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1 Introduction

In this paper we investigate the nonexistence of nonnegative, nontrivial weak solutions (in the sense of
Definition 8 below) to parabolic differential inequalities of the type

{&tu — div (|Vu|p_2Vu) > V(x,t)ud in M x (0,00) (1)

U = U in M x {0},

where M is a complete, m—dimensional, noncompact Riemannian manifold with metric g, div and V are
respectively the divergence and the gradient with respect to g, p > 1,¢ > max{p — 1,1}, the potential
satisfies V =V (x,t) > 0 a.e. in M x (0,00) and the initial condition ug is nonnegative.

Local existence, finite time blow-up and global existence of solutions to parabolic Cauchy problems
have attracted much attention in the literature. In particular, the following semilinear parabolic Cauchy
problem

Oru — Au = uf in R™ x (0, 00)
(1.2)
u = ug in R™ x {0},
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where ¢ > 1,ug > 0,up € L>(R™), has been largely investigated. Indeed (see [6], [7] and [17]), problem
(1.2) does not admit global non-trivial bounded solutions for 1 < ¢ < 1+ % On the contrary, for
qg>1+ % global bounded solutions exist, for suitable ug; in particular, one can choose ug = Ay for A > 0
small enough, provided v € C(RY) N L= (RY) with lim SUP 3|00 |2|*¥(2) < 00, for some a > q%l (see
[16, Theorem 3.8]).

For initial conditions uy € LP(R™) similar results have been obtained in the framework of mild
solutions in the space C([0,7); LP(R™)) in [31], [32].

Problem (1.1) with (M, g) = (R™, gaat), where ggat is the standard flat metric in the Euclidean space,
together with its generalization to a wider class of operators of p—Laplace type or related to the porous
medium equation, has also been largely studied; without claim of completeness we refer the reader to [8],
[9], [10], [22], [23], [25], [28], and references therein. In particular, in [22] it is shown that problem (1.1)
with M = R™ and V = 1 does not admit nontrivial nonnegative weak solutions, provided that

2m
m+1’

D> qu—1+£.
m

Moreover, the blow-up result given in [6] has been extended to the setting of Riemannian manifolds.
To further describe such results, let us introduce some notation. Let (M, g) be a complete noncompact
Riemannian manifold, endowed with a smooth Riemannian metric g. Fix any point xg € M, and for any
x € M denote by r(z) = dist(zo,«) the Riemannian distance between ¢ and x. Moreover, let B(zo,)
be the geodesics ball with center g € M and radius r > 0, and let  be the Riemannian volume on M
with volume density +/| det g|.

In [33] it is proved that no nonnegative nontrivial weak solutions to problem (1.1) with p = 2 exist,
provided there exist C' > 0, > 2, 8 > —2 such that, for all » > 0 large enough:

(@) p(B(zx,r)) < Cre for all x € M;

(b) Z(log/]detg]) < <;

() V=V(x),VeLX(M)and C lr(z)’ < V(x) < Cr(z)?;

loc

Observe that if the Ricci curvature of M is nonnnegative, then (a) — (b) are satisfied, see e.g. [2].
On the other hand (see Theorem 5.2.10 in [5], or Section 10.1 of [11]), hypotheses (a) — (b) imply that
A1 (M) =0, where A\ (M) is the infimum of the L?— spectrum of the operator —A on M .

The semilinear Cauchy problem

Ou = Au + h(t)u? in H™ x (0,T)
(1.3)
u = up in H™ x {0}

has been studied in [1], where H™ is the m—dimensional hyperbolic space, ug is nonnegative and bounded
on M and h is a positive continuous function defined in [0, 00); note that in this case we have A\; (HY) =
(N-1)®

7
To be specific, it has been shown that if h(¢t) =1 (¢ > 0), or if
art” < h(t) < aot” for any t > to, (1.4)

for some a; > 0,as > 0,t9 > 0 and v > —1, then there exist global bounded solutions for sufficiently
small initial data ug. Moreover, when h(t) = e** (¢ > 0) for some « > 0, the authors showed that:

() fl<v<l+ X1(im)» then every nontrivial bounded solution of problem (1.3) blows up in finite time;
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(i3) ifv>1+ Xr(irm)» then problem (1.3) posses global bounded solutions for small initial data ;

(i11) if v =1+ 5y and a > 2A1(H™), then there exist global bounded solutions of problem (1.3) for
small initial data.

Analogous results to those established in [1] have been obtained in [26], for the problem

0w = Au + h(t)u? in M x (0,7T)
(1.5)
u = ug in M x {0},

where M is a Cartan-Hadamard Riemannian manifold with sectional curvature bounded above by a
negative constant, and ug € L (M). Moreover, for initial conditions ug € LP(M) similar results have
been established for mild solutions belonging to C([0,7); LP(M)) in [27].

Let us mention that nonexistence results of nonnegative nontrivial solutions have been also much
investigated for solutions to elliptic equations and inequalities both on R™ (see, e.g., [3], [21], [20], [23],
[24], [4]) and on Riemannian manifolds (see [12], [13], [15] [18], [19], [29], [30]). In particular, the present
paper is the natural continuation of [18], where some ideas and methods introduced in [13], [12] and [15]
have been developed. Indeed, our results can be regarded as the parabolic counterpart of those shown in
[18], concerning nonnegative weak solutions to the inequality

—div <|Vu|p_2Vu> >V(z)u? in M.

In [18], as well as in [12], [13], [29] and [30], the key assumptions are concerned with the parameters p, g
and the behavior of a suitable weighted volume of geodesic balls, with density a negative power of the
potential V' (x).

As for the case of R™, also on Riemannian manifolds the parabolic case presents substantial differences
with respect to the elliptic one. In fact, new test functions have to be used, and suitable estimates of
new integral terms are necessary. On the other hand, as in the case of elliptic inequalities on Riemannian
manifolds, a simple adaptation of the methods used in R™ does not allow to obtain results as accurate as
those we prove in the present work. In the next two subsections we describe our main results and some
of their consequences; furthermore, we compare them with results in the literature.

1.1 Main results

In order to formulate our main results, we shall introduce some further notation and hypotheses. For
each R> 0,6, > 1,0, >11et S:=M x [0,00) and

Eg:={(z,t) €S : r()? + " < R%}.

Let 1
51 = g 92, 52 =,
q—1 g—1
Sy = Ly 5y = L :
g —p+17T T g—p+1-

The following conditions, that we call HP1 and HP2, are the main hypotheses under which we will
derive our nonexistence results for nonnegative nontrivial weak solutions of problem (1.1).
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HP1. Assume that: (i) there exist constants ¢, > 1, 0 > 1, Cy > 0, C > 0, Ry > 0, &g > 0 such
that for every R > Ry and for every 0 < € < g¢g one has

//E . O D) y—a e gudt < CR%+C (log R)* (1.6)
21/92R R

for some 0 < s9 < 59 ;
(73) for the same constants as above, for every R > Ry and for every 0 < & < ¢ one has

/ / r(2) 0D (=m =) Y T dudt < CR™C0% (log R)™ (1.7)
E21/92R\ER

for some 0 < s4 < 54.

