1)) +

|
i~
(S
— N

+((1—4g) (v+1)—;) &1 (2er (04+1) .

+ (1 —C) ﬁ2(257(0+1))>

In the first line of Equation (49), let us note the mass parameter k¥ which has been introduced to
regularize the field operator (see Equation (6)). Taking the regular part, as indicated in Equation (49),
amounts to remove from the Laurent expansion for (0| T;°(q)|0) at u = 0 the pole term

(18 1
3272 u’

This is the same divergent contribution appearing in the computation of the renormalized energy
density VEV for a scalar field of mass ¢ > 0 in empty space (with no external potentials or confining
boundaries; in this case, (0|7} (q)|0) is just given by the first line of Equation (46)).

In the upcoming Section 9 we will send to zero the infrared cutoff parameter ¢; in view of this
development, it is worthwhile to use the elementary identity

dve 27 =1 (50)
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in order to re-write the third line of Equation (49). In this way we obtain the following, equivalent
version of the cited equation:

RP’MZO (0IT5" (@)10) = 8% {(156 —5> + (‘11 _2§> log<2:)] i

+ 871%1’4 [(i —(j) f(2er) + (; —4@‘) £1(2er) +
(51)

2r

+ %/O-i_wdv (Z;Alv)z ((1 —4¢) (v+1)? (RO(ZS;’) —%(287’(0—1—1))) +

_ ((1 4 (04 1) — ;) &1 (2er (0+1)) - (i —g> ﬁ2(2£r(v+1))>

Similar results can be derived for the regular parts at # = 0 of the other components of the
regularized stress-energy VEV. As shown in the next two sections, the dependence on x disappears
from all components in the limit e — 0.

9. Removal of the Infrared Cutoff: the Limit ¢ — 071

We already pointed out that the expressions derived in the previous section for the regular
part at u = 0 of the regularized stress-energy VEV do still depend on the infrared cutoff parameter
¢ € (0, +00). In this section, we compute the limit ¢ — 07 of the above cited expressions; in accordance
with the general prescription (8) of Section 2, this determines the renormalized VEV of the stress-energy
tensor. As usual, we illustrate for example the computation of the limit e — 0% for RP| _ (0| Tog (q)]0),
ultimately yielding the renormalized energy density (0| Too(q)[0)ren-

For this purpose, let us first consider the expression (51) for RP| _,(0|T3°(q)|0). Recalling the
asymptotic behavior of the Bessel function K, near zero (see, e.g., Equations (10.30.2) and (10.30.3) on
page 252 of [50]), it is easy to prove that the function &, defined in Equation (44) fulfills the following
relations (recall that gy, is the Euler-Mascheroni constant):

lim & (y) = 27 'T(0) forallc € CwithReo > 0; (52)
y—0+
Ro(y) = —log(y/2) + vem + Oy’ logy)  fory — 0%, (53)

In particular, let us remark that Equation (52) gives

lim £ (2er) =1, lm £ (2er) =2 forallr > 0; (54)
e=0* e=0+
on the other hand, making reference to the expression in the third line of Equation (51), we can use
Equation (53) to infer that

lim [ﬁo(zer) — fo(2er (v + 1))} = log(v+1) forallr,v>0. (55)
£—

In addition, let us point out that by Lebesgue’s dominated convergence theorem the limit e — 07
can be evaluated before performing the integrations over v in Equation (51).

Summing up, the above arguments allow us to derive the following explicit expression for the
renormalized VEV of the energy density:
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(01To0(q)[0)ren = (56)

b
872 r

[(1 —68) + %/()Jroodv (2110)2 ((1 —48) (0412 log(o+1) — (1 —48) (0 +1) +2§>

To go on, it is useful to notice that the integral over v € (0, +o0) appearing in Equation (56) can
be re-expressed in terms of the exponential integral function E; (see, e.g., Chapter 6 of [50]).
To be precise, let us introduce the function

&:(0,40) > R, p— &(p) := e’ E1(p) . (57)

Then, using a well-known integral representation for E; (see, e.g., Equation (6.2.2) on page 150
of [50]), by a simple change of the integration variable we obtain
“+o00 e—p v

Ep) = [ dv

0 v

forallp > 0. (58)

Moreover, keeping in mind Equation (57) for €, by suitable integrations by parts of the integral
in the right-hand side of the above relation (58) we can also prove the identities reported hereafter,
forp > 0:

v v H=1Le a1 59
[ doeloglo 1) = Selp), [ do g = 1-p€(). 59)

We can use the results mentioned above to re-express Equation (56) as

<O|T00(CI)|0>ren—&_[12#1[(1—65)4‘2‘:94'((1_45) <1—p>—2¢p2)e<p>] ()

p=2r/A

Arguments analogous to those presented in this section can be employed to determine all the
other components of the renormalized stress-energy VEV (0| TVV (9)10) ren. In the upcoming, conclusive
Section 10 we collect our final results for these quantities and discuss their asymptotic behaviors in
various regimes.

