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Abstract

Adaptive randomly reinforced urn (ARRU) is a two-color urn model where the updating process is defined by
a sequence of non-negative random vectors {(D1,n, D2,n);n > 1} and randomly evolving thresholds which utilize
accruing statistical information for the updates. Let m1 = E[D1,»] and ma = E[D2 ,]. In this paper we undertake
a detailed study of the dynamics of the ARRU model. First, for the case mi1 # ma, we establish L; bounds on the
increments of the urn proportion, i.e. the proportion of ball colors in the urn, at fixed and increasing times under
very weak assumptions on the random threshold sequences. As a consequence, we deduce weak consistency of the
evolving urn proportions. Second, under slightly stronger conditions, we establish the strong consistency of the urn
proportions for all finite values of m; and ms. Specifically we show that when mi = mag, the proportion converges
to a non-degenerate random variable. Third, we establish the asymptotic distribution, after appropriate centering
and scaling, for the proportion of sampled ball colors and urn proportions for the case mi; = mso. In the process,
we resolve the issue concerning the asymptotic distribution of the proportion of sampled ball colors for a randomly
reinforced urn (RRU). To address the technical issues, we establish results on the harmonic moments of the total
number of balls in the urn at different times under very weak conditions, which is of independent interest.
Keywords: generalized Pdélya urn, reinforced processes, strong and weak consistency, central limit theorems,
crossing times, harmonic moments.

MSC Subject Classification: 60F05, 60F15, 97K50.

1 Introduction

In recent years, randomly reinforced urn (RRU) has been investigated in statistical and probability literature as
a model for clinical trial design, computer experiments, and in the context of vertex reinforced random walk (see
Hu and Rosenberger (2006); Mahmoud (2008); Pemantle and Volkov (1999)). Introduction of accruing information
in designing the reinforcement mechanism leads to an adaptive version of an RRU model, which we refer to as an
adaptive randomly reinforced urn (ARRU). In this paper, we study the properties concerning the urn proportions
and the proportion of sampled ball colors of an ARRU. We now turn to a precise description of the ARRU.

A randomly reinforced urn (RRU) model (see Muliere et al. (2006)) is characterized by a pair (Y1, Y2,5) of real
random variables representing the number of balls of two colors, red and white. The process is described as follows:
at time n = 0, the process starts with (y1,0,¥2,0) balls. A ball is drawn at random. If the color is red, the ball is
returned to the urn along with the random numbers D11 of red balls; otherwise, the ball is returned to the urn along
with the random numbers Dy of white balls. Let Y11 = y1,0 + D1,1 and Y21 = y2,0 denote the urn composition

when the sampled ball is red; similarly, let Y11 = y1,0 and Y21 = y2,0 + D2,1 denote the urn composition when
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the sampled ball is white. The process is repeated yielding the collection {(Yi,n,Y2,n);n > 1}. The quantities
{Di,n;n > 1} and {D2n;n > 1} are independent collections of independent and identically distributed (i.i.d.)
non-negative random variables.

The urn model can be also described using its replacement matriz D, where [D;j ] indicates the number of
balls of color j that are replaced in the urn when a balls of color i is sampled. In the RRU model, since the
off-diagonal elements are 0, we simplify the notation D;; , to D; . Hence, the RRU model is characterized by the
replacement matriz

p,—| PO : (1.1)
0 Doy
Let m1 := E[D1,»] and ma := E[D25].

Since the replacement matrix in (1.1) is diagonal, the RRU model is not a particular case of class of Generalized
Pélya Urns (GPU) whose replacement matrix (or an almost sure limit of certain “conditional” replacement matrices)
is assumed to be irreducible. For a review on the literature on GPUs, see for instance Athreya and Karlin (1968);
Smythe (1996); Bai and Hu (1999, 2005); Zhang et al. (2006); Laruelle and Pages (2013); Aletti and Ghiglietti
(2017).

The asymptotic properties of the urn proportions in an RRU model were investigated by Durham et al. (1998) for
binary reinforcements, and extended to the continuous case by Muliere et al. (2006); Aletti et al. (2009). Specifically,
they established that

1 if m1 > mao,
Yl n a.s.
I = ———— = i = 1.2
n Yl,n + YQ,n Zoo lf mi ma, ( )
0 if m1 < ma,

where “3" stands for almost sure convergence and Zu. is a random variable supported on (0,1). The rate of
convergence and the limit distribution of Z, when mi # ms2 has been established in May and Flournoy (2009).
For the case m1 = ma, the properties of the distribution of Z., were studied in Durham et al. (1998); Aletti et al.
(2009, 2012). Specifically, the distribution of Zs when Di, and D, are Bernoulli random variables with the
same success probability, has been established in Durham et al. (1998). In the more general case where D, and
D5, have the same expectations, it has been proved in Aletti et al. (2012) that the distribution of Z is the unique
continuous solution of a functional equation satisfying certain boundary conditions. Additionally, it is shown in
Aletti et al. (2009) that P(Zoo = z) = 0 for any z € [0, 1]. Denoting {(N1,n, N2,n);n > 1} the number of balls of
red and white colors sampled from the urn, one can deduce from (1.2) that N1 ,/n converges to the same limit as
Zn.

Notice that for an RRU, the limit in (1.2) is always 1 or 0 in the case m1 # m2. This asymptotic behavior can be
very attractive in applications such as clinical trials, where the response-adaptive designs based on an RRU model
achieve the ethical goal of assigning most subjects to a better performing treatment (see Durham et al. (1998);
Muliere et al. (2006)). However, from an inferential perspective, it is common to target a specific value p € (0,1)
(see Hu and Rosenberger (2006) for applications in clinical trials). To perform clinical experiments with such a
goal, a variant of RRU is needed. This was achieved in Aletti et al. (2013), where the modified randomly reinforced
urn (MRRU) model was introduced. The MRRU model is an RRU with two fixed thresholds 0 < p2 < p1 < 1, such
that: (i) if a white ball is sampled and Z,, < p2, no balls are replaced in urn, and (ii) if a red ball is sampled but

Zy, > p1, no balls are replaced in the urn. Hence, the replacement matrix (1.1) in this case becomes

Dn = Dl’n ’ ]l{anlﬁﬂl} 0

0 Dom - Liz, 12p2}
A more precise description of the MRRU model is provided in Section 2 Remark 2.1.
The strong consistency of Z, in the case m1 # ma was established in Aletti et al. (2013), i.e. they showed that

ws |1 ifmi>ma,
I =

p2if mi < mo.



An efficient test based on the MRRU was implemented in Ghiglietti and Paganoni (2016), while a second order
result for Z, (again when mi # mg), namely the asymptotic distribution of Z, after appropriate centering and
scaling, was derived in Ghiglietti and Paganoni (2014). We emphasize here that the rate of convergence in this case
is not the usual /n but n and the limit distribution is not Gaussian.

In applications, especially in clinical trials (see Hu and Rosenberger (2006)), p1 and p2 are unknown and depend
on the parameters of the distributions of D11 and D21. Let Fn—1 be the o-algebra generated by the information
up to time n — 1 and let p1,,—1 and p2,,—1 be two random variables that are F,_i-measurable. Ghiglietti et al.
(2017) proposed an adaptive randomly reinforced urn model that uses accruing information to construct random

thresholds p1,,—1 and p2,n,—1 which converge a.s. to specified targets pi1 and p2. Thus, using the replacement matrix

D, — Dl,n . 1{Z7L71S,51,n71}

0
0 Do -1z, 1>ps 0 1}

an MRRU becomes an Adaptive Randomly Reinforced Urn (ARRU). It is worth mentioning here that the random
thresholds p1,n—1 and p2,n,—1 depend on the adaptive estimators of the parameters of the distributions of Dq 1 and
Do ;.

Ghiglietti et al. (2017) studied the asymptotic properties of an ARRU when m1 # m2 under various conditions
on the rate of convergence of adaptive thresholds. Specifically, they established a strong consistency of (i) the
proportion of sampled balls of each color and (ii) the urn proportions, under the assumption that the thresholds
converge almost surely and that the limits of the thresholds are different from 0 and 1. Furthermore, they also
establish the asymptotic normality for the number of sampled ball colors, under an exponential rate of convergence
assumption on the adaptive thresholds and an additional condition that the thresholds are updated at exponential
times. Additionally, they provided heuristics as to why the proportion of balls of each color in the urn (urn
proportions) may not have a limiting Gaussian distribution, without further hypotheses.

In this manuscript, the first significant contribution concerns weak consistency results for the urn proportions
when m1 # m2 under the assumption that the threshold sequence {pin,n > 1} converges in probability to p;, for
i = 1,2. The hypothesis that the thresholds converge only in probability (and not a.s.) brings in subtle challenges
which necessitate understanding the dynamics of the ARRU model. More precisely, our proofs involve obtaining
L; bounds on (i) the increments of the distance A,, = |Z,, — p1|, viz. Any1 — A, and (ii) the increments at linearly
increasing times A, +ne — Ay, where ¢ > 0. These results are then combined with a judicious choice of ¢ and using
comparison arguments with a specifically designed RRU model, weak consistency is established. The above results
are presented in Section 4; specifically, Theorem 4.2, Theorem 4.5 , and Theorem 4.6. The proofs of these theorems
rely on the estimates concerning the harmonic moments of the total number of balls in the urn. This result, of
independent interest, is established in Theorem 4.1 where even the convergence of thresholds is not required.

The second significant contribution of this manuscript concerns the strong consistency of the urn proportions for
all values of m1 and m2 under the assumption that the thresholds converge almost surely but without any restriction
on their limiting values. As a consequence, we obtain the strong consistency of the proportion of sampled ball colors
thus completing Corollary 2.1 in Ghiglietti et al. (2017) for the case m1 = ms. It is important to notice that in
the case m1 = ms2, the urn proportion converges to a proper random variable Z., which is different from the case
m1 # msa. As a consequence, we obtain the strong consistency of the proportion of sampled balls of both the colors,
thus completing Theorem 2.1 in Ghiglietti et al. (2017) for the case mi = ma.

The third significant contribution concerns second order results for the urn proportions and the proportion
of sampled ball colors for the case m; = mga. Specifically, we establish that, the quantities (Z, — Zs) and
(n ' N1, — Zs) converge stably at the rate /n to a distribution which is a continuous mixture of a centered
Gaussian distribution and the distribution of Zo.. The proof involves decomposing (n™'Ni,, — Zoo) into a sum
of two terms, one involving comparison of n~*Nj , with the cumulative proportion of red balls up to time n and
the other involving the deviation of the cumulative proportion up to time n from Z~. The second term is then
carefully investigated by invoking the Doob’s decomposition theorem and some delicate estimates. In the process,

we explicitly identify the variance of the conditional Gaussian distribution. This result also resolves a long-standing



open problem in the well-investigated RRU model concerning the limiting distribution of the proportion of sampled
ball colors for the case mi1 = msa. Additionally, the results also settle the open problem concerning the urn
proportions and proportion of sampled ball colors for the MRRU model when mi = mso.

The rest of the paper is structured as follows: Section 2 contains the model, assumptions, and main results;
Section 3 is concerned with preliminary estimates and results on the urn process. Sections 4 and 5 are concerned
with the proofs of the consistency of the urn proportion and Section 6 is concerned with the proof of the limit

distribution of the proportion of sampled balls of both the colors.

2 Model Assumptions, Notations, and Main Results

We begin by describing our model precisely. Let &1 = {£1,n;n > 1} and €2 = {&2,0,;n > 1} be two sequences of
i.i.d. random variables. Without loss of generality (wlog), assume that the support S of &1, and &2, to be the
same. Additionally, let U = {Uy,;n > 1} denote a sequence of i.i.d. uniform random variables in (0,1) independent
of &1 and &a.

Consider an urn containing yi,0 > 0 red balls and y2,0 > 0 white balls, and define yo = y1,0 + y2,0 and
zZo = yglyLo. We note here that y1,0 and y2,0 may not assume integer values. At time n = 1, a ball is drawn at

random from the urn and its color is observed. Let the random variable X; be such that

X 1 if the extracted ball is red,
1 0 if the extracted ball is white.
Then one can express X1 = Iy, <.,3- Note that X; is a Bernoulli random variable with parameter zo and is
independent of &1 and &2.

Let p1,0 and p2,0 be two constants in [0, 1] and p1,0 > p2,0. Let u: S — [a,b], 0 < a < b < co. (We mention
here that it is possible to allow a = 0. The case a > 0 makes calculations transparent and hence we make this
simplifying assumption throughout the manuscript. However, we add remarks on how to get rid of this assumption
in various estimates that explicitly use a > 0). If X; = 1 and 20 < p1,0, we return the extracted ball to the urn
together with D11 = w(&1,1) new red balls. While, if X; = 0 and zo > p2,0, we return it to the urn together with
D21 = u(&,1) new white balls. If X1 =1 and zo > p1,0, or if X1 = 0 and 2o < p2,0, the urn composition is not
modified. To ease notations, we set wi,0 = 1{203,31,0} and wa,0 = ]1{2()2;;210}. Formally, the extracted ball is always
replaced in the urn together with

X1D1wi0 4+ (1 — X1) Dajway
new balls of the same color; now, the urn composition becomes

Yii=yi,0+ X1Di1wi0

Ya1 =y2,0 4+ (1 — X1)D2,1wa 0.