HP2. Assume that: (i) there exist constants ¢, > 1, 05 > 1, Cy > 0, C > 0, Ry > 0, g9 > 0 such
that for every R > Ry and for every 0 < € < g¢g one has

// 1O D(FE =) =t dudt < CR¥ 0% (log R)*2 (1.8)
E,1/09 n\ER
// (O y -2 audt < CRT 9% (log R)™ ; (1.9)
E,1/05 n\ER
(it) for the same constants as above, for every R > Ry and for every 0 < € < g9 one has
/ / r(z) VPG =) y - e dudt < CR%+C0% (log R)™ (1.10)
E,1/0, s \ER
// r(z) O~ V(=i o) v = a5 S dudt < CR%+C0% (log R)™ . (1.11)
E,1/00 n\ER

Remark 1 Passing to the limit as ¢ — 0 we see that, if HP1 holds, then for the same constants as
above conditions (1.6) and (1.7) hold also for ¢ = 0. Similarly, if HP2 holds then (1.8) and (1.10) (or
equivalently (1.9) and (1.11)) are satisfied also with € = 0.

We prove the following theorems (for the definition of weak solution see Definition 8 below).

Theorem 2 Let p > 1, ¢ > max{p — 1,1}, V > 0 a.e. in M x (0,00), V € L} (M x [0,00)) and
ug € L}, (M), ug > 0 a.e. in M. Let u be a nonnegative weak solution of problem (1.1). Assume condition
HP1. Then u =0 a.e. in S.

Theorem 3 Let p > 1, ¢ > max{p — 1,1}, V. > 0 a.e. in M x (0,00), V € L} (M x [0,00)) and

loc

up € L}, (M), ug > 0 a.e. in M. Let u be a nonnegative weak solution of problem (1.1). Assume condition

HP2. Then u =0 a.e. in S.

We should note that, to the best of our knowledge, no nonexistence results for linear or nonlinear
parabolic equations on complete, noncompact Riemannian manifolds have been obtained in the literature
under conditions similar to HP1 and HP2, nor using the techniques that we exploit to prove Theorems
2 and 3. Even if Theorems 2 and 3 can be regarded as the natural parabolic counterparts of the results in
[18] for elliptic equations, their proofs are substantially different from those in the elliptic case. Moreover,
we should also observe that in [18] a nonexistence result for the stationary problem was obtained under
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a different assumption than the stationary counterparts of the conditions HP1 and HP2 introduced
in the present work (see [18, condition HP3]). An analogous result which could give rise to nontrivial
applications cannot be deduced using our methods for parabolic equations, and the question whether a
hypothesis corresponding to [18, condition HP3] can be introduced also in the parabolic setting in order
to prove nonexistence results still remains to be understood.

1.2 Applications

This subsection is devoted to the discussion of some consequences of Theorems 2 and 3 and to comparison
with existing results in the literature.

Corollary 4 Let (M, g) = (R™,gaa), V=1, p > 1. Suppose that
max{l,p—1} <g¢< L +p—1. (1.12)
m

Let u be a nonnegative weak solution of problem (1.1). Then u =0 a.e. in S.

Note that condition (1.12) in particular requires that p > 27 Note also that Corollary 4 agrees with

m—+1"°
results in [22]. Furthermore, for p = 2 we recover the results on the Laplace operator in [6], [14].

Corollary 5 Let M be a complete noncompact Riemannian manifold, p > 1, ¢ > max{p — 1,1} and
up € L (M), ug >0 a.e. in M. Suppose the potential V € L} (M x [0,00)) satisfies

loc loc
V(z,t) > f(t)h(z) for a.e. (x,t) € S, (1.13)
where f:(0,00) = R, h: M — R are two functions satisfying
0< f(t) <SC(A+t)* forae. te(0,00) and 0<h(z) <COA+7r(x)? forae xzec M (1.14)
and
T L T o1
/ ft)" 71 dt < CT"*(log T)%? / f@t) @1 dt < CT(log T)% , (1.15)
0 0

/ h(z)” 77 dp < CR% (log R)" / h(z)”#5+1 dy < CR (log R)% (1.16)
Br Br

for T, R large enough, with a, 3,01, 02,03,04,01,02,93,04 > 0 and C > 0. Assume that

: 1 -1
Z) 61+62<ﬁ, 63+64<qu+17.
i) 00y < oL, 0<oy< B
i) if oo = L5 then 0y =0, Z'f0'3:$ then o4 =0;

: a_ _ pq__ _
i) o104 < (q71 02> (quﬂ 03),

Then problem (1.1) does not admit any nontrivial nonnegative weak solution.

2
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Corollary 6 Let M be a complete noncompact Riemannian manifold, p > 1, ¢ > max{p — 1,1} and
up € L}, (M), ug > 0 a.e. in M. Assume that V € L, (M x [0,00)) satisfies condition (1.13) with
f:(0,00) = R, h: M — R such that

cC'(1+1t)” ‘X<f() C(1+t)” for a.e. t € (0,00)

C 1+ 1(2)) " < h(z) < O+ 1(2))? for a.e. z € M (1.17)

and (1.15), (1.16) hold for T, R sufficiently large, «, 3,01, 02,03,04,01,02,03,04 > 0 and C > 0. Suppose
that

—1
Z) 51+62 q_ 5 53+64§q p+17
_q Py .
i) 0 <oy < e 0<o3< =055
i) if o9 = then 01=0, if o3 = P q+1 then o4 =0;

q
w) o104 < ( 02) (q_if_H — 03) .

Then problem (1.1) does not admit any nontrivial nonnegative weak solution.

Remark 7 i) We explicitly note that the hypotheses in Corollaries 5 and 6 allow for a potential V' that
can also be independent of x € M or of t € [0,00).

it) In the particular case of the Laplace—Beltrami operator, i.e. for p =2, from Corollaries 5, 6 we have
the following results:
Let V satisfy condition (1.13), with f : (0,00) = R, hM — R such that (1.14) holds and

T
/ h(z)” 77 du < CR% (log R)" / F)" 7T dt < CT7(log T)% (1.18)
Br 0
for T, R large enough, with «, 8,01, 02,01,02 > 0, C' > 0 and
1 2
01 400 < ——, 01+202<7q
q—1 —1

Then there exists no nonnegative, nontrivial weak solution of problem (1.1) with p = 2.
Similarly, if condition (1.13) on V holds with f,h satisfying (1.17) and (1.18) for T, R sufficiently
largea a7/8701;02a61762 > 05 C >0 and if

1 2
61+62§75 01+202S7q7
g—1 g—1

then there exists no nonnegative, nontrivial weak solution of problem (1.1) with p = 2.

