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Nicolò Petri

Anno Accademico 2016/2017



Commission of the PhD Defense:

Supervisor and Internal Member:
Prof. dr. Dietmar Klemm, Università degli Studi di Milano.
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Ai miei due grandi amici Richi e Dige,
per quei 2000 km e per tutto il resto,

in alto la mia banda.





Our battered suitcases were piled on the sidewalk again; we had longer ways to go.
But no matter, the road is life.

Jack Kerouac. On the road. 1951.
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Introduction

The two main purposes of this thesis are to present the results on supersymmetric
objects in gauged supergravities published during the three years of doctoral studies and
organize them in the current research on theoretical physics of fundamental interactions.
The general perspective will be that one defined by the system of theories, ideas and
techniques going under the name of string theory, while the concrete framework consid-
ered will be supergravity theories and AdS/CFT correspondence. These provide in fact
the most suitable environments decribing the low-energy regime of those systems whose
microscopic origin is driven by gravitational interaction.

The Introduction of this thesis is composed by four parts. In the first we discuss
the necessity of a theoretical understanding of quantum gravity in relation to the main
experimental discoveries in fundamental physics of the last twenty years. String theory
is introduced as the most complete setup fitting with this scenario. In the second part
we take in consideration supersymmetry as the necessary condition to formulate quan-
tum theories of gravity. Discussing the implications of some recent conjectures, we try
to motivate the study of supersymmetric objects in the low-energy regime and, at the
same time, to explain the limits deriving by the lack of a well-understood mechanism of
supersymmetry breaking. In the third part we focus on supersymmetric objects in gauged
supergravities and we relate them to the AdS/CFT correspondence. Finally, in the fourth
part the outline of the thesis is presented.

String Theory and Experimental Results

The formulation of a unified description of fundamental interactions has always been
the most relevant and intriguing challenge in physics. If we focus on the last twenty
years, there have been at least three experimental discoveries with crucial implications in
the research path towards a grand unification theory. The first consists in the combined
measurements of the cosmological constant Λ coming from the observation of the redshift
of the light rays emitted by supernovae [1, 2], the Cosmic Microwave Background (CMB)
[3] and the Baryonic Acoustic Oscillations (BAO) [4]. These measurements imply that the
observed expansion of our universe is accelerated and driven by a positive cosmological
constant. The second is the detection at CERN of the Higgs boson [5]. With this result
the origin of masses of fundamental particles has been proven to come from a spontaneous
symmetry breaking mechanism and the Standard Model has been confirmed as the theory
unifying electromagnetism and nuclear forces. The third is the detection of gravitational
waves [6]. In addition to the confirmation of the prediction of General Relativity on the
existence of gravitational waves, this measurement opens a new path in the experimental
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xii Introduction

research on systems that are strongly coupled to gravity. In other words, the study of
gravitational waves’ spectrum could produce in the future new decisive insights on the
microscopic origin underlying macroscopic gravitational systems.

From a theoretical point of view, the understanding of the deep implications of these
three experimental discoveries should involve a radical change of our actual point of view
on fundamental interactions in relation to the nature of spacetime. Alternatively it is
manifest that, in order to formulate an interpretation, at the same time realistic and
fundamental, of the measurements discussed above, a microscopic description of gravity
and its consequent unification to the other three fundamental forces is needed.

Such a description has to reproduce the predictions of General Relativity in the low-
energy limit and has to be UV-complete in the high-energy limit. Moreover the other
three fundamental forces should be included in this framework in order to realize a unified
picture. Finally the origin of thermodynamic observables of macroscopic gravitational
objects should be explained in terms of quantum states associated to the microscopic
configurations of gravity. A theory realizing these three properties would be called theory
of quantum gravity.

The consistent setup which seeks to reproduce these three properties is given by string
theory. In this context the non-renormalizability of the classical gravity theory is resolved
in the high-energy limit in terms of contributions coming from the physics of extra di-
mensions. In other words the more the energy scale grows up, the more extra spacetime
dimensions arise resolving singularities that typically characterize classical gravity sys-
tems. In this way the UV origin of macroscopic objects (and of their singularities) is
explained in terms of extended fundamental objects, like strings and branes, character-
ized by non-local interactions and appearing when the spacetime is decompactified as
non-perturbative contributions to the gravitational field.

The typical UV regime describing these fundamental objects is defined by the Planck
length lP or by the Planck energy EP ,

lP ' 1, 61× 10−35m , EP ' 1, 22× 1019Gev . (1)

In this regime one is left with five possible ten-dimensional theories of strings that, in
turn, are described in their strong-coupling limit by an eleven-dimensional non-lagrangian
theory called M-theory [7].

From the point of view of string theory, all fundamental particles (included those of the
Standard Model) have an origin in terms of strings’ oscillation modes and, at the Planck
scale, one has a completely divergence-free description including all possible quantum
effects appearing in the low-energy limit (the IR regime1).

This formulation of quantum gravity manifests some intrinsic issues and it is far from
being complete, but it needs to be said that all these issues open to some fundamental
questions on the deep nature of the gravitational interaction, on the macroscopic objects
that can be observed experimentally and on the range of validity of the theory itself.

The Role of Supersymmetry

One of the main open problems arising in string theory concerns the dynamical super-
symmetry breaking in relation to the stability of gravitational objects. In this framework

1The definitions of UV and IR regimes could be misleading. In this thesis the UV regime, or high-
energy limit, will be that one determined by the Planck energy EP . The low-energy limit or IR regime
will be understood in the most general way as possible as that scale in which quantum effects involving
the gravitational field are negligible.
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the formulation of quantum theories of gravity requires supersymmetry (SUSY) in the
UV regime in order to have stable extended objects. Since at our scales we tipically
observe non-supersymmetric configurations, a mechanism describing the breaking of su-
persymmetry when going at low-energies must be understood. There have been many
attempts in this direction and, between these, of great relevance are those deriving de
Sitter (dS) backgrounds that turn out to constitute realistic models of our universe (see
for example [8]). Unfortunately in all known examples of dS backgrounds produced by
string configurations instabilities appear2.

A complementary approach to this problem consists in the investigation of the condi-
tions that have to be respected by a low-energy theory in order to obtain a UV-completion
in string theory. The set of low-energy models with an embedding in string theory and
thus with a consistent UV completion is usually called string landscape while the set of
models that look to be consistent at certain scales, but have not a UV completion when
coupled to gravity is called swampland. There are many criteria3 proposed to classify the
effective theories in these two sets and, between these, that one based on the so-called
weak gravity conjecture (WGC) could be the most intriguing for its implications in relation
to the role of supersymmetry in the transition to the IR regime [11].

The WGC conjecture is based on the intuitive fact that gravity must be the weakest
force and it places in the swampland all the effective models that don’t respect this
property. Consider for example a four-dimensional effective theory coupled to gravity
and including the electromagnetic interaction, then the WGC states that it must exist a
charged state such that

m

mP
≤ q , (2)

where m and q are the mass and the charge4 of the state and mP is the Planck mass.
The apparently unnatural equality in (2) is clearly satisfied by BPS states. These states
saturate the BPS bound that, in turn, can be derived as a unitarity condition for super-
symmetry5. Moreover they enjoy a crucial property: they are the only physical objects
sharing macroscopic and microscopic properties. In fact they appear in string theory as
microscopic supersymmetric states and their observables (as charges) are protected by
corrections in the transition from the UV to the IR allowing, among other things, their
counting [12]. On the converse, BPS states constitute a limiting case of the inequality
(2) and then are included in the intersection between (2) and the correspondent reversed
inequality defining the BPS bound.

Following this trajectory, a recent sharpened version of the WGC proposed in [13]
states that (2) is saturated if and only if the states are BPS and the underlying effective
theory is supersymmetric. This sharpened version of the conjecture implies that any
non-supersymmetric state would unavoidably manifest instabilities in the UV regime6 of
string theory.

2Also the case of non-supersymmetric Anti de Sitter (AdS) backrounds in string theory is similarly
problematic. A relevant example describing the dynamical SUSY breaking producing metastable AdS
vacua can be found in [9].

3For a review of swampland criteria see [10].
4A motivation for the WGC is related to another swampland criterium excluding from the landscape

the effective gravity theories with global symmetries. In our example the ungauging limit is realized if
the U(1) gauge charge goes to zero, the inequality (2) prevents from this imposing a cutoff on the charge.

5The anti-commutator of two supercharges in a supersymmetric theory is well-defined only for states
respecting the BPS bound.

6Even if the assumption of the WGC is intuitive, the implications are powerful and restrictive. For
example it follows that all non-supersymmetric AdS vacua produced in string theory would be unstable
[13] and this should be proven case by case.
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In this scenario also dS backgrounds are conjectured to be in the swampland and this
shows that a theoretical understanding of the cosmological measurements cited above is
still lacking. In order to formulate a cosmology based on a solid fundamental interpre-
tation of gravity, a deeper understanding of the nature of Λ at different energy scales is
thus required. This would explain, for example, why the main contributions determining
the dynamics of the universe seem paradoxically not to be given by the ordinary energy
sources contained in the universe itself.

Since at our scales physics appears to be non-supersymmetric, it is reasonable to
suppose that the SUSY breaking could be somehow related to thermodynamic effects.
These are absent in the UV and determinant in the IR where the classical gravity solutions
describing realistic phenomena are tipically driven by a non-trivial thermodynamics and,
at the same time, characterized by the absence of a well-defined embedding in string
theory. More concretely, an explanation of the deep origin of the supersymmetry breaking
mechanism in relation to thermodynamic excitations appearing when going to low energies
could be crucial for a complete understanding of the microscopic origin of “physical” black
objects. An example of these could be some non-extremal black hole solutions in General
Relativity and their merging that constitute a good classical description of the sources of
gravitational waves detected in [6].

Supergravities, BPS Objects and AdS/CFT Correspondence

For the arguments proposed above the only gravitational objects with a clear UV
interpretation are the supersymmetric ones and this thesis is devoted to the study of
their low-energy regime. In this case the low-energy limit of string theories and M-theory
reproduces stable macroscopic objects that are well-described as supersymmetric solutions
of supergravity theories. These theories are determined by the massless spectrum of strings
and, in general, they can be defined as classical and interacting gravity theories with local
supersymmetry [14].

Since our scale of energy is characterized by a four-dimensional physics, it follows that
the ten- or eleven- dimensional fields coming from the massless spectrum of strings will
be defined on a background with some directions wrapping compact manifolds. Thus,
in this picture, our four-dimensional spacetime has to be interpreted as the result of a
compactification of a higher-dimensional background. This implies that, among the many
things, by reducing higher-dimensional supergravity theories, a rich plethora of different
lower-dimensional supergravities will be produced for a given dimension and number of
preserved supersymmetries.

Clearly also supersymmetric objects, described in the low-energy regime by classical
solutions in higher-dimensional supergravities, will have a lower-dimensional realization
as solutions in a supergravity theory and typically they will describe macroscopic objects
with a strong coupling to gravity, like black holes and domain walls.

Not all supergravity theories have the right properties needed for a realistic lower
dimensional description since the compactification procedure usually produces many free
massless scalar fields without a well-defined vacuum expectation value. This is another
swampland criterium and, for this reason, in this thesis only gauged supergravities will
be considered. These are defined by the gauging of some of their global symmetries and
this procedure implies, as a main effect, the production of a suitable scalar potential
stabilizing the scalars to its critical values. The field configurations corresponding to the
critical values of the scalar potential define a vacuum with a possibly non-zero negative Λ.
Joining the arguments discussed above on the WGC with the assumption on the absence
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of free parameters, it follows that the minimal energy configurations considered in this
thesis will be given by supersymmetric AdS backgrounds.

It follows that the SUSY solutions in gauged supergravity interpolating between AdS
vacua will be the main objects of our interest. In these cases the uplift to higher dimensions
is consistently described by classical solutions that are associated to the IR regime of non-
perturbative states of string theory, like branes and solitonic objects, and include string
AdS vacua in their near-horizon (or in some particular value of their coordinates). These
solitonic states manifest a remarkable low-energy behavior consisting in the decoupling
between the degrees of freedom coming respectively from closed and open strings that,
in turn, include these solitons in their spectra as non-perturbative excitations. This
decoupling produces two dual and equivalent descriptions of supersymmetric AdS vacua:
one as a classical supergravity solution associated to the closed strings’ degrees of freedom
and the other in terms of a superconformal quantum field theory (SCFT) describing the
open strings’ degrees of freedom. This is the celebrated AdS/CFT correspondence [15, 16]
and constitutes the most relevant development in string theory of the last twenty years
since it allows to extrapolate many important properties of non-pertubative effects of
quantum gravity just by studying their low-energy regime.

The existence of the AdS/CFT correspondence does not give us the access to the
physics of the entire strings’ spectrum, but for sure gives a concrete perspective on the
leading effects of quantum gravity and on the non-perturbative contributions to the grav-
itational field. For this reason the correspondence constitutes the conceptual starting
point of this thesis since, thanks to this duality, from a classical solution in supergravity
describing a supersymmetric object we can capture many relevant informations on the
underlying quantum system.

Outline of the Thesis

This thesis could be divided in two parts. The first one aims to provide a synthetic
overview on string theory and supergravities as theories describing the low-energy limit
of strings. In the second part three particular examples of lower-dimensional gauged
supergravities are considered and studied in relation to some of their supersymmetric
solutions. Even if the second part is more technical, it has been made the constant effort
to link the lower-dimensonal world with the higher-dimensional one, and then to relate
the features of higher-dimensional physics, introduced in the first part, to the lower-
dimensional results presented in the second.

Chapter 1 is entirely dedicated on string theory. The ten-dimensional superstring
theories are introduced and their quantization is discussed. The web of dualities linking
them is discussed especially in relation to the non-perturbative states like branes and
other solitonic objects appearing in the spectrum of superstrings. Furthermore M-theory
is introduced as the D = 11 theory describing the UV-completion of ten-dimensional
superstring theories.

Chapter 2 is focused on the low-energy limit of string theory. Higher-dimensional
supergravities are introduced as the theories defined by the massless spectrum of super-
strings and M-theory. Moreover a brief review of compactification techniques is presented
and the plethora of different lower-dimensional supergravities obtained is classified. Then
the concept of supersymmetric solution in supergravity as the low-energy description of
“stringy” objects is presented especially in relation to its Killing spinor analysis and to
some crucial concepts like extremality. In this context vacua and supergravity solutions
describing branes and their intersections are discussed starting by some important exam-
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ples. Finally the AdS/CFT correspondence is formulated in generality and then applied
to two relevant cases of AdS4/CFT3 and AdS5/CFT4.

In chapter 3 matter-coupled N = 2 gauged supergravities in d = 4, 5 are presented
and studied in relation to the scalar geometries parametrized by the scalar fields of the
matter multiplets. The “stringy” origin of these two theories is also discussed firstly
by considering the compactifications on Calabi-Yau threefolds and then considering the
M-theory N = 2 truncations on Sasaki-Einstein manifolds.

Chapter 4 deals with extremal black hole and black string solutions respectively in
d = 4, 5 matter-coupled N = 2 gauged supergravities. The properties of staticity and
spherical/hyperbolic symmetry are required in the analysis through suitable Ansatzë and,
for these two objects, the general expressions of the first-order equations are derived by
using the Hamilton-Jacobi approach. Moreover in the d = 4 case a symplectic covariant
formulation of the first-order equations is presented. Furthermore the near-horizon prop-
erties of these solutions are analyzed. The attractor mechanism is formulated for d = 4
black holes in presence of hypermultiplets while the near-horizon geometry of a generic
BPS black string is solved and the general expression of its central charge is presented.
Finally Freudenthal duality as a non-linear symmetry of the Bekenstein-Hawking entropy
of the d = 4 black holes is formulated in the case of N = 2 gauged supergravity.

In chapter 5, two BPS black hole solutions in d = 4, N = 2 gauged supergravity
are derived by solving the first-order equations and their properties are studied. The
first is an asymptotically AdS4 black hole in a realization of the theory describing a
non-homogeneous deformation of the STU model. This object is dyonic and described
by a Fayet-Iliopoulos gauging. The second solution in an asymptotically hyperscaling-
violating black hole derived in a model defined by the prepotential F = −iX0X1 and by
the coupling to the universal hypermultiplet with an abelian gauging of the type R×U(1).

Finally chapter 6 considers minimal N = 1 gauged supergravity in d = 7 and includes
a class of supersymmetric solutions in this theory characterized by a running 3-form
gauge potential. For these solutions the interpretation in M-theory is explicitly discussed
in relation to a particular bound state of M2 and M5 branes preserving half of the super-
symmetries. Some of these flows are asymptotically described by an AdS7 geometry and
their seven-dimensional backgrounds are defined by an AdS3 slicing. By taking in con-
sideration one particular solution within this class, its uplift in massive IIA supergravity
is presented and the holographic interpretation in terms of a defect N = (4, 0) SCFT2
within the N = (1, 0) SCFT6 is produced in relation to the AdS3 slicing within the AdS7
background described asymptotically by the flow.



Chapter 1

Superstrings and M-theory

The origin of string theory comes from the late sixties as a tool in the study of
strong interactions. The basic idea was to formulate the quantum description of a one-
dimensional extended object where the specific particles corresponded to the quantized
oscillation modes. With the develop of QCD, the approach to the strong force based
on the strings fell out of favor, but at the same time, because of the presence of spin
2 particles in the strings’ spectrum, string theory turned out to be the most suitable
enviroment giving a unified picture of gravity with the other fundamental forces.

In this chapter1 we will introduce some generalities about string theory as the main
candidate for a microscopic description of gravity. The bosonic string and its supersym-
metric generalizations will be introduced. We will then briefly discuss their quantum
description in the background approach. From this point of view the dynamics of a string
propagating on a flat background is affected by the backreaction of the background on
the string itself through a non-zero curvature and couplings to the fields describing the
oscillation modes of the string. This in turn “feels” the modifications of the background
and couples to the fields producing these modifications.

In the second part of the chapter, branes and other non-perturbative objects will be
presented in relation to the web of dualities linking them. Finally we will explain how to
embed the various superstring theories in M-theory that will be introduced as the main
candidate for a theory of everything.

1.1 Classical Strings

In this section we will first introduce the main properties of the bosonic string including
the action, the equations of motion and their symmetries; then we will consider the
supersymmetric extensions of the bosonic action and, also in these cases, we will present
the action of the superstring, the equations of motion and their solutions.

1.1.1 The Bosonic String

Let’s firstly consider the classical bosonic string and its action. Given a D-dimensional
background parametrized by the coordinates {Xµ(τ, σ)} with µ = 0, 1 · · · (D − 1), the
propagation of the string is described by a bidimensional worldsheet embedded in the
background and parametrized by two coordinates (τ, σ). The action has the well-known
form of a non-linear sigma model. Given the metric on the worldsheet hαβ2 with α, β =

1This chapter is partially based on [17, 18, 19, 20].
2We define h = |det(hαβ)|.

1



2 1.1 Classical Strings

0, 1, the action has the general form

S = −T2

∫
dτ dσ

√
hhαβ gµν(X) ∂αXµ ∂β X

ν , (1.1)

where gµν is the metric3 of the background and T the tension of the string measured
as a mass on unit of volume. The worldsheet, identified by its metric hαβ and by the
embedding coordinates Xµ, is invariant under the following symmetries:

• The Lorentz-Poincaré group.

• The diffeomorphisms of the background.

• The Weyl rescalings.

Thanks to the last two symmetries one can always parametrize the worldsheet in the
conformal frame, i.e. hαβ = ηαβ = diag(−1, 1). In this particular gauge the equation
of motion describing the propagation of the string is given by the two-dimensional wave
equation4,

22X
µ = 0 . (1.2)

The stress-energy tensor associated to the dynamical variables Xµ given by

Tαβ = − 2
T

1√
h

δ S

δ hαβ
, (1.3)

is conserved thanks to (1.2) and it is associated to the equation of motion for hαβ given
by Tαβ = 0.

In order to solve (1.2) one must impose a set of suitable boundary conditions on the
endpoints of the string. These can be of three types:

• Neumann (N) conditions for open strings: ∂σXµ|σ=0,π = 0.

• Dirichlet (D) conditions for open strings: Xµ|σ=0 = Xµ
0 and Xµ|σ=π = Xµ

π with
Xµ

0 , Xµ
π constants.

• Periodic conditions for closed strings: Xµ(τ, σ) = Xµ(τ, σ + π) .

The general solution of (1.2) has the form

Xµ(τ, σ) = Xµ
R(τ − σ) +Xµ

L(τ + σ) , (1.4)

where Xµ
R and Xµ

L are respectively called right- and left movers.
Imposing the periodic boundary conditions for closed strings, one can expand in

Fourier modes the right- and left-movers,

Xµ
R(τ, σ) = 1

2 x
µ + α′ pµ (τ − σ) + i

√
α′

2
∑
n6=0

1
n
αµn e−2 i n (τ−σ) ,

Xµ
L(τ, σ) = 1

2 x
µ + α′ pµ (τ + σ) + i

√
α′

2
∑
n 6=0

1
n
α̃µn e−2 i n (τ+σ) ,

(1.5)

3In this thesis we will use the mostly-plus convention on the metrics, i.e. ηµν = diag(−1,+1 · · ·+ 1).
4We use the notation 22 = −∂2

τ + ∂2
σ .
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where
α′ = 1

2π T = l2s
2 (1.6)

is the Regge slope parameter and ls the lenght of the string. The Fourier-modes αµn and
α̃µn respect a set of reality conditions, αµn = (αµ−n)∗ and α̃µn = (α̃µ−n)∗, while xµ and pµ

are real and describe respectively the position and the momentum of the string’s centre
of mass.

We conclude the discussion about the classical bosonic string considering the algebra
of the Poisson brackets associated to the Fourier-modes5,

[αµm, ανn]PB = imηµν δm+n,0 ,

[α̃µm, α̃νn]PB = −imηµν δm+n,0 ,

[αµm, α̃νn]PB = 0 .
(1.7)

All the physical observables describing the string can be expressed in terms of its Fourier-
modes. In particular, we recall the Fourier-modes of (1.3), Lm and L̃m, satisfying the
Virasoro algebra

[Lm, Ln]PB = i (m− n)Lm+n , (1.8)

where the same brackets hold for L̃m and [Lm, L̃n] = 0. The appearance of this algebra
is due to the fact that the conformal gauge does not fix completely the reparametrization
symmetry of the action (1.1). The symmetries generated by (1.8) are Weyl rescalings and
they are infinite since the worldsheet is bidimensional.

As regards the open strings, the general solution obtained by imposing Neumann or
Dirichelet conditions is given by an expansion in terms of Fourier-modes whose expression
is similar to (1.5). The main difference is the presence of one single set of oscillators αµn
and this fact is due to the open string boundary conditions that force the right- and the
left-movers to combine into standing waves.

1.1.2 The Superstring

Let’s extend the description of the bosonic string by considering fermionic degrees of
freedom of the worldsheet and a supersymmetric formulation of the string. In order to
introduce the action of the superstring two main approaches are possibile:

• The Ramond-Neveu-Schwarz (RNS) formalism: Supersymmetry is introduced at
the level of the worldsheet through the fermionic coordinates ψµ.

• The Green-Schwarz (GS) formalism: Based on the superspace formulation of the
worldsheet.

We will consider only the first approach where {ψµ} are a set of D Majorana spinors be-
longing to the vector representation of SO(D−1, 1). The off-shell action of the superstring
propagating in a flat background is given by

S =− 1
2π α′

∫
dτ dσ

(
∂αX

µ ∂αXµ − i ψ̄µ ρα ∂α ψµ

+ 2 χ̄α ρβρα ψµ ∂βXµ + 1
2 (ψ̄µ ψµ) (χ̄α ρβρα χβ)

)
,

(1.9)

5We set αµ0 = α̃µ0 =
√

α′
2 pµ.
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where α′ is the Regge slope parameter introduced in (1.6) and the matrices ρα define a
bidimensional Clifford algebra associated to the Lorentz invariance on the worldsheet, i.e.
{ρα, ρβ} = 2 ηαβ . The fermionic field χα is auxiliary and it is needed to compensate the
degrees of freedom of hαβ .

The action (1.9) is supersymmetric, in fact it can be shown that if one introduces an
arbitrary Majorana spinor ε on the worldsheet, the SUSY transformations

δ Xµ = ε̄ ψµ ,

δ ψµ = −i ρα ε
(
∂αX

µ − ψ̄µχα
)
,

δ hαβ = −2i ε̄ ρα χβ ,
δ χα = ∂αε ,

(1.10)

preserve (1.9).
As in the bosonic case, one can choose the conformal gauge and set hαβ = ηαβ . In an

analogous way one can set χα = 0 using (1.10) with a further symmetry of (1.9) given by
δηχα = i ρα η with η Majorana spinor. The equations of motion for Xµ and ψµ in this
gauge are given by

22X
µ = 0 , ρα∂α ψ

µ = 0 (1.11)
and imply the vanishing of the stress-energy tensor (1.3) and of the supercurrent,

Jα = 1
2 ρ

βρα ψ
µ∂β X

µ = 0 . (1.12)

The bosonic solutions of (1.11) are the same of (1.4) while as concern to the fermionic
equation, the general solution is given by

ψµ(τ, σ) = ψµR(τ + σ) + ψµL(τ − σ) . (1.13)

Two kind of boundary conditions can be imposed:

• Ramond conditions (R) : ψµR(τ, π) = +ψµL(τ, π) .

• Neveu-Schwarz conditions (NS) : ψµR(τ, π) = −ψµL(τ, π) .

Considering the case of closed superstrings and imposing R conditions, one obtains

ψL = 1√
2
∑
n∈Z

dµn e−i n (τ−σ) ,

ψR = 1√
2
∑
n∈Z

d̃µn e−i n (τ+σ) .

(1.14)

Requiring NS conditions one has

ψL = 1√
2
∑

r∈Z+ 1
2

bµr e−i r (τ−σ) ,

ψR = 1√
2
∑

r∈Z+ 1
2

b̃µr e−i r (τ+σ) ,

(1.15)

where in both cases we imposed conventionally ψR(τ, 0) = +ψL(τ, 0) and the Fourier-
modes obey a set of reality conditions as the bosonic oscillators given by dµn = (dµ−n)∗,
d̃µn = (d̃µ−n)∗, bµr = (bµ−r)∗ and b̃µr = (b̃µ−r)∗.
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One can impose the conditions R and NS separately on the right- and on left-movers,
obtaining four different pairings corresponding to four distinct closed string sectors. The
sectors NS-NS and R-R are purely bosonic, while NS-R and R-NS are fermionic.

The oscillators dµn, d̃µn and bµr , b̃µr respect a set of “anticommuting Poisson brackets”
given by

{dµm, dνn}PB = i ηµν δm+n,0 and {bµr , bνs}PB = i ηµν δr+s,0 , (1.16)

where the same brackets hold also for the tilded oscillators. Moreover the following
anticommuting relations hold, {dµm, d̃νn} = 0 and {bµr , b̃νs} = 0. In this context one can
construct two inequivalent supersymmetric extensions of the Virasoro algebra (1.8), called
super-Virasoro algebras, since the inclusion of the Fourier-modes of the supercurrent (1.12)
is dependent on the particular sector, R or NS, considered.

1.2 The Quantization of Strings

In this section we will discuss the quantization of strings and superstrings. In par-
ticular we will present the quantization procedure of the bosonic string and we will see
how the requirement of absence of ghosts in the spectrum implies an higer-dimensional
description. We will see why supersymmetry is crucial to avoid the presence of tachyonic
states and we will classify all the superstring theories.

The quantization procedure in string theory follows the usual idea: the Fourier-modes
describing the propagation of the (super)string are promoted to creators and annihilators
on an Hilbert space with a well-defined vacuum |0, pµ〉 and the Poisson brackets are
promoted to the (anti)commutators between operators,

[· · · ]PB −→ i [· · · ] and {· · · }PB −→ i {· · · } . (1.17)

The action of the creators on the vacuum is described by quantum fields and this is the
key property making string theory a theory of unification: the quantum oscillation modes
of the string are described by fundamental particles.

Historically three different approaches have been followed in quantizing the strings:
the old covariant method, the BRST method and the light-cone quantization. In the first
one the procedure of quantization is similar to the usual Gubta-Bleuler quantization of
electrodynamics, the second one is based on the inclusion of Faddeev-Popov ghosts and
the last one starts by breaking the Lorentz covariance.

1.2.1 Tachyons and Ghosts

Let’s briefly discuss about the spectrum of bosonic string (1.1). With the promotion
of the dynamical variables to operators the Virasoro algebra (or super-Virasoro in the
case of superstring) is deformed by its central extension. In the case of the bosonic string
one has the quantum Virasoro algebra given by

[Lm, Ln] = (m− n)Lm+n + D

12 m (m2 − 1) δm+n,0 . (1.18)

Considering the closed string and acting with the creators αµm and α̃µm on the vacuum
one produces the complete spectrum. It is immediate to verify that there are two kinds
of states that are unphysical:

• Ghosts: States with negative Hilbert norm.
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• Tachyons: States with imaginary mass.

The presence of these states in the spectrum makes the string unstable, thus one should
wonder if certain particular conditions eliminating these states from the spectrum exist.
By studying the action of the quantum Virasoro algebra on the string states, one finds
out that the spectrum does not contain ghosts if the dimension of the background is given
by the critical value D = 26.

It follows that the higher dimensional formulation of string theory is necessary for the
consistence of the quantum theory of gravity. In fact if one considers the first excited
states of the closed string one finds out the presence of a symmetric tensor field, the
graviton, describing the metric of the background. This fact is crucial since, as we will
see, only this first level of the spectrum is relevant in the low-energy limit and the presence
of the graviton guarantees the right number of degrees of freedom to define an effective
gravity theory. In particular the first level of the spectrum is composed by 576 degrees of
freedom that can be organized as follows

|Ωij〉 = αi−1 α̃
j
−1 |0, pµ〉 , (1.19)

where the indices i, j are related to the transverse components (in the sense of the light-
cone gauge). The object (1.19) lives in a massless representation of SO(24) which is
defined by a scalar field Φ, the dilaton, by a symmetric tensor field gµν , the graviton and
by a 2-form Bµν , the Kalb-Ramond field or B-field.

The vacuum of the bosonic closed string is tachyonic. It is described by a scalar field
with negative mass M2 = − 4

α′ and its presence makes the bosonic string unstable. The
same happens for the ground state of the open string. In this case we point out the
presence of massless vectors at the first excited level described by states of the form

|V i〉 = αi−1 |0, pµ〉 . (1.20)

and this fact will be important when we will introduce the non-perturbative states in-
cluded in the strings’ spectrum.

1.2.2 Classification of Superstring Theories

In order to construct a consistent quantum theory without ghosts and tachyonic states
one has to take in consideration the superstring (1.9). Promoting the oscillators dµn, bµr ,
d̃µn and b̃µr to fermionic operators, it is possibile to construct a “tower of states” describing
the spectrum of the superstring. As we already mentioned at the end of section 1.1.2, the
spectrum is composed by the four sectors NS-NS, R-R, NS-R and R-NS, where the last
two contain only fermionic fields and the firsts are purely bosonic. As regards the ghosts,
in analogy to the bosonic case, the study of the action of the super-Virasoro algebra on
the superstring states forces us to set the dimension of the background to the critical
value D = 10.

As in the bosonic case the vacua are tachyonic and their presence breaks supersym-
metry since a fermion with the same mass as the tachyon is not present in the spectrum.
From the analysis of the various superstring’s states it follows that massless s = 3/2 fields6

called gravitinos are included in the spectrum. As we will see these are the gauge fields
for local supersymmetry and thus unbroken supersymmetry is crucial for a consistent
interacting theory.

6These are stetes with spin 3/2 under massless irreps of the ten-dimensional super-Poincaré algebra.
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The main peculiarity of superstring theory respect to the purely bosonic theory con-
sists in the possibility to “project out” the tachyonic degrees of freedom and the remakable
fact is that this projection, called GSO projection [21], leads to a completely supersym-
metric spectrum in D = 10. The GSO projection is thus essential for the consistency of
the theory: it eliminates the tachyons from the spectrum and leaves an equal number of
bosons and fermions at each mass level. After the projection the ground state associated
to R boundary conditions is a massless spinor while the vacuum corresponding to NS
boundary conditions is a massless vector.

Let’s consider the four possibile sectors of the closed superstring spectrum. In order
to match with the number of bosonic degrees of freedom the massless spinor must be
in an irreducible representation of the ten-dimensional super-Poincaré group, thus one
can have two different theories depending on the chirality of the fermionic ground state.
These are called type IIA and type IIB Superstring Theories. These theories are maximally
supersymmetric in ten dimensions and this means that they preserve 32 real supercharges,
i.e. they are N = 2 theories. Each of the four sectors contains 64 degrees of freedom that
are organized in SO(8) irreps as follows:

• NS-NS sector: It is the same for type IIA and type IIB, and contains the dilaton Φ
(1 state), the Kalb-Ramond field Bµν (28 states) and the graviton gµν (35 states).

• NS-R and R-NS sectors: Each of these sectors contains a gravitino Ψµ (56 states)
and a spin 1/2 fermion, the dilatino λ (8 states). In type IIB the gravitinos have
the same chirality whilst in IIA opposite chirality.

• R-R sector: This sector is purely bosonic and organized in p-form:

– Type IIA: 1-form C
(1)
µ (8 states), 3-form C

(3)
µνρ (56 states).

– Type IIB: 0-form C(0) (1 state), 2-form C
(2)
µν (28 states), 4-form C

(4)
µνρσ (35

states) with a self-dual field strength.

Also string theories with N = 1 supersymmetry (16 real supercharges) can be con-
structed. In particular one has the following theories:

• Type I Superstring Theory: This theory can be obtained by modding out type II
theories with respect to the parity simmetry (Z2) of the worldsheet coordinates.
Both closed and open strings are present.

• SO(32) Heterotic Superstring Theory: Obtained by combining bosonic left-movers
with fermionic right-movers. The theory has an internal gauge symmetry given by
SO(32) arising from the reduction from D = 26 to D = 10.

• E8×E8 Heterotic Superstring Theory: Obtained as the SO(32) Heterotic Superstring
Theory, but in this case the gauge group arising is E8 × E8.

These five theories are all the possible superstring theories that can be constructed in
D = 10 and, as we will see, they are related each others by an intricated web of dualities.

1.3 Branes, dualities and M-theory

In the nineties the so-called “Second Superstring Revolution” took place with two
main discoveries:
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• Branes and dualities: The string’s spectrum contains solitonic states described by
supersymmetric extended objects called branes [22]. The discovery of these objects
came from an other key step in understading string theory that is the discovery of
a web of dualities7 relating the five superstring theories presented in section 1.2.2.

• M-theory: Type IIA and E8×E8 Heterotic exhibit an eleven-dimensional description
in their strong-coupling regime. Thanks to the dualities it follows that also the other
three theories can be embedded in a fundamental theory in D = 11 [7]. This eleven-
dimensional description is given by a non-lagrangian theory called M-theory and
provides a unified picture of all the superstring theories.

Let’s introduce in more detail what these dualities in string theory are and why they
suggest the existence of branes and other solitonic states. Thus, at the end of the section,
we will discuss how to embed superstring theories in M-theory.

1.3.1 T, S, and U-duality

One of the main peculiarity of string theory is the presence of two coupling constants
describing the interactions. The first parameter is the Regge slope parameter α′ defined
in (1.6). The expansion with respect to α′ describes the “stringy” deviation respect to
the point-particle limit. It can be viewed as a quantum mechanical expansion in the
QFT defined by the worldsheet theory of the embedding coordinates (1.5) and (1.15),
or an higher-derivative expansion respect to the fields describing the backreaction of the
background.

The second is the string coupling constant gs. It is determined by the expectation value
of the dilaton field and describes the quantum corrections to the field theories defined by
the field content of the spectrum. From the worldsheet point of view the expansion with
respect to gs gives the contributions associated to the string interactions in terms of string
loops.

It is well known that in physics a duality is generically a symmetry connecting theories
in different regimes of their parameters and such a simmetry can be always explained in
terms of field transformations. The remarkable fact discovered in the 90s is the presence
of a web of dualities relating different regimes of α′ and gs of all the superstring theories
in ten dimensions [24].

The first duality that we are going to present is called T-duality and it is a perturbative
duality with respect to gs. For example let us take in consideration the closed string in
type IIA on the background R1,8×S1, with a radius RA of the circle. T-duality exchanges
the momentum of the string and the winding modes indicating the number of times the
string winds around the circle. The theory obtained acting with T-duality is type IIB on
the background R1,8 × S1 with the circle of radius

RB = α′

RA
. (1.21)

The duality acts on the embedding coordinates of the string by changing the sign of the
righ-movers along the compact direction of the circle and it is intrinsically “stringy” in the
sense that it always involves configurations characterized by large α′ values. In the case
of a single compact direction the group describing this action is given by O(1, 1;Z), while
when more coordinates are compact and define a torus Tn, T-duality acts as O(n, n;Z).

7More information on dualities between superstring theories can be found in [23, 24].
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The other fundamental duality linking different theories is called S-duality. This
simmetry is non-perturbative in gs in the sense that it relates a theory described by gs
to a theory with 1/gs. The intuitive way to understand this symmetry is thinking about
the electromagnetic duality in classical electromagnetism or the strong-weak duality in
Yang-Mills theories. Since S-duality is non-perturbative in gs, its general proof is difficult
and usually one has to perform some particular tests, like the comparison of the levels of
the spectra of the dual theories or the matching between the tensions of the respective
fundamental strings and solitonic objects. Then, even thow S-duality is non-perturbative
in gs, it can be defined order by order in α′ and thus it is achievable even just on the fields
composing the ground state of superstring and this is the main difference with respect to
T-duality.

An example is given by the relation between type I theory and SO(32) Heterotic theory.
These two theories can be mapped into one another by changing the sign of the dilaton
field and leaving all other bosonic field unchanged8. Since gs is given by the expectation
value of the dilaton, the sign flipping of the dilaton is equivalent to the transformation
gs → 1/gs.

We conclude the brief analysis on S-duality by mentioning that IIB string theory has
an interesting behavior under this symmetry, in fact S-duality maps the IIB theory in
itself and can be extended to a group of discrete non-perturbative symmetries given by
SL(2,Z).

Finally for type II theories, one can introduce an other symmetry called U-duality
given by the combination of perturbative and non-perturbative dualities. This duality is
crucial when compactifying string theories since it defines the largest group of internal
symmetries of the lower dimensional theories.

1.3.2 Branes, Open Strings and BPS States

In the previous section we introduced the web of dualities relating superstring theories
in D = 10. The key point is that, thanks to the existence of dualities, it is possibile to
show that the spectrum of strings is not only determined by the oscillation modes, but it
also contains some solitonic states that are intimately non-perturbative.

The main example between these states are branes and the most intuitive way to make
manifest their presence in the spectrum of strings is by using T-duality. Let’s consider the
bosonic open string with Neumann boundary conditions at their extrema. If we put the
open string with N conditions on a circle, the winding number is a meaningless concept
since the open strings are topologically contractible in a point and, thus, the string is
described in the compact direction only by its momentum. The effect of T-duality is to
map the open string with Neumann conditions on a circle of radius RA into the open
string on a circle with radius RB = α′

RA
with Dirichelet boundary conditions. The dual

string will be characterized in the compact direction exactly by the opposite properties:
it will be described by absence of momentum and non-vanishing winding number that
now is a well-defined quantity for the dual string since the endpoints are fixed by the
D conditions. The hyperplane where the dual string ends is a physical object since it is
associated to the position of the extrema of the open string and, thus, to its dynamics
and its spectrum.

Also strings can be viewed as solitonic objects and, following this analogy, one can
define the embedding of branes into a background in terms of a worldvolume. In this case
we have two types of coordinates: the worldvolume and the transverse coordinates. In

8The metric must be recasted in the Einstein frame by a Weyl transformation.
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Figure 1.1: Intuitive representation of open strings with the extrema ending on branes in
presence of closed strings. Image from en.wikipedia.org/wiki/Brane.

other words the brane breaks the Lorentz invariance of the background in the following
way,

SO(1, D − 1) −→ SO(1, p)× SO(D − p− 1) , (1.22)

where p is the spatial dimension of the worldvolume and this implies that the quantum
fields composing the spectrum of the open string are defined only on the worldvolume of
the brane where the string is ending on. Furthermore the brane couples to the background
whose backreaction is described in terms of non-trivial interactions between the fields on
the worldvolume and the fields describing the background.

As we said in section 1.2.1, the spectrum of bosonic open string is tachyonic and
this implies that branes in a purely bosonic string theory are unstable objects. Let’s now
consider type II superstrings and suppose that the background is defined in terms of fields
belonging to the spectrum of closed strings. Since the spacetime background is usually
a bosonic configuration of gravity with minimum energy, it will be described only by the
massless fields of the closed string sectors NS-NS and R-R. This will react to the presence
of the brane and the interactions will include, in the most general scenario, fields coming
from the entire spectra of open and closed superstrings.

If the energy of the brane is low with respect to the energy associated to the open
strings’ motion (the brane is heavy), then only the massless spectrum of closed strings
will describe the modifications of the background. The brane, in turn, will play the role
of source for the gauge potentials included in the bosonic sectors of closed strings. In
particular we call Dp-branes (or p-branes) those branes that couple electrically under the
R-R fields C(p+1) or magnetically under C(7−p). In the case of NS-NS fields, the Kalb-
Ramond field is coupled electrically to the fundamental9 string NS1 and magnetically to
a particular 5-brane called NS5. Regarding Dp-branes, they are classified in terms of the
spatial dimensions p of their worldvolume. In type IIA p is even since the R-R sector
is composed by p-forms with p odd, viceversa in IIB only branes with odd-dimensional
worldvolume exist. In particular one has10:

9It is the the usual string, we will call it “fundamental” to make a distinction with other 1-dimensional
objects.

10Some of these branes are peculiar. The existence of the D8 requires a non-dynamical 10-form field
strength and we will analyze this particular case later in section 2.1.2. The D9 is completely spacetime-
filling, while the 0-form in IIB should coupled electrically to a (−1)-brane. This object is istantonic since
it is completely localized in time.

Moreover due to the SL(2,Z) symmetry, particular states obtained as sources of mixed fields exist in
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• The p-branes in type IIA: D0 , D2 , D4 , D6 , D8 .

• The p-branes in type IIB: D1 , D3 , D5 , D7 , D9 .

We conclude this section with a brief discussion about supersymmetry as condition for
stability of branes in type II superstrings. As we mentioned above when branes are
included, in order to avoid instabilities, one has to require the absence of tachyons in the
spectrum of open strings ending on them. The branes satisfying this property are called
BPS11 branes. These are fully stable and preserve half of the total supersymmetry of
the background (BPS/2), since their presence breaks the Lorentz-invariance as in (1.22).
Explicitly, given two supercharges Q1 and Q2 of the string theory considered12 and a
Dp-brane along the direction 0 · · · p, the supercharge preserved by the brane is given by

Q = Q1 + γ01···pQ2 , (1.23)

where γ01···p belongs to the ten-dimensional Clifford algebra.
The reason why we called them BPS is that they saturate the BPS bound on their

masses. Given the mass of a brane at rest M and the central charge Z realizing the
central extension of type II supersymmetry algebras, it can be shown that the inequality

M ≥ |Z| (1.24)

must be valid to gain a consistent quantization of the supercharges. The BPS bound (1.24)
characterizes all massive supersymmetric configurations since it guarantees the possibility
to quantize consistently13 the SUSY algebra (implying that the central extensions Z must
be included in order to have massive supersymmetric states). Then (1.24) is a crucial
condition that explains the stability of a supersymmetric state giving a characterization
of it as the state with the minimal mass allowed for a given value of the central charge.
For these arguments supersymmetric states are called also BPS states, they are organized
in short supermultiplets of the super-Poincaré algebra and they are fully stable.

1.3.3 Effective Action and Worldvolume Theory

In addition to branes many other solitonic objects are present in the non-perturbative
sector of type II superstrings. In particular we mention the orientifold planes (Op-planes)
that are extended objects with negative tension. These states are non-dynamical and they
usually identify a fixed locus in the background inducing a discrete symmetry on the the-
ory. Other objects are the KK monopoles that are charged under mixed symmetry fields.
Moreover also bound states of branes are possible and these are crucial to understand the
microscopic origin of lower-dimensional objectes.

Generally the systems considered in string theory explaining the origin of macroscopic
configurations, like black holes, are intricated bound states of branes and other solitonic
objects whose worldvolume is wrapped on some particular manifolds. Also the wrapping
of the worldvolume can be explained in terms of the interactions between different branes
composing a bound state. The leading effect of these interactions is described by a
non-zero curvature of the worldvolume and, often, this curvature induces a spontaneous
IIB theory. For example we mention the (p, q)5-branes describing the superposition between a D5 and a
NS5, and the (p, q)-strings associated to the superposition of a D1 with the fundamental string.

11Bogomol’nyi-Prasad-Sommerfield.
12These are Majorana-Weyl spinors with opposite chirality in IIA and with the same chirality in IIB.
13The anti-commutators between the supercharges that are associated to the mass of the state could

be negative if (1.24) is violated.
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compactification on the wrapped directions. This holds also for the transverse directions
that can be compact and thus defining a lower-dimensional description of a given system.

All these states can be obtained and related each other by making use of dualities. In
fact since T- and S-duality relate different regimes of α′ and gs, the brane’s tension trans-
forms under dualities and this allows to relates different solitonic states and to describe
their physics in terms of the physics of dual objects.

In order to describe concretely these non-perturbative objects, it is necessary to for-
mulate an action capturing their dynamics. This is possible only in some cases and in a
particular energy regime.

Let’s consider for simplicity the case of a Dp-brane on a closed string background and
come back to the quantum fields living on their worldvolume mentioned in section 1.3.2.
As we said, these fields are related to the modes of open strings with the extrema ending
on the brane. If we consider the limit in which the energy of the brane is low with respect
to that of the open strings, the dynamics of the brane is completely determined by the
open strings’ massless modes. Hence, there is a (p + 1)-dimensional theory of massless
fields that can be used to construct an effective action of the brane.

The bosonic part of this action for a Dp-brane on a background defined by the NS-NS
fields (g,B,Φ) is given by

SDp =TDp

∫
dp+1σ e−Φ√−det (g +B + 2π α′ F + (2π α′)2 (∂ Φi)2)

+ µp

∫
eB+2π α′F ∧

∑
k

C(k) ,
(1.25)

where the coordinates of the worldvolume are denoted by σ = (X0, · · · , Xp+1). The
fields appearing in the square root are all expressed in terms of their pull-back on the
worldvolume, e.g. gαβ = gµν∂αX

µ∂βX
ν . In particular, coupled to the metric of the

background g, the B-field and the dilaton Φ, there are higer-order contributions in α′ given
by the field strength F associated to the (abelian14) vectors belonging to the massless
sector of open strings, and by the scalars Φi with i = (p + 2), · · · , D describing the
transverse coordinates of the brane. The first term is called Dirac-Born-Infeld action
(DBI) and it describes the interactions between the brane and the NS-NS sector of closed
string.

The second term is called Wess-Zumino action (WZ) and generalizes to extended
objects the electromagnetic coupling between the gauge potential and point-particles.
The coupling µp denotes the charge of the Dp-brane under the R-R form C(p+1). Clearly
the sum in the WZ term must be performed respectively over all the odd and even values
respectively for type IIA and IIB. Furthermore from (1.25) one can deduce the tension
of the brane in the minimal coupling case, i.e. B = C(p) = 0,

TDp = 1
gs (2π)p (α′)(p+1)/2 , (1.26)

thus, when gs → ∞ or α′ → ∞ the Dp-branes are light. From (1.26) it is manifest that
branes are non-perturbative excitations of string theory. In fact in the limit gs → 0,
i.e. when the energies are low, they become heavy and completely rigid objects. We will
come back on the low-energy regime of string theory in section 2.1.1 for a more detailed
discussion.

14It is also possible to obtain a more general formulation of (1.25) with non-abelian vector fields.
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1.3.4 M-Theory and UV-Completion

In section 1.3.1 we discussed about dualities connecting different superstring theories.
In this section we introduce M-theory as the eleven-dimensional theory describing the
strong-coupling limit of type IIA string theory [7]. Moreover, thanks to the web of duali-
ties, we will show that M-theory contains all superstring theories in ten dimensions giving
rise to a unified picture of all theories of quantum gravity.

It is well established in quantum field theory that, when one considers the strong-
coupling regime of a given theory, often divegences arise. In a renormalizable theory
one expects that these divergences disappear for two reason. The first consists in the
perturbative regularization of the theory that can be realized by making use of tecniques
like dimensional regularization. The second is the emergence of non-perturbative effects
that cure some divergences describing new physical effects arising only in the strong-
coupling regime and that are invisible to perturbation theory. These new effects contribute
with new degrees of freedom and, tipically, they manifest the emergence of a fundamental
theory in which the divergences disappear. Such a fundamental theory constitutes the so-
called UV-completion and often unifies the description of phenomena that, at low energies,
were featuring different theories.

As we said, the main example of non-perturbative effects in string theory is given
by branes. In the case of type IIA string theory the strong regime is described by the
limit gs → +∞ and, for simplicity, we can start by considering n D0-branes as non-
perturbative15 excitations of type IIA. It follows that a tower of states of mass

MD0n = n

ls gs
, (1.27)

exists in the spectrum of open strings associated to the D0s.
Now we can consider an S1-fibration over the ten-dimensional background defined in

type IIA string theory. The key point consists in the interpretation of the states (1.27) as
Kaluza-Klein16 excitations associated to the spontaneous compactification of an eleven-
dimensional theory on the S1 whose radius is given by

R11 = ls gs . (1.28)

Since (1.28) is proportional to the string coupling constant, the perturbative regime cor-
responds to the limit R11 → 0 and it is described by type IIA string theory. Viceversa
the strong-coupling regime is described by the decompactification of the circular eleventh
dimension. The eleven-dimensional theory obtained in this limit is called M-theory.

One can include in the M-theory picture all the perturbative objects of type IIA at the
same footing of the D0-branes. There exist two types of BPS objects in eleven dimensions
describing the embedding of non-perturbative objects of type IIA string theory:

• The M2 brane: It describes the embedding of the fundamental string NS1 and of
the D2. In particular the wrapping of the M2 along the eleventh compact direction
is given by the NS1, while the wrapping along a transverse coordinate is associated
to the D2 in type IIA.

• The M5 brane: It describes the strong-coupling limit of a D4 wrapping the eleventh
compact direction or an NS5 wrapping a transverse coordinate.

15It can be shown by making use of (1.26) that their tension diverges if gs → 0.
16We will discuss in more detail Kaluza-Klein reductions in section 2.2.1.
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As regards17 the D6, it is the magnetic dual of the D0 and it has a “pure geometric”
description in M-theory in terms of a KK-monopole.

Thus the claim is the existence of theory of quantum gravity in D = 11 called M-theory
whose degrees of freedom are associated to the M2 and the M5 branes. This theory
constitutes the UV-completion of type IIA string theory and it has not free coupling
constants since all the parametes describing type IIA have been resolved in geometrical
quantities like the radius R11. By construction M-theory has to be completely divergence-
free since all the non-perturbative effects18 have been embedded in the M2 and M5 branes
or in pure geometry.

Figure 1.2: The web of dualities linking superstring theories in D = 10 and their embedding
in M-theory. Image from physics.uu.se/research/theoretical-physics/.

There is another direct way to make manifest the existence of M-theory that is through
the strongly-coupled regime of the E8 × E8 heterotic string theory [25]. If one considers
the S1-fibration over the ten-dimensional background defined in type IIA string theory
and mods out respect to the Z2 symmetry reversing the sign of the compact coordinate
x11, one obtains an orbifold fibration on the interval S1/Z2 that breaks supersymmetry
of the background to N = 1 and preserves exactly the spectrum of E8 × E8 heterotic
string theory. The heterotic coupling constant is given by gs = R11/ls and the extrema
of the segment S1/Z2 are fixed point given by x11 = 0 and x11 = π R11. Also in this case
M-theory emerges as the strong-coupling limit given by gs →∞.

The two boundaries determined by the extrema of the orbifold are called end of the
world 9-branes and each of them carries on their worldvolume an E8 gauge supermultiplet
and this guarantees the absence of anomalies at the boundaries.

By using dualities there are many ways to relate M-theory to the other string theories
and an interesting test of the eleven-dimensional completion can be performed through
the matching of the tensions of different BPS states with the tensions of M2 and M5
branes. The main examples are given by the following procedures:

• Compactifying M-theory on a T 2, one obtains type IIB on a cirle and this holds
since IIB on a circle is T-dual to type IIA on circle.

• From SO(32) heterotic string theory going to E8×E8 heterotic string theory through
an S-duality transformation,

17The case of the D8 will be treated separately, since its interpretation in M-theory is a puzzle. See
section 2.1.2.

18At least excluding the D8 brane.
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• S-duality between SO(32) heterotic string theory and type I superstring.

We conclude this section on M-theory with a brief discussion on the non-lagrangianity.
The embedding of superstrings in eleven dimensions should implies the existence of su-
persymmetric sigma-models describing the M2 and M5 branes, but one verifies that such
sigma-models cannot be quantized consistently. The lack of a lagrangian description is
the main peculiarity distinguishing the quantum theory of gravity to the other quantum
field theories describing fundamental interactions. This fact is manifest also in superstring
theories in D = 10 where it is impossible to construct a consistent quantum string action
for backgrounds including R-R fields. Anyway it is clear that one of the gratest challenge
towards the unification of gravity to the other forces is finding out a new way in treating
non-lagrangian theories.





Chapter 2

Supergravity and Effective Description of Strings

The key elements in understanding the microscopic behaviour of gravity are the in-
formation coming from non-perturbative effects. As we briefly discussed in chapter 1,
M-theory emerges as the UV-completion of ten-dimensional string theories and this can
be directly seen by studying solitonic states and their eleven-dimensional embedding.

The main issue consists in the lack of a general way in treating non-perturbative
effects taking into account the contributions coming from the whole strings’ spectrum
and the interactions between open and closed superstrings. This puzzle is probably due
the formulation adopted in constructing string theories which is intimately dependent on
the background that, in turn, describes the ground state of some particular configurations
of superstrings.

At this stage one could conclude that quantum gravity is inaccessible since the higer-
order contributions and non-perturbative states are not completely under control. For-
tunately in the low-energy limit open and closed strings decouple and the background
is described in terms of classical massless fields belonging to the ground states of closed
strings and defining a theory of supergravity. In this context solitonic objects are rep-
resented by classical solutions in supergravity theories. Regarding the fields originating
from the open strings’ spectrum, they define a dual quantum description of the solitonic
state in terms of a supersymmetric QFT.

Thus the low-energy regime captures many crucial information about non-perturbative
states and these can be studied in supergravity theories which are tractable and relatively
“simple”.