Set Y1 = Y11+ Ya1 and Z1 = Y, 'Yi1. Now, by iterating the above procedure we define p11 and po,1 to
be two random variables, with p1,1,p2,1 € [0,1] and p1,1 > p2,1 a.s., measurable with respect to the o-algebra
Fi =0(X1,&), where & = X161,1 4 (1 — X1)€a,1. At the end of time n, let (Y15, Y2,,) denote the urn composition
and Z, = ﬁ

Now to define the model at time (n + 1), let p1,, and p2,, be two random variables with pi1,n, p2,n € (0,1) and

pPi,n = P2, a.s., measurable with respect to a o-algebra F,,, where,
]‘—n =0 (]:n—thygn) 3

and &, = Xn€1.n + (1 — Xn)&2,n. We will refer to pjn» j = 1,2 as threshold parameters.
At time (n 4 1), a ball is extracted and let X,4+1 = 1 if the ball is red and X,+1 = 0 otherwise. Equivalently,

we can define X, 11 = ]l{Un+1§Z7L}- Then, the ball is returned to the urn together with

Xnt1D1jng1Win + (1 — Xpng1) D21 Wan



balls of the same color, where D1 nt1 = v (§1,n41), D2nt1 = w(E2,nt1), Wi = 112, <prn)s Wam = 112, >p20)

and Zn4+1 = Y1,n41/Yn41 for any n > 1, where

Yint1 =y1,0 + E?:Jrll XiD1,iWh1,i1
(2.1)

Yo n+1 = y2,0 + E?:Jrll (1— Xi) Do i;Wa i1

and Y41 = Vit + Yont1. If Xy = 1 and Z, > pipn, e Wiy =0, or if X,op1 = 0 and Z, < pan, ie.
Wa,n = 0, the urn composition does not change at time n + 1. Note that condition p1,n, > p2,n a.s., which implies
Win + Wayn > 1, ensures that the urn composition can change with positive probability for any n > 1, since
the replacement matrix is never a zero matrix. Since, conditionally on the o-algebra F,,, X,41 is assumed to be
independent of &1 and &2, it follows that X,,+1 is Bernoulli distributed with parameter Z,.

Remark 2.1. Setting p1,, = 1 and p2,, = 0 for any n > 0, which implies W1, = Wa, = 1, equation (2.1) expresses

the dynamics of an RRU, i.e.
Yint1 =y1,0 + Z?:ll XiD1;

Yomi1 =20+ S0y (1= X;) Do
Setting p1,n = p1 and pa n = p2 for any n > 0, which implies W1, n = 11z, <,,} and Wa , = 1z, >,,}, equation (2.1)
expresses the dynamics of a MRRU, i.e.

Yint1 =y1,0 + E?:ll XiD1,iliz,<p}

Yant1 = y2,0 + 3oty (1= Xi) Dail{z,5pp}-

Notice that in the MRRU p; and p2 are known, while in the ARRU they are unknown and typically estimated
using the data.

Before we state our results, we recall that mi = E[D1,1] and ma = E[D21].

2.1 Weak Consistency of the Urn Proportions

One of the main results of this paper is concerned with the consistency of the urn proportion Z,, when the random
thresholds p1,, and p2,, converge in probability to some constants in p1, p2 € (0,1). To obtain this result, we need
to assume that the sequences of the thresholds are bounded away from 0 and 1 with exponentially high probability,
which is expressed in the following condition: there exist two constants 0 < pmin < pmax < 1 and 0 < ¢, < 0o such
that

P (pmin < p2,n < Pp1n < Pmax) > 1 —exp(—cyn) (2.2)

for large n. The result is described below:

Theorem 2.2. Assume (2.2) and there exist two constants p1,p2 € (0,1), with p1 > p2, such that
P1n — P1 P2.n RS p2. (2.3)

Then, when m1 # ma,

» p1 if mi > ma,

Zn = (2.4)

p2  if mi < mo.
We present the proof of Theorem 2.2 in Section 4.

Remark 2.3. The strong consistency of the urn proportion presented in Ghiglietti et al. (2017, Theorem 2.1), i.e.

P 3 p1 implies Z,, “3 p1, may suggest to prove Theorem 2.2 by applying subsequence arguments. Specifically,

Zn B p1in (2.4) implies that for any subsequence {nj;k > 1} there exists a further subsequence {nk;35 > 1}

such that anj 2% p1. Moreover, assumption pi1,, — p1 in (2.3) guarantees the existence of {nkj;j > 1} such

that ﬁl,nkj %% p1. Nevertheless, the strong consistency result in Ghiglietti et al. (2017, Theorem 2.1) does not



prove that anj fakg p1 with the only assumption that ﬁlv"kj s p1, because this condition does not provide any
information on the behavior of p1; at times i ¢ {ny,;j > 1}. Hence, the convergence of ﬁlv"kj would imply the

convergence of anj only if the urn composition was updated exclusively at times {ng;;j > 1}.

2.2 Strong Consistency of the Urn Proportions

The following theorem states the consistency of the urn proportion Z, for all finite values of m; and ms, when the

random thresholds p1,, and p2,, converge with probability one.

Theorem 2.4. Assume there exist two constants p1, p2 € [0, 1], with p1 > p2, such that

i S ;1 P2 “3 pa. (2.5)
Then,
P1 if m1 > ma,
Zn a;s>. oo zf mi1 = ma, (26)
P2 Zf mi1 < ma,

where Zoo is a random variable such that P(Z € [p2, p1]) = 1.

Remark 2.5. As an immediate corollary of the above theorem, it can be seen that the proportion of sampled ball
colors, n"* Ny, converges to the same limit as in (2.6).
We present the proof of Theorem 2.4 in Section 5. When the limit of the urn proportion is different from 1 or

0, the following convergence result holds.

Lemma 2.6. Assume (2.5) with p1 > p2. Then, on the set {limn— oo Zn # {0,1}},
Yn

— % min{m1, ma2}.
n

The above lemma can be applied for the RRU model only when mi = mo. For the case m1 # mso in an RRU

model, May and Flournoy (2009) showed that %

a.s.

= max{mi;mz}. In the case m; = mo, we are able to establish
that the limiting proportion Z. has no point mass of positive probability within the open interval (p2, p1). This is

stated in the following lemma.
Lemma 2.7. Assume (2.5) with p1 > p2 and m1 = ma. Then, for any x € (p2, p1), we have P(Zos = z) = 0.

Point masses of positive probability are possible at values p; and po.

2.3 Asymptotic Distribution of the Sampled Ball Colors

The second order asymptotic results concerning the proportion of sampled ball colors involve the concept of stable
convergence (see Hall and Heyde (1980)). Formally, let {X,;n > 1} be a random sequence on a probability space
(Q, F, P); we say that X, Lx (stably) if, for every point x of continuity for the cumulative distribution function
of X and for every event F € F,

lim P(X,<z,F)=P(X<uzF).

n— 00

We now present the asymptotic distribution for the proportion of sampled ball colors in an RRU model. Let us
denote by N1, := 3 " | X; and Nap, := > " (1 — X;) = n — N1, the number of red and white balls, respectively,
sampled form the urn up to time n. Moreover, let of := Var[D1,1] and o3 := Var[Ds,1]. The result is stated in

the following Theorem:

Theorem 2.8. Consider an RRU model and assume mi1 = ms = m. Then,

vn (% — Zoo) 4 N(0,%), (stably)
where B
2% = 2 2



Remark 2.9. In the special case of binary reinforcements with the same mean, i.e. D1, ~ Be(p) and D2, ~ Be(p)
with p € (0,1], Theorem 2.8 expresses a Central Limit Theorem with stable convergence for the RRU model studied
in Durham et al. (1998), in which ¥ in (2.7) reduces to (1 + Q(FTP))ZOO(l — Zs). Then, combining Theorem 2.8
with the exact distribution of Z established in Durham et al. (1998), it is possible to obtain an analytic expression
of the asymptotic distribution of /n (N—;Lﬂ- — Zoo) in this special case. A similar calculation also holds for more
general binary schemes considered in Aletti et al. (2012, Section 6.2).

It is known that when D1, = D>, = 1 for any n > 1, the random variable Z is Beta-distributed with
parameters (y1,0,Y2,0) (see e.g. Athreya and Karlin (1968)). Furthermore, in this case Theorem 2.8 provides a CLT
with stable convergence for the standard Polya’s urn, in which ¥ = Zo(1—Z). Now, combining Theorem 2.8 with
the Beta-distribution, it is possible to obtain an analytic expression of the asymptotic distribution of v/n (% - Zoo)
for the Polya urn case.

We now present the asymptotic distribution for the proportion of sampled ball colors in an ARRU model. This
result can be derived using Theorem 2.8 on the set of trajectories that do not cross the thresholds pi1,, and p2,,
infinitely often, and hence {Zo # {p2,p1}}. To this end, we introduce a sequence of random sets {A,;n > 1} such
that A, € Fn and A, C Apy1 for any n > 1, and Up>14, = (p2,p1). In particular, we fix 0 < o < 1/2 and we
define A,, as follows:

A, = ( p2+CY, “ p1 —CY, “ ) , (2.8)
where 0 < C' < oo is a positive constant. The choice of {A,;n > 1} in (2.8) allows us to apply the estimates of
Lemma 3.4 in the proof of the limit distribution, in order to obtain the equivalence: {Z, € An,ev.} = {Z €
(p2, p1)} a.s., where ev. stands for eventually, which means for all but a finite number of terms. The limit distribution

for the ARRU model is expressed in the following result.

Theorem 2.10. Assume (2.5) with p1 > p2 and mi1 = ma =m. Then,
lim {Z, € An} = Imn{Zn € An} = {Zw € (p2,p1)},

and, on the sequence of sets ({Zn € An},n > 1), we have
Vn (% - Zoo) 4 N(0,%),  (stably)

where, as in (2.7),
2% -
Y o= <1+—2) Zoo(1 = Zoo), S = (1= Zoo)oi + Zeoos.
m
It is worth noticing that the limiting distribution obtained in Theorem 2.8 and Theorem 2.10 is not Gaussian
but a mixture distribution.

As a corollary of the methods of proof of Theorem 2.8 and Theorem 2.10 one can obtain the asymptotic

distribution of /n(Z, — Zs). We state this result without proof.

Theorem 2.11. Assume (2.5) with p1 > p2 and m1 = ma = m. Then, conditionally on F,, on the sequence of
sets ({Zn € An},n > 1), we have

VN (Zn — Zoo) 5 N(0,52),  (stably)

where

Yy = (1+%) Zoo(1 = Zoo), Y = (1 = Zoo)o} 4 Zooos.

3 Preliminary Results

In this section, we present some preliminary estimates that are required to understand the dynamics of the ARRU
model and to prove the main results of the paper. Most of the proofs of the results gathered by the literature are
omitted, since the original proofs hold for all values of m; and ma.

We start by presenting some basic properties of the ARRU dynamics. Specifically, we provide a useful expression

of the excepted increments (Zn+1 — Z») conditioned on F,, which is required to prove the consistency result and



in particular in the proofs of Theorem 4.2 in Section 4 and of Theorem 2.8 in Section 6. Moreover, we show that
the number of balls of both the colors sampled from the urn, namely N; , and N3 ., and the total number of balls
in the urn Y,,, increase to infinity almost surely. To do that, we establish a lower bound for the increments of the

process Y,. These results are established in Ghiglietti et al. (2017, Lemma 4.1 and 4.2), and we state the proof
below for completeness.
Lemma 3.1. We have the following results:
(a) For any n >0,
E [Zni1 — Zn|Fn] = Zn(1 — Zy)Bn,

where
D11 Wi D31 Wa

B, = F —
" Yo+ DinyiWin Yo+ DoniiWay

|fn} ; (3.1)
(b) for any n > 0, we have that

. min Y2,
E[Yni1 — Yo|Fn] > min{mi, ma} - (7;510;/: 0}) ;

(c)

Y, 5 0;

(d)

min{Ni n; Nao,} 3 .

Proof. The proof of result (a) is based on a modification of the proof in Muliere et al. (2006, Theorem 2). First,
note that, by definition

Yin +Dine1Win

Yl,n
n+1
Yo+ Dint1iWin

Int1 = X, _—Y
+ Yn + D2,n+1W2,n

+ (1= Xnt1)

and since X, 11 is conditionally on F,, independent of D1 41 and D2 41, we can get that

Yin+DinsriWin
Yo+ Dins1Win
Yin+ DipnriWin Yon Fa ]
Yo+ DinsriWin Yo+ Dopny1Wan "

Yl,n
Yn + D2,n+1W2,n

E(Zn|Fn] = Zy,E [ |fn} +(1—2Z,)E { Ifn}

:ZnE[

Analogously, we have that

Yoon + Dant1Wan Yin
Yn + Dopnp1Wan Yo+ Diny1Win

Ell = Zop|Fa] = (1 on)E[ |]-'n} .

Therefore,
E[Zn-H - Zn|-7:n] = E[(l - Zn)Zn-H — Zn(1— Zn+1)|-7:n]

Yin+Dint1iWin Yo n
=Z.,(1—-—Z,)E : : : ’
n ") [ Yo+ Diny1Win Yy + Dopnp1Wan
_)/2,n + D2,n+1W2,n _ )/1,n | :|
Yn + D2,n+1W2,n Yn + Dl,n+1W1,n "

DingiWin  DongiWaa Fa ]
Yo+ DinyiWin Yo+ DoniiWan "

= Zo(1— Z,)E [
This concludes the proof of result (a).
Concerning the proof of result (b), first note that
Yot1 —Yn = Xot1Dinp1iWin + (1 — Xng1) Donp1 Wa .

Since X,4+1 and D1 41 are conditionally independent given F,,, and W1, is F,-measurable, we have that

E [Yn+1 - Ynlj:n] = (mlznwl,n + me (1 - Zn) WQ,n)

V

min{ml, mg} . (ZnWLn + (1 - Zn) Wg,n) .



We recall that the variables Wi, and W5, can only take the values 0 and 1, and by construction we have that

(Win + Wapn) > 1 for any n > 0; then, we can give a further lower bound
E [Yot1 — Yu|Fr] > min{mi,mz} - (min{Z,;1 - Z,}).

Finally, the result follows by noting that

min (Y15 Y2} o min{yio;y20}

in{Zp;1— Z,} =
min {Zy; n} " > Yo+ bn

This concludes the proof of result (b).