We should note that, even if in view of Remark 7-i) problem (1.3) on the hyperbolic space could in
principle be addressed, we cannot actually obtain nonexistence results for it using our results. In fact,
condition (1.16) is not satisfied if M = H™ and h = 1, due to the exponential volume growth of geodesic
balls in the hyperbolic space. Therefore, we do not recover the results given in [1] (see also [26]). This
is essentially due to the fact that in [1] spectral analysis and heat kernel estimates on H™ have been
used. Similar methods have also been used on Cartan-Hadamard manifolds in [26]. Clearly, such tools are
not at disposal on general Riemannian manifolds, that are the object of our investigation. On the other
hand, our hypotheses HP1 and HP2 include a large class of Riemannian manifolds for which results in
[1] or in [26] cannot be applied. In particular, this includes the case of Riemannian manifolds that satisfy
(a), (b), (c) above, also treated in [33].
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In [33] quite different methods from ours have been employed, but also porous medium type nonlinear
operators have been considered. However, we remark that in this work we introduce new techniques in
the setting of parabolic equations on Riemannian manifolds. We obtain completely new results in the case
of the p-Laplace operator, which improve on those already present in the literature even in the particular
case of semililinear equations involving the Laplacian. Indeed, we obtain more general nonexistence results
than those in [33] (see Example 10 below).

The paper is organized as follows: in Section 2 we prove some preliminary results, that will be used
in the proof of the theorems and corollaries stated in the Introduction; Section 3 contains the proof of
Theorems 2 and 3, while Section 4 is devoted to the proof of the Corollaries.

2 Auxiliary results

We begin with

Definition 8 Let p > 1, ¢ > max{p — 1,1}, V. > 0 a.e. in M x (0,00), V € L} (M x [0,00)) and
up € Li, (M), ugp > 0 a.e. in M. We say that u € VVl{)Cp(M x [0,00)) N LY (M x[0,00); Vdudt) is a weak
solution of problem (1.1) if u > 0 a.e. in M x (0,00) and for every ¢» € WHP(M x [0,00)), with 1 > 0

a.e. in M x [0,00) and compact support, one has

/Ooo /Mwqududtg/ooo /M|vu\”‘2 (Vu, Vi) dudt/ooo /Muﬁmdudtf/Muow(:c,O) dp. (2.1)

The next lemmas will be the crucial tools we will use in the proof of Theorems 2 and 3.

Lemma 1 Let s > max{l,q%l, q_pqu} be fived. Then there exists a constant C' > 0 such that for

every o € 3(—min{l,p—1},0), every nonnegative weak solution u of problem (1.1) and every ¢ €
Lip (M x [0,00)) with compact support and 0 < ¢ <1 one has

1 [ 3 o
7/ / qu+“<psdudt+f|a|/ / |Vu|Pu®to® dudt (2.2)
2Jo Ju 4 Jo Jm

_(p=1g > plata)  pta-—1 o0 ata _ a+1l
< C9 o] " a=rHt |[Vo|=pF2 V™ a=pT dpudt + |Opp| =T V™ a1 dudt ;.
0o Jum o Jum

Proof For any € > 0 let u, := u + €. Define ¢ = u2¢®; then 9 is an admissible test function for problem
(1.1), with

Vip = aul o Vu 4 50" Ve, 0w = au® o Ou + s u® oy .

Inequality (2.1) gives

/ / wluZe®V dudt < a/ / |VulPul~ e dudt + S/ / [VulP~2 (Vu, V) u®p*tdudt + 1,
o Jm o Jm o Jum

(2.3)
where

I= 704/ / u® o udyu dudt — s/ / uul@* L Opp dudt —/ up(uo + €)% ¢*(z,0) du.  (2.4)
o Jum 0o Jum M
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Now we have
_a/ / =S udpu dpdt = —a/ / Satududt—ae/ / u® 1 Ou dpdt
o JMm

() ® dpdt + / / O (u2)® dudt .
o Jm

7a—|—1

Since u%, ud*t! € W, P(M x [0,00)) with p > 1 and since ¢* € WP (M x [0,00)) and has compact
support, integrating by parts we obtain

—a/ / LS udpu dpdt =

ottt 0, dudt — 65/ / 0¥ Lo dudt

+ a—i—l /M<p (2,0)(ug + )" du—s/M *(z,0)(up + €)™ du,

thus, recalling that u. = u + €, we have

s e 1
I=— oty 19,p0d dt——/ s (x,0) dp. 2.5
| [ wereaedut - = [ (o™ @0 (25)

This, combined with (2.3), yields

/ / uqu?gaSVdudt<oz/ |Vu|p o 1<p5d,udt+s/ / |VulP~? (Vu, Vo) ulo* ' dudt (2.6)
o Jum

a+1 s—1 _ a+1 s
a—|—1 Opp dudt 7/ 0o+e) T *(x,0)du

and then

oo o) 1
ol [ [ vupueetapars [ wneevanas == [ o™ e @oya @)
0 M 0 M a+1

s/ / [VulP~? (Vu, V) ul p®~ 1dudt—7/ / 519, dudt.
0o Jm

Now we estimate the first integral in the right-hand side of (2.7) using Young’s inequality, obtaining

s/ / 0> |\ VulP " (Vu, V) dudt
o Jm
Ss/ / o M | VulP T V| dpdt

o o, _lal+1
/ / (|a| o VDI gy - 1)<s|a"’vlw—1ui ; |V</Jl)dudt
M
[ele] 4 P*l o0
i/ / Sul Y Vul? dudt + = {S(] / / > PP~V |To|P dpdt.
4 0 M

<
lolp
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From (2.7) we deduce

1 o
—way/ [ valre 1¢Sdudt+?/ l/ V- [ o e om0
M

p—1 >
S —
<[] L rmet g i [ f ettt dui
0

Note that, by Young’s inequality,

p—1 0o
5[45((”'—1)} / / o= (G ofP gyt
p a|p
p-l pta—1 ptoa—1
|: | ‘ :| / / up+a 1 é qta )V q+a )(|Vsp|p S—P— 6( q+a )V_ q+a )d'udt
p alp

plata) gt+a pra—
74/ /uw 5Vdudt+Cas/ / (V| ioit o255 V= 55T dudt,

and
S > «@ S—
=/ /°%+w Oy dudt
= uelp (VR ) (o7 ()79 V=352 ) duat
a+1
o ate o gta a1
S*/ / Ug+aipSVd/Ldt—|—D(a7s)/ / |0pp| a1 @° " =T Va1 dpudt,
4)o Jum o Jum
where o
C(a 3)23[48(29—1)}”161—19“ (q+a)p (48(10—1))” o
’ pl lelp gt+a |4s(p+a—1)\ plo|
and a+l
—1( 4s \
D(a,s) = 5 4 ( S) .
at+lg+al\g+a

Substituting in (2.8) we have

§\oz|/ / |Vu\pu§‘71gosdpdt+/ / uluZp®V dudt

—f/ / udt™ SVdudt—i-i/ 0+t (x,0)du
M
<Cla,s / / |V<p|pq<1:f1> —(e)y e dudt—l—D(a,s)/ / |8,g<,0|3t£1x gasf%‘/*%ll dudt.
o Jm

Now letting e — 0 and applying Fatou’s lemma, we get

%04/0 /M\Vu|pu°‘ Yo® dudt + = / /M Vult®o® dudt (2.9)

< Cla,s / / |v¢|z(q;ﬁ) —»(Z55) v 5 dudt

Dia,s) / / 000 T oo VI dpdt,
0 M
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where we use the convention |Vu[Pu®~! = 0 on the set where u = 0, since Vu = 0 a.e. on level sets of w.