In this chapter we will discuss about the low-energy limit of strings and their effective
description in terms of supergravities. In particular we will firstly introduce the eleven-
and ten-dimensional supergravities and secondly we will sketch how to produce many
lower-dimensional1 supergravities by dimensional reductions and flux compactification.
Then we will introduce the concept of solution in supergravity and we will use it to discuss
the AdS/CFT correspondence as the best framework giving the effective description of
non-perturbative states in quantum gravity.

2.1 Supergravities as Effective Theories

In this section we are going to discuss about the effective description of strings’ in
terms of higer-dimensional supergravities. We will define and discuss the low-energy limit
in string theory and, consequently, we will introduce higer-dimensional supergravities in
relation to the superstring theories presented in chapter 1.

1In this thesis we will consider lower-dimensional those theories with d < D = 10, 11.

17



18 2.1 Supergravities as Effective Theories

2.1.1 Low-Energy Regime and Decoupling of Branes

We already introduced superstring theories and M-theory as consistent theories of
quantum gravity. In particular in section 1.3.1 we saw that for ten-dimensional string
theories there exist two different couplings, the string coupling constant gs and the Regge
slope parameter α′. The parameter gs gives rise to the quantum corrections to each mass
level of the spectrum. The coupling α′ determines the corrections to the string sigma-
model and it is related at the same time to the masses of fields in the excited levels of the
closed string sector and to the open strings’ contribution when non-perturbative effects
are included2.

In the general and non-trivial picture given by branes (or bound states of branes)
interacting with a background associated to the NS-NS and R-R sectors of closed strings,
a perturbative description at the level of fields in the spectrum fails since dualities, that
relate different energy scales, automatically include non-perturbative effects.

The simplest strategy adopted to describe non-perturbative contributions in string
theory is to consider the low-energy limit given by

α′ → 0 and gs → 0 . (2.1)

As we mentioned at the end of section 1.3.3, this limit implies that the tensions of the
solitonic states3 becomes large. From this it follows that the dynamics of the brane
decouples from the background or, in other words, the interactions between open strings
and closed strings describing the background vanish. This regime defines the low-energy
limit of strings: all the masses of the excited states of the spectrum diverge and thus the
fields of the excited levels decouple.

In particular when α′ → 0 the dynamics of closed superstring is completely determined
by its ground state that in turn gives rise, at the zero-order of gs, to an effective description
in terms of a massless and supersymmetric classical theory of gravity, the supergravity
theory.

A theory of supergravity can be generically defined as an interacting supersymmetric
field theory including gravity in its field content and such that the SUSY is gauged. As we
already mention in section 1.2.2, the gauge field corresponding to local supersymmetry is
the gravitino which is a s = 3/2 field4. Such a theory determines as its particular solution
a dynamical spacetime background in terms of a metric tensor and other massless fields.
Hence, from the supergravity point of view, the brane is associated to a configuration
of classical fields describing how the background is modified interacting with the brane
itself. Since a supergravity theory is a classical theory including gravity it will be non-
renormalizable. This fact should not surprise since in this context a classical theory
of gravity constitutes an effective description of a fundamental theory. Moving away
from the decoupling limit, perturbative and non-perturbative contributions corrects the
divergences and, in the high-energy limit, they give rise to the UV-completion of the
effective theory.

2We point out that the contribution of the open strings to the DBI written in (1.25) are of higer order
in α′.

3 In the case of the Dp-branes the tension has been written in (1.26). It is immediate to see that in
the low-energy limit TDp becomes large.

4There are various way to show that the presence of the graviton is automatically included when
supersymmetry is promoted to a local symmetry. For example, given minimal global SUSY, the anti-
commutator between two supercharges is related to the generators of translations of the background.
When supersymmetry is gauged, from the anti-commutators of supercharges we obtain the diffeomor-
phisms of the spacetime and, then, the graviton.
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In the case of Dp-branes the decoupling between closed and open strings can be un-
derstood5 by considering the effective brane action presented in (1.25). Since the con-
tribution of fields coming from the open strings’ spectrum to (1.25) is of higher-order in
α′, the decoupling of the open strings’ modes defines a quantum field theory living on
the worldvolume whose interactions with the fields of the background vanish. This leads
to an alternative description of the non-perturbative state in terms of a QFT living on
the worldvolume of the brane. This quantum field theory does not contain the graviton,
is globally supersymmetric and generally strongly-coupled since its coupling constant is
related to gs that goes to zero in the regime considered. Furthermore it is a gauge the-
ory and this can be seen directly by studying (1.25) in the low-energy regime. If α′ is
small, it is possibile to expand (1.25) and obtain, between the various terms, the following
contribution

− 1
g2
YM

∫
dp+1 σFαβF

αβ . (2.2)

The coupling g2
YM is proportional to the dimensionless open string’s coupling that, in

turn, is related to gs coming from the e−Φ factor multiplying all the contributions to the
DBI.

Hence, the worldvolume theories for Dp-branes are generally gauge theories with global
SUSY. All the properties of these theories can be related to features of the correspon-
dent solitonic state. In particular the R-symmetry group is directly determined by the
symmetries of the transverse space.

Dp-brane SO(9− p) R-symmetry
D7 SO(2) U(1)R
D6 SO(3) SU(2)R
D5 SO(4) (SU(2)× SU(2))R
D4 SO(5) USp(4)R
D3 SO(6) SU(4)R

Table 2.1: The R-symmetry groups for maximal supersymmetric theories of Dp-branes with
p = 3 · · · 7. In the cases of D8 and D9 there is no R-symmetry group. The case of the D2 is
more complicated for the duality between vectors and scalars in d = 3.

In particular for Dp-branes with p = 3 · · · 7, the worldvolume theories are SYMp+1
theories with maximal supersymmetry. The scalars Φi, associated to the transverse coor-
dinates of the brane in 1.25, play an important role in this picture since they transform
in the fundamental representation of SO(D − p − 1) describing the rotational symme-
try along the transverse directions. This group in turn defines the R-symmetry of the
correspondent worldvolume theory.

In order to produce less supersymmetric worldvolume theories, instead of Dp-branes
of the same type, one has to consider bound states of different branes and solitonic states.
In this case the determination of the worldvolume theory is for sure more complicated
and has to be considered case by case.

5This is not completely clear for other solitonic states like the NS and M branes. Perhaps this could
be the cause of the exotic nature of their worldvolume theories.
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2.1.2 Higher-Dimensional Supergravities

In this section6 we consider the simplest examples of supergravity theories that are
those obtained directly by applying the decoupling limit on superstring theories in D = 10
and on M-theory. All these theories are massless since they are defined by the fields
belonging to the ground state of superstring theories.

Let’s start with the low-energy regime of M-theory given by eleven-dimensional su-
pergravity [26]. This theory contains one eleven-dimensional Majorana7 spinor with 32
independent components, the gravitino gauging supersymmetry, ΨM (128 states). The
bosonic field content must carry the same amount of degrees of freedom and it is given by
the gravitational field gMN (44 states) and a three-form8 A

(3)
MNP (84 states). The bosonic

part of the action is

S11 = 1
2κ2

11

[ ∫
d11x

√
−g

(
R− 1

2 |F4|2
)
− 1

6

∫
A(3) ∧ F4 ∧ F4

]
, (2.3)

where κ2
11 = 8πG11 is related to the Newton constant G11 that is defined by the Plank

scale lP through the relation 16πG11 = (2π)8 l9P . The quantity F4 is the field strength of
the three form9. Introducing an eleven-dimensional Majorana spinor the action (2.3) is
invariant under the following SUSY transformations,

δ EAM = ε̄ΓA ΨM ,

δ A
(3)
MNP = −3 ε̄Γ[MN ΨP ] ,

δΨM = ∇M ε+ 1
12

(
1
4! ΓMΓNPQR FNPQR −

1
2 ΓNPQ FMNPQ

)
,

(2.4)

where ∇M ε = ∂M ε + 1
4ωMABΓABε and ωMAB is the spin-connection defined in terms

of the eleven-dimensional vielbein EAM and {ΓA} constitute a realization of the Clifford
algebra associated to the Lorentz group SO(1, 10).

Similarly all the superstring theories in ten dimensions have an effective limit de-
scribed by a D = 10 supergravity theory. One has type IIA and type IIB supergravities
whose field contents are determined by the zero-level of the spectra of IIA and IIB string
theories presented in section 1.2.2. These theories are defined by two Majorana-Weyl10

gravitinos that have respectively the opposite and the same chirality for type IIA and IIB
supergravity. They are maximal supersymmetric, i.e. their supercharges enjoy together
32 independent components, since in D = 10 each Majorana-Weyl spinor has 16 real
supercharges.

The spinors’ structures of type IIA supergravity suggests a relation with D = 11
supergravity, in fact it is possibile to show that the Kaluza-Klein reduction of eleven-
dimensional supergravity on a circle leads to type IIA supergravity. Moreover, in section

6This section is based on [18, 19]
7In D = 11 the irreducible spinors respect the Majorana condition. It has not physical sense to

consider extended supersymmetry in D = 11 and this can be also understood by considering the four-
dimensional toroidal reduction of eleven-dimensional supergravity. In fact a reduction of a D = 11
extended supergravity would produce a D = 4 supergravity with N > 8, thus described by s = 5/2 fields.
The same argument could be also applied to D > 12 supergravities. See [27].

8The indices M,N,P · · · = 0 · · · 10 are defined by the eleven-dimensional (curved) coordinates’ basis.
The indices A,B,C · · · will be used for the flat basis.

9We use the notation |Ap|2 = 1
p!ApM1···MpA

M1···Mp
p , with Ap p-form.

10In D = 10 the irreducible decomposition of a Dirac spinor in Weyl components is compatible with
the Majorana condition, such spinors are called Majorana-Weyl spinors.
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1.3.1 we discussed about dualities as transformations between fields of the strings’ spec-
trum, thus it is possibile to relate type IIA and IIB supergravity by making use of the
action of T-duality on the fields of the two theories.

Let’s introduce the bosonic actions of these two supergravity theories. As regards
type IIA supergravity, we recall that the NS-NS sector is composed by the dilaton Φ, the
gravitational field gµν and the 2-form Bµν , while the R-R sector is described by a 1-form
C(1) and a 3-form C(3). The bosonic action is given by

SIIA = 1
2κ2

10

[∫
d10x

√
−g e−2Φ

(
R+ 4 ∂µ Φ ∂µ Φ− 1

2 |H3|2
)

− 1
2

∫
d10x

√
−g

(
|F2|2 + |F̃4|2

)
− 1

2

∫
B ∧ F4 ∧ F4

]
,

(2.5)

where κ2
10 = 8πG10 is related to the Newton constant G10. The field strengths are defined

as H3 = dB, F2 = dC(1) and F̃4 = dC(3) + C(1) ∧H3.
The vacuum expectation value of eΦ is the type IIA superstring coupling constant gs,

thus if one introduce the reduction ansatz for the metric of D = 11 supergravity [28] on
a circle given by

d s2 = e−2Φ/3 gµνdxµdxν + e4Φ/3
(

dx11 + C(1)
µ dxµ

)
, (2.6)

it is easy to deduce the relation lP = g
1/3
s ls between the Plank scale lP defining the scales

of energies of M-theory and the fundamental string’s length ls characterizing the scale of
the IIA theory.

Unlike type IIA supergravity, it is not possibile to derive an action for type IIB su-
pergravity by dimensional reduction from eleven-dimensional supergravity. Moreover the
presence of a self-dual 5-form field strength gives an obstruction to formulate the action
in a covariant form [29, 30, 31]. What is usually done is inducing an action from the
equations of motion and supplementing it with the self-duality constraint on the 5-form.
The field content is that one of the ground state of IIB string theory; hence from the
NS-NS sector ona gains the dilaton Φ, the gravitational field gµν and the 2-form Bµν
(with H3 = dB), while the R-R sector is composed by the forms C(0), C(2), C(4). The
equations of motions can be deduced from the action

SIIB = 1
2κ2

10

[∫
d10x

√
−g e−2Φ

(
R+ 4 ∂µ Φ ∂µ Φ− 1

2 |H3|2
)

− 1
2

∫
d10x

√
−g

(
|F1|2 + |F̃3|2 + 1

2 |F̃5|2
)
− 1

2

∫
C(4) ∧H3 ∧ F3

]
,

(2.7)

where Fn+1 = dC(n), F̃3 = dC(3)−C(0)H3 and F̃5 = dC(4)− 1
2C

(2) ∧H3− 1
2B ∧F3. The

term in |F̃5|2 does not include the self-duality condition, thus the number of degrees of
freedom is doubled. The only possibility is to add “by hand” this relation as a supplement
of the equations of motion,

F̃5 = ?F̃5 . (2.8)
In section 1.3.1 we mention that S-duality maps type IIB string theory in itself and this
action can be extended to the action of SL(2,Z). If one restricts the action only on the
massless spectrum, namely on the field content of type IIB supergravity, this symmetry
is enhanced to SL(2,R). Given a transformation

R =
(
a b
c d

)
∈ SL(2,R) , (2.9)
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then the 2-forms B and C(2) transform as a doublet under R, the graviton and the 4-form
are invariant while the scalars can be organized in an axio-dilaton

τ = C(0) + i e−Φ (2.10)

transforming as
τ → aτ + b

cτ + d
. (2.11)

Finally we mention the low-energy limit of the less supersymmetric superstring theories
given by type I supergravity and heterotic supergravity, that are of two types respectively
belonging to SO(32) and E8 × E8 heterotic string theory.

We conclude this section with a brief discussion on the issues arising when including
the D8 brane in this picture. In sections 1.3.2, 1.3.3 and 1.3.4 we introduced the various
p-branes in type II string theories and we explained their eleven-dimensional origin. In
the low-energy limit these are described by classical solutions in type II and D = 11
supergravities presented above. However there is a particular case that does not fit in this
scenario. This is the case of the D8 brane. The low energy limit of this non-perturbative
state cannot be described by a solution in type IIA supergravity and, thus, escapes an
M-theory completion.

More precisely the D8 requires a non-dynamical R-R 10-form field strength F10 that
does not give any degree of freedom to IIA supergravity. The presence of the D8 can
be explained in a unique way: by considering a deformation of type IIA supergravity
called massive type IIA supergravity [32]. This deformation is unique and consists in
the introduction of a mass parameter m called Romans mass preserving formally all the
supersymmetries and the gauge symmetries of type IIA supergravity. More precisely, in
this theory only the linear action of SUSY on the supermultiplets is preserved, while the
local supersymmetry is broken11.

The key point is the interpretation of the Romans mass m as the zero-dimensional
Hodge dual F0 of the non-dynamical R-R 10-form field strength F10 associated to the
D8, i.e. m = F0. The presence of F10 implies the existence of a 9-form C(9) = dF10 that
can be interpreted as the gauge potential associate to the D8. Thus massive type IIA
supergravity describes the low-energy limit of type IIA string theory in presence of the
D8 branes. Equivalently, it can be interpreted as the effective theory of type IIA string
theory including the open string sector of the D8 brane. As we said above, this inclusion
breaks dynamically SUSY and the D = 10 Poincaré invariance, and, for this reason, it is
not known how to derive massive type IIA supergravity from M-theory. In other words it
is not possible to deform eleven-dimensional supergravity to include Romans mass and,
at the same time, preserve the eleven-dimensional Poncaré invariance [33].

It follows that also the M-theory interpretation of the D8 brane is unknown and its
presence in a consistent deformation of type IIA supergravity hints at the existence of an
eleven-dimensional M9 brane12, that describes the strong-coupling regime of the D8 and
evades the low-energy regime of M-theory given by D = 11 supergravity [34].

We can now introduce the bosonic action of massive type IIA supergravity,

SmIIA = 1
2κ2

10

[∫
d10x

√
−g e−2Φ

(
R+ 4 ∂µ Φ ∂µ Φ− 1

2 |H3|2
)
− 1

2
∑

p=0,2,4
|Fp|2

]
+ Stop ,

(2.12)
11This can be seen, for example, by the existence of a SUSY transformation that gauges away the

dilatino and gives mass to the gravitinos.
12The M9 could be related to the end-of-the-world 9-branes that we mentioned in section 1.3.4.
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where Stop is a topological term given by

Stop = − 1
4κ2

10

∫
(B ∧ F4 ∧ F4 −

1
3F0 ∧B ∧B ∧B ∧ F4

+ 1
20F0 ∧ F0 ∧B ∧B ∧B ∧B ∧B) .

(2.13)

All the equations of motion can be derived consistently from (2.12). In particular we
recall the Bianchi identity for F0 which is

dF0 = 0 , (2.14)

implying that F0 has to be constant. The relation (2.14) is the equation of motion for
the 10-form field strength F10 = ?F0, then implying the existence of the gauge potential
C(9) associated to the D8 brane.

2.2 Lower-Dimensional Supergravities

Since the observed world is four-dimensional, one has to provide a mechanism de-
scribing how the lower-dimensional physics is related to the higer-dimensional one. The
core of this mechanism is represented by compactifications or dimensional reductions and
involves the propagation of strings on partially compact manifolds. More precisely, if
some directions of a higher-dimensional background wrap a compact manifold, a new
scale parameter associated to the size of this manifold appears. In the limit in which the
size of the manifold becomes small, a lower-dimensional effective description of the theory
emerges.

The propagation of strings on a background with compact coordinates implies pecu-
liar consequences at the level of the their spectrum. The modes are defined on curved
manifolds with some compact coordinates and from this it follows that, sometimes, the
degrees of freedom associated to the compact directions decouple leaving intact a finite
set of modes defined on the lower-dimensional background. In these particular cases the
dimensional reduction defines a consistent truncation and physics of high dimensions is
captured by a finite set of fields defining a lower-dimensional supergravity theory whose
solutions can be consistently uplifted to higher-dimensional supergravities.

A crucial ingredient is of course the geometry describing these compact manifolds. It
determines the lagrangian and the main properties of lower-dimensional theories that are,
by construction, classical and non-renomalizable. In this section we will present a brief
discussion on strategies of dimensional reductions and we will roughly classify the main
geometries used in compactifications. Then we will discuss about a possible classifica-
tion of lower-dimensional supergravities based on the dimension and on the amount of
supercharges preserved.

2.2.1 Dimensional Reductions and Internal Geometries

We already introduced an example of reduction Ansatz in (2.6) when we considered the
relation between the metric respectively of eleven-dimensional and type IIA supergravity.
That was a relatively simple example of dimensional reduction on a S1. In this section
we want to introduce the general aspects relating dimensional reduction of D = 11 and
type II supergravities.
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The mechanism of dimensional reduction can be analyzed under two general aspects.
The first is geometrical in the sense that it basically consists in the study of the dynamics
of strings on backgrounds of the type

MD = Md ×XD−d (2.15)

whereXD−d is a (D−d)-dimensional compact manifold. More precisely theD-dimensional
background is interpreted as an XD−d-fibration over the lower-dimensional space Md.
The second aspect characterizes dimensional reductions as scale effects producing lower-
dimensional effective theories. In particular the couplings and the main observables
respectively in D and d dimensions are linked by simple relations, as in the example
of M-theory and IIA string theory, depending on properties of the compact manifold
XD−d. Both these aspects are kept in a single shot in a reduction Ansatz on the higher-
dimensional fields (see for example (2.6)) locally realizing a background of the type (2.15).
There are many ways to compactify a theory, we cite the two main ones:

• Kaluza-Klein (KK) reductions [35, 36]: Since some coordinates are compact, the
fields defined on the D-dimensional background can be expanded in Fourier modes
along the compact coordinates of XD−d. The modes of the zeroth level of the
expansion are massless while the excited modes are massive and constitute a tower
of infinite states describing the compactification. The KK reduction of gravity
theories implies the appearance of gauge bosons in d dimensions gauging the group
G of internal symmetries of the lower-dimensional theory. A consistent truncation
occurs when all the D-dimensional equations of motion are satisfied if and only if
the d-dimensional equations of motion of a finite set of modes, belonging to the
Fourier expansion, are satisfied and all the gauge fields of the isometry group G are
retained in the truncation [37].

• Twisted reductions [38]: These are reductions in which XD−d is a group manifold G.
The general strategy consists in parametrizing the reduction Ansatz of the metric
in terms of the left-invariant forms on the group manifold. The Ansatz breaks the
invariance of diffeomorphisms of theD-dimensional background in the d-dimensional
diffeomorphisms plus a group associated to the internal symmetry. These reductions
are interesting since they are examples of compactifications to lower-dimensional
theories that are deformed by a potential for the scalars, appearing in the reduction,
and characterized by some charged fields under the gauge group producing the
potential. Furthermore they always define consistent truncations13.

The most interesting compactifications in string theory are those defining a consistent
truncations. In this case the higher-dimensional physics is captured by a finite set of fields
defining a lower-dimensional supergravity whose solutions can be consistently uplifted to
higher-dimensional supergravities.

As we said, many are the geometries that can be chosen for the internal manifold XD−d
and a general classification of them represents a very difficult task. We can generically
distinguish between those reductions that can be performed directly from the lagrangian
of the higer-dimensional theory and those defined only at the level of the equations of
motion. The main examples of compactifications that are used in string theory are:

• Toroidal reductions: The flatness of the torus T (D−d) allows the KK reduction at the
level of the action. These reductions preserve the total amount of supersymmetry

13The consistency of twisted reductions is guaranteed by the fact that the lower-dimensional fields
retained by these compactifications are exactly those left-invariant.
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of the higer-dimensional theories. For this reason, if one considers the consistent
truncation on a torus of type II orD = 11 supergravities, the resulting supergravities
in low dimensions will be maximally supersymmetric. Theese theories are called
maximal supergravities.

• Calabi-Yau (CYn) reductions: Calabi-Yau manifolds are Kähler manifolds in n-
dimensions with SU(N) holonomy. The main property following by this definition is
the Ricci-flatness14. The lower-dimensional theories that are usually obtained when
the reduction defines a consistent truncation are determined by the deformations
admitted by these manifold. These reductions are more complicated with respect
to toroidal ones and tipically are needed in order to obtain supergravities with less
supersymmetry.

The reductions over torii and Calabi-Yau manifolds have been the firsts studied in
literature, but unfortunately they are characterized by an intrinsic issue: they produce
many massless scalar fields, or moduli, in the lower-dimensional theory. These scalars are
free to run on the background without a well-defined expectation value. Moreover their
degrees of freedom are not confirmed by particle physics and by General Relativity. The
set of strategies used to approach this problem is called moduli stabilization. The aim is
to find those consistent truncations leading to lower-dimensional supergravities deformed
by a scalar potential. This is defined by the scalar fields coming from the reduction and
it has to reproduce in its critical points the ground state of the lower-dimensional theory.
In this way the vacuum expectation values of the scalars are then stabilized at the values
extremizing the potential.

In this context an important example of moduli stabilization strategy is given by
flux compactifications [39]. This consists in the inclusion of some suitable background
fluxes wrapping p-cylces in the internal manifold XD−d. These running fluxes deform
the reduction Ansatz of the field strengths associated to the p-form gauge potentials and
give rise to a scalar potential in the d-dimensional theory. This strategy is particularly
suitable in Calabi-Yau reductions since their internal manifold is generally characterized
by a rich plethora of non-contractible p-cycles.

d Gaugings Truncation
8 SO(3) IIA on S2 [40]
7 SO(4) mIIA on S̃3 [41]
7 SO(5) D = 11 on S4 [42, 43]
6 SO(5) mIIA on S̃4 [44]
6 SO(5) IIA on S4 [45]
5 SO(6) IIB on S5 [46]
4 ISO(7) mIIA on S̃6 [47]
4 SO(8) D = 11 on S7 [48]

Table 2.2: Examples of gauge groups of supergravities obtained from various consistent trunca-
tions on spheres. The truncations of massive IIA are realized by squashed spheres S̃D−d with the
same topologies of the spheres, but different metrics.

In addition to flux compactification in Calabi-Yau reductions, there are other ways to
14This holds for compact Calabi-Yau manifolds. The reductions on non-compact Calabi-Yau manifolds

are also possible but there are many restrictions since the relation between SU(N) holonomy and Ricci-
flatness is not automatically given.
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find consistent truncations producing lower-dimensional supergravities driven by a scalar
potential.

The most relevant example are the truncations on spheres SD−d. These truncations
typically produce maximal theories in low dimension that, unlike toroidal reductions, are
characterized by a scalar potential. Moreover also covariant derivatives arise together with
the potential and they are associated to a set of vector fields gauging the isometry group
of the sphere. The maximal supergravities obtained from toroidal reductions are thus
deformed in a spherical reduction by the presence of some gauged symmetries associated
to the isometries of the sphere.

Many other compactifications of D = 11 and type II supergravities can be constructed.
In particular we mention those on Sasaki-Einstein manifolds SEn. These manifolds are
defined as Ricci-flat manifolds with a Kähler cone structure and the truncation of higher-
dimensional supergravities on them are of great relevance for AdS/CFT correspondence.

2.2.2 A Survey of Supergravities

Since there are many ways to compactify higer-dimensional supergravities, it follows
that there exist many different theories in low dimensions. The simplest approach to
classify them is based on the dimension d of the reduced background and on the number
of supercharges characterizing the lower-dimensional theory.

The number of supercharges is generically a multiple N of the number of the real com-
ponents of a d-dimensional irreducible spinor and it defines the irreducible representation
of the super-Poincaré group. It follows that, as in any supersymmetric theory, the fields
are organized in supermultiplets. Clearly there are some upper bounds on the number of
supersymmetries preserved since we are considering fields whose maximum value of spin
is two. We already said in section 2.1.2 that the maximal dimension admitted is D = 11.
If we consider the number of supercharges preserved by a given theory thus, by studying
the irreducible representations of the supersymmetry algebra, one conclude that the max-
imum amount is given by 32. The theories with 32 supercharges are exactly the maximal
supergravities introduced in section 2.2.1 and their presence allows the classification of
all supergravities from d = 9 to d = 3. This classification can be performed without
considering the stringy origin of supergravities and just asking a maximum number of 32
supercharges and maximum dimension 11. The remarkable fact is the perfect agreement
between the higer-dimensional theories and superstring theories.

Imposing the bounds on d and N discussed above, one can study the irreducible
representations of the super-Poincaré algebra and finding four types of supermultiplets
for a supergravity theory:

• Supergravity multiplet (smax = 2): It contains at least the graviton andN gravitinos.
Depending on N it can include also vectors, forms and scalars.

• Vector multiplets (smax = 1): They exist in N ≤ 4 theories15. Often the vectors in
these multiplets gauge an extra internal symmetry group.

• Chiral multiplets (smax = 1/2): They contain only s = 1/2 fields and scalars.

• Hypermultiplets (smax = 1/2): They exist only in N = 2 theories and have the same
role of chiral multiplets. They may transform under the internal group defined by
the vector multiplets.

15The smax = 3/2 multiplet does not define an independent interacting field theory.
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The last three multiplets define the coupling to the matter of the supergravity multiplet,
thus a theory containing only the supergravity multiplet is called minimal supergravity
otherwise it is called matter-coupled supergravity. The principal lower-dimensional super-
gravities are classified16 in table 2.3.

d N Supercharges
11 1 32
10 (1, 0) = I, (1, 1) = IIA, (2, 0) = IIB 16, 32, 32

9,8,7 1, 2 16, 32
6 (1, 0) = i, (1, 1) = iia, (2, 0) = iib, (2, 1), (2, 2) 8, 16, 16, 24, 32
5 1, 2, 3, 4 8, 16, 24, 32
4 1, 2, 3, 4, 5, 6, 8 4, 8, 12, 16, 20, 24, 32

Table 2.3: Supergravities in different dimensions. Maximal supergravities are those with 32
supercharges. In D = 10 and d = 6 we indicated also chiralities, for example type IIA supergravity
has two gravitinos with opposite chirality, i.e. N = (1, 1). In theories with d = 6 also tensor
multiplets are possible. Table from [20].

Coming back to dimensional reductions, the deeper one goes with dimensional re-
duction, the more becomes intricated the physics described by the lower-dimensional
supergravity. As we will see, in many cases, the field content is not enough to fix the the-
ory and strings’ compactifications define not only the set of lower-dimensional fields but
also the main features of the lower-dimensional theories. For example the scalar fields in
the lower-dimensional supergravity often enter in the action through suitable non-linear
sigma models defining a scalar geometry. So the moduli often parametrize some tar-
get manifolds defining a particular model that, in turn, can be derived by dimensional
reduction.

The global symmetry group of a supergravity theory is associated to the set of trans-
formations leaving invariant the scalar geometry. The gauging of some of these isometries
produces the breaking of the global symmetry since a scalar potential and covariant deriva-
tives appear in order to keep the theory invariant under the gauged symmetries. These
theories are called gauged supergravities while if the global symmetry group is preserved
and there are not gauged isometries they are called ungauged supergravities.

In section 2.2.1 we cited some examples of moduli stabilization in dimensional re-
ductions, like flux compatification strategies in Calabi-Yau reductions or truncations on
spheres. When these examples define consistent truncations of higher-dimensional super-
gravites, they usually produce lower-dimensional gauged supergravities. The converse is
not an obvious fact since many lower-dimensional supergravities could be described by
very intricate scalar geometries admitting various gaugings and one should provide an
higher-dimensional picture case by case.

2.3 Solutions in Supergravity

The solutions of equations of motion of a given supergravity theory capture the main
information about the dynamics of strings, branes and other intrinsically stringy objects.

16Theories characterized by Symplectic-Majorana spinors (see Appendix A for an example in d = 7)
are sometimes labelled by an N doubled with respect to that defined by the value N associated to the
corresponding irreducible Dirac spinor written in table 2.3. For example in chapter 3, following the most
of literature, we will refer to the d = 5 theory with 8 real supercharges as N = 2 supergravity.
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Moreover starting from particular solutions of higher-dimensional supergravity, describing
for example the modifications of a background in presence of a Dp-brane, one can consider
various consistent truncations giving rise to solutions of lower-dimensional supergravities.
In other words the macroscopic systems strongly coupled to gravity, like black holes and
domain walls, can be explained in terms of microscopic configurations of branes and other
non-perturbative objects whose physics is captured by higer-dimensional supergravities.

The compactifications of the extra dimensions can be understood as in the case of type
IIA string theory and M-theory: since renormalizability in theories of gravity is related
to the presence of extra dimensions, the scale used in studying a macroscopic system
tells us how large is the contribution of the higer-dimensional physics. This means for
example that the more closer we will study a black hole in d = 4, the more it will
manifest its stringy nature in terms of a more fundamental higer-dimensional solution, as
the study of classical electromagnetic phenomena at short scales manifests the existence of
photons and electrons. It is clear that the supergravity regime remains a classical picture,
but, anyway, with the help of supergravity theories we can understand which particular
quantum configuration gives rise to the macroscopic system and then study many of its
properties.

In this section we will introduce the concept of Killing Spinor in relation to super-
symmetric (BPS) solutions and we will make the distinction between extremal and non-
extremal solutions. We will present some celebrated solutions in higer-dimensional super-
gravities and we will briefly discuss the relations between solutions respectively in higer-
and lower-dimensional supergravity

2.3.1 Killing Spinors and Supersymmetry of Classical Solutions

The lagrangians defining supergravity theories are invariant under local supersymme-
try transformations. These are determined by a fermionic parameter ε(x) depending on
the background. This spinor is called Killing spinor when it is referred to a particular
solution of the equations of motion. More precisely a set of Killing spinors is a set of
SUSY invariant spinors for which the supersymmetry transformations leaves a particular
solution invariant17.

Equivalently we can say that the residual global supersymmetry of a solution is gener-
ated by a set of constant parameters contained in the Killing spinors and, thus they define
the number of supercharges preserved by the solution. In this context, a supersymmetric
solution is called BPS/n where n is the fraction of supercharges contained in the Killing
spinor characterizing the solution. The maximally supersymmetric solutions are those
solutions associated to a set of Killing spinor generating the complete SUSY algebra of
the theory.

Reversing this discussion, Killing spinors constitute a powerful tool in the research
of particular solutions of the field equations. Supergravities are classical supersymmetric
theories and this would be quite contraddictory since classical backgrounds are purely
bosonic. The only possibility for having a purely bosonic solutions is to consider the
fermions vanishing. This condition leads to an important set of differential relations
called BPS equations18 that are a set of first-order equations whose solutions solve also
the equations of motion. More generally they give a set of consistent conditions that have
to be respected by a SUSY solution.

If we denote the bosonic fields of a supergravity theory collectively by B(x) and the
fermions by F (x), the local SUSY transformations of the theory in the limit of fermions

17This section is partially based on [49, 50].
18 In this thesis we will refer to them also as first-order flow equations or simply flow equations.
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vanishing may be written schematically in this form [50]

δB(x) = ε̄(x)f1(B(x))F (x) + o(F 3) , δF (x) = f2(B(x))ε(x) + o(F 2) , (2.16)

where the functions f1(B) and f2(B) are determined by the specific theory considered.
For each preserved supersymmetry there is a non-trivial configuration of the Killing

spinor ε(x) such that both δB(x) and δF (x) vanish when a classical solution is substituted
in (2.16). Since the fermions vanish classically19, the condition on δB(x) is trivially
satisfied, so we need to study only the linearized fermionic variations,

δF (x)|lin = f2(B(x))ε(x) = 0 . (2.17)

The conditions (2.17) are a system of first-order differential equations involving bosons
B(x) and the Killing spinor ε(x) and are called BPS equations.

Killing spinors can be used also to classify all the supersymmetric solutions invariant
under a given set of isometries. Given a pair of Killing spinors ε and ε′, the bilinear εγµε′,
with γµ d-dimensional gamma matrices, is a Killing vector associated to the diffeomor-
phisms leaving invariant the solutions. The study of the complete systems of fermionic
bilinears leads directly to the most general expression of the first-order equations associ-
ated to solutions with a given set of symmetries.

Since supergravities are defined by field equations that are of the second order and
highly non-linear it is clear that the solution of a set of first-order equations semplifies
dramatically the research of solutions. Generally we can say that BPS equations furnish
a solid interpretation on what supersymmetry effectively is when considering the low-
energy limit of strings. The pairing between fermionic and bosonic degrees of freedom
is needed at the Plank scale in order to avoid the presence of tachyons in the spectrum
of superstrings. In the low-energy limit this symmetry reveals itself through a set of
differential constraints that has to be respected by a BPS solution.

2.3.2 Vacuum Solutions and Maximal Symmetry

Between classical solutions, the simplest are those preserving maximal symmetry.
These solutions are called vacua since when considered in D = 11 and type II super-
gravities they describe configurations of minimal energy of the fields coming from the
massless sector of closed strings. Moreover their truncations to low dimensions define
configurations in absence of particles or other solitonic objects. Between various sym-
metries there are of course supersymmetries that are associated to the largest possible
amount of linearly independent Killing spinors.

If we want to relate vacua at different dimensions, we may give a definition of vacuum
in D = 11 or type II supergravities as a solution described by an ΩD−d-fibration over
a maximally symmetric solution of a d-dimensional supergravity. The link between the
higher-dimensional vacuum and the d-dimensional maximally symmetric background must
be established by a consistent truncation over ΩD−d. In this case the lower-dimensional
solution is a vacumm of the d-dimensional supergravity, its uplift is well-defined and the
the physics of the string vacuum is captured by a maximally symmetric background of a
lower-dimensional supergravity.

As an example we may consider a vacuum in type II supergravity given by a fibration
on a four-dimensional background described by the metric ds2

4,

ds2
10 = e2W ds2

4 + ds2
6, (2.18)

19A non-zero vacuum expectation value for fermions would violate the Lorentz symmetry.
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where ds2
6 is the metric of the internal six-dimensional manifold, and the function W

depends only on the coordinates of the internal manifold and it is called warping.
This background enjoys maximal symmetry in d = 4 and this can be realized only

by three different groups: ISO(3, 1), SO(3, 2) and SO(4, 1). The first one is the four-
dimensional Poincaré group associated to the symmetries of the Minkowski spacetime R1,3,
the second is the symmetry group of the Anti De Sitter spacetime AdS4 and the last one
is the symmetry group of the De Sitter spacetime dS4. These three backgrounds represent
the four-dimensional empty universe since all the fields breaking maximal symmetry, as
vectors, vanish and the metric is completely determined by symmetry properties except
for the presence of the warping W .

This classification holds also in supergravities in other dimensions, thus the solutions
R1,d−1, AdSd and dSd are maximally symmetric and, in general20, they are associated to
stringy vacua that we will call R1,d−1, AdSd and dSd vacua.

The simplest example of vacua are not characterized by any warping and their topology
can be written as a direct product. Two examples of them in D = 11 supergravity are
the so-called Freund-Rubin solutions [51],

AdS4 × S7 and AdS7 × S4 , (2.19)

while a relevant example [30] in type IIB is the vacuum

AdS5 × S5 . (2.20)

Examples of warped solutions defining vacua in massive type IIA supergravity [44, 52]
are given by

AdS7 ×w S̃3 and AdS6 ×w S̃4 , (2.21)

where S̃3 and S̃4 are squashed spheres.
From the point of view of string theory, AdSd and dSd vacua are the most interesting.

As we said in section 2.2.1, lower-dimensional theories that are characterized by non-
stabilized moduli, i.e. ungauged supergravities, are sources of problems since the moduli
are not stabilized. The absence of a scalar potential implies that in the maximally sym-
metric case the metric is flat, thus defining a R1,d−1 vacuum that in turn is characterized
by a set of constant Killing spinors.

In the case of gauged supergravities, the scalars can be stabilized and the vacuum is
the solution such that the moduli take values extremizing the potential. When evaluated
in its critical points the potential defines a cosmological constant Λ for the theory. Even
if both AdSd and dSd vacua are in principle possible, interestingly, one discovers that
the most natural truncations with internal fluxes produce scalar potentials admitting
negative critical points preserving SUSY, thus supersymmetric AdSd vacua. Moreover all
the attempts generating lower-dimensional potentials breaking all supersymmetries and
leading to dSd backgrounds are not stable. As we discussed in the Introduction, this is
one of the main open problems of string theory that, for sure, goes beyond the aims of
this thesis.

2.3.3 BPS Objects, Near-Horizon Limit and AdS Vacua

Let’s consider those solutions in D = 11 or type II supergravites describing less sym-
metric configurations respect to the vacua. In supergravity the space of solutions could

20We recall that a consistent truncation relating the D = 11 or type II vacua with the d-dimensional
must exists.
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be huge and difficult to study in full generality since the equations of motion are highly
non-linear. As we discussed in section 2.3.1, for supersymmetric solutions fortunately a
first-order formulation exists allowing their determination in a relatively “simple way”.
The most interesting effective description of solitonic states in higher-dimensional supere-
gravities is given by black brane solutions. These solutions can be derived, in the simplest
examples, directly by solving the equations of motion and physically represent the low-
energy limit of branes. In general they are described by the spatial evolution of the
supergravity fields from a flat D = 10, 11 asymptotics, corresponding to great distances
of the observer from the brane, to an event-horizon associated to the limit in which the
observer is infinitely close to the brane.

Let’s take under analysis eleven-dimensional supergravity introduced in section 2.1.2.
The simplest solutions obtainable by solving the equations of motion are two [53]: the
first one describing the M2-brane on a flat background and the second associated to the
M5 on a flat background.

As regards the M2, the symmetry group is given by SO(2, 1)×SO(8) and the solution
for the metric and the 4-form field strength is given by

ds2 = H−2/3ds2
R1,2 +H1/3ds2

R8 ,

F4 = dx0 ∧ dx1 ∧ dx2 ∧ dH−1 ,
(2.22)

where the coordinates (x0, x1, x2) are the coordinate on the worldvolume. The metrics
ds2

R1,2 and ds2
R8 are respectively the metric of the three-dimensional Minkowski space

parametrized by the worldvolume coordinates and the metric of the euclidean transverse
space R8. The function H depends only on the transverse coordinates and solves the
eight-dimensional Laplace equation. It follows that, given the transverse coordinates
(y1, · · · , y8) and introducing a radial coordinate r = |~y| in R8, the explicit form of H is

H = 1 + R6
2
r6 , (2.23)

with R6
2 = 32π2 l6P . The 4-form is electric in the sense that it is completely defined on

the worldvolume and from this it follows that the M2-brane is the electric source of the
3-form gauge field included in the supergravity multiplet.

The M5-brane is invariant under the action of SO(5, 1) × SO(5) and its supergravity
solution is given by

ds2 = H−1/3ds2
R1,5 +H2/3ds2

R5 ,

F4 = ?11
(
dx0 ∧ dx1 ∧ · · · ∧ dx5 ∧ dH−1) , (2.24)

where H is an harmonic function of the radial coordinate r of the transverse space R5

and it solves the five-dimensional Laplace equation. In particular it has the form

H = 1 + R3
5
r3 , (2.25)

with R3
5 = π l3P . We point out that the 4-form is completely magnetic and then the

M5-brane is the magnetic source of the 3-form gauge field.
These two solutions can be easily generalized to systems of N coincident M2- and

M5-branes. In fact the presence of N branes has the only effect to rescale the radii R2
and R5 as

R6
2 = 32π2 l6PN and R3

5 = π l3PN . (2.26)
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As an other examples of black brane solutions we cite p-brane solutions on a flat
background in type II supergravities [54]. They can be carried out from BPS equations
or directly from the equations of motions at the same footing of (2.22) and (2.24). These
solutions are characterized by a vanishing Kalb-Ramond field21 and by the coupling to
the R-R p-forms C(p+1) with field strengths Fp+2 = dC(p+1). Moreover, in addition to
the graviton and R-R fields, the other field remaining is the dilaton Φ.

The black p-brane solution is given by

ds2 = H−1/2
p ds2

R1,p +H1/2
p ds2

R9−p ,

C(0···p) = H−1
p − 1 ,

eΦ = gsH
(3−p)/4
p ,

(2.27)

where ds2
R1,p is the (p+ 1)-dimensional metric on the worldvolume and ds2

R9−p is the flat
metric on the (9− p)-dimensional transverse space. The function Hp is a function of the
radial coordinate on the transverse space R9−p and it is harmonic. Its general form is
given by22

Hp = 1 +
(
Rp
r

)7−p
. (2.28)

The case of the D3-brane is of particular interest since the dilaton is constant, i.e. eΦ = gs,
and completely expressed in terms of gs.

The solutions (2.22), (2.24) and (2.27) are all preserving half of the total SUSY pre-
served respectively by D = 11 supergravity and type II supergravities, thus they preserve
16 real supercharges. Generally it can be shown that a Killing spinor ε(r) of an electrically
charged23 brane solution has to satisfy the constraint(

I± γ01···pO
)
ε(r) = 0 , (2.29)

where O is an operator depending on the specific theory considered and the operator I±
γ01···pO is a projector eliminating half of the components of ε. A much more complicated
solution in presence of many branes could breaks more supersymmetry since the Killing
spinors have to satisfy a set of different conditions of the type (2.29) coming from all the
branes composing the system.

At the level of effective theories, the fluxes are obtained by integrating the field
strengths of the gauge form potentials characterizing a given brane solution in super-
gravity. These charges are actually the sources of the fields describing the closed string
background associate to the brane. In general a (p + 1)-form gauge field A(p+1) with
field strength Fp+2 = dA(p+1) can couple electrically to a p-brane and magnetically to a
(D−p−4)-brane. This means that the magnetic dual associated to Fp+2 is the (D−p−2)-
form ?Fp+2. The electric and magnetic charges are given by

ep =
∫
SD−p−2

?Fp+2 and mD−p−4 =
∫
Sp+2

Fp+2 , (2.30)

21Otherwise we would have other examples of type II solutions like the NS5 brane or the fundamental
string NS1.

22From arguments coming from type II string theories one can derive (Rp/ls)7−p = c gsN with c =
(2
√
π)5−pΓ

( 7−p
2

)
and N number of the coincident p-branes.

23In case of magnetically charged branes the gamma matrices appearing in the projector (2.29) are
defined along the transverse directions.
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where, in D dimensions, D − p − 2 and p + 2 are the dimensions required to surround
respectively a p-brane and a (D − p − 4)-brane. As it happens in D = 4, a Dirac
quantization condition of the type

epmD−p−4 ∈ 2πZ (2.31)

holds in order to keep the gauge invariant fields uniquely defined at any point of the
background.

The reason why the solutions (2.22), (2.24), (2.27) are called black branes is the
existence of an horizon in r = 0. If we consider the M2, writing the transverse metric in
spherical coordinates as

ds2
R8 = dr2 + r2dΩ2

7 , (2.32)
where dΩ2

7 is the metric of the 7-sphere S7, the near-horizon limit of (2.22) is

ds2 = (r/R2)4 ds2
R1,2 + (R2/r)2 dr2 +R2

2 dΩ2
7 , (2.33)

that is the metric describing the geometry AdS4 × S7.
The near-horizon limit of M5 is obtained in a similar fashion. Writing the transverse

metric in spherical coordinate one has ds2
R5 = dr2+r2dΩ2

4 with dΩ2
4 metric of the 4-sphere

S4. Performing the limit r → 0 one gains

ds2 = (r/R5) ds2
R1,5 + (R5/r)2 dr2 +R2

5 dΩ2
4 , (2.34)

that is the metric of AdS7×S4. Finally, if we consider the particular case of the D3-brane,
its near-horizon geometry is described by the type IIB vacuum AdS5 × S5.

From section 2.3.2, we know that AdS4 × S7 and AdS7 × S4 are exact solutions of
eleven-dimensional supergravity and in particular we know that they are AdS vacua of M-
theory. We thus observed, for the M2- and for the M5-brane, a phenomenon characterizing
the low-energy description of many supersymmetric stringy objects: the near-horizon
limit of their supergravity solutions can be described by SUSY AdSp+2 vacua. On the
converse, given a supersymmetric AdSd vacuum in a d-dimensional gauged supergravity,
the existence of a brane picture such that its near-horizon limit is a string vacuum of
the type AdSd × ΩD−d with D = 10, 11, is not automatic and depends on the existence
of a consistent truncation of the higher-dimensional brane solution to the d-dimensional
solution described by an AdSd asymptotics.

This fact is highly non-trivial since the existence of AdSd solutions in d dimensions
is a priori independent of its higher-dimensional interpretation in terms of branes. Thus
AdSd vacua, black brane solutions and consistent truncations to lower-dimensional con-
figurations are intimately related and constitute the basic links between the effective and
quantum description of stringy objects.

As a final comment we point out that all the solutions considered in this section are
regular with the horizon collapsed24 in r = 0. This is an evidence of the UV-completion
produced by the physics of high dimensions. It is well known that there exist solutions in
low dimensions, such black holes and black strings, that are singular. Hence one of the
most important aims in studying lower-dimensional objects will be the research of their
uplifts and the study of their brane picture. If such an uplift exists and whether it is
possible to find out a brane solution describing it, thus one could in principle understand
how and why the black hole singularities are resolved.

24This is related to a choice of coordinates comparable to that one used when writing the metric of a
d = 4 extremal Reissner-Nordström black hole in the form ds24 = −H(ρ)−2dt2 + H(ρ)2(dρ2 + ρ2dΩ2

2)
with H = 1 +Q/ρ and the horizon infinitely close to the singularity in ρ→ 0.
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2.3.4 Bound States, Extremality and Lower-Dimensional Flows

Thanks to dimensional reduction strategies we have under control the relations be-
tween the high- and the lower-dimensional world. In particular, given a particular con-
sistent truncation of an higher-dimensional supergravity, it is possibile to investigate
the microscopic origin of solutions in lower-dimensional supergravities by studying their
uplift and their brane picture. Unfortunately the higher-dimensional interpretation of
observable physics is not an easy task since the quantum configurations giving rise to
macroscopic systems like black holes are complicated intersections of branes and other
stringy objects.

In type II and D = 11 supergravities bound states of branes, or branes’ intersections,
are described by particular solutions of the equations of motion representing simultane-
ously branes of different types in equilibrium25. A first example could be given by those
branes with a curved worldvolume: in some cases the deformations of the worldvolume
can be seen as the result of the intersection with other branes, conversely a brane inter-
secting the worldvolume of an other brane can be interpreted as a particular excitation
of the worldvolume of the latter. Clearly not all the intersections are stable and the prin-
cipal cause of instabilities is the presence of tachyons in the spectra of the open strings
appearing when SUSY is broken26.

The construction of BPS bound state solutions in D = 11 and in type II supergravities
is, in many cases, based on the harmonic27 properties of functions describing the different
branes composing the intersection. In general one can use a superposition rule consisting
in the construction of the solution starting from the independent the solutions of each
brane. For example, each metric component will be determined by the product of the
corresponding warp factors of the single branes composing the intersections. Each warp
factor composing these products is smeared in the sense that it is a function depending
only on the overall transverse directions and it is elevated to a numeric power respecting
the original division between worldvolume and transverse coordinates.

The particular geometric configuration of a bound state tells us which directions can be
wrapped and thus which particular solution can be produced in low dimensions. Assuming
the existence of a consistent truncation relating the branes’ intersection with a solution
in a d-dimensional supergravity, there are two types of d-dimensional configurations that
are particularly interesting:

• Black solutions: These are singular solutions whose singularity is protected by an
event-horizon. They are usually obtained by considering particular bound states
with (p + 1)-dimensional worldvolume and with some (or all) worldvolume co-
ordinates wrapping non-trivial cylcles. By reducing all the worldvolume coordi-
nates of the branes composing the intersection one obtains a black solution in a
d-dimensional supergravity. If the worldvolume is wrapped on a compact manifold
Σd−p−2, we can make a further distinction for topologies of the horizons of the type
AdSp+2×Σd−p−2. The solutions with an horizon AdS2×Σd−2 are black holes, those
with AdS3 × Σd−3 black strings and those with AdSp+2>3 black branes.

• Domain wall solutions: These are produced by reducing over all the transverse
coordinates of a bound state. These solutions are smooth and they are very impor-
tant for AdS/CFT and cosmological applications. As for black solutions, the most

25Also in this case supersymmetry plays a crucial role since the SUSY conditions for a brane system
can be interpreted as a particular realization of the static equilibrium of the system.

26For a discussion on the instabilities of non-supersymmetric AdSd vacua see for example [13, 55, 56].
27In the case of intersections in massive type IIA supergravity the construction of these solutions is a

difficult task because of the presence of the Romans mass.
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interesting ones for string theory are those reproducing at certain values of their
coordinates configurations of the type AdSp+2 × Σd−p−2 and, in particular, those
interpolating between two “walls” of the type written above.

In both of these cases, the profile of the solution is tipically defined by a spatial flow of the
fields of the d-dimensional supergravity between two limiting configurations. The most
interesting scenario, also considering AdS/CFT applications, is given by a d-dimensional
flow in a gauged supergravity interpolating between an AdSd vacua and a geometry of
the type AdSp+2 × Σd−p−2. In this case we usually write

AdSd −→ AdSp+2 × Σd−p−2 , (2.35)

to represent the entire solution. This has an uplift to a higher-dimensional bound state
solution with a (p+ 1)-dimensional worldvolume and it is characterized by two particular
limits of its coordinates. One reproducing the closed string vacuum obtained as the uplift
of AdSd and the other giving the vacuum associated to the wrapped coordinates, coming
from AdSp+2 × Σd−p−2.

An other important distinction concerning black solutions in supergravities is between
extremal and non-extremal. Generally speaking an extremal black solution can be defined
as a solution with the minimal possibile mass compatible with its charges (and angular
momentum if it is different to zero). An extremal objects is purely mechanic in the sense
that its energy is completely associated to the fundamental interactions of the fields. It
follows that the temperature of extremal solutions is zero and their entropy is related
to the index of degeneration of the ground state of the system. In this sense extremal
solutions represent the limit in which all the thermodynamic contributions vanish and
the solution describes a purely mechanical system. Actually only these solutions have a
complete explanation in string theory and some examples are given by (2.22), (2.24) and
(2.27).

Conversely non-extremal solution are described by a non-trivial thermodynamics and
have not a clear explanation in terms of stringy objects since they tipically possess many
event-horizons. These are solutions only of the equations of motion and in general they
don’t have a first-order description28. Moreover they break all the supersymmetries, but,
in many cases, there are particular values of their parameters such that these solutions
become extremal and supersymmetry is restored29.

The distinction between extremal and non-extremal solutions is somehow related to
supersymmetry since the limiting condition producing an extremal configuration from a
non-extremal one often implies the saturation of the BPS bound30 (1.24). Moreover, even
also extremal non-supersymmetric solutions exist in supergravity, they could not survive
in quantum gravity [13].

2.3.5 An Example: the Bound State D1-D5-P

In this section we consider the wrapping of a bound state D1-D5-P on a T 5 in type
IIB string theory [12, 58]. This bound state is defined by the intersection of a D1 and

28Except for some particular cases as in [57].
29As an example one can consider the Reissner-Nordström black hole in four dimensions. This is a

non-extremal electrically charged black hole with two horizons. The extremal limit in which the two
horizons collapse into a single one is defined by the relation M = |Q| where M and Q are respectively
the mass and the charge of the black hole.

30The relation M = |Q| defining the extremal limit of Reissner-nordström black hole is the BPS bound
saturated.
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a D5-brane with a pp-wave31 with momentum P and it preserves 4 real supercharges
(BPS/8). Thus we relate it with the Reissner-Nordström black hole in five dimensions.

Recalling the p-brane solution given in (2.27), the low-energy limit of the bound state
D1-D5-P is obtained in type IIB supergravity by the superposition of the independent
solutions of the D1, D5 and the pp-wave (2.36). The solution is given by

ds2 = H
−1/2
D1 H

−1/2
D5 {−HWdt2 +HW

[
dy1 + αW

(
H−1
W − 1

)
dt
]2}

+H
1/2
D1 H

1/2
D5
[
dr2 + r2dΩ2

3
]

+H
1/2
D1 H

−1/2
D5

[
(dy2)2 + (dy3)2 + (dy4)2 + (dy5)2] ,

C
(2)
ty1 = αD1gs

(
H−1

D1 − 1
)
, C

(6)
ty1···y5 = αD5gs

(
H−1

D5 − 1
)
,

eΦ = gs
H

1/2
D1

H
1/2
D5

, Hi = 1 + r2
i

r2 with i = D1,D5,P ,

(2.37)

where r is the radial coordinate on the transverse space R4 of the bound state. The
coordinates (y1 · · · y5) are unpacked since y1 is compact and determine the direction of
propagation of the pp-wave whilst the coordinates (y2, y3, y4, y5) describe the smearing of
the D1 on the D5. The transverse space of the bound state is described by the spherical
coordinates (r, θ1, θ2, θ3) with dΩ2

3 the usual metric of a 3-sphere. The parameters αD1,
αD5, αW and ri are integration constants32 and have to be fixed in terms of the physical
parameters of the solution like charges33 and units of momentum. Let’s consider now the

branes t y1 y2 y3 y4 y5 r θ1 θ2 θ3

D5 × × × × × × − − − −
D1 × × − − − − − − − −
W × → − − − − − − − −

Table 2.4: The brane picture describing the solution (2.37). The symbols × stand for worldvol-
ume coordinates, the − signes for the transverse one and→ represents the direction of propagation
of the pp-wave. The double vertical line separate the overall transverse coordinates (r, θ1, θ2, θ3)
to the coordinates (t, y1) and to the smeared ones (y2, y3, y4, y5). Table from [18].