We now focus on the proof of result (c). First, notice that Y, = Z?;ol (Yit1 — Yi) 4+ yo. Then, by Chen (1978,

Theorem 1), it is sufficient to show that
P(Y E[Yi1 - Yi|Fi]=o0) =1
i=0
To this end, we will now use the lower bound given by result (b), so obtaining

ZE[YiH —Yi|F] > min{mi, ma} <Z 7m1n{y1,0§y2,0}> — 0.

=0 i=0 Yo +bi

Hence, we have that Y, 3 .

Finally, we present the proof of result (d). We will show that Ni,, “3 oo, since the proof for Na , is analogous.

Since Nin =Y i~ Xi, by Chen (1978, Theorem 1), it is sufficient to show that

P(Y E[Xi|Fi1]=00) =1.

i=1

Now,
n n n Y10
2 BT = 2 A 2 2
Hence, we have that Ny, 3 . O

The following result is needed in the proof of Theorem 2.4 and it is taken from Aletti et al. (2013, Theorem
2.1). This result provides multiple equivalent ways to establish the almost sure convergence of a general real valued
process in [0,1], that we will apply to the process {Z,;n > 0} of the urn proportion in an ARRU model. For this
result, we let d (down) and u (up) be two real numbers such that 0 < d < u < 1, and we consider two sequences of
times ¢;(d,u) and 7;(d, u) defined as follows: for each j > 0, ¢;(d, u) represents the time of the first up-cross of u
after 75_1(d, u), and 7;(d, u) represents the time of the first down-cross of d after ¢;. Note that ¢;(d,u) and 7;(d, u)
are stopping times, since the events {¢;(d,u) = k} and {7;(d,u) = k} depend on {Z,;n < k}, which are measurable
with respect to G = 0 (Zn : n < k).

Lemma 3.2 (Aletti et al. (2013, Theorem 2.1)). Let 7—1(d,u) = —1 and define for every j > 0 two stopping times
inf{n > 7_1(d,u) : Zn >u} if {n>7;(d,u): Zn > u} #0;

tj(d,u) =
+00 otherwise.

inf{n > t;(d,u): Z, <d} if {n>tj_1(d,u): Z, < d} #0;
Tj (d7 u) =
+00 otherwise.

Then, the following three events are a.s. equivalent
(a) Zn converges a.s.;
(b) forany 0 <d<u<1l,
lim P (t;(d,u) < co) = 0;

j—o0



(c) forany0<d<u<l,
> P (tj41(d,u) = ooltj(d, u) < 00) = oo;

i>1
using the convention that P (tj+1(d,u) = ooltj(d,u) < o) = 1 when P (t;(d,u) = o0) = 1.

We now present a lemma that provides lower bounds for the total number of balls in the urn at the times of
up-crossings, Y;,. The lemma gets used in the proof of Theorem 2.4, where conditioning on a fixed number of
up-crossing ensures to have at least a number of balls Y,, determined by the lower bounds of this lemma. This
result has been taken by Aletti et al. (2013, Lemma 2.1) and the proof is omitted since the adaptive thresholds and
the values of m1 and m2 do not play any role during up-crossings. Hence, the proof reported in Aletti et al. (2013,

Lemma 2.1) carries over to our model, with D,, replaced by Y.

Lemma 3.3 (Aletti et al. (2013, Lemma 2.1)). For any 0 < d < u < 1, we have that

u(l—d) w(l—d)’
Yi,(du) = (m) Yi, 1w = 2 (m Yio(du)-

The following lemma provides a uniform bound for the generalized Pélya urn with same reinforcement means,

which is needed in the proof of Theorem 2.4.

Lemma 3.4 (Aletti et al. (2013, Lemma 3.2)). Consider an RRU with my = ma. If Yo > 2b, then

b 4 2
P Zn — Zo| > < —|=+=
(spion =oiz0) < 5 (5 5)
for every h > 0.

Finally, we present an auxiliary result that provides an upper bound on the increments of the urn process Z,,

by imposing a condition on the total number of balls in the urn Y.

Lemma 3.5 (Ghiglietti et al. (2017, Lemma 3.1)). For any € € (0, 1), we have that

{Yn>b(1z€)} C {|Znj1—Zul<e}.

4 Proof of Weak Consistency and Related Results

In this section, we prove the weak consistency for the urn proportion of the ARRU model, which is established in
Theorem 2.2. This proof requires some probabilistic results concerning the ARRU model, which have been gathered
in different subsections. The proof of the weak consistency based on these results is then provided in Subsection 4.4.
Let us start by describing the general structure of the proof. The weak consistency is proved by showing that

the process {A,;n > 1}, defined as
Ap = |p1 —Zu|, Vn >0, (4.1)

converges to zero in probability. To prove this, we want to exploit the fact that, unless A, is arbitrarily close to
zero, the conditional expected increments of A,, are negative. This result is obtained in Subsection 4.2 by studying
the conditional expected increments of Z,. Hence, to show that A, is asymptotically close to zero, we need to
investigate the expected increments of the process {A,;n > 1}. Since the increments of A,, are at the same order
of Y, 1, we first determine how fast the total number of balls in the urn, Y, increases to infinity. This is addressed
in Theorem 4.1, where we show that the total number of balls in the ARRU model increases linearly with the
number of extractions from the urn. For this reason, the increments of A, are of the order of n™'; hence, we
consider differences of A, evaluated at linearly increasing times, i.e. G(n,c) := (Aptne — Ay), such that the L
bounds obtained for such differences do not vanish as n goes to infinity. More specifically, we provide a negative
upper bound for the expected differences G(n, ¢), which is not negligible unless A,, is asymptotically close to zero.

Formally, for any § > 0, we show that for some 0 < C < oo

E[G(n,s5)] < —CP(Q(6,n)) + o(1), (4.2)

10



where 0 < s5 < oo is an appropriate constant and Q(d,n) := {A,, > §}. To obtain (4.2), we prove that the expected
differences G(n, ss) are: (i) negative for moderate values of A,, (see Theorem 4.5) and (ii) negligible for small values
of A, (see Theorem 4.6). These results are derived using comparison arguments with specific auxiliary urn models.

Finally, in Subsection 4.4 we use (4.2) and other preliminary results to establish the weak consistency.

4.1 Harmonic Moments of Y,

In this subsection, we establish that the total number of balls in the ARRU model increases linearly with the
number of extractions from the urn. Moreover, this result ensures uniform bounds for the harmonic moments of
the total number of balls.

Before presenting the main result, we introduce some notation. For any 0 < ¢ < C < oo and for all n > 0, let

Fr(c,C) € Fn be the set defined as follows
Fo(c,C) :={yo+cn <Y, <yo+ Cn}.

Here, we show that, for some ¢ and C, P(F,(c,C)) converges to one with a sub-exponential rate (a sequence of
constants a, is said to converge at a sub-exponential rate to 1 (resp. 0) if a, > 1—exp(—cn”) (resp. a, < exp(—cn?))
for some 0 < p < 1), which implies P(FS(c,C),i.0.) = 0. Moreover, this result provides uniform bounds for the

moments of n/Y,,. The following theorem makes this result precise.

Theorem 4.1. Under assumption (2.2), there exist two constants 0 < Zmin < Pmin aNd Pmax < Zmax < 1 such that,

for some €, > 0, depending on zmin and Zmasz, we have for large n that
P (2min < Zn < Zmax) > 1 —exp(—e.v/n). (4.3)

Moreover, there exist two constants 0 < ¢1 < C1 < oo such that, for some €, > 0, depending on yo, we have for
large n that
Fo(c1,C1) = P(yo +cin <Y, <yo+ Cin) > 1 — exp(—eyv/n). (4.4)

J

n

su FE —
n>%{ (Yn)

Proof. This proof has a general structure similar to the proof in Ghiglietti et al. (2017, Theorem 3.1).

As a consequence, for any j > 1

} < oo0. (4.5)

Let ¢min := min{pmin; 1 — pmax} and po = (ﬁh)cmin < ¢min- Fix an arbitrary 0 < ¢ < po and consider the

following sets

Ain = | {Zi<q},

n/2<i<n
A = [ H{e<Zi<l-c},
Avn = |J {Z>1-¢}.

Note that by choosing 0 < zmin < c and 1 — ¢ < zZmax < 1 we have Acn C {Zmin < Zn < Zmax}. Then, since
AdnUAcnUAyn =, result (4.3) can be established by proving that P(Ag,n) + P(Au,n) < exp(—e./n) for large
n. We will focus on the set Ag ., since the arguments to deal with A, , are analogous. First, define ¢ > 0 and, for

any n > 1, the following sets:

e
B
[

{ sup {p1,i} > 1 — cmin } ,
i>ey/n

Az = { inf {p2,i} < Cmin }7

i>e/n

AB,n

{ i>1161 _n{nlln{ p1, F27 }} - C"“n}
Note lhat A]Jl U Ag,n U Ag,n = Q, and hence we have tha,

P(Ad,n) S P(Al,n) + P(AQ,n) + P(A3,nﬂAd,n)~

11



First, we prove that P (A1 ,) and P (Asz,,) converge to zero with a sub-exponential rate. Consider the term

P (A1,). From the definition of A1 ,, we obtain

P(Ain) =P U {p1,i>1—cmin} | < Z P (p1,i > 1 — cmin) -
i>e\/n i>e\/n

Since, (1 — ¢min) > Pmax, from (2.2) we have that for large i
P (p1,i > 1= cmin) < exp (—cpi),

with 0 < ¢, < co. Hence, we have that

A

P(A,) < Z P (p1,i > 1 — cmin)

N
o
el
e}
n
o
©
>
=

< exp (—e V).

for some constat €, > 0. Similar arguments can be applied to prove P (A ,) — 0 with a sub-exponential rate.
Finally, we need to show that P (As, N Aqg,) converges to zero with a sub-exponential rate. First, define the
set fldm as follows:
A= [ {Z<c}.
evn<i<n/2

We now show that, since 0 < ¢ < po = Cmin( ), it follows that on the set As, we have {Z; > ¢} C {Ziy1 > ¢}

vo
b+yo
for any i > €y/n, and hence

(Asn 0 Adn) € (Asn 0 Aan), (4.6)
for any n > 1. First, note that on the set As n, {p2,; > cmin} for any i > ey/n. Hence for any 0 < ¢ < po < Cmin,
since {Z; > ¢} = {¢ < Zi < tmin} U {Zi > cmin}, we have

(1) if {¢ < Z; < ¢min} we have W2 ; = 0, which implies Z;11 > Z; and so Zi41 > ¢;
(2) if {Z; > cmin}, the event {Ziy1 < Z;} is possible but using X;41 > 0, Wa; < 1, Dai1 < band Y; > yo we
obtain

Z:Yi + Xit1D1 i1 Wi ZiYo o

Zis1 = > > _Yo
Yi+ Xiv1D1,iv1Wii + (1 — Xig1)D2,i+1Wa s Yo+ b Yo+ b

= po > cC.

This guarantees that (4.6) holds for any n > 1.
We now show that P(As, N Ag,) converges to zero with a sub-exponential rate. To this end, first note that
on the set As ., we have pa; > cmin for any i = ey/n,..,n/2; moreover, on the set Ad,n, we have Z; < po for any

i = €y/n,..,n/2. These considerations imply that
Wa,; =0 and Wi, =1 for any i = ey/n, .., n/2, on the set Az, N fldvn. (4.7)

Hence, we can write
Yieym+ Z:l/ffx Dy > a E?fw
Yoym+ 502 o XiDii — (yo +bev/m) +a X2 X,

where the inequality follows since 0 <VY; . m < Y m < yo + bey/n, Di; > a a.s. for any i > 1 and the function

(4.8)

Zn/2 =

éfr”; is increasing for > 0 and ¢ < C'. Now, define for any n > 1 the set A4, as follows:
n/2
— p
Agpn o= fo > o )(yo+béx/_) ;

and consider the set Az, N fld,n N As4n. On the set Az, N Ad,n we can use the definition of A4, in (4.8), so
obtaining
(Ag,n n Ad,n n A4,n) C ({Zn/g > po} n Ad,n) .

12



However, {Zn/g > po} N fldm = (). Hence, P(As,, N Ad,n N A4n) = 0 and it is sufficient to show that P(A37n N
fldm N Aﬁn) converges to zero with a sub-exponential rate.

To this end, by (4.7), note that on the set Az, N A4, we have Zi11 > Z; for any i = ey/n,..,n/2. Hence, on
the set As, N Ad,n, {Xi,i = ey/n,..,n/2} are conditionally Bernoulli with parameter p; > Z, 5 a.s. Now, let us

denote with {0 n;i = 1,..,n/2 — ey/n} a sequence of i.i.d. Bernoulli random variable with parameter 29, defined

as
Yi1,0
n = ———— < Z. & .83
20, ot bevn = eym Q.8
it follows that
n/2—ey/n oo
P(Anmfi nﬂACn)<P g b . 4.9
3, d, in) < ; Oign < ol = po) (yo + bey/n) (4.9)

Finally, we use the following Chernoff’s upper bound for i.i.d. random variables in [0, 1] (see Dembo and Zeitouni

(1998))

2
with co € (0,1) and S, = >°"" X;. In our case, we have that RHS of (4.9) can be written as P (S, < ¢n - E[Sh]),
where S, = Zf:/f_eﬁ Qins
n Y10 Po (yo + bey/n)?
E[S,])|=(=- —e/n) —>=— and c, = ;
5] (2 \/_) (yo + bey/n) a(1—po) y1,0(n/2 — ey/n)

since € > 0 can be chosen arbitrary small, we can define an integer no > 1 and a constant ¢o € (0,1) such that

P(su<a Bis) < ow(-0520 mps,)) (4.10)

¢n < ¢o for any n > ng, so that
P (S, <c¢, E[Sy]) < P(S, <co-E[S]).

Hence, by using (4.10), for any n > no we have that

RY
P (Ag,n N Aﬁn) < exp (—% E[S’n]) R

which converges to zero with a sub-exponential rate since

~N — =

_ y1o(n/2 —ev/n) n m
BiSa] = Yo + bey/n NG 'z

This concludes the proof of (4.3).