Now since there exists a positive constant C, depending on s, p, ¢, such that
_(p—1)q
C(a,s) < Cla| =771, D(a,s) < C,

and since 0 < ¢ < 1 on M x [0,00), by our assumptions on s the conclusion follows from (2.9).

Lemma 2 Let s > maX{Lg%, qfiil} be fized. Then there exists a constant C' > 0 such that for

every nonnegative weak solution u of equation (1.1), every function ¢ € Lip(S) with compact support and

0<¢<1 and every a € (f%min{l,pfl,qfl, q;ﬂ'l ,0) one has
/ / ©*ulV dpdt (2.10)
o Jm

p—1
(p—Dq o0 a— plata) e ato a P

< C(|a|1(qp+l) / / vV Ztrurll ‘V@l q—p+1 d/j,dt + |Oé|_1/ / |at@|qu7£ d/},dt)

0o JMm o Jm

g=(1=-a)(p=1) A-o)(p=1)

(1—a)(p—1) pq pa Pq

X // Va0 |Vip| a= (== dydt // O ulV dudt
S\K S\K

1 o

qta e’} . ata q-g+a1
+C // S ulTV dudt (/ / V™ @ e=T|0yp| 1o T d,udt) .
S\K o Jm

with K = {(z,t) € S : p(z,t) = 1}.

Proof Under our assumptions 1) = ¢°® is a feasible test function in equation (2.1). Thus we obtain

/ / ¥ ulV dudt < 5/ / <ps_1|Vu|p72 (Vu, Vo) dﬂdt—s/ / ugos_l(?tgodudt—/ uo(z)p®(z,0) du.
o Jum 0o Jm o Jum M

(2.11)

Through an application of Holder’s inequality we obtain

o os o (s=1)(a+a) e
1 s—1)(g+a)—s qto q+o
/ / up* 10y p| dudt < // uITV o dudt </ / Vo aFe=Tp ate-1  |Qpp|ate-T dudt)
o Jm S\K o Jum

(2.12)

On the other hand, using again Hélder’s inequality we obtain

/ / s> VulP T V| dudt (2.13)
o Jm

= s/ / (gaijlS|Vu|p_1u_pr%l(l_a)> (gpi_lu%l(l_a”Vgﬂ) dudt
o Jum

p—1 00 1
< S(/ / gaS|Vu|puo‘_1 d,udt) ? </ / sDs—pu(P—l)(l—(x)‘VQMP d,udt) p.
0 M 0 M
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Moreover, from equation (2.2) we deduce

P a—1 1— (p—1)q o pta—1
gp #|Vu|Pu®" dudt < Cla|™ " a-rh1 V™ apit |V<p| ey dpdt (2.14)
o Jum

1 gto  atl
+ Claf |Opp| TV a1 dudt,
0o Jm

with C' > 0 depending on s. Thus from (2.11), (2.12), (2.13) and (2.14) we obtain

/0 /M UV dpdt (2.15)
<C {|a| -5 / / ey \th| = dudt + ||~ 1/ / |0 a1 =1 Vi dudt} ’
~ </O /M (psf;nu(p*l)(lfa)‘vﬁp d,udt) g

1
qta 0o gta—1
(s=1)(g+a)—s a« ata
+C // uItV o8 dpdt </ / V- ﬁé*l(p TrasT \&,(phizfl dudt) .
S\K o Jum

We use again Holder’s inequality with exponents

a = # b = a = q
(I-a)(p—1) a—1 g¢—(1-a)(p—1)
to obtain
/ / @S_pu(”_l)(l_o‘)\V<p|pdudt
0o JMm
(1—a)(p=1)

a—(1-—o)(p—1)

q q

= / / SOSUqV dudt // (ps_ qf(lfizq)(p—l) V- q(—1(1i)1()p(pi)1) |V§0| q*(lfiq)(l?*l) d/,[,dt
S\K S\ K

Substituting into (2.15) we have

/0 /M P ulV dpdt (2.16)

ptra—1 p(ata) 1 > gta a1l ijl
<C |a| == Tt |[Vip| =pF1 dpdt + | o |Op| =TV a1 dpudt
0o JM

<1 (Y)(P 1) g=(1=-a)(p—=1)

qp
// P ulV dudt // R =y S VA Ve S e e 0 |V| == =D dudt
S\K S\K
e e (s=1)(a+a) + et
1 s—1)(gta)—s I @
+C (// Uq'HXV(ps dudt) (/ / Vo ata=Tp ™ ata-1 |8ﬁp|qia—1 dudt) .
S\K o JMm

Now inequality (2.10) immediately follows from the previous relation, by our assumptions on s, and
since 0 < p < 1.
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Corollary 9 Under the hypotheses of Lemma 2 one has

/0 /M ulV dpdt (2.17)

_1_(p=Da > _pta—1 p(gto) _1 > ata  afl P
< C1lal q—p+1 V™ a7t V| a=p+1 dudt + |af |Osp| =TV a1 dudt
0 M 0 M

A-)(p—1) Ot)(P 1) a—(1—a)(p—1)

ap
// ¥ ulV dudt // q(<1 Re= 1>\V@|q A=) dpdt
S\K S\K
p(a+a) o0 gto  a+1 qia
+C(|Oé q— p+1/ / |Vsp‘q LY T = TJ+1 dudt+/ / |at<,0|q71V q—1 dudt>
0 M
gta—1
e 1 qta qto
x (/ / VT 9| T dudt)
0 M

Proof The conclusion immediately follows combining (2.10) and (2.2).

Lemma 3 Let s > max{l, Zﬂ, q2£il} be fixed. Then there exists a constant C' > 0 such that for

every nonnegative weak solution u of equation (1.1), every function ¢ € Lip(S) with compact support and

+1
0< <1 and every a € (—fmm{l p—1,q—1, qppl },O) one has

/ / e ulV dpdt (2.18)
o Jum

p—1

_q1_ (p=1a o0 _pta—1 plata) 1 > ata o+l P
< C| |of (a=p+D) y V™ a7t |[Vp| =7+ dudt + |af y [Orp| =TV ™ a1 dudt
0 0

g—(A—a)(p—1) A-o)(p—1)

X // V*qg(izx(ﬂ;i)l)|V<p|q—<1jxq><p—1) dudt // o ulV dudt
S\K S\K
+C // O ulV dudt (/ / Ve 1|8t<p|q 1dudt> ’
S\K

with S = M x [0,00) and K = {(z,t) € S: p(z,t) = 1}.

Proof Inequality (2.18) can be proved in the same way as (2.10), where the only difference with respect
to the above argument is that in this case one has to use inequality (2.12) with o = 0.