KK reduction on a T 5 = S1×T 4 with volume V 5 = 2πR1V
4 where V 4 = (2π)4R2R3R4R5

is the volume of the T 4 parametrized by the compact coordinates (y2, y3, y4, y5) and R1
is the radius of the S1 parametrized by the coordinate y1 of the propagation of the wave.

31The pp-waves are gravitational waves that are exact solutions to the full Einstein equations of a
D-dimensional (super)gravity theory. They are characterized by definition by a covariantly constant null
Killing vector field and are described by a metric of the form

ds2 = H−1
W dt2 −HW

[
dy1 − αW (H−1

W − 1)dt
]2
− ds2RD−2 , (2.36)

with HW harmonic function on RD−2. The parameter αW can be positive or negative taking care of the
two possibile directions of propagation along y1. The coordinate of propagation y1 parametrizes an S1

and it is defined on [0, 2πR] where R is the radius of the S1. The mixed term in (2.36) is related to the
time component of the spin connection that is associated to the momentum charge carried by the wave
that is quantized. Alternatively one can interpret the momentum of the pp-wave as a KK momentum
associated to the wrapping on the S1.

32The parameters αi are such that α2
i = 1 with i = D1,D5,P

33The formulation of (2.37) is called “democratic” since the dual form C(6) is considered independent.
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One obtains a five-dimensional configuration given by

ds2 = − (HD1HD5HW )−2/3 dt2 + (HD1HD5HW )1/3 [dr2 + r2dΩ2
3
]
,

A
(i)
t = αi

(
H−1
i − 1

)
, Hi = 1 + r2

i

r2 with i = D1,D5,P
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W

H
1/4
D1 H

1/4
D5

.

(2.38)

This is a charged black hole solution with three running scalar fields34 of d = 5 maximal
(ungauged) supergravity. It is characterized by three abelian vector fields A(i) that are
related to the ten-dimensional forms C(2) and by three scalars φ, kV 4 and k1. The
moduli kV 4 and k1 are respectively35 related to to the volume of the T 4 parametrized
by the coordinates (y2, y3, y4, y5) and to the size measured by the compact direction y1.
Moreover this solution manifests a regular horizon in r = 0 with a finite area given by

A = 2π2 rD1rD5rW . (2.39)

It is possibile now to relate the constants of (2.37) to the physical parameters of the RN
black hole.

Let’s consider now the same intersection (2.37) but composed respectively by ND1
coincident D1-branes, ND5 coincident D5-branes and NW pp-waves along the direction
y1. If we wrap the worldvolume directions for ND1, ND5 and NW times, one has

r2
D5 = ND5l

2
sgs , r2

D1 = ND1l
6
sgs

R2R3R4R5
, r2

W = NW l
8
sg

2
s

R2
1R2R3R4R5

. (2.40)

Using (2.39) and (2.40), one can obtain the Bekenstein-Hawking entropy of the black hole

SBH = A

4G(5)
N

= 2π
√
ND1ND5NW with G

(5)
N = G

(10)
N

V 5 = π l8sg
2
s

4R1R2R3R4R5
(2.41)

where G(d)
N is the d-dimensional Newton constant. We immediately see that the entropy

of the black hole depends only on the numbers of branes and pp-waves composing the
bound state and thus it can be explained in terms of the degeneration of the stringy states
associated to the branes’ bound state.

The charges associated to the fluxes of the brane intersection are in relation to the
abelian vector fields of the five-dimensional supergravity. In particular following the
prescriptions of (2.30), one can fix the remaining intergration constants αi and derive the
charges QD1 and QD5 of the bound state,

QD1 = l2sg
2
s

8G(10)
N

∫
S3×T 4

?F3 = αD1r
2
D1R2 · · ·R5
2π l8s gs

, QD5 = 2π4l6sg
2
s

G
(10)
N

∫
S3
?F7 = αD5 r

2
D5

(2π)5 l8s gs
,

(2.42)
34Setting rD1 = rD5 = rW = r one gets HD1 = HD5 = HW = H. In this limit the moduli

are constants and the solution takes the usual form of the d = 5 RN black hole with metric ds2 =
H−2dt2 −H (dr2 + r2dΩ2

3).
35In particular one has kV 4 = |gy2y2gy3y3gy4y4gy5y5 |1/2 and k1 = |gy1y1 |1/2 where gµν are the

components of the metric (2.37).
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where F3 = dC(2) and F7 = dC(6). The charge associated to the units of momentum of
the pp-wave can be obtained as the KK momentum along the circle with radius R1 and
it is given by QW = αW r2

W R2
1R2···R5

l8s g
2
s

. Given the expressions of charges (2.42), one can
rewrite (2.41) in the well-know form

SBH = 2π
√
QD1QD5QW . (2.43)

What has been presented is the extrapolation of a five-dimensional RN black hole from
the bound state D1-D5-P. In this context gs and α′ must be small at the uncompactifyied
scales describing the bound of branes in order to keep valid the low-energy description.
Conversely we know that dimensional reductions are always related to different scales of
energy of a given gravitational system, in particular a lower-dimensional solution typically
would describe a different regime36 of gs and α′. This means that both the type IIB
supergravity as well the entropy (2.43) should take corrections due to string loops and
perturbations of the string sigma model. At this point the relevance of supersymmetry
comes out since the non-renormalization theorem for N = 4 theories protects the lower-
dimensional theory from any kind of corrections.

More precisely the low-energy regime in which D1-D5-P is described by (2.37) can
be written as r2

i � l2s . In this limit the charges Qi of the bound state are large and the
higer-order contributions to the type IIB supergravity action are suppressed37. Conversely
the entropy (2.43) of the black hole depends only on the charges and not on the values
taken by the scalars at the horizon, thus its value can be obtained for small values of
gs corresponding to a vanishing horizon and then extrapolated to the regime of large gs
describing the black hole since, for the N = 4 non-renormalization theorem, the entropy
is protected from quantum corrections [12].

Finally we point out that in order to obtain a complete low-energy interpretation of
the microstates of (2.38) it is necessary to match the Bekenstein-Hawking entropy (2.43)
with the entropy of the quantum field theory coming from the open strings’ spectrum
and living on the worldvolume of the bound state of branes. As we will see, AdS/CFT
correspondence will prove to be the best approach in solving this problem.

2.4 The AdS/CFT Correspondence

In this section we perform a further step introducing the AdS/CFT correspondence
as the most exhaustive and complete framework describing the low-energy limit of non-
perturbative states in string theory [15, 16]. As we observed in section 2.1.1, in the
low-energy limit there are two alternative descriptions of a solitonic object: one can
study a brane from the point of view of the physics of the background, thus as a solution
in supergravity like a black solution or a domain wall, or, alternatively it is possibile to
consider the QFT defined on the worldvolume. The existence of these two alternative
descriptions hints the presence of a stronger relation between them called AdS/CFT
correspondence.

Roughly speaking, in the low-energy limit, non-perturbative states manifests two dual
and equivalent descriptions: on one side one has a weakly coupled description given by
the near-horizon limit38 of supergravity solutions describing branes (or bound states of

36The couplings have to be considered as the asymptotic value of the string couplings.
37The quantum corrections are related to the Schwarzschild radius of the black hole that in turn can

be expressed in terms of the charges.[12].
38For a domain wall solution the near-horizon limit has to be substituted with the limits describing the
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branes), on the other side there is a strongly coupled description in terms of a supercon-
formal field theoriy (SCFT) in the large N limit living on the worldvolume of the branes
at the near-horizon. This SCFT is globally supersymmetric and constitutes a fixed point
of the RG flow of the QFT living on the worldvolume.

In section 2.3.3 we studied some examples of black brane solutions and we saw that
in the near-horizon they are described by AdSp+2 closed string vacua. One of the main
belief in string theory consists in the general interpretation of AdSd vacua as the near-
horizon limit of branes’ solutions or just limiting value of domain walls. The AdS/CFT
correspondence is a strong motivation supporting this belief in fact, as we will see, the
duality occurs thanks to the particular geometric properties of Anti De Sitter spaces and
their matching with the properties of the SCFTs.

In this section, we will briefly introduce superconformal theories and present two
explicit examples given by N = 4 SYM theory in four dimensions and ABJM theory
in three dimensions. We will introduce the concept of large N limit and then we will
formulate the correspondence in generality. Then, considering the examples of SCFT
presented, we will analyze two particular realizations of the correspondence AdS5/CFT4
and AdS4/CFT3. Finally we will introduce the concept of RG flow across dimensions as
a formulation of the correspondence including into this scenario an entire flow in gauged
supergravity and not only of their horizon configurations.

2.4.1 Conformal Field Theories

A classical conformal field theory (CFT) is a classical field theory whose external in-
variance group is the conformal group [59]. A conformal transformation in d dimensions
is a diffeomorphism that rescales the metric by a function of the coordinates called con-
formal factor. These particular changes of coordinates enlarge the Lorentz group with
two types of transformations: the dilatations and the special conformal transformations.
The action of these transformations on a coordinate xµ of the background is given by

xµ −→ λxµ and xµ −→ xµ + bµxµxµ
1 + bµxµ + (bµxµ)2 , (2.44)

where λ and bµ are respectively the parameters of dilatations and special conformal trans-
formations. It can be proved that the conformal group is isomorphic to the isometry group
of AdSd+1 given by SO(d, 2) with a number of the generators given by 1

2 (d + 2)(d + 1).
Considering infinitesimal conformal transformations xµ → xµ + ξµ, it is possibile to show
that they are defined by the equations

∂µξν + ∂νξµ = 2
d

(∂σξσ)ηµν . (2.45)

Of particular interest in the study of the renormalization group (RG) flows in quantum
theories are scale-invariant theories. At classical level it is possibile to show that under
some conditions they are conformal. In particular assuming invariance under dilatations
in a Lorentz-Poincaré invariant theory, a current for scale transformations will be defined
as Jµ = Tµνx

ν where Tµν is the stress-energy tensor of the theory satisfying the conser-
vation law ∂µT

µν = 0 . The invariance under dilatations implies that Tµµ = 0, thus the
stress-energy tensor of the theory is traceless and it can be shown that this implies the
conservation of the conformal current Tµνξν where ξµ satisfies (2.45).

boundaries reached smoothly by the solution, i.e. ”the walls”. In this section we will refer particularly
to black brane solutions but one could formulate the correspondence analogously starting from domain
walls.
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We point out the CFTs in d = 2 are peculiar since the conformal group in two
dimensions is infinite-dimensional. In this case, if one parametrizes the Minkowski plane
R1,1 as the complex line39 C with the holomorphic coordinate z, thus the infinitesimal
generators of the conformal transformations are given by

Ln = −zn+1∂z and L̄n = −z̄n+1∂z̄ . (2.46)

These satisfy the Virasoro algebra (1.8) and the quantum Virasoro algebra (1.18) in the
case of quantum theories. Thus the Virasoro algebra is the infinite-dimensional algebra
generating the conformal transformations of the plane and from this it follows that the
quantum field theory defined by the string embedding coordinates Xµ(τ, σ) is a CFT.

The supersymmetric formulation of conformal field theories is given by the super-
conformal field theories (SCFT). These are supersymmetric field theories such that the
conformal group is enlarged by the usual supercharges of the Poincaré group, by the
R-symmetry and by a set of new supercharges called conformal supercharges.

If one quantizes a classical CFT, the conformal invariance is generally broken by a
conformal anomaly and a renormalization scale µ for the coupling g of the theory is
introduced,

µ
d

dµg(µ) = β(g) , (2.47)

where β(g) is the β-function defining the RG flow of the theory. Conformal invariance is
broken since the stress-energy tensor is directly related to the β-function40.

Clearly all the couplings of the theory scale with µ and, in particular, also the di-
mension d of the classical theory will be corrected by a factor γ(g) called anomalous
dimension. Between classical CFTs there are some cases in which the conformal invari-
ance is preserved also at the quantum level and these cases are the most interesting for
the AdS/CFT correspondence:

• Fixed point of RG flows: The RG flows define a dynamics in the space of couplings
of a QFT and a fixed point g∗ is constitute by that theory with β(g∗) = 0 and
vanishing anomalies. In these cases a CFT is defined as the fixed point of the RG
flow of a QFT.

• Finite theories: These theories don’t have an RG flow in the sense that β(g) = 0
for all values of g. Finite theories are thus conformal theories without divergences
at all.

Let’s focus on those SCFTs preserving conformal invariance at the quantum level.
In these cases the quantum states are no longer labelled by their mass since it doesn’t
commute with the generator of scale transformations, namely the mass and the energy
are physical quantities scaling under conformal transformations. Instead of the mass, a
good quantum number is the conformal dimension ∆ defined as follows

[D,O(x)] = i(∆ + xµ∂
µ)O(x) , (2.48)

where D is the generator of dilatations and O(x) is an operator of the theory. Given
∆ as a good quantum number, one can label the states by considering the irreducible
representations coming from some non-compact subgroups of SO(d, 2). As interesting

39Given the coordinates (τ, σ) of R1,1, one can introduce the holomorphic coordinate z such that
z = e2(τ−iσ) and z̄ = e2(τ+iσ).

40For example in a Yang-Mills theory the conformal anomaly is given by Tµµ ∼ β(g)FµνFµν
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property coming from the commutation relations involving D consists in the fact that
the generators of translations Pµ and of special conformal transformations Kµ increase
and decrease the conformal dimension. Then Pµ and Kµ can be viewed as creators and
annihilators whose action on the vacuum defines all the fields included in the theory.
In particular we call primary operators the operators annihilated by Kµ and descendent
operators those obtained applying Pµ.

To conclude, a CFT is determined by a set (∆i,Oi(x)) composed by a basis of primary
operators Oi(x) with their conformal dimensions ∆i. Moreover the conformal invariance
implies that the one-point correlation functions vanish, i.e. 〈O(x)〉 = 0, and fixes the form
of two- and three-point correlations functions. For example the two-points correlation
function is given by

〈Oi(x)Oj(y)〉 = c δij
|x− y|2∆ , (2.49)

where c is a constant factor depending on the theory considered. Finally we mention that
the n-point correlations functions can be calculated by making use of the operator product
expansions (OPE) techniques.

2.4.2 Fixed Points and Large N Expansion

In the first part of this section we will introduce two important examples of quantum
SCFTs arising as description of the near-horizon of two particular brane solutions, while
in the second part we will introduce the concept of large N limit in a gauge theory in
relation to the two examples we made above.

We start with an intuitive argument to show how a SCFT may emerge as the world-
volume theory of a brane solution. Let’s consider a black brane solution with a horizon
described by a closed string vacuum of the type AdSd+1 ×ΣD−d−1 with D = 10, 11. The
coordinates parametrizing the AdSd+1 can be chosen as xM = (r, xµ) with M = 0, · · · , d.
The radial coordinate r of AdSd+1 describes the spatial dynamics of the brane when go-
ing out41 of the horizon and the coordinates xµ parametrize the worldvolume. It follows
that the xµs are the coordinates both for the supergravity background and for the QFT
defined on the worldvolume while the radial coordinate r can be interpreted as an energy
scale for the QFT. In this sense, the dynamics towards the horizon can be viewed as a
renormalization flow of the QFT on the worldvolume.

With these coordinates a scale transformations of the type r → r/λ and xµ → λxµ

preserves the metric of AdSd+1 obtained in the near-horizon since its isometry group is
SO(d, 2). For the identifications between the coordinates just presented also the QFT
gains scale invariance in the near-horizon. Thus the near-horizon limit of a brane solution
can be interpreted as a scale invariant fixed point for the QFT on the worldvolume and
this means from the argument of section 2.4.1 that the theory obtained is a SCFT.

Let’s consider two famous example of SCFTs arising in the near-horizon of brane
solutions. We recall that these theories are rigid in the sense that the SUSY is global and
thus they don’t include gravity.

As first example let us consider the N = 4 SYM theory in d = 4 with gauge group
SU(N). This theory arises as the worldvolume theory of a system of N coincident D3
branes at the near-horizon limit, is superconformal and preserves 16 supercharges42. The
field content is given by a gauge field Aµ, by six scalar fields ϕi and four Weyl spinors
ψa. The R-symmetry group is given by SU(4)R ' SO(6) which is the group associated

41It could happen that outside of the horizon the spatial dynamics of the brane solution is described
by many coordinates. For a sake of simplicity in this argument we consider just a radial flow.

42Including superconformal generators it preserves 32 supercharges.
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to the symmetries of the transverse space of a D3 brane. The scalars transform under
the fundamental representation of SO(6) with the index i = 1, · · · , 6 and parametrize the
six transverse directions of the D3 branes while the fermions ψa trasform under the 4
representation with index a = 1, · · · 4. The action is given by

S = 1
g2
YM

∫
d4xTr

(
−1

2F
µνFµν − iψ̄a /Dψa − (Dϕ1)2 + T abi ψa[ϕi, ψb] + [ϕa, ϕb]2

)
,

(2.50)
where the Tr is taken respect to the fundamental representation of the gauge group and
T abi are the generators of SU(4)R.

As we discussed in section 2.1.1, the gauge coupling in the SCFT is related to the
string coupling constant gs of the string background describing the D3 branes. This can
be seen directly by studying the decoupling of the DBI action (1.25) of the D3 in the
low-energy limit. Comparing the kinetic term of the gauge fields in (2.50) with (2.2) and
introducing the numerical factors coming from the tension of the D3, it follows that

g2
YM = 4πgs . (2.51)

Thus the low-energy limit of the D3-branes corresponds to the strongly coupled regime of
the N = 4 SYM theory in four dimensions describing the open strings’ degrees of freedom
on the D3 branes.

A worldvolume SCFT describes the space of all possible positions assumed by a brane.
In fact, since the scalar fields defined on the worldvolume describe the transverse oscil-
lations of the brane, the moduli space of the theory, i.e. the manifold parametrized by
the eigenvalues of the scalars, will define the independent positions of the brane. In par-
ticular, for N = 4 SYM the vacuum expectation values of the scalars ϕi parametrize the
manifold C3 that is the space describing all the independent positions of N D3 branes.

The second example is the so-called ABJM theory [60]. This is a three-dimensional
N = 6 SU(N)× SU(N) Chern-Simons theory coupled to four complex scalars CI in the
(N,N) representation of the gauge group with I = 1 · · · 4, and the corresponding fermonic
superpartners.

The theory can be constructed in three step:

• Consider an N = 2 vector multiplet V in d = 3 described by a U(N) × U(N)
Chern-Simons action with levels (k,−k) ∈ N coupled to Nf chiral multiplets Φi in
a representation R of the gauge group.

• Consider the enhancement toN = 3 SUSY coming from the inclusion of an auxiliary
chiral multiplet φ defining a superpotential of the type W = Φ̄iφΦi − k

8πTr(φ2)
[61, 62, 63].

• Consider the truncation of the N = 3 theory to four chiral multiplets organized in
two hypermultiplets in the bifundamental representation of the gauge group: given
A1, A2 the bifundamental chiral multiplets and B1, B2 the anti-bifundamentals,
they organize as doublets (A1, B

∗
1) and (A2, B

∗
2). Once integrated out the auxiliary

fields, the superpotential has the form W = 2π
k ε

abεȧḃTr(AaBȧAbBḃ) with a manifest
global SU(2)×SU(2) invariance. Thus there is a further enhancement of symmetry
since, in addition to the SU(2) flavor rotating Aa and Bȧ, there is another SU(2)
symmetry rotating Aa and Bȧ separately. Since the R-symmetry SO(3)R ' SU(2)R
of the N = 3 theory does not commute with SU(2) × SU(2), it follows that they
together generate the symmetry group SU(4) ' SO(6). Thus the scalars can be
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organized as CI = (A1, A2, B
∗
1 , B

∗
2) and, since the R-symmetry group of a d = 3

theory is SO(N )R, it follows that the theory obtained is at least N = 6 [60].

Taking in consideration a gauge group given by SU(N)× SU(N) doesn’t change dra-
matically this construction43 and, in this way, one obtains ABJM theory. In particular the
gauge coupling of the theory is associated to the quantized Chern-Simons levels (k,−k)
and the moduli space is given by the manifold C4/Zk. Moreover ABJM is superconfor-
mal preserving 12 supercharges. The full global symmetry is given44 by SO(6)R × U(1).
Furthermore we point out for the particular values of the Chern-Simons levels k = 1, 2,
one has a further enhancement of supersymmetry to N = 8 [64].

The brane picture of ABJM is much more complicated respect that of the N = 4
SYM. The construction of the bound state of branes is firstly performed in type IIB
string theory with a bound state whose worldvolume theory is an N = 3 SYM Chern-
Simons theory in three dimensions [65, 66, 67]. Thus one can map the brane intersection
in type IIA by T-duality and then consider the strong-coupling regime by uplifting to
M-theory.

In this limit the brane construction is described by the near-horizon configuration of a
set of N M2 branes probing an eleven-dimensional background given by the superposition
of two KK-monopoles45. In particular the eleven-dimensional background is described by
the manifold R1,2 ×X8 with the M2 branes extending along R1,2 and probing X8. The
latter is an example of hyper-toric manifold [68, 69] and locally is given by the moduli
space of ABJM, namely C4/Zk. The strong-coupling regime of the brane intersection
corresponds to the low-energy limit of the N = 3 SYM Chern-Simons theory on the
worldvolume. In this limit the renormalization flow of the worldvolume theory has a
fixed point consisting exactly by ABJM.

At the typical energy scale of the AdS/CFT correspondence, the worldvolume theories
appear in a particular regime called large N limit [70]. This particular limit is a systematic
expansion of SU(N) gauge theories in the strong-coupling regime in which the color
number is large, i.e. N →∞.

Generally, given a SU(N) YM theory, one can reorganize the perturbative expansion
of the free energy as an expansion where the gauge coupling gYM is expressed in terms
of N and the pamareter

x = g2
YMN , (2.52)

called ’t Hooft coupling. In terms of these new parameters the lagrangian of a pure YM
theory takes the generic form of the type

L = N

x
TrFµνFµν . (2.53)

The perturbative contributions to the propagators and to the vertices are now respectively
associated to powers of x/N and N/x. Moreover, each loops gives a contribution of the
order N . The perturbative expansion in the large N limit can be represented in terms
of Riemann surfaces that, in turn, are classified only by their topological properties.
In particular the Euler characteristic of each surface is given by F + V − E where F
is the number of faces associated to the loops, E the number of edges associated to
each propagator and V the number of vertices. It follows that in this reformulation each

43The construction of the moduli space is much more complicated respect to the case of U(N)×U(N)
but it still remains the same.

44The group U(1) is a baryonic symmetry under which Ai and Bi have respectively charges ±1.
45The two KK-monopoles are described respectively in type IIA by D6 branes and (1, k)5 branes that

in the strong-coupling limit are resolved in pure eleven-dimensional geometry.
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contribution to the free energy expansion will correspond to surfaces giving a contribution
at the order xE−VNF+V−E = O(N2−2g) where g is the genus of the Riemann surface.

The large N limit is defined as the following regime of the theory

N →∞ , gYM → 0 with x = g2
YMN <∞ . (2.54)

In this limit the perturbative expansion of the free energy collapses to the first non-trivial
contribution given by planar graphs of the order O(N2) that in turn are associated to
a Rieman surface with a spherical topology g = 0. The subleading contributions are
supressed by powers of 1/N2. Including in (2.53) the couplings to matter fields (like
scalars or fermions) the loop expansion is enlarged by graphs going as powers of 1/N . In
such a general picture the topology of Riemann surfaces is changed since also boundaries
and surfaces with an odd Euler characteristic are introduced.

Regarding the examples of SCFTs presented above, the large N limit of N = 4 SYM
is simply given by (2.54). In the case of ABJM, the gauge coupling is quantized, i.e.
g2
YM = 1/k and there are some subtleties. The ’t Hooft coupling is given by x = N/k

and it is kept fixed in the limit of large N . Since the weakly-coupled regime of ABJM is
given by k → 0 it follows that, for a strong-coupling regime, the large N limit must be
such that N � k.

Many other examples of superconformal field theories can be extracted from the de-
coupling limit of branes. Usually the more complicated the brane intersection is, the
richer the worldvolume theory. An important example is given by quiver theories that are
the worldvolume theories of branes probing backgrounds with singular topologies46 (see
for example [71]).

Finally it is interesting to mention that the highest dimension for a consistent SCFT
is six. In d = 6 there are three types of SCFTs: the N = (2, 0) and N = (1, 1) theories
with 16 supercharges and the N = (1, 0) with 8 supercharges. These three theories are
quite obscure since they are non-lagrangian and are related each others in a similar way
of superstring theories in D = 10. Later in this thesis we will focus our attention on the
N = (1, 0) theory.

2.4.3 The Correspondence

We have now all the instruments to formulate the AdS/CFT correspondence [15, 16].
Let’s concentrate our attention to a bound state composed by N coincident branes. The
branes can be free to move in the background or constrained between other heavier branes.
Moreover, other solitonic objects like KK monopoles, can interact with the system and
modify the geometric properties of the background.

The low-energy limit α′ → 0 and gs → 0 of the bound state implies that:

• The physics of the bound state is captured by the massless modes of the closed
string sector in terms of a solution in D = 11 or type II supergravities. This
solution describes the modifications of a classical background due to the presence of
the branes. Many black brane solutions47 are characterized by a near-horizon limit
given by a closed string vacuum of the type AdSd+1 ×ΩD−d−1 with D = 10, 11. In
this sense the brane solution can be interpreted as the weakly-coupled description
of a non-perturbative effect modifying a closed string vacuum. The number of
coincident branes N is related to the quantized fluxes of the system, thus the bigger

46ABJM is a example of “simple” quiver theory since its moduli space is the orbifold C4/Zk.
47What follows holds also for domain walls but instead of the horizon the solution reaches smoothly

the boundaries.
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is N , the larger the total charge of the system is. The low-energy limit corresponds
to the limit of large charges (as an example of this see (2.42)) and thus the limit of
large N .

• The bound state is described by a rigid supersymmetric SU(N) quantum48 theory
defined on the worldvolume whose field content comes from the zero-level of the
spectrum of open strings ending on the branes. In particular, a near-horizon limit
given by a closed string vacuum of the type AdSd+1 × ΩD−d−1 with D = 10, 11
corresponds to a fixed point in the RG flow of the worldvolume QFT becoming
in this limit a d-dimensional SCFTd. The gauge coupling gYM of the SCFTd is
related to gs so that the SCFTd gives a strongly-coupled description of the bound
state. Moreover if one organizes the perturbations in the ’t Hooft expansion and
keeps ’t Hooft coupling x fixed, the limit gYM → 0 implies that N is large thus, as
we said in section 2.4.2, the strongly-coupled regime is well described by its large
N limit.

Keeping these two specular pictures, let’s choose a bound state with a near-horizon limit
described by the vacuum AdSd+1 × ΩD−d−1 with D = 10, 11 with ΩD−d−1 compact
manifold. Since ΩD−d−1 is compact one can perform a KK reduction on it and look at
AdSd+1 as a vacuum solution of a (d + 1)-dimensional effective gravity theory with an
infinite number of fields. Furthermore, it can be shown in many explicit realizations, that
the masses of the KK modes depend on the geometric quantities of ΩD−d−1 in such a
way the massive modes decouple49. The action of this effective theory will be a classical
action Sgravity typically including gauge fields and scalars on the background AdSd+1.

The AdS/CFT correspondence consists in a prescription relating the euclidean parti-
tion function of the (d + 1)-dimensional effective action evaluated on the AdSd+1 back-
ground with the generator of the correlation functions of the worldvolume SCFTd in the
large N limit. In order to formulate concretely this prescription we have to establish the
general dictionary between fields characterizing the effective gravity theory and operators
of the SCFTd. Following the notation used in section 2.4.2, the coordinates of the AdSd+1
can be organized as (r, x) with x = (x0, · · · , xd). Given a classical field ϕ(r, x) featuring
the (d+ 1)-dimensional gravity theory, we consider its boundary configuration

ϕ(r, x) −→ ϕ0(x) (2.55)

where the conformal boundary of AdSd+1 is identified by the limit r → ∞. The limit
(2.55) is unique once suitable boundary conditions have been imposed.

The key step is to consider ϕ0(x) as a classical source for an operator O(x) of the
SCFT . This means that the generator of the correlation functions of O(x) is given by

ZSCFTd(ϕ0) = 〈e
∫
ϕ0(x)O(x)〉SCFT . (2.56)

We can now consider the euclidean partition function associated to the gravity theory

Zgravity = eSgravity (2.57)

and evaluate (2.57) on the AdSd+1 background. The AdS/CFT correspondence is realized
by the identification

ZSCFTd(ϕ0) = Zgravity(ϕ)|AdSd+1 , (2.58)
48As we saw for ABJM, the gauge group could be more complicated like, for example, SU(N)×SU(N).
49In case of ΩD−d−1 = SD−d−1 the masses of the KK fields goes like 1/R2 with R radius of the

(D − d− 1)-sphere and thus, in the supergravity regime of large R, they decouple.
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where, on the right side, we have an on-shell quantity related to the (d+ 1)-dimensional
action evaluated on the AdSd+1 background and, on the left side, a functional depending
on the arbitrary off-shell configuration of ϕo.

Since ZSCFTd(ϕ0) determines uniquely the SCFTd, the identification (2.58) defines a
duality relation between a weakly-coupled description given by the classical gravity solu-
tion on the AdSd+1 background and a strongly-coupled description given by the SCFTd.
The correspondence is also called holographic duality or, simply, holography since the
strongly-coupled regime of the SCFTd is defined at the conformal boundary of the AdSd+1
background and captures the physics of the gravity theory living within the AdSd+1 back-
ground.

The two sides of the correspondence share the same symmetries with the difference
that on the gravity side the symmetries are local while in the SCFTd global. In particular
on the gravity side we have the group of diffeomorphisms. This includes the group of the
isometries of AdSd+1 given by SO(d, 2) whose rigid version generates the global conformal
symmetry of the quantum theory on the boundary. This turns out to be a general
property of holography: the boundary values of the fields of the background are associate
to conserved currents of the global symmetries of the SCFTd. For example the (d + 1)-
dimensional graviton is associated with the stress-energy tensor of the quantum theory
on the boundary and a gauge field Aµ is related to a current JSCFT

µ ,

g(d+1)
µν ←→ T SCFT

µν , Ad+1
µ ←→ J SCFT

µ . (2.59)

These identifications determine the couplings in the SCFTd in the following way∫
ddx (gµνTµνSCFT +AµJ

µ
SCFT + · · · ) , (2.60)

where each current in the SCFTd corresponds to a local symmetry of the classical solution
on the AdSd background.

2.4.4 Two Explicit Realizations: AdS5/CFT4 and AdS4/CFT3

Starting from the two examples of SCFTs given in section 2.4.2, we will now consider
two explicit realizations of the correspondence.

The first example is given by a set of N coincident D3 branes probing a flat background
[15]. Following the scheme of the previous section, in the low-energy limit they are
described by the solution (2.27) in type IIB supergravity50. The near-horizon limit of
the D3 brane solution is characterized by an enhancement of SUSY, thus it preserves 32
supercharges, and it is described by the closed string vacuum AdS5 × S5 with the same
radius R3 both for AdS5 and for S5. It can be shown from (2.27) that R3 is given by

R2
3 = α′

√
4π gsN . (2.61)

Each brane contributes to the total charge of the system with a unit of R-R 5-form flux,∫
S5

?F5 = N . (2.62)

On the other side the worldvolume theory of the D3s in their near-horizon limit is
the N = 4 SYM theory in four dimensions with gauge group SU(N) introduced in sec-
tion 2.4.2. This theory is invariant under global transformations of the conformal group

50The radius R3 has to by multiplied by N .
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SO(4, 2) that is exactly the group of the isometries of AdS5 and it has an R-symmetry
group SU(4)R that is the isometry group of the S5. Furthermore the theory preserves 32
supercharges51 and, in the low-energy limit, it is strongly-coupled since g2

YM = 4πgs as
observed in (2.51). Let’s introduce the coupling x = g2

YMN given in (2.52) and organize
the perturbations in g2

YM with the ’t Hooft expansion. We thus have the identifications

4πgs = x

N
and R2

3
α′

= x1/2 . (2.63)

On the left side we have the couplings describing the regimes of the classical (super)gravity
theory associated to the vacuum AdS5×S5. This theory is defined in the low-energy limit,
i.e. gs → 0 and52 α′ → 0, so if we consider the right side terms of (2.63), this is equivalent
to the large N regime with x→∞ describing53 the strong coupling of the SCFT4.

Finally one can perform a KK reduction on S5 and obtain an effective five-dimensional
gravity theory with AdS5 [72, 73]. It is interesting to note that the KK spectrum is
organized in irreducible representations of SO(6) and there is a complete correspondence
between the KK spectrum and the short multiplets of N = 4 SYM. In particular, as
anticipated in (2.60), the massless multiplet describing the gravity side and containing
the graviton, the gravitinos and the SO(6) gauge fields, corresponds to the multiplet of
the supercurrent on the field theory side. Moreover the massless spectrum differs from the
massive modes by quantities of the order 1/R2

3. So the massive modes decouple taking
R3 large that is equivalent to the low-energy limit.

The validity of the correspondence can be further checked by using (2.58) and im-
posing suitable boundary conditions on five-dimensional fields. Thus one can derive the
correlation functions of N = 4 SYM by the functional derivation of the euclidean parti-
tion function of the five-dimensional supergravity evaluated on AdS5 with respect to the
boundary values of the classical fields associated to a given operator in the SCFT4.

The other example takes in consideration a set of N coincident M2 branes probing
the singular manifold C4/Zk [60]. In (2.22) we wrote the supergravity solution for a
single54 M2 brane on a flat background. When the background is given by C4/Zk, the
near-horizon geometry (2.33) is slightly modified in the quotient geometry AdS4×S7/Zk.
The internal seven-dimensional background is naturally described as an S1-fibration over
CP3 that partially breaks the isometry group SO(8) to SU(4)×U(1). Globally, the effect
of the action of Zk is to reduce the volume of the S7 by a factor of k in order to produce
a well-defined flux for the 4-form field strength. Let’s write the metric of S7/Zk as

ds2
S7/Zk = 1

k2 (dφ+ kω)2 + ds2
CP3 , (2.64)

where ω is the U(1) connection associated to the fibration and φ ∼ φ+ 2π. Using (2.64),
one can derive the flux of the 4-form field strength obtaining a quantized value N on the
quotient such that N ′ = kN where N ′ is the quantized flux calculated on the S7.

Moreover, the manifold C4/Zk preserves only 3/16 of the total 32 supercharges55 and,
when the near-horizon limit is considered, there is an enhancement to 12 supercharges
preserved.

51Between these, 16 are coming from the super-Poincaré algebra and 16 from the conformal super-
charges.

52These limit can be expressed also as R3 →∞.
53The values of N are such that N � x, so that x can be considered fixed respect to N as prescribed

by (2.54).
54As we said in section 2.3.3, the M2 solution is simply generalized to a system of N M2 by multiplying

the radius R2 by N .
55Adding the branes doesn’t break further supersymmetry.
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As we said in section 2.4.2, the theory living on the worldvolume of N coincident M2
branes on C4/Zk is ABJM. This is a N = 6 three-dimensional Chern-Simons theory
with couplings to matter multiplets. R-symmetry group is (SU(4)×U(1))R that matches
with the isometry group of S7/Zk, while the conformal group SO(3, 2) corresponds to the
isometry group of AdS4.

The peculiarity of this realization of the AdS/CFT correspondence is the existence of
two different regimes, corresponding respectively to the M-theory and type IIA energy
regimes of the background.

We recall that the gauge coupling of ABJM is given by the inverse of the Chern-
Simons level k, i.e. g2

YM = 1/k, and the large N limit is well-defined when ABJM is
strongly-coupled, namely k →∞ and N � k. Let’s consider the limit of (2.64) in which
the radius φ of the circle is large, i.e. N ′ = kN � 1. This radius has the same expression
given in (2.26) divided by a factor k. Looking only at the N and k dependences, we have

R2
k lP

∼ N1/6k1/6

k
, . (2.65)

Then, when k is large and N � k, we have two regimes. The first one, corresponding to
k5 � N , implies a large value of the radius R2/k and it is associated to the M-theory
regime where the system of branes is well-described by a solution of eleven-dimensional
supergravity. The regime k5 � N , implies that the radius of the circle R2/k becomes
small and an effective description in type IIA supergravity arises. This description is
given by a background of the type AdS4 × CP3, the dilaton, a 2-form flux wrapping a
2-cycle CP3 and a 4-form flux on AdS4.

From the type IIA dilaton one obtains the relation between gs and the t’Hoof coupling
x of ABJM, while, from the reduction on a circle of AdS4×S7/Zk, one derives the radius
RIIA of the ten-dimensional background. It can be shown that the following dependences
hold

gs ∼
x5/4

N
and R2

IIA

α′
∼
√
x . (2.66)

These expressions describe the same relation between the curvature of the background and
the ’t Hooft coupling of the other example presented in (2.63). Also the string coupling
constant gs goes like 1/N as in (2.63). The relations (2.66) imply that the low-energy
limit gs → 0 and α′ → 0 is equivalent to the large N limit for ABJM that is well-defined
for k and N large with k � N and N/k kept fixed. In particular, the strong-coupling
regime of ABJM given by x large, is dual to the weakly-coupled description in type IIA
supergravity when k5 � N thus x5/2/N2.

The four-dimensional gravity theory with AdS4 background is obtained by KK reduc-
tion as in the previous case [74, 75]. The main difference here is that only the Zk-invariant
states will survive in the dimensional reduction on S7. This means that the KK fields will
organize themselves in representations of SU(4)×U(1) that match with the spectrum of
the short multiplets of ABJM.

Many other realizations have been constructed (see for example [71, 76, 77]) and one
of the most interesting examples is the holographic duality between an AdS7 vacuum
in massive type IIA and the N = (1, 0) SCFT in six dimension [77]. This particular
realization will be considered later in this thesis.

2.4.5 The RG Flow Across Dimensions

In the most general scenario a consistent truncation to a (d+ 1)-dimensional gauged
supergravity exists. In this case only the zero-modes of the KK expansion determine
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the dynamics of the closed string and the whole brane solution is captured by a lower-
dimensional solution of a (d+ 1)-dimensional gauged supergravity with AdSd+1 emerging
for example in its asymptotic limit.

As explained in section 2.4.3, the AdS/CFT correspondence works only when the
supergravity solution associated to the bound state describes in the near-horizon a closed
string vacuum of the type AdSd+1 × ΩD−d−1 with D = 10, 11. However, if the AdSd+1
background is a critical point for a given (d+1)-dimensional gauged supergravity obtained
with a consistent truncation around the closed string vacuum, it is possible to consider
a more general picture in which the brane solution is completely captured by the gauged
supergravity and the background AdSd+1 describes a particular regime of the (d + 1)-
dimensional solution.

Let’s recall the situation discussed in section 2.3.4 in which the worldvolume of a
bound state wraps an holomorphic non-trivial cycle. In these cases the (d+1)-dimensional
solution interpolates between the AdSd+1 vacuum, describing the asymptotics, and a less
symmetric solution AdSp+2 × Σd−p−2, where Σd−p−2 is the (d − p − 2)-cycle describing
the wrapping and the transverse geometry of a (d + 1)-dimensional event-horizon. The
uplift of the AdSd+1 background describes the near-horizon configuration of the brane
solution, while the uplift of the less symmetric AdSp+1×Σd−p solution is associated to a
new warped vacuum describing the wrapped geometry of the worldvolume.

For example we can consider a black hole [78] in N = 2, d = 4 U(1)-gauged super-
gravity described by an AdS4 asymptotic and an AdS2 × S2 horizon or a black string
[79] in N = 2, d = 5 U(1)-gauged supergravity with a near-horizon given by AdS3 ×H2

and AdS5 asymptotics. If one considers the uplifts of the above solutions, they can be
respectively described by M2 and D3 branes with the worldvolume wrapping S2 and H2

cycles. Their asymptotics are uplifted to the AdS4 × S7 and AdS5 × S5 vacua, while the
near-horizons limits are described in higher-dimensional supergravities by the geometries
AdS2 × S2 ×w S7 and AdS3 ×H2 ×w S5.

Both these configurations are examples of flows of the type introduced in (2.35). It is
now interesting to wonder which is the dual description in terms of boundary SCFTs. If
both the asymptotics and the near-horizon have an uplift to closed string vacua describing
some particular limiting regimes of the corresponding branes’ constructions then, for the
discussion of section 2.4.3, it follows the existence of two superconformal field theories,
namely SCFTd and SCFTp+1, dual to the backgrounds AdSd+1 and AdSp+2.

The flow of the (d+1)-dimensional solution is no longer AdSd+1 when going outside to
the asymptotic (or equivalently from the near-horizon). This implies that the conformal
symmetry of the dual quantum theories is spoiled and the values taken by the classical
fields outside to the AdSd+1 are associated to deformations of the SCFTd breaking the
conformal invariance. These new terms induce a running of the couplings of the SCFTd,
that in turn is associated to an RG flow admitting the SCFTd as fixed point. Further-
more, this fixed point describes the UV regime because the asymptotics regime of the
supergravity flow corresponds to the high energy scales for the worldvolume theory (see
the discussion at the beginning of section 2.4.2).

From a general point of view, this RG flow could not have an other fixed point in the
IR or, in other cases, it could have a IR fixed point breaking all supersymmetries. Since
in a renormalization group flow also the dimension of the theory can take corrections, the
most interesting case is that of the supergravity flows (2.35) dual to an RG flow across
dimensions [79] interpolating between two fixed points given by the superconformal field
theories SCFTd and SCFTp+1. These correspond respectively to the UV and IR regime
of the supergravity flow and in this case we will write SCFTd −→ SCFTp+1 in analogy
with (2.35).
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The mechanism inducing RG flow across dimensions between two SCFTs is clearly
related to the wapping of the worldvolume of the bound state of branes [79]. If we look
at this wrapping as the result of some brane intersection characterizing the bound state,
whose effect is to curve the worldvolume, we can interpret the new vacuum associated to
the wrapping as the result of a dynamical process of intersecting branes that, in a suitable
regime, describes the fluctuations around a new closed string vacuum. This phenomenon
triggers the RG flow across dimensions, since the wrapped geometry of the worldvolume
implies a spontaneous dimensional reduction56 of the SCFTd on the wrapped coordinates
as we go away from the asymptotics and this dimensional reduction is associated to the
RG flow of the couplings of SCFTd. The IR fixed point is associated to the limit in which
the fluctuations of the branes along the wrapping manifold goes to zero and thus the IR
limit is captured by a lower-dimensional SCFTp+1.

Let’s consider for example the five-dimensional black string introduced above. The
worldvolume of the D3 branes on a flat background is associated in the near-horizon limit
to an AdS5 vacuum. This is described by a dual field theory given by N = 4 SYM in
four dimensions defined on the Minkowski space R1,3. The RG flow across dimensions
is induced by the wrapping of the worldvolume on H2 implying that N = 4 SYM is
now defined on the curved background R1,1×H2. The flow of the black string solution is
associated in the infrared by an AdS3×H2 and its dual field theory is the two-dimensional
N = (4, 4) SCFT2. Thus in this case we have an RG flows across dimensions of the type
SCFT4 −→ SCFT2 corresponding to a supergravity flow of the type AdS5 −→ AdS3×H2

[79].
An other relevant example is that one of the black hole flow AdS4 −→ AdS2 × S2

introduced above [78]. As we mention in previous section, the AdS4 vacuum associated
to the near-horizon of M2 branes probing the orbifold C4/Zk is dual to ABJM theory.
The black hole solution is thus described in terms of the wrapping of the worldvolume
of the M2 branes on an S2. This wrapping triggers an RG flow across dimensions of the
type SCFT3 −→ SCFT1, where SCFT1 is a superconformal quantum mechanics arising
when ABJM is placed on a background S1 × S2 [80].

As we already mentioned at the end of section 2.3.5, the RG flows across dimensions
are crucial in giving a microscopic interpretation of the observables of lower-dimensional
solutions like black holes and black string. As an example, we mention the study of
the microscopic origin of the Bekenstein-Hawking entropy of a black hole. The entropy
is a particularly useful thermodynamic observable since it is related to the logarithm
of the number of the microstates describing a macroscopic system. Thus the matching
of the Bekenstein-Hawking entropy of a supersymmetric black hole with the number of
microstates associated to the bound state of branes in the microscopic description becomes
a powerful test of string theory.

Finally we mention a complementary description of RG flows across dimensions, that
we will discuss in more detail later in this thesis, that is given by conformal defects [81, 82].
For the moment, given the same configuration of wrapped branes discussed above, we
introduce the conformal defects as a way to interpret the lower-dimensional SCFTp as
a theory living on a hypersurface within the manifold on which the “mother” SCFTd
is defined. The presence of this internal manifold manifests itself through the breaking
of the conformal symmetry of the SCFTd and inducing an RG flow across dimensions.
This conformal symmetry breaking is described by non vanishing values of the 1-point
functions in the higher-dimensional SCFTd and by the non-conservation of the stress-
energy tensor.

56In order to preserve supersymmetry the SCFTd defined on the curved background has to be subjected
to a topological twist [79].



Chapter 3

The N = 2 Supergravities and their Microscopic Origin

As we discussed in chapter 2 there are many ways to compactify higher-dimensional
supergravities depending on the particular internal manifold considered.

In particular in section 2.2.2 we introduced the concept of gauged supergravity as
a supergravity theory with some gauged symmetries. The invariance under these local
symmetries implies the appearance of covariant derivatives and a potential for the scalar
fields. As discussed in section 2.2.1, the scalar potential allows the stabilization of the
scalars and the vacua configurations are given by the critical values of the potential that in
turn fixes the vacuum expectation values of the scalars. Finally we recall that the moduli
stabilization is necessary in order to get a realistic compactification to lower-dimensional
theories.

In this chapter we do a further step in the study of supersymmetric objects in string
theory by considering two particular gauged supergravities in low dimensions:

• Matter-coupled N = 2 abelian gauged supergravity in d = 4 [83].

• Matter-coupled N = 2 abelian gauged supergravity in d = 5 [84].

These theories are particularly interesting for two reasons. The first is related to
their scalar geometries (or moduli spaces). Since the number of supercharges preserved
is relatively “small” there is a huge freedom concerning the explicit realizations of the
scalar geometries. In particular in the “N = 2 theories” the moduli parametrize two
kind of geometries encoding the informations coming to higher dimensions, these are the
Special and Quaternionic geometries respectively defined by the scalar fields of vector-
and hypermultiplets.

The second reason is technical. In these theories some techniques to derive and solve
BPS equations can be formulated in a relatively easy way. An example of this is given by
the Hamilton-Jacobi formulation for black holes and black strings that will be consider
later in this thesis.

The dependence of these theories on the scalar geometries implies that the lagrangians
are not fixed by the field content of the theory but they include non-linear sigma model
terms for the scalars that are determined by the metrics characterizing the target man-
ifolds. Moreover abelian gauge fields are present and their couplings to the scalars are
related to the geometric quantities of the scalar manifolds. In particular, in the four-
dimensional case the relation between the non-linear sigma models and the vectors is
driven by the electromagnetic duality [85].

In the gauged case this picture becomes more complicated since some isometries of
the scalar manifolds are local and the global symmetry is broken.

The crucial consequence of these arguments is that the N = 2 theories produce many
different physical configurations determined by the field content of matter multiplets, by
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the scalar geometry and by the eventual gauging. All these things will fix uniquely a
model describing a particular lower-dimensional physics. As we said in section 2.2.2 the
higher-dimensional interpretation of all these configurations is not automatic and depends
on the existence of a consistent truncation of eleven-dimensional or type II supergravities
on the particular model under consideration.

In this chapter we will firstly introduce these two theories in generality and we will
discuss about their main features, taking in particular account the geometric properties
of their moduli spaces. Then we will study their higher-dimensional origin relating their
main features, like field content, moduli spaces and the gauging to the internal manifolds
defining the consistent truncations of D = 11 and type II supegravities to the N = 2
theories in d = 4, 5.

3.1 The N = 2 Gauged Supergravities in d = 4, 5

As we already said in the introduction of this chapter the peculiarity of N = 2
supergravities in d = 4, 5 consists in the intrinsic richness of their scalar geometries. The
two theories are quite similar both in their field content and in their scalar geometries.

In this section we will present the multiplets’ organization of N = 2 supergravities
in d = 4, 5 in presence of couplings to the matter. We will introduce and classify the
geometries describing their moduli spaces with particular attention on their symmetry
properties. Thus we will present the lagrangians and the equations of motion in the case
of abelian gauging and we will discuss about possible gaugings in relation to the embedding
tensor that is the most powerful tool to study gauged symmetries of the moduli spaces.

3.1.1 Multiplets and Moduli Spaces

When we consider truncations of higher-dimensional supergravities to supergravities
described by non-linear sigma models we should always take in account that the lower-
dimensional result represents a particular realization of a more general lower-dimensional
theory. This theory can be presented per se without any reference to its stringy origin. In
this section we are going to present N = 2 theories in d = 4, 5 in their generality without
specify the number of multiplets and their moduli spaces.

Let’s consider the field content and its organization in multiplets. Recalling the general
classification of the supermultiplets in supergravity theories of section 2.2.2, the coupling
to the matter of the supergravity multiplet in d = 4 is realized by nV vector multiplets
and nH hypermultiplets, as well as in the d = 5 case1 by nV − 1 vector multiplets and
nH hypermultiplets. The field content is organized as follows:

• Supergravity multiplets in d = 4, 5: (eaµ, ψAµ , A0
µ). They contains the graviton, the

gravitinos2 in the doublet representation A = 1, 2 of the R-symmetry, given by
(U(1) × SU(2))R in d = 4 and by SU(2)R in d = 5, and a vector field called
graviphoton.

1We will consider nV − 1 vector multiplets in d = 5 instead of nV to make more explicit the relations
between the two theories. The curved indices µ, ν, · · · of the background and the flat indices a, b, · · · of
the vielbein go from 0 to 3 and 0 to 4 respectively for the cases d = 4, 5.

2They are two Majorana spinors in d = 4 with opposite chirality and 4 real independent components
each. They are indicated as ψAµ and ψµA. Regarding the d = 5 case, Symplectic-Majorana spinors exist
and the degrees of freedom correponding to the s = 3/2 contribution to the supergravity multiplet can be
organized in a SU(2)R doublet ψAµ . In total this doublet enjoys 8 independent real components defining
an irreducible d = 5 Dirac spinor.
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• Vector multiplets in d = 4: (Aiµ, zi, χAi) with i = 1, · · · , nV . Each one is composed
by a vector field, a complex scalar and by two spinors with opposite chirality, the
gauginos.

• Vector multiplets in d = 5: (Aiµ, φi, χA i) with i = 1, · · · , nV − 1. Each one is
composed by a vector field, a real scalar and by two gauginos.

• Hypermultiplets in d = 4, 5: (qu, ζA) with u = 1, · · · , 4nH and A = 1, · · · , 2nH .
Each one contains four real scalar fields, called hyperscalars, and two spinors called
hyperinos.

Considering for simplicity the ungauged case, the scalar geometry is parametrized by the
scalars of the vector multiplets respectively zi and φi for d = 4, 5 and by the hyper-
scalars qu. These defines the scalar sector of the theory through a non-linear sigma model
lagrangian given by

Lscalar = 1
2 gMN (ϕ)∂µϕM∂µϕN , (3.1)

where ϕ is a collective coordinate such that ϕM = (zi, qu) or ϕM = (φi, qu) respectively
for d = 4, 5 and gMN is the metric describing a product manifold Ms given by [86]

Ms = SM⊗HM , (3.2)

where SM and HM are the manifolds parametrized respectively by the scalars belonging
to the vector multiplets and by the hyperscalars. Both on SM and HM some peculiar
geometric structures are defined. The manifold HM parametrized by the hyperscalars qu
is a quaternionic manifold and this particular type of geometry is the same in d = 4, 5.

The situation change when considering vector multiplets. For d = 4 the moduli space
SM, parametrized by the complex scalars zi, is described by a Special Kähler manifold.
In the d = 5 case the manifold SM is defined by the real moduli φi and it is represented
by a Very Special Kähler manifold.

An N = 2 model is a concrete realization of N = 2 supergravities identified by a given
number of vector- and hypermultiplets with their explicit scalar manifolds SM and HM.

Usually the properties of a model3 are studied by considering its symmetries. Given
an ungauged model, we can consider the group of the isometries G0 of Ms. This group
acts on the scalar fields as a global symmetry group leaving invariant (3.1), furthermore,
in N = 2 supergravities, G0 has a non-trivial action also on other fields (namely the
vectors) since, as we will see, the couplings between the moduli and the vectors are G0-
invariants. In general the complete N = 2 action is preserved in absence of gaugings
and G0 corresponds to the global symmetry group of the model. This implies that the
supergravity fields will organize themselves in certain representations of G0.

An important class is given by homogeneous models. If H is the maximal compact
subgroup of G0, a model is called homogeneous if its moduli space can be written as
the coset Ms ' G0/H . In this case the dimension of the moduli space coincides with
the total number of physical scalars. On the converse the models don’t satisfying this
property will be called non-homogeneous.

The continuous global symmetry group G0 is also called U-duality group since it can
be related to the string discrete U-duality4 introduced in section 1.3.1.

3We will see some particular examples later in this thesis.
4We recall that (ungauged) maximal supergravities can be obtained by toroidal reductions of D =

10, 11 supergravities (see section 2.2.1). The global invariance group of their moduli space is directly
related to the U-duality group arising from toroidal reduction. If one consider less-supersymmetric
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3.1.2 Special Kähler Geometry

As we discussed in the previous section, the manifold SM parametrized by the scalars
of the vector multiplets are different in the two cases of four- and five-dimensional su-
pergravities. In d = 4 the complex scalars zi define a special Kähler manifold, while
in d = 5 we have a very special Kähler manifold parametrized by the real moduli φi
[50, 86, 87, 88, 89, 90, 91, 92].