Now, we prove (4.4). Since the reinforcements are a.s. bounded, i.e. |D; | < b for any n > 1 and j = 1,2, we
trivially have that P (Y, > yo + nb) = 0. Thus, we will show that P (Y, — yo < cin) converges to zero with a sub-
exponential rate. Moreover, since in the proof of (4.3) we established that for any 0 < ¢ < po there exists €, such
that P (Ac,n) > 1 — exp(—e./n), then to prove (4.4) we can focus on the probability P ({Y,, — yo < cin} N Acy).

First, consider the following relation on the increments of the total number of balls
Yi—Yic1=D1; XiWii—1+ D2 (1 — X5) Waio1 > a[XiWii—1+ (1 — X5) Wa 1]
Then, note that, on the set A. ,, the random variables
XiWiici+ (1= X5)Waio1, i=mn/2,.,n

are, conditionally on the o-algebra F;_1, Bernoulli with parameter greater than or equal to c. Hence, if we introduce

{Bi;i > 1} a sequence of i.i.d. Bernoulli random variables with parameter ¢, using that Y, is increasing we have

P({Yn — Yo S Cln} N Ac,n) S P ({Yn - Yn/2 S Cln} N Ac,n)

n

<P aZBiécm NAcn
i=n/2
" C
1
<P B; < — . .
= Z i n (4 11)
i=n/2



Now, we want to use the Chernoff’s bound for ii.d. random variables in [0, 1] expressed in (4.10), with S, =
> ien/2 Bi. In our case, we have E[Sy,] = nc/2 and so co = 2¢1/(ac). Hence, by choosing c; small enough we can

obtain ¢o < 1 which let us apply Chernoff’s bound. This implies (4.4).

() )

Y.
n
— ]].LCC
(Z/) F, 11)]

We notice here that the above proof also works for the case a = 0 by directly working with ZLI X;D1,; and

Finally, we get the harmonic moments as follows

E [(771) ] =FE |:(?n) Lr(er,on)

n J
— ) 1p .
(yo +cln) Fp(c1,C1)

<o’ 4y 0’ exp(—eyv/n). O

+E

E

using general large deviation estimates in (4.9) and (4.11).

4.2 L, Bound for the Increments of A,

To ease notation in the rest of paper, we will refer to F,,(c1,C1) as
Fr:={yo+cin <Y, <yo+ Cin}, (4.12)

where 0 < ¢1 < C1 < oo are the constants determined in Theorem 4.1 to obtain (4.4). Also, for any € > 0, let
R(e,n) :={|p1,n —p1| < e} and Q(e,n) := {A, > e}, where we recall from (4.1) that A,, = |p1 — Zy,|. The following

result provides an upper bound on the increments of A,,.

Theorem 4.2. Let mi > m2 and assume (2.2) and (2.3). For any € > 0, there exists 0 < c2 < oo and a sequence

of random variables {1n;n > 0} with E[j1b,|] = o(n™'), such that
E [G(n,n Nlgen|Fn] < —n"' - calgen) + ¥n, (4.13)

where we recall G(n,n™) = (Ang1 — Ay).

The behavior and the sign of the excepted increments of the urn proportion G(n,n ') required to prove The-
orem 4.2 depend on the position of Z, respect to pi. For this reason, we study separately the cases when Z,, is

above or below pi. Formally, we define
Q (e,n) :={Zn<p1—c}, QF(e,n):={Zn>p1+¢}, (4.14)

so that Q(e,n) = QT (¢,n) UQ ™ (¢,n). Specifically, we present Lemma 4.3 and Lemma 4.4 that provide bounds for
the expected increments G(n,n~") on the sets Q™ (g,n) and Q" (g,n), respectively. The proof of Theorem 4.2 is

presented after the proofs of Lemma 4.3 and Lemma 4.4.

Lemma 4.3. Let A, € F,, be such that A, C Q™ (g,n). Then, we have that
E[(Zni1 — Zn)1a,] > n " -caP(A,) — o(n™h). (4.15)
Proof. Let I, := E[(Zn4+1 — Zn) 1a,] and, since A,, € F,, we can use result (a) of Lemma 3.1 obtaining
I, = E|E|Zuy1 — Za|Fal1a,] = E[Zu(1 = Zn)Bnla,], (4.16)

where we recall that B, is defined in (3.1) as follows

DingiWin  DongiWaa
Yn + Dl,n+1 Wl,n Yn + D2,n+1 WQ,n

B, = E | Fn

Now, note the following relation

{Z" S ﬁlyn} D) (Q7(67n) N R(67n))
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where R(g,n) = {|p1,n — p1] < €}. Since A, C Q@ (g,n), on the set A, the previous relation becomes {Z, <
p1.n} D R(e,n), which implies W1, > 1g(,n). Combining this argument with W2 , < 1, we obtain on the set A,

D n ]]‘ e,n n
BnZEK tnilaen) Do )|fn].
Yo+ Dint1lren) Yo+ Danta

Then, by using D2 n+1 > 0 and D1 nt11lge,n) < b a.s., we obtain that, on the set Ay,

Dyl D
B, > E[( Lt R 2’"“) \fn} = Bin — Eay,

the following inequality

- Y. +b Y.
where
Mmilg,n) —m2 mab
Eip = SAREm) T2 4 By = — 20
! Y, +0 A By Y, 1 b)

First, note that
B(Zu(1 = 2:)Eania,) < BlEn)] < mabsup B [(%)Q] -
Now, using (4.5) it follows that
E[Z,(1 — Z,)E2,14,] = O(n™?).

Thus, from (4.16) we have
In

Y

E[Z,(1 — Z,)Einla,] —o(n™"). (4.17)
Now, consider the set F), defined in (4.12) as
F, = {can<Y,—y <Cin},

where we recall that, by (4.4) in Theorem 4.1, P(F5) < exp(—ey\/n). Moreover, let 14, = Jin + Jan, where

Jin :=1a,nr, and Jay, = La,nFg. Thus, concerning J2, we have that
B [Zn(1 = Zn)ErnJon] | < max{|Evn |} P (Fy) = o(n™),
since max,>o{|F1n|} < b/yo a.s. Thus, returning to (4.17) we have that
I, > E|[Z,(1— Zn)EinJin] —o(n™ ). (4.18)

Now, consider the further decomposition Ji, = Ji1n+J12n, where Ji1, := La,nFon{En>0} a0d Ji2n =14, AF,"{E;, <0}
Thus, concerning Ji2, we have that

E[Zn(1 = Zn)ErinJizn] > — ( m2

> W)P(Anm{Eln < 0});

moreover, since P(Z, < zmin) and P(Z, > zmax) converge to zero with a sub-exponential rate by (4.3), in

Theorem 4.1, we obtain

Zmin (1 — Zmax) (ml — m2)
Yo+ Ci(n+1)

E[Z.,(1 — Z,)Eindiin] > ( ) P(A,N{Ei, >0}) — o(n™ ")
Therefore, from (4.18) we have
I, > n 'eP(A,) — On )P (B, <0) — o(n™),

where 0 < ¢2 < oo is an appropriate constant. Hence, since from mi > mso we have {Fi, < 0} = R°(e,n),

result (4.15) is obtained by establishing P (E1, < 0) — 0. To this end, note that
P (B, <0) = 1— P (R(s,n)) — 0,
where P (R(g,n)) — 1 follows from p1 % p1, which is stated in (2.3) since m1 > mo. O

Let us recall that from (4.14) Q" (e,n) = {Z, > p1 + €}. We have the following result

Lemma 4.4. Let A, € F,, be such that A, C Q" (e,n). Then, we have that

E[(Zns1 — Zn)1a,] < —n" ' c2P(An) 4+ o(n™1). (4.19)
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Proof. The proof of this Lemma is obtained by following analogous arguments of the proof of Lemma 4.3. In fact,

we can first apply result (a) of Lemma 3.1, then note that

{Zn < p1n} C (QT°(e,n) UR(e,n)),
and

{Zn > p2n} D (Q"(e,n) N R(g,n)),

where we recall that R(g,n) := {|p1,n — p1| < €}. Hence, since A, C Q7 (g,n), on the set A, we have that
Win < 1gee,n) and Wan > 1 n), which lead to the following inequality

B, < E [( Dl,n+1]lRC(6,n) _ D27n+11R(5an) ) |]:n:| )
Yn+ Dint1lgeen)y Yo+ Dant1lren

Then, by applying some standard calculations, we obtain that, on the set A;,

Dn ]]-Csn Dn ]]-an
B <EK LrtloRe(em) | Z2mtl R(’))m]

- Y. Y, + b]lR(E,n)
_ mlj]-RC(E,n) _ mQJ]-R(a,n)
Yo Y, + b]lR(s,n)

_ mlj]-RC(E,n) - mQJ]-R(E,n)
Y. + ble(E,n)

Now, we can go through the same previous calculations using the results of Theorem 4.1 and P (R°(e,n)) — 0, in

order to prove (4.19). a

Proof of Theorem 4.2. First, note that establishing (4.13) is equivalent to proving that for any A, € F, and letting
An = A NQ(e,n):
E [G(n, nil)]lAn] < —n'eaP(An) + o(nh),
where we recall that G(n,n™ ') = (Ant1 — Ay). Hence, consider A} := A, N Q" (e,n) and A, := A, N Q (g,n).
Since A N A, =0 and A} U A, = A,, we have the following decomposition
E[G(n,n Yia,] = LT - I,
where
¥ = E [(Zn+1 —Zn)]lA+], I7 = E [(Zn+1 —Zn)ﬂA,].

By applying Lemmas 4.3 and 4.4 to I,; and I,7, respectively, we obtain

I; > n"l-eP(A7) — o(n™h),

>
IT < —n7'cP(Af) + o(n™h).

This concludes the proof. |

4.3 L; Bound for A, at Linearly Increasing Times

In this subsection, we provide an upper bound for the increments of A,, evaluated at linearly increasing times, i.e.
G(n,c¢) = (Aptne —Ay) and ¢ > 0, where we recall from (4.1) that A,, = |p1 — Z,|. To this end, we claim that, for
any fixed 6 > 0, there exists a value ¢ > 0 such that for all n > 0

P ({|Zutnsy — Zal > 6/2} N Fu) = 0,

where we recall from (4.12) that F, := {yo + cin <Y, < yo + Cin}. We will denote by ss one of these values of c.

We can compute precisely the range of values admissible for ss: on the set F,,, we obtain
n+nc 1 b n+nc

b
|Zn+nc_Zn|§bZ ?Sa Z ;SEIOg(1+C)7
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where we recall that b is the maximum value of the urn reinforcements, i.e. D1, D2, < b a.s. for any n > 1.

Then, imposing |Zn4ne — Zn| < §/2, we obtain

s5 € ( 0, exp (%5) 1 ) . (4.20)

This ensures that P ({|Zn4ns; — Zn| > 6/2} N Fy,) =0 for all n > 0.
The next theorem provides an Ly upper bound for the difference G(n, ss) = (Antnss —Arn) on the set Q(d,n) =
{A, > d}. An L; upper bound on the set Q°(d,n) is presented in Theorem 4.6.

Theorem 4.5. Let my > ma, (2.2) and (2.3). Then, for any 6 > 0 there exists a constant 0 < C' < oo such that
E [G(n,s5)lgem] < —CP(Q(6,n)) + o(1).
Proof. First, note that using (4.4) in Theorem 4.1, we have

|E [G(n, 55)Las.mnrg]

< P(F;) — 0.

Hence, define
Gn = E[G(n,s5)Lgen)nr,]
and consider the following expression

n+nss—1
Gn = Y E[G,i " )loemnr.], (4.21)

where we recall that G(i,i7") = (As41 — A;). From the definition of ss in (4.20), on the set F, we have that for
alli € {n,..,n+nss}

Q(6,n) C Q(6/2,9),
where we recall that Q(0,n) = {A, > ¢} and Q(§/2,i) = {A; > 6/2}. Hence, by applying Theorem 4.2 to each
term of the sum in (4.21), since Q(d,n) N F,, € F; for all i € {n,..,n + nss}, we obtain

E[GG,i Nigemar,] = E[E[GGi " )ow20Fi] Lowmne,)

SE[(-i" - e2louay + %) loemne)

— i P Q@) NF) + E [$ilgemnr,] -

Now, note that from (4.4) in Theorem 4.1 we have that P (Q(8,n) N F,) = P (Q(6,n)) — o(i~"); moreover, from
Theorem 4.2, |E [¢ilgs,nnr, | | < E[[¢i]] = o(i™"). Thus, from (4.21) we have that

n+nss—1 n+nss—1
Gn <= > it ePQOn) + Y. o)
< —log(1+ss)-c2P(Q(6,n)) + o(1).
The result follows after calling C' := ¢z log (1 + s5). |

Now, we show that the expected difference G(n, ss) is asymptotically non-positive on the set Q°(d,n), for any
0 > 0, where we recall that G(n, ss) = (Angnss — An), Q(0,n) = {An > 6} and A, = |p1 — Zn|. The result is

stated precisely in the following theorem.

Theorem 4.6. Let mi > ma, (2.2) and (2.3). Then, for any 6 > 0,
lim, E [G(n, s5)Lges,n] < 0. (4.22)

To prove Theorem 4.6, we need to compare the ARRU model with two new urn models: {Z,J{,n > 1} and
{Z;; n > 1}. The dynamics of these processes is based on a sequence of random times {¢,;n > 1} which describes
relation between the process {A,;n > 1} and an arbitrary fixed value v > 0. Specifically, fix v > 0 and, for any
n > 0, define the set

Tn = {0<k<n : Q(n—k)},
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where we recall Q°(v,n — k) = {A,—r < v}. Let {tn;n > 1} be the sequence of random times defined as

inf{7.} if Tn # 0;
p _ JiTa 18T 2 (4.23)
00 otherwise.