3 Proof of Theorems 2 and 3

Proof (of Theorem 2) For any fixed R > 0 sufficiently large, let a := —ﬁ. Fix any Cy > C0+9722+1 with
Cyp and 0 as in HP1. Define for all (z,t) € S
1 if (:E, t) € Er,
(1) = (3.1)

09,401\ Cra
(T("E)T,jt) if (z,t) € Eg,
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and for alln € N

1 if (x,t)EEnR,
r(x 0. 2 .
Ma(@, ) o= § 2= "L if (2,8) € Eyyjor \ B, (3.2)
0 if (x, )€E21/92nR
Let
on(z,t) == nu(z,t)p(z,t) for all (z,t) €S. (3.3)

We have ¢,, € Lip(S) with 0 < ¢,, < 1; furthermore,
Ot on = Mn0sp + 901, Von = Ve + ¢V,
a.e. in S, and for every a > 1

[Oepnl® < 2971 (100]" + %10ma] ), [Veoul|® <2071Vl + ¢ Va|*)

a.e. in S. Now we use ¢y, in formula (2.2), with any fixed s > max {1 and we see that for

1 q—1" q— p+1 }’
some positive constant C' and for every n € N and every small enough |a| > 0, we have

/ / Vudt®p? dudt (3.4)
0 M
_(p—Dgq o0 p(g+a) pta—1 o gto | atl
< C{|a| a—p+1 / / |V<p |q PFLV T a—p+T dpudt +/ / |at<,0n| a—1)/ " q-1 dﬂdt}
0 M

plgta)
<0{\a| / / Vo BB V5T dudt

pta—1 p(ata)

plato)
// pa—pF1 V" a—pF1 |V77n|<1 p+1 d,udt
21/05, 5 \EnR

e[ ] ol v e+ [ [ TRV 0, | F5E dpa
0 M E21/92nR\E"R

_(p=1)q
< C{\Oé| a=pil (I 4 Ip) + I3 + 14} )

+ |

where
o0 plato
Il —/ ‘V(P|q p+1V q p+1 dudt (35)
plato)
I = // pa- p+1 |/ = p+1 |V7] ‘q p+1 d,LLdt, (36)
21/02, 5 \EnR
I ::/ / 10,0 T VI dudt, (3.7)
0 M

I, = // RV |0 | 555 dudt (3.8)
1705, 5 \EnR
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In view of (3.1) and (3.2) and assumption HP1-(ii) (see (1.7)) with e = —
and every small enough |a| > 0 we get

o p+1 > 0, for every n € N

p(gta)

02 q—p+1
1 plata
b= / / l% <> T(”3>"21lvr(w)|] Ry S dudt (3.9)
E1/03 .5 \Enr nk

92p(ata) p(q+a) plat+ao) +a—1
S C(nR)i q—p+1 n0192a // x)(@z 1) FES] V72*P+1 dﬂdt
21/02 R\EnR

O2p(gta) Cle2ap(q+a) 02pq

< C(nR)7 a—ptL q q—pF1 (nR)q—p+1 +Co qlp+1 (10g(nR))S4 )

Now note that for any constant C' € R and for R > 0 and o = —ﬁ we have

RIIC = elelClog R _ .C < (3.10)
Thus, also using the fact that

dlf2p = Crfop(g+ ) + Co] . Jol 0,
g—p+1 q—p+1
from (3.9) we deduce
I < Cn~ 757 [log(nR)]* . (3.11)
In a similar way we can estimate I4, using HP1-(i) (see (1.6)). Indeed, for R > 0 large enough,
ata
I < // ( o . tel_l) T pOsadEs =l g (3.12)
E 1705, 5 \Enr (nR)%
< C(nR)™" 5 (nR) 5 [log(nR))

||

< Cpat1(F0FCiba=CotCi020) (150 (n RY]*2 < Cn~a-1 [log(nR)]*

In order to estimate I; we observe that if f : [0,00) — [0,00) is a nonincreasing function and if
HP1-(ii) holds (see (1.7)), then

o0
// )% 4 19175 )p(2) 2D ) o e dudt < € f(2)z%1%  (log 2)*dz,
c R/21/62
(3.13)
for every 0 < € < g9 and R > 0 large enough. This can shown by minor variations in the proof of [13,
formula (2.19)].
Now, since for a.e. x € M we have |Vr(z)| < 1, we obtain for a.e. (z,t) € S

T(:C)GQ +t01 >C'1a1 7”(1’)9271 ' (314)

Vel < Calalte (N e

Thus, using (3.10) for every sufficiently large R > 0 we get

|quh<amfm//‘ e
0o (Cra—1)p(gt+a)

< C’\a|p(q+a) (p—1)g // tel}%} a—pFI (x)(92*1) q(q+pi)1V =y dudt .

p(a+o)
q—p+1

dudt

2

r(z)f2 + 19\ T ()P !
el () T




Nonexistence of solutions to parabolic differential inequalities with a potential on Riemannian manifolds 15

. ; — _lo
Now, using (3.13) with € = pr—

(p=1a p(q+a) (p g o 02(C a—l)p(‘”o‘)—i-s Oy o s
o) "= it L <Claf —ot 02(Cra—1) B 450+ Co gl - '(log 2)%dz . (3.15)
R/21/92

By our choice of C; and by the very definition of 53 we have

plg+a) |a] |ov|
————~ +5+0C < - .
q—p+1 3 OquJrl_ q—p+1

b:= 92(010[ — 1)

Then using the change of variable y := |b| log z in the right hand side of (3.15) we obtain for o > 0 small
enough

oo S4
lae|™ T P+1I1 < C|a|P(q+Q) i 1)q/ ey (2 dy (3.16)
0 bl 10|

plata)=(p—1)g p—1
BT sl < Oa| T

< Cla|

The term I3 can be estimated similarly. Indeed, we start noting that if f : [0,00) — [0, c0) is nonin-
creasing function and if HP1-(4) holds (see (1.6)), then for any sufficiently small ¢ > 0 and every large
enough R > 0 we get

// tel]%)t(elfl)(ﬁ*)v*ﬁ“dudtSC a1 f(2)z5+Ce"Ylog 2)%2dz;  (3.17)
(‘ 2

this can be shown by minor changes in the proof of [13, formula (2.19)]. Since for a.e. (x,t) € S

Cra—1 0 —1
r(x)?2 + % th

|0sp(z, )| < Cila|0r (%> R (3.18)

also using (3.10), we have for every R > 0 large enough
02(Cra—1 «
]3<C|a|q 1 // t01)92j| 2(Cra—1) g (=1L 7fl+ﬁdﬂdt_

Now due to (3.17) with e = 12k

q

I; < C\a|?z+f(1¥/ 2(Cra-1) 53 +Co g2 +51 - Y(log z)*2dz . (3.19)
R/21/02

By our choice of Cj and the very definition of 5; we have that

gt+a _ || ||
=0(Cia—1)"——+4+5+Cp—— < ———.
5 2(Cra )q—l o -1~ q-1

Using the change of variable y := |8|log z in (3.19) we obtain

. [ 52
I < Cla|71 ~y y) &Y 3.20
vl [T () i (520

< Cla|7T7.
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Inserting (3.11), (3.12), (3.16) and (3.20) into (3.4) we obtain for every n € N and every sufficiently large
R>0

// u“o‘Vdudtg/ /uquagofLVdudt
Er M

(p—1)q

< O (JalTFT 4 o]~ T log(nR))* + o T + 5 log(nR))*

with C independent of n and R. Passing to the liminf as n — oo we deduce that

// wIt*Vdudt < C <|a\<1p*7;~1#1_54 + |Oz\q+1_32> .
ERr

Therefore, letting R — oo (and thus a — 0), by Fatou’s lemma, we have

/ / wlVdudt =0
M

in view of our assumptions on Sg, s4, which concludes the proof.