10. The Renormalized Stress-Energy VEV

We now give the final form of our results separating the conformal and non-conformal parts
of the renormalized stress-energy VEV, according to the general scheme of Section 2 (see, especially,
Equation (9) and related comments). Using the spherical coordinates q = (r,0, (p), we have the relation

—_

(0T (@)[0)ren = T (q) + (E—&) T (q), & : (61)

:8/
|
v

defining the conformal and non-conformal parts T;SS) and TP(l . The non-zero components in this

representation are as follows:

T0(@) = 5 [+ (-0 =02 £0)

(m) 1 o (62)
Too (@) = — LA [3—P+ (2—-20+p%) E(P)Lzzr//\;
O 1
1
TR =~ g (120 ER)]
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1i(a) = T35 (@)/ sin?6 = — o [(1-p) — (2— ) £(p)]

Ty () = Tgy(q)/sin’0 = ﬁ [(4=p) + (2=3p+0%) £p)]

—2r /)"
o (64)

p=2r/A '

From the explicit expressions reported above, it is evident that A* Tég ), A4 T,(,<> ) and A2 Te(g ) as
well as their non-conformal counterparts depend solely on the dimensionless variable p := 2r/A;
the graphs of these functions of p are reported in Figures 1-3.

AT
’ 00 AT
250} ‘ ‘ ‘ ‘ -
r 0.2 0.4 0.6 0.8 1.0
200} -1000}
150; -2000 -
b -3000F
100}
r -4000}
%0p -5000]
0.2 0.4 0.6 0.8 10° -6000}
. | | .
Figure 1. Gra hsofA47%0>andJK4T{ >asfunchonsof =2r/A.
g p 00 00
AT o
L L p " L | p
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
50 -2000 -
-4000
-100
-6000
-150} -8000
. | ] .
IﬁgureZ.CkaphsofAA]fy)andJK4T%.)asfuncuonsofp:::Zr/A.
2T 2T
15}
0.25F b
0.20 L
10+
0.15F I
0.10} s
0.05-
P e ‘ ‘ ‘ o
0.5 1.0 1.5 20° 0.5 1.0 1.5 2.0

IﬁgureS.ChaphsofA27é§>andJX27g;>asfuncﬁonsofp:::ZV/A.

In the forthcoming Sections 10.1 and 10.2, we derive the asymptotic expansions of TP(,S) (q), TP(;) (q)
when p := 2r/A tends to 0" and to +oo. These expansions have a twofold interpretation: indeed,
they determine the dominant contributions in the renormalized stress-energy VEV for small and large

values of the radial coordinate r or, alternatively, for large and small values of the parameter A.
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10.1. Asymptotic Expansions for p = 2r/A — 07

Let us consider Equation (57) for the map €&, involving the exponential integral function E;; using
a well-known series representation for the latter (see, e.g., Equations (5.4.14) and (6.6.2) of [50]), it is
easily shown that

+00 pn
E(p) = — Z (logP‘F'YEM_Hn)F forallp >0 (65)
n=0 :
(as usual, ygp is the Euler-Mascheroni constant; H,, := }7:1 1/j is the n-th harmonic number).

Of course, the series representation (65) determines the asymptotic expansion of &(p) for p — 0.
In particular, this allows us to infer the following relations, for p = 2r/A — 07:

1
T&?)(q) = T oaA {1089+7EM+O(P)} , (66)

1 3
Typ (2) = 557 |loge +vem — 5 +0(p)| ;

T\ (q) = P [logp—i—'yEM—kl—i—O(p)} ,
(67)
(), N 1 1 .
(@) = — — |logp +7em — 5 +0(p) |5
() 1 1
Tpo'(q) = — 247272 [IOgP‘f"YEM + 5 +O(P)] ,
. . (68)
Te(o '(q) = - ] [logp +9vem — 1+ O(P)} :