Let’s start by nV complex scalars zi in four dimensions. An nV -dimensional special
Kähler manifold is a Kähler-Hodge manifold, with Kähler metric gī(z, z̄), which is the
base of a Sp(2nV + 2,R)-bundle with the covariantly symplectic sections5

V(z, z̄) =
(

LΛ

MΛ

)
with Λ = 0, · · · , nV + 1 (3.3)

obeying the constraint 〈
V, V̄

〉
≡ L̄ΛMΛ − LΛM̄Λ = −i , (3.4)

where K is the Kähler potential, i.e. gī = ∂i∂̄K. The physical scalars zi are expressed
as follows

zi = Li

L0 with i = 1, · · · , nV . (3.5)

From this structure it follows the existence of a line-bundle associated to the so-called
Kähler transformations acting on the Kähler potential through the holomorphic function
f in the following way

K −→ K + f(z) + f̄(z̄) , (3.6)

and thus preserving the metric. The derivatives ∂iK and ∂ı̄K define the U(1) connection
of the line bundle

Aµ = i

2
(
∂µz̄

ı̄∂ı̄K − ∂µzi∂iK
)

(3.7)

and the correspondent complex covariant derivatives as

DıV ≡ ∂iV + 1
2 (∂iK)V and Dı̄V ≡ ∂ı̄V −

1
2 (∂ı̄K)V = 0 . (3.8)

The relation (3.5) defines a projective structure associated to the symplectic one, in fact
one can introduce a new set of holomorphic sections as follows

v ≡ e−K/2V ≡
(
XΛ

FΛ

)
. (3.9)

If one expresses the constraint (3.4) in terms of the sections v, one obtains

〈v, v̄〉 ≡ X̄ΛFΛ −XΛF̄Λ = −ie−K. (3.10)

supergravity models obtained by truncating the supermultiplets of maximal theories, the global invariance
group of the moduli spaces must have an embedding into the isometry group of the maximal theory. For
example by reducing eleven-dimensional supergravity on a T 7 one obtain N = 8, d = 4 supergravity
described by a moduli space with G0 = E7(7) and E7(7) is the U-duality group arising from the T 7-
truncation. Moreover if one considers the truncation of the N = 8 multiplets to N = 2, one obtains a
class of moduli spacesMs = SM×HM with global symmetry groups that have a non-trivial embedding
in E7(7).

5In this thesis the symplectic sections will be also called symplectic frames.
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An important property is the existence of an appropriate symplectic frame for the
sections V where it is possible to introduce a homogeneous function of second degree
F (X), called prepotential, such that

FΛ = ∂ΛF . (3.11)

This function can be viewed as a section on the line-bundle defined by Kähler transforma-
tions and its existence allows to derive easily all the geometric quantities characterizing
the manifold. For example, the couplings of the vector fields to the scalars are determined
by the (nV + 1)× (nV + 1) period matrix N that is defined by the relations

MΛ = NΛΣ L
Σ , Dı̄M̄Λ = NΛΣDı̄L̄

Σ . (3.12)

If the theory is defined in a frame in which a prepotential exists, N can be obtained from

NΛΣ = F̄ΛΣ + 2i (NΛΓX
Γ)(NΣ∆X

∆)
XΩNΩΨXΨ , (3.13)

where FΛΣ = ∂Λ∂ΣF and NΛΣ = Im(FΛΣ).
The presence of the symplectic structure implies that the group G0 of the global

symmetry group of an N = 2 model in d = 4 introduced in section 3.1.1 must have
an embedding in Sp(2nV + 2,R). As we will see in detail later, this embedding implies
the possibility to recast in a symplectic covariant form the model. This covariant form
basically consists in an organization of the fields in symplectic vectors of the type as, for
example, VM = (LΛ,MΛ). Because of the symplectic embedding, these vectors globally
transform in the fundamental representation of Sp(2nV + 2,R) labelled by an index6

M = 1, · · · , 2nV + 2. In turn the fundamental representation is splitted in a doublet
representation labelled by the upper and lower indices Λ,Σ, · · · = 0, · · · , nV .

As an example of symplectic covariant object we can define the 2(nV + 1)× 2(nV + 1)
matrix

M =
( (

I +RI−1R
)

ΛΣ −
(
RI−1) Σ

Λ
−
(
I−1R

)Λ
Σ

(
I−1)ΛΣ

)
, (3.14)

where we introduced the matrices

IΛΣ = ImNΛΣ , RΛΣ = ReNΛΣ , IΛΣIΣΓ = δΛ
Γ . (3.15)

The symplectic matrix (3.14) respects an important covariant relation linking the sections
to their derivatives,

1
2(M− iΩ) = ΩV̄VΩ + ΩDiVgīD̄V̄Ω , (3.16)

where
Ω =

(
0 −InV +1

InV +1 0

)
(3.17)

is the standard symplectic matrix realizing the scalar product (3.4).
We can now consider some explicit realizations of Special Kähaler manifolds with an

interesting physical interpretation. In particular we consider the class of models defined
by a cubic prepotential of the form

F (X) = Cijk
XiXjXk

X0 , (3.18)

6We will usually omit the fundamental index M in the symplectic covariant quantities.
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where Cijk is a completely symmetric real tensor indentifying a specific realization of the
special geometry. As we will see these models emerge naturally from truncations of type
II superstrings and M-theory [93].

A famous example in this class is the so-called STU model. Given nV = 3 vector
multiplets defined by the three scalars zi = (z1, z2, z3), we consider the prepotential (3.18)
with a single non-vanishing component C123 = 1

6 . In this case the scalars parametrize
the homogeneous7 special Kähler manifold

SMSTU =
(

SU(1, 1)
U(1)

)3
. (3.19)

Choosing X0 = 1, the symplectic sections of the STU model are defined by the Kähler
potential K = − log[−i(z1 − z̄1)(z2 − z̄2)(z3 − z̄3)] and have the form

V = eK/2(1, z1, z2, z3,−z1z2z3, z2z3, z1z3, z1z2)t . (3.20)

3.1.3 Very Special Kähler Geometry

Let’s take in exam the five-dimensional case where the nV real scalars φi parametrize
a very special Kähler manifold [50, 87, 88, 89, 90, 91, 92]. These geometries are more
constrained respect to the four-dimensional special Kähler manifolds and this is related
to the request that the KK reduction on a S1 of N = 2 supergravity in d = 5 has
to reproduce the four-dimensional N = 2 models (3.18). In particular it is possible to
formulate a precise mapping called r-map encoding the dictionaries of the two theories
and realizing the circle reduction [88]. The crucial point is that the r-map is defined only
for the d = 4 models described by a prepotential of the type (3.18).

Then the main property of very special Kähler manifolds is that they are identified by
an hypersurface in the global space parametrized by the scalars φi with i = 1, · · · , nV − 1
corresponding to the cubic models in d = 4. The equation describing the locus of this
hypersurface is an algebraic equation for a cubic polynomial that defines uniquely a d = 5
model. If we introduce the new set of “homogeneous” real coordinates8 hI(φi) with
I = 1, · · · , nV , the equation of the hypersurface parametrized by the physical d = 5
scalars is given by

V ≡ 1
6 CIJKh

IhJhK = 1 , (3.21)

where CIJK is a completely symmetric tensor whose components defines a particular
realization of very special Kähler manifold. By applying the r-map, the tensor CIJK
define the d = 4 prepotential (3.18) through the identification of the index I with the
four-dimensional index i. As we will see, it is possible to give a clear higher-dimensional
interpretation to the quantity V, in the context of Calabi-Yau compactifications, as the
volume modulus of the internal manifold and to the components of the tensor CIJK as
the intersection numbers on the space of the deformations of the Calabi-Yau [94].

A (nV − 1)-dimensional very special Kähler manifold parametrized by the moduli
φi is a real manifold defined by a set of continuous function hI(φi) and a completely
antisymmetric tensor CIJK satisfying the relation (3.21), and with a metric Gij given by

Gij = ∂ih
I∂jh

J GIJ |V=1 , (3.22)
7We point out that the prepotential (3.18) includes also non-homogeneous geometries.
8There are not homogeneous functions in the sense given by a projective structure. We call them

homogeneous to underline the analogy with the coordinates XΛ of the four-dimensional case.
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with
GIJ = −1

2
∂

∂hI
∂

∂hJ
logV|V=1 . (3.23)

From the relation (3.23) it follows the possibility to derive from the tensor CIJK all the
geometric quantities describing the manifold. In particular one can recast (3.23) in the
following form

GIJ = 9
2hIhJ −

1
2CIJKh

K . (3.24)

Thus if one introduces the dual coordinates hI as follows

hI = 2
3GIJh

J and ∂ihI = −2
3GIJ , (3.25)

it is possible to derive a set of equivalent relations featuring the very special geometry

Gij∂ihI∂jhJ = GIJ − 2
3h

IhJ , Gij∂ihI∂jhJ = 4
9GIJ −

2
3hIhJ ,

Gij∂ihI∂jhJ = −2
3δ

I
J + 2

3h
IhJ .

(3.26)

In the special case where the tensor Tijk that determines the Riemann tensor of the vector
multiplet scalar manifold SM (see [87] for details) is covariantly constant9, one has also

CIJKCJ′(LM CPQ)K′δ
JJ ′δKK

′
= 4

3δI(LCMPQ) , (3.27)

which is the adjoint identity of the associated Jordan algebra [87]. Using (3.27) and
defining CIJK ≡ δII′δJJ ′δKK′CI′J′K′ , one can show that

GIJ = −6CIJKhK + 2hIhJ . (3.28)

As an explicit realization of these geometries we mention the model identified by a sym-
metric tensor given by C123 = 1 that is the image under r-map of the STU model
introduced in (3.19). This scalar manifold is parametrized by two real scalars φ1 and φ2
such that

h1 = e
− φ1√

6
− φ2√

2 , h2 = e
− φ1√

6
+ φ2√

2 h3 = e
2 φ2√

2 . (3.29)
with a metric given by Gij = 1

2 δij .

3.1.4 Quaternionic Geometry

In this section we summarize the properties of the moduli space HM parametrized
by 4nH real hyperscalars qu with u = 1, · · · , 4nH . As we said the geometry of the
scalar manifold of this sector remains the same when considering the four- and the five-
dimensional cases and it is described by quaternionic manifolds [50, 86, 95, 96, 97] .

The name of these geometries belongs to their holonomy group given by Usp(2nH)×
SU(2). Since Usp(2nH) ' U(nH ,H) where H is the field of quaternions, each quadruple
of hyperscalars qu can be regarded as a quaternion.

A quaternionic Kähler manifold with metric huv(q) is a 4n-dimensional Riemannian
manifold admitting a locally defined triplet ~K v

u of almost complex structures satisfying
the quaternion relation

hstKx
usK

y
tw = −δxyhuw + εxyzKz

uw , (3.30)
9This condition implies that SM is a locally symmetric space.
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and whose Levi-Civita connection preserves ~K up to a rotation,

∇w ~K v
u + ~ωw × ~K v

u = 0 , (3.31)

where ~ω = ~ωu(q) dqu is the connection of a SU(2) bundle for which the quaternionic mani-
fold is the base and x = 1, 2, 3 the index labelling its vector representation. An important
property is that the SU(2) curvature Ωx is proportional to the complex structures,

Ωx = dωx + 1
2ε

xyzωy ∧ ωz = −Kx . (3.32)

Moreover it turns out that quaternionic manifolds are Einstein manifolds, i.e.

Ruv = 1
4nH

R , (3.33)

where Ruv is the curvature associate to the affine connections of the manifolds.
Finally we mention an important explicit realization of quaternionic geometry given

by the so-called universal hypermultiplet [93]. This is given by a single quadruple of real
hyperscalars qu = (φ, ξ0, ξ̃0, a) parametrizing the following manifold

HMUHM = SU(2, 1)
SU(2)×U(1) . (3.34)

The metric of this manifold is given by

huvdqudqv = dφ2 + 1
4e

4φ
(
da− 1

2 〈ξ|dξ〉
)2

+ 1
4e

2φ[(dξ0)2 + (dξ̃0)2] , (3.35)

where 〈ξ|dξ〉 = ξ̃0dξ
0 − ξ0dξ̃0. By using the defining relation (3.30) one can derive the

almost complex structures Kx and thus the corresponding SU(2) connection ωx by using
(3.32). In particular one obtains the components

ω1 = eφdξ̃0 , ω2 = eφdξ0 , ω3 = e2φ

2

(
da− 1

2 〈ξ|dξ〉
)
, (3.36)

defining the SU(2) connection ωx for the universal hypermultiplet.

3.1.5 Gauging and Embedding Tensor

As we discussed in sections 2.2.1 and 2.2.2 the realistic compactifications are char-
acterized by the stabilization of the moduli by a suitable scalar potential whose critical
points are associated to the vacua. From the point of view of supergravity theories the
procedure including the scalar potential is called gauging.

Let’s consider a particular model10 in N = 2 ungauged supergravity in d = 4, 5
characterized by a moduli space (3.2) enjoying a group G0 of isometries. The associated
algebra g0 will be spanned by the set of generators {ta} with a = 1, · · · ,dim(g0) such
that [ta, tb] = f c

ab tc with structure constants f c
ab .

10Since the N = 2 theories in d = 4, 5 considered preserve the same amount of SUSY given by
a quarter of the supercharges of the correspondent maximal theories, the arguments included in this
section are analogue for both cases. For this reason we will index the quantities transforming under
gauge transformations using the four-dimensional index Λ. The d = 5 case will be obtained simply by
substituting the index Λ with the d = 5 index I. Moreover when some differences will arise, we will
discuss the cases separately.
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A gauging of an N = 2 model is a deformation of the model performed by promoting
a subalgebra g ⊂ g0 to a gauge algebra.

In this context a crucial tool is the so-called embedding tensor11. If we introduce the
generators kΛ of the gauged isometries or Killing vectors, the embedding tensor is a map
Θa

Λ realizes the embedding of the local subalgebra g in the global one g0 in the following
way,

kΛ = Θa
Λta . (3.37)

We point out that not all the vector fields are involved in the gauging and the effect of the
embedding tensor is to project out these fields. The remaining vectors are the gauge fields
for the local isometries of G and organize themselves in a representation (not necessary
irreducible) of the gauge group as AΛ

µ described by the index12 Λ = 0, · · · , nV . Moreover
they continue to transform linearly under global transformations (ta) Γ

Σ .
As in any gauge theory, the ordinary derivatives must be substituted by the covariant

ones. These are defined as follows

∂̂µ = ∂µ −AΛ
µ Θa

Λ ta = ∂µ −AΛ
µ kΛ , (3.38)

implying that some of the gauge fields will become massive. Furthermore, in order to
preserve the gauge symmetry, a scalar potential arises.

Finally we mention the constraints that have to be satisfied by the embedding tensor
in order to produce a consistent gauging. The gauge invariance of the embedding tensor
implies two quadratic constraints,

ΘΛ [a Θ b]
Λ = 0 ,

f c
ab Θa

ΛΘb
Σ + (ta) Γ

Σ Θa
ΛΘc

Γ = 0 ,
(3.39)

The second constraint of (3.39) is needed for the closure of the gauge algebra, i.e.
[kΛ, kΣ] = −X Γ

ΛΣ kΓ with X Γ
ΛΣ = Θa

Λ(ta) Γ
Σ . Furthermore a set of linear constraint

have to be imposed in order to keep the action supersymmetric.
In this thesis we will consider only abelian gaugings on the scalar manifold (3.2). This

implies that the subalgebra of local isometries of G0 is such that [kΛ, kΣ] = 0.
Since the scalar manifold in N = 2 supergravity is the product manifold (3.2), it

follows that the group of local abelian isometries G of Ms must have an independent
action respectively on the special geometry SM and on the quaternionic sector HM.
Hence, for N = 2 gauged supergravity in d = 4, 5, the embedding tensor is splitted as
Θa = (Θa

SM,Θa
HM). The means that the Killing vectors on the scalar manifold will

respect the same splitting and we can study the local symmetries associated to a given
gauge group G on Ms separately.

Let’s consider firstly local symmetries on special geometries. On the special Kähler
manifold they are generated by a set of holomorphic Killling vectors kiΛ(z) associated to
the gauge fields AΛ

µ . These gauged symmetries must have an embedding in Sp(2nV +2,R)
in order to preserve the symplectic structure of the manifold. By applying the r-map to
the geometries (3.18), one can pass to the five-dimensional very special Kähler manifolds
whose local isometries are described by real Killing vectors kiI(φ) whose properties are
inherited from the symmetry features of the correspondent d = 4 cubic model, taking in
account that the symplectic structure is completely spoiled under the r-map.

11This has been developed in maximal supergravities [98, 99, 100] and secondly in less supersymmetric
theories (for a review in half-maximal theories see [101]). In this section we mainly follow [102].

12We excluded from the counting of multiplets those whose vector fields have been projected away.
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We won’t rest in the analysis of properties of these local symmetries since in the
abelian case their are trivial. The reason is that the scalars zi and φi belongs to the
vector multiplets including also the gauge fields. This implies that they transform under
gauge transformations in the adjoint representation of G that in the abelian case is trivial.
In fact if we express the d = 4, 5 Kähler moduli spaces respectively in the coordinates LΛ

and hI , one can write the infinitesimal action of the local isometries in special and very
special Kähler manifolds as

δLΛ = LΓX Λ
ΣΓ and δhI = LK X I

JK , (3.40)

where X Λ
ΣΓ represent in the first relation the structure constants of the gauge algebra in

d = 4 and in second those ones on d = 5.
On the contrary local abelian isometries on quaternionic manifolds are not trivialized.

A Killing vector on a quaternionic manifold13 kuΛ(q) must be triholomorphic in the sense
that it must preserve the quaternionic structure, i.e. it must commute with the hyper-
complex stuctures Kx defined by the relations (3.30) and (3.31).

The requirement that the quaternionic Kähler structure must be preserved implies the
existence, for each Killing vector, of a triplet of Killing potentials, or moment maps P xΛ ,
such that

DuP xΛ = ∂uP
x
Λ + εxyzωyuP

z
Λ = −2ΩxuvkvΛ . (3.41)

The set of moment maps can be used to define a gauging on the quaternionic manifold
at the same footing of the Killing vectors. One of the most important relations satisfied
by the moment maps is the so-called equivariance relation that, for abelian gaugings, has
the form

1
2ε
xyzP xΛP

y
Σ − ΩxuvkuΛkvΣ = 0 . (3.42)

Finally we conclude this section by considering the unique realization of abelian gaug-
ing in absence of hypermultiplets, i.e. nH = 0. A property of the moments maps P xΛ is
to be defined up to an additive real constant. This shift corresponds to a further U(1)
symmetry belonging to the R-symmetry group. The gauging of this abelian14 group is
not trivial in the sense that it produce a scalar potential both in four- and five-dimensions
and it is called Fayet-Iliopoulos (FI) gauging.

More precisely, in d = 4 the FI gauging involves a U(1) subgroup of the SU(2)R
component of the R-symmetry that, we recall, is given by (U(1)×SU(2))R. The moment
maps associated to the gauging are constant of the form

P xΛ = gΛ e
x (3.43)

where the gΛ are called FI parameters and define the particular realization of the FI
gauging while ex is an arbitrary constant SU(2) vector. In d = 5 there is no possibility of
confusion since the R-symmetry group is SU(2)R. The moment maps corresponding to
an abelian FI gauging are given by

P xI = VI e
x (3.44)

where the VI are the FI parameters realizing the gauging in five-dimensions.
13Quaternionic geometries maintain the same structure in d = 4, 5, thus as in other part of this section

we will use the four-dimensional index Λ. The five-dimensional analysis will be gained using the d = 5
index I instead of Λ.

14We mention that there exists also an SU(2) Fayet-Iliopoulos gauging corresponding to the gauging
of the entire SU(2)R.
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3.1.6 Electromagnetic Duality and Symplectic Covariance

The gauging of global symmetries in four-dimensional N = 2 supergravity exhibits
some peculiarities that are in relation to the d = 4 electromagnetic duality for vector fields.
As we briefly observed in section 3.1.2, from the presence of the symplectic structure on
special Kähler manifolds, it follows that the global symmetry group G0 must have an
embedding as

G0 ⊂ Sp(2nV + 2) . (3.45)
In other words it is always possible to find a certain representation (not necessarily irre-
ducible) of the global symmetry group G0 coinciding with the fundamental representation
of Sp(2nV + 2,R).

Let’s introduce an infinitesimal15 global symplectic transformation as a 2(nV + 1) ×
2(nV + 1) matrix of the type

T MN =
(
bΛΣ cΛΣ

dΛΣ −(bt) Σ
Λ

)M
N

∈ sp(2nV + 2,R) , (3.46)

with cΛΣ = cΣΛ and dΛΣ = dΣΛ. The indicesM,N, · · · = 0, · · · , 2(nV +1) are associated to
the fundamental representation of Sp(2nV +2,R) while the indices Λ,Σ, · · · = 0, · · ·nV +1
define the splitting in symplectic doublets as in (3.3).

In the N = 2 vector multiplets are included also vector fields Aiµ and, considering also
the graviphoton, they can be organized as AΛ

µ = (A0
µ, A

i
µ) with field-strength FΛ

µν . The
Maxwell fields in d = 4 enjoy16 the electromagnetic duality [85] that is exactly realized by
the symplectic group. It follows that the symplectic structure of special Kähler manifold
in N = 2 supergravity realizes also the electromagnetic17 duality and viceversa.

To make this argument more explicit, we consider the ungauged lagrangian sector
describing the whole contribution of vectors to N = 2 ungauged supergravity in d = 4,

√
−g−1

Lvector = 1
4 ImNΛΣF

ΛµνFΣ
µν + 1

4 ReNΛΣF
Λµν ?FΣ

µν , (3.47)

where the couplings between vector fields and scalars zi are manifestly realized through
the period matrix NΛΣ introduced in (3.12). The Maxwell equations and the Bianchi
identities following from (3.47) are given by

∂µ
(√
−g ?4 G

µν
Λ
)

= 0 and ∂µ
(√
−g ?4 F

Λµν) = 0 . (3.48)

These equations are covariant under global symplectic transformations once the symplec-
tic vector

Fµν =
(

FΛ
µν

GΛµν

)
with GΛ = − 2√

−g
?4

δL

δFΛ , (3.49)

has been defined. The equations (3.48) are over-determined since the physical degrees
of freedoms of AΛ

µ come from Maxwell equations while Bianchi identities furnish a set of
15An infinitesimal transformation is defined as a matrix T such that S = I + T ∈ Sp(2nV + 2,R). If

S =
(

U Z
W V

)
, it follows that the relations U ' I − bt, V ' I + b, W ' −c and Z ' −d define the

matrix T .
16In the five-dimensional case, the electromagnetic duality takes the form of a duality between vectors

and 2-forms [103].
17For an extensive analysis on the electromagnetic duality in N = 2 supergravity in d = 4 we refer to

[50].
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consistency conditions realizing the electromagnetic duality. This abundance of degrees
of freedoms is manifest also at the level of special geometries. In fact, in order to make
explicit the symplectic structure in section 3.1.2, we introduced the homogeneous coordi-
nates LΛ defining the doublet representation (3.3) of V that have 2(nV + 2) components.
The scalar physical degrees of freedom are given only by the nV scalars zi defined as
(3.5).

From this argument it follows that it is always possible to find a representation for a
global symplectic transformation S, given in (3.46) in its infinitesimal form, characterized
by a smaller number of independent parameters. There are two possibilities: T takes
a completely lower-triangular form and thus cΛΣ = 0 or, viceversa, it has an upper-
triangular form with dΛΣ = 0. In the first case S is called electric transformation and
its action on a symplectic vector does not mix the upper part with the lower one. The
symplectic sections V transforming under electric transformations constitute the electric
frames. In the opposite case of upper-triangular transformations S, the action on a
symplectic vector does not mix the lower part. These are called magnetic transformations
and the correspondent symplectic sections form the magnetic frames.

Let’s consider the gaugings. First of all we point out that the vector fields AΛ
µ are

objects transforming under lower-triangular symplectic transformations (they carry an
upper Λ index) and this implies that the gauging described by the d = 4 gauge fields
AΛ
µ introduced in section 3.1.5 are necessarily associated to lower-triangular local trans-

formations. A gauging of this type is called purely electric gauging and produces the
breaking of the symplectic invariance, since the covariant derivatives and the potential
will be expressed in a preferred symplectic frame. This global symmetry breaking ap-
pears dynamically through new couplings between scalars and giving mass to some gauge
fields. This means that the Maxwell equations are non-longer homogeneous and thus the
duality symmetry with Bianchi identities is broken. Moreover, since the global symplectic
structure is broken, all the gauge degrees of freedom involved are physical and they are
determined by the couplings between gauge fields and scalars.

The breaking of the global symplectic invariance due to a purely electric gaugings
is related to the particular choice of local lower-triangular transformations, thus to an
electric formulation of the symplectic frames. It follows that, by considering different
symplectic frames, one can obtain gaugings of more general symplectic transformations
provided that one includes some auxiliary degrees of freedom. Let’s introduce a set of
magnetic gauge fields AµΛ and define a symplectic vector

Aµ =
(

AΛ
µ

AΛµ

)
, (3.50)

where the AΛµ fields are interpreted as the gauge fields associated to the dual field-
strengths GΛµν . The symplectic vector (3.50) is physically over-determined but the
symplectic embedding ensures the possibility to kill the lower component by a suitable
lower-triangular global symplectic transformation. It can be shown that the N = 2 theory
formulated in terms of (3.50) is manifestly covariant under global symplectic transforma-
tions and its action is dependent on auxiliary fields [102]. As we will see, its formulation
has various complications respect to the purely electric case, but it is covariant under
global symplectic transformations. Anyway we point out that this is a reformulation
without any new physical degree of freedom and this can be verified directly since the
consistency of the gauging implies that it is always possible to “rotate” the theory in a
purely electric frame.

The nice consequence following from this covariant formulation is the possibility to
consider more general gaugings respect to the purely electric one. In particular if we
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choose a specular frame such that all the gauged isometries are upper-triangular thus all
the gauge degrees of freedom will be included in AΛµ and we will have a purely magnetic
gauging. The most general framework is that one with both electric and magnetic gauged
isometries. This particular type of gauging is called dyonic gauging.

This analysis of generic gaugings in N = 2 four-dimensional supergravity in relation to
the electromagnetic duality is automatically encoded by the properties of the embedding
tensor [102]. In particular the quadratic constraints (3.39) guarantees the possibility to
recast the theory in a completely electric frame by a suitable global symplectic transfor-
mation.

If we consider a dyonic gauging, the symplectic structure is respected by the embedding
tensor. In fact it will transform in general in the fundamental representation of the
symplectic group labelled by M = 0, · · · , 2(nV + 2) and, then, it will be splitted in a
doublet as Θa

M = (ΘΛ a,Θa
Λ)t. It follows that a purely magnetic gauging is realized by

the particular case Θa
M = (ΘΛ a, 0)t and the purely electric one, introduced in section

3.1.5, by a zero in the upper component. Hence, if we consider abelian gaugings, the local
isometries on the special Kähler manifold remain trivial while, for quaternionic gauged
symmetries, we can introduce magnetic Killing vectors kΛu and magnetic moment maps
P xΛ that are both associated to magnetic gauged isometries. These quantities obey the
same relations of quaternionic isometries presented in section 3.1.5 and, together with
electric Killing vectors and moment maps, are organized in simplectic vectors of the form

Ku =
(
kΛu

kuΛ

)
, and Px =

(
P xΛ

P xΛ

)
. (3.51)

As was shown in [104], the quadratic constraint for the embedding tensor introduced in
(3.39) can be rewritten as

〈Ku,Px〉 = 0 . (3.52)

This relation implies the possibility to rotate any gauging to a frame with purely electric
components.

Also the FI abelian gauging introduced at the end of section 3.1.5 can be magnetic or
dyonic. In particular if one consider a symplectic covariant moment map given by

Px = G ex with G =
(
gΛ

gΛ

)
, (3.53)

the parameters gΛ are associated to the FI magnetic gauging.

3.1.7 The d = 4 Lagrangians and the Equations of Motion

In this section we are going to present the bosonic lagrangians and the equations of
motion for N = 2 abelian gauged supergravites in d = 4 with general couplings to vector-
and hypermultiplets. Moreover we will refer to the discussion of section 3.1.6 and we will
present a covariant formulation of the theory including gauged magnetic symmetries.

Let’s start by N = 2 gauged supergravity in d = 4 coupled to nV vector multi-
plets and nH hypermultiplets characterized by an abelian purely electric gauging on the
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quaternionic moduli space. In this case the bosonic Lagrangian [86] reads18

√
−g−1

L = R

2 − gī ∂µz
i∂µz̄̄ − huv∂̂µqu∂̂µqv

+ 1
4IΛΣF

ΛµνFΣ
µν + 1

4RΛΣF
Λµν ?4F

Σ
µν − Vg(z, z̄, q) ,

(3.54)

where the scalar potential has the form

Vg = 4huvkuΛkvΣLΛL̄Σ + (gīDiL
ΛD̄L̄

Σ − 3LΛL̄Σ)P xΛP xΣ , (3.55)

and the covariant derivatives acting on the hyperscalars are

∂̂µq
u = ∂µq

u +AΛ
µk

u
Λ . (3.56)

Furthermore19 we note that the scalar potential (3.55) can be written in terms of a
SU(2) triplet Wx of complex functions given by

Wx = LΛP xΛ . (3.57)

In particular, using the quaternionic relations (3.30), (3.32), (3.41), the scalar potential
(3.55) can be rewritten in the form [105]

Vg = G̃ABDAWxDBW̄x − 3|Wx|2 , (3.58)

where we introduced

G̃AB =
(
gī 0
0 1

3h
uv

)
, DA =

(
Di

Du

)
. (3.59)

By taking the variation with respect to the bosonic fields gµν , zi, qu and AΛ
µ , one ob-

tains respectively the Einstein20 equations, the equations for the scalars and the Maxwell
equations,

Rµν − 2gī∂µzi∂ν z̄̄ − 2huv∂̂µqu∂̂νqv − IΛΣ(FΛ
µρF

Σ ρ
ν −

1
4gµνF

Λ
σρF

Σσρ)− gµνVg = 0 ,

R− 2huv∂̂µqu∂̂µqv − 2gī∂µzi∂µz̄ − 4Vg = 0 ,

∇µ(gī ∂µz̄̄)− ∂igjk̄∂µzj ∂µz̄k̄ + 1
4∂iIΛΣF

ΛµνFΣ
µν + 1

4∂iIΛΣF
Λµν ?4F

Σ
µν − ∂iVg = 0 ,

2∇µ(huv∂̂µqv)− 2hvw∂ukvΛAΛ
µ ∂̂

µqw − ∂uhvw∂̂µqv∂̂µqw − ∂uVg = 0 ,

∂µ(
√
−gIΛΣF

Σµν + 1
2ε
µνρσRΛΣF

Σ
ρσ) = 2

√
−g huvkuΛ ∂̂νqv .

(3.60)
18We recall the notation introduced in section 3.1.2 given by the two matrices RΛΣ = ReNΛΣ and

IΛΣ = ImNΛΣ.
19The SUSY transformations for fermions can be found for example in [86]. We won’t write them since

they we will not explicitly used in this thesis.
20We splitted the traceless and trace part of Einstein equations. The covariant derivative ∇µ is asso-

ciated to the Levi-Civita connections of the four-dimensional background.
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Let’s include in the formulation also magnetic gaugings (3.51). In this more general
picture the general action (3.54) is modified in a non-trivial way by some topological
terms [102] in order to reconstruct the symplectic covariance. The consistency of the
theory requires the introduction of the auxiliary 2-forms Ba = 1

2Baµνdxµ ∧ dxν that do
not change the number of degrees of freedom. The action has the form [102, 106]

√
−g−1

L = R

2 − gī ∂µz
i∂µz̄̄ − huv∂̂µqu∂̂µqv + 1

4IΛΣH
ΛµνHΣ

µν+

1
4RΛΣH

Λµν ?4H
Σ
µν −

εµνρσ

4√−gΘaΛBaµν∂ρAΛσ+

1
32√−gΘΛaΘb

Λε
µνρσBaµνBbρσ − Vg ,

(3.61)

where the modified field strength HΛ
µν = FΛ

µν + 1
2ΘΛaBaµν was introduced. The covar-

iant derivatives of the hyperscalars and the scalar potential read respectively [106, 107,
102]

∂̂µq
u = ∂µq

u −AΛ
µΘa

Λk
u
a −AΛµΘΛakua = ∂µq

u − 〈Aµ,Ku〉 , (3.62)

Vg = 4huv〈Ku,V〉〈Kv, V̄〉+ gī〈Px, DiV〉〈Px, D̄̄V̄〉 − 3〈Px,V〉〈Px, V̄〉 . (3.63)

Note that also in the covariant case it is possible to introduce a triplet of functions Wx

such that the potential (3.63) can be rearranged in the form (3.58). This can be obtained
simply by applying a global symplectic rotation on (3.58) and, in this case, the Wx

introduced in (3.57) take the form

Wx = 〈Px,V〉 , (3.64)

where now Px are given by (3.51).
The equations of motion for AΛµ, AΛ

µ and Baµν following from (3.61) are

1
4ε
µνρσ∂µBaνρΘΛa = −2

√
−ghuvΘΛakua ∂̂

σqv ,

GΛµνΘΛa = ΘΛa(FΛµν −
1
2Θb

ΛBbµν) ,

∂µ

(√
−gIΛΣH

Σµν + 1
2ε
µνρσRΛΣH

Σ
ρσ

)
= 2
√
−ghuvΘa

Λk
u
a ∂̂

νqv ,

(3.65)

where GΛµν is defined by (3.49). The equations (3.65) can be rewritten in a completely
symplectically covariant form in terms of the fundamental representation of Sp(2nV +2,R)
labelled by the indices M,N = 0, · · · , 2nV + 2, in the following way

1
2ε
µνρσ∂νG

M
ρσ = ΩMNJµN , ΘaM (H −G)M = 0 , (3.66)

where
HM
µν = FMµν + 1

2ΩMNΘa
NBaµν , GMµν = (HΛ

µν , GΛµν) , (3.67)

and JµM are the currents coming from the coupling to the matter. As we can see also
from the lagrangian (3.61), the modified field strength HΛ substitutes the normal one
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FΛ. This can be observed also by deriving the other equations of motion,

Rµν − 2gī∂µzi∂ν z̄̄ − 2huv∂̂µqu∂̂νqv − IΛΣ(HΛ
µρH

Σ ρ
ν −

1
4gµνH

Λ
σρH

Σσρ)− gµνVg = 0 ,

R− 2huv∂̂µqu∂̂µqv − 2gī∂µzi∂µz̄ − 4Vg = 0 ,

∇µ(gī ∂µz̄̄)− ∂igjk̄∂µzj ∂µz̄k̄ + 1
4∂iIΛΣH

ΛµνHΣ
µν + 1

4∂iIΛΣH
Λµν ?4H

Σ
µν − ∂iVg = 0 ,

2∇µ(huv∂̂µqv)− 2hvw〈∂uKv,Aµ〉 ∂̂µqw − ∂uhvw∂̂µqv∂̂µqw − ∂uVg = 0 ,
(3.68)

where the symplectic vectors Aµ and Ku have been respectively introduced in (3.50) and
in (3.51).

3.1.8 The d = 5 Lagrangian and the r-map

In this section we will present the bosonic lagrangian and the equations of motion for
N = 2 abelian gauged supergravity in d = 5 with couplings to nV − 1 vector multiplets
and nH hypermultiplets. Moreover we will construct explicitly the r-map to the d = 4
theory (3.54).

The bosonic Lagrangian [87, 94, 108] is given by21

√
−g−1

L = 1
2R−

1
2Gij∂µφ

i∂µφj − huv∂̂µqu∂̂µqv −
1
4GIJF

I
µνF

Jµν

+e−1

48 CIJKε
µνρσλF IµνF

J
ρσA

K
λ − g2V5d , (3.69)

with covariant derivatives22

∂̂µq
u = ∂µq

u + 3gAIµkuI (3.70)

and the scalar potential

V5d = P xI P
x
J

(
9
2G

ij∂ih
I∂jh

J − 6hIhJ
)

+ 9huvkuI kvJhIhJ . (3.71)

From the variations with respect to gµν , φi, qu and AIµ, one finds the following set of
equations of motion,

Rµν − Gij∂µφi∂νφj − 2huv∂̂µqu∂̂νqv −GIJ(F IµσF Jν σ −
1
6gµνF

I
σρF

Jσρ) + 2
3 g2 gµνV5d = 0 ,

R− Gij∂µφi∂µφj − 2huv∂̂µqu∂̂µqv −
1
6GIJF

I
µνF

Jµν + 10
3 g2V5d = 0 ,

21The lagrangian (3.69) has been obtained from the [109] by rescaling aIJ → 2
3GIJ , CIJK → 1

6CIJK ,
kI → 2kI , AI →

√
3
2A

I , g →
√

3
2 g. In this case

√
−g−1 and ∇µ are referred to the five-dimensional

background.
22The gauge coupling g could be absorbed into the Killing vectors kuI as in the four-dimensional case.

We kept it explicit since its presence will be useful when we will consider the r-map to d = 4.
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∇µ(Gij∂µφj)−
1
2∂iGkj∂µφ

k∂µφj − 1
4∂iGIJF

IµνF Jµν − g2∂iV5d = 0 ,

2∇µ(huv∂̂µqv)− 2 g hvw∂skuIAIµ∂̂µqw − ∂uhvw∂̂µqv∂̂µqw − g2∂uV5d = 0 ,

∇µ(GIKF Iµν) + 1
4CIJKF

I
µσF

J
ρλε

µσρλν = 6 g kuKhuv∂̂νqv .

(3.72)

Given the five-dimensionalN = 2 lagrangian (3.69) and the equations of motion (3.72),
we want to construct23 their mapping to the class of N = 2 models in four dimensions
defined by cubic prepotentials (3.18). To this aim we introduce a Kaluza-Klein Ansatz
realizing the dimensional reduction along a compact spatial direction, namely the z-
direction24. The Ansatz is the following

ds2
5 = e

φ√
3 ds2

4 + e
− 2√

3
φ(dz +Kµdxµ)2 , AI = BIdz + CIµdxµ +BIKµdxµ . (3.73)

Defining Kµν = ∂µKν − ∂νKµ and CIµν = ∂µC
I
ν − ∂νCIµ, the five-dimensional Lagrangian

(3.69) reduces to25

√
−g4

−1
L4d = R(4)

2 − 1
8e
−
√

3φKµνKµν −
1
4GIJe

− φ√
3 (CIµν +BIKµν)(CJµν +BJKµν)

− 1
2e

2φ√
3GIJ∂µB

I∂µBJ − 1
2GIJ∂µh

I∂µhJ − 1
4∂µφ∂

µφ− huv∂̂µqu∂̂µqv

− e−1
4
16 εµνρσCIJK

(
CIµνC

J
ρσB

K + 1
3KµνKρσB

IBJBK + CIµνKρσB
JBK

)
− e
√

3φg2BIkuIB
JkvJhuv − g2e

φ√
3V5d .

(3.74)

Now we want to rewrite L4d in the dictionary of N = 2, d = 4 supergravity, by using the
identifications of the ungauged case [111]. The coordinates of the special Kähler manifold,
the Kähler potential, the Kähler metric and electromagnetic field strengths are given in
terms of five-dimensional data respectively by

zI = −BI − ie−
φ√
3hI , eK = 1

8e
√

3φ ,

gIJ̄ = 1
2e

2φ√
3GIJ , FΛ

µν = 1√
2

(Kµν , C
I
µν) ,

(3.75)

where capital greek indices Λ,Σ, . . . range from 0 to nV . If we introduce the matrices

RΛΣ = −
( 1

3B
1
2BJ1

2BI BIJ

)
, IΛΣ = −e−

√
3φ
(

1 + 4g 4gJ̄
4gI 4gIJ̄

)
, (3.76)

where we defined
BIJ =CIJKBK , BI = CIJKB

JBK , B = CIJKB
IBJBK ,

g = gIJ̄B
IBJ , gIJ̄B

J = gI = gĪ = gĪJB
J ,

(3.77)

23We will follow the procedure presented in [110].
24In this KK analysis we will consider the indices µ, ν, . . . as curved indices for the four-dimensional

background.
25We choose εµνρσz5 = −εµνρσ4 .
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the Lagrangian (3.74) can be cast into the form

√
−g4

−1
L4d =R

2 − gIJ̄∂µz
I∂µz̄J̄ − huv∂̂µqu∂̂µqv

+ 1
4IΛΣF

ΛµνFΣ
µν + 1

8e
−1
4 εµνρσRΛΣF

Λ
µνF

Σ
ρσ − V4d ,

(3.78)

with the four-dimensional potential given by

V4d = g2e
φ√
3V5d + e

√
3φ g2huvk

u
I k

v
JB

IBJ . (3.79)

The underlying prepotential of the special Kähler manifold turns out to be

F = 1
6
CIJKX

IXJXK

X0 , (3.80)

chosen the parametrization XI/X0 = zI = −BI − ie−φ/
√

3hI [111].
The four-dimensional scalar potential (3.79) reads

V4d
g = −9e

φ√
3P xI P

x
J

(
hIhJ − 1

2G
IJ

)
+ 9e

φ√
3huvk

u
I k

v
Jh

IhJ + 9e
√

3φhuvk
u
I k

v
JB

IBJ

= 18P xI P xJ

(
1
4e

φ√
3GIJ + 1

2e
√

3φBIBJ − 4e
√

3φ

8 (e−
φ√
3hI)(e−

φ√
3hJ)− 1

2e
√

3φBIBJ

)

+72e
√

3φ

8 huvk
u
I k

v
J(e−

2φ√
3hIhJ +BIBJ) . (3.81)

The first two terms in the second line of (3.81) combine to give − 1
2I

ΛΣ, while the last
two terms yield −4XIX̄J . Finally by fixing g = 1

3
√

2 one obtains

V4d =
[
P xΛP

x
Σ

(
−1

2I
ΛΣ − 4XΛX̄Σ

)
+ 4huvkuΛkvΣXΛX̄Σ

] ∣∣∣
Px0 =0,ku0 =0

=Vg
∣∣∣
Px0 =0,ku0 =0

,

(3.82)

which is precisely a truncated form of the potential of the four-dimensional theory given
in (3.55). The final step is the matching of the covariant derivative of the hyperscalars,

∂̂µq
u = ∂µq

u + 3gCIµkuI = ∂µq
u +AIµk

u
I , (3.83)

whereAIµ are the four-dimensional gauge fields. We conclude that, once the five-dimensional
index I = 1, · · · , nV has been substituted to the four-dimensional one i = 1, · · · , nV , the
lagrangian (3.74) coincides with the lagrangian of N = 2 gauged supergravity in d = 4
with special Kähler moduli space described by the cubic models (3.18) and electric local
isometries on the quaternionic manifold.

3.2 The Higher-Dimensional Origin of the N = 2 Theories

Even if N = 2 gauged supergravities in d = 4, 5 can be formulated independently
from their relations with the microscopic theory, it is clear that their relevance comes
from their higher-dimensional origin.
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In what follows we will consider those N = 2 supergravity models whose fields have an
higher-dimensional interpretation (as for example (3.18) and (3.34)). To this aim we will
study some compactifications of D = 11 and type II supergravities admitting consistent
truncations to N = 2 supergravities. In particular we are interested in those truncations
including maximally symmetric backgrounds like R1,3 and R1,4 or AdS4 and AdS5, whose
uplifts are consistently described by closed string vacua.

The first examples considered historically are based on Calabi-Yau compactifications.
In this approach the scalars of the lower-dimensional supergravity parametrize the defor-
mations of the Calabi-Yau and then the construction of the N = 2 theory mainly involves
the analysis of the geometric properties of the internal manifold. In this context in order
to produce gauged models with AdSd vacua one has to include in the compactification
background fluxes turned on in the internal manifold.

An other possibility is based on the truncations on spheres or more general geometries
like Sasaki-Einstein manifolds. In these cases one obtains directly various examples of
N = 2 gauged models with AdSd vacua.

In this section we will consider firstly the truncations of D = 11 and type II super-
gravities on Calabi-Yau threefolds producing ungauged N = 2 models in d = 4, 5. Thus
we will make some explicit examples of reductions on a Calabi-Yau threefold including
backgroung fluxes and producing a gauging in the lower-dimensional theories. Finally we
will move to some more complicated examples of truncations on Sasaki-Einstein manifolds
leading to models with AdSd vacua.

3.2.1 SU(3)-Structures and N = 2 Moduli Spaces

Historically the first examples of dimensional reductions producingN = 2 supergravity
models in four and five dimensions have been the consistent truncations to the massless
KK modes respectively of type II and eleven-dimensional supergravities on a suitable
Calabi-Yau threefold CY3 without internal background fluxes (see for example [93, 112,
94]). In this case one obtains ungauged N = 2 supergravities with vacua of the type R1,3

and R1,4.
One of the main properties of Calabi-Yau manifolds is the existence of a class of

continuous deformations of the parameters describing their size and their shape that
preserve the global properties of the manifold, i.e. the manifold remains Ricci-flat and the
Hodge numbers26 hp,q are preserved. Furthermore, the parameters of these deformations
are directly related to the G-structure27 associated to the Calabi-Yau and to the SUSY
preserved by the theory reduced on the Calabi-Yau.

The massless scalar fields in the lower-dimensional theories are directly related to
the parameters of these deformations. In particular the total number of the moduli,
the organization in multiplets and the scalar geometries come from the study of the
topological invariants of the Calabi-Yau and from the analysis of the deformations of the
G-structures.

26The Hodge number hp,q of a manifoldM is the dimension of the (p, q) Dolbeault cohomology group
Hp,q(M) of the Calabi-Yau. The Hodge numbers are topological invariants and thus they label the
complex cohomology classes of the manifold.

27Calabi-Yau reductions preserve some supersymmetry. From this it follows that the internal manifold
CYn admits at least a covariantly constant Killing spinor. A way to characterize Calabi-Yau manifolds
is through a set of differential closed forms defined by the non-trivial fermonic bilinears of the Killing
spinors and respecting a set of conditions equivalent to the BPS conditions. More precisely the set of
these forms defines a G-structure composed by the forms on CYn that are stabilized by the subgroup
G = SU(n) of the holonomy group that preserves the Killing vectors.
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Coming back to N = 2 supergravities in d = 4, 5, they both preserve 8 real super-
charges and this means that a covariant Killing spinor is defined on the six-dimensional
manifold CY3. In this particular case on can consider a six-dimensional SU(3)-structure28

defined by a (1,1) closed form J ∈ H1,1(CY3) and a (2,1) closed form ω ∈ H2,1(CY3).
In particular it can be shown that J is related to the Kähler form of the CY3, while the
presence of ω is needed for a vanishing Chern class.

A general deformation of the Calabi-Yau can be written as a transformation29 on its
six-dimensional metric gmn of the following form

gmn → gmn + δgmn with Rmn(g + δg) = 0 , (3.85)

where δgmn represents the metric on the manifold spanned by the parameters of the
deformations, i.e. the metric of the moduli space. All the geometric quantities of the
Calabi-Yau can be expressed in terms of J and ω. From this fact it can be shown that
the metric δgmn splits into two pieces corresponding respectively to the independent
variations of ω and J namely δω and δJ . Thus the geometry of the moduli space Mmod

has a product structure of the type

Mmod =M2,1 ×M1,1 , (3.86)

where M2,1 is called complex-structure moduli space and M1,1 Kähler-structure moduli
space.

The variations of ω are associated to the shape of the Calabi-Yau and parametrize the
manifold M2,1. It turns out that M2,1 is a special Kähler manifold [112] parametrized
by a set of h2,1 complex moduli za with a = 1, · · · , h2,1. The special geometry is firstly
realized by the Kähler potential given by

K2,1(z, z̄) = − log
(
i

∫
ω ∧ ω

)
(3.87)

and defining the metric gab̄ = ∂a∂b̄K
2,1. Secondly by the definition of a Sp(2h2,1 + 2)-

structure through the embedding coordinates ZA(z) defined as

ZA(z) =
∫

ΣA
ω with A = 0, · · · , h2,1 , (3.88)

where ΣA is a non-trivial 3-cycle in M2,1. In this picture the physical moduli describing
the complex deformations of CY3 are given by

za = Za

Z0 . (3.89)

The Sp(2h2,1 +2)-structure implies the existence of a set of dual coordinates GA functions
of the coordinates ZA

GA =
∫

ΓA
ω , (3.90)

28The holonomy group associated to the parallell transports of a six-dimensional spinor is Spin(6) '
SU(4). The presence of 8 preserved supercharges implies that the holonomy group is broken to SU(3).
In particular J and ω are defined by the relations

dJ = 0 , dω = 0 , J ∧ ω = 0 ,
1
6
J3 =

i

8
ω ∧ ω̄ 6= 0 . (3.84)

29For many Calabi-Yau manifolds it is not possible to construct an explicit form of the metric. In this
discussion the metrics gmn and δgmn will be considered “formally”.
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where ΓA together with ΣA form an homology basis of 3-cycles30. Given (αA, βA) ∈
H2,1(M2,1), the cohomology basis of (2,1)-forms dual of (ΣA,ΓA), one has the Sp(2h2,1 +
2)-invariant decomposition of ω one the basis

ω = ZAαA − GAβA . (3.91)

It follows that one can organize the quantities ZA and GA in symplectic sections

V =
(
ZA

GA
)
, (3.92)

obeying the constraint 〈
V |V̄

〉
= Z̄AGA − ZAḠA = −i , (3.93)

where 〈 , 〉 is the inner product defined by the standard symplectic matrix (3.17). The
(2,1)-form ω is defined up to rescaling by an holomorphic function fω(Z) of the coordinates
as ω → efω(Z) ω. These are the Kähler tranformations of the potential K2,1. It follows
that in this frame a prepotential Fω(Z) such that GA = ∂AFω exists. It is important to
note that Fω is protected by corrections in α′.

Keeping ω fixed and varying J one obtains M1,1 parametrized by h1,1 real moduli vi
with i = 1, · · · , h1,1. These variations are relatated to the size of the Calabi-Yau. These
moduli are called Kähler moduli and are related to certain geometric properties of the
Calabi-Yau, in particular to volumes contained in non-trivial cycles, thus this sector of
the moduli space is subjected to the α′-corrections.

Given a basis of harmonic (1,1)-forms Ei ∈ H1,1(M1,1), as in (3.91) it is always
possible to expand J as J = viEi and construct a Kähler metric as

gī = 1
2g(Ei, Ej) = ∂

∂vi
∂

∂vj
K1,1 , (3.94)

where K1,1 is a Käher potential related to the volume modulus31 V of the Calabi-Yau

V ≡ 1
6

∫
J ∧ J ∧ J = 1

8e
−K1,1

. (3.95)

Also in this case it is possible to define an homogeneous function of degree-two with the
role of prepotential. In particular one has

F (X) = 1
6 Cijk

XiXjXk

X0 = 1
6X0

∫
J ∧ J ∧ J , (3.96)

where we introduced a set of projective coordinates XΛ = (X0, Xi) = (X0, X0 zi) where
X0 is an auxiliary coordinate. The (1,1)-form J = B+ iJ is defined as the complexifica-
tion of the Kähler form with the Kalb-Ramond field32 while the scalars

zi = bi + ivi (3.97)
30In the sense that their intersections are given by ΣA ∩ ΓB = δAB and ΣA ∩ ΣB = ΓA ∩ ΓB = 0.
31The volume modulus can be expressed in terms of ω using the SU(3)-structure conditions as V =

3
2 i
∫
ω ∧ ω̄.

32In the case of CY3 reductions from eleven to five dimensions the B-field is not present and thus one
has only the real scalars vi.
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are the components of J expanded on the basis of the (1,1)-forms Ei. The tensor Cijk is
a completely symmetric tensor whose components define the intersection numbers intro-
duced in (3.18) and are given by

Cijk =
∫
Ei ∧ Ej ∧ Ek . (3.98)

It can be shown that the complexified scalars (3.97) parametrize a special Kähler manifold
governed by the prepotential (3.96).

Thus we explained the microscopic origin of the class of the d = 4 special Kähler man-
ifolds with cubic prepotential33 presented in (3.18): given the massless truncation of type
II supergravities on a CY3, (3.18) arise from the moduli space of a Calabi-Yau threefold.
Furthermore we point out that the sector M1,1 and its prepotential are subjected to α′
corrections34.

The Kähler moduli space M1,1 coming from the reduction of D = 11 supergravity
on a CY3 is peculiar35. The absence of the B-field in eleven-dimensional supergravity
implies that the compactification identifies an hypersurface within the Käher structure
moduli space M1,1 where the moduli are constrained. This hypersurface is defined by
the equation

V = 1 , (3.100)
where V is the volume modulus defined in (3.95). Since B = 0 the relation (3.96) turns
out to be expressed only in terms of J and on the real moduli φi. Given the coordinates
hI = (1, φi) on M1,1, where we have chosen h0 = 1, one can recast the equation (3.100)
as a condition on the intersection numbers CIJK and on the hIs given by

1
6 CIJKh

IhJhK = 1 , (3.101)

where we used the relations (3.95) and (3.96).
The result (3.100) matches exactly with the defining condition (3.21) for d = 5

very special Kähler manifolds describing the moduli space of vector multiplets in five-
dimensional N = 2 supergravity. Thus reducing eleven-dimensional supergravity on a
Calabi-Yau threefold and truncating to massless modes, we find that the Kähler-structure
moduli spaceM1,1 defines a very special Kähler manifold in five dimensions governed by
the relation (3.100). Furthermore (3.100) implies that, if only variations of J are con-
sidered, i.e. no hyperscalars running, the volume of the Calabi-Yau is fixed, otherwise
the condition have to be satisfied “dynamically” with the hyperscalars parametrizing the
variations of the volume.

3.2.2 The Calabi-Yau Origin of the N = 2 Multiplets

In this section we give an explanation of the higher-dimensional origin of the N = 2
multiplets in four and five dimensions introduced in section 3.1.1 based on the massless

33Up to a rescaling Cijk → 1
6Cijk.

34This means that (3.96) represents only the leading result respect the perturbative expansion in α′.
In particular since F (X) must be homogeneous of degree two, the perturbative corrections will be given
by

Fpert = iY(X0)2 (3.99)
where the parameter Y is expressed in terms of the Euler characteristic of the manifold Y = ζ(3)

2(2π)3 χ(CY3).
Later in the thesis we will consider the case of a non-perturbative deformation of the prepotential.

35We redefine the coordinates as XΛ = (X0, Xi)→ hI = (h1, hI), the indices Λ = (0, · · · , h1,1 + 1)→
I = (1, · · · , h1,1) and i = (1, · · · , h1,1) → i = (1, · · · , h1,1 − 1) and the scalars vi → φi. With this
redefinition the analysis becomes compatible with section 3.1.3 on very special Kähler manifolds in d = 5.
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truncations on Calabi-Yau threefolds.
Let’s start from type IIA supergravity and an N = 2 vacuum R1,3 ×CY3 where CY3

is a Calabi-Yau threefold preserving 8 real supercharges [112]. We want to present the
result of the KK reduction on the Calabi-Yau and show that, after the truncation to the
massless modes, they are organized in the supermultiplets of N = 2 supergravity in d = 4
given in section 3.1.1.