Proof (of Theorem 3) We claim that u € L(S,Vdpudt). To see this, we will show that

/ /1 wlV dudt < A(/ / ulV d,udt)a +B (3.21)

for some constants A > 0, B > 0, 0 < ¢ < 1. In order to prove (3.21) we consider (2.17) with ¢

replaced by the family of functions ¢, defined in (3.3), for any fixed s > max{l atl _2pg } and

7 q—1’ g—p+1
C; > max { 1+%;+02, 93((50:—?1)’ g;qc(‘ztll))} with Cy, 0 as in HP2 and with R > 0 sufficiently large and
a= log +- Thus we have
/ / ey ulV dudt (3.22)
o Ju

(A-o)(p=1)

(o) (q+a) pT_l ap
1 a— a
<C (|a1£}’ p+)(11 / / V- §+fp+11 ‘V¢n|Z‘fp+1’ d,udt) (// QOfLqu d,udt)
o JM 2

a—(1-o)(p—1)

__(Q—o)(p=1) pq a»
X // V —T—a)(p—D |v90n| ¢—(I-a)(p—1) dudt
e
- (—a)(p-1)
> ata at1 P w
+C (|a_1/ / |0¢pn| =TV a1 dudt) (// eI ulV dudt)
o Jum e

a—(1-—o)(p—1)

__(A-—o)(p=1) pq ar
X // Vv q*(lfa)(Pfl)|V(pn|tr(1*a)(p*1) dudt
e
_(p=1)q o0 p(ag+a)  pta-—1 o0 ata  adl ﬁ%
+C |Oé‘ ‘1*1’+1/ / |Vspn|q7p+lv a—p+T dudt + |8t80n|q71V a1 dpdt
0 M 0 M

-1

o _ 1 g+ q-‘ti“
X / / V7 aFa=T |0 | 7He—T dudt
0 M
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Let us prove that for R > 0 large enough, and thus for |a| = ﬁ sufficiently small,
. _(p=1gq
lim sup <|a| a=pF1 J1) <C, (3.23)
n—oo
(p—1)q
lim sup (|a|_r<1*a1)<P*1> Jg) <C, (3.24)
n—oo
limsup Jo < C, (3.25)
n—oo
limsup J; < C, (3.26)
n—oo

for some C' > 0 independent of «, where

o0 _pta-—1 p(ata)
Ji ::/ / V™31 |V, | 77T dudt, (3.27)
0o Jm
Jo = / / 10pn| TT VT dudt, (3.28)
o Jum
__(-a)(e-1) pq
Js 1= // Va1 |V, | T=0-0G-1 dudt, (3.29)
i
Jy = / / V" areT Oy, | aET dudt. (3.30)
o Jm
Note that
J1 < C(Il + 12), (331)
with I; and I3 defined in (3.5) and (3.6), respectively. Due to (1.10) in HP2-(¢i), by the same arguments
used to obtain (3.16) and (3.11) with s4 replaced by 34, for every n € N, R > 0 large enough and o = ﬁ
we have (rp—Dg (p=1)g [ 5
|, < C (1 + |a|*mnfm[1og(nR)]S4) :
Letting n — oo we get (3.23).
Next we observe that
Jy < C(Ig + .[4), (332)

with I3 and Iy defined in (3.7) and (3.8), respectively. By the same computations used to obtain (3.20)

and (3.12), with sy replaced by 32, we have for every n € N, R > 0 large enough and a = @
Jy <C (1 + n_%[log(nR)Fz) .
Again, letting n — oo we obtain (3.25).
We now proceed to estimate J4; note that
Ji < C(Is + Is), (3.33)
where
I5 = / / V" aeT Q| T dudt (3.34)
o Jum
o0 _ 1 ata qta
Is == / / V= aFe=T pata=T |0y, |7+o—T dudt. (3.35)
0o Jum
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Due to (3.18) and (3.10), we have for every R > 0 large enough

1 702(Cia—1) %+%
I5<C|Oé\4+a 1// tel)g—} 2t (Fr+@veD) (3.36)

k=1 1 ||
% 1O -7+ Grem D= ) |~ T ares DD dudt .

Note that if f : [0,00) — [0,00) is a nonincreasing function and if (1.9) in HP2-(4) holds, then for any
sufficiently small ¢ > 0 and every large enough R > 0 we get

oo

/ / 2 4 01)73 )OOt y -t e gudt < s F(z)z 7+ log 2)2dz;  (3.37)
L 2

this can be shown by minor changes in the proof of [13, formula (2.19)]. Now due to (3.36), (3.37) with
lo|

= (gta-1)(g—1D)

a & la| -
I5 §C|a|q$—1/ ,02(Cra—1) 25 +Co ra Ty +51— Y(log 2)*2dz= . (3.38)
R/21/02

By our choice of C; and the very definition of 51, we have for sufficiently small |o| > 0

g+« o
g+a—1" "gra-1(g-1)

+ 51 < —

v :=02(Cia— 1) CESEE

Using the change of variable y := |y|log z in the right hand side of (3.38), due to the very definition of
59 we obtain for every R > 0 large enough

B
gt o0 2 d
I5 < Clo|#¥a / e <y> W<, (3.39)
0 v/
Moreover, using (3.10) and (1.9) in HP2, for every n € N and a > 0 sufficiently small, we have
0 e
Ito—1 o
I < // ( 10 tel_l) Cle?aqﬂx iy~ qll (q+al1)‘(q*1)dﬂdt (340)
E,1/05, 5 \EnR (nR)%

< C(nR)_Gz qizil nCle?an{izil (nR)%+CO (q+al%(qfl) []og(n]{)}g2

— el -
< Cn~ @=9?[log(nR)]*?

In view of (3.33), (3.39), (3.40) we obtain
el _
Jy<C <1 +n @v? [log(nR)]‘”) .

Letting n — oo we get (3.26).

In order to estimate the integral J3 we start by defining A = s +1()’[’;_1(){1|_“(l) =L and we note that

(p—1)q 2(p — 1)q .
mm\ <A< m|a| <e (3.41)
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for every small enough |a| > 0, and that

=)D _ o4 and Pq _ 5

—(-a)p-1) —-ap-1 8 "

By our definition of the functions ¢,,, for every n € N and every small enough |o| > 0 we have
Jy = / / V*§4*A|wn|§%“p dpdt (3.42)
o Jm
* s 534 2344 > 5 2344 2344
< C / / V—S4—A77n 2 p|V30\92 pdudt +/ / V‘—S4—/1()092 P|vnn|92 pd/,&dt
o Jm o Jm

/ Vs A | AP dudt+// Vs Apwm TP gy 5P gt
Ex E,1/05, 5 \Enr

(I7 + Ig).