The above relations show that all the non-vanishing components of the renormalized stress-energy
VEV diverge near the origin r = 0, where the point impurity is placed. In particular, Equation (66)
makes patent the fact that the renormalized energy density (0| Tpo(q)|0)en possesses a non-integrable
singularity at ¥ = 0; in consequence of this, it is not possible to define the total energy for
the configuration under analysis simply by integration over Q = R3\ {0} of (0|To0(q)[0)en-
Here, we limit ourselves to mention that the appearance of problematic features of the above kind
is rather typical in Casimir-type computations. (See, e.g., [47]. In general, the strategy to obtain the
renormalized total energy VEV consists in exchanging the order of the operations involved: one first
integrates the regularized energy density and then takes the regular part at u = 0. §3.5 of the cited
book contains some comments on this subject.)

10.2. Asymptotic Expansions for p = 2r/A — +o0

Recalling again Equation (57) for € and using a known asymptotic expansion of the exponential
integral function E; for large values of the argument (see, e.g., Ex. 2.2 on page 112 of [51]), for any
M € N we get

M o(_ !
12 ! O< 1\/}+2> forp — +o0. (69)
P m=o0 p
The above result allows us to derive the following asymptotic relations, for p = 2r/A — 4-o0:
©, 1 [1 16 30 192 1
1 = g |25~ +0 ()

™y 3 [1 2, 2 28 1Y,
Too (q) = 224 [P p2+3p3 p4—|—O P5 ’

(70)
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) B 1 1 4 36 96 1

1@ = =g [t~ 038

T(.)()_— 3 1_i+£_g+oi . (71)
rr\q) = 22p4 o 3p2 3(33 P4 PS ’

0, 1 1 5 27 168 1

W& = 0]

(72)

(m) 9 1 16 50 24 1
W@ = g [ o o~ +0(5) |
The above asymptotic expansions show that the renormalized stress-energy VEV vanishes quite

rapidly for large values of 7, that is for large distances from the impurity.
Apart from that, Equations (70)—(72) also allow us to infer that

AIEBL (0] Tw(q) |0)ren = 0. (73)

We recall that, for A = 0, the quantum field theory under analysis reduces to that of a free scalar
field in empty Minkowski spacetime; in this regard, the identity (73) matches the physically sensible
fact that the renormalized VEV of the stress-energy tensor vanishes identically when no potential
(or no boundary) is present.

Acknowledgments: This work was partly supported by: INdAM, Gruppo Nazionale per la Fisica Matematica;
INFN; MIUR, PRIN 2010 Research Project “Geometric and analytic theory of Hamiltonian systems in finite and
infinite dimensions.”; Universita degli Studi di Milano.

Author Contributions: Both authors contributed equally to the writing of this article.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

VEV  vacuum expectation value

References

Actor, A.A.; Bender, I. Casimir effect for soft boundaries. Phys. Rev. D 1995, 52, 3581-3590.
Bordag, M.; Mohideen, U.; Mostepanenko, V.M. New developments in the Casimir effect. Phys. Rep. 2001,
353, 1-205.

3. Bordag, M.; Klimchitskaya, G.L.; Mohideen, U.; Mostepanenko, V.M. Advances in the Casimir Effect;
Oxford University Press: Oxford, UK, 2009.

4. Bouas, ].D.; Fulling, S.A.; Mera, ED.; Thapa, K.; Trendafilova, C.S.; Wagner, ]J. Investigating the Spectral
Geometry of a Soft Wall. Proc. Symp. Pure Math. 2012, 84, 139-154.

5. Brevik, I; Lygren, M. Casimir effect for a perfectly conducting wedge. Ann. Phys. 1996, 251, 157-179.

6.  Casimir, H.B.G. On the attraction between two perfectly conducting plates. Proc. R. Neth. Acad. Arts Sci.
1948, 51, 793-795.

7. Fermi, D.; Pizzocchero, L. Local zeta regularization and the Casimir effect. Prog. Theor. Phys. 2011, 126,
419-434.

8.  Fermi, D.; Pizzocchero, L. Local zeta regularization and the scalar Casimir effect III. The case with a
background harmonic potential. Int. . Mod. Phys. A 2015, 30, 1550213.

9.  Fermi, D.; Pizzocchero, L. Local zeta regularization and the scalar Casimir effect IV. The case of a rectangular
box. Int. ]. Mod. Phys. A 2016, 31, 1650003.