The time (n — ¢,) indicates the last time up to n the urn proportion is in the interval (p1 — v, p1 + v).
First, let us describe the urn model {Z,, ;n > 1}. Let I~ =1, §jo € (0,y0) and Z; € (0, p1 — v/). The process
{Z;;n > 1}, Z; = 171771/()71,” + ?g,n), evolves as follows: if t,—1 = 0, i.e. Ap—1 < v, or t,—1 = 00, then

Xn = ]1{Un<z‘g} and
)/1,n == 20_?30 + XnDl,n[77

(4.24)
Yo = (1-25) do + (1 — )”(n) Do
if th—1 =k >1,1ie. Ap_1 > v, then Xn = ]]'{Un<Z~n71} and
Yip = Yino1+ XnDlynf_,
(4.25)

?2,71, - ?2,71,71 + (1 - X'n) D2,n

then, f’n = )71,71 + )72,” and Zn = 17'1n/17'n The urn model is well defined since ¢,,_1 is F,_1-measurable.
Analogously, the urn model {Z;7;n > 1}, Z} = Y1.,./(Yi.n + Ya,,), is defined by the same equations (4.24)
and (4.25), with I~ and Z, are replaced by It =0 and Z+ € (p1 + v, 1), respectively.
In the next lemma, we state an important relation among the processes {Z;; n>1}, {ZJLL, n > 1} and the urn
proportion of the ARRU model {Z,,;n > 1}. This result is needed in the proof of Theorem 4.6. To ease calculations,

let A > 0 and fix the initial proportions Z; and Z{ as follows:
pL—Z2 = Zd —p = v+h (4.26)

Let M, := S 7tnss Lge(v,n) and, for any € > 0 define the set

M, = {M, < nsse}, (4.27)

where we recall that R(v,n) = {|p1,n — p1| < v}, s5 is such that P ({|G(n,ss)| > d/2}NF,) = 0, with F,, =

{yo + cin <Y, < yo+ Cin} from (4.12). Moreover, for any n > 1 and k € {n,..,n + nss} let us define the set

BE(n, k) == U_,Q%,j) = {Fje{n, ..k}:{A; <v}}. (4.28)
We also introduce the following notation: A, := |p1 — Z, |, A := |p1 — Z;"| and A} := max {Al_, A?‘} Thus, we
have the following result:

Lemma 4.7. Let m1 > ma, (2.2) and (2.3). Fizn > 1, §o € (0,y0 + c1n), Z; and Zf as in (4.26). Consider the
set My, as defined in (4.27) with
Clh

— 4.2
0<e< bss (4.29)

Then, for anyn > 1 and l, € {n+1,..,n+ nss}, on the set M;, N F, we have that
E(n,1,) € QA1) a.s., (4.30)
foralll € {l, +1,..,n+nss}.

Proof. First, fix | € {ln, + 1,..,n + nss} and note that, from the definition of {t,;n > 1} in (4.23) and E(n,k)
in (4.28), we always have

{tlfl ZOO} N E(n,ln) = 0.

Hence, we never consider in this proof the set {t;—1 = co}.
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Then, consider the set {¢;—1 = 0} and note that, from the definition of ¢, in (4.23), {t;—-1 = 0} = Q°(v,l — 1),
which implies that, on the set {¢;—; = 0} N{X; = 0},
(pr —V)Yiq Zo o -

Zr > > — = 7 a.s., 4.31
b= Yi1+DoiWoi1 = o+ D2y ! ( )

and, on the set {t;—1 =0} N {X; = 1},

7 < (p1+v)Yie1 + Dy Wh - < Zd 4o + D1y

L = Z7 as. 4.32
- Yi1+ Dy, Wi ~ Yo+ Dy ! ( )

From (4.31) and (4.32) we have Z,” < Z; < Z," a.s., that ensures that (4.30) is verified whenever {t;_; = 0}.
To prove (4.30) on the set {1 < t;_; < oo}, we will show that, defining A, := {Z[ < Zl}, Af = {Zl < Zf}
and B:= M5 NF,N{l <t_1 < o0},
(BNnQ (vl—t1) < (4 NQ (vl—ti1)), (433)
BnQt(wl-ti-1)) < (A nQT(w,l—t-1)).

Moreover, from the definition of {¢t,;n > 1} in (4.23), on the set {1 <#;_; < oo}, we note that
{Xl,t171 = O} = {Zl,tl71 S pP1 — V} = Q_(V,l — tlfl).

{Xl*tzf1 = 1} = {Zl*t171 > p1+ V} = Q+(V7l - tlfl)v

Hence, showing (4.33) is equivalent to establish the following

(B n {Xl_tl—l = 0}) < (A; n {Xl—tzf1 = 0})7

N (4.34)
(B n {Xl*tl—l = 1}) c (AT N {Xl*tl—l = 1})

To this end, we will prove by induction on j € {l — t;—1 + 1, ..,{} the following results:

(B{Xi, =0 < (( ﬂ A7) (X, =0}), (4.35)

i=l—t,_4

(Bo{Xiy =11 ¢ (( m A (X, = 1)) (4.36)

i=l—t;_,
First, note that by (4.31) it follows that condition (4.35) is verified for j =1 —t;_1. Hence, the result is achieved
by establishing (4.35) for j € {l — t;—1 + 1, ..,1}, assuming that (4.35) holds for (5 — 1).

To this end, consider

ity 1Y -1+ Z{:l_tl—l XiDy Wi
Yi¢ 1+ E{:l_tl XiDy,iWhi—1+ Ej (1= X3)DaiWa iy .

i=l—t;

Z;

Now, note that by (4.35) we have X; = 1yy,cz, ,3 > 1 =X, forany (i—1) =1—t_1,...,(j — 1),

{Ui<2i771}
and since Z; 4, , -1 > p1 — v > Z, we also have that X; 4, |, > X

> Xy Moreover, since Y; ¢, _, -1 > %o and
Xi—y,_, =0, it follows that

(p1 — V)70 + ZZZHHH X; D1iWiia
Yo + EZ:l,tﬁLl X;Dl,iwl,i—l + Ej (1 — X;) Do i;Wa i1

i=l—t,_4

Zj Z

Note that, letting no such that P(R(v,no)) > n > 0, for any n > no we have the following relation
{Zn < pr1m} D (Q (v,n) N R(v,n)),

where we recall that R(v,n) = {|p1,n — p1| < v} and Q™ (v,n) = {Z, < p1 — v}. Hence, by definition of ¢
in (4.23), we have Q™ (v,i) for any i =1 —t;_1,...,5 — 1, and {Z; < p1:} D R(v,i), which implies W1,; > Lg(,q)-
Combining this argument with Ws; < 1, we have that

(Pl - l/)ﬂo + ZZ:l—il,l-‘rl Xi_Dlyi]]-R(V,ifl)
Yo + Ez:lftl,lJrl X;DlaiﬂR(v,i—l) + Zg:l—tl,l (1 - Xz_) Ds,i

Zj Z
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In addition, on the set M;, we have that
J

J
> XiDui-bM,

X; D1ilgu,i-1y =
i=l—t;_q+1 i=l—t;_q+1
j ~
> Z X, D1, — nbsse.
i=l—t;_1+1

Moreover, condition (4.29) ensures that
(p1 = v)o — nbsse = Z G,
which implies A, = {Z; > Z;}
Analogous arguments can be followed to establish (4.36) for any j € {{—t,—1+1,..,{}. Finally, combining (4.35)

and (4.36), we obtain (4.34). This concludes the proof. O

In the next lemma, we show an important result required in the proof of Theorem 4.6, concerning the probability
that Z, exceeds an arbitrary threshold ! > 0. This result is obtained by using comparison arguments between
the process {Az;n > 1} and the urn proportion of an RRU model, where we recall that Ar = max{Af,A[L},
A :=|p1 — Z; | and A[ := |p1 — Z;"|. The result is the following,

Lemma 4.8. Let m1 > ma, and
Ty o= {kn <tn < o0}, H, = {A;; > u}, (4.37)

where {kn;n > 1} is a deterministic sequence such that k, — co. Fiz 0 < go < oo and define Z, and Zgr as

in (4.26). Then,

lim P (Hn U Tn) =0. (4.38)
n—oo
Proof. Since H, = H,, U H,” where
H, = {Z; <p171/}, and HI = {Z$>p1+1/},

equation (4.38) is established by proving

lim P (H; uTn) +P (H: uTn) —0.

n—00

We will show that P (H; U Tn) — 0, since the proof of P (H;f U Tn) — 0 is analogous.
First, we recall that ¢, defined in (4.23), satisfies that Q°(v,n — t,) = {An—s, < v} and when ¢, > 0,
Q(v,i) = {A; > v} for any n —t, < i < n. Hence, on the set T, the process ZZ_ evolves at times n —t, <@ <mn as

described in (4.25), yielding X; = ; and

1 5
{U:<z;_,

Yi, = %0 + 2, XD,
(4.39)
Yo = (1=20)i0 + X0t h (1 - X) Da.s.
Now, consider an RRU model {Z;j > 1} with initial composition (§1%,7a0) = (Z5 Jo, (1 — Z5 )J0); the re-
inforcements are defined as foj = Di,n—t,+; and Dé?]- = D3 p_t,+; for any i > 1 a.s.; the sampling process is
modeled by X]R = 1{UJR<ZJI.{1} and UJR = Up—t,+; a.s., Hence, the composition of the RRU model at time j > 1

can be expressed as follows:

J
Yll,?'j = gﬁo + ZXn—tn-HDl,n—tn-H
i=1
n—tn+j
=%d + »,  XiDu
e (4.40)
j
Y5 =m0 + Z (1= Xn—t,+i) D2,n—t,, +i
i=1
n—tn+j
=(1-%)jp + Y, (1—X)Dss
i=n—tn+1
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Hence, combining (4.39) and (4.40) with j = t,,, we have that on the set T},
(?ljru ?QTn) = (Y11?t7L7 YVQI?t,L)

Now, from the asymptotic behavior of the RRU studied in Muliere et al. (2006, Theorem 8) we have that (since
my > m2) P(limy,— oo zZkR = 1) = 1. Thus, on the set T, we have {limy— o0 ZE = 1}, which implies P (H; U Tn) —
0. This concludes the proof. O

Proof of Theorem 4.6. First, consider the set Fy, = {yo+c1in <Y, < yo+ Cin} defined in (4.12) and by using (4.4)
in Theorem 4.1 we have

lim, P(F5) = 0.

Hence, since |G(n, s5)| < max{Zn1nsz; Zn} < 1 a.s., to prove (4.22) it is enough to show that for any 0 < h < 1/2

E [Gn,s51gesnynr,] < h + o(l), (4.41)

where we recall that G(n, s5) = (Angns; — An) and Q(d,n) = {An > 0}. Now, define H := [§/h] and note that
[0,8] € [0,(H +1)h] = UiLolih, (i + 1)h];

then, calling

Qi+ 1)hym) 1= Q°((i + 1)hyn) \ @(ih,m) = {ih < An < (i + 1)h},
(where for any two sets A and B, A\ B = AN B), we have Q°(5,n) = UL,Q((i + 1)h,n) and hence the left-hand
side of (4.41) can be written as

H
E [G(n,s5)1lqesmnm] = 2 B [G(n, 55)1a(i1nnmne,] ;

=0

thus, result (4.41) can be achieved by establishing the following
E [G(n, sé)ﬂQ((iJrl)h,n)ﬁFn} < h-P (Q((Z+ 1)h, n)) + o(1), (4.42)

for any ¢ € {1,..,H}. Now, fix i € {0,..,H}, call v := (i + 1)h and consider the set M;, := {M, < nsse}
defined in (4.27), where we recall that M, = > "*"* 1., ). The left-hand side of (4.42) can be so decomposed
E [G(n7 sa)llQ(yyn)ﬁFn] = Gin + Go2n, where

Gin = E [G(m Sé)le(u,n)mF,mM;] , and Gop 1= E [G(n, 56)1@(u,n)mF,mef} .

Since P(R(v,n)) — 1 from (2.3), and by using Markov’s inequality we have that

n+mnsgs

-1 L P(R°(v,n)) — 0;

nss

P(M;) < ¢

thus, since |G(n, s5)] < max{Znins;;Zn} < 1 a.s., we have Ga, — 0 and hence result (4.42) can be achieved by

establishing the following
Gin = E |G ss)lgumnrinmg | < b P(Qm) + o(l), (4.43)

where we recall that Q(v,n) = {v —h < A, < v}

Now, following the same arguments used to determine s5 in (4.20), we can fix a value s, such that
P ({|G(n,sn)| > h/2} N F) =0,

where we recall that G(n, sp) = (Antns, — An). Analogously to (4.20), the range of values admissible for sy, is

sp € (0,exp<%h)—1)7

where we recall that ¢1 > 0 is a constant introduce in (4.12) to define F,.
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Now, consider the random time t; defined in (4.23) as the smallest time k such that Q°(v,n — k) occurs, i.e.
n — t, indicates the last time up to n the urn proportion is in the interval (p1 — v, p1 + v). Then, call 7, ;= tninss

and note that, since Q(v,n) C Q°(v,n) by definition of Q(v,n), we have that
P(Tn <nss | Qv, n)) = 1.
Hence, define Sg := [ss/sn] and, assuming wlog that ss = Swgsph + 1, on the set Q(v,n), consider the partition
{0,..,ns5} = Uffo'ﬁc", where T,' := {nksp,..,n(k + 1)s,}; thus, the left-hand side of (4.43) can be decomposed as
Gin = Zfﬁo T7', where for any k € {0, .., S}
Ty = E [G(m Sé)ﬂé(u,n)mp,mM;m{TneT,gL}] . (4.44)
Hence, equation (4.43) can be achieved by establishing the following
Ty < h-P(Quw,n)N{m € Ti"}) + o(1), Vke{0,.,Su}. (4.45)
First, consider k = 0 in (4.45). From the definition of 7,,, we have
{Tn € Tg'} C Q°(v + h,n + nss), (4.46)

where we recall that Q°(v + h,n + nss) = {Antnss < v + h}. Hence, using (4.46) in (4.44), it is immediate to
obtain (4.45).
For k € {1,..,Su} in (4.45), from the definition of 7, and E, j in (4.28), we have that

{mn € Tg'} C E(n,n + n(ss — ksyn)),

where we recall E(n, k) = U?Zch(V,j). Hence, we can use Lemma 4.7 with I, = n + n(ss — ksy), to obtain, on

the set M5, N Fy, for any j € {n +n(ss — ksp) +1,..,n+ nss}

Q°(vyn+n(ss —kspn)) C Q°(A},7) as., (4.47)
where we recall that Q°(v,5) = {A; < v} and Q°(Al,j) = {A; < A}, A} = max {AJ_,A;‘}, AJ_ = |p1 — ~J_|
and Aj' =|p1 — Z;‘| In particular, by using (4.47) and since Q(v,n) C Q(v — h,n) = {A, > v — h}, from (4.44)
we obtain

i < E [(A:L+n55 —v+ h)]lQ(u,n)anmM;ﬁ{meTk"}] : (4.48)
Note that, from the definition of 7,, and 7", we have

{Tn € Ta'} C {nksn < tnins; <n(k+ 1)sp}.