If one considers the type IIA fields (GMN , BMN ,Φ, C(1)
M , C

(3)
MNP ) defined on a back-

ground of the type M4×CY3, one can require that the components of the IIA fluxes vanish
along the CY3. Then one can split the ten-dimensional spacetime index as M = (µ,m, m̄),
where µ is the index along the four-dimensional spacetime and (m, m̄) are the indices asso-
ciated to the SU(3)-structure. Giving a suitable reduction Ansatz [112] on the metric and
on the gauge potentials and truncating to the massless modes, one obtains the following
four-dimensional massless scalars:

• h2,1 complex scalars36 za coming from the components Gmn along the complex-
structure moduli space M2,1.

• h1,1 real scalars vi corresponding to the components Gmn̄ along the Kähler-structure
moduli space M1,1.

• h1,1 real scalars bi coming from the internal directions of the Kalb-Ramond field
Bmn̄. The scalars can be extracted by expanding B on the basis of the harmonic
(1,1)-forms Ei as B = biEi with i = 1, · · · , h1,1. These fields are called Betti moduli.

• A real scalar φ related to the type IIA dilaton Φ.

• Two sets of h2,1 + 1 real scalars ξA and ξ̃A with A = 0, · · · , h2,1. These come from
the components of the R-R 3-form on the internal manifold C

(3)
mnp̄. The scalars

can be extracted by expanding on the basis (αA, βA) of the harmonic 3-forms as
C(3) = ξAαA − ξ̃AβA.

• A real scalar a coming from the dualization of the four-dimensional directions of
the Kalb-Ramond field B, i.e. ?4 dB = da .

The vector fields come from the mixed components C(3)
µn̄ and can be extracted by ex-

panding on the basis of harmonic (1,1)-forms Ei. In this way one obtains a set of h1,1

four-dimensional vector fields defined by the expansion

C(3) = Aiµdxµ ∧ Ei . (3.102)

Moreover an other vector field, the graviphoton, is produced by the reduction along the
spacetime directions of the R-R 1-form, i.e. C(1)

µ = A0
µ. It remains the four-dimensional

components C(3)
µνρ that are dual to a free parameter e0 in the four-dimensional theory.

If one organizes the scalars vi and bi in h1,1 complex scalars zi as in (3.97), the above
four-dimensional fields form the N = 2 supermultiplets. The supergravity multiplet is
given by the four-dimensional components of the metric gµν and by the graviphoton
A0
µ. Then one has h1,1 abelian vector multiplets, each one of these is composed by a

complex scalar zi and a vector Aiµ. Finally we obtain h2,1 hypermultiplets composed by

36We use the same notation of section 3.2.1 for scalars vi and za even if they now describe the four-
dimensional KK zero-modes of ten-dimensional fields.
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the scalars (za, ξa, ξ̃a) that we can rearrange in quadruples qu of real hyperscalars with
u = 1, · · · , 4h2,1.

Moreover there is a further hypemultiplet composed by (φ, a, ξ0, ξ̃0) that is the uni-
versal hypermultiplet introduced in section 3.1.4, describing the geometry (3.34) with
the metric (3.30). Its name is due to the fact the it appears in any N = 2 Calabi-Yau
compactification.

The truncation of type IIB on a Calabi-Yau threefold C̃Y3 follows the same procedure
adopted above and produces the same result [113]. This fact is related to a mirror
symmetry between the two Calabi-Yau threefolds CY3 and C̃Y3. In fact it can be shown
that h1,1(CY3) = h2,1(C̃Y3) and h2,1(CY3) = h1,1(C̃Y3) and this implies that M2,1 =
M̃

1,1
and M1,1 = M̃

2,1
.

In this case one obtains h2,1 real massless scalars va from M̃
2,1

and h1,1 complex
massless scalars zi from M̃

1,1
. Thus a complex field comes from the type IIB axio-

dilaton τ = C0 + i eΦ. The B-field is decomposed like in type IIA producing the real ba
moduli. Furthermore expanding respectively the 2-form C(2) and the 4-form C(4) on the
basis of the harmonic (1,1)-forms and (2,1)-forms, one obtains the 2h2,1 real scalars ca
and c̃a. Moreover37 two further real scalars a and C come from the dualization of the
spacetime components Bµν and C

(2)
µν .

Hence we obtain h2,1 vector multiplets composed by the complex scalars zi and by
the vectors Aiµ extracted from the 4-form38 as

C(4) = AAµdxµ ∧ αA , (3.103)

where A0
µ is the graviphoton. The h1,1 hypermultiplets are composed by the reals scalars

(va, ba, ca, c̃a) with the universal hypermultiplet given by (τ, a, C).
Let’s now discuss the higher-dimensional origin ofN = 2 multiplets in five-dimensional

supergravity39. Starting from a Minkowski vacuum in D = 11 supergravity of the type
R1,4 × CY3, we consider the KK reduction on the Calabi-Yau and the truncation to the
massless spectrum. Given a suitable Ansatz [94] on the fields (GMN , A

(3)
MNP ), the eleven-

dimensional indices M, · · · are broken as in the case studied above, i.e. M = (µ,m, m̄),
where µ is the index along the five-dimensional spacetime and (m, m̄) are the SU(3) indices
along the Calabi-Yau. Performing the KK reduction, the massless scalars are given by

• h2,1 complex scalars za associate to the componentsGmn parametrizing the complex-
structure moduli space M2,1.

• h1,1 − 1 real scalars φi coming from the Kähler moduli space M1,1 and associated
to the metric components Gmn̄.

• 2h2,1 complex scalars belonging to the internal components of the 3-form A
(3)
mnp̄.

• One complex scalar associated to the completely antisymmetric internal components
A

(3)
mnp = εmnpC.

37The mixed components of the 4-form given by C(4) = CaµνEa are associated to the scalars c̃a for the
self-duality condition F5 = ?F5.

38We point out that the further contribution coming from AAµdxµ ∧ βA does not give new degrees of
freedom for the self-duality condition on F5. This gives a higher-dimensional explanation of the discussion
on magnetic gaugings and symplectic covariance of section 3.1.6.

39Also in this case we redefine the coordinates as XΛ = (X0, Xi) → hI = (h1, hI), the indices
Λ = (0, · · · , h1,1 + 1) → I = (1, · · · , h1,1) and i = (1, · · · , h1,1) → i = (1, · · · , h1,1 − 1), and the scalars
vi → φi. With these redefinitions the analysis becomes compatible with section 3.1.3
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• One real scalar a associated to the five-dimensional components A(3)
µνρ.

• One real scalar given by the volume modulus V.

Moreover from the components A(3)
µmn̄ we obtain h1,1−1 vectors that can be extracted by

expanding the 3-form on the basis of the harmonic (1, 1)-forms Ei.
The massless KK spectrum can be organized in N = 2 five-dimensional supermul-

tiplets and the final result is similar to the four-dimensional case derived above. The
supergravity multiplet is composed by the d = 5 components of the metric gµν and the
graviphoton given by the model dependent combination A0

µ = φiAiµ.
We have h1,1 − 1 vector multiplets each one of these is composed by a vector Aiµ

and a real scalar φi. The reality of the h1,1 scalars φi is the main difference respect to
the four-dimensional case and, as we said, it is related to the absence of the B-field in
eleven-dimensional supergravity.

Finally we have h2,1 hypermultiplets remaining unchanged respect those in d = 4. In
fact each one of these is composed by the two degrees of freedom of the complex scalar
za together with the degrees of freedom coming from the complex scalar A(3)

mnp̄. As in
the four-dimensional case, we organize the h2,1 scalars composing the hypermultiplets
in hyperscalars qu with u = 1 · · · 4h1,1. We note that also in this case the universal
hypermultiplet is included in the field content and it is composed by the scalars (C, a,V).

3.2.3 Flux Compactifications on Calabi-Yau Threefolds

The truncations of higher-dimensional supergravities on Calabi-Yau threefolds pre-
sented in section 3.2.2 produce the N = 2 theories in d = 4, 5, respectively given in (3.54)
and (3.69), without any gauging and thus without the scalar potentials (3.55), (3.71) and
covariant derivatives (3.56), (3.70).

Following the ideas discussed in section 2.2.1, in order to derive gauged N = 2 models,
we want now to deform the reduction Ansatz for the background fluxes including some
new components wrapping non-trivial cycles within the Calabi-Yau. These contributions
have to define new quantized values for the fluxes that, in turn, will be related to the
gauging of the lower-dimensional theory.

Many complications immediately arise in this more general context . The quantized
values of a given background flux F identify a disconnected component in the moduli
space MF ⊂Mmod corresponding to the values of the moduli leading to that particular
compactification with the running flux F . It follows that many new vacua can be defined
in relation to the particular background flux chosen and the existence of a consistent
truncation have to be demonstrated case by case. Anyway this procedure allows to
generate in some cases a non-trivial scalar potential that stabilize the moduli and then
to construct consistent truncations with AdSd vacua.

Let’s consider N = 2 abelian gauged supergravity in d = 4 with a purely electric
gauging whose action is written in (3.54). We want to endow the Calabi-Yau reduction
of type IIA string theory on a CY3 with some non-zero internal values for the R-R back-
ground fluxes F2 and F4. We start from the truncation Ansatz for the gauge potentials
mentioned in section 3.2.2. This has the following explicit form [112]

C(1) = A0 , B = a+ biEi ,

C(3) = C(3) +Ai ∧ Ei + ξAαA + ξAβ
A ,

(3.104)

where Ei and (αA, βA) had been defined as the basis respectively of harmonic (1,1)- and
(2,1)-forms. We can now introduce a deformation of the Ansatz (3.104) given by the
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follwing new expressions for the field strengths F2 and F4 associated to the R-R fields
C(1) and C(3) [107, 114, 115],

F2 = dA0 , H = dB + dbiEi ,
F4 = dC(3) −B ∧ dA0 + (dAi − bidA0) ∧ Ei

+ (dξAαA + dξ̃AβA) + eiẼ
i ,

(3.105)

where the forms Ẽi define the dual basis respect to that of the forms Ei and the new
h1,1 parameters40 ei. These parameters are associated to the embedding tensor of the
four-dimensional N = 2 theory. Plugging the Ansatz (3.105) into the type IIA action,
one obtains the lagrangian (3.54) for cubic models (3.18) coupled to hypermultiplets with
quaternionic Killing vectors given by

kuΛ = −2eΛδ
ua , (3.106)

where Λ = 0, · · · , h1,1 and a is the scalar of the universal hypermultiplet becoming charged
with the gauging.

This procedure cannot be easily generalized to the symplectic covariant action with
magnetic gaugings (3.61). In order to produce the auxaliary 2-form in four dimensions
allowing the symplectic covariant formulation of the theory, one has to consider the com-
pactification on a Calabi-Yau threefold of massive type IIA supergravity. The Ansatz for
the background fluxes F̂2 and F̂4 in massive type IIA is formulated as the deformation of
(3.105) given by [116]

F̂2 = F2 +mB − (mi −mbi)Ei ,

F̂4 = F4 −
m

2 B ∧B + (miB −mBbi) ∧ Ei + Cijk (bimj − 1
2mbi bj)Ẽk .

(3.107)

In this case one has 2h1,1 + 2 flux parameters given by (e0, ei,m,m
i) where m = F̂0 is

Romans mass. It can be shown that, plugging this Ansatz in the action of massive type
IIA, one obtains a Sp(2h1,1 + 2,R)-structure on the moduli space and the symplectic
covariant lagrangian (3.61) with electric and magnetic gaugings determined by (eΛ,m

Λ).
In this compactification the four-dimensional auxiliary 2-form Ba comes from the B-field
and the modified field strengths are given by HΛ = dAΛ +mΛB.

Finally between the compactifications with fluxes producing N = 2 gauged models,
we mention also those including the NS-NS flux H [107, 114, 115, 116].

An analogous procedure can be applied to the flux F4 in the compactification of
eleven-dimensional supergravity on a Calabi-Yau threefold. For example in [117], five-
dimensional N = 2 gauged supergravity (3.69) coupled to the universal hypermultiplet is
obtained with the following Ansatz on the 4-form field strength,

F̂4 = F4 + ei
V
Ẽi , (3.108)

where F4 is the flux associated to the Calabi-Yau reduction of D = 11 supergravity
presented in 3.2.2 and ei are the parameter of the gauging on the quaternionic moduli
space (3.34). We note that for large volume and keeping fixed the parameters ei, we find
the ungauged limit.

40As we already noted in section 3.2.2, the parameter e0, obtained by dualizing the 3-form, was also
present in the compactification without fluxes. In this case, it gives the charge to the scalar a of the
universal hypermultiplet.
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3.2.4 M-Theory Truncations on Sasaki-Einstein Manifolds

In this section we change a little the strategy in obtaining N = 2 gauged supergravity
models by considering the truncations of M-theory and type II string theories on different
manifolds like spheres and Sasaki-Einstein manifolds. These truncations are particularly
important for the AdS/CFT correspondence since they define N = 2 models including
many examples of AdS5 and AdS4 vacua.

There are many examples of these truncations both to d = 4 [118, 119, 120, 121] and
to d = 5 models [122, 118, 123, 124, 125]. In this section we will take in consideration,
as an example, the M-theory truncations on seven-dimensional Sasaki-Einstein manifolds
M7 preserving 8 supercharges and including AdS4 vacua [121].

In section 2.2.1 we classified the compactifications on spheres as the truncations on
gauged supergravities preserving maximal supersymmetry. If we consider in particular
the consistent truncation of eleven-dimensional supergravity on a S7, we obtain N = 8
supergravity in d = 4 with a SO(8) gauging [126]. This theory admits an AdS4 vacuum
whose uplift is given by the M-theory vacumm AdS4 × S7 given in (2.19).

Since we are interested in N = 2 truncations, it is possible to show that the same M-
theory vacuum can be obtained by considering a suitable truncation of the supermultiplets
of the maximal supergravity where only massless gauge fields are kept in the description.
This leads to the STU model (3.19) with a purely electric FI gauging (3.43).

If one now considers truncations on more complicated seven-dimensional geometries
[121], many new M-theory vacua arise. In particular we want to study the consistent
truncations of eleven-dimensional supergravity on manifolds of the type

M7 = G/H , (3.109)

where only Kaluza-Klein modes that are left-invariant under the action of G are kept in
the reduction. Moreover, since we are truncating to the N = 2 theory in d = 4, one has
to require that (3.109) is endowed by a seven-dimensional SU(3)-structure. This is quite
similar respect to the six-dimensional one: there is a (1,1)-form J and a (2,1)-form ω and
they respect the same relations of the six-dimensional case written in (3.84). A further
real 1-form η is present defining a Kähler cone in M7 with metric given by

ds2(M7) = η2 + ds2(B6) , (3.110)

where B6 is a six-dimensional subspace orthogonal to η with an induced SU(3)-structure
generated by J and ω. The reduction procedure is analogous to that one sketched in
section 3.2.3 of massive type IIA on a Calabi-Yau threefold in presence of background
fluxes and one verifies that there are many explicit realizations of internal geometries
of the type (3.110). In particular if one searches for truncations admitting AdS4 vacua,
one finds an entire class of N = 2 models with vector- and hypermultiplets with both
electric and magnetic gaugings. Between these models there is, of course, the maximally
symmetric one corresponding to the truncation on the S7 mentioned above. The other
gauged models involves hypermultiplets and are in the most cases described by an M7
manifold with a Sasaki-Einstein structure41. For example we mention the truncation on
Q111 corresponding to the STU model coupled to the universal hypermultiplet (3.34). In
this truncation two vector fields acquire mass for a dyonic gauging of the non-compact
abelian subgroup42 R × U(1) of the isometries of the universal hypermultiplet. More

41There are two examples of internal spaces, called N(k, l) and N(1, 1), described by a tri-Sasaki-
Einstein manifold [121].

42These gauged symmetries correspond to the translations of a and to the rotations between ξ0 and
ξ̃0.
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M7 nV nH SM F (X) HM
S7=SU(4)

SU(3) 1 1 SU(1, 1)
U(1) − (X1)3

X0
SU(2, 1)

SU(2)×U(1)

M110 2 1
(

SU(1, 1)
U(1)

)2
− (X1)2X2

X0
SU(2, 1)

SU(2)×U(1)

Q111 3 1
(

SU(1, 1)
U(1)

)3
−X

1X2X3

X0
SU(2, 1)

SU(2)×U(1)
V5,2 1 2 SU(1, 1)

U(1) − (X1)3

X0
G2(2)

SO(4)

Table 3.1: Four examples of N = 2 gauged models with AdS4 vacua describing the M-theory
truncations on a Sasaki-Einstein manifold M7. Table from [121].

generally, we point out that all these models are characterized by a prepotential of the
type (3.18) for the scalars of the vector multiplets

Let’s follow the same notation used in the above sections on type IIA truncations and
have a look on the structure of the moduli spaces characterizing these truncations. Thanks
to the cone structure (3.110), the moduli space splitting remain the same of (3.86), thus
from the deformations of M1,1 we have h1,1 complex scalars zi defined as (3.97), where
in this case the Betti moduli bi comes from the expansion of the 3-form gauge potential
A(3) = biEi ∧ θ with θ harmonic real 1-form.

Moreover there are h2,1 complex scalars za describing the deformations of M2,1 and
the real scalars ξA, ξ̃A, φ, a, respectively resulting from the expansion of the 3-form
A(3) on the basis of the harmonic (2,1)-forms, from the volume modulus of the internal
manifold and from the dualization of a 2-form B involved43 in the Ansatz of the 3-form.
These moduli organize themselves in h2,1 hypermultiplets (za, ξa, ξ̃a) plus the universal
hypermultiplet (φ, a, ξ0, ξ̃0). Moreover we note that the hypermultiplets define a class of
quaternionic manifolds whose metrics was classified in [95].

Finally, as far as concerns the gauging on quaternionic manifolds, as we said above,
they can be both electric and magnetic. In general they will be determined by the non-
compact translations along the hyperscalars (a, ξA, ξ̃A) and by the U(1) rotations of the
(za, z̄ā) and (ξA, ξ̃A).

43This 2-form determines the d = 4 auxiliary 2-form Ba associated to the symplectic covariant formu-
lation of the d = 4 theory given by the action (3.61).



Chapter 4

Extremal Flows in N = 2 Supergravities

In chapter 3 the properties of the scalar geometries characterizing N = 2 gauged
theories in d = 4, 5 and their stringy origin have been introduced. In particular we
presented some of the many possible consistent truncations of eleven-dimensional and type
II supergravities to N = 2 gauged supergravity models in d = 4, 5 and we discussed about
the large plethora of closed string vacua that are well described as AdSd backgrounds in
some of these N = 2 models.

Furthermore, in section 2.4.5 we introduced the concept of RG flow across dimensions
as a general realization of the AdS/CFT correspondence consisting in the description of
a flow in a gauged supergravity interpolating between two different vacua in terms of
the renormalization flow across dimensions between the two SCFTs dual to the vacua.
In this framework it is often possible to extrapolate the classical observables describ-
ing the flow from string theory and the most important example is certainly given by
the microstates counting of black holes. This basically consists in the derivation of the
Bekenstein-Hawking entropy from the counting of the quantum states of the SCFT on
the worldvolume of the correspondent branes’ system [12]. Thanks to the AdS/CFT tech-
niques, many important results have been obtained in the study of microstate structure of
black holes and nowadays this represents one of the most productive research directions1.

As a relevant example of a microscopic entropy calculation we recall the example of
RG flow across dimensions mentioned in section 2.4.5 given by the black hole solution
to N = 2, d = 4 FI gauged supergravity constructed in [78] and interpolating behavior
AdS4 → AdS2 × S2. Holographically this solution is interpreted as an RG flow across
dimensions between ABJM on S1 × S2 and a superconformal quantum mechanics. In
particular the partition function of ABJM on S1 × S2 can be interpreted as the Witten
index of the superconformal quantum mechanics. The derivation of the index in the large
N limit implies that, when evaluated in its critical points, it is directly related to the
entropy of the black hole [80].

Guided by this general framework, in this chapter we will study two examples of ex-
tremal black solutions in N = 2 gauged supergravities: the black hole in d = 4 and
the black string in d = 5. We will consider those flows that are static and spheri-
cally/hyperbolically symmetric and we will derive their general first-order equations us-
ing the Hamilton-Jacobi approach that is slightly more general with respect to the Killing
spinor analysis presented in section 2.3.1 since it allows also extremal flows breaking all
the supersymmetries.

Furthermore their near-horizon properties will be studied in relation to the so-called
attractor mechanism [143, 144, 145, 146, 147], consisting in a dynamical process of sta-
bilization of the scalars at the horizon to charge-dependent values independently to they

1For a non-exhaustive bibliography on RG flows and black holes in N = 2 gauged supergravity we
refer to [79, 80, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 76, 137, 47, 138, 139, 140, 141, 142].

79



80 4.1 First-Order Description and Hamilton-Jacobi Flows

asymptotic values. These black solutions are also called attractors and their entropy is
strictly dependent on the charges and on the gauging parameters of the N = 2 model
considered. As we explained in detail in section 2.3.5 where we described the higher-
dimensional interpretation of a RN black hole in d = 5 in terms of the bound state
D1-D5-P, the strict dependence on the fluxes of the Bekenstein-Hawking entropy allows
its extrapolation from a higher-dimensional solution describing the bound state of brane.
In other words the attractor mechanism manifests that the entropy of the black hole is a
moduli-independent quantity and then its value is the same also in the regime in which
the interpretation of the black hole in terms of branes’ intersection holds.

The entropy of the attractors manifests many properties characterizing the black so-
lution. Among these, if we refer to the case of d = 4 black holes, there is a peculiar non-
linear symmetry of the Bekenstein-Hawking entropy. This symmetry is called Freudenthal
duality [148, 149] and its stringy origin is still unknown. It can be defined as an anti-
involutive, non-linear map acting on the electromagnetic charges of the black holes and
leaving invariant the entropy.

To sum up, in this chapter we will construct the BPS first-order equations for the
d = 4 black hole [105] and for the d = 5 black string [110] in N = 2 gauged supergravities
with general matter couplings by making use of the Hamilton-Jacobi approach. Then the
attractor mechanism will be introduced in d = 4 and formulated by solving the general
N = 2 equations of motion at the horizon [150]. The attractors will be also studied from
the point of view of the first-order formulation introduced in the first part of the chapter
and the general expressions of the attractor equations in d = 4, 5 will be derived [105, 110].
Finally the AdS3 central charge of the black string will be obtained in complete generality
by solving explicitly the attractor equations in d = 5 [110].

We will conclude the chapter formulating in generality Freudenthal duality for those
four-dimensional attractors belonging to N = 2 gauged models, firstly considering general
FI gauging and then extending to the hypermultiplets [151].

4.1 First-Order Description and Hamilton-Jacobi Flows

In section 2.3.1 we introduced the Killing spinor analysis as a crucial tool in deriving
and studying supersymmetric solutions in supergravities. This formulation of the first-
order equations (2.17) is equivalent to the determination of the set of spinors such that
the SUSY variations of fermions are vanishing.

A more general possibility, that still produces a system of first-order equations, is the
Hamilton-Jacobi approach. This includes the Killing spinor equations as a special subcase,
but is quite easily generalizable to extremal non-BPS- or even non-extremal black holes.
Using Hamilton-Jacobi theory is essentially2 equivalent to writing the action as a sum of
squares such that their vanishing correspond to the extremization of the action. Suppose
that, owing to various symmetries (like for example staticity and spherical symmetry),
the supergravity action can be dimensionally reduced to just one-dimensional3 effective
action given by

S =
∫

dr
[

1
2GΛΣq̇

Λq̇Σ − U(q)
]
, (4.1)

2“Essentially” means that in many flow equations obtained in the literature by squaring an action,
the rhs of (4.5) is not a gradient, or, in other words, the flow is not driven by a (fake) superpotential (no
gradient flow).

3When there is less symmetry, e.g. for rotating black holes, one obtains a field theory living in two or
more dimensions, instead of a mechanical system [152, 153]. In this case, the Hamilton-Jacobi formalism
has to be generalized to the so-called De Donder-Weyl-Hamilton-Jacobi theory [152].
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where r is a radial variable (the flow direction), the qΛ(r) denote collectively the dynamical
variables, U(q) is the potential and GΛΣ(q) the metric on the target space parametrized
by the qΛ, with inverse G ΛΣ. Now suppose that U can be expressed in terms of a (fake)
superpotential W as

U = E − 1
2G ΛΣ ∂W

∂qΛ
∂W

∂qΣ , (4.2)

where E is a constant. Then, the action (4.1) becomes

S =
∫

dr
[

1
2GΛΣ

(
q̇Λ − G ΛΩ ∂W

∂qΩ

)(
q̇Σ − G Σ∆ ∂W

∂q∆

)
+ d

dr (W − Er)
]
, (4.3)

which is up to a total derivative equal to

S =
∫

dr 1
2GΛΣ

(
q̇Λ − G ΛΩ ∂W

∂qΩ

)(
q̇Σ − G Σ∆ ∂W

∂q∆

)
. (4.4)

The latter is obviously stationary if the first-order flow equations

q̇Λ = G ΛΩ ∂W

∂qΩ (4.5)

hold. But (4.2) is nothing else than the reduced Hamilton-Jacobi equation, with W
Hamilton’s characteristic function, while (4.5) represents the expression for the conjugate
momenta pΛ = ∂L /∂q̇Λ = GΛΣq̇

Σ in Hamilton-Jacobi theory4.
First-order flow equations, derived either by writing the dimensionally reduced action

as a sum of squares or from the Hamilton-Jacobi formalism, appear for many different
settings in the literature, both in ungauged and gauged supergravity, and for BPS-, ex-
tremal non-BPS- and even non-extremal black holes5. In particular, in [109] the general
properties of supersymmetric flow equations for domain walls in five-dimensional N = 2
gauged supergravity coupled to vector- and hypermultiplets are established.

In this section we want to apply this analysis to N = 2 gauged supergravities in
d = 4, 5 with general matter couplings. We will formulate two general static Ansätze
respectively in d = 4, 5 with spherical/hyperbolic symmetry including in their possible
concrete realizations black hole and black string solutions. Thus, we will use them to
write the effective one-dimensional actions describing the correspondent flows and we will
derive the first-order equations by using the Hamilton-Jacobi approach introduced above.
In particular, in the d = 4 case, both the situations with pure electric and dyonic gauging
will be treated.

4.1.1 The Effective Action of the Black Hole

Let’s construct the most general static field configuration with spherical or hyperbolic
symmetry in four-dimensional N = 2 gauged supergravity (3.54) with general couplings
to nV vector multiplets and nH hypermultiplets. For simplicity we will consider only
purely electric gaugings on the quaternionic moduli space HM. This defines a scalar
potential of the form given in (3.55) and the covariant derivatives (3.56).

Let’s introduce the following Ansatz for the metric

ds2 = −e2U(r)dt2 + e−2U(r)dr2 + e2(ψ(r)−U(r))dΩ2
κ , (4.6)

4For further discussions of the relationship between the Hamilton-Jacobi formalism and the first-order
equations derived from a (fake) superpotential see [154, 155].

5See for example [156, 157, 158, 159, 154, 160, 161, 162, 155, 163, 164, 165, 166, 167, 105, 57].
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where dΩ2
κ = dθ2+f2

κ(θ)dϕ2 is the metric on the two-dimensional surfaces Σκ = {S2, H2}
of constant scalar curvature R = 2κ, with κ ∈ {1,−1}, and

fκ(θ) = 1√
κ

sin(
√
κθ) =

{
sin θ κ = 1 ,
sinh θ κ = −1 . (4.7)

The scalar fields depend only on the radial coordinate,

zi = zi(r) , qu = qu(r) , (4.8)

while the abelian gauge fields AΛ are given by

AΛ = AΛ
t (r)dt− κpΛf ′κ(θ)dφ . (4.9)

Their field strengths FΛ = dAΛ must have the form

FΛ
tr = e2(U−ψ)IΛΣ (RΣΓp

Γ − eΣ(r)
)
, FΛ

θφ = pΛfκ(θ) , (4.10)

where the magnetic and electric charges (pΛ, eΛ) are defined as

pΛ = 1
vol(Σκ)

∫
Σκ
FΛ , eΛ(r) = 1

vol(Σκ)

∫
Σκ
GΛ , vol(Σκ) =

∫
fκ(θ)dθ ∧ dφ , (4.11)

with GΛ given by (3.49). The metric (4.6) is quite general and admits various particu-
lar realizations. As we said, we are interested in those describing static extremal four-
dimensional black holes with spherical/hyperbolic symmetry, thus solutions presenting a
singularity protected by an event-horizon and with zero temperature. Moreover we note
that these black holes can be both supersymmetric or non-supersymmetric depending on
their configuration of charges [168].

We point out that the electric charges can depend on the radial coordinate. This can
be easily understood, since the running hyperscalars are electrically charged, and thus
contribute to the total electric charge inside the 2-surfaces Σκ(r) of constant r and t. In
fact, the Maxwell equations written in (3.60) can be written as

∂µ(
√
−g ?4G

µν
Λ ) = −2

√
−g huvkuΛ∂̂νqv . (4.12)

Imposing the Ansatz (4.6), (4.8) and (4.9) on the t-component, one obtains the radial
variation of the electric charges,

e′Λ = −2e2ψ−4Uhuvk
u
Λk

v
ΣA

Σ
t . (4.13)

On the other hand, the magnetic charges are always constant as a consequence of the
Bianchi identities ∇ν ?4 F

Λµν = 0. Thus we explicitly verified that the gauging on the
quaternioninc manifold breaks the electromagnetic duality as we explained in section
3.1.6.

The equations of motion following from (3.54) with the Ansatz (4.6), (4.8) and (4.9)
can also be obtained from the effective action

S =
∫

drL =
∫

dr
[
e2ψ (U ′2 − ψ′2 + huvq

′uq′ v + gīz
′ iz̄′ ̄

)
+ eΛA

′Λ
t − V

]
, (4.14)

where V is given by

V = −e2(U−ψ)VBH + e2ψ−4Uhuvk
u
Λk

v
ΣA

Λ
t A

Σ
t + κ− e2(ψ−U)Vg , (4.15)
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with VBH to be defined below. In addition to the equations of motion following from
(4.14), one has to impose the Hamiltonian constraint

H = L− eΛA
′Λ
t + 2V = 0 , (4.16)

the ϕ-component of the Maxwell equations6 (4.12),

pΛkuΛ = 0 , (4.17)

as well as the r-component
kΛuq

′u = 0 . (4.18)
The effective potential V is determined by the scalar potential Vg, the charge-dependent
black hole potential VBH, and by a contribution coming from the covariant derivatives of
the hyperscalars plus a constant term depending on the scalar curvature κ. In particular,
VBH can be written in the symplectically covariant form

VBH = −1
2Q

TMQ , Q =
(
pΛ

eΛ

)
. (4.19)

Notice that the effective action (4.14) does not result by merely substituting the Ansatz
(4.6), (4.8), (4.9) into the general action (3.54). This can be seen from VBH in (4.15),
that does not arise by rewriting the kinetic terms of the gauge fields. In fact it is easy
to see that the gauge fields enter the equations of motion of the whole system via their
stress-energy tensor, whose components are expressed in terms of VBH [145, 169, 150].

In this sense, the presence of the term eΛA
′Λ
t is necessary for having the right dynamics

of the variables eΛ and AΛ
t . Indeed, varying the effective action (4.14) with respect to

AΛ
t , one obtains exactly (4.13). Variation with respect to eΛ yields

A′Λt = −e2(U−ψ)IΛΣ(RΣΓp
Γ − eΣ(r)) , (4.20)

which is exactly the expression (4.10) for the (t, r)-component of FΛµν .
Introducing

HΛΣ = kuΛhuvk
v
Σ , (4.21)

(4.13) becomes
e′Λ = −2e2ψ−4UHΛΣA

Σ
t , (4.22)

which allows to express AΣ
t in terms of the other fields as follows. Since HΛΣ is real and

symmetric, there exists a matrix O ∈ O(nV + 1) such that

HΛΣ = (OTDO)ΛΣ = OΩ
ΛO

Γ
ΣDΩΓ , (4.23)

with D diagonal. Without loss of generality, suppose that the first n eigenvalues of D are
nonvanishing (0 ≤ n ≤ nV + 1), while the remaining ones are zero. Let hatted indices
Λ̂, Σ̂, . . . range from 0 to n− 1, and define

ÂΓ
t = OΓ

ΣA
Σ
t . (4.24)

(4.22) yields then
OΨ̂

Λe′Λ = −2e2ψ−4UDΨ̂Γ̂Â
Γ̂
t , (4.25)

6Plugging the spherical/hyperbolic Ansatz into the ϕ-component of the Maxwell equations, one obtains
pΛkuΛkuΣ = 0, which implies (4.17). The θ-component is trivial.
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where indices are raised and lowered with the flat metric, i.e. OΨ
Λ = δΨΩδ

ΛΓOΩ
Γ. We

also get
OΨΛe′Λ = 0 for Ψ ≥ n . (4.26)

(4.25) gives
ÂΛ̂
t = −1

2e
4U−2ψ(D−1)Λ̂Ψ̂

OΨ̂
Λe′Λ . (4.27)

Using these relations in the effective action (4.14) to eliminate AΣ
t , one obtains

S =
∫

dr
[
e2ψ(U ′ 2 − ψ′ 2 + huvq

′uq′ v + gīz
′ iz̄′ ̄ + 1

4e
4(U−ψ)HΛΣe′Λe

′
Σ)− Ṽ

]
, (4.28)

where we defined the effective potential

Ṽ = −e2(U−ψ)VBH + κ− e2(ψ−U)Vg , (4.29)

as well as
HΛΣ = OΛ̂

Λ(D−1)Λ̂Σ̂OΣ̂
Σ . (4.30)

Note that, unless n = nV + 1, HΛΣ is not the inverse of HΛΣ (which is not invertible),
but we have the weaker relation

HΛΓHΛΣHΓΩ = HΣΩ , (4.31)

that will be used below to square the action.
One can then rewrite the constraint (4.16) in terms of the effective Hamiltonian

H = 1
4e
−2ψp2

U −
1
4e
−2ψp2

ψ + 1
4e
−2ψhuvpqupqv + e−2ψgīpzipz̄̄ + e4(U−ψ)HΛΣpeΛpeΣ + Ṽ ,

(4.32)
where the canonical momenta pU , pψ, pqu , pzi , pz̄̄ and peΛ are defined in the usual way.
The effective action (4.28), together with the relations (4.16), (4.17), (4.18), reproduce
the complete set of equations of motion for the spherical/hyperbolic Ansatz (4.6), (4.8)
and (4.9).

4.1.2 Extension to Dyonic Gaugings

Let’s extend the analysis presented in section 4.1.1 to the case of general dyonic
gauging on the quaternionic moduli space where the action of the general N = 2 theory
is now given by (3.61). This leads to an effective action enjoying the global symplectic
invariance.

Keeping valid the Ansätze on the metric (4.6) and on the scalars (4.8), we have to
modify the form of the gauge fields since in the action (3.61) now appear the auxiliary
2-form Ba and the magnetic gauge fields AΛ. In particular the most general Ansätze for
the gauge fields and for the 2-form Ba, compatible with their equations of motion (3.65),
have the form

AΛ = AΛ
t dt− κpΛf ′κ(θ)dφ , AΛ = AΛtdt− κeΛf

′
κ(θ)dφ , (4.33)

BΛ = 2κp′Λf ′κ(θ)dr ∧ dφ , BΛ = −2κe′Λf ′κ(θ)dr ∧ dφ , (4.34)
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which implies for the field strengths

HΛ
tr = e2(U−ψ)IΛΣ(RΣΓp

Γ − eΣ) , HΛ
θφ = pΛfκ(θ) , (4.35)

GΛtr = e2(U−ψ) (IΛΣp
Σ +RΛΓI

ΓΩRΩΣp
Σ −RΛΓI

ΓΩeΩ
)
, GΛθφ = eΛfκ(θ) . (4.36)

Introducing the symplectic matrix

H = (Ku)ThuvKv , (4.37)

and plugging the above Ansatz into (3.65), one obtains

A′t = −e2(U−ψ)ΩMQ , Q′ = −2e2ψ−4UHΩAt , (4.38)

where the constraints
HΩQ = 0 , Kuq′u = 0 (4.39)

have been imposed.
Following the same procedure used previously for pure electric gaugings, one finds the

effective action that generalizes (4.28),

S =
∫

dr
[
e2ψ(U ′ 2 − ψ′ 2 + huvq

′uq′ v + gī z
′ iz̄′ ̄ + 1

4e
4(U−ψ)Q′TH−1Q′)− Ṽ

]
,

Ṽ = −e2(U−ψ)VBH + κ− e2(ψ−U)Vg ,

(4.40)

where, in a slight abuse of notation, H−1 denotes the symplectically covariant generaliza-
tion of the matrix HΛΣ defined by (4.30). (Note that one has not necessarily H−1H = I,
as we explained in section 4.1.1, but H−1 in (4.40) can be defined in a way similar to
(4.30)).

We conclude this section by deriving a special form for the symplectic invariant scalar
potential Vg written in (3.63). In section 3.1.7 we have shown that it can be recasted in
the particular form given in (3.58) in terms of the SU(2) triplet of functions Wx defined
in (3.64).

Once spherical or hyperbolic symmetry has been imposed on the N = 2 fields, it is
possible to show that (3.58) can be further re-expressed in terms of a particular symplectic
invariant complex function L entering in the potential only through its square and the
square of its derivatives. This function is crucial for the Hamilton-Jacobi formulation of
first order flows since it is involved in the definition of the superpotential W .

Let’s define the symplectic invariant function L as

L = QxWx = 〈QxPx,V〉 (4.41)

where
Qx = 〈Px,Q〉 . (4.42)

If we require spherical/hyperbolic invariance, the scalar potential (3.58) can be rewritten
in a way analogous to [160]. Namely, using (4.17), the quaternionic relations (3.30),
(3.32), (3.41), (3.42) and imposing7 a sort of quantization condition given by

QxQx = 1 , (4.43)
7Notice that ∂µ(QxQx) = ∂u(QxQx)∂µqu, and ∂u(QxQx) = Du(QxQx) = 2QxDuQx. Using the

definition of Qx together with (3.41), this is equal to −4QxpΛΩxuvkvΛ, which vanishes by virtue of
(4.17). QxQx is thus a constant of motion, that we choose to be one.
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one can show that the scalar potential (3.58) can be expressed in terms of L as

Vg = GABDALDBL̄ − 3|L|2 , (4.44)

where
GAB =

(
gī 0
0 huv

)
, DA =

(
Di

Du

)
. (4.45)

We note that if the magnetic Killing vectors and moment maps are zero, the expression
(4.44) becomes the scalar potential in the case of pure electric gaugings and spheri-
cal/hyperbolic symmetry.

Furthermore it is interesting to consider the case of FI gauging (3.53). If one chooses
the moment maps8 as

P1 = 0 , P2 = 0 , P3 = G . (4.46)

With these particular moment maps, the function (4.41) becomes

L = −κ 〈G,V〉 (4.47)

and the quantization condition (4.43) collapses to

〈G,Q〉 = −κ , (4.48)

that is the well-know symplectic covariant quantization condition with FI gauging [160].
Finally, considering a generic SU(2) frame, one can show that the general prescription

−κQxPx −→ G (4.49)

reproduces exactly the FI limit [160] in case of abelian gauging, spherical/hyperbolic
symmetry and constant hyperscalars.

4.1.3 Flow Equations for the BPS Black Hole

We want now to find the first-order equations for the effective action (4.28) by using
the Hamilton-Jacobi approach [154, 155] in the case of a pure electric gauging. So we
come back to section 4.1.1 and we consider the effective action (4.28). Introducing a
superpotential W associated to (4.28), we are going to write the action as a sum of
squares from which one can derive the flow equations.

The first observation is that the effective potential (4.29) contains not only Vg, and
thus the superopotential W (that solves the “time” (i.e. r)-independent Hamilton-Jacobi
equation) must contain also other contributions in addition to L given in (4.41). This
happens both in the case without hypermultiplets and U(1) Fayet-Iliopoulos gauging
[160, 164], and with hyperscalars running.

In the last case the general structure of the effective action remains essentially the
same except for the presence of some new kinetic terms. The main difference is the
internal form of the scalar potential Vg, which is now governed by the gauging on the
quaternionic manifold and thus on the moment maps. Guided by these observations we
introduce the real function

W = eU |Z + iκe2ψ−2UL| , (4.50)
8This choice can be made since the theory is invariant under SU(2).
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and a phase α defined by

e2iα = Z + iκe2(ψ−U)L
Z̄ − iκe2(ψ−U)L̄

, or Im(e−iαZ) = −κe2(ψ−U)Re(e−iαL) , (4.51)

where Z = 〈Q,V〉 is the central charge and L has the form given in (4.41) in terms of
only electric moment maps P xΛ . Defining “tilded” variables by X̃ = e−iαX etc., we can
rewrite W as

W = eUReZ̃ − κe2ψ−U ImL̃ . (4.52)
Using (3.16), (3.41) and (4.43), it is possible to show that

e−2ψ
(

(∂UW )2 − (∂ψW )2 + 4gī∂iW∂̄W + huv∂uW∂vW + 4e4(ψ−U)HΛΣ∂eΛW∂eΣW
)

−e2(ψ−U)Vg − e2(U−ψ)VBH + κ = 0 , (4.53)

or, in other words, that 2W solves the Hamilton-Jacobi equation associated to the Hamil-
tonian (4.32) with zero energy. By virtue of (4.53), up to a total derivative, the action
(4.28) can be written as

S =
∫

dr
[
e2ψ(U ′ + e−2ψ∂UW

)2−e2ψ(ψ′ − e−2ψ∂ψW
)2+

e2ψgī
(
z′ i + 2e−2ψgik̄∂k̄W

)(
z̄′ ̄ + 2e−2ψḡ l∂lW

)
+

e2ψhuv
(
q′u + e−2ψhus∂sW

)(
q′ v + e−2ψhvt∂tW

)
+

1
4e

4U−2ψHΛΓ(e′Λ + 4e2ψ−4UHΛΣ∂eΣW
)(
e′Γ + 4e2ψ−4UHΓΩ∂eΩW

)]
,

(4.54)

where we used also (4.31) and the fact that (4.26) implies

HΛΓHΛΣ∂eΣWe′Γ = ∂eΓWe′Γ . (4.55)

The BPS-rewriting (4.54) guarantees that the solutions of the first-order equations ob-
tained by setting each quadratic term to zero do indeed extremize the action. If one
explicitly computes the derivatives of W , these first-order flow equations become

U ′ = −eU−2ψReZ̃ − κe−U ImL̃ ,
ψ′ = −2κe−U ImL̃ ,
z′ i = −eiαgī

(
eU−2ψD̄Z̄ − iκe−UD̄L̄

)
,

q′u = κe−UhuvIm(e−iα∂vL) ,
e′Λ = −4e2ψ−3UHΛΣReL̃Σ .

(4.56)

These relations, plus the constraints that we had to impose, are equivalent to those
obtained in [170]9 from the Killing spinor equations. To see this, note that comparing
the expression for e′Λ in (4.56) with (4.22) yields the additional condition

2eUHΛΣReL̃Σ = HΛΣA
Σ
t , (4.57)

which is just (B.44) of [170] contracted with huvkvΣ. To be precise, (4.57) is equivalent to

2eUkuΛReL̃Λ = kuΛA
Λ
t +mu , (4.58)

9(4.56) corrects some sign errors in appendix B of [170].
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where mu must satisfy kvΣhuvm
u = 0 ∀Σ. If nΣ is an eigenvector of HΛΣ with zero

eigenvalue, i.e., HΛΣn
Σ = 0, then we can take the linear combination mu = kuΛn

Λ. (B.44)
of [170] has mu = 0, and is thus slightly stronger than (4.57). Notice also that the number
of independent constraints coming from (4.57) is equal to n, where n denotes the number
of nonvanishing eigenvalues of HΛΣ. This becomes evident by casting (4.57) into the form

2eUDΩΓO
Γ

ΣReL̃Σ = DΩΓÂ
Γ
t . (4.59)

The auxiliary field α is related to the phase of the Killing spinor associated to the BPS
solution, as was shown for the case without hypers and U(1) Fayet-Iliopoulos gauging in
[160]10, and for the case including hypermultiplets in [170].

Finally, since the equations (4.56) describe extremal configurations, there exists an
additional constant of motion Q [155] such that

dQ
dr = H = 0 . (4.60)

Using the first order equations for U and ψ, one gets from (4.53)

Q = e2ψ(U ′ − ψ′) +W . (4.61)

4.1.4 Hamilton-Jacobi and Symplectic Covariance

Let’s extend the Hamilton-Jacobi analysis to magnetic gaugings. We want to obtain a
set of BPS first-order equations that are invariant under global symplectic transformations
and that generalize (4.56). Furthermore we will see how to produce a system of non-BPS
flow equations through the action of a global symplectic transformations on the charges
Q imposed at the level of the BPS flow equations obtained.

We start by repeating the procedure that has been performed in section 4.1.3 by
considering the Ansätze on the gauge fields given in (4.33) and (4.34) and the covariant
effective action (4.40).

Introducing the function W and the phase α as in (4.50) and (4.51), with L given by
(4.41), it is straightforward to show that W satisfies the Hamilton-Jacobi equation for
the action (4.40),

e−2ψ
(

(∂UW )2 − (∂ψW )2 + 4gī∂iW∂̄W + huv∂uW∂vW + 4e4(ψ−U)(∂QW )TH∂QW
)

−e2(ψ−U)Vg − e2(U−ψ)VBH + κ = 0 , (4.62)

provided the charge-quantization condition (4.43) holds, with Qx = 〈Px,Q〉. Using (4.62)
as well as (3.52) and discarding total derivatives, the action (4.40) can be cast into the
form

S =
∫

dr
[
e2ψ(U ′ + e−2ψ∂UW

)2−e2ψ(ψ′ − e−2ψ∂ψW
)2+

e2ψgī
(
z′ i + 2e−2ψgik̄∂k̄W

)(
z̄′ ̄ + 2e−2ψḡl∂lW

)
+

e2ψhuv
(
q′u + e−2ψhus∂sW

)(
q′ v + e−2ψhvt∂tW

)
+

1
4e

4U−2ψ(Q′ + 4e2ψ−4UH∂QW
)TH−1(Q′ + 4e2ψ−4UH∂QW

)]
.

(4.63)

10Without hypermultiplets and for U(1) FI gauging one can always make the choice (4.46). The
superpotential W boils down to equ. (2.40) of [160] for κ = 1.
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All first-order equations following from (4.63) except the one for zi are symplectically
covariant. Computing explicitely ∂k̄W , the latter reads

z′ i = −eiαgī
(
eU−2ψD̄Z̄ − iκe−UD̄L̄

)
. (4.64)

Contracting this with DiV and using (3.16), one obtains a symplectically covariant equa-
tion for the section V,

V ′ + iArV = eiαeU−2ψ
(
−1

2ΩMQ− i

2Q+ V̄Z
)

−iκeiαe−U
(
−1

2ΩMPxQx − i

2P
xQx + V̄L

)
, (4.65)

where Ar = Im(z′ i∂iK) is the Kähler connection (3.7). Calculating the remaining deriva-
tives of W , the first-order flow equations become

U ′ = −eU−2ψReZ̃ − κe−U ImL̃ ,
ψ′ = −2κe−U ImL̃ ,
q′u = κe−UhuvIm(e−iα∂vL) ,
Q′ = −4e2ψ−3UHΩReṼ ,

V ′ = eiαeU−2ψ
(
−1

2ΩMQ− i

2Q+ V̄Z
)

− iκeiαe−U
(
−1

2ΩMPxQx − i

2P
xQx + V̄L

)
− iArV .

(4.66)

These equations have a more useful form if one consider the phase α as a dynamical
variable. Introducing the quantity S = Z + iκe2(ψ−U)L, the relations (4.51) and (4.94)
can be rewritten as

e2iα = S
S̄
, Im(e−iαS) = 0 , W = eURe(e−iαS) , W 2 = e2USS̄ . (4.67)

One has thus

α′ = Im(e−iαS ′)
e−UW

, S ′ = U ′∂US + ψ′∂ψS + V ′∂VS + q′u∂uS +Q′T∂QS . (4.68)

Inserting (4.66) and the derivatives of S in this last expression, one gets

α′ + Ar = 2κe−URe(e−iαL) . (4.69)

Finally, plugging the equation for U into the expression of ImṼ ′, one can write the first-
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order flow equations in the form11

2e2ψ (e−U Im(e−iαV)
)′ − κe2(ψ−U)ΩMQxPx + 4e2ψ−U (α′ + Ar)Re(e−iαV) +Q = 0 ,

ψ′ = −2κe−U Im(e−iαL) ,
α′ + Ar = 2κe−URe(e−iαL) ,
q′u = κe−UhuvIm(e−iα∂vL) ,
Q′ = −4e2ψ−3UHΩReṼ , (4.70)

where also (4.39) and (4.43) must hold together with
2eUHΩReṼ = HΩAt , (4.71)

since the last equation of (4.70) has to coincide with (4.38). Then (4.71) is the symplec-
tically covariant generalization of the constraint (4.57).

A consequence of the flow equations in the Hamilton-Jacobi formalism is that the
squaring of the action is not unique; one can find another flow that squares the effective
action in a similar way. This was done for the ungauged case in [157] and for gauged
supergravity with FI terms in [165]. We shall now generalize this procedure to the presence
of hypermultiplets.

By repeating essentially the same computations as in the preceding subsection, one
can show that there is an alternative set of first-order equations that comes from the
Hamilton-Jacobi function

W = eU
∣∣∣〈Q̃,V〉+ iκe2(ψ−U)〈WxQ̃x,V〉

∣∣∣ , (4.72)

with the associated constraints
HΩQ = 0 , 2eUHΩReṼ = SHΩAt , (4.73)

where we introduced a “field rotation matrix” S ∈ Sp(2nv +2,R) that rotates the charges
as Q̃ = SQ and that has to satisfy the compatibility conditions

SHST = H , STMS =M . (4.74)
Moreover, the rotated charges must obey the analogue of (4.43), namely

Q̃xQ̃x = 1 . (4.75)
The first equ. of (4.73) is a consequence of spherical/hyperbolic symmetry, and implies,
together with SHST = H and the fact that S is symplectic, the additional condition
HΩQ̃ = 0. The latter and the equation HΩQ = 0 lead respectively to

〈Ku, Q̃〉 = 〈Ku,Q〉 = 0 , (4.76)
which are quite restrictive constraints on the possible gaugings. Moreover, in general it
is not guaranteed that a nontrivial solution to (4.74) exists. Note that the technique
of “rotating charges” was first introduced in [157, 158], and generalizes the sign-flipping
procedure of [168]. It was applied to abelian FI gauged supergravity in [164, 165]. As
we discussed in the Introduction of the thesis, we recall that the UV completion of effec-
tive charged solutions breaking all supersymmetries could manifest instabilities that are
invisible at the supergravity level [13].

11Some comments on the limit of flat horizons (κ = 0) are in order. This case was not considered above,
where we took κ = ±1 only. For κ = 0, taking (as in [167]) P1 = P2 = Q3 = 0, one can again write
the action as a sum of squares, now with the Hamilton-Jacobi function W = eU |Z − ie2(ψ−U)W3|. The
resulting first-order equations agree then, for pure electric gauging, precisely with those derived in [167].
(Note that in [167] only electric gaugings are considered, and it is not identified the “superpotential” that
drives their first-order flow)
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4.1.5 The Flow of the Black String

Following the arguments of previous sections on the four-dimensional case, we want
now to consider an Ansatz on the fields of N = 2 gauged supergravity in d = 5 with
general couplings to the matter introduced in (3.69) reproducing a static and extremal
black string with spherical/hyperbolic symmetry and derive its general system of BPS
first-order equations in the Hamilton-Jacobi approach. Also in this case we will then see
how to produce a set on non-BPS first-order equations by rotating the charges of the
black string. Finally, by recalling the dictionary of the r-map given in section 3.1.8, we
will discuss the relations between the four-dimensional flow (4.66) and that one of the
black string.

From the analysis of sections 3.1.8 and 3.2.1 it follows that the very special real Kähler
moduli spaces can be viewed as the pre-image of the r-map [171, 172]. This suggests to
consider the five-dimensional background as a Kaluza-Klein uplift of the usual static black
hole in four dimensions described by the Ansatz (4.6). Moreover, a static string solution
in d = 5 supports only magnetic charges, thus the field configuration reads

ds2 = e2T (r)dz2 + e−T (r)
(
−e2U(r)dt2 + e−2U(r)dr2 + e2ψ(r)−2U(r)dΩ2

κ

)
,

F I = pIfκ(θ) dθ ∧ dφ , φi = φi(r) ,
(4.77)

where dΩ2
κ = dθ2 + f2

κ(θ) dϕ2 is the metric on the two-dimensional12 surfaces Σκ =
{S2, H2} of constant scalar curvature R = 2κ, with κ ∈ {1,−1}, and

fκ(θ) = 1√
κ

sin(
√
κθ) =

{
sin θ κ = 1 ,
sinh θ κ = −1 . (4.78)

Let’s start by imposing (4.77) on Maxwell equations given in (3.72). The t-, θ- and
z-components are automatically satisfied, while the r- and ϕ-components become respec-
tively

huvk
u
I q
′ v = 0 , kuI p

I = 0 . (4.79)
The remaining equations of motion for the Ansatz (4.77) can be derived from the effective
action

S =
∫

dr
[
e2ψ

(
U ′2 + 3

4T
′2 − ψ′2 + 1

2Gijφ
′ iφ′ j + huvq

′uq′ v
)
− Ṽ

]
,

Ṽ = κ− e2ψ−2U−T g2V − 1
2e

2U+T−2ψGIJp
IpJ ,

(4.80)

supplemented by the Hamiltonian constraint on the effective hamiltonian associated, i.e.
H = 0. The latter leads to the Hamilton-Jacobi equation

e−2ψ
(

(∂UW )2 − (∂ψW )2 + 4
3(∂TW )2 + 2Gij∂iW∂jW + huv∂uW∂vW

)
+ Ṽ = 0 .

(4.81)
Guided by the four-dimensional expression of the superpotential given in (4.50), we for-
mulate the following prescription on the five-dimensional superpotential,

W = ceU+T
2 Z + de2ψ−U−T2 L , (4.82)

12The following analysis can be extended to the case of the black brane described by Σκ = R2 (see
[158, 162, 163, 167]).