10. Fulling, S.A.; Milton, K.A.; Wagner, J. Energy Density and Pressure in Power-Walls Models. Int. J. Mod. Phys.
Conf. Ser. 2012, 14, 115-126.



Symmetry 2018, 10, 38 19 of 20

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Milton, K.A. The Casimir Effect—Physical Manifestations of Zero-Point Energy; World Scientific Publishing Co.:
Singapore, 2001.

Milton, K.A. Hard and soft walls. Phys. Rev. D 2011, 84, 065028.

Milton, K.A.; Hoye, ].S.; Brevik, I. The Reality of Casimir Friction. Symmetry 2016, 8, 29.

Milton, K.A.; Fulling, S.A.; Parashar, P.; Kalauni, P.; Murphy, T. Stress tensor for a scalar field in a spatially
varying background potential: Divergences, “renormalization”, anomalies, and Casimir forces. Phys. Rev. D
2016, 93, 085017.

Murray, S.W.; Whisler, C.M.; Fulling, S.A.; Wagner, J.; Carter, H.B.; Lujan, D.; Mera, ED.; Settlemyre, T.E.
Vacuum energy density and pressure near a soft wall. Phys. Rev. D 2016, 93, 105010.

Mamaev, S.G.; Trunov, N.N. Vacuum expectation values of the energy-momentum tensor of quantized fields
on manifolds of different topology and geometry. IV. Sov. Phys. . 1981, 24, 171-174.

Bordag, M.; Hennig, D.; Robaschik, D. Vacuum energy in quantum field theory with external potentials
concentrated on planes. J. Phys. A Math. Gen. 1992, 25, 4483-4498.

Beauregard, M.; Bordag, M.; Kirsten, K. Casimir energies in spherically symmetric background potentials
revisited. J. Phys. A Math. Theor. 2015, 48, 095401.

Braga, A.N,; Silva, ].D.L.; Alves, D.T. Casimir force between 6-8' mirrors transparent at high frequencies.
Phys. Rev. D 2016, 94, 125007.

Cacciapuoti, C.; Fermi, D.; Posilicano, A. Relative-Zeta and Casimir Energy for a Semitrasparent Hyperplane
Selecting Transverse Modes. In Advances in Quantum Mechanics: Contemporary Trends and Open Problems;
Dell’ Antonio, G.F.,, Michelangeli, A., Eds.; Springer: New York, NY, USA, 2017; pp. 71-97.

Cavero-Peldez, I.; Milton, K.A; Kirsten, K. Local and global Casimir energies for a semitransparent cylindrical
shell. . Phys. A 2007, 40, 3607-3632.

Dalvit, D.; Milonni, P.; Roberts, D.; da Rosa, F. Casimir Physics; Lecture Notes in Physics 834; Springer:
New York, NY, USA, 2011.

Graham, N.; Jaffe, R.L.; Khemani, V.; Quandt, M.; Scandurra, M.; Weigel, H. Calculating vacuum energies in
renormalizable quantum field theories: A new approach to the Casimir problem. Nucl. Phys. B 2002, 645,
49-84.

Khusnutdinov, N.R. Zeta-function approach to Casimir energy with singular potentials. Phys. Rev. D 2006,
73, 025003.

Milton, K.A. Casimir energies and pressures for /-function potentials. J. Phys. A 2004, 37, 6391-6406.
Mufioz-Castafieda, J.; Guilarte, ].M.; Mosquera, A.M. Quantum vacuum energies and Casimir forces between
partially transparent J-function plates. Phys. Rev. D 2013, 87, 105020.

Scandurra, M. Vacuum Energy in the Background of Delta Potentials. Ph.D. Thesis, Universitét Leipzig,
Leipzig, Germany, 2017, arXiv:hep-th/0011151.

Spreafico, M.; Zerbini, S. Finite temperature quantum field theory on noncompact domains and application
to delta interactions. Rep. Math. Phys. 2009, 63, 163-177.

Albeverio, S.; Cognola, G.; Spreafico, M.; Zerbini, S. Singular perturbations with boundary conditions and
the Casimir effect in the half space. J. Math. Phys. 2010, 51, 063502.

Albeverio, S.; Cacciapuoti, C.; Spreafico, M. Relative partition function of Coulomb plus delta interaction.
In Functional Analysis and Operator Theory for Quantum Physics. A Festschrift in Honor of Pavel Exner; Dittrich, J.,
Kovatik, H., Laptev, A., Eds.; European Mathematical Society Publishing House: Ziirich, Switzerland, 2016;
pp- 1-29.