<C
=C

Now we use condition (1.11) in HP2-(i7) with ¢ = A, and we obtain for every n € N and R > 0 large
enough

Ig = // V—§4—A<’D%+Ap|vnn|;—g+/1pdudt
E,1/05, 5 \Enr

2 +Ap
6o // (927’(1})921>
< sup @ o
E1/02 .5 \Enr E1/03 5 \Enr (nR) ’

C102apq _ 6apq —1
< Cpna0-aG-1 (nR) q%ka)(p—ﬂ// r(m)(%—l)l’(iquﬂ+A)V_7q3p+1_Adudt
E21/92nR\E"R

Btap
VS A dudt

< Cn q*(cllfz;x(l;il) (nR)_ Q*(l?ap)q(zsfl) (nR) qe—zppil +COA(]0g(nR))§4,

By our definition of C1, A and by relation (3.41) we easily find

C10zapq Hapq apq
—(-a)p-1 q-(-ap-1 g-pri’ @ (3.43)
< pqaCy0; 3 aq(p —1)Cy
g—(1-a)ip-1) [¢g-(1-a)p-Dll¢g—p+1)
qop Ly

SU-(-ap-Dlg—p+D) ~(gpi1?

for any small enough || > 0. Moreover by (3.10), since a = —@, we have

6 6
R qf(1*20tp)q(pfl) Jrq*21§:‘r11 +CoA < C.
Thus, for any sufficiently large R > 0 and every n € N,

Iy < CnG 17 (log (nR))™. (3.44)
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In order to estimate Iy we observe that if f : [0,00) — [0, 00) is a nonincreasing function and if HP2-(i7)
holds (see (1.11)), then

// tel]%)r(x)(QQ_l)p<ﬁ+e)V_%_e dudt < C f(2)z%+C0"log 2)% dz
% R/21/02

(3.45)
for every 0 < € < gg and R > 0 large enough. This can againbe shown by minor variations in the proof
of [13, formula (2.19)]. Thus, snnllarly to (3.36) and (3.38), using (3.10), (3.41) and (3.45), we have for
R > 0 large enough and oo =

logR
I; < Cla|a=0=2G=-1 B=D // tel)%]ez(cla—l)iq,(l,f;q)(pfl) r(x)(erl)p(iquﬂ+A)V7743;}r17/1 dpdt
(3.46)
o0
< Clal TAmOTD / ,02(Cra—1) q—(l—’;qxpfl)+§3+00A‘1(10g 2)% dz.
- R/21/92
By our choice of C; and the definition of 53 and A we have
pq . ap|o|
a:=0s(Cra—1 +53+CA< ————— <0,
G a1 a—p+ 17
thus using the change of variable y = |a|log z in the last integral in (3.46) we obtain
[eS) 54
I; < Cla|7Ta6-1 / eV (y) dy (3.47)
0 la| } |al
< OMW*@** Cla|7= =Dt G e e =) .

Thus for any sufficiently large R > 0 and every n € N, by (3.42), (3.44) and (3.47)

\aF%Jg < C|a\_q7<§:1))<271> <|a\r(ifml))(ifl)+(qu+1§1<gc:<)ﬂacl><p71>) + nﬁ(log (nR))g“) .

Letting n — oo, for every R > 0 large enough and o = 7 We obtain

log

(p—1)q (p=1)qla
|| " a== e Js < Cla|G= PFD(a—(1-a)(p=1)) <C,

that is (3.24).
Now using (3.23)—(3.26) in (3.22), since ¢, =1 on Eg and 0 < ¢, <1 on M x [0, 00), for every R > 0
large enough we have

// wlV dudt < limsup (/ /(pflqud,udt> SA(/ /qududt> + B
Er n—00 0o JM o Jm

for some positive constants A, B and o € (0, 1). Passing to the limit as R — co we obtain (3.21), and
hence we conclude that u? € L1(S, Vdudt) as claimed.

Next we want to show that -
/ / wlV dudt =0,
o Jum



Nonexistence of solutions to parabolic differential inequalities with a potential on Riemannian manifolds 21

and thus that u = 0 a.e., since V' > 0 a.e. on M x [0, 00). To this aim, we consider (2.18) with ¢ replaced
by the family of functions ¢,,. Since ¢, = 1 on Fr and since 0 < ¢,, < 1 on M x [0, 00), for every n € N,

every R > 0 large enough and o = *ﬁ we have

// wlV dudt S/ /(pflqududt (3.48)
Er 0 M

_i__e=ba [ a— (a+a) o0 qta o P
< O<a| 1 (qpprr(ll) /0 /M V_Ziwrl1 |Vgpn|2—ql’+1 dudt + |O¢|71/0 /M ‘8t(pn|?1—1 V_qfﬂ d,udt)

g=(O=a)(p=1) A-o)(p=1)

% (// V—Til(izfgf’(;ﬁl)|v¢n|‘q—7<1_’;“>(p—1) dudt) (// qududt>
;:—{ c
T, poo a1
+C // wIV dpdt (/ /V‘all|8tg0n|qqldudt> .
3 0o JM

Now we claim that for R > 0 sufficiently large

limsup J5 < C, (3.49)

n—oo

J5—/ /V 01|5'tg0|q1dudt

This can be shown similarly to inequality (3.26). Indeed

where

Js < C(Ig + Il()), (350)

I = / / Vo O T dpdt, o = / / VT o7 |9 7T dpdt.
0 M 0 M

By (3.18) and (3.10), for R > 0 sufficiently large

0 (Cl(x—l)q%
Iy < Clafa1 // t"l)ﬂ ’ SOy - gt (3.51)

where

Now note that if f : [0,00) — [0,00) is a nonincreasing function and if (1.9) in HP2-(¢) holds, then for
every R > 0 sufficiently large we get

// )% 449172 )tV V- F T dpdt < C — f(2)z5 7 (log 2)%2dz; (3.52)

indeed, the proof of (3.52) is similar to that of [13, formula (2.19)], where here one uses condition (1.9)
with € = 0, see also Remark 1. Then

Iy < C|a\q%1/ L2 Cra—D gt +si—1 (160 2)%2 2 (3.53)
R/21/02

oo
< C|Oz\q%1/ zquCfllq(logz)g2 = < C’|0¢|ﬁ7§2’1 < C.
1 z
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Moreover, for every n € N by (3.10) and by (1.8) with € = 0, see also Remark 1,

Io < O _jor-1) " ot -t gy 3.54
10 = 7 noEe rdp (3.54)
E,1/05,5\Enr (nR)
< C(nR) ™70 %255 (nR) 1 log(nR)] = Cn~ o1 2 log(nR)] .

In view of (3.50), (3.53), (3.54) we have

Js < € (140 FH ¥ log(nR)}* )

Letting n — oo we get our claim, inequality (3.49).

Now consider again (3.48); passing to the limsup as n — oo and using (3.23)-(3.25) and (3.49), we
obtain for some constant C' > 0

(A—a)(p—1) 1
// ulV dudt < C // wlV dudt + // ulV dudt . (3.55)
Er & R

Now we can pass to the limit in (3.55) as R — oo, and thus as @ — 0, and conclude by using Fatou’s
Lemma and the fact that u? € L(S, Vdudt) that

/ / wlV dudt = 0.
o JM

Thus v =0 a.e. on M x [0, 00).