92 4.1 First-Order Description and Hamilton-Jacobi Flows

where
Z = pIhI , L = QxWx , Qx = pIP xI , Wx = hJP xJ . (4.83)

Using the relations of very special geometry (3.24), (3.25) and (3.26) as well as the
quaternionic ones (3.30), (3.32) and (3.42), one can show that (4.82) solves indeed (4.81)
provided that

c = −3
4 , d = −9

2κg2 , QxQx = 1
9g2 . (4.84)

The solution (4.82) leads then to the first-order equations for the black string

U ′ = −3
4e

U+T
2 −2ψZ + 9

2κg2e−U−
T
2 L , T ′ = 2

3U
′ ,

ψ′ = 9κg2e−U−
T
2 L ,

φ′ i = Gij
(
−3

2e
U+T

2 −2ψ∂jZ − 9κg2e−U−
T
2 ∂jL

)
,

q′u = −9
2κg2e−U−

T
2 huv∂vL .

(4.85)

It is interesting to note that it is possible recast (4.85) into a form very similar to (4.70).
Integrating T ′ = 2

3U
′ and plugging this into the remaining equations of (4.85), one gets

T ′ = −1
2e

2T−2ψZ + 3κg2e−2TL ,

ψ′ = 9κg2e−2TL ,

φ′ i = Gij
(
−3

2e
2T−2ψ∂jZ − 9κg2e−2T∂jL

)
,

q′u = −9
2κg2e−2Thuv∂vL .

(4.86)

Using the equation for φ′ i together with (hI)′ = φ′ i∂ih
I and (3.26), the equations for T

and φi can be rewritten as

e2ψ (e−2ThI
)′ + 9g2κe2ψ−4TQxP xJGIJ − pI = 0 . (4.87)

Note that the case of FI gauging can be recovered imposing a prescription of the type
(4.46). We choose P 1

I = P 2
I = 0 and P 3

I = VI with VI constant FI parameters. Then
the charge quantization condition QxQx = 1/(9g2) boils down to Q3 = pIVI = ±κ/(3g)
(use κ2 = 1), while L in (4.83) becomes L = ± κ

3gh
JVJ . In absence of hypers and with

FI gauging, one can check that (4.85) coincides with the system obtained in [173] from
the Killing spinor equations. In particular, it is easy to verify that the supersymmetric
magnetic black string solution of [174] satisfies (4.85). Moreover, requiring FI gauging,
introducing a new radial coordinate R and the warp factors f and ρ such that

U = 3
2f , ψ = 2f + ρ , T = f ,

dR
dr = e−3f , (4.88)

and specifying to the model (3.29), one shows that (4.85) is precisely the system of
equations derived in [79] from the Killing spinor equations.

As we saw in the four-dimensional case, also in this case the Hamilton-Jacobi formalism
allows for a simple generalization of the first-order flow driven by (4.82) to a non-BPS
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one. In analogy to the final discussion of section 4.1.4, one can introduce a “field rotation
matrix” SIJ such that

GLKS
L
IS

K
J = GIJ . (4.89)

A non-trivial S (different from ±I) allows to generate new solutions from known ones by
“rotating charges”. This technique was first introduced in [157, 158], and generalizes the
sign-flipping procedure of [168]. Let’s consider for simplicity an SU(2) frame such that
P 1
I = P 2

I = 0, P 3
I = PI and Q3 = pIPI = −κ/(3g). Using (4.89), one easily verifies that

W̃ = −3
4e

U+T
2 hIS

I
Jp

J + 3
2ge2ψ−U−T2 PIh

I (4.90)

satisfies again the Hamilton-Jacobi equation (4.81), provided the modified quantization
condition

PIS
I
Jp

J = − κ

3g (4.91)

holds. This leads to the first-order flow driven by W̃ ,

U ′ = −3
4e

U+T
2 −2ψhIS

I
Jp

J − 3
2g e−U−T2 PIhI ,

ψ′ = −3g e−U−T2 PIhI , T ′ = 2
3U
′ ,

φ′ i = 3Gij
(
−1

2e
U+T

2 −2ψ∂jhIS
I
Jp

J + g e−U−T2 PI∂jhI
)
,

q′u = 3
2 g e−U−T/2huvhI∂vPI .

(4.92)

An interesting example for which (4.89) admits non-trivial solutions is the model V =
h1h2h3 = 1 introduced in (3.29), for which (see for example [173]). In this case a particular
solution of (4.89) is given by

SIJ =

ε1 0 0
0 ε2 0
0 0 ε3

 , (4.93)

with εI = ±1. These matrices form a discrete subgroup D = (Z2)3 ⊂ GL(3,R). Since
there are two equivalent BPS branches, the independent solutions correspond to elements
of the quotient group D/Z2.

The r-map constructed in section 3.1.8 has been formulated is generality. Furthermore
it is interesting to use it to compare the flow (4.85) for a black string in d = 5 with the
flow equations for black holes in four dimensions obtained in (4.56). The latter is driven
by the four-dimensional superpotential written in (4.50) given by

W4d = eURe(e−iαZ4d)− κe2ψ−U Im(e−iαL4d) , (4.94)

where the phase α is defined by

e2iα = Z4d + iκe2(ψ−U)L4d

Z̄4d − iκe2(ψ−U)L̄4d
. (4.95)

Specifying to a pure magnetic charge configuration p̂Λ = (0, pI/
√

2), pure electric cou-
plings with P x0 = 0, ku0 = 0, and restricting to imaginary scalars, zI = −ie−φ/

√
3hI , the
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quantities defining (4.94) become

Z4d = 3
2
√

2
eT/2p̂IhI = 3

4e
T/2Z , Qx4d = P xI p̂

I = 1√
2
Qx ,

Wx
4d = − i

2
√

2
e−T/2P xI h

I = − i

2
√

2
e−T/2Wx , L4d = Qx4dWx

4d ,

(4.96)

where the quantities Z, Qx and Wx were defined in section (4.83). Note that the ax-
ions are absent, since for magnetically charged black strings the z-components BI of the
five-dimensional gauge potentials vanish. For this choice, (5.12) becomes e2iα = 1. More-
over, taking in account that g = 1

3
√

2 and choosing eiα = −1, the function (4.94) boils
down to (4.82). On the other hand, the Hamilton-Jacobi equation satisfied by (4.94),
namely (4.53), becomes (4.81) once the dictionary is imposed. This proves the expected
equivalence between the flows in five and four dimensions.

4.2 The Attractor Mechanism

The attractor mechanism is a phenomenon discovered in N = 2 supergravities charac-
terizing some charged supersymmetric extremal black solutions. It has been formulated
firstly in [143, 144, 145, 146, 147] for four-dimensional black holes in ungauged supergrav-
ities and then extended to the case of gaugings [169, 150].

As we mentioned at the beginning of this chapter, an attractor is a black solution
basically enjoying two related features:

• The flow of the moduli fields is subjected to a dynamical stabilization at the horizon
values. The scalars, independently to their asymptotic values, take fixed values at
the horizon that are pure charge-dependent, or also gauging-dependent13 if the
model is gauged.

• The entropy is strictly charge-dependent or also gauging-dependent if the model
is gauged. This implies that the entropy does not take stringy corrections (see
section 2.3.5) and this allows the extrapolation of the entropy from a correspondent
higher-dimensional bound state of branes and the microstate counting.

These two aspect characterizing the attractors are kept in a single shot by a particular
function of the scalars, that we will call Veff , defined by a process of extremization at
the horizon. Furthermore the critical value of Veff at the horizon is given exactly by
the Bekenstein-Hawking entropy, that is strictly charge-dependent since the near-horizon
values of the moduli are charge-dependent14.

In this section we will present the general formulation of the attractor mechanism
for d = 4 black holes in presence of hypermultiplets extending the formulation of [169]
for FI gauged supergravity. Thus we will consider the first-order formulation for black
holes and black strings at their near-horizon limits and we will relate it with the attractor
mechanism.

13In the sense that they depend on the set of independent parameters of the embedding tensor.
14It could happen that a scalar is not stabilized at the horizon, but the entropy remains moduli-

independent. In this case the scalar field is called flat direction [175, 176] and the attractor mechanism
is preserved.
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4.2.1 Attractors and Hypermultiplets

In this section we will limit to consider the four dimensional black hole since, thanks
to dictionary of the r-map formulated in section 3.1.8, one can easily uplift15 the results
to the case of the five-dimensional static black string .

In [169] the authors present a generalization of the well-known black hole attractor
mechanism in N = 2 ungauged supergravity introduced in [143, 144, 145, 146, 147] to
extremal static black holes in four-dimensional N = 2 FI supergravity coupled to abelian
vector multiplets. In this section we closely follow their argument, generalizing it by taking
into account the presence of gauged hypermultiplets. For simplicity we will consider the
case of electric abelian gaugings and, as in [169], we will not make any assumption on the
form of the scalar potential (3.55) and on the moduli spaces.

We start by considering the Ansatz for a static extremal black hole with spheri-
cal/hyperbolic symmetry16 given by (4.6), (4.8) and (4.9) and varying the effective action
(4.28) with respect to all the dynamical variables of the system, i.e. (U,ψ, zi, qu, eΛ). In
this way we obtain the system of the equations of motion describing the black hole,

e2U (2U ′ψ′ + U ′′)− e4(U−ψ)VBH − 2e−2UAΛ
t kΛuA

Σ
t k

u
Σ + Vg = 0 ,

e2U (U ′2 + ψ′2 + ψ′′
)
− e4(U−ψ)VBH + e2Ugīz

i′z̄̄′ + e2Uhuvq
u′qv′

− e−2UAΛ
t kΛuA

Σ
t k

u
Σ + Vg = 0 ,

e2U (2ψ′2 + ψ′′ − κe−2ψ)− 2e−2UAΛ
t kΛuA

Σ
t k

u
Σ + Vg = 0 ,

e2U (zi ′′ + 2ψ′zi ′ + gī∂lgk̄z
l ′zk ′

)
− e4(U−ψ)∂iVBH − ∂iVg = 0 ,

e2U (qu ′′ + 2ψ′qu′ + Γuvzqv′qz′)− e−2UAΛ
t k

v
ΛA

Σ
t ∇v kuΣ − ∂uVg = 0 ,

(4.97)

where the prime denotes, as usual, the derivative with respect to r and ∇u the covariant
derivative respect to the Levi-Civita connection on the quaternionic manifold. We used
the inverted expression of Maxwell equation derived in (4.27) in order to express e′Λ in
terms of AΛ

t .
Suppose that the horizon is identified in the limit r → 0. We want to consider now a

near-horizon limit of the type AdS2 × Σκ. If we consider the general form of the metric
(4.6), the explicit realization of this near-horizon configuration is given by the following
expression for the warp factors U and ψ,

U = log r

RAdS2

, ψ = log
(

RH
RAdS2

r

)
, (4.98)

where RAdS2 and RH are respectively the curvature radii17 of AdS2 and of Σκ. We require
all the fields, their derivatives, the scalar potential and the couplings to be regular on the
horizon. Then we can choose a gauge such that

AΛ
t

∣∣
r=0 = 0 =⇒ AΛ

t
r→0∼ FΛ

rt

∣∣
r=0 r . (4.99)

It is also reasonable to assume that the derivative of the electric charges e′Λ remains finite
on the horizon. In this case, Maxwell equations (4.22) implies that in the near-horizon
limit the quantity AΣ

t kΣuk
u
Λ is at least of order r2. If we expand in powers of r, in the

15See [177, 178] where the uplifts of various near-horizon geometries in N = 2 supergravities are
performed.

16As in the other sections, the case of flat surface Σ0 = R2 can be easily included in this picture.
17In case of Σκ non-compact, it has to be considered compactified on a Riemann surface of genus g.



96 4.2 The Attractor Mechanism

gauge (4.99) the order zero term automatically vanishes, while for the order one term we
have

0 = ∂r
(
AΣ
t kΣu k

u
Λ
)∣∣
r=0 = −FΣ

tr kΣu k
u
Λ
∣∣
r=0 =⇒ FΛ

tr k
u
Λ
∣∣
r=0 = 0 . (4.100)

Using (4.99) and (4.100) one can see that the terms with AΛ
t in the equations of motion,

e−2UAΛ
t kΛuA

Σ
t k

u
Σ and e−2UAΛ

t k
v
ΛA

Σ
t ∇v kuΣ, go to zero in the near-horizon limit. In this

limit the equations of motion (4.97) thus reduce to

1
R2

AdS2

= VBH
R4
H

− Vg
2 ,

κ

R2
H

= 1
R2

AdS2

+ Vg ,

∂i

(
VBH
R4
H

+ Vg
2

)
= 0 ,

∂uV = 0 ,

(4.101)

where VBH has to be considered evaluated in the the limit eΛ(r)→ eΛ(0). Solving the
first two equations for R2

H and R2
AdS2

one gets

R2
H =

κ±
√
κ2 − 4VBHVg

Vg

∣∣∣∣∣
r=0

, (4.102)

R2
AdS2

= ∓ R2
H√

κ2 − 4VBHVg

∣∣∣∣∣
r=0

, (4.103)

and since of course R2
AdS2

> 0 we have to choose the lower sign. We also have to require
R2
H > 0, which means that flat or hyperbolic geometries, κ = 0,−1, are only possible if

the scalar potential takes negative values on the horizon, Vg|r=0 < 0. Spherical geometry
(κ = 1), on the other hand, is compatible with both positive or negative values of Vg
on the horizon, but for Vg|r=0 > 0 there is the restriction VBHVg|r=0 <

1
4 , since VBH is

always positive.
We can define the function Veff driving the attractor mechanism as a function of the

scalars,

Veff (z, z̄, q) =
κ−

√
κ2 − 4VBHVg

Vg
, (4.104)

defined for VBHVg <
1
4 , and write

R2
H = Veff |zH ,qH , (4.105)

R2
AdS2

= Veff√
κ2 − 4VBHVg

∣∣∣∣∣
zH ,qH

, (4.106)

with ziH = limr→0 z
i, quH = limr→0 q

u. Because of the last two equations of (4.101), Veff
is extremized on the horizon by all the scalar fields of the theory,

∂iVeff |zH ,qH = 0 , ∂uVeff |zH ,qH = 0 . (4.107)
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The values ziH , quH of the scalars on the horizon are then determined by the extrem-
ization conditions (4.107), and the Bekenstein–Hawking entropy density is given by the
critical value of Veff ,

sBH = SBH
vol(Σκ) = A

4 vol(Σκ) = R2
H

4 = 1
4 Veff (zH , z̄H , qH) , (4.108)

where A is the area of the portion of spacetime enclosed18 by Σκ. For a given theory this
critical value, and thus also the entropy, depend only on the charges (on the horizon) pΛ

and eΛ(0), so that the attractor mechanism still works. On the other hand ziH and quH
may not be uniquely determined, since in general Veff may have flat directions.

The limit for Vg → 0 of Veff only exists for κ = 1, in which case Veff → VBH and
one recovers the attractor mechanism for ungauged supergravity. The fact that this limit
does not exist for κ = 0,−1 is not surprising since flat or hyperbolic horizon geometries
are incompatible with vanishing cosmological constant.

4.2.2 Attractor Equations for BPS Black Holes

In order to analyze the attractor mechanism from the point of view of the first-order
formulation for the d = 4 black hole, one has to derive the near-horizon limit of the
symplectically invariant first-order equations (4.70). If the charge-dependent stabilization
at the horizon of the moduli is imposed, one obtains a set of algebraic equations, called
attractor equations, depending on all the parameters characterizing the horizon of the
black hole, namely the charges, the gauging parameters and the radii of the horizon. By
solving these equations one can determine the near-horizon configuration of the black hole
including the expression for the entropy that turns out to be strictly dependent on the
charges and on the gauging parameters. This configuration will be supersymmetric since
the attractor equations have been derived from the BPS first-order flow equations (4.70).

Let’s recall the AdS2 × Σκ Ansatz written in (4.98) and suppose that the horizon is
located in r = 0, thus it is easy to show that superpotential19 (4.50) vanishes at the
horizon, i.e. W = 0 at r = 0. In fact the flow equations for U and ψ in (4.66) can be
recasted as

U ′ = −e−2(A+U)(W − ∂AW ) , A′ = e−2(A+U)W , (4.109)
where A = ψ−U and A→ log(RH) for r → 0. The relation W = 0 immediately implies

Z = −iκR2
HL . (4.110)

Assuming z′ i = 0 and q′u = 0 at the horizon, it follows that

DiZ = −iκR2
HDiL , DuL = 0 , (4.111)

and α′ = 0. From DuL = 0 we get

〈Kv,V〉 = 0 , (4.112)

if we use also the algebraic relation 〈Kv,Q〉 = 0 written in (4.76) together with (3.30),
(3.32) and (3.41). As in section 4.2.1, we can choose the gauge At = 0 at the horizon.
Then, from (4.71) and the last equation of (4.70), one obtains Q′ = 0.

18When Σκ is non-compact, the area is taken by considering compactifications of Σκ on Riemann
surfaces of genus g.

19We are considering the most general case with dyonic gaugings, thus the superpotential (4.50) will
be expressed in terms as L = 〈QxPx,V〉 with Px including magnetic gaugings.
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With these assumptions, the BPS flow equations (4.70) become

4 Im(Z̄V)− κR2
H ΩMQxPx +Q = 0 ,

Z = − R2
H

2RAdS2

eiα ,

〈Kv,V〉 = 0 ,

(4.113)

that must be supplemented by the constraints QxQx = 1 and HΩQ = 0. If one rotates
to a frame with pure electric gauging, Qx boils down to pΛP xΛ , and the magnetic charges
pΛ become constant. One can then use a local (on the quaternionic Kähler manifold)
SU(2) transformation to set Q1 = Q2 = 0, and the equations (4.117) reduce to the ones
obtained in [104].

The solutions of (4.113) are the near-horizon values of the scalars and the radii of the
horizon in terms of the charges and the gauging parameter. In particular from the solution
for R2

H one derives the Bekenstein-Hawking entropy. This has been obtained, in general
homogeneous models in [104, 179] for a gauging of the type P1 = P2 = 0 and P3 = P.
In our case one can obtain the same result but with the SU(2) covariance restored, i.e.
P3 → −κQxPx. The main difference with respect to the FI case consists obviously in
the hypers-dependence, whose near-horizon values are fixed by (4.112) and by HΩQ = 0.
Furthermore it is easy to verify that our general expression (4.108) matches with the
result of [104, 179] if one imposes the conditions (4.110), (4.111) and (4.112). Clearly the
expression of (4.108) is completely general and thus, imposing different conditions Z, L,
DiZ and DiL one can obtain also the entropy of non-supersymmetric attractors.

We conclude by a underlying the relevance of (4.113) in microstate countings in
AdS/CFT. In fact the resolution of the attractor equation furnishes directly the ex-
pression of the entropy without knowing the analytical flow on the whole background.
Moreover the conditions (4.110), (4.111) and (4.112) hint the possibility of a classifica-
tion of all the possible attractor configurations in terms of Z, L, DiZ and DiL for a
given N = 2 model including those breaking SUSY. It follows that if we consider, for
example, the models belonging the M-theory truncations with AdS4 vacua presented in
section 3.2.4, the conditions (4.110), (4.111) and (4.112) tell us if attractor configurations
interpolating between an AdS4 vacuum and AdS2×Σκ exist and thus if new examples of
RG flows across dimensions can be realized in a particular string truncation.

4.2.3 Black String and Central Charges

In this section we investigate the near-horizon configurations of the extremal black
string in d = 5. To keep things simple, we shall first concentrate on the FI gauged case20

and secondly we will extend to the case of running hyperscalars.
For the near-horizon analysis it is more suitable to consider the coordinates (t, R, z, θ, φ)

introduced in (4.88). In this new frame the metric (4.77) takes the form

ds2 = e2f (−dt2 + dR2 + dz2) + e2ρ dΩ2
κ , (4.114)

20We recall that the FI gauging is realized by a prescription of the type (4.46), i.e. P 1
I = P 2

I = 0 and
P 3
I = VI with VI FI parameters. In this case the charge quantization condition QxQx = 1/(9g2) boils

down to Q3 = pIVI = ±κ/(3g) and L defined in (4.83) becomes L = ± κ
3gh

JVJ . Moreover in this section
we will set the parameter g = 1 to keep lighter the notation.



Extremal Flows in N = 2 Supergravities 99

and the first-order flow equations (4.85) become

f ′ = −ef (hIVI + 1
2e
−2ρZ) ,

ρ′ = −ef (hIVI − e−2ρZ) ,

φ′ i = 3Gijef (∂jhIVI −
1
2e
−2ρ∂jZ) ,

(4.115)

where the primes now denote derivatives with respect to R. Supposing that the horizon
is located in R = 0, the near-horizon geometry of a static extremal black string is of the
type AdS3 × Σκ with Σκ = {S2, H2}, and we assume that the scalars stabilize regularly
at the horizon, i.e. φ′ i = 0. For a product space AdS3 × Σκ we have

e2f =
R2

AdS3

R2 , e2ρ = R2
H . (4.116)

Plugging this together with φ′ i = 0 into (4.115), one obtains a system of algebraic equa-
tions whose solution fixes the near-horizon values of the scalars in terms of the charges
and the gauging parameters,

hIVI = 2
3RAdS3

, Z = R2
Hh

IVI , ∂iZ = 2R2
H∂ih

IVI . (4.117)

For the Ansatz (4.116), the FI-version of (4.87) (obtained by taking QxP xJ = Q3P 3
J =

−κVJ/(3g)) reduces to

ef+2ρ(e−2fhI)′ − 3e2ρGIJVJ − pI = 0 . (4.118)

Using (4.116) and (4.117), this can be rewritten as

pI + 3R2
HG

IJVJ = 3ZhI . (4.119)

The equations (4.117) and (4.119) constitutes the five-dimensional attractor equations for
the black string and correspond, via r-map, to those derived in d = 4 given in (4.110),
(4.111) and (4.113) and written for a FI gauging.

We want now to solve the attractor equations (4.117) (or equivalently (4.119)) in order
to express RAdS3 , RH and hI in terms of pI and VI . To this end, we contract the third
relation of (3.26) with VI to get

Gij∂ihIVI∂jhJ = −2
3VJ + 2

3h
IVIhJ . (4.120)

With (4.117), the above relation becomes

R2
HVJ = −3

4G
ij∂iZ∂jhJ + ZhJ . (4.121)

Using hI = 1
6CIJKh

JhK and (3.26), one obtains

R2
HVJ = 1

6CJKLp
KhL . (4.122)

Let us define the charge-dependent matrix

Cp IJ = CIJKp
K . (4.123)
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Using the adjoint identity (3.27), one easily shows that Cp IJ is invertible, with inverse

CIJp = 3 C
IJKCKMNp

MpN − pIpJ

Cp
, (4.124)

where Cp = CIJKp
IpJpK . The relation (4.122) implies then

hI = 6R2
HC

IJ
p VJ . (4.125)

Plugging (4.125) into (3.21), one can derive a general expression for RH in terms of the
intersection numbers, the charges and the FI parameters,

R2
H = (36CIJKCIMp CJNp CKPp VMVNVP )− 1

3 . (4.126)

Using this in (4.125) gives the values of the scalars at the horizon,

hI =
6CIJp VJ

(36CKLMCKNp CLPp CMR
p VNVPVR) 1

3
. (4.127)

Contracting (4.125) with VI and using the first equation of (4.117) as well as (4.126), we
obtain an expression for the AdS3 curvature radius RAdS3 ,

RAdS3 =
(36CIJKCIMp CJNp CKPp VMVNVP ) 1

3

9CRSp VRVS
. (4.128)

Finally, one can plug (4.124) into (4.126), (4.127) and (4.128), and use (3.27) to write the
solutions of (4.117) and (4.119) as

R2
H = (C IJK(p)VIVJVK)− 1

3 ,

hI = 6κ
Cp

pI + 3κCIJKCKLMpLpMVJ
(CNPR(p)VNVPVR) 1

3
,

RAdS3 = Cp
27

(C IJK(p)VIVJVK) 1
3

CLMNCNRS pRpSVLVM − 1
9
,

(4.129)

where

C IJK(p) = −108
Cp

[
2CIJK − 9

Cp
p(ICJK)MCMNP p

NpP + 9
Cp
pIpJpK

]
. (4.130)

The central charge of the two-dimensional conformal field theory that describes the black
strings in the infrared [79, 134, 178], is given by [180]

c = 3RAdS3

2G3
, (4.131)

where G3 denotes the effective Newton constant in three dimensions, related to G5 by

1
G3

= R2
Hvol(Σκ)
G5

. (4.132)
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In what follows, we assume Σκ to be compactified to a Riemann surface of genus g, with
g. The unit Σκ has Gaussian curvature K = κ, and thus the Gauss-Bonnet theorem gives

vol(Σκ) = 4π(1− g)
κ

. (4.133)

Using (4.132) and (4.133) in (4.131) yields for the central charge

c = 6π(1− g)RAdS3R
2
H

κG5
. (4.134)

The curvature radii RAdS3 and RH can be expressed in terms of the constants CIJK , the
magnetic charges pI and the FI parameters VI by means of (4.129). This leads to

c = 2π(1− g)Cp
κG5 (9CIJKCKMNpMpNVIVJ − 1) . (4.135)

If the hyperscalars are running, one has to consider also the near-horizon limit of the
last equation of (4.85). Assuming q′u = 0 at the horizon and using (3.41), one easily
derives the algebraic condition

kuI h
I = 0 . (4.136)

As far as the remaining equations of (4.85) are concerned, one can follow the same steps
as in this section, with the only difference that VI has to be replaced everywhere by
−3κQxP xI .

4.3 Freudenthal Duality and Attractors

Between the various properties of attractors, one of the most intriguing is represented
by Freudenthal duality. This has been discovered originally in [148] for black holes in
four-dimensional Einstein-Maxwell systems coupled to non-linear sigma models of scalar
fields as a particular transformation of the charges of the black hole leaving invariant the
Bekenstein-Hawking entropy. Generally it can be defined as an anti-involutive, non-linear
map, acting on symplectic manifolds and thus in particular on the representation space
in which the electromagnetic charges of the black hole sit.

In the context of ungauged supergravity, Freudenthal duality was proved to be a
symmetry not only of the classical Bekenstein-Hawking entropy, but also of the critical
points of the black hole potential (4.19) [149] . Moreover, it was consistently extended to
any generalized special geometry, thus encompassing all N > 2 supergravities, as well as
N = 2 generic special geometry, not necessarily having a coset space structure.

The existence of this further symmetry enlarges the set of invariance symmetries
of the entropy function, thereby setting up the challenging question of its realization
and interpretation in string theory and M-theory once the attractor solution has been
consistently uplifted [181].

In this section we will present the consistent formulation of Freudenthal duality in the
context of abelian gauging of four-dimensional N = 2 supergravity; this will be performed
both for U(1) FI gauging and then for models with couplings to the hypermultiplets [151].
Finally we will see the non-linear symmetry in action by considering the explicit example
of the model F = −iX0X1.



102 4.3 Freudenthal Duality and Attractors

4.3.1 The Original Formulation

In this section we are going to formulate Freudenthal duality in N = 2 ungauged
supergravity [148, 149, 182]. Let’s start by recalling the attractor mechanism in ungauged
supergravity [143, 144, 145, 146, 147]. When there is no gauging, the hypermultiplets
decouple from the theory and the whole moduli space is special Kähler and parametrized
by the complex scalars zi. In section 4.2.1 we showed that, in the ungauged case, the
function driving the attractor mechanism (4.104) is the black hole potential VBH(Q, zi)
defined in (4.19), where Q is the symplectic vector of the charges21.

Let’s recall the expression for the black hole potential given in (4.19) as follows

VBH(Q, zi) = −1
2Q

tMQ . (4.137)

The horizon values ziH(Q) = limr→0 z
i are thus determined by the criticality conditions

∂iVBH(Q, zi)|zi
H

(Q) = 0 , (4.138)

and the Bekenstein-Hawking entropy is given by

SBH = πVBH(Q, zi)|zi
H

(Q) . (4.139)

Following [149], we introduce the scalar-field dependent Freudenthal duality operator Fz
by

Fz(Q) = Q̂ = −ΩMQ , Fz(V) = V , (4.140)
where the symplectic section V and the matrices M, Ω were defined in section 3.1.2. It
is possible to show that they satisfy the relations

Mt =M , MΩM = Ω , MV = iΩV , MDiV = −iΩDiV . (4.141)

As a consequence of (4.141), it follows that the action of Fz on Q is anti-involutive,
F2
z(Q) = −Q. Using again (4.141), one shows that

Fz(VBH(Q, zi)) = −1
2Q̂

tMQ̂ = VBH(Q, zi) , (4.142)

implying that the black hole potential is invariant under Freudenthal duality. Moreover,
the second of (4.141) yields

∂iM =MΩ (∂iM) ΩM . (4.143)

The direct application of this identity implies that under Fz, ∂iVBH flips sign22,

Fz(∂iVBH(Q, zi)) = −1
2Q̂

t(∂iM)Q̂ = −∂iVBH(Q, zi) . (4.144)

Since the ziH(Q) are the critical points of VBH, one has

0 = ∂iVBH|zi
H

(Q) = −Fz(∂iVBH)|zi
H

(Q) = 1
2Q̂

t(∂iM)Q̂|zi
H

(Q) = 1
2Q̂

t
H∂iM(ziH(Q))Q̂H ,

(4.145)
21Since Freudenthal duality will be introduced as a non-linear transformation of the charges Q, in this

section we will make explicit the charge- and the moduli-dependence as for example VBH(Q, zi) or ziH(Q).
22Since the operator Fz does not commute with ∂i, it is important to specify that Fz acts always after

the action of ∂i. Notice that (4.144) corrects equation (3.11) of [149].
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where we introduced Freudenthal duality F at the horizon as

F(Q) = Fz(Q)|zi
H

(Q) = −ΩMHQ = Q̂H . (4.146)

On the other hand, applying (4.138) to the charge configuration Q̂H leads to

0 = −∂iVBH(Q̂H , zi)|zi
H

(Q̂H) = 1
2Q̂

t
h∂iM(ziH(Q̂H))Q̂H . (4.147)

Comparing (4.145) and (4.147), one can conclude that the attractor configuration

ziH(Q̂H) = ziH(Q) , (4.148)

is a solution also for (4.147) [149]. The equation (4.148) can be interpreted as the sta-
bilization of the near horizon configuration under Freudenthal duality, but an explicit
verification of this claim is possible only if all the charges are different from zero. In any
case one can always verify that ziH is critical point for both VBH(Q, zi) and VBH(Q̂H , zi).

This fact turns out to be crucial in order to extend (4.140) to a symmetry of the black
hole entropy SBH . In fact, using (4.139), (4.142) and (4.148), one obtains

1
π
F(SBH) = F

(
−1

2Q
tM(ziH(Q))Q

)
= −1

2Q̂
t
HM(ziH(Q̂H))Q̂H

= −1
2Q

tMHQ = SBH
π

. (4.149)

Thus, the entropy pertaining to the charge configuration Q is the same as the one pertain-
ing to the Freudenthal dual configuration F(Q). Since F(Q) in (4.146) is homogeneous of
degree one (but generally non-linear) in Q, (4.149) results in the quite remarkable fact
that the Bekenstein-Hawking entropy of a black hole in ungauged supergravity is invari-
ant under an intrinsically non-linear map acting on charge configurations. Note that no
assumption has been made on the underlying special Kähler geometry, nor did we use
supersymmetry.

It is worthwhile to note that the action of Freudenthal duality on the charges takes
the form of the action of a symplectic gradient on the Bekenstein-Hawking entropy [149].
Taking (4.137) into account, one can show that

Fz(Q) = Ω∂VBH
∂Q

, (4.150)

with the near-horizon limit given by

F(Q) = 1
π

Ω∂SBH
∂Q

. (4.151)

The invariance (4.149) of SBH can be recasted as

SBH (Q) = SBH

(
1
π

Ω∂SBH
∂Q

)
, (4.152)

where the criticality of VBH in the near-horizon limit has been used.
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4.3.2 Freudenthal Duality in Gauged Supergravity

The definition of Freudenthal duality in gauged supergravity is based on the sym-
plectic covariant formulation with general gaugings. In section 4.2.1 we presented the
attractor mechanism only for the case of electric gaugings on the quaternionic moduli
space. The extension to the case of magnetic gaugings is almost automatic since the
covariant formulation does not add any new term to the near-horizon expression of the
equations of motion (4.101). The only difference is in the expression of Vg, entering in
the function Veff (Q, qu, zi) in (4.104), that now depends also on magnetic Killing vectors
and moment maps.

In this section we will firstly formulate the action of Freudenthal duality in the case
of a general FI gauging, thus we will extend the duality to the case of couplings to the
hypermultiplets.

Let’s recall the results of section 4.2.1 by taking into account that in this case Vg
includes magnetic gaugings. The function Veff driving the attractor mechanism is given
by

Veff (Q, qu, zi) = κ−
√
κ2 − 4VBHV

2V , (4.153)

and its critical points determine the horizon values through the equations

∂iVeff (Q, qu, zi)|zi
H
, qu
H

= 0 , ∂uVeff (Q, qu, zi)|zi
H
, qu
H

= 0 . (4.154)

Thus the entropy density reads

sBH = SBH
vol(Σκ) =

Veff (Q, qu.zi)|zi
H
, qu
H

4 . (4.155)

The case of FI gaugings is obtained by requiring constant hyperscalars and choosing
the moment maps as in (4.46). Thus the complex function L entering in the covariant
scalar potential Vg written in (4.44) takes the form (4.47). It follows that the parameters
describing a black hole horizon will be doubled by the FI couplings G, thus we write
ziH(Q,G) = limr→0 z

i.
As a first step, we extend the action of the field-dependent Freudenthal duality Fz by

acting on both Q and G according to

Fz(Q) = Q̂ = −ΩMQ , Fz(G) = Ĝ = −ΩMG , (4.156)

while, by definition, Fz leaves the symplectic section V (and its covariant derivatives)
invariant. Now we can recast the scalar potential (4.44) in the following form

Vg(G, zi) = gīDiLD̄̄L̄ − 3|L|2 = −1
2G

tMG − 4|L|2 , (4.157)

where we used (4.141), (4.143) and we remind that

L = −κGΩV = −κ〈G,V〉 . (4.158)

Thus one obtains

Fz(Vg(G, zi)) = −1
2 Ĝ

tMĜ − 4L̂ ˆ̄L = Vg(G, zi) ,

Fz(∂iVg(G, zi)) = −1
2 Ĝ

t(∂iM)Ĝ − 4(DiL̂) ˆ̄L = −∂iVg(G, zi) .
(4.159)
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Since Veff and ∂iVeff can be written as functions of VBH, Vg, ∂iVBH and ∂iVg, the relation
(4.159) together with (4.142) and (4.144) implies

Fz(Veff (Q,G, zi)) = Veff (Q,G, zi) , Fz(∂iVeff (Q,G, zi)) = −∂iVeff (Q,G, zi) .
(4.160)

Using the second relation of (4.160), one has then

0 = −∂iVeff |zi
H

(Q,G) = Fz(∂iVeff )|zi
H

(Q,G)

= ∂iVeff (Q̂, Ĝ, zi)|zi
H

(Q,G) = ∂iVeff (Q̂H , ĜH , ziH(Q,G)) . (4.161)

Let us define Freudenthal duality at the horizon by

F(Q) = Fz(Q)|zi
H

(Q,G) = −ΩMHQ = Q̂H ,

F(G) = Fz(G)|zi
H

(Q,G) = −ΩMHG = ĜH . (4.162)

From the comparison of (4.161) with the definition

0 = ∂iVeff (Q̂H , ĜH , zi)|zi
H

(Q̂H ,ĜH) = ∂iVeff (Q̂H , ĜH , ziH(Q̂H , ĜH)) , (4.163)

it follows that
ziH(Q̂H , ĜH) = ziH(Q,G) (4.164)

is a solution also for (4.163), thus it is a critical point for both Veff and Fz(Veff ).
The equations (4.155), (4.160) and (4.164) imply that SBH is invariant under Freuden-

thal duality,

4F(sBH) = Veff (Q̂H , ĜH , ziH(Q̂H , ĜH)) = Veff (Q̂H , ĜH , ziH(Q,G))
= Veff (Q,G, ziH(Q,G)) = 4sBH . (4.165)

It is immediate to see that in the limit G → 0, one recovers the results of the ungauged
case. Notice that the origin of Freudenthal duality is firmly rooted into the properties
(4.141). The action of F yields a new attractor-supporting configuration (Q̂H , ĜH) that,
in general, belongs to a physically different theory, specified by a different choice of gauge
couplings. It is worthwhile to note that no assumption has been made on the special
Kähler geometry in this formulation of the duality.

As in the ungauged case, it is possibile to write the action of Freudenthal duality as
the symplectic gradient of the entropy density. Taking into account that (4.153) is critical
at the horizon, one can derive its derivative respect to the charges and obtain23

F(Q) = 2
(

RH
RAdS2

)2
Ω ∂ Veff (qH ,GH , ziH(Q,G))

∂Q
= 8

(
RH
RAdS2

)2
Ω ∂SBH

∂Q
, (4.166)

where we used (4.155) and the expressions of the radii RH and RAdS2 of the horizon in
terms of Veff , Vg and VBH given in (4.105) and (4.106). In this way, the invariance of the
entropy density under Freudenthal duality can be recasted in the form

sBH (Q,G) = sBH

(
8
(

RH
RAdS2

)2
Ω∂SBH

∂Q
, F(G)

)
. (4.167)

23If one tries to apply the same procedure taking the derivative respect to G one discovers that it
reproduces a symplectic gradient only imposing LH = 0.
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Let’s generalize our analysis to include also hypermultiplets. The dynamics of the
attractor mechanism is now governed by the potentials VBH(Q, zi) and Vg(Px(qu),Ku, zi)
given in (4.44), where Px and Ku are given in (3.51).

The field-dependent Freudenthal duality is again defined by (4.140), supplemented
with

Fz(Px) = P̂x = −ΩMPx , Fz(Ku) = K̂u = −ΩMKu . (4.168)
One easily shows that Fz(Qx) = Qx and, with slightly more effort, that

Fz(Veff (Q,Px(qu),Ku(qu), zi)) = Veff (Q,Px(qu),Ku(qu), zi) ,
Fz(∂AVeff (Q,Px(qu),Ku(qu), zi)) = −∂AVeff (Q,Px(qu),Ku(qu), zi) .

(4.169)

Thus, in analogy to the FI case, one has to consider the criticality conditions24 (4.154)
and apply the second relation of (4.169),

0 = −∂AVeff (Q,Px,Ku, zi)|φA
H

= Fz(∂AVeff (Q,Px,Ku, zi))|φA
H

=

= ∂AVeff (Q̂, P̂x, K̂u, zi)|φA
H

= ∂AVeff (Q̂H , P̂xH(quH), K̂u(quH), ziH) ,
(4.170)

where
P̂xH(qu) = −ΩMHPx(qu) (4.171)

is the dual expression for the moment maps that depends on the scalar fields, the charges
and the parameters contained in the quaternionic Killing vectors. Defining Q̂H as in
(4.162), the criticality condition of the attractor points φ̂AH for the dual configuration of
(Q,Px(qu)), namely for (Q̂H , P̂xH(qu)), reads

0 = ∂AVeff (Q̂H , P̂xH , K̂u, zi)|φ̂A
H

= ∂AVeff (Q̂H , P̂xH(q̂uH), K̂u(q̂uH), ẑiH) . (4.172)

Thus a comparison between (4.170) and (4.172) shows that the configuration

φAH = φ̂AH (4.173)

is a solution for both criticality conditions. It follows that

4F(sBH) =Veff (Q̂H , P̂xH(q̂uH), ẑiH) = Veff (Q̂H , P̂xH(quH), ziH)
= Veff (Q,PxH(quH), ziH) = 4sBH ,

(4.174)

namely the entropy density of the two configurations related by the Freudenthal operator
is the same.

4.3.3 The Example of F = −iX0X1

As an illustrative example, let us check the action of Freudenthal duality for the simple
model with prepotential25 F = −iX0X1 and purely electric FI gauging. To keep things
simple, we assume that the electric charges vanish. One has thus

Q =

 p0

p1

0
0

 , G =

 0
0
g0
g1

 . (4.175)

24For simplicity of notation we introduced a collective variable for the attractor points φAH = (ziH , q
u
H).

25The main properties of this model will be introduced in section 5.2.1. Alternatively see [78] for more
details.
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This model has just one complex scalar z = x+ iy, and the matrix M is given by

M =


−x

2+y2

x 0 y
x 0

0 − 1
x 0 − yx

y
x 0 − 1

x 0
0 − yx 0 −x

2+y2

x

 . (4.176)

The black hole- and scalar potential read respectively

VBH = −1
2Q

tMQ = x2 + y2

2x (p0)2 + (p1)2

2x ,

Vg = − 1
2x (g2

0 + 4g0g1x+ g2
1(x2 + y2)) . (4.177)

Plugging this into the effective potential (4.153), one shows that the latter is extremized
for

x = xH = ug0
g1

, y = yH = 0 , (4.178)

where u is a solution of the quartic equation[
(1− ν2)u+ 2(u2 − ν2)

]2 = k(1− u2)(ν2 − u2) , (4.179)
with

ν = g1p
1

g0p0 , k = κ2

(g0p0)2 . (4.180)

Note that positivity of the kinetic terms in the action requires x > 0. Depending on the
sign of g0/g1, this means that either only negative or only positive roots of (4.179) are
allowed, and such roots may not exist for all values of ν and k. Notice also that in the
special case where

(2g0p
0)2 = (2g1p

1)2 = κ2 , (4.181)
the effective potential (4.153) becomes completely flat,

Veff = − κ

2g0g1
, (4.182)

and the scalar z is thus not stabilized at the horizon, a fact first noted in [78]. (Nonetheless,
the entropy is still independent of the arbitrary value zH , in agreement with the attractor
mechanism, i.e. it constitutes a flat direction). The relation (4.181) corresponds to the
BPS conditions found in [78], or to a sign-flipped modification of them26.

Using (4.179), one can derive the near-horizon value of Veff , and thus the entropy
density (4.155),

sBH =
Veff (Q,G, zi)|zi

H
(Q,G)

4 = g0p
02[(1− ν2)u+ 2(u2 − ν2)]

4κg1(1− u2) . (4.183)

We now determine the action of Freudenthal duality on the charges and the FI parameters.
The definitions (4.162) yield

F(Q) =

 0
0
q̂0
q̂1

 =

 0
0

p0xH
p1/xH

 , F(G) =

 ĝ0

ĝ1

0
0

 =

 −g0/xH
−g1xH

0
0

 . (4.184)

26In the BPS case, g0p0 and g1p1 must have the same sign. It would be interesting to see whether the
appearance of flat directions is a generic feature of the BPS case, or just a consequence of the simplicity
of the model under consideration.
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The dual configuration is thus electrically charged and has purely magnetic gaugings. For
the transformed potentials one gets

F(VBH) = −1
2Q̂

t
HMQ̂H = x2 + y2

2x q̂2
1 + q̂2

0
2x , (4.185)

F(V ) = −1
2 Ĝ

t
HMĜH − 4|〈ĜH ,V〉|2 = − 1

2x
(
(ĝ1)2 + 4ĝ0ĝ1x+ (ĝ0)2(x2 + y2)

)
.

These are identical to (4.177), except for the replacements

(p0)2 → q̂2
1 , (p1)2 → q̂2

0 , g2
0 → (ĝ1)2 , g2

1 → (ĝ0)2 , g0g1 → ĝ0ĝ1 .

The critical points of F(Veff ) are thus x̂H = ĝ1û/ĝ0 and ŷH = 0, where û satisfies[
(1− ν̂2)û+ 2(û2 − ν̂2)

]2 = k̂(1− û2)(ν̂2 − û2) , (4.186)

with
ν̂ = ĝ0q̂0

ĝ1q̂1
, k̂ = κ2

(ĝ1q̂1)2 . (4.187)

Now, using (4.184), one easily shows that

ν̂2 = 1
ν2 , k̂ = k

ν2 .

Plugging this into (4.186) and multiplying with ν4/û4 yields[
(1− ν2)û−1 + 2(û−2 − ν2)

]2 = k(1− û−2)(ν2 − û−2) . (4.188)

Comparing with (4.179), we see that u and û−1 satisfy the same equation, and have thus
the same set of solutions. Hence, up to permutations of possible multiple roots, one gets
u = û−1, which, by means of (4.184), leads to x̂H = xH , and therefore Veff and F(Veff )
share the same critical points.

The transformed entropy density is given by

F(sBH) =
Veff (F(Q),F(G), zi)|ẑi

H
(F(Q),F(G))

4 = ĝ1q̂2
1 [(1− ν̂2)û+ 2(û2 − ν̂2)]

4κĝ0(1− û2) . (4.189)

Using again (4.184), it is easy to see that this coincides with (4.183), so that the entropy
is indeed invariant under Freudenthal duality.



Chapter 5

BPS Black Holes in N = 2, d = 4 Supergravity

In this chapter we focus our attention on extremal black hole solutions in four-
dimensional N = 2 gauged supergravity. In particular we will present two examples
of supersymmetric static black holes enjoying spherical/hyperbolic symmetry obtained
by using the first-order formulation presented in sections 4.1.3 and 4.1.4. These two
solutions are analytical and they can be schematically introduced as follows:

• A dyonic black hole [183] describing a flow of the type AdS4 −→ AdS2×Σκ obtained
in a non-homogeneous deformation of the STU model (3.19). This deformation is
defined by the prepotential F = X1X2X3

X0 − A
3

(X3)3

X0 and by a dyonic FI gauging
with three magnetic parameters g1, g2, g3 and an electric parameter g0. The flow is
characterized by two real scalars given by the imaginary parts (thus with vanishing
Betti moduli) of two of the three special Kähler moduli zi, and by one magnetic
and two electric charges.

• A magnetic black hole [150] describing a flow interpolating between an AdS2 ×H2

horizon and an asymptotics conformally equivalent to AdS2 ×H2. This black hole
has been obtained in a model defined by a special Kähler moduli space associated
to the prepotential F = iX0X1 and by the universal hypermultiplet (3.34). The
solution is completely characterized by the flow of the dilaton coming from the
universal hypermultiplet and by a pure electric gauging on the quaternionic manifold
realized by the non-compact gauge group R×U(1).

These solutions are interesting for various reasons. The first one constitute the only
example of black hole solution with an AdS4 vacuum in the asymptotics, obtained in a
non-homogeneous special geometry. This particular scalar geometry is associated to the
non-perturbative corrections to the prepotential of the STU model due to worldsheet
istantons [184]. As far as we know the brane picture associated to this AdS4 vacuum is
still unknown as well as its holographic interpretation.

The second solution represents the unique known example in gauged supergravity of
exact d = 4 black hole flow with a charged hyperscalar running. The study of solutions
including couplings to the hypermultiplets constitutes one of the most iteresting research
directions in gauged supergravity. As we saw in section 3.2.4, except to that one on the
S7, all the M-theory truncations with N = 2 AdS4 vacua on seven-dimensional Sasaki-
Einsteins include hypermultiplets, thus the discovery of AdS4 flows in this context is
crucial for their implication in AdS/CFT. Some numerical results have been obtained in
[170, 129] for models discussed in section 3.2.4 and others in the N = 2 truncations of
massive type IIA [76, 137, 47, 138, 139, 140, 141].
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5.1 A Black Hole in the Non-Homogeneous STU Model

As we already mention in section 3.2.1, the inclusion in the scenario of supergravity
of the non-perturbative effects, typically coming from the istantonic corrections to the
worldsheet theory [185, 186], implies the appearance of non-perturbative corrections to
the prepotential of the Kähler moduli space of the Calabi-Yau. To explain in particular the
deformations of the cubic models (3.18), one has to take in account the duality relating the
strong coupling regime of E8×E8 heterotic string theory on the orbifold (K3×T 2)/Z2 with
the weak coupling of type IIA string theory on a suitable Calabi-Yau threefold [187, 7].
This duality relation implies that the respective moduli spaces are identical and thus the
weak-coupling computations in a type IIA setting give non-perturbative insights about
the dual heterotic vacua and viceversa.

In particular, if we consider the heterotic N = 2 vacua in d = 4, these have a dual
description in terms of vacua in type IIA arising from a Kähler moduli space with prepo-
tential corrected by non-perturbative effects typically described as worldsheet istantons
[188, 189]. In this section we will consider an example of these truncations given by
a four-dimensional Kähler moduli space described by nV = 3 vector multiplets and a
quaternionic moduli space defined by nH = 273 hypermultiplets1 [184]. For this particu-
lar truncation the prepotential is given by

F = X1X2X3

X0 − A

3
(X3)3

X0 , (5.1)

with A = −1. This prepotential is a deformation of the prepotential of the STU model
(3.19) and it describes a special Kähler manifold that in non-symmetric nor homogeneous.

In particular, we will consider a FI gauging on (5.1) and we will explicitly solve the
BPS first-order equations to construct a static supersymmetric black hole with radial
symmetry and an AdS4 asymptotics. Thus we will study the main properties of this
black hole solution.

5.1.1 Non-Homogeneous Special Geometry

The general framework is given by N = 2, d = 4 gauged supergravity (3.61) coupled
to nV vector multiplets and a dyonic FI abelian gauging realized by the symplectic vector
G of FI parameters as in (4.46).

As is the case for many other known solutions [78, 190, 191, 192], we shall assume
vanishing Betti moduli. This implies that, in this particular setting, the moduli space of
the the model is realized by purely imaginary scalars λi (with λi > 0) coming from the
Calabi-Yau complex structure moduli space,

zi = bi − iλi , bi = 0 with i = 1, 2, 3 . (5.2)

This choice is also called axions vanishing condition and it implies that, for some values
of the FI parameters in G, the first-order equations (5.11) are further simplified.

Let’s construct the main quantities of the special geometry, introduced in section
3.1.2, associated to the deformation (5.1). The moduli λi can be expressed in terms of
the homogeneous coordinates XΛ as

X1

X0 = −iλ1 ,
X2

X0 = −iλ2 ,
X3

X0 = −iλ3 . (5.3)

1The number of hypermultiplets nH = 273 is required for anomaly cancellation in heterotic string
theory [184].
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Thus, the symplectic sections (3.3) become

LΛ = eK/2
(
1,−iλ1,−iλ2,−iλ3)t ,

MΛ = eK/2
(
−i
(
λ1λ2λ3 − A

3 (λ3)3
)
,−λ2λ3,−λ1λ3,−λ1λ2 +A(λ3)2

)t
,

(5.4)

while the Kähler potential reads

e−K = 8
(
λ1λ2λ3 − A

3 (λ3)3
)
. (5.5)

For vanishing axions, the special Kähler metric takes the form

gī = 1
4
(
λ1λ2λ3 − A

3 (λ3)3
)2


(λ2)2(λ3)2 A
3 (λ3)4 − 2

3Aλ
2(λ3)3

A
3 (λ3)4 (λ1)2(λ3)2 − 2

3Aλ
1(λ3)3

− 2
3Aλ

2(λ3)3 − 2
3Aλ

1(λ3)3 (λ1)2(λ2)2 + A2

3 (λ3)4

 .

(5.6)
The symplectic matrix NΛΣ has, in the axion-free case under consideration, vanishing
real part RΛΣ, while IΛΣ is given by

IΛΣ = −1
8e
−K
(

1 0
0 4gī

)
, (5.7)

which is thus consistently negative definite.
When dyonic FI gauging is imposed, the effective action (4.40) associated to the black

hole Ansatz (4.6), (4.8) and (4.33) boils down to the effective action derived in [160] given
by

S =
∫

dr
{
e2ψ

[
U ′2 − ψ′2 + gīz

i ′ z̄̄
′
+ e2U−4ψVBH + e−2UVg

]
− 1
}
, (5.8)

where VBH has been written in (4.19) and Vg corresponds to (4.44) where the FI pre-
scriptions (4.46) has been imposed on the quaternionic moment maps. This has the form

Vg = gīDiLD̄̄L̄ − 3|L|2 , (5.9)
with L = −κ 〈G,V〉. Furthermore the quantization condition (4.43) becomes in this case

〈G,Q〉 = −κ , (5.10)

as we already shown in (4.46).
As far as concerns to the symplectic covariant flow equations (4.70), in the FI case

they reduce to

2e2ψ (e−U Im(e−iαV)
)′ + e2(ψ−U)ΩMG + 4e−U (α′ + Ar)Re(e−iαV) +Q = 0 ,

ψ′ = 2e−U Im(e−iα GtΩV) , (5.11)
α′ + Ar = −2e−URe(e−iα GtΩV) ,

where Aµ is the connection associated to the Kähler transformations introduced in (3.7),
while the phase α written in (4.51) can be expressed as

e2iα = Z − ie
2(ψ−U) GtΩV

Z̄ + ie2(ψ−U) GtΩV̄
. (5.12)
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5.1.2 Gauging, AdS Vacua and Near-Horizon Analysis

To proceed further, we specify a dyonic gauging by choosing the FI parameters G. In
particular we choose

Gt = (0, g1, g2, g3, g0, 0, 0, 0)t . (5.13)

Together with the vanishing axion condition (5.2), this choice fixes the phase α in (5.12)
to the constant value2 α = ±π/2. This can be checked from the explicit expressions of
the symplectic invariants Z and L,

Z = ieK/2
(
p0
(
λ1λ2λ3 − A

3 λ
3
)
− q1λ

1 − q2λ
2 − q3λ

3
)
,

L = eK/2
(
g0 + g1λ2λ3 + g2λ1λ3 + g3(λ1λ2 −A(λ3)2)

)
.

(5.14)

As can be inferred from the BPS equations (5.11), the choice (5.13) requires some charges
to vanish, so that the vector Q takes the form

Qt = (p0, 0, 0, 0, 0, q1, q2, q3)t . (5.15)

With the choice (5.13), the scalar potential (5.9) becomes

Vg = −g2g3λ1 − g1g3λ2 −
(
g1g2 −A(g3)2)λ3

− g0

λ1λ2λ3 − A
3 (λ3)3

(
g2λ1λ3 + g1λ2λ3 + g3 (λ1λ2 −A(λ3)2)) , (5.16)

which matches the known expression for the STU model [111, 193, 78] for A = 0. In
what follows we shall assume that all gauge coupling constants g0, g

i are positive. Then
the potential (5.16) has two critical points, namely one for

λ1 = g1

g3λ
3 , λ2 = g2

g3λ
3 , λ3 =

√
g0g3

g1g2 − A
3 (g3)2 , (5.17)

and the other for

λ1 = g1

g3λ
3 , λ2 = − 1

g1g3

(
g1g2 − 2

3A(g3)2
)
λ3 , λ3 =

√
g0g3

g1g2 − A
3 (g3)2 . (5.18)

The first has Vg = −3 R−2
AdS4

, and the second Vg = −R−2
AdS4

, where RAdS4 is the curvature
radius of AdS4, so both correspond to AdS4 vacua. One easily shows that (5.17) is also
a critical point of L, while (5.18) is not. The vacuum (5.17) is thus supersymmetric,
whereas (5.18) breaks supersymmetry. Moreover, reality and positivity of the scalars λi
implies that the second vacuum exists only in the range

3
2
g1g2

(g3)2 < A < 3 g
1g2

(g3)2 , (5.19)

in particular it is not present for zero deformation parameter A.
2Another possible choice yielding the same constant value for α is Gt = (g0, 0, 0, 0, 0, g1, g2, g3)t, which

would in turn require Q to assume the (magnetic) form Qt = (0, p1, p2, p3, q0, 0, 0, 0)t.