Hence, we can apply Lemma 4.8 with kynins; = nkss, T]’ = {AJ* > y} and H; := {k; < t; < oo} as defined
in (4.37), so obtaining
FE |:(A7*1+n56 — V)+]].{-,—ne7’kn}i| S P (Hn+n55 U Tn+n55) — 0.
Hence, applying these results to (4.48), we obtain
T < h-P(Qv,n)N{m € Ti"}) + o(1),

that corresponds to (4.45). This concludes the proof. a

4.4 Proof of Weak Consistency

Proof of Theorem 2.2. The result is established by proving that, for any [ > 0 and any € > 0, there exists ng € N
such that
P (Q(l,n)) <, (4.49)

for any n > no, where we recall that Q(I,n) = {A, > I} and A, = |p1 — Z,|. To this end, fix 0 < € < & and
0 < § < € to define the conditions

A = (PQG.n) <€}, By = {E[A] <2}

It is immediate to see that B, implies (4.49). Thus, (4.49) can be established by proving that
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(a) for any N > 1 there exists ng > N such that A, occurs;
(b) there exists ng > 1 such that for any n > no A, C By for all k € {n+1,..,n(1 + ss)};
(c) there exists no > 1 such that for any n > ng B, C By, for all k € {n(1 + s5),.., (n + 1)(1 + s5)}.

For part (a), we will show that there cannot exist N > 1 such that
A= {P(Q(4,n) > €'}, (4.50)

occurs for all n > N. First, we combine Theorem 4.5 and Theorem 4.6 to obtain

E[G(n,ss)] < =C (P(Q((S,n)) — %/), (4.51)

with 0 < C < oo, where we recall that G(n, ss) = (Antns; — An). Now, if (4.50) holds, then there exists a
subsequence {kn;n > 1} such that, ky = N and k,, = kn—1(1 + s5) for all n > 2, and by (4.51)

o] ZE[G i—1,56)] ZC— = —00,

where G(ki—1, ss) = (Ax; — Ak, ), which is a contradiction and hence part (a) holds. For part (b), consider the

E [Ag,]

time n at which A, occurs. Fix k € {n +1,..,n + nss} and note that E[A] < Jin + Jonx where
Jln = E[An], and JQn,k = EHAk — An”
From definition of ss in (4.20) we have

Jongk < E[|Ar — Anllr,] + E[|Ar — An|lrg]
<6 + P(Fy),

and using P(FS) — 0 from (4.4) in Theorem 4.1 we have that lim,— oo Jon,kx < . Thus, there exists no > 1 such
that Jo, x < 20 for any n > ng. Then, note that Ji, = J3, + Jan, where

Jgn = E[AnﬂQc(&n)], and J4n = E[An]lQ((;’n)].

Notice that Js, < dP(Q°(6,n)) < & and Jan, < P(Q(d,n)) < €, and hence we have Ji, < § + €'. Thus, combining

Jin and Ja,, since § < €' /3, we obtain for any n > ng
E[Ay] < Jin + Jong <6 + € + 25 < 2€,
that implies (b). For part (c), for any k € {n(1 + ss),..,(n 4+ 1)(1 + ss)} consider
Bl — Antnesl] € ElAk = Auineglin,] + BllAr — AngossLrs].
First, note that P(F);) — 0 from (4.4) in Theorem 4.1. Then, since |k—(n+nss)| < (1+s5) and |Zn11—Zn| < b/Yn

b

Thus, for any k € {n(1+ ss),..,(n+ 1)(1 + ss)} we have

a.s., we have that

b(1 + ss)

E[|Ar — Anins <
e

) + P(F%) — 0. (4.52)

Now, since B, C A, UC,, where C,, = (B, N A$), part (c) is established by proving that there exists ng > 1 such
that, for any n > no,
(c1) An C By for all k € {n(1+ s5),..,(n+1)(1+ss)};

(¢2) Cn C By for all k € {n(1+ ss),..,(n+1)(1+ s5)};
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For part (cl), we can follow the same arguments of part (b), except for Ja, ; since here k € {n(1 + s5),.., (n +

1)(1 + ss)} and hence

Jongk < E[|Ar — Anllr,] + E[Ar — Anl|lre]
< E[|Ak — Aninss |15, + E[|Anins; — Anllr,] + P(FY)
< E“Ak _An+nsg|]an] + 6 + P(Fyi)7

However, by using (4.52), we still have lim,— oo J2n,x < § and so, analogously to part (b), there exists ng > 1 such
that Jn2 < 26 for any n > ng. Since Ji, does not depend on k, (c1) follows. For part (c2), we combine (4.51) and
Aj to obtain

/

€

E[G(n,ss)] < fC’E (4.53)

where we recall that G(n,ss) = (Antnss — An). Moreover, by (4.52) there exists ng > 1 such that E[|A —

4.5
Apinsyl] < C’%’ for any n > ng. Hence, (¢2) follows by combining (4.52), (4.53) and B,, as follows:
E[A;] € E[Ar — Aptnssl] + E[G(n,85)] + E[A,] = 2¢. O

Remark 4.9. It is possible to present a modification of the current arguments along the traditional probabilistic

lines. We chose to present the above alternative logical argument.

Remark 4.10. An anonymous referee raised the issue of relaxing the hypothesis concerning the boundedness of
u(-). While such condition has been used in several estimates, we notice that it is not required in the proof of the
Theorem 4.1. In this case, under weak additional conditions on the tails of u(£1,1) and u(€2,1) one can modify the
arguments to obtain an analogous version of Theorem 4.1. The challenge however is to establish the comparison
arguments between various urns without this hypothesis. This seems to be a challenging task at this moment even
though the authors believe that the results should hold without the boundedness assumption. It is worth pointing

out that even for the MRRU model, the limit theorems without the boundedness condition are not known.

5 Proof of Strong Consistency

In this section, we provide the proof of the strong consistency of the urn proportion Z, for any values of m; and
ma, when the random thresholds p1,, and p2,, converge with probability one.
Proof of Theorem 2.4. We divide the proof into three steps:
(@ P(p2 < lim,Z, <lim,Z, < p1) = 1,
(b)
P(lim,Z, > p1) =1 if mi > ma,
P(lim,Z, <p2)=1 if m <ma.
(¢) P (lim, Z, exists) = 1.
For part (a), firstly note that, when p; = 1 and p2 = 0, result (a) is trivially true, hence consider 0 < p2 < p1 < 1.

We show that P(lim,Z, < p1) = 1, since the proof of P(lim, Z, > p2) = 1 is completely analogous. To this end,
we show that there cannot exist € > 0 and p’ > p1 such that

P (lim,Z, > py) > € > 0. (5.1)

We prove this by contradiction using a comparison argument with an RRU model. The proof involves last exit

time arguments. Now, suppose (5.1) holds and let Ay := {lim,Z, > p}}. Let

/
Rlzz{kzo : ﬁl,kz%}7
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and denote the last time the process {p1,,;n > 1} is above (p} + p1) /2 by

sup{R:} if Ry # 0;

0 otherwise.

Since p1.n s p1 by (2.5), then we have that P (t e < oo) = 1. Hence, there exists n. € N such that
2

|

P <tp1+pl > ne) <
ften

Setting B1 := {tﬁi boy > ng} and using (5.2), it follows that

2

e < P(A) < ¢/2 + P(AiNBY).
Now, we show that P (A1 N Bf) = 0. Setting

/
or = {1,z <22

we decompose P (A1 N BY) as follows:
P(AiNBY) < P(E1) + P(Es),

where 1 = A1 NBfNCy and B2 = A1 N BYNCY.
Consider the term P (F2). Note that on the set CT, we have {li_ngn > pll%} and on the set Bf we have

a.s.

{p1,n < pll;pl} for any n > ne. Hence, since (Bf N CT) D E>, on the set E2 we have that Wi, = 1z, <p1ny — O.
Then, letting 7w := sup{k > 1 : Wi = 1} we have P(E2 N {rw < oo}) = P(E2) and, on the set Ey, for any

n > 7w the ARRU model can be written as follows:

Yinttr = Yiry

Yanir = Yoy + 300 (1= Xi) Dy,
where W1 ;1 = 0 for any ¢ > 7w, and Wa,;—1 = 1 because Wa,;_1 + W5 ;-1 > 1 by construction. Now, consider an
RRU model {ZF;i > 1} with initial composition (Yf?o,YQI?O) = (Yi,rw, Y2,7y ) @.8.; the reinforcements are defined
as Dﬁi = 0 and Dé?i = Dy 7y, 44 for any ¢ > 1 a.s.; the drawing process is modeled by XfH = ]1{U_R+1<Zﬁ} and
Ul = Ury, +i a.s., where {Un;n > 1} is the sequence such that X, 1 = 1{y, <z, for any n > 1. Formally, this
RRU model can be described for any n > 1 as follows:

R _yvR _
Yl,n+1 - YI,O — K,TW

Vofir = Yo + 000 (1= XF) DIy = Yoy + 20071 (1= X5) Dy

=0 T=TyW

Hence, on the set E2 we have that for any n > T
R R
(Yl,n7 )/é,n) = (Yl,nf‘rw ) Y'2,nf7—w )

Since from Muliere et al. (2006, Theorem 8) P(lim,Z = 0) = 1, on the set E> we have that {lim,Z, = 0}. This
is incompatible with the set A; which includes F>. Hence P (E3) = 0.
We now turn to the proof that P (E1) = 0. To this end, let

/
. P1+p1 b }}
e = inf<k>ne : {Zp<—— > N<Yr > —-——
i m{ =" { 2 } { (oL —p1)/2

and note that, since by result (c) of Lemma 3.1 Y;, “3 oo, P(C1 N {7c < oo}) = P(C1). Moreover, on the set

Bf we have that {1, < pl;pl} for any m > n.. We now show by induction that on the set Bf N C; we have
{Z, < p{ Vn > 7.}. By definition we have Z, < %, and by Lemma 3.5 this implies Z,_+1 < p}; now,
pl+p1

consider an arbitrary n > 7¢; if Z, < %, then by Lemma 3.5 we have Z,+1 < pi; if o= < Zn < py we have

25



Win = 0 and so Zn+1 < Z, < pi. Hence, since (Bf N C1) C E1, on the set E1 we have {Z,, < p} Vn > 7.}.
This is incompatible with the set A; which also includes Ei. Hence P (E1) = 0. Combining all together we have
€ < ¢/2+ P (E)) + P (E2) = €/2, which is impossible. Thus, we conclude that P(A$) = P(lim,Z, < p1) = 1.
For part (b), wlog we assume m1 > ma to show that P(ngn > p1) = 1, since the proof of P(lim, Z, < p2) =1
when my < mg follows the same arguments. To this end, we now show that there cannot exist ¢ > 0 and p’ < p1
such that
P (limpZ, < py) > € > 0. (5.3)

We prove this by contradiction, using a comparison argument with an RRU model. Now suppose (5.3) holds and
let Az := {lim,Z, < p}}. Let

/
RQ::{kZO : ﬁl,k<%},

and define the last time the process {p1,,;n > 1} is less than (p} + p1) /2 by

sup{Rz} if Ry # 0;
Tol+p1 —
2 0 otherwise.

Pitr1
p)

Since p1.n =3 p1, then we have that P <T < oo) = 1. Hence, there exists n. € N such that

N

P(Tp/1+p1 >TL5) <
2

Setting Bs := {T / > ne} and using (5.4), it follows that

ritr1
2
€ < P(Ay) < ¢/2 + P(A:NBS).

Let E3 := Az N BS. We now show that P (E3)=0. On the set Az, we have {EnZn < p/l} and on the set BS, we

have {p1,n > pl;pl} for any n > n.. Hence, on the set E3 we have that Wi, = 1(z,<5, .} 2% 1. Then, letting

Tw :=sup{k > 1: Wi, = 0} we have P(E3 N {tw < co}) = P(E3). Now, analogously to the proof of P (E2) =0,

we can use comparison arguments with an RRU model to show that on the set E3 we have {ngn = 1}. This
is incompatible with the set As, which also includes F3. Hence P (E3) = 0. Combining all together we have
€ < €/2+ P (E3) = ¢/2, which is impossible. Thus, we conclude that the event AS = {lim,,Z, > p1} occurs with
probability one.

For part (c), note that, combining (a) and (b), we have shown that

Plim,Z,=p1) =1 if m1 > ma,

P(p; <lim, Z, <limpnZ, < p1) =1 if mi = mo,

P(lim, Z, =p2) =1 if m1 < meo.
Therefore, if the process {Z,;n > 1} converges almost surely, we obtain (2.6). Wlog, assume m; > ma, since the
proof of the case m1 < mg is completely analogous.