4 Proof of Corollaries 4, 5 and 6

Proof (of Corollary 4) We now show that under our assumptions hypothesis HP1 is satisfied (see condi-
tions (1.6) and (1.7)). Observe that for small € > 0

02
21/01 ROY

// @075 ) dadt < CRm/ 1005 =) g < crrRAEE-D(FE )],
E,1/6, n\ER 0
Hence, condition (1.6) is satisfied, if

0

(7? > (¢g—1)m. (4.1)

On the other hand, for small £ > 0,

2l/02 p
// |x|(92—1)p(ﬁ—s) dzdt < CR% / 9(92—1)p($_5)+m_1d9
E 170, ;\ER 0

< CREH O 1p(G=tr —€)+m]
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Therefore condition (1.7) is satisfied, if
0—2 < _r m
0pb " qg—p+1
Now note that we can find ¢; > 1,02 > 1 such that conditions (4.1) and (4.2) hold simultaneously, if
(1.12) holds. Thus, from Theorem 2 the conclusion follows.

(4.2)

Proof (of Corollary 5) Under our assumptions, for R > 0 large and £ > 0 small enough we have
// 1O (G ) Y=t gudr < ORA O D (T Hitastfet Fortor (00 pydites
E,1/6,r\ER
Hence condition (1.6) in HP1 is satisfied if we choose Cy > max {O, g—f (a+1)+p5— 02} and if
92 q 1
—= - <0 01+ < —— 4.3
01(02 q_1)+01 ) 1+ 02 (4.3)

q—1"
Similarly for sufficiently large R > 0 and small € > 0 we have

// r(x)(Gz—l)P(q—g-H —E)V—iqf;il +€d'udt < CR(62*1)p($*E)+%O¢E+B€+g—fg’4+gs (log R)63+54 '
E 176, s \ER
Therefore condition (1.7) in HP1 is satisfied if Cy > max {0, B+ %O‘ — (6 — 1)p} and if

] _
(—m+0’3) +£U4§O, 03+ 04 < P (44)

qg—p+1 0, g—p+1°

Now for conditions (4.3) and (4.4) to be satisfied, by our assumptions it is sufficient to choose ¢; > 1,
02 > 1 such that

-1
q 6o . q
1 < 22 £0< . 4,
a1<q_1 02> =% 10_(72<q_17 (4.5)
02 pq 1 . pq
S O P fo< _— 4.6
0 ~ (q—p+1 78) % BUs s T (46)

Thus we can apply Theorem 2 and conclude.

Proof (of Corollary 6) By our assumptions for large R > 0 and small € > 0 we have

// 1O -D(FE =)y -1+ gudt < CR% O D(FEr o) tatastetgtortor gq pySiHe

E,1/05 p\ER

// O (G5 =t =< guar < CRPO1-1)(5+e)+ G2 actfet Eoatos (log R)" 02 .
E,1/6, s \ER

Thus conditions (1.8)—(1.9) of HP2 are satisfied if we choose C > max {O, z—f (a—1)+8+ 92} and

0 1
0?(02_q1>+01§0’ 61+62§(1771 (47)
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Similarly if R > 0 is large and € > 0 is small enough we have

// r(a) O Vp(= =)y tequar < C RO~ VP(=hr —e)tsastBet antos 100 p)utos
E,1/05 g \ER

// T(q;)(ezfl)p(ﬁJrE)qufi;}rlfed'udt < CR(GQ71)p($+5)+%a5+ﬂe+%04+03 (]Qg R)63+64 .
E,1/05 g \ER
Thus conditions (1.10)—(1.11) in HP2 are satisfied if Cyp > max {0, B+ g%a + (62 — 1)p} and

Pq 02 p—1
P o)+ B, <0, Syt <P 4.8

( g—p+1 3) 01 4= s g—p+1 (48)
Hence, arguing as in the proof of Corollary 5, we have that under our assumptions HP2 holds, and we
can apply Theorem 3 to conclude.

We conclude with the next example, where we show that our results extend those in [33] in the case
of the Laplace—Beltrami operator on a complete noncompact manifold M.

Let us start by fixing a point o € M and denote by Cut(o) the cut locus of o. For any = € M \
[Cut(o) U{o}], one can define the polar coordinates with respect to o, see e.g. [11]. Namely, for any point
x € M\ [Cut(o) U {o}] there correspond a polar radius r(z) := dist(x,0) and a polar angle § € S™~*
such that the shortest geodesics from o to = starts at o with the direction 6 in the tangent space T, M.
Since we can identify T, M with R™, 6 can be regarded as a point of S™1,

The Riemannian metric in M \ [Cut(o) U {o}] in polar coordinates reads

ds® = dr? + A;j(r,0)do'do’

where (01,...,0™~ 1) are coordinates in S™~! and (4;;) is a positive definite matrix. It is not difficult to
see that the Laplace-Beltrami operator in polar coordinates has the form
0? 0
A= —+F(r,0)— + As,,
or? + 7 )87' +as,

where F(r,0) := % (log \/A(r,0)), A(r,0) := det(A;;(r,0)), Ag, is the Laplace-Beltrami operator on the
submanifold S, := dB(o,r) \ Cut(o).
M is a manifold with a pole, if it has a point 0 € M with Cut(o) = 0. The point o is called pole and
the polar coordinates (r,0) are defined in M \ {o}.
A manifold with a pole is a spherically symmetric manifold or a model, if the Riemannian metric is
given by
ds® = dr? +*(r)d6?, (4.9)

where df? is the standard metric in S™~!, and
beA= {f e C%((0,00)) N CL([0,00)) : f/(0) =1, f(0) =0, f >0 in (o,oo)}. (4.10)
In this case, we write M = My; furthermore, we have \/A(r,0) = ¢¥™1(r), so the boundary area of the

geodesic sphere 0Sg is computed by
S(R) - wmd}mil (R)a
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Wy, being the area of the unit sphere in R™. Also, the volume of the ball B (o) is given by

R
u(Br(o) = [ (6.
0
Observe that for ¢(r) = r, M = R™, while for ¢(r) = sinhr, M is the m—dimensional hyperbolic
space H™.

Example 10 Let M be an m—dimensional model manifold with pole o and metric given by (4.9) with

r ifo<r<1,
o logr)f)mT ifr > 2;

where « > 1 and 8 € (O, q_%} . We consider problem (1.1) with V =1 and p = 2. Note that for R > 0

large enough
1(Bgr) ~ CR%(log R)? < CR**7 |

for any o > 0, while

: #(Br)
it =
Furthermore,
d _d e C
%<log«/A(r)) = 2 (tog ([W(r)]" ")) < = forallr>0.

Thus, for a > 2, from [33, Theorem A] we can infer that problem (1.1) does not admit nonnegative
nontrivial solutions, provided that 1 < ¢ < 1+ a%ra for some ¢ > 0, that is provided that

2
l<g<1l4+—.
«

On the other hand, just assuming o > 1, we can apply Corollary 6 with p = 2 (see also Remark 7),
where f(t) =1, g(z) =1, 01 = o, 03 = 1, 61 = 5, 62 = 0, and thus we can deduce that problem (1.1)
does not admit nonnegative nontrivial solutions, provided that

2
1<g<14+—.
«

So, we can exclude existence of nontrivial solutions also in the particular case when ¢ = 1 + %
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