BPS Black Holes in N = 2, d = 4 Supergravity 113

As far as concerns to the first-order equations when this particular gauging is per-
formed, from the constancy of α, it follows that the BPS flow equations (5.11) boil down
to

2e2ψ (e−UReV
)′ + e2(ψ−U)ΩMG +Q = 0 ,

(eψ)′ = 2eψ−URe (GtΩV) .
(5.20)

The near-horizon geometry is required to be AdS2×Σκ, i.e. the warp factors enter in the
near-horizon Ansatz as in (4.98) while the scalar fields zi = −iλi assume constant values
on the horizon. Under this assumption, the BPS attractor equations (4.113) simplify to

Q+R2
HΩMG = −4Im

(
ZV
)
,

Z = i
R2
H

2RAdS2

.
(5.21)

In addition, one has to impose the constraint (5.10). As we said in section 4.2.2, the BPS
attractor equations (5.21) provide a set of equations for the variables {RH , RAdS2 , λ

i}
as functions of the gaugings g0, g

i and the charges p0, qi. Unfortunately the attractor
equations (5.21) are still unsolved once the parameters characterizing the model (5.1)
have been imposed. In particular the method studying near-horizon geometries developed
in [179] for the case of symmetric special Kähler manifolds doesn’t work in this case, since
the model is neither symmetric nor homogeneous.

5.1.3 The Black Hole Solution

The present section is devoted to the presentation of an exact black hole solution for
the non-homogeneous STU model (5.1). In order to simplify the BPS equations (5.20),
we introduce the functions3

H0 = e−U√
2

(
λ1λ2λ3 − A

3 (λ3)3
)− 1

2

,

H1 = λ2λ3H0 , H2 = λ1λ3H0 , H3 = (λ3)2H0 .

(5.22)

In terms of the latter, the equations (5.20) become

(H0)′ + 2g0(H0)2 = −e−2ψp0 ,

H ′21 H
2
1 + 2

3Ag
2H2

3 −
4
3Ag

3H1H3 = e−2ψq1 ,

H ′22 H
2
2 + 2

3Ag
1H2

3 −
4
3Ag

3H2H3 = e−2ψq2 ,

H ′3 + 2H3(g1H1 + g2H2)− 2g3
(
H1H2 + A

3 H
2
3

)
=

= e−2ψ H3
H1H2 +AH2

3
(q1H2 + q2H1 − q3H3) ,

ψ′ = g0H
0 + g1H1 + g2H2 + g3

(
H1H2
H3

−AH3

)
.

(5.23)

3A common choice for the functions Hi is to make them coincide with the components of the symplectic
sections [78]. For the present situation, we preferred to choose H3 in a different way, in order to simplify
the structure of the equations.
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A remarkable feature of the this model is that, contrary to e.g. the case considered in
[78], the equations (5.23) cannot be decoupled, due to the nondiagonal terms in the metric
(5.6). Following the strategy of [78], we introduce the following Ansatz

ψ = log
(
a r2 + c

)
,

H0 = e−ψ
(
α0r + β0) ,

Hi = e−ψ (αir + βi) , i = 1, 2, 3 .
(5.24)

The solution for the fields is then expressed in terms of the functions H0, Hi by inverting
the relations (5.22). This yields

e2U = 1
2

(
H3
H0

) 1
2
(
H1H2 −

A

3 H
2
3

)−1
, (5.25)

and

λ1 = H2
(
H3H

0)− 1
2 , λ2 = H1

(
H3H

0)− 1
2 , λ3 =

(
H3
H0

) 1
2

, (5.26)

for the warp factor U and the scalars λi respectively. By means of the Ansatz (5.24),
the differential equations (5.20) boil down to a system of algebraic conditions on the
parameters and the charges characterizing the solution, i.e. {α0, αi, β

0, βi, a, c, p
0, qi}.

The set of equations obtained in this way reduces, after some algebraic manipulations, to

α0 = a

2g0
, α1 = g2

g3 α3 , α2 = g1

g3 α3 , α3 = a g3

2
(
g1g2 − A

3 (g3)2
) ,

β1 = g2

g3 β3 , β2 = −1
2 β3

(
g1

g3 −A
g3

g2

)
− 1

2 β
0 g0
g2 ,

q1 = 2β2
3

g2

(g3)2

(
g1g2 − A

3
(
g3)2)+ g2 ac

2
(
g1g2 − A

3 (g3)2
) ,

q2 = 1
2g2

(
β0g0 + β3

g1g2

g3

)2

+ g1 ac

2
(
g1g2 − A

3 (g3)2
)

+ A

3 β3
g3

g2

(
β3
g1g2

g3 − β
0g0 −

A

2 β3g
3
)
,

q3 = g2

g3 q2 −A
g3

g2 q1 , p0 = − ac

2g0
− 2g0

(
β0)2 .

(5.27)

The solution for the scalars is obtained by plugging the parameters written in (5.27) into
the expressions (5.26). In this way, the scalars assume the explicit form

λ1 =
a g

1

g3

(
λ3
∞
)2
r − g0 β3

(
g1

g3 −A g3

g2

)
− β0 g2

0
g2√

(2g0 β0 + a r)
(

2g0 β3 + a r (λ3
∞)2

) ,

λ2 = g2

g3λ
3 , λ3 = λ3

∞

√
ar + 2 g0

(λ3
∞)2 β3

ar + 2g0β0 ,

(5.28)
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where λ3
∞ is the asymptotic value of λ3,

λ3
∞ =

√
g0g3

g1g2 − A
3 (g3)2 . (5.29)

The warp factor in the metric reads

e2U = 2g0g
3(ar2 + c)2

λ3
∞

(
ar − g0β0 − g0

(λ3
∞)2 β3

)√
(ar + 2g0β0)

(
ar + 2g0

(λ3
∞)2 β3

) . (5.30)

This solution represents a black hole, with a horizon at the largest zero of e2U , i.e. at
rH =

√
−c/a, where we assumed a > 0 and c < 0. The curvature invariants diverge

where the angular component of the metric e2ψ−2U vanishes. Note that all the scalar
fields λi should be well-defined and positive outside the horizon. Moreover, we still have
to impose the condition (5.10), i.e.

g0p
0 − giqi = −κ (5.31)

on the solution (5.27). Moreover these requirements are compatible with any of the three
possible choices for κ = 0 ,±1, i.e. the horizon topology can be either spherical, flat or
hyperbolic.

The Dirac quantization condition (5.31) fixes one of the four parameters {a, c, β0, β3}
that determine the solution, for example c . Furthermore, one easily sees that the solution
enjoys the scaling symmetry

(t, r, θ, φ, a, c, β0, β3, κ) 7→ (t/s, sr, θ, φ, a/s, sc, β0, β3, κ) , s ∈ R , (5.32)

that can be used to set a = 1 without loss of generality. Consequently, there are only two
physical parameters left, on which the solution depends.
Notice that the solution (5.27) is characterized by the proportionality between the scalars
λ2 and λ3, as is evident from (5.28). However, it is worth stressing that this fact does
not trivialize our results, since the locus λ2 = g2

g3λ
3 in the scalar manifold does not yield

a consistent two-moduli truncation for the STU model, namely ST 2. In other words, the
Kähler geometry that can be derived from the truncated model F

(
X1, X2, X3)

∣∣
λ2∝λ3 is

not equivalent to the two-dimensional one characterized by the prepotential

F =
X̃1 (X3)2

X0 , with X̃1 = X1 − A

3 X3 , (5.33)

which is homogeneous and symmetric (see for example [194]). This difference is evident,
for example, in terms of the Kähler metric. In fact one has

g
(3)
ij dλ

idλj |λ2∝λ3 6= g
(2)
MNdλ

MdλN , i, j = 1, 2, 3 , M,N = 1, 2 , (5.34)

where the left-hand side is the line element obtained with the metric (5.6) when the
condition λ2 ∝ λ3 is imposed, while the right-hand side describes the geometry associated
to the prepotential (5.33).

We conclude this section with a comment on the behaviour of the solution for A = 0.
Due to the particular definition of H3 we have chosen (with respect to the more common
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one used for example in [160, 78, 191]), setting A = 0 and λ2 = g2

g3λ
3 is not sufficient to

match exactly the STU black hole solution with two independent parameters that can be
derived from [78]. However, the parameters in (5.24) can be redefined as

α′3 = α1α2
α3
− A

3 α3 , β′3 = β1β2
β3
− A

3 β3 , (5.35)

in terms of which the solution (5.27) matches explicitly the known one when A = 0.
This redefinition of the parameters is a way to recover the choice for the functions that
is usually made when solving the BPS equations (5.11), whose analogue for the present
case is

H ′3 =
(
λ1λ2 −A(λ3)2)H0 , or H ′3 = e−ψ(α′3r + β′3) . (5.36)

5.1.4 The IR and UV Analysis

In this section, we discuss some properties of our solution, like near-horizon limit,
entropy or area-product formula.

In the asymptotic limit r →∞, the metric (5.30) becomes AdS4, i.e., at leading order
one has

ds2 = − r2

R2
AdS4

dt2 +R2
AdS4

dr2

r2 + r2dΩ2
κ , (5.37)

where the asymptotic AdS4 curvature radius RAdS4 is given by

R2
AdS4

= λ3
∞

2g0g3 , (5.38)

and the coordinates have been rescaled according to t → RAdS4t, r → r/RAdS4 . Notice
that the asymptotic value of the cosmological constant is

Λ = − 3
R2

AdS4

= −6g0g
3

λ3
∞

. (5.39)

On the other hand, when r approaches the horizon, the functions U and ψ assume, after
shifting r → r + rH , the form (4.98), with RAdS2 and RH given by

R2
AdS2

= −λ
3
∞f(rH)
8g0g3c

, R2
H = λ3

∞f(rH)
2g0g3 , (5.40)

where

f(rH) =
(
rH − g0β

0 − g0
(λ3
∞)2 β3

)√
(rH + 2g0β0)

(
rH + 2g0

(λ3
∞)2 β3

)
.

In this limit, the spacetime becomes AdS2 × Σκ, with metric

ds2 = − r2

R2
AdS2

dt2 +
R2

AdS2

r2 dr2 +R2
HdΩ2

κ . (5.41)

The Bekenstein-Hawking entropy is given by

SBH = A

4 = R2
H vol(Σκ)

4 . (5.42)
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This expression can be written in terms of the charges p0, qi and the gaugings g0, g
i only.

To this aim, the equation (5.27) need to be inverted, in order to use the charges p0, q1, q2
as parameters. This sustains the fact that this black hole is an attractor, which is a
non-trivial statement, due to the non-homogeneity of the model we have been discussing.
Finally, the product of the areas of all the horizons r = rI , I = 1, . . . , 4 (i.e., all the roots
of e2U ) assumes the remarkably simple form

4∏
I=1

A(rI) = − 36
Λ2

vol(Σ)4g2

g3 p0q1q̃
2
2 , (5.43)

where we defined

q̃2 = q2 −
A

3

(
g3

g2

)2

q1 . (5.44)

Note that (5.43) depends only on the charges and the gauging parameters. Similar for-
mulas have been proven to be true in a number of examples (see for instance [195, 196,
197, 161, 198, 164, 199]), a fact that calls for an underlying microscopic interpretation.

5.2 A Black Hole with the Universal Hypermultiplet

In this section we will present an exact black hole solution in N = 2, d = 4 gauged
supergravity coupled to a vector multiplet with special geometry defined by a prepotential
of the type

F = −iX0X1 , (5.45)

and to the universal hypermultiplet (3.34). The moduli space for this model is given by

SU(1, 1)
U(1) × SU(2, 1)

SU(2)×U(1) , (5.46)

where the terms in the product are in order the special Kähler manifold and the quater-
nionic moduli space of the universal hypermultiplet.

In spite of the form of its coset, the special Kähler structure of the moduli space
identified by the prepotential (5.45) doesn’t represent the reduction of five-dimensional
N = 2 supergravity leading to the completely truncated STU model, i.e. the T 3 model,
and it has not an interpretation as truncation on a Calabi-Yau threefold of type II string
theory or M-theory as for the other cases studied in this thesis. However it can be related
by a rigid symplectic transformation to the so-called CP1,1 model [200]. This belongs to
a general class of N = 2 models called CPn−1,1 that appear in orbifold compactifications
of heterotic string theory [201].

In this section we will consider an electric abelian gauging on the universal hyper-
multiplet of the non-compact group R × U(1) and we will solve explicitly the super-
symmetric first-order equations (4.56). This will produce an exact black hole solution
characterized by a radial flow of the dilaton included in the universal hypermultiplet and
an hyperscaling-violating asymptotic geometry.

5.2.1 The Model and the R×U(1) Gauging

Let’s consider a general setup of four-dimensional N = 2 gauged supergravity (3.54)
coupled to nV = 1 vector multiplet, parametrized by a complex scalar z, and to the
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universal hypermultiplet presented in section 3.1.4, spanned by the four real scalars qu =
(φ, ξ0, ξ̃0, a). Let’s analyze separately the two sectors of the scalar geometry.

The complex modulus z can be defined in terms of two homogeneous coordinates XΛ

such that
X1

X0 = z , (5.47)

while the symplectic sections (3.3) are given by

LΛ = eK/2 (1, z)t ,
MΛ = eK/2 (−iz,−i)t ,

(5.48)

This define a very simple forms for the Kähler potential and the metric,

e−K = 4 Re z and gzz̄ = 1
4 (Re z)2 , (5.49)

Finally the period matrix NΛΣ has the form

NΛΣ = −i
(
z 0
0 1

z

)
. (5.50)

Regarding the universal hypermultiplet we already introduced the metric (3.35) and the
SU(2) connection ωx in (3.36), so we can concentrate on the gauging. Since the theory
includes two vector fields, we can choose to gauge up two isometries of the metric (3.35).
We choose to gauge the (commuting) electric isometries generated by the following Killing
vectors on the quaternionic manifold [109]

kΛ = gΛ∂a + δ0
Λc
(
ξ̃0∂ξ0 − ξ0∂ξ̃0

)
, (5.51)

where gΛ and c are constants. This means that we are gauging the R group of the
translations along a with the combination AΛgΛ, and the U(1) group of rotations in the
ξ0–ξ0 plane with the field A0. The triholomorphic moment maps associated with the
Killing vectors (5.51) can be obtained from (3.41), and are

P 1
Λ = −δ0

Λc ξ
0eφ , P 2

Λ = δ0
Λc ξ̃0e

φ ,

(5.52)

P 3
Λ = δ0

Λc

[
1− 1

4e
2φ ((ξ0)2 + (ξ̃0)2)]+ 1

2gΛe
2φ .

With these choices the scalar potential (3.55) reads

Vg = 1
2

{
1

z + z̄

[
e4φ

4

[
g0 −

c

2
(
(ξ0)2 + (ξ̃0)2)]2 − c2 − g0c e

2φ
]

+ zz̄

z + z̄

e4φ

4 g2
1 − g1c e

2φ
}
.

(5.53)

For simplicity we will look for solutions with axion vanishing. We point out that for this
model this condition consists in requiring that z is real. Moreover we further impose that
z > 0 for the positivity of the kinetic terms.

We are interested in static solutions with spherical/hyperbolic symmetry thus we im-
pose the Ansatz on the fields introduced in (4.6), (4.8) and (4.9). The first and main



BPS Black Holes in N = 2, d = 4 Supergravity 119

consequence of this request consists in the truncation of the hypermultiplet to the dilaton
φ. Let’s consider the first-order analysis of section 4.1.1 and remind the two relations
(4.17) and (4.18), coming from the Maxwell equations for static gauge fields with spheri-
cal/hyperbolic symmetry, given by

pΛkuΛ = 0 and kΛuq
′u = 0 , (5.54)

where pΛ = (p0, p1)t are the magnetic charges. Plugging the Killing vectors (5.51) into
(5.54), it follows that

ξ0 = 0 , ξ̃0 = 0 and a′ = 0 . (5.55)

We note that a can be set consistently to zero since it decouples from the equations of
motion of the model. Moreover from (5.54), it follows also the relation

pΛgΛ = 0 . (5.56)

Hence, after this truncation, the electric moment maps can be organized as a symplectic
vector such that P1 = P2 = 0 and with

P3 =
(

0
P 3

Λ

)
, (5.57)

and P 3
Λ given by

P 3
0 = c+ g0

2 e2φ and P 3
0 = g1

2 e2φ . (5.58)

The moment maps and the charges obey the quantization condition (4.43) that, in the
case of a generic vector of charges Q and electric moment maps, takes the form

〈P3,Q〉 = pΛP 3
Λ = −κ . (5.59)

If we plug into the quantization condition the explicit form of the moment maps of our
model (5.57) and use the relation (5.56), we obtain the quantization condition of the
model

p0 = −κ
c
. (5.60)

With the truncation (5.56) and axions vanishing, the scalar potential takes

Vg = 1
4

{
1
z

[
e4φ

4 g2
0 − c2 − g0c e

2φ
]

+g2
1 z

4 e4φ − 2g1c e
2φ
}
. (5.61)

This potential admit an AdS4 vacuum given by

z = −g0
g1

and e−2φ = −g0
c
, (5.62)

where, for the positivity of the moduli, we have g0
g1
< 0 and g0

c < 0.
The scalar potential (5.61) can be rewritten in the covariant form (4.44). In fact one

can derive the expressions of L from (4.41) and of the central charge Z = 〈Q,V〉 obtaining

L = e
K
2 (c+ g0

2 e2φ + g1
2 e2φ z) ,

Z = ie
K
2 (p1 + p0 z) ,

(5.63)
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Thus one can derive the superpotential W given in (4.50) and the phase α (4.51). As in
the case of non-homogeneous STU , from the axions vanishing condition it follows that α is
constant, i.e. α = ±π/2, with this particular gauging. Moreover, with these prescriptions
the first-order equations (4.70) take the form

2e2ψ (e−UReV
)′ + e2(ψ−U)ΩMP3 +Q = 0 ,

(eψ)′ = 2eψ−URe (P3 tΩV) ,
q′u = −e−Uhuv∂vRe (P3 tΩV) ,
e′Λ = 4e2ψ−3UHΛΣImLΣ .

(5.64)

From the last equation it follows that e′Λ = 0 since LΛ is real in this particular model. Fur-
thermore, if we recall the relation (4.57), for the same reason also the electric components
of the gauge fields vanish, i.e. AΛ

t = 0. Thus it follows that the electric charges eΛ can
be consistently set to zero, thus the configuration of charges Q = (pΛ, 0)t is completely
magnetic.

5.2.2 The Black Hole Solution

In this section we explicitly solve the equations (5.64) for the model (5.46). First of
all we are going to write down the first-order equations in a similar way of (5.23). Let’s
introduce the new variables

H0 = e−UL0 and H0 = e−UL1 . (5.65)

Thus the first equation of (5.64) becomes

2(H0)′ + 4c(H0)2 + 2g0(H0)2 e2φ + p0e−2ψ = 0 ,
2(H1)′ + 2g1(H1)2 e2φ + p1e−2ψ = 0

(5.66)

that can be rewritten in the more compact fashion as follows

2 (HΛ)′ + 4c(H0)2δΛ
0 + 2gΛ(HΛ)2 e2φ + pΛe−2ψ = 0 , (5.67)

with no summation over the index Λ. Regarding the equation for ψ in (5.64), it takes the
form

ψ′ = 2cH0 + gΛH
Λe2φ , (5.68)

where we used (5.63) and (5.65). Finally, because of the truncation (5.55), the equations
for the hyperscalars boil down to the equation for the dilaton that takes the form

φ′ = −gΛH
Λe2φ , (5.69)

where we used (5.63) and the metric of the universal hypermultiplet (3.35).
We point out that the relation

ψ′ = 2cH0 − φ′ , (5.70)

obtained by merging the two flow equations (5.68) and (5.69) is characteristic of the
abelian R× U(1) gauging in the sense that it is possible to verify that the same relation
between ψ′, φ′ and H0 (except for different numerical factors) holds also for the M-theory
truncations of section 3.2.4.
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Let’ consider now the equations (5.66) and multiply respectively the first and the
second by g0 and g1. By summing the two resulting equations we obtain

(gΛH
Λ)′ + (gΛH

Λ)2 e2φ + 2 g0H
0e2φ (cH0e−2φ − g1H

1) = 0 , (5.71)

where the term in gΛp
Λ vanishes thanks to the relation (5.56). If we impose the following

relation between the scalar z and the dilaton φ,

z = H1

H0 = c

g1
e−2φ , (5.72)

the equation (5.71) takes the form

∂φ
[
(gΛH

Λ)2]− 2 (gΛH
Λ)2 = 0 , (5.73)

where we used the chain rule and the equation (5.69) for trading the coordinate r for φ.
The equation (5.73) is solved by

H0 = eφ

g0 + c e−2φ , H1 = c

g1

e−φ

g0 + c e−2φ . (5.74)

Plugging back (5.74) into the equations (5.66), one can show that the the warp factor ψ is
real only if κ = −1, namely the solution we are going to construct must have hyperbolic
symmetry. Finally one can solve the equation of the dilaton (5.69) obtaining

φ = − log r (5.75)

and derive the expression for the warp factor U in terms of (5.65),

e2U = 1
4H0H1 . (5.76)

Thus the final result is given by

ds2 = −4p1

g0
r2
[
−
(

1 + g0
c r2

)2
r2dt2 +

(
1 + g0

c r2

)−2 dr2

r2 + 1
2dΩ2

−1

]
, (5.77)

z = c

g1
r2 , e−2φ = r2 , AΛ = pΛ sinh θ dφ , (5.78)

where the magnetic charges respect the algebraic conditions (5.60) and (5.56) with κ =
−1, and are defined in the following intervals

g0

c
< 0 , c

g1
> 0 , p1

g0
< 0 . (5.79)

With these values for the parameters the solution describe a black hole since the metric
(5.77) has a background singularity in r = 0 and a well-defined event-horizon in rH =√
−g0/c defining an hyperbolic geometry of the type AdS2 ×H2.
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5.2.3 The IR and UV Analysis

Let’s consider the asymptotic regime, r → +∞, of the metric (5.77). It is immediate
to see that it reduces to

ds2 = −4p1

g0
r2
[
−r2dt2 + dr2

r2 + 1
2
(
dϑ2 + sinh2 ϑ dϕ2)] , (5.80)

which is manifestly conformally equivalent to AdS2×H2. Note that (5.80) is very similar
to hyperscaling violating geometries, which in d dimensions have the form

ds2 = r−
2θ
d−2

(
−r2zdt2 + dr2

r2 + r2(dxi)2
)
, (5.81)

where i = 1, . . . , d − 2. Here, z is the dynamical critical exponent and θ the so-called
hyperscaling violation exponent. Under the scaling r → r/λ, xi → λxi, t→ λzt, (5.81) is
not invariant, but transforms covariantly, ds→ λθ/(d−2)ds. The metric (5.80) exhibits ac-
tually a scaling behaviour similar to that of (5.81). To see this, introduce new coordinates
x, y on H2 according to

x+ iy =
eiϕ tanh ϑ

2 + 1
eiϕ tanh ϑ

2 − 1
, (5.82)

which casts (5.80) into the form

ds2 = −4p1

g0

[
−r2dt2 + dr2

r2 + dx2 + dy2

2x2

]
. (5.83)

Under the scaling

r → r

λ
, t→ λt , x→ λx , y → λy , (5.84)

(5.83) transforms as ds→ ds/λ.
In the near-horizon limit, r → rH , the metric takes the form

ds2 = −4p1g0
c2

[
r2dt2 − dr2

r2

]
+ 2p1

c

[
dϑ2 + sinh2 ϑdϕ2] , (5.85)

which is AdS2 ×H2, while the scalar fields take the near-horizon values

e−2φH = −g0
c
, zH = −g0

g1
. (5.86)

It is easy to show that this black hole is an attractor. Using (4.19) and (5.61), we can
obtain the values of VBH and Vg at the horizon values (5.86),

VBH = p0p1 and Vg = −3 c2 p0

4 p1 . (5.87)

Thus one can derive the near-horizon value of Veff given in (4.104) and obtain the entropy
density of the black hole

sBH = SBH
vol(H2) = 1

4 Veff (zH , φH) = p0p1

2 , (5.88)

where vol(H2) is obtained by compacting H2 on a Riemann surface of genus g. The
entropy is thus strictly charge-dependent and, thus, the scalars z and φ flow to the
horizon driven by the attractor mechanism.



Chapter 6

BPS Objects in N = 1, d = 7 Supergravity

In this chapter we move on with the analysis on BPS objects in gauged supergravities
by walking up towards higher-dimensional supergravities. The general framework will be
now given by N = 1 minimal gauged supergravity in seven dimensions [202].

Recalling the classification of dimensional reductions on spheres presented in sec-
tion 2.2.1, we will consider two particular consistent truncations leading to this seven-
dimensional gauged supergravity. The first is the truncation of eleven-dimensional super-
gravity on a 4-sphere S4 [51, 43, 203, 204] and the second is realized by massive type IIA
supergravity on a squashed 3-sphere S̃3 [41].

Together with the seven-dimensional graviton, a triplet of SU(2) gauge vector fields
and the dilaton, the degrees of freedom describing these truncations include also a tensor
field in the supergravity multiplet given by a 3-form gauge potential. The presence of the
3-form gives rise to many possible physical configurations like black brane solutions and,
generally, a rich class of flows interpolating between various types of closed string vacua
(see for example [205, 79, 206, 207]). Moreover the gauge group SU(2) together with a
topological mass deformation for the 3-form implies a scalar potential for the dilaton,
thus without the necessity of including the coupling to matter multiplets. This potential
possesses two AdS7 extrema [208], one has spontaneously broken supersymmetry, while
the other is supersymmetric and with uplifts respectively in the D = 11 Freund-Rubin
solution AdS7×S4 (2.19), and in the massive IIA warped solution AdS7×w S̃3 presented
in (2.21).

The first aim of this chapter is to present a class of BPS flows in N = 1, d = 7 gauged
supergravity including a non-trivial profile for the three-form gauge potential [209]. These
solutions will be derived thanks to the formulation of suitable Ansatzë on the fields and
by solving BPS equations obtained by the Killing spinor analysis1. Most of the flow
equations, that we will obtain, will be integrated analytically, while for some of them
we will have to employ numerical integration methods. Moreover we will discuss the
eleven-dimensional origin of the various aforementioned solutions especially in relation to
a particular example of M2-M5 bound state preserving 16 supercharges [210, 209].

Among these flows we will encounter AdS3 solutions slicing an asymptotically AdS7
background. These are of particular interest from the point of view of AdS/CFT cor-
respondence since they represent an ideal framework to study conformal defects [81, 82]
within a non-lagrangian d = 6 superconformal field theory dual to the AdS7 vacuum. In
section 2.4.5 we introduced the conformal defects as a way to interpret a lower-dimensional
SCFTp arising in the IR of wrapped branes’ constructions as a theory living on a hyper-
surface within the manifold on which a “mother” SCFTd, dual to the UV asymptotics, is
defined. The internal SCFTp manifests its presence through the breaking of the conformal

1As far as we know, the Hamilton-Jacobi analysis involving supergravities coupled to tensor fields has
not been formulated yet.
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124 6.1 The Minimal Gauged Supergravity in d = 7

symmetry of the SCFTd. This induces an RG flow across dimensions between a UV fixed
point represented by the SCFTd and a IR, described by the lower-dimensional SCFTp.
The existence of the defect can be immediately verified since it determines the breaking
of the conformal invariance implying non-vanishing values of the one-point functions and
the non-conservation of the stress-energy tensor of the SCFTd.

In our case we will deal with a two-dimensional N = (4, 0) SCFT2 dual to the AdS3
and identifying a surface defect within the six-dimensional N = (1, 0) SCFT6 associated
to the AdS7 vacuum [211]. This particular setup will be realized starting by considering
a particular flow with an AdS3-slicing choosen between the seven-dimensional solutions
presented. We will construct the brane picture describing the uplift of this flow that it
turns out to be defined by the wrapping of the bound state D2-D4-NS5-D6-D8 in massive
type IIA supergravity [211]. This bound state, when considered in two particular limits
of its coordinates, reproduces both the AdS7 vacua and the AdS3 slicing, while outside of
these limits it defines an RG flow across dimensions from the UV given by the N = (1, 0)
SCFT6 towards the IR limit described by the defect N = (4, 0) SCFT2 [211].

6.1 The Minimal Gauged Supergravity in d = 7

Gauged supergravities in seven dimensions may be divided into maximal theories
[212, 213], i.e. with 32 real supercharges, and half-maximal ones [202] with only 16. Since
Majorana spinors do not exist in 1 + 6 dimensions, it is impossible to further go down
to 8 supersymmetries. While the complete embedding tensor formulation of the maximal
gauged theories has been worked out in all details in [214], such a complete formulation
is lacking in the context of theories with 16 supercharges [215, 216].

The theory we want to focus on can be obtained as a particular truncation of half-
maximal supergravity obtained by restricting oneself to the N = 1 supergravity multiplet.
The ungauged theory is characterized by a bosonic field content including the metric, a
three-form gauge potential, three vector fields and one scalar, and is usually referred to
as minimal, (see the classification of section 2.2.2). The most general consistent defor-

fields and SO(5) irrep’s R+ × SO(3) irrep’s SU(2)R irrep’s # dof’s
eµ
m 14 1(0) 1 14

Aµ
i 5 3(+1) 1 15

Bµνρ 10 1(−2) 1 10
X 1 1(+1) 1 1
ψµα 16 1(0) 2 32
χα 4 1(0) 2 8

Table 6.1: The on-shell field content of ungauged minimal N = 1 supergravity in d = 7. Each
field is massless and hence transforms in some irrep of the corresponding little group SO(5) w.r.t.
spacetime diffeomorphisms and local Lorentz transformations. Table from [209].

mation turns out to be a combination of a gauging of the SU(2) R-symmetry group and
a Stückelberg-like massive deformation for the three-form potential. The purely gauged
minimal theory was found to stem from a reduction of type I supergravity on S3 [203],
while the purely massive theory may be obtained as a reduction of eleven-dimensional
supergravity on a T 4 with non-vanishing four-form flux. However, none of the above
limiting cases allows for moduli stabilization, since the induced scalar potential always
exhibits a run-away direction.
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In this case, the full Lagrangian enjoys a global symmetry given by

G0 = R+
X × SO(3) .

As for N = 2 supergravities, the (40B + 40F ) bosonic and fermionic propagating
degrees of freedom of the theory are rearranged into irreducible representations of G0
as described in table 6.1. We refer to the appendix A for a summary of our notations
concerning symplectic-Majorana (SM) spinors. In such a minimal setup, the possible
consistent deformations of the theory associated with a generalized embedding tensor are
of the following two different types:

• An SU(2) gauging realized by the three vector fields in table 6.1 and controlled by
the gauge coupling constant g.

• A Stückelberg-like coupling h giving a mass to the 3-form gauge potential B(3) in
the gravity multiplet.

The bosonic Lagrangian for the deformed theory then reads [202]

L = R ?7 1 − 5X−2 ?7 dX ∧ dX −
1
2 X

4 ?7 F(4) ∧ F(4) − Vg ?7 1

− 1
2 X

−2 ?7 F i(2) ∧ F
i
(2) − hF(4) ∧ B(3) + 1

2 F
i
(2) ∧ F

i
(2) ∧ B(3) ,

(6.1)

where R denotes the seven-dimensional Ricci scalar and Vg(X) is the scalar potential.
The quantities F(2) and F(4) are the (modified) field strengths of the 1- and 3-form gauge
potentials, respectively. Their explicit form is given by

F i(2) = dAi − g

2 ε
ijk Aj ∧Ak and F(4) = dB(3) . (6.2)

The explicit form of the scalar potential induced by the two aforementioned deformations
reads

Vg(X) = 2h2X−8 − 4
√

2 ghX−3 − 2g2X2 , (6.3)

which may be, in turn, rewritten in terms of a real superpotential

f(X) = 1
2

(
hX−4 +

√
2 g X

)
, (6.4)

through the relation

Vg(X) = 4
5

(
−6f(X)2 + X2 (DXf)2

)
. (6.5)

Finally, due to the presence of the topological term in (6.1) induced by h and B(3),
one has to impose an odd-dimensional self-duality condition [217] of the form

X4 ?7 F(4)
!= −2hB(3) + 1

2 A
i ∧ F i(2) + g

12εijk A
i ∧ Aj ∧ Ak . (6.6)

This supergravity theory enjoys N = 1 supersymmetry, which can be made manifest
by checking the invariance of its full Lagrancian with respect to the following supersym-
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metry transformations

δζeµ
m = ζ̄a γ

m ψµ
a,

δζX = X

2
√

10
ζ̄a χ

a,

δζAµ
i = i

X√
2

[(
ψ̄µb ζ

a − 1
2 d

a
b ψ̄µc ζ

c

)
− 1√

5

(
χ̄b γµ ζ

a − 1
2 d

a
b χ̄c γµ ζ

c

)]
,

δζBµνρ = X−2
√

2

(
3
2 ψ̄µa γνρ ζ

a + 1√
5
χ̄a γµνρ ζ

a

)
,

δζψµ
a = ∇µζa + ig (Aµ)ab ζ

b + i
X−1

10
√

2
(γµmn − 8 eµm γn)

(
F(2)mn

)a
b
ζb

+ X2

160

(
γµ
mnpq − 8

3 eµ
m γnpq

)
F(4)mnpq ζ

a − 1
5 f(X) γµ ζa,

δζχ
a =
√

5
2 X−1 /∂X ζa − i

X−1
√

10
(
/F (2)

)a
b
ζb + X2

2
√

5
/F (4) ζ

a − X

5 DXf ζ
a,

(6.7)

where we introduced the following notation /ω(p) = 1
p! γ

m1···mp ω(p)m1···mp , ω(p) being a
p-form, and the SU(2)-valued vector fields read

A = 1
2 A

i σi , (6.8)

where
{
σi
}

being the Pauli matrices given in (A.4).
The bosonic field equations obtained by varying the action (6.1) are given by

Rµν − 5X−2 ∂µX ∂νX −
1
5 Vg(X) gµν −

1
2 X

−2 (F(2)
)2
µν
− 1

2 X
4 (F(4)

)2
µν

= 0,

∇µ
(
X−1∇µX

)
− X4

120
∣∣F(4)

∣∣2 + X−2

20
∣∣F(2)

∣∣2 − X

10 DXVg = 0 ,

d
(
X4 ?7 F(4)

)
+ g√

2
F(4) −

1
2 F

i
(2) ∧ F

i
(2) = 0 ,

dA
(
X−2 ?7 F i(2)

)
− F i(2) ∧ F(4) = 0 ,

(6.9)

where(
F(2)

)2
µν

= F i(2)µρ
F i(2)ν

ρ − 1
10
∣∣F(2)

∣∣2 gµν , ∣∣F(2)
∣∣2 = F i(2)µν

F i(2)
µν
,

(
F(4)

)2
µν

= F(4)µρσκ F(4)ν
ρσκ − 1

40
∣∣F(4)

∣∣2 gµν , ∣∣F(4)
∣∣4 = F(4)µνρσ F(4)

µνρσ ,

(6.10)

and dA denotes the gauge-covariant differential. Note that the equations of motion in (6.9)
are implied by the SUSY conditions (6.7) written down for a purely bosonic background.
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6.2 BPS Objects and Dyonic 3-Form

In this section we will derive a class of BPS flows within minimal gauged supergravity
in d = 7 by solving the first-order equations. These will be obtained through the formula-
tion of a suitable Ansatz on the bosonic fields and on the Killing spinor associated to the
flow. In particular these flows will involve a non-trivial profile for the 3-form potential
B(3) and with 8 real preserved supercharges. Moreover, in this section we will keep the
vectors inactivated, leaving to the next section their inclusion.

There are two crucially different possibilities when considering a flow with a running
3-form potential B(3) and vanishing vectors:

• Vanishing topological mass: For these models the self-duality condition (6.6) is
trivially satisfied by an electric profile for the 3-form potential and these cases are
well described by the already known solutions of ungauged supergravity (see e.g.
[218]).

• Non-vanishing topological mass: For these models the condition (6.6) requires a
more complicated dyonic Ansatz for the 3-form potential. This is the situation that
we are going to consider in this section and, in this context, we will derive a new
class of BPS solutions with 8 real supercharges (BPS/2) 2.

6.2.1 The Domain Wall Solution

We first start constructing the domain wall (DW) solution as the most simple of
supersymmetric solution of this theory [220]. Supersymmetric DW’s are BPS flows where
the only excited degrees of freedom are the metric and the scalar fields. In this case we
consider the following Ansatz for the d = 7 fields

ds2 = e2U(r) ds2
R1,5 + e2V (r) dr2 ,

X = X(r) ,
(6.11)

where ds2
R1,5 denotes the flat six-dimensional Minkowski metric, while both vector and

3-form fields are kept vanishing. Note that the arbitrary function V (r) is in fact non-
dynamical and could be set to zero by means of a suitable gauge choice. However, when
solving this type of problems, it is often convenient to keep such a gauge freedom in
order to simplify the resulting flow equations such in way that they may be integrated
analytically.

By choosing a Killing spinor of the form

ζ(r) = Y (r) ζ0 , (6.12)

where ζ0 is a constant SM spinor (i.e. obeying (A.1)) and further satisfying the following
projection condition3

Π(γ6) ζ0 = ζ0 , (6.13)
the SUSY equations are fully implied by the following first-order flow equations

U ′ = 2
5 e

V f , Y ′ = Y
5 e

V f , X ′ = − 2
5 e

V X2DXf . (6.14)
2This situation was originally considered in [219], where some insights were given concerning the search

for dyonic membrane solutions.
3In what follows we shall adopt the following notation: Π(O) ≡ 1

2 (I + O), where O denotes an
idempotent spinorial operator.
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If we make the gauge choice eV = − 5X−2

2DXf , the general solution of (6.14) is given by

e2U =
(

r√
2 g r5 − 4h

)1/2
, X = r , (6.15)

where one can further consider special cases where g = 0, h 6= 0, g 6= 0, h = 0, and
g 6= 0 and h 6= 0.

6.2.2 Charged Flow on the Background R1,2 × R3

Let us now consider a non-trivial dyonic profile for the 3-form potential B(3) for a
seven-dimensional background including the flat manifold R3. We make the following
Ansatz for the fields

ds2 = e2U(r) ds2
R1,2 + e2V (r) dr2 + e2W (r) ds2

R3 ,

X = X(r) ,

B(3) = k(r) volR1,2 + l(r) volR3 ,

(6.16)

where ds2
R1,2 and ds2

R3 respectively denote the flat R1,2 and the flat R3 metric, while
the vector fields are still kept vanishing. Note that V (r) is an arbitrary non-dynamical
function and can be set to zero with a suitable gauge choice.

By choosing a Killing spinor of the form

ζ(r) = Y (r)
(
cos θ(r) I8 + sin θ(r) γ012) ζ0 , (6.17)

where ζ0 is a constant SM spinor (i.e. obeying (A.1)) and further satisfying the following
projection condition

Π(γ3) ζ0 = ζ0 , (6.18)

the Killing spinor equations are fully implied by the following first-order flow equations

U ′ = 1
5 e

V f
(3 cos(4θ) − 1)

cos(2θ) ,

W ′ = −2
5 e

V f
(cos(4θ) − 2)

cos(2θ) ,

Y ′ = 1
10 e

V Y f
(3 cos(4θ) − 1)

cos(2θ) ,

θ′ = −eV f sin(2θ) ,

k′ = −4f e3U+V

X2 tan(2θ) ,

l′ = 4f eV+3W

X2 sin(2θ) ,

X ′ = −2
5 e

V X

(
XDXf − 8f sin4 θ

cos(2θ)

)
,

(6.19)
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provided that the following extra differential constraint

XDXf + 4 f != 0 , (6.20)

holds along the flow. It can be shown that (6.20) is solved by a superpotential of the
original form given in (6.4) by setting g = 0. This situation corresponds to having a pure
Stückelberg deformation associated with the parameter h, without any gauging.

After performing the following gauge choice for the function V

eV
gauge fix.= f−1 , (6.21)

the above flow equations may be integrated analytically and the solution reads

e2U = sinh(4r)1/5 coth(2r) ,

e2V = 4
h2 sinh(4r)16/5 ,

e2W = sinh(4r)1/5 tanh(2r) ,

X = sinh(4r)2/5 ,

k = 1√
2 sinh2(2r)

,

l = − 1√
2 cosh2(2r)

,

Y = sinh(4r)1/20 coth(2r)1/4 ,

θ = arctan
(
e−2r) .

(6.22)

One may check that (6.22) correctly satisfies the bosonic field equations in (6.9) as well
as the odd-dimensional self-duality condition (6.6). Note that this solution is not asymp-
totically AdS7, consistently with the fact that the monomial scalar potential induced by
the only contribution of the topological mass has a run-away behavior in X.

6.2.3 Charged Flow on the Background R1,2 × S3

It is now natural to wonder if flows driven by the complete profile of the potential (6.3)
exist and, then, if asymptotically AdS7 solutions with a running profile for the 3-form
exist in the considered theory.

It is well known that one of the main features of the first-order formulation of super-
gravity is the gauge-dependence: the profile of the Killing spinor directly determines the
background through the first-order flow equations, which turn out to explicitly depend on
the spin connection of the background itself. Adapting this story to our case, this implies
that searching for Killing spinors associated to asymptotically AdS7 flows is equivalent
to look for a background parametrization such that the correspondent flow equations are
driven by the complete superpotential (6.4).

We claim that, in our case, this happens only if the locally Euclidean part of the
background admits an SO(3)-covariant parallelized basis, i.e. we need a field configuration
parametrized in such a way the spin connection of the Euclidean part of the metric takes
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non-zero constant values once expressed in flat coordinates4. From these considerations
it follows that the presence of AdS7 is excluded for a metric containing R3 since it is flat
and also for H3 since its parallelized basis is SO(2, 1)-covariant.

Thus we consider an Ansatz of the form,

ds2 = e2U(r) ds2
R1,2 + e2V (r) dr2 + e2W (r) ds2

S3 ,

X = X(r) ,

B(3) = k(r) volR1,2 + l(r) volS3 ,

(6.23)

where ds2
S3 is the metric of a unit S3 and volS3 its volume. We choose the set of Hopf

coordinates (θ1, θ2, θ3) on S3, such that

ds2
3 = 1

κ2

[
dθ2

2 + cos2 θ2dθ
2
3 + (dθ1 + sin θ2θ3)2

]
. (6.24)

The dreibein corresponding to this parametrization of the S3 is non-diagonal,

e1 = 1
κ

(dθ1 + sin θ2dθ3),

e2 = 1
κ

(cos θ1dθ2 − sin θ1 cos θ2dθ3) ,

e3 = 1
κ

(cos θ1 cos θ2dθ3 + sin θ1dθ2),

(6.25)

and the corresponding spin connection is constant if expressed in the flat basis (6.25) and
given by

ωi jk = κ

2 εijk with i, j, k = 1, 2, 3 . (6.26)

In what follows the SO(3) indices (i, j, k) = 1, 2, 3 must be identified with the (4, 5, 6)
components of the flat basis of the whole seven-dimensional metric.

By choosing a Killing spinor with the same profile of (6.17) and satisfying the projec-
tion condition (6.18), the Killing spinor equations are satisfied if the following system of
first-order flow equations hold,

U ′ = 1
25 e

V (3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf

cos(2θ) ,

W ′ = − 2
25 e

V (cos(4θ) − 6) f + 2 sin2(2θ)XDXf

cos(2θ) ,

Y ′ = 1
50 e

V Y
(3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf

cos(2θ) ,

θ′ = −1
5 e

V sin(2θ) (f − XDXf) ,

(6.27)

4This basis parametrizes to the Hopf-fibration of the 3-sphere.
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k′ = 2
5
eV+3U tan(2θ) (2 f + 3XDXf)

X2 ,

l′ = 4
5
eV+3W sin(2θ) (f − XDXf)

X2 ,

X ′ = − 2
25 e

V X
(4 + cos(4θ))XDXf + 2 sin2(2θ) f

cos(2θ) ,

where the constraint

κ+ 2
5e

W tan(2θ) (XDXf + 4 f) != 0 , (6.28)

has been imposed along the whole flow. Imposing the constraint (6.28) and the flow (6.27)
on the equations of motion (6.9), it follows that they are satisfied if the superpotential is
given by the (6.4) with arbitrary values of g and h.

As in the case of the previous section, we perform the following gauge choice for the
function V

e−V
gauge fix.= 1

5 (f − XDXf) , (6.29)

the above flow equations may be integrated analytically and the solution reads

e2U =
((

ρ4 + 1
)3 (

ρ16 + 4ρ12 + 4ρ4 + 1
)

ρ10 (ρ4 − 1)2

)2/5

,

e2V =
22/5 (ρ8 − 1

)16/5

h2/5g8/5 (ρ16 + 4ρ12 + 4ρ4 + 1)8/5 ,

e2W =
((

ρ4 − 1
)3 (

ρ16 + 4ρ12 + 4ρ4 + 1
)

ρ10 (ρ4 + 1)2

)2/5

,

X =
23/10h1/5 (ρ8 − 1

)2/5
g1/5 (ρ16 + 4ρ12 + 4ρ4 + 1)1/5 ,

k =
22/5g2/5 (ρ16 + 4ρ12 + 4ρ4 + 1

)
h2/5ρ4 (ρ4 − 1)2 ,

l =
22/5g2/5 (ρ16 − 4ρ12 − 4ρ8 − 4ρ4 + 1

)
h2/5ρ4 (ρ4 + 1)2 ,

Y =
((

ρ4 + 1
)3 (

ρ16 + 4ρ12 + 4ρ4 + 1
)

ρ10 (ρ4 − 1)2

)1/10

,

θ = arctan
(
ρ−2) ,

(6.30)

where r = log ρ and from (6.28) one obtains κ = −29/5g4/5h1/5.
In the asymptotic region, the flow (6.30) turns out to locally reproduce AdS7, in fact

the contribution of F(4) turns out to be sub-leading when r → +∞. In this limit one has

θ = 0 , X = 1 , F0123 = 0 , F3456 = 0 , (6.31)
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where we made the choice for the parameters5 h and g such that h = g

2
√

2 . In the limit
r → 0 the flow is singular. Finally it is easy to verify that (6.30) correctly satisfies the
equations of motion in (6.9) and the odd-dimensional self-duality condition (6.6).

6.2.4 AdS7 Charged Domain Wall

We want now to consider a slightly more complicated system such that the whole
background is curved. This is achieved by considering an AdS3 slicing of the seven-
dimensional background. In this section we will consider for simplicity a background
depending only on a independent warp factor U(r), thus the configuration of the fields
has the form,

ds2 = e2U(r) ds2
AdS3

+ e2V (r) dr2 + e2U(r) ds2
S3 ,

X = X(r) ,

B(3) = k(r) volAdS3 + l(r) volS3 ,

(6.32)

where ds2
S3 is again the metric of the S3 parametrized as in (6.24), while ds2

AdS3
is the

metric of AdS3 in the parallelized basis (t, x1, x2) such that

ds2
AdS3

= 1
L2

[
(dx1)2 + cosh2 x1(dx2)2 −

(
dt− sinh x1dx2)2] . (6.33)

The non-symmetric dreibein associated to this parametrization is given by

e0 = 1
L

(
dt− sinh x1dx2) ,

e1 = 1
L

(
cos tdx1 − sin t cosh x1 dx2) ,

e2 = 1
L

(
cos t cosh x1dx2 + sin tdx1) ,

(6.34)

and defines a constant spin connection as in the case of S3.
Keeping the same Killing spinor given in (6.17) with the projection condition (6.18),

the Killing spinor equations determine a system of first-order flow equations for the su-
perpotential (6.4) if

θ(r) = 0 , k(r) = l(r) , κ = L . (6.35)
In this case the BPS equations take the simple form

U ′ = 2
5 e

V f ,

Y ′ = Y

5 eV f ,

k′ = −e
2U+V L

X2 ,

X ′ = −2
5 e

V X2DXf .

(6.36)

5The explicit dependence on the parameters h and g of the flow is related to the gauge choice (6.43).
Given this particular gauge choice, one can always choose h = g

2
√

2
in order to obtain X = 1 as an

asymptotic of value for the R+ dilaton.
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Choosing the gauge

e−V
gauge fix.= −2

5 X
2DXf , (6.37)

and taking the parameters as h = g

2
√

2 , the equations (6.36) are easly integrated in the
interval r ∈ (0, 1), yielding

e2U = 2−1/4
√
g

(
r

1 − r5

)1/2
,

e2V = 25
2g2

r6

(1 − r5)2 ,

Y = 2−1/16

g1/8

(
r

1 − r5

)1/8
,

k = −21/4 L

g3/2

(
r5

1 − r5

)1/2

,

X = r .

(6.38)

This solution turns out to be asymptotically locally AdS7. In particular, in the limit
r → 1 one has

X = 1 , F0123 = 0 , F3456 = 0 , (6.39)

while for r → 0 the solution is singular.

6.2.5 The General Flow AdS7 → AdS3 × T 4

Let us now consider a slightly more complicated background where the warping is
determined by two independent functions U and W ,

ds2 = e2U(r) ds2
AdS3

+ e2V (r) dr2 + e2W (r) ds2
S3 ,

X = X(r) ,

B(3) = k(r) volAdS3 + l(r) volS3 ,

(6.40)

where ds2
S3 is again the metric of the S3 parametrized as in (6.24), while ds2

AdS3
is the

metric of AdS3 parametrized as in (6.33).
Given the usual Killing spinor (6.17) with the projection condition (6.18), the first-

order flow equations are given by

U ′ = 1
25 e

V (3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf − 5Le−U sin(2θ)
cos(2θ) ,

W ′ = − 1
25 e

V 2(cos(4θ) − 6) f + 4 sin2(2θ)XDXf + 5Le−U sin(2θ)
cos(2θ) ,
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Y ′ = 1
50 e

V Y
(3 cos(4θ) + 7) f + 6 sin2(2θ)XDXf − 5Le−U sin(2θ)

cos(2θ) ,

θ′ = −1
5 e

V sin(2θ) (f − XDXf) ,

k′ = e3U+V

5X2

[
2 tan(2θ) (2f + 3XDXf)− 5Le−U

cos(2θ)

]
,

l′ = e3W+V

5X2
[
4 sin(2θ) (f − XDXf)− 5Le−U

]
,

X ′ = − 1
25 e

V X
2 (4 + cos(4θ))XDXf + 4 sin2(2θ) f − 5Le−U sin(2θ)

cos(2θ) ,

(6.41)

where the constraint

κ− L eW−U

cos(2θ) + 2
5e

W tan(2θ) (XDXf + 4 f) != 0 , (6.42)

has been imposed along the whole flow. Imposing the constraint (6.42) the equations of
motion (6.9) are fully satisfied imposing (6.41) if the superpotential is given by the (6.4)
with arbitrary values of g and h.

Performing the usual gauge choice for the function V

e−V
gauge fix.= 1

5 (f − XDXf) , (6.43)

the above flow equations are solved by

e2U =
(
ρ4 + 1

)2 (√2 g
(
ρ16 + 4 ρ12 + 4 ρ4 + 1

)
− 8Lρ4 (ρ8 + 1

))2/5
214/5 h2/5 ρ4 (ρ8 − 1)4/5 ,

e2V =
226/5 (ρ8 − 1

)16/5

h2/5
(√

2 g (ρ16 + 4ρ12 + 4ρ4 + 1)− 8Lρ4 (ρ8 + 1)
)8/5 ,

e2W =
(
ρ4 − 1

)2 (√2 g
(
ρ16 + 4 ρ12 + 4 ρ4 + 1

)
− 8Lρ4 (ρ8 + 1

))2/5
214/5 h2/5ρ4 (ρ8 − 1)4/5 ,

X =
22/5 h1/5 (ρ8 − 1

)2/5(√
2 g (ρ16 + 4 ρ12 + 4 ρ4 + 1)− 8Lρ4 (ρ8 + 1)

)1/5 ,
k =

√
2 g
(
ρ16 + 4 ρ12 + 4ρ4 + 1

)
− 2L

(
ρ16 + 4ρ12 − 2 ρ8 + 4 ρ4 + 1

)
16h ρ4 (ρ4 − 1)2 ,

l =
√

2 g
(
−ρ16 + 4 ρ12 + 4 ρ8 + 4 ρ4 − 1

)
+ 2L

(
ρ16 − 4 ρ12 − 2 ρ8 − 4 ρ4 + 1

)
16h ρ4 (ρ4 + 1)2 ,

Y =

(ρ4 + 1
)2 (√2 g

(
ρ16 + 4 ρ12 + 4 ρ4 + 1

)
− 8Lρ4 (ρ8 + 1

))2/5
214/5 h2/5 ρ4 (ρ8 − 1)4/5

1/4

,

θ = arctan
(
ρ−2) ,

(6.44)
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where r = log ρ and, from (6.42), one obtains

κ+ L =
√

2 g . (6.45)

This flow is asymptotically locally AdS7: for any values of κ and L respecting (6.2.5) and
for h = g

2
√

2 , one has

θ = 0 , X = 1 , F0123 = 0 , F3456 = 0 , (6.46)

in the limit r → +∞.
The study of the limit r → 0 crucially depends on the relation between κ and L. The

general leading-order behavior of the scalar potential (6.3) is given by

Vg =
h2/5 (5√2 g − 8L

)8/5
23/10 r16/5 + · · · . (6.47)

From this expression we conclude that the behavior of the flow in the limit r → 0 is
singular except for the special value

L = 5 g
4
√

2
, (6.48)

where the scalar potential takes a constant value and the flow turns out to be described
locally by AdS3 × T 4, where the main difference with respect to the asymptotics is the
fact that this geometry is not a solution per se, as AdS7, but only the infrared (leading)
profile of the flow (6.44) when the radii of AdS3 and S3 are related by (6.48).

In this limit, we have

θ = π

4 , X = 22/5

31/5 , F0123 = 0 , F3456 = − 31/5

219/10 g . (6.49)

Finally one can verify that (6.44) solves the equations of motion (6.9) and the odd-
dimensional self-duality condition (6.6).