First, let d, u, v and p} (d < u < v < pi < p1) be four constants in (0,1). Let {r;(d,u);5 > 1} and
{t;(d,u); 7 > 1} be the sequences of random variables defined in (3.2). Since d and u are fixed in this proof, we
sometimes denote 7;(d,u) by 7; and ¢;(d,u) by t;. It is easy to see that 7, and ¢,, are stopping times with respect
to {Fn;n > 1}

Recall that, by Lemma 3.2, we have that for every 0 < d <u < 1

Z, converges a.s. < P (t,(d,u) < co) = 0,

& Y P (tns1(d, u) = 00|tn(d, u) < 00) = o0.

n=1

Now, to prove that Z, converges a.s., it is sufficient to show that

P (tn(d,u) < o0) — 0,
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for all 0 < d < u < 1. Suppose Z, does not converges a.s.. This implies that P (t, < 00) | ¢1 > 0, since P (tn, < 00)
is a non-increasing sequence. We will show that for large j there exists a constant ¢ < 1 dependent on ¢, such
that

P (tj41 < oolt; < 00) < o (5.5)

This result implies that > P (tn41 = 0o|t, < 00) = 00, establishing by Lemma 3.2 that P (¢, < co) converges to

zero as n goes to infinity, which is a contradiction.

Consider the term P (t;41 < oolt; < 00). First, let us denote by o, the last time the process p1,, is below pf,

sup{n > 1:p1n <pi} if{n>1:p1n <pi} #0;
0 otherwise.

Since p1.n s p1, we have that P (T

o < oo) = 1. Hence, for any € € (0, %) there exists ne € N such that

%P (szl > ne) < e (5.6)
By denoting P; (-) = P (-|t; < c0) and using t; < 7; < t;41 we obtain
P (tit1 < oolty < 00) < P; (13 < 00).
Hence
P; (i <o0) < P; ({Tz < oo} N{ry < ne}) + P; (szl > ne) . (5.7)

We start with the second term in (5.7). Note that

P (TP'1 > TLE) P (Tpl1 > ne)
P; ( / 5) < < <
Tp1>n < P(ti<oo) < o < €

where the last inequality follows from (5.6).

Now, consider the first term in (5.7). Since the probability is conditioned on the set {t; < co}, in what follows
we will consider the urn process at times n after the stopping time ¢;. Since we want to show (5.5) for large ¢, we

can choose an integer i > n. and

b
7> 1og w1 —_— |,
= (Yo O —u))
so that

(i) t: > 1> ne a.s.;
(ii) from Lemma 3.3, we have that Y., > b/ (v — u) a.s.
These two properties imply respectively that, on the set {n > ¢;}
(i) p1,n > ph, since from {7y < ne} we have that n > 7,3
(ii) Zi, € (u,7), since Zy,—1 < w and Z;; > u and from Lemma 3.5 we have that |Z, — Z,_1| < (7 — u).

Now, let us define two sequences of stopping times {¢;;n > 1} and {7,;;n > 1}, where ¢;, represents the first time
after 7,;_; the process Zy, +» up-crosses p}, while 7,; represents the first time after ¢;; the process Z¢, 1, down-crosses

~. Formally, let 75 = 0 and define for every j > 1 two stopping times

" inf{n > 7}y : Zy,1n>p1} {n>7]:Zy1n>p1} #0;
j =
+00 otherwise.

inf{n >t} : Zy,4n <~} if {n>t;_1:Zi,4n <} #0;
+o00 otherwise.

Note that, since Ztﬁf;,l >~ and ZtmLT; < v, from (ii) we have that Zti+7; € (u,7).
For any j > 0, let {Z{L, n > 1} be an RRU model defined as follows:
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(1) (?1{07572];0) = (Yl,t,,+r;7Y1,t7,+T; zl—tzid) a.s., which implies that ZJ = whd

(2) the drawing process is modeled by XZ;_H =1 where 0£+1 = Uti+7;+n+1 a.s. and U, is such that

{07, <Ziy
Xn = Lu,<z, 1}3
(3) the reinforcements are defined as ngH = Datirrgns1 + (M1 — ma), D{"nJrl = Ditirr4ns1 as.; this
means E[D{n] = E[D%n] for any n > 1;
e urn process evolves as an model, i.e. for any n >
4) th 1 RRU model, i.e. f yn>0
Ylj,n+1 = Y1],n + X31+1D{,n+17
)/2],71,4»1 = )/2],71, + (1 - X7]L+1) D%,n+17

Vi i \J
Yn+1 - Yl,n+1 + )/2,n+17
vJ

Zj _ Jint1
n+1 o
Yn+1

We will compare the process {Z%;n > 1} with the ARRU process {Z:,1n;n > 1}. Note that at time n, we have
defined only the processes Z7 such that T/ <n.

We will prove, by induction, that on the set {szl < ne}, for any j € N and for any n <t — 75
Zyjl < Zti+-r;+m f/gj,n > Y2,ti+-r;+m Y/lj,n < Yl,t,,+-rj*+n~ (5.8)

In other words, we will show, provided that t; > T s that for each j > 1 the process Z7 is always dominated by
the original process ZtiJrT;Jrn, as long as ZtiJrT;Jrn is dominated by p} (i.e. for n < ti11 —7;). By construction we

have that
~ d+u ~
Zé = T <u < Zti+7';7 )/1]’0 = Y17t7,+7;

which immediately implies 1727;0 > Yg’tiJrT;. To this end, we assume (5.8) by induction hypothesis. First, we will
show that Y/Q{RH > Yg,tiJrT;JrnH. Since from (5.8) 7 < ZtiJrT;Jrn for n < tj,; — 77, by construction we obtain
that

v J _ . _
X"+1 B ]l{Ufz<Z7]z} < 1{Uti+r;+n+1<zti+7';+n} - XterFT;JﬁnJrl'
As a consequence, since W, <1 for any n > 1, we have that
(YQ,t,,+‘rJ’.*+n+1 - Y2,t,,+‘r]’.*+n) - (1 - Xt,,+7';+n+l) D2,t,y+f;+n+lw2,ti+7;+n
v NI
< (1 - Xn+1)D2,n+l

(5/2{71,4»1 - YQJ,n) I

which, using hypothesis (5.8), implies )72];”+1 > Y27t7,+7;+n+1. Similarly, we now show that Ylj,n+l < Yl,tiJrT;JrnH.
We have

(Yl,t,,+r;+n+1 —Yl,t,,+7;+n) = Xt int1Dytirrr it Wi orgn
From (i) we have that, as long as Z remains below p}, Z is also above the process pi1,,. Since we consider the

behavior of Zti+7;+n when it is below p1, i.e. n <77, —t}, we have that Wl,ti+7;+n = 1. Thus,

v NI _ o J v J
(Yl,tq,+fj+n+1 - Yl,t,,+-rj*+n) > Xn+1D1,n+1 - <Y1,n+1 - Yl,n) )

which using hypothesis (5.8) implies f/l’;nﬂ < Yit,4rr+nt1. Thus, we have shown that, on the set {71 < ne}, for

>3 = =
any n <tiy1 =77, Zniy < Zerrrantts Y S Yigprrgngr and Y5, 00 > Yo 4 472 10y hold.

Now, for any j > 1, let T be the stopping time for ZJ to exit from (d,u), i.e.:

1nf{R3} lf Rg 75 @;

+o00 otherwise,
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where Rs := {n >1:ZJ < dor ZJ >u}. Note that, on the set {mo < ek,

{ri <0} = {:gfl {Zt,4n} < d} C <Uj;T;§n {:éfl {ZZHT;} < d})
Hence, by denoting P; (-) = P (:|t; < c0) and E; [[| = E [-|t; < o], we have that

P ({n <oo}nir, < ne}) <P ({u;‘;o {1y < oo}y N {ry < ne})

ipi ({Tj < oo}tN {Tp’l < ne}) )

=0

IN

and, by setting h = "T_d, each term of the series is less or equal than

zaqwmﬁfﬁgh}wmgmgfggewggjng.
n>1

n>1

Note that {Zﬁl, n > 1} is the proportion of red balls in an RRU model with same reinforcement means. Then, by

using Lemma 3.4 we obtain

P; (suplZ% - Zj| > h) = E [P (sup|Zf; ~-Zj| > h‘ fﬁt;)}
n>1

n>1

b 4 2

Moreover, by using Lemma 3.3, the right hand side can be expressed as

<[ (3+3)

Since by result (c) of Lemma 3.1 Y, converges a.s. to infinity, and since 7; — oo a.s. because 7; > ¢, we have that

IN

—1 .. . .
E; [Y;q ] tends to zero as i increases. As a consequence, we can choose an integer ¢ large enough such that

b 4 2 1—p} 1
E || |Zzt+t7) | 59
7] (7 3) (F555) <2
which by setting ¢ = 1/2 + € implies (5.5), i.e.
P(ti+1 < OO|t~; < OO) < ¢ < 1.
This concludes the proof. O

Proof of Lemma 2.6. We divide the proof in two parts:
(i) m1 #£meand 0 < p2 < p1 < 1;
(i1) m1 =m2 and 0 < p2 < p1 < 1, on the set {Z # {0,1}};

For part (i), assume mi > ma, since the proof in the case m1 < mg follows the same arguments. In this case
min{mi, m2} = meo and, by using Theorem 2.4, we have Z, s p1; thus, since pa2n g p2 and p1 > p2, denoting
by 7 € N the last time Z,, crosses pan, i.e. 7:=sup{k > 1,2y < p2,r}, we have that P(r < co) = 1. Then, since
{r <n} C {Ws =1,Vk > n}, we use the following decomposition, on the set {r < n},

Yon 1<
. = - 17X7, D i i— = n n
o - ;:1( VD2 iWa i1 Wo,n + Wh,
where
1 T
W(),n = E E (1 - Xi)Dg,i(Wgyifl - 1),
i=1
1 n
Wl,n = E E (1 — )(1)D27Z

Since P (1 < o0) = 1, we have Wy ,, 220, while since

E[(l — X»;)Dgyiu:ifl] = (1 — Z»L;l)mg a;g)' (1 — Zoo)mg,
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we have that Wy ,, ©% (1 — Zoo)ma. Finally, since Y, = (1 — Zn)_lngn, we have % LS e = min{m, ma}.

For part (ii), since m1 = ma = m, by using Theorem 2.4 we have Z, S Zeo € [p2, p1]; then, on the set

{Z« € (0,1)}, we can follow the arguments of part (i), so obtaining

Y n a.s. Y n a.s.
2 — (1 — Zoo)m, L = Zoom.
n n

Y, Y- a.s.
Thus, Yo = Lo 4 220 9% gy O
n n n

The proof of Lemma 2.7 is based on comparison arguments between the ARRU and RRU model. Specifically,
for any no > 1, we consider an RRU process {Zx(no); k > 0} coupled with the ARRU process {Z,, x;k > 0} as
follows: the initial composition is (Y1,0(10), Y2,0(120)) = (Y1,n0, Y2,ne) and for any k > 1

ffl,k(no) = ?1,k—1(n0) + Xl,k(nO)Dl,k

?Q,k(no) = ?Q,k—l(no) + (1 - Xk(no)) Ds ., (5:9)

where X (no) = L{y, <21 (ng)}- Lhe relation between Z1(no) and Zn, 1k required in the proof of Lemma 2.7 is

expressed in the following result.

Lemma 5.1. For any no,n1 > 1, we have that
(MiLy {P2motk < Zngtk < Primgtk }) C (Npty { Zngrs = Zi(no) }). (5.10)

Proof. First, consider the dynamics of the RRU process {Zy(no); k > 0} expressed in (5.9) and the dynamics of
the ARRU process {Z,,+x;k > 0} expressed as follows:

Yino+k = Yimo+k—1 + Xino+6D1,ng+:Wing+r-1 (5.11)

Yo ngtk = Yo ngtk—1 + (1 = X1,ng+k) D2.ng+kWang+i—1,
where X1 = 1{v, <z, ) ,}- Hence, (5.10) follows by noticing that for any 1 < k < ny
{P2,n04k < Zno+t < Pro+k } C {AWingth—1 = Wangsr—1 =1}. O

Proof of Lemma 2.7. The proof is structured as follows: we assume there exist € (p2,p1) and p > 0 such that
P(Zsx = z) = p and we show that this assumption leads to a contradiction. To this end, fix € > 0 such that
p2 <x—€e<z+e<p and denote by 7 € N the last time Z,, exceeds I. := (x — €,z + €): formally,

sup{k >1:Zy ¢ I.,} it {k>1:2Z; & L.} # 0;

T =
—0 otherwise.

Since {Ze = 2} C {7 < 00} and by (2.5) pjn =3 p; & I, j € {1,2}, there exists an integer ko € N such that,

P ({pjn & 1,¥n > ko} N {1 < ko} N{Zoc =} ) >

RS}

(5.12)
Now, by using Lemma 5.1, we have that

({psn # T,V 2 ko} N {r <ko}) € {Zngin = Zalko),¥n > ko},
and hence (5.12) is equivalent to

P ({pjm & 10 > ko} O {r < ko} N {Zoc (ko) =} ) >

SRS

Finally, the contradiction follows by noticing that by Aletti et al. (2009, Theorem 2), for an RRU model, we have
P(Zoo (ko) = z) = 0. |

Remark 5.2. As described in Remark 4.10, the boundedness of u(-) plays a critical role in the proofs. Additionally,
when m; = mgy the weak law of large numbers (even for a bounded wu(-)) is unclear. Here, the behavior of the
thresholds p1,» and p2,, is much more erratic and linking this behavior with the tail conditions of w(&1,1) and u(&2,1)

remains a challenge.
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6 Proofs of Limit Distribution of the Proportion of Sampled Ball

Colors
We start by presenting the limit distribution of the proportion of sampled ball colors for the RRU model.