Berezin, F.A.; Faddeev, L.D. A Remark on Schrodinger’s equation with a singular potential. Dokl. Akad. Nauk
Ser. Fiz. 1961, 137, 1011-1014; Translation of Sov. Math. Dokl. 1961, 2, 372-375.

Albeverio, S.; Gesztesy, F.; Hoegh-Krohn, R.; Holden, H. Solvable Models in Quantum Mechanics; Springer:
New York, NY, USA, 1988.

Albeverio, S.; Kurasov, P. Singular Perturbations of Differential Operators; London Mathematical Society Lecture
Notes Series 271; Cambridge University Press: Cambridge, UK, 1999.

Albeverio, S.; Kuzhel’, S.; Nizhnik, L. Singularly perturbed self-adjoint operators in scales of Hilbert spaces.
Ukr. Math. ]. 2007, 59, 787-810.

Mantile, A.; Posilicano, A.; Sini, M. Self-adjoint elliptic operators with boundary conditions on not closed
hypersurfaces. J. Differ. Equ. 2016, 261, 1-55.



Symmetry 2018, 10, 38 20 of 20

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.
47.

48.

49.
50.

51.

Posilicano, A. A Krein-like Formula for Singular Perturbations of Self-Adjoint Operators and Applications.
J. Funct. Anal. 2001, 183, 109-147.

Dowker, ].S.; Critchley, R. Effective Lagrangian and energy-momentum tensor in de Sitter space. Phys. Rev. D
1976, 13, 3224-3232.

Hawking, S.W. Zeta function regularization of path integrals in curved spacetime. Commun. Math. Phys.
1977, 55, 133-148.

Wald, R.M. On the Euclidean approach to quantum field theory in curved spacetime. Commun. Math. Phys.
1979, 70, 221-242.

Actor, A.A. Local analysis of a quantum field confined within a rectangular cavity. Ann. Phys. 1994, 230,
303-320.

Actor, A.A.; Bender, I. Boundaries immersed in a scalar quantum field. Fortschr. Phys. 1996, 44, 281-322.
Dowgker, ].S.; Kennedy, G. Finite temperature and boundary effects in static space-times. J. Phys. A Math. Gen.
1978, 11, 895-920.

Bytsenko, A.A.; Cognola, G.; Elizalde, E.; Moretti, V.; Zerbini, S. Analytic Aspects of Quantum Fields;
World Scientific Publishing Co.: Singapore, 2003.

Elizalde, E.; Odintsov, S.D.; Romeo, A.; Bytsenko, A.A.; Zerbini, S. Zeta reqularization techniques with
applications; World Scientific Publishing Co.: Singapore, 1994.

Elizalde, E. Ten Physical Applications of Spectral Zeta Functions; Springer Science & Business Media: New York,
NY, USA, 1995.

Kirsten, K. Spectral Functions in Mathematics and Physics; CRC Press: Boca Raton, FL, USA, 2001.

Fermi, D.; Pizzocchero, L. Local Zeta Regularization and the Scalar Casimir Effect. A General Approach based on
Integral Kernels; World Scientific Publishing Co.: Singapore, 2017.

Albeverio, S.; Brzezniak, Z.; Dabrowski, L. Fundamental Solution of the Heat and Schrédinger Equations
with Point Interaction. J. Funct. Anal. 1995, 130, 220-254.

Adams, R.A.; Fournier, J.].E. Sobolev Spaces; Academic Press: New York, NY, USA, 2003.

Olver, EW.].; Lozier, D.W,; Boisvert, R.E; Clark, C.W. NIST Handbook of Mathematical Functions; Cambridge
University Press: Cambridge, UK, 2010.

Olver, EW.J. Asymptotics and Special Functions; Academic Press: New York, NY, USA, 1974.

® (© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	The General Setting
	The Fundamental Operator for a Point Impurity
	The Heat Kernel for a Point Impurity
	Spherical Coordinates
	The Regularized Stress-Energy VEV
	Expressing the Previous Results via Bessel Functions; Analytic Continuation
	Renormalization of Ultraviolet Divergences: The Regular Part at u= 0 
	Removal of the Infrared Cutoff: the Limit 0+
	The Renormalized Stress-Energy VEV
	Asymptotic Expansions for = 2r/0+
	Asymptotic Expansions for = 2r/+

	References