6.3 The Coupling to the SU(2) Vectors

In this section we will extend our analysis including the coupling to the SU(2) vectors
Ai. In particular, the aim is finding solutions described by the backgrounds (6.23) and
(6.40), with running 3-form field, including three non-Abelian vectors associated to the
Hopf fibration of the 3-sphere S3. Extending the set of excited fields produces a partial
supersymmetry breaking. On one hand this is due to the presence of new terms in the
Killing spinor equations (6.7), on the other hand, the stucture of (6.7) tells how the profile
of vectors should be in order to preserve some amount of supersymmetry.

6.3.1 Killing Spinors and Twisting Condition

Let us consider the backgrounds (6.23) or (6.40) with the S3 metric parametrized as
in (6.24), together with an Ansatz for the vectors given by

Aij = A(r)
2 g εi k l ωj kl , (6.50)
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where ωi are the components of the spin connection of the S3 and the last three values of
the curved index µ = 4, 5, 6 have been identified with the SO(3) indices i, j · · · = 1, 2, 3.

Given the Ansatz (6.50), we notice that the SM structure of the spinors turns out
to be crucial in order to avoid a complete SUSY breaking. This may be seen explicitly
by looking at the gravitinos supersymmetry variations δζψµa, which acquire now the
following new terms depending on Ai

· · ·+ 1
4 ωi jk γ

j kζa + ig (Ai)ab ζ
b + i

X−1

10
√

2
(γimn − 8 eim γn) (Fmn)ab ζ

b + · · · , (6.51)

which are characterized by a non-trivial action of the vectors on the SU(2) structure of
the spinor ζa. If one looks at first contribution in (6.51) coming from the spin connection
of the S3 in relation to the second term, we see that the only way of preserving some
supersymmetry is to take the Killing spinor oriented along the direction identified by the
vectors. This happens only if one imposes three new projection conditions on the spinor.
In terms of the SM spinor ζa defined in (6.17) and satisfying (6.18), these new conditions
are given by

γ5 6 ζa0 = −i
(
σ1)a

b
ζb0 , γ4 6 ζa0 = i

(
σ2)a

b
ζb0 , γ4 5 ζa0 = −i

(
σ3)a

b
ζb0 , (6.52)

which may be reexpressed as

Π
(
i γij ⊗ σk

)
ζ0

!= ζ0 , (6.53)

with i, j, k chosen to be all different and in all possible permutations. It easy to show
that the SM condition (A.1) is given exactly by the second projection condition in (6.52)
if one represents the spinor ζa0 as a SU(2) doublet. Thus (6.52) reduce the total amount
of supersymmetry to two real supercharges (BPS/8).

It has been shown [207] that the projection conditions (6.52) are naturally realized
from those configurations with A(r) = 1 and, then, with gauge fields independent of the
radial coordinate. In this case, the effect of the vectors (6.50) is to exactly compensate
the contribution in (6.51) due to the spin connection of S3. This can be understood by
recalling the expression of the spin connection of S3 given in (6.26) and comparing the
first two terms of (6.51). It is easy to show that (6.52) are implied by a twisting condition
[79] given by

−1
2 ωi jk γ

j kζa = i g Aji
(
σj
)a
b
ζb . (6.54)

Thus, in this case, the effect of the coupling to the vector fields is literarly to twist the
Killing spinor in order to compensate the contribution coming from the curvature of the
background and preserving a certain amount of supersymmetry.

It is worth mentioning that including of the 3-form implies a non-trivial radial depen-
dence for the gauge fields. In the next sections we will provide some examples of this
fact. Generally the special form of the Killing spinor (6.17), which is needed in order to
include the 3-form, implies a non-trivial profile for A(r) and from this it follows that all
the solutions of the type AdSp+2 × Σ7−p−2 are either characterized by a constant value
for A(r) and a vanishing 4-form field strength, or by a non-constant profile for the gauge
fields and a non-trivial 3-form.
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6.3.2 Vectors Coupled to the Background R1,2 × S3

Let us consider the background (6.23), and furthermore include vectors given by the
Ansatz (6.50). Thus one has

ds2 = e2U(r) ds2
R1,2 + e2V (r) dr2 + e2W (r) ds2

S3 ,

X = X(r),
B(3) = k(r) volR1,2 + l(r) volS3 ,

Ai = A(r)
2 g εi k l ωj kl d θj ,

(6.55)

where S3 is parametrized by the parallelized basis {θi} introduced in (6.24).
As we mentioned in the previous section, we consider a Killing spinor ζa of the form

(6.17) and satisfying (6.18) and (6.52). Thus ζa has two real independent components.
Plugging this Ansatz into the Killing spinor equations (6.7), we obtain the set of consistent
first-order flow equations given in (B.1.1). Remarkably, the coupling to the vector fields
produces a set of consistent flow equations without any additional constraint as opposed
to what happened in section 6.2 for flows without vectors.

By solving the flow equations on a background of the form R1,2×H3 with a vanishing
4-form field strength and A(r) = 1 we know that AdS4×H3 solutions exist [207]. Thus it
resoneable to wonder whether a solution of the same type with an AdS4×S3 background
exists as a particular solution for (6.57). However, one gets easily convinced that such a
solution cannot exist within the N = 1 truncation of the theory6. Moreover we observed
that imposing A(r) = 1 in (B.1.1) without any other specifications on the fields, the
equations of motion do not admit any solutions.

Thus we are forced to keep a non-trivial radial dependence for the gauge fields. In
this case the flow equations (B.1.1) can be intregrated numerically. We are interested in
those solutions that are asymptotically locally AdS7, which means that we first have to
verify if there is a particular limit of the background in (6.55) reproducing AdS7 at the
leading order in its asymptotic expansion.

In order to be able to perform numerical integration, we also need to make a choice
of the value of the free parameter in the system. In particular, we impose for simplicity
g = 1, h = 1

2
√

2 and κ = 1 and we make the gauge choice V (r) = 0. Then, it is possible
to verify that the following configuration

U = r

2
√

2
, W = r

2
√

2
, X = 1 , θ = 0 , Y = eU/2 ,

k = 0 , l = 0 , A = 1 ,
(6.56)

solves (B.1.1) at the leading order when r → +∞. One can intregrate numerically (B.1.1),
by using the asymptotic behavior of the fields given in (6.56) as initial data.

By doing so, one obtains a profile for the fields that is singular in r → 0 and locally
AdS7 for r → +∞. The explicit radial profile of the fields for this solution is plotted in
figure 6.1.

6Imposing A(r) = 1, we found that the flow equations (B.1.1) and the equations of motion (6.9) are
satisfied by a constant 3-form, by a linear dependence on r of U and by an imaginary constant value of
W .
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Figure 6.1: Flows of e2U(r), e2W (r), X(r), A(r), l(r), k(r) plotted in the interval r ∈ (0, 1.4]
with g = 1, h = 1

2
√

2 , κ = 1 and V (r) = 0. Plots from [209].



BPS Objects in N = 1, d = 7 Supergravity 139

6.3.3 Vectors Coupled to the Background AdS3 × S3

Let us now consider the background (6.40) coupled to the vectors as given in (6.50).
The complete Ansatz is now given by

ds2 = e2U(r) ds2
AdS3

+ e2V (r) dr2 + e2W (r) ds2
S3 ,

X = X(r),
B(3) = k(r) volAdS3 + l(r) volS3 ,

Ai = A(r)
2 g εi k l ωj kl d θj ,

(6.57)

where AdS3 and S3 are respectively parametrized as in (6.33) and (6.24).
Given the Killing spinor ζa of the form (6.17) and satisfying (6.18), the set of the

first-order flow equations describing the background (6.57) is given in (B.2.1).
The background (6.57) admits, among others, an AdS3 × H4 solution. This is an

example of AdSd<7 solution with a non-constant profile for both the gauge fields and the
3-form [206]. In particular the following expressions for the fields,

e2U = L2

7 , e2W = sinh (r) , e2V = 1 , X =
(

7
12

)1/5
,

k = −24/5 32/5 L3

719/10 , l = 32/5

21/5 79/10 (9 cosh (r)− cosh (3r) + 8) ,

A = 1 + cosh (r) , θ = π

4 , Y = eU/2 ,

(6.58)

provide a solution for both (B.2.1) and (6.9) with h = g

2
√

2 , κ = 2 and g = 31/5 73/10

21/10 .
As in the previous section, we integrate numerically the flow equations (B.2.1) by

starting from the locally AdS7 asymptotics. Choosing the same values for g, h and κ
characterizing the solution (6.58) and V (r) = 0, it is possibile to show that the locally
AdS7 configuration

U = 31/5 73/10

28/5 r , W = 31/5 73/10

28/5 r , X = 1 , θ = 0 , Y = eU/2 ,

k = 0 , l = 0 , A = 1 ,
(6.59)

solves (B.2.1) in the limit r → +∞. We can intregrate numerically the flow equations in
(B.2.1) starting from (6.59). In this way we obtained a flow that shows a singular behavior
as r → 0, while clearly keeping its locally AdS7 structure in its asymptotic region. The
explicit profile of the seven-dimensional fields is shown in figure 6.2.

It may be worth noticing that the above flow does not describe AdS3 × H4 in the
limit where r → 0, but this should not be a surprise since this solution describes an
AdS3 slicing of the seven-dimensional background, where the radial coordinate of the
seven-dimensional background does not coincide with the radial coordinate of AdS3. It
is in fact this latter one which is expected to parametrize the flow where AdS3 emerges
in the IR limit. As for the complete flow realizing the full interpolation between AdS7
and AdS3 ×H4, it should be represented by a more general BPS background describing
a R1,1 slicing of the seven-dimensional background dependent on both coordinates.
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Figure 6.2: Flows of e2U(r), e2W (r), X(r), A(r), l(r), k(r) plotted in the interval r ∈ (0.5, 1]
with g = 31/5 73/10

21/10 , h = g

2
√

2 , κ = 2, L = 0.3 and V (r) = 0. Plots from [209].
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6.4 BPS Objects in d = 7 and their M-Theory Origin

Given the solutions derived in section 6.2, we will now try to give them an intepretation
in terms of bound states in M-theory. It is well known that the equations of motion of
the minimal gauged supergravity in d = 7 written in (6.9) are obtained by reducing
eleven-dimensional supergravity on S4 [204]. This consistent truncation produces the
scalar potential (6.3) depending on the parameters g and h, where h is related to the
eleven-dimensional F4 flux and g is the gauge parameters of the SU(2) vectors describing
the squashing of the 3-sphere with respect to which the S4 is written as an S3-fibration
over a segment.

This can be explicitly checked by means of a simple group-theoretical argument. To
this end, we decompose the embedding tensor piece of the maximal theory with eleven-
dimensional origin from S4, i.e. the 15 of SL(5,R), and identify the SO(3)-singlets cor-
responding to h and g. This procedure yields

SL(5,R) ⊃ R+
1 × SL(4,R) ⊃ R+

1 × R+
2 × SL(3,R) ⊃ R+

1 × R+
2 × SO(3)

15 → 1(+4) ⊕ 10(−1) → 1(+4;0) ⊕ 6(−1;−2) → 1(+4;0)︸ ︷︷ ︸
h

⊕ 1(−1;−2)︸ ︷︷ ︸
g

Now one gets easily convinced that the eleven-dimensional F4 flux is to be identified with
the embedding tensor piece which was already a singlet of SL(4,R), i.e. h, while the SU(2)
curvature is only expected to be a singlet of SO(3), and hence is naturally identified with
g.

Since the above gauging parameters are related to the flux configurations in the higher-
dimensional theory, other reductions can be in principle considered and the simplest of
those is certainly the one on the torus T 4, yielding the potential (6.3) with g = 0.

If one considers the flows obtained as solutions in N = 1 gauged supergravity in d = 7,
the existence of consistent truncations implies that the physics of some solitonic objects in
M-theory is captured by the solutions in seven-dimensional supergravity in the low-energy
limit.

The simplest example of this is given by the DW solutions in (6.15) that describe
three possible configurations in M-theory, depending on how the gauging in the seven-
dimensional supergravity is further specified. All of them consist of M5-branes reduced
in different ways on their transverse space. In particular, one may easily see that [220]:

• h 6= 0 and g = 0: The DW (6.15) describes an M5-brane with four of its transverse
coordinates reduced on a T 4.

• h = 0 and g 6= 0: The DW (6.15) describes an NS5-brane in IIA string theory
reduced on an S3 or an M5-brane with four of its transverse coordinates reduced
on S1 × S3.

• h 6= 0 and g 6= 0: The DW (6.15) describes an M5-brane with four of its transverse
coordinates reduced on an S4.

As a general fact, not all of the truncations of higher-dimensional theories admit
solutions with an AdS7 asymptotic behavior. In fact, since only the complete form of the
potential (6.3) admits AdS7 critical points, only the last DW solution (with h 6= 0 and
g 6= 0) will asymptote to the AdS7 that is associated with the AdS7 × S4 Freund-Rubin
vacuum. Such a vacuum can be indeed obtained by taking the near-horizon limit of the
M5-brane geometry.
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6.4.1 Dyonic Solutions and the M2-M5 Bound State

Moving to the flows involving a dyonic profile for the 3-form potential, let us first
consider the solution presented in (6.22). In this case the potential driving the solution
is given by

Vg(X) = 2h2X−8 , (6.60)
which, due to its run-away behavior, has no critical points. As we said, the truncation
producing a potential with g = 0 is obtained by considering the low-energy limit of M-
theory on a 4-torus T 4 with non-vanishing 4-form flux. In this section we want to show
that the flow in (6.22) is the low-energy description of a supersymmetric M2-M5 bound
state discovered in [210] by uplifting to eleven dimensions a dyonic membrane solution
obtained in N = 2, d = 8 supergravity.

The corresponding eleven-dimensional background reads [210]

ds2
11 = H−2/3 (sin2 ξ +H cos2 ξ

)1/3 ds2
R1,2 +H1/3 (sin2 ξ +H cos2 ξ

)1/3
ds2

R5

+ H1/3 (sin2 ξ +H cos2 ξ
)−2/3

ds2
R3 ,

(6.61)

where H is a harmonic function on R5 and ξ is a constant angle. The 4-form field strength
is given by

F4 = 1
2 cos ξ ?5dH+ 1

2 sin ξ dH−1∧ volR1,2− 3 sin(2 ξ)
2
(
sin2 ξ +H cos2 ξ

)2 volR3 ∧ dH , (6.62)

where volR1,2 and volR3 are respectively the volume of the three-dimensional Minkowski
space and the volume of R3.

Since H is defined on R5, the solution may be interpreted as the effective description
of an M2-brane completely smeared over the worldvolume of an M5 or, equivalently, of an
M5-brane carrying a dissolved M2 charge. This configuration preserves 16 supercharges.
Note that it is not the mere superposition between the M2 and the M5-brane and this is
due to the presence of the third term of (6.62) accounting for M2-M5 interactions. There
are two particular values for the parameter ξ:

• cos ξ = 0: Purely electric case corresponding to a pure (smeared) M2-brane.

• sin ξ = 0: Purely magnetic case corresponding to a pure M5-brane.

Because of the intrinsic structure of bound state of the solution (6.61), its brane inter-
pretation for general values of ξ remains somewhat obscure7, but it can be shown that
it has a smooth horizon for any ξ 6= π

2 , the corresponding near-horizon geometry being
AdS7 × S4.

From [210] we know that, by compactifying8 (6.61) on a T 3, one obtains a flow in
N = 2, d = 8 supergravity featured by a dyonic 3-form and an axio-dilaton. The eight-
dimensional flow trasforms under SL(2,R) and this means that one can always find a
transformation such that the eight-dimensional 3-form is completely electric.

Let us now reduce the (6.61) and (6.62) on a T 4. In order for this procedure to be
consistent, a smearing of the charge distrubution is required along all the T 4 coordinates.
To implement this, choose the R5 coordinates such that

ds2
R5 = dz2 + ds2

T 4 , with H = 1 + α z , (6.63)
7This issue was originally discussed in [221, 222], where this eleven-dimensional solution at generic

angles ξ was given an interpretation in terms of an M2-M5 funnel geometry.
8Giving a periodic identification on the coordinates of R3.
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with α real parameter. The form of (6.62) suggests a dyonic profile for the corresponding
seven-dimensional 3-form, but in this case the odd-dimensional self-duality conditions
(6.6) spoil the possibility of rotating the dyonic 3-form into a completely electric one as
it was done in the eight-dimensional case.

The reduction on T 4 of eleven-dimensional supergravity can be performed directly
at the level of the eleven-dimensional action with the following reduction Ansatz on the
metric,

ds2
11 = X−4/3 ds2

7 + X5/3 ds2
T 4 , (6.64)

and including a 4-form field strength wrapping the T 4,

F4 = q vol T 4 , (6.65)

where q is the flux associated to the eleven-dimensional 3-form and X is the scalar field
belonging to the supergravity multiplet of the seven-dimensional minimal supergravity
associated to the volume modulus of T 4. Imposing9 this reduction Ansatz we obtain the
action (6.1) with g = 0, Ai = 0 and a scalar potential given by (6.60).

Using the reduction Ansatz (6.64) and (6.65), we want to compare (6.61) and (6.62)
with (6.22). We start by extracting the seven-dimensional flow from (6.61) and (6.62).

Let us begin with the first term of (6.62) placed on T 4, i.e. ?5dH = α volT 4 . Com-
paring it with (6.65), we immediately obtain q = cos ξ

2 α. By a comparison with (6.64), it
is possibile to extract a seven-dimensional metric and the expression for X from (6.61),
one obtains

ds2
7 = H−2/5 (sin2 ξ +H cos2 ξ

)3/5 ds2
R1,2 +H3/5 (sin2 ξ +H cos2 ξ

)3/5 dz2

+ H3/5 (sin2 ξ +H cos2 ξ
)−2/5 ds2

R3 ,

X = H1/5 (sin2 ξ +H cos2 ξ
)1/5

.

(6.66)

The seven-dimensional 4-form field strength is simply given by the second and the third
terms of (6.62), in particular one has

F(4) = sin ξ
2 d

(
H−1 volR1,2

)
+ 3 sin ξ

cos ξ d
((

sin2 ξ +H cos2 ξ
)−1 volR3

)
. (6.67)

We can now consider the flow (6.22) and compare it with (6.66) and (6.67). We firstly
rewrite (6.22) with a more general dependence on the integration constants that will be
fixed by the matching,

e2U = 21/5 e2α1 sinh(2hr)1/5 coth(hr) , eV = 28/5 α4
3 sinh(2hr)8/5,

e2W = 21/5 e2α2 sinh(2hr)1/5 tanh(hr) , X = 22/5 α3 sinh(2hr)2/5,

k = e3α1

2α2
3

sinh(hr)−2 , l = − e3α2

2α2
3

cosh(hr)−2.

(6.68)

One finds that for the following values of the constants α1, α2, α3 and of H,

eα1 = 2−1/5 cos(ξ)2/5 sin(ξ)1/5 ,

eα2 = −2−1/5 cos(ξ)−3/5 sin(ξ)1/5 ,

α2
3 = 2−8/5 cos(ξ)−4/5 sin(ξ)8/5 ,

H = 2 sin ξ α2
3 e
−3α1 sinh(hr)2 ,

(6.69)

9We imposed the relation vol
T4

2κ2
11

= 1
2κ2

7
between the gravitational couplings.
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the functions U, W, X, l, k describing the flow (6.68) match exactly with (6.66) and (6.67).
We can finally derive the relation between the seven-dimensonal radial coordinate r and
the radial coordinate of M-theory z by comparing the radial parts of the seven-dimensional
metrics,

eV dr != H3/10 (sin2 ξ +H cos2 ξ
)3/10 dz . (6.70)

Using (6.69) and integrating (6.70) we obtain

z = sin2 ξ

4h cos ξ cosh(2hr) + z0 . (6.71)

The constant z0 can be determined by comparing H = 1 + α z with the expression of H
written in (6.69) obtaining

α = 2h
cos ξ , z0 = −1 + cos2 ξ

4h cos ξ . (6.72)

Recalling that q = cos ξ
2 α, one finds

q = h . (6.73)

We conclude that the flow (6.68) obtained in minimal supergravity in d = 7 and described
by a dyonic 3-form and by the potential (6.60) describes the low-energy limit of the bound
state M2-M5 reduced on T 4. In particular the Stückelberg mass h is identified with the
flux associated to the eleven-dimensional 4-form field strength wrapping the 4-torus.

6.4.2 Asymptotically AdS7 Flows and S4 Reductions

Let us now move to considering the asymptotically AdS7 flows derived in section 6.2
and their M-theory picture. The main difference with respect to the case of (6.22) is the
AdS7 asymptotic behavior that extremizes the potential

Vg(X) = 2h2X−8 − 4
√

2 ghX−3 − 2g2X2 . (6.74)

The truncation of eleven-dimensional supergravity describing (6.74) is the one on a
squashed S4 [204] and it is defined by the complete N = 1, d = 7 supergravity multiplet
(gµν , X, B(3), A

i) whose equations of motion, supplemented with the odd-dimensional
self-duality conditions are written in (6.9) and (6.6).

The metric of the internal S4 is given by a foliation of 3-spheres and its deformations
are parametrized by the seven-dimensional scalar X. The squashing leaves the 3-sphere
foliations preserved. Thus, introducing the basis of left-invariant forms ηi on the 3-
sphere, the seven-dimensional gauge fields Ai describe the SU(2) bundle over the S3 and
the metric of the internal space is given by

ds2
4 = X3 ∆ dψ2 + X−1

4 cos2 ψ

3∑
i=1

(ηi − g Ai)2 , with ∆ = X−4 sin2 ψ +X cos2 ψ .

(6.75)
The truncation holds at the level of the equations of motion and of the odd-dimensional
self-duality conditions (6.9) and (6.6), and it is specified by the following eleven-dimensional
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Ansatz,

ds2
11 = ∆1/3 ds2

7 + 2 g−2 ∆−2/3 ds2
4 ,

A(3) = sinψB(3) + g−3

2
√

2
(
2 sinψ + sinψ cos2 ψ∆−1X−4) ε(3)

− g−2
√

2
sinψ F i(2) ∧ h

i − g−1
√

2
sinψ ω(3) ,

(6.76)

where hi = ηi − g Ai, ε(3) = h1 ∧ h2 ∧ h3 and ω(3) = Ai ∧ F i(2) −
1
6 g εijk A

i ∧ Aj ∧ Ak,
and the fields X, B(3) and Ai are functions of the seven-dimensional background.

The flows with an AdS7 asymptotic behavior obtained in section 6.2 can be organized
in the following two groups:

• R1,2 × S3 backgrounds .

• AdS3 × S3 backgrounds .

Furthermore in both cases we presented flows with and without the coupling to SU(2) vec-
tors. By means of the uplift formula in (6.76), it is possibile to lift the seven-dimensional
flows given in (6.30), (6.38), (6.44) to eleven dimensions, while the existence of numeri-
cal flows obtained by solving (B.1.1) and (B.2.1) ensures the existence of corresponding
eleven-dimensional configurations.

We know that all the AdS7 flows of section 6.2 are described by a dyonic profile
for the 3-form that cannot be recast into a purely electric form because of the odd-
dimensional self-duality conditions in (6.6). Due to this argument, we are then again
forced into considering M2-M5 bound states described in eleven-dimensional supergravity
by the solution (6.61) and (6.62). This solution has an AdS7×S4 near-horizon geometry
compatible with the asymptotics of our seven-dimensional flows and a dyonic profile of
the 3-form once compactified on S4, but the issue here is to find a suitable coordinate
system for the uplifted solutions such that a clean brane picture arises. This is particularly
manifest for the flow (6.30) coming from the R1,2×S3 where such diffeomorphisms on the
uplifted flow should relate the coordinates (r, ψ) with the radial coordinate of M-theory.

Giving an interpretation of the warped solutions (6.38) and (6.44) is more difficult
since the presence of the AdS3 slicing implies a modification of the brane picture. For
example, the semi-localized intersection of a pp-wave with an M5-brane would modify
the geometry of the worldvolume of the M5 producing AdS3 in the near-horizon limit
[223]. This may in principle hold true even when constructing an intersection of the
M2-M5 bound state with a pp-wave, but it is in general difficult to specify the concrete
momentum charge distribution realizing it.

Finally the flows involving vectors should describe the wrapping of the worldvolume
of the M2-M5 bound state on an S3. However, since in this case we are even lacking the
analytic form of the flows, it becomes technically impossible to search for the correct co-
ordinate system which could verify our expectations. On the hand of course, the presence
of the twisting condition (6.54) guaranteeing some residual supersymmetry suggests some
spontaneous brane wrapping mechanism.

6.5 Charged Domain Wall and Holographic Conformal Defects

In this section we are going to construct the holographic interpretation of the charged
domain wall given in (6.38) as the supergravity configuration defining a conformal surface
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defect within the N = (1, 0) SCFT6 dual to the AdS7 asymptotics. The conformal defect
will be described in terms of a N = (4, 0) SCFT2 dual to the AdS3 included in the seven-
dimensional background and arising when the radial flow of the domain wall moves from
the AdS7 asymptotics to the IR singularity of the solution.

As we mentioned at the beginning of this chapter, this is a complementary interpre-
tation of the RG flow across dimensions between different vauca and consists in viewing
the lower-dimensional SCFT2 as a theory inducing a position-dependent coupling in the
“mother” SCFT6 and living on a surface within the six-dimensional Minkowski space.
The typical signature of the breaking of higher-dimensional conformal symmetry induced
by the defect is the presence of non-vanishing one-point correlators as well as a displace-
ment operator associated with a non-conserved energy-momentum tensor. Starting from
the seminal work of [81], many stringy realizations of defect CFT’s have been given in the
literature. All of them rely on the study of boundary conditions of branes ending on other
branes (see for example the case of wrapped D5 branes ending on D3 branes, describing
codimension 1 defects inside N = 4 SYM [224], or M2- ending on M5 branes describing
surface defects in the N = (2, 0) SCFT2 [82], or the more recent constructions by [225] of
surface defects in class-S theories). From the viewpoint of the supergravity dual descrip-
tion, such physical situations are described by asymptotically AdSd+1 flows involving a
special slicing where the otherwise-flat slices are replaced by a lower-dimensional AdSp+2
space.

The case of our charged domain wall is a perfect example of this particular supergravity
configuration. Hence, in this section, we are going to propose a construction of conformal
surface defects in the N = (1, 0) theory arising from NS5-D6-D8 systems in massive type
IIA string theory [226]. In particular our description will be given in terms of D2- and
wrapped D4 branes ending on the above brane intersection. In other words, we will give
the ten-dimensional lift of the domain wall (6.38) by explicitly constructing the brane
intersection D2-D4-NS5-D6-D8 in massive type IIA supergravity containing both AdS7
and AdS3 in different limits. Then we will conclude by showing how a N = (4, 0) SCFT2
defect theory comes out in the low-energy description of this bound state by sketching a
computation of its one-point functions.

6.5.1 The N = (1, 0) SCFT6 and AdS7/CFT6 Correspondence

Within the plethora of SCFT constructions obtained by taking the decoupling limit
of string and M-theory the most known example of SCFT6 is the N = (2, 0) theory
living on the worldvolume of a stack of coincident M5-branes [227]. In this context
many examples of RG flows across dimensions to lower-dimensional superconformal field
theories have been studied. As an example we cite the spontaneous wrapping of M5
branes describing flows from the N = (2, 0) UV theory to d = 4, 3, 2 IR conformal fixed
points [228, 229, 134]. Some more recent and exotic examples of such flows involving
brane wrapping in massive type IIA on punctured Riemann surfaces may be found in
[230].

More in general, the range of all possible maximally supersymmetric conformal theories
is exhausted by the so-called ADE classification, which can be accessed through geometric
engineering in type IIB string theory [231]. The recent interesting proposals of [232, 233,
234] represent substancial progress towards a complete classification.

When moving to the understanding of the dynamical process through which fixed
points are reached, the issue that becomes of utmost importance is that of relating RG
flows to brane movements in the underlying brane picture of a given field theory. At the
level of the gravity dual, such a process is tipically captured by domain walls. This fact is
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sometimes referred to as the DW/QFT correspondence [235]. In this holographic descrip-
tion of RG flows, the scalar fields which assume a non-trivial profile are identified with
relevant operators realizing a marginal deformation of the original CFT, thus triggering
the flow. The space of all exactly marginal deformations is called the conformal manifold
and in the case of minimal supersymmetry in d = 6, the conformal manifold has been
recently proven to be empty [236, 237].

Moreover, when decreasing the amount of supersymmetry down to N = (1, 0), there
appears to be a much richer structure. The constructions yielding N = (1, 0) theories
which are relevant for our purposes were carried out in the context of massive type IIA by
employing NS5-D6-D8 brane systems [226, 238, 239]. According to the analysis performed
by the works [52, 77, 240, 241], all of the field theory models obtained from the above
brane intersection admit a holographic description in terms of supersymmetric AdS7× S̃3

solutions of massive type IIA supergravity. In particular, in the above references, firstly an
exhaustive classification of all supersymmetric AdS7 solutions was developed and secondly
their holographic interpretation was proposed.

Six-dimensional N = (1, 0) QFT’s enjoy eight real chiral supercharges transforming
as a doublet of the R-symmetry group SU(2)R. The standard vector multiplets can be
coupled to extra matter such as hypermultiplets and the more exotic tensor multiplets.
The bosonic field content of these latter ones comprizes a real scalar φ and a self-dual
2-form field b(2). The special branch of moduli space called the tensor branch is precisely
parametrized by the vacuum expectation value of φ. The bosonic Lagrangian describing
the coupling between the vector multiplet’s and one abelian tensor multiplet is sketchily
given by

L6d = φTr
(∣∣F(2)

∣∣2) + (∂φ)2 +
∣∣db(2)

∣∣2 + ?6
(
b(2) ∧ F(2) ∧ F(2)

)
, (6.77)

where the vacuum expectation value 〈φ〉 parametrizing the tensor branch may be seen as
the effective gauge coupling g−2

YM. From this perspective, it appears clear that the singular
point 〈φ〉 = 0 is related to physics at strong coupling, even though taking such a limit
cannot be done naively since it involves some subtleties. As in other examples of stringy
constructions of supersymmetric QFT’s, this strongly coupled regime corresponds to a
fixed point of an RG flow described by an interacting10 SCFT [243].

branes t y1 y2 y3 y4 y5 z r θ1 θ2

NS5 × × × × × × − − − −
D6 × × × × × × × − − −
D8 × × × × × × − × × ×

Table 6.2: The brane picture underlying the N = (1, 0) SCFT6 described by a NS5-D6-D8
system. The above system is BPS/4. Note that the radial coordinate realizing the dual AdS7
geometry turns out to be a combination of z and r. Table from [211].

Let us move further to the details of the stringy construction of N = (1, 0), d = 6
SCFT. The original construction proposed in [226] in the context of massive type IIA
string theory realizes a class of linear quivers which may be regarded as the six-dimensional
analog of the constructions of [65] obtained in a three-dimensional case. The brane system

10Though several constructions in string and M-theory yielding N = (1, 0) SCFT6’s are available in
the literature, there is still no exhaustive classification. However, a significant step in this direction has
been recently taken in [242] by applying conformal bootstrap techniques.
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underlying these d = 6 field theories is made of NS5-, D6- and D8-branes, placed such in
a way as to preserve eight real supercharges, as shown in table 6.2.

The most general linear quiver arising as the low-energy description of the brane sys-
tem in table 6.2 contains N vector multiplet’s which stem from D6-brane worldvolume
dynamics (and giving rise to the SU(N) gauge symmetry), hypermultiplet’s in the fun-
damental representation due to the presence of D8-branes, and finally a bi-fundamental
hypermultiplet’s for each NS5 and a tensor multiplet for each pair of NS5’s. In the stringy
picture, the real scalar in the tensor multiplet represents the relative distance between the
two NS5-branes, which happens to be finite in the tensor branch. Subsequently, the fixed
point is reached in the limit where the NS5-branes collide and tensionless string states
appear in the spectrum of the effective field theory, which is therefore conformal. This
situation is depicted in figure 6.3. As originally conjectured and motivated in [77], by

Figure 6.3: The brane picture of the linear quiver realizing the above N = (1, 0) SCFT’s. In
this diagram the x6 coordinate represents z, while the directions x7,8,9 are to be identified with
(r, θ1, θ2). The D8-branes are vertical lines, D6-branes are horizontal lines, and finally the “fat”
bubbles represent point-like NS5-branes which collide at the fixed point. Image from [211].

making use of the AdS/CFT correspondence, the above linear quivers admit AdS7 duals
which were originally found in [52] as BPS solutions of massive type IIA supergravity by
using the pure spinor formalism (see also [240, 241, 244] for further details). These solu-
tions stem from a warped compactification on a squashed S3 obtained from a fibration
of a round S2 over a segment. In this gravity dual description D6-branes fill AdS7 and
are completely localized at the poles of S3, while D8-branes wrap S2 equators with finite
volume. The SU(2)R R-symmetry group emerges here as the unbroken isometry group of
the S2. In [77] the relation of these solutions to a near-horizon limit of the above brane
system was hinted at and later further clarified in [245].

6.5.2 AdS3 Slicing and Uplift to Massive IIA

Our present goal will be that of giving a holographic description of conformal defects
within the d = 6 N = (1, 0) theories which are dual to the aforementioned AdS7 vacua.
Following the logic in [246], this in turn implies that we need to look for Janus-type
solutions to the effective supergravity model in question. These solutions describe a
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foliation of spacetime in terms of lower-dimensional AdS3 space slices.
In our setup, we consider the flow obtained in section 6.2.4 and given in (6.38). This

solution is asymptotically locally AdS7 and furthermore characterized by an AdS3 × S3

foliation. Let us then recall the Ansatz for the seven-dimensional fields

ds2 = e2U(r) (ds2
AdS3

+ ds2
S3

)
+ e2V (r) dr2 ,

X = X(r) ,

B(3) = k(r) (volAdS3 + volS3) ,

(6.78)

where ds2
AdS3

and ds2
S3 respectively denote the unit AdS3 and the unit S3 metric while

volAdS3 and volS3 represent the corresponding volume forms. If we fix h = g

2
√

2 , so as to
have the SUSY AdS7 vacuum at X = 1, and we set the radius of AdS3 as L = 1, the flow
has the following form

e2U = 2−1/4
√
g

√
r

1 − r5 ,

e2V = 25
2g2

r6

(1 − r5)2 ,

k = −21/4

g3/2

√
r5

1 − r5 ,

X = r ,

(6.79)

where r ranges from 0 to 1. As we showed in section 6.2.4, this solution is asymptotically
locally AdS7 since, as r → 1−,

X = 1 + O(1− r) ,

R = −21
4 g2 + O

(
(1− r)2) , (6.80)

while as r → 0 it has an IR singularity of the form

e2U = 6 r1/2

21/4√g
+ O(r5/2) ,

e2V = 25r6

2g2 + O(r7) ,

k = −21/4

g3/2 r
5/2 + O(r7/2) ,

X = r .

(6.81)

This solution can be uplifted consistently to massive IIA supergravity (2.12) since minimal
SU(2) gauged seven-dimensional N = 1 supergravity is known to arise from a consistent
truncation of massive type IIA on a squashed S3 [41]. By employing the uplift formulae
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to our flow (6.79), we find a ten-dimensional solution given by

ds2
10 =

√
2
g
X−1/2e2A (e2U (ds2

AdS3
+ ds2

S3

)
+ e2V dr2)+X5/2

(
dy2 + 1− x2

16w e2Ads2
S2

)
,

e2Φ = 8
√

2
g3

X5/2

w
e2Φ0 ,

B = 1√
2g3

e2A x
√

1− x2

w
volS2 − 4

√
2

g3 eA dy ∧ ψ ,

F0 = m,

F2 = eA−Φ0
√

1− x2
(
−1

4 + m√
2g3 w

eA+Φ0 x

)
volS2 ,

F4 = −e2A−Φ0

(
4
√

2
g
X4
√

1− x2 dy ∧ ?7F(4) + x

2 e
A F(4)

)
,

(6.82)

with w = X5 (1− x2) + x2, and the 1-form ψ is such that −2 dψ = volS2 . In the
above ten-dimensional solution U , V , X and F(4) are the radial functions given in (6.79),
while A, x and Φ0 are functions of the y coordinate satisfying the following first-order
flow equations

dΦ0
dy = 1

4
e−A√
1− x2

(
12x +

(
2x2 − 5

)
meA+Φ0

)
,

δx

dy = −1
2e
−A
√

1− x2
(
4 + xmeA+Φ0

)
,

dA
dy = 1

4
e−A√
1− x2

(
4x − meA+Φ0

)
,

(6.83)

and thus completely specifying the warping.

6.5.3 Brane Picture and Surface Defect

In this section we will consider a particular bound state of branes in massive IIA
realizing the brane picture of the seven-dimensional flow (6.79). In particular we will
see how the IR singularity (6.81) can be interpreted as a brane singularity in ten dimen-
sions and how the dyonic F(4) singularity is related to D2- and D4-branes filling AdS3.
Generically, away from the two above limits, this bound state solution describes a seven-
dimensional supersymmetric background obtained as warped product of AdS3 times a
four-dimensional hyperbolic space constructed as a fibration of S3 over a segment.

The brane construction underlying the flow (6.79) can be understood in two steps.
The first part of the construction is the one setting up the boundary SCFT, i.e. the
N = (1, 0) theory and it is made of the D6-NS5-D8 bound state as explained in section
6.5.1. The corresponding massive type IIA supergravity background can be described in
terms of a special class of BPS/4 flows as those introduced in [247].

The second part of our construction is here given by D2-branes and wrapped D4-branes
ending on the above massive brane intersection. The physics of the boundary conditions
of these branes in the context of massive type IIA string theory turns out to be described
by a SCFT2 living on a codimension 4 defect inside the original d = 6 spacetime.

The complete brane system realizing this mechanism is sketched in table 6.3.
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branes t y ρ ϕ1 ϕ2 ϕ3 z r θ1 θ2

NS5 × × × × × × − − − −
D6 × × × × × × × − − −
D8 × × × × × × − × × ×
D2 × × − − − − × − − −
D4 × × − − − − − × × ×

Table 6.3: The brane picture underlying the SCFT2 described by D2- and D4-branes ending on
an NS5-D6-D8 intersection. The above system is BPS/8. Table from [211].

The ten-dimensional supergravity background corresponding to the brane system
sketched in table 6.3 can be constructed as a non-harmonic superposition of a solution
from [247] with D2 and D4-branes, yielding

ds2
10 = S−1/2H

−1/2
D2 H

−1/2
D4 ds2

R1,2 + S−1/2H
1/2
D2 H

1/2
D4

(
dρ2 + ρ2 ds2

S3

)
+K S−1/2H

−1/2
D2 H

1/2
D4 dz2 + K S1/2H

1/2
D2 H

−1/2
D4

(
dr2 + r2 ds2

S2

)
,

eΦ = gsK
1/2 S−3/4H

1/4
D2 H

−1/4
D4 ,

H3 = ∂

∂z
(KS) volS3 − dz ∧ ?3 dK ,

F0 = m,

F2 = −g−1
s ?3 dS ,

F4 = g−1
s volR1,1 ∧ dz ∧ dH−1

D2 + ?10
(
volR1,1 ∧ volS3 ∧ dH−1

D4
)
,

(6.84)

where the functions K(z, r) and S(z, r) satsify [247]

mgsK −
∂S

∂z
= 0 ,

∇(3)S + 1
2
∂2

∂z2S
2 = 0 ,

(6.85)

while

HD2(ρ, r) =
(

1 + QD4
ρ2

)(
1 + QD6

r

)
,

HD4(ρ) =
(

1 + QD4
ρ2

)
.

(6.86)

The above background may be regarded as a massive generalization of the special “non-
standard” D2-D4-NS5-D6 intersection found in [248].

Now we show that in some particular regimes of the coordinates r, z and ρ, the solution
(6.84) is described respectively by an AdS7 and AdS3 vacua. In particular these regimes
are obtained in the following way:

• The AdS7 regime: Take K ∼ 2
z3 G

(
r
z2

)
, and S ∼ 1

4r H
(
r
z2

)
, for some suitable

functions G and H. Now take ρ → ∞ (which effectively gets rid of the D4-brane
charge) and perform the following coordinate redefiniton (see e.g. [223])

r1/2 = 6sinα
ζ

,

z = cosα
ζ

,
(6.87)
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AdS7 ×w S̃3 pure D8
limit

D2 – D4 – D6 – NS5 – D8
bound state ρ

//

ζ≡ (r+ z2)−1/2

OO

z

66

AdS3 ×wM7

Figure 6.4: The three different limits of the brane system represented in (6.84) depending on the
three coordinates (ρ, z, r), respectively yielding AdS7, the asymptotic domain-wall behavior typical
of massive type IIA solutions, and AdS3. Each limit is controlled by a different combination of
the above coordinates. Image from [211].

after which, upon choosing H = 1 and G = 1
2 cos3 α, the metric of (6.84) in this

limit reads

ds2
10 ∼ 2 cosα

(
tanα ds2

AdS7
+ tanα dα2 + 1

4 sin2 α ds2
S2

)
, (6.88)

which is nothing but AdS7 ×w S̃3 introduced in (2.21), where S̃3 is a 3-manifold
topologically spherical and obtained as a fibration of a round S2 over a segment.

• The AdS3 regime: Take z, r → ∞ (while still keeping r
z2 finite) and send ρ → 0.

In this limit, the metric (6.84) looks like a warped product of an effective seven-
dimensional metric and the above S̃3 with the warping parametrized by the α
coordinate. If we focus on the seven-dimensional block of the metric, we find

ds2
7 ∼ ζ−1/4

(
ρ2

QD4
ds2

R1,1 + QD4
ρ2 dρ2

)
︸ ︷︷ ︸

ds2AdS3

+ dζ2

ζ2 + QD4 ζ
−1/4 ds2

S3 , (6.89)

which is the warped product of AdS3 with a four-manifold M4 constructed as a
fibration of S3 over a segment.

To summarize, the brane bound state given in (6.84) comprizes three different lim-
its that can be taken, two of which are holographically relevant. These respectively
correspond to taking a near-horizon limit of the NS5-D6-D8 bound state to access the
N = (1, 0) SCFT6, and approaching the D2-D4 bound state to probe the defectN = (4, 0)
SCFT2. The third limit just describes how to move far away from all sources in the sys-
tem to recover the correct domain-wall asymptotic behavior which is expected from the
presence of D8 branes. This situation is sketched in figure 6.4.

6.5.4 The One-Point Correlation Function

In this section we will try to test the above holographic picture by sketching the
derivation of the one-point correlation functions of the N = (1, 0) SCFT6 in presence of
the N = (4, 0) SCFT2 surface defect. Even in the case of a non-Lagrangian theory like
ours, one can still think of the defect as some operator insertion realizing a deformation in
the original SCFT6. Non-vanishing one-point correlators can be seen as a typical conse-
quence of the fact that SO(2, 6) symmetry is broken by the aforementioned deformation.
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Following the philosophy in [246], we will sketch the computation by using two different
methods: a holographic one which uses the standard holographic dictionary to extract
the desired information from the gravity dual, and a field-theoretical one, which relies on
the conformal symmetry preserved by the defect. Of course, as opposed to [246], due to
a lack of a Lagrangian description, we will only be able to derive a matching constraint
between unknown parameters on the two sides.

Starting from the solution in equation (6.79), we first extract the boundary metric to
get

ds2 = F−2
(

ds2
R1,1 + dρ2 + ρ2ds2

S3︸ ︷︷ ︸
ds2

R1,5

+ ρ2dR2
)
, (6.90)

where F = e−U ρ and the new coordinate R has been introduced such that dR != eV dr.
One gets easily convinced that, by performing the different gauge choice eV gauge fix.= 1,
the metric in the (ρ,R)-plane has a conical defect where the “angular” coordinate r ranges
from 0 to 1, thus identifying an angular wedge.

Now pick the scalar X as the responsible for the deformation driving the flow under
consideration. Near the boundary, its normalized mass reads [249]

m2
X `

2 = −8 != ∆X (∆X − 6) , (6.91)

whence ∆X = 4. In terms of the R coordinate its asymptotic bahavior is then given by

X(R) ∼ 1 − c e
R√
2g , as R → −∞ , (6.92)

where c is an arbitrary constant. Now using the holographic prescription we can relate
the vacuum expectation value of X to the one-point function of its dual operator OX
through

X(R) = 1 − b 〈OX〉F∆X + . . . , (6.93)

whence 〈OX〉 = 1
5
√

2g b ρ
−4.

An alternative way of computing correlators for a CFT deformed by some operator
insertion is that of using conformal perturbation theory. Inspired by cases admitting a
Lagrangian description, the aforementioned perturbation may be viewed as an extra term
in the Lagrangian of the form γ φOX , where φ is our position-dependent coupling (mass
dimension 2), and γ is a dimensionless quantity, which is usually related to the anomalous
dimension of OX . The only difference here with respect to the aforementioned cases is
that the overall constant appearing in front of the one-point correlation functions cannot
be fixed by using this method since no coupling should be assumed small. Based on typical
field theory intuition, one can treat the above marginal deformation as a perturbation
which appears an operator insertion inside corrections of n-point correlators as

〈O1(x1) · · ·On(xn)〉def. = 〈O1(x1) · · · On(xn)〉0

+ γ

∫
d6z φ(z) 〈O1(x1) · · · On(xn)OX(z)〉0

+ γ2

2!

∫
d6z

∫
d6wφ(z)φ(w) 〈O1(x1) · · · On(xn)OX(z)OX(w)〉0 + . . .

(6.94)



By applying the above formula for a one-point function of O1 = OX , we find

〈OX(ρ)〉def. = 〈OX(ρ)〉0︸ ︷︷ ︸
0

+ γ

∫
d6z φ(z) 〈OX(ρ)OX(z)〉0︸ ︷︷ ︸

a
|ρ−z|8

+ . . . (6.95)

Now we pick coordinates such that d6z → ρ′3 dρ′ dsS3 d2z, and we find that we need
to have a position-dependent coupling behaving as φ(ρ) ∼ ρ−2 in order to match the
gravity result. By making this assumption, we find

〈OX(ρ)〉def. = π3

30 aγ ρ
−4 , (6.96)

which exactly matches the holographic prediction, provided that (5
√

2g b)−1 = π3

30 aγ.
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Appendix A

Symplectic-Majorana Spinors in d = 7

In this appendix we summarize the set of relevant conventions concerning irreducible
spinors in 1 + 6 dimensions and the corresponding representation of the Dirac matrices
which we adopt throughout this work. In d = 7 with Lorentzian signature, the irreducible
spinors are of Dirac type and carry 2[7/2] = 8 complex components. The same degrees of
freedom may be then rearranged into a symplectic-Majorana (SM) spinor, i.e. an SU(2)R
doublet of spinors ζa satisfying a pseudo-reality condition of the form

ζa ≡ (ζa)∗ != εabB ζ
b , (A.1)

where εab denotes the SU(2)-invariant Levi-Civita symbol, and B is the matrix that
controls complex conjugation of Dirac spinors [49]. Note that the condition (A.1) makes
sure that the amount of on-shell real degrees of freedom described by ζ be 16. The Dirac
matrices {γm}m= 0, ··· 6 satisfy

{γm, γn} = 2 ηmn I8 , (A.2)

where η = diag(−1,+1,+1,+1,+1,+1,+1).
We adopted the following explicit representation for the Clifford algebra [49]

γ0 = i σ2 ⊗ I2 ⊗ I2 ,
γ1 = σ1 ⊗ I2 ⊗ I2 ,
γ2 = σ3 ⊗ σ1 ⊗ I2 ,
γ3 = σ3 ⊗ σ3 ⊗ I2 ,
γ4 = σ3 ⊗ σ2 ⊗ σ1 ,

γ5 = σ3 ⊗ σ2 ⊗ σ2 ,

γ6 = σ3 ⊗ σ2 ⊗ σ3 ,

(A.3)

where
{
σi
}
i= 1, 2, 3 are the Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.4)

One can check that the representation given in (A.3) satisfies the following identity

γ∗ ≡ γ0 γ1 γ2 γ3 γ4 γ5 γ6 = I8 . (A.5)
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In this spacetime signature the matrices A, B and C which respectively realize Dirac,
complex and charge conjugation of spinors, have the following defining properties [49]

(γm)† = −AγmA−1 , (γm)∗ = B γmB−1 , (γm)T = −C γm C−1 . (A.6)

One can check that a consistent choice for the above operators with respect to our repre-
sentation given in (A.3) is given by

A = γ0 , B = −i γ46 , C = i γ046 , (A.7)

which satisfy

BT = C A−1 , B∗B = −I8 , CT = −C−1 = −C† = C . (A.8)



Appendix B

Flow Equations in d = 7 and SU(2) Vectors

In this appendix the systems of the first-order equations that are numerically inte-
grated in 6.3.2 and 6.3.3 are presented.

B.1 Flow Equations and SU(2) Vectors: R1,2 × S3

In what follows the first-order equations that are integrated numerically in section
6.3.2 are given. Let’s consider the Ansatz (6.55) with Killing spinor ζa of the form (6.17)
and satisfying (6.18), (6.52). From (6.7) we obtain the following system of BPS equations,

U ′ = eV−2W

80 g X cos(2θ)

[
6κA

(
4 g eW X sin(4θ) +

√
2κ (cos(4θ)− 3)

)
− 3
√

2κ2A2 (cos(4θ)− 3) + 8 g eW X
(
2 eW f (3 cos(4θ)− 1)− 3κ sin(4θ)

)
]
]
,

W ′ = eV−2W

40 g X cos(2θ)

[
−2κA

(
4 g eWX sin(4θ) +

√
2κ (cos(4θ)− 8)

)
+
√

2κ2A2 (cos(4θ)− 8)− 8 g eW X
(
2eW f (cos(4θ)− 2)− κ sin(4θ)

)]
,

Y ′ = eV−2W Y

160 g X cos(2θ)

[
6κA

(
4 g eW X sin(4θ) +

√
2κ (cos(4θ)− 3)

)
− 3
√

2κ2A2 (cos(4θ)− 3) + 8 g eW X
(
2 eW f (3 cos(4θ)− 1)− 3κ sin(4θ)

)
]
]
,

θ′ = eV−2W

80 g X

[
−30κA

(√
2κ sin(2θ)− 4 g eW X cos(2θ)

)
+ 15

√
2κ2A2 sin(2θ)

− 8 g eW X
(
4 eW X sin(2θ)DX f + 26 eW f sin(2θ) + 15κ cos(2θ)

)]
,

k′ = − 3 e3U+V−2W

2 g X3

[
6κA

(√
2κ tan(2θ)− 2 g eW X

)
− 3
√

2κ2A2 tan(2θ) + 4 g eW X
(
4 eW f tan(2θ) + 3κ

)]
,

l′ = 24 sin(2θ) eV+3W

5X2 (f − XDX f) ,
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X ′ =
[
−6κA

(
4 g eW X sin(4θ) +

√
2κ (cos(4θ)− 3)

)
+ 3
√

2κ2A2 (cos(4θ)− 3)

− 8 g eW X
(
4 eW X cos2(2θ)DX f − 8 eW f sin2(2θ)− 3κ sin(4θ)

)] eV−2W

80 g cos(2θ) ,

A′ = − eV−W

10
√

2κ

[
10κA

(√
2κ sin(2θ)− 4 g eW X cos(2θ)

)
− 5
√

2κ2A2 sin(2θ)

+ 8 g eW X
(
2 eW X sin(2θ)DX f + 8 eW f sin(2θ) + 5κ cos(2θ)

)]
.

(B.1.1)

B.2 Flow Equations and SU(2) Vectors: AdS3 × S3

In this appendix we present the first-order equations that are integrated numerically
in section 6.3.3. Given the Ansatz (6.57) with the usual Killing spinor of the form (6.17)
and satisfying (6.18), (6.52), the system of BPS equations is given by,

U ′ = eV−2W

80 g X cos(2θ)

[
6κA

(
4 g eW X sin(4θ) +

√
2κ (cos(4θ)− 3)

)
− 3
√

2κ2A2 (cos(4θ)− 3)

+ 8 g eW X
(
2 eW f (3 cos(4θ)− 1)− 3κ sin(4θ) + 4 eW−U L sin(2θ)

)]
,

W ′ = eV−2W

40 g X cos(2θ)

[
−2κA

(
4 g eWX sin(4θ) +

√
2κ (cos(4θ)− 8)

)
+
√

2κ2A2 (cos(4θ)− 8)

− 8 g eW X
(
2eW f (cos(4θ)− 2)− κ sin(4θ) + 3 eW−U L sin(2θ)

)]
,

Y ′ = eV−2W Y

160 g X cos(2θ)

[
6κA

(
4 g eW X sin(4θ) +

√
2κ (cos(4θ)− 3)

)
− 3
√

2κ2A2 (cos(4θ)− 3)

+ 8 g eW X
(
2 eW f (3 cos(4θ)− 1)− 3κ sin(4θ) + 4 eW−U L sin(2θ)

)]
,

θ′ = eV−2W

80 g X

[
−30κA

(√
2κ sin(2θ)− 4 g eW X cos(2θ)

)
+ 15

√
2κ2A2 sin(2θ)

− 8 g eW X
(
4 eW X sin(2θ)DX f + 26 eW f sin(2θ) + 15κ cos(2θ)− 15LeW−U

)]
,

k′ = − 3 e3U+V−2W

2 g X3

[
6κA

(√
2κ tan(2θ)− 2 g eW X

)
− 3
√

2κ2A2 tan(2θ) + 4 g eW X
(
4 eW f tan(2θ) + 3κ − 2LeW−U sec(2θ)

)]
,
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l′ = − 6 eV+3W

5X2

[
5Le−U − 4 sin(2θ) (f − XDX f)

]
,

X ′ = eV−2W

80 g cos(2θ)

[
−6κA

(
4 g eW X sin(4θ) +

√
2κ (cos(4θ)− 3)

)
+ 3
√

2κ2A2 (cos(4θ)− 3)

− 8 g eW X
(
4 eW X cos2(2θ)DX f − 8 eW f sin2(2θ)− 3κ sin(4θ) + 4LeW−U sin(2θ)

)]
,

A′ = − eV−W

10
√

2κ

[
10κA

(√
2κ sin(2θ)− 4 g eW X cos(2θ)

)
− 5
√

2κ2A2 sin(2θ)

+ 8 g eW X
(
2 eW X sin(2θ)DX f + 8 eW f sin(2θ) + 5κ cos(2θ)− 5LeW−U

)]
.

(B.2.1)
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molto importante per me. Ho grande stima di lui e gli auguro ogni bene.

Sono molti gli amici e le amiche che per una ragione o per l’altra vorrei ringraziare.
Fra questi sicuramente i primi sono Richi e Dige. Vi ho dedicato la tesi perchè grazie
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