Proof of Theorem 2.8. Note that

ﬁ(N;"

7200) = Tln + T2n7

where

Tin = n71/2 <N1n — ZZi_1> s Ton = n71/2 Z (Zi—l — Zoo) .
i=1 =1

Now, calling AZ; = Z; — Z;—1 and (j An) := min{j, n}, we have that

n oo oo jAn
T =n"'2Y 3 (-AZ) = —n 23N Az
=1 j=i j=1i=1
= 023 (G AMAZ = —(Tsn + Tiun),
j=1
where, since (j An) =n for all j > n+ 1, we have
Ty, i=n""?Y"jAZ;, Tan = 1" (Zoo — Zn).

j=1
Now, by using the Doob’s decomposition AZ; = AM; + AA; (see Durrett (2010)), where E[AM;|F;_1] = 0 and
Aj € Fj_1, we have Ts,, = Ts5n + Ton, where

Tsni=n" "2 jAM,, Ton :=n" "2 jAA;.

=1 j=1

Then, recalling that
Nln

n

i

the limit distribution is established by proving the following results:

_Zoo) = Tin — Tyn — T5n — T6n7

(a) T4n|.7:n 4 N(0,%4) (stably), where X4 = Zoo(1 — Zoo)(1 + 2);
(b) Ton

(€) (Tin — Tsn) % N(0,%c) (stably), where S = Zoo(1 — Zoo) 53
(d) Tan + (Tin — Tsn) 5 N(0, %4 + 2e) (stably).

Part (a) follows from Aletti et al. (2009, Theorem 1), Crimaldi et al. (2007); Crimaldi (2009).
For part (b), by using result (a) of Lemma 3.1, for any j > 0, we have that

AAj = E[AZj|Fja] = Zj-1 (1= Zj1)Bj,

with Wi ;1 = Wa ;—1 = 1 (since for any j > 1, the process is an RRU model). By using Aletti et al. (2009, Lemma

2), we have |Bj_1] < cle:Q1 a.s. for some constant ¢; > 0, and hence

n n
Ton < ™2 GlAAl < en”V2Y 7 5YS

j=1 j=1
in addition, by using Aletti et al. (2009, Lemma 3), we have E[Y;” 2] < ca(j — 1)72 for some constant c2 > 0 and

hence

E[Tsn] < cican™/? Zj(j -1 =0 (n71/2 log(n)) .

Thus, (b) follows
For part (c), let T1, — T5, = ?:1 AS;, where

ASjn = n71/2(Xj — Z];l — jAM])

Since (T1n — T5n) is a martingale with respect to the filtration {F,;n > 1}, we apply the Martingale CLT (MCLT)
after establishing the following conditions (see Hall and Heyde (1980, Theorem 3.2)):
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(i) maxi<j<n [ASjn| 2 0;
(ii) sup,>; Blmaxi<j<n(ASin)*] < oo;
(i) S0, Bl(AS;)1F1] B 5.
For part (i), since |X; — Z;-1| <1 a.s. and AM; = (AZ; — AA;), we have that
[ASjal < n7VEIXG = Zimal +15AM,]) < TP+ [H(AZ; - AA)).
Now, since |AZ;| < ijjll and |AA;| < clY']:Ql a.s. by Aletti et al. (2009, Lemma 2), we have
|AS;.| < n7 Y21+ biY,h + YY) as.

Since by Lemma 2.6 (jY._l) 2% m~1, we have supj>1(jY-_1) < 00 a.s., and thus |AS;,| “3 0
For part (ii), using the relation E[S] = fo (S > t)dt that holds for any non negative r.v. S, we obtain

E L%agn AS;n) } Z/ P((AS;)? > t)dt
By applying arguments analogous to part (i), we obtain
n(ASjn)* < 2[(X; = Zj-1)* + (JAM;)’]
<2[1+2[(JAZ;) + (JAA;)?]]
<2[1+2[b°(Y; 0% + A GY)%] -

Now, by using Markov’s inequality we obtain

P((AS;,)?>t) <P (C (ijl)Q > nt>

IN
=
&

"
—
—
/N
2la
N——

[ V]
&

.o\ 4
(#) ]
Y1
N4
Now, since by Aletti et al. (2009, Lemma 3) sup,>; B [(YLI) ] < o0, it follows that there exists a constant C
> Zn
independent of j such that [;~ P((AS;n)? >t) < Cn~? and hence

supE[maX (ASJn)] < supCn™' < C.

n>1 1<j<n

For part (i), since AM; = AZ; — AA;j, AA; € F;—1 and hence E[AZ;AA;|Fj—1] = (AA;)?, we have the
following decomposition:
E[(AS;)*1Fia] = CBIQIFia] + 2(A4),
where Q; = (X; — Z;—1 — jAZj). Since |AA;| < c1Y:21 a.s. and by Lemma 2.6 (ijl) 2% m™!, we have that
(jAA;)? %3 0. Thus, 2 ~ 2 (JAA; )2 3 0 and hence (iii) is obtained by establishing that

n 1 n
> E[(AS;)?|F] = - D> EQ}IFi] B e
j=1 j=1
To this end, we will show that E[Q7|F;_1] “3 .. First, note that, since X; € {0,1}, we can express AZ; as
follows

D1 Dy ;
82 = %, (0-20 P2 ) + (- %) (-2 P22 ).
J— J—

As a consequence, we consider Q7 = X;Q3, + (1 — X;)Q3 , where, denoting by M;_1 :=Y;_1/j,

D 1-Z;_
Qi1 = (1-Zj) <1 - —M,I’Jl) = < Mo Jl 1) (Mj—1 — D1;),
J— J—
Do Zj_
Qjo = Zj <*1 + M_Q’]l) = <M]—11) (=Mj-1+ D2j).
J— J—
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Then, since D1,j, D2,; and X; are independent conditionally on F;_1 and using

E[(M;—1 — D1;)*|Fj-1] = (Mj—1 —m)® + of,
E[(-M; 1+ D2 ;)% |Fj-1] = (Mj—1 —m)® + o3,
we have that
E[Qj|Fj—1] = Zj1E[Q51|Fj1] + (1 Zj—1)E[Q] ol Fj-1]
1—-Z;1\°
o (52 1

ijl

Mj_1)2 [(Mj—1 —m)* + 03]

+ (1 =Zj) <

a.s.

Finally, since by Lemma 2.6 M;_1 “3 m and by Theorem 2.4 Z;_1 3 Z., it follows that

S BIASFA] S 3 = Zui-20) ().

j=1
For part (d), the result follows by combining part (a), (¢), Crimaldi et al. (2007), and Crimaldi (2009) and by
noticing that (Th, — T5) € Fn. O

We now turn to consider the ARRU model. The limit distribution for an ARRU model can be obtained using
Theorem 2.8 on the set of trajectories that do not cross the thresholds p1,, and pa,» i.0., and hence {Z € (p2,p1)}.
Since this set is not F,-measurable, we consider a sequence of sets {A,;n > 1} such that {Z, € An,ev.} = {Z~ €

(p2, p1)} a.s. Specifically, we consider the sequence of sets {A,;n > 1} defined in (2.8) as follows:
An = (p2+CY, %, p1 —CY, "), (6.1)
where 0 < C' < oo is a positive constant and 0 < a < % Consider the partition Q = A; U Az U A3, where
Ay = {Zk € Ak,ev.},
Ao = {Zk S Ak,i.o.} n {Zk Z Ak,i.o.}, (62)
.A3 = {Zk ¢ Ak,ev.}.
The following lemma establishes the relation between A;, j € {1,2,3}, and Z.
Lemma 6.1. Assume mi = mo =m and (2.5) with py > p2. Then,
(a’) Al = {ZOO € (p27p1)} a.s.;
(b) P(A2) = 0;
(¢c) As = {Zs € {p2,p1}} as.
The proof of Lemma 6.1 is based on comparison arguments between the ARRU and an RRU model presented

in Lemma 5.1. This relation is possible when only one random threshold modifies the dynamics of the ARRU. For

this reason, we fix € € (0, (p1 — p2)/2) and we introduce the following times

Tn =sup{n>1: Z,>min{pin;p1 — €} },
T, =sup{n>1: Z, <max{pan;p2+e€} }.

Let 71 :={T1 < oo} and T3 := {T> < oo}. Since pin, p2n and Z, converge a.s., P(71U7Tz) = 1. Then, by comparing
the ARRU process with the RRU process defined in (5.9) we have the following result:

Lemma 6.2. On the set Ti, for any no, k > 1 we have
{no >T1} C { Z(no) < Znog+k < p1—¢€ } (6.3)
Analogously, on the set Tz, for any no,k > 1 we have

{no> T} € {pate < Zugsr < Zi(no) }. (6.4)
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Proof. Consider the dynamics of the RRU process {Zx(no);k > 0} expressed in (5.9) and the dynamics of the
ARRU process {Z,,,+x; k > 0} expressed in (5.11). Then, since {no > 71} C {Wi ng+k—1 = 1} and W pg16—1 < 1
we obtain (6.3). Analogously, since {no > T2} C {Wa ng+r—1 = 1} and Wi no+k—1 < 1 we have (6.4). |

Proof of Lemma 6.1. First, let A := [p2, p1], to = 0 and define for every j > 1

inf{k >t Zy € Ak} if {k >t Zy € Ak} ;ﬁ @;

+00 otherwise.
inf{k > 7; : Zk,.rj (r5) ¢ A}y if{k>7;: Zk,-rj (m5) ¢ A} # 0;
+00 otherwise.

Denoting by Ty the last finite time in {¢;, 7,7 > 1}, we have the following partition Q = St U Sec U S;, where

Se ={To €{t;,j > 1}} = Mi>1{Zk ¢ Ax},
See = {To = o0},
S: = {To € {r,5 > 1}} = Miz1{Zk-1,(T0) € (p2,p1)}.

Thus, we establish the following result:
(i) P(Se) =0,
(i) S; C Ay, and
(i) Sr C {Z € (p2op1)}.
For part (i), this result is obtained by establishing that there exists ig > 1 such that, for any i > 4o,

Pm<mm<w)§é

To see this, we recall that by Lemma 3.4 we have, for any h € (0,1),

- b (4 2 6b o
_ > < —(=+4+Z= —h"".
P (sup|Z;c Zo| > h) <1 (h2 + h) Yoh

k>1

IN

Thus, by using Lemma 3.4 with h = C(Yo(7;))™® we obtain

P(ti <oolri <o0) =P ( Uk>1Zk(7i) & [p2:p1] |70 < 00)

<P ( il;Ii|Z~k(T]) — ZO(Tj)' > C(?O(Tj))ia |Ti < oo)

o[ (s2) o) o]

60
EE

IA

[ (Fo(m))** ™ |ms < o],

and hence the result follows by recalling that 0 < o < % and by (c) of Lemma 3.1. For part (ii), by Lemma 6.2, we

have that
(S:NT1) C (Nkzmy {Zk—m,(To) < Zu < p1—€}),

(S-NTz) C (M {p2+€ < Zi < Zk*TO(TO)})'

Thus, the result follows by P(71 UT2) = 1 and Zx_1, (To) “3 Zoo(To) € (p2, p1). For part (iii), from part (ii) we
have that
S, C {min{pz + € Zoo(To)} < Zoo < ma{pr — € Zoo(To)}}:

thus, the result follows by noticing that
( min{ps + €, Zw(To)},max{pl — €, ZOO(TO)} ) C (p2,p1)-

Now, to complete the proof of Lemma 6.1, we notice that from (i), (ii) and {A3z = S;}, it follows that P(As) = 0
and {S> = A:1}. Then, combining (iii) and As C {Z € {p2,p1}}, we obtain the result.

34



We now present the proof of the limit distribution of the proportion of sampled ball colors for an ARRU model.

Proof of Theorem 2.10. First, take the sets A1, A2 and As defined in (6.2). Note that, since Ay = lim {Z, € An}
and A§ = lim,{Z, € A,}, by Lemma 6.1 we have

lim {Z, € A} = limn{Z, € An} = {Zeo € (p2, )}

Then, the proof is based on applying Theorem 2.8 to the ARRU model. To this end, consider the decomposition
{Z, € An} = A1p U Azp U A3y, where Aj, = {Z,, € A,} N A;j for any j € {1,2,3}. Since by using Lemma 6.1
P(A3) = 0, we have P(Az,) = 0 for any n > 1. Moreover, by definition we have that P(As,) — 0 and
P(Ain) — P(A;). Thus, calling N, == /(&2 — Z.), we have

lim P(N,<z,{Z,€A,}) = lim P(N,<z, A1),

n— o0 n—o0

and since by Lemma 6.1 Ay = {Z« € (p2,p1)}, this is equivalent to

lim P (N <o, {Zoo € (p2,01)} )

n—o0

Now, consider the RRU model { Zx(no), k > 1} described in (5.9) coupled with the ARRU model { Zn, 1%, k > 1}.

By using Lemma 5.1, for any no > 1, we have
(M {P2e < Zk < pre }) C (MR {Zngsi = Zi(no) }).

Hence, on this set the ARRU process Z,,,+ is equivalent to the RRU process Zk(no); thus, we can obtain the limit
distribution for the ARRU by applying the limit distribution for the RRU expressed in Theorem 2.8 on the set

where the trajectories of the two processes are equivalent. To this end, define
T = sup{ k>1: {Zx < p2r}U{Zx > prx} },
and note that, for any ng > 1,
{T* <no} C (M1 {Zng+k = Zi(no) }).

Let S be a r.v. with characteristic function E[exp(%ZtQ)]. Thus, by applying Theorem 2.8 we have that, for any
no > 1 and any set 7 € F,

lim P(N, <z, TN{T"<no}) = P(S<z, TN{T" <no}).

n—00

Now, since {Zo € (p2,p1)} C {T" < 0o}, we have
lim P({T" <no} N{Zx € (p2,p1)}) = P(Ze € (p2,p1)),

ngy— oo

which implies that
lim P( Ny <2,{Zu € (p2,p1)}) = P(S<x,{Zec € (p2,1)})-

This concludes the proof. O
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