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❆❝❦♥♦✇❧❡❞❣♠❡♥ts

■ t❤❛♥❦ ♠② ❛❞✈✐s♦r ●✐♦✈❛♥♥✐ ◆❛❧❞✐✱ ✇❤♦ ❣❛✈❡ ♠❡ ❤✐♥ts ❛♥❞ ✐❞❡❛s ❞✉r✐♥❣ t❤❡s❡ ②❡❛rs✳ ❆
s♣❡❝✐❛❧ ♠❡♥t✐♦♥ ❣♦❡s t♦ ▼❛r✐❛ ●r♦♣♣✐✱ ❢♦r ❤❡r ♠❡❛♥✐♥❣❢✉❧ ❛ss✐st❛♥❝❡✱ t✐r❡❧❡ss ❣✉✐❞❛♥❝❡
❛♥❞ ✐♥✜♥✐t❡ ♣❛t✐❡♥❝❡✳ ■ t❤❛♥❦ ▲❛✉r❡♥t ❉❡s✈✐❧❧❡tt❡s ❢♦r ♦✉r ❤❛r❞ ✇♦r❦✐♥❣ t✐♠❡ ✐♥ P❛r✐s
♦♥ t❤✐s ✐♥t❡r❡st✐♥❣ t♦♣✐❝✳ ■ t❤❛♥❦ ●✐✉s❡♣♣❡ ❇✉✛♦♥✐✱ ✇❤♦s❡ ❤❡❧♣✱ ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❛❞✈✐❝❡
❤❛✈❡ ❜❡❡♥ ♣r✐❝❡❧❡ss✳ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ t❤❡ ✉♥❦♥♦✇♥ r❡❢❡r❡❡s ❢♦r t❤❡✐r ❝❛r❡❢✉❧ r❡✈✐s✐♦♥
❛♥❞ ❝♦♥str✉❝t✐✈❡ ❝♦♠♠❡♥ts✳ ■ ✇♦✉❧❞ ❧✐❦❡ ❛❧s♦ t♦ t❤❛♥❦ P❛♦❧❛ ❈❛✉s✐♥✱ ✇❤♦ ❤❛s s❤♦✇♥
♠❡ ✏❤♦✇ t♦ t❡❛❝❤✑✳ ▲❛st❧②✱ ■ t❤❛♥❦ ♠② ♦✣❝❡ ♠❛t❡ ❛♥❞ ❢r✐❡♥❞ ❊❧❡♥❛ ❇♦♥❛❝✐♥✐✿ ✇❡
s❤❛r❡❞ ♥♦t ♦♥❧② ❛♥ ♦✣❝❡ ✐♥ t❤❡s❡ ②❡❛rs✳
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Pr❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s✱ ❤♦♠♦❣❡♥❡♦✉s ✐♥ s♣❛❝❡ ♦r ✇✐t❤ s♣❛t✐❛❧ ❞✐✛✉s✐♦♥✱ ♣❧❛② ❛ ❝❡♥tr❛❧
r♦❧❡ ✐♥ t❤✐s t❤❡s✐s✳ ■♥❞❡❡❞✱ ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✈✐❡✇ ♣♦✐♥t✱ ✇❡ ✐♥✈❡st✐❣❛t❡ st❛❜✐❧✐t②
✐♥ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢
♣❛r❛❜♦❧✐❝ t②♣❡✳

❋✐rst✱ ✇❡ ❞❡❛❧ ✇✐t❤ ❛ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧✱ ❞❡s❝r✐❜❡❞ ❜② ❛ s②st❡♠ ♦❢ t✇♦ ❖❉❊s✱ ✐♥
✇❤✐❝❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❛♥❞ ❛ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝✲
t✐♦♥ ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ♠❛✐♥ str❡♥❣t❤ ♦❢ t❤✐s ♣❛rt ✐s t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡
♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱ ❜✉t ♦♥❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② s♦♠❡ ❜✐♦❧♦❣✐❝❛❧❧②
♠❡❛♥✐♥❣❢✉❧ ♣r♦♣❡rt✐❡s ❞❡t❡r♠✐♥✐♥❣ t❤❡✐r s❤❛♣❡s✳ ❖♥ t❤❡ ❜❛s✐s ♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s ✇❡
❛r❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ s②st❡♠✱ ✉s✐♥❣ t❤❡ ♣r❡❞❛t✐♦♥ ❡✣❝✐❡♥❝②
❛♥❞ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡ ❛s ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡ s②st❡♠
❛❞♠✐ts ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥s ♣♦✐♥ts✱ s✉❝❤ ❛s ❛ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❛♥❞ ❛ ❝✉s♣
♣♦✐♥t❀ ✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♥♦t✐❝❡ t❤❛t t❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ❡①♣r❡ss✐♦♥
♦❢ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐s ❢✉rt❤❡r ❝❛rr✐❡❞ ♦♥ ❝❤♦♦s✐♥❣
❢♦r t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s s♦♠❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ✇❡❧❧ ❦♥♦✇♥ ✐♥ ❧✐t❡r❛t✉r❡✱ ✇❤✐❝❤
s❛t✐s✜❡❞ t❤❡ ❛ss✉♠❡❞ ♣r♦♣❡rt✐❡s✱ ❛♥❞ ✉s✐♥❣ ▼❛t❝♦♥t✱ ❛ ❝♦♥t✐♥✉❛t✐♦♥ ▼❛t❧❛❜ t♦♦❧❜♦①✳
❚❤✐s ✐♥✈❡st✐❣❛t✐♦♥✱ ✐♥ ❛❞❞✐t✐♦♥✱ ❤❛s s❤♦✇♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥s t❤❛t
❞❡t❡r♠✐♥❡ t❤❡ ❞✐s❛♣♣❡❛r❛♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s t❤r♦✉❣❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❤♦♠♦❝❧✐♥✐❝ ❛♥❞
❤❡t❡r♦❝❧✐♥✐❝ ♦r❜✐ts ✐♥✈♦❧✈✐♥❣ s♦♠❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❞❡t❡❝t❡❞
❛ ❢✉rt❤❡r ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✱ ❛ ●❡♥❡r❛❧✐③❡❞✲❍♦♣❢✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡
❝✉s♣ ❛♥❞ t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✱ t❤❡s❡ t❤r❡❡ t②♣❡s ♦❢ ❝♦❞✐♠❡♥s✐♦♥✲
t✇♦ ❜✐❢✉r❝❛t✐♦♥s ❛r❡ t❤❡ ♦♥❧② ❛❞♠✐ss✐❜❧❡ ❜② ❛ ♣❧❛♥❛r s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ❢♦❝✉s❡s ♦♥ t❤❡ st✉❞② ♦❢ t✇♦ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s
✇✐t❤ ❞✐✛✉s✐♦♥ t❤❛t ❥✉st✐❢②✱ ✐♥ ❛ s✉✐t❛❜❧❡ ❧✐♠✐t✱ t✇♦ ❝❧❛ss✐❝❛❧ t②♣❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡✲
s♣♦♥s❡s ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❛♥❞ ♣r❡s❡♥t ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠✳ ■♥ ❞❡t❛✐❧✱ t✇♦ tr♦♣❤✐❝
❧❡✈❡❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ♣r❡②s ❛♥❞ ♣r❡❞❛t♦rs ✇❤✐❝❤ ❛r❡ ❢✉rt❤❡r ❞✐✈✐❞❡❞ ✐♥t♦ s❡❛r❝❤✐♥❣
♣r❡❞❛t♦rs ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳ ❚❤❡ ❢♦r♠❡r ❛r❡ ♣r❡❞❛t♦rs ❛❝t✐✈❡ ✐♥ t❤❡ ♣r❡❞❛t✐♦♥
♣r♦❝❡ss✱ t❤❡ ❧❛tt❡r ❛r❡ r❡st✐♥❣ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡♥✱ ✇❡ st❛rt ❢r♦♠ ❛ s②st❡♠ ♦❢ t❤r❡❡
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇✐t❤ ❛ st❛♥❞❛r❞ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ✐♥ t❡r♠s ♦❢ ▲❛♣❧❛❝✐❛♥✱
❛♥❞ ✇✐t❤ ❛ ▲♦t❦❛✲❱♦❧t❡rr❛ r❡❛❝t✐♦♥ t❡r♠✳ ❚❤r♦✉❣❤ ❛ q✉❛s✐ st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❛ s②st❡♠ ♦❢ t✇♦ P❉❊s ✇✐t❤ ♣r❡② ❛♥❞ t♦t❛❧ ♣r❡❞❛t♦r ❞❡♥s✐t✐❡s ❛s
✉♥❦♥♦✇♥s✱ ✐♥ ✇❤✐❝❤ ❛♥ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❛♣♣❡❛rs t♦❣❡t❤❡r ✇✐t❤ ❛
❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✳ ■t ✐s ♣r♦✈❡❞ t❤❛t t❤✐s ❝❧❛ss ♦❢ ♣r❡❞❛t♦r✲
♣r❡② ♠♦❞❡❧s ❝❛♥ ♥♦t ❣✐✈❡ r✐s❡ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✳ ❚❤❡♥ ✇❡ ♠♦❞✐❢② t❤❡ st❛rt✐♥❣ ♠♦❞❡❧



iv

✐♥s❡rt✐♥❣ ❛ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♣r❡❞❛t♦rs✳ ❲✐t❤ t❤✐s ❝❤❛♥❣❡ ✇❡ ❡♥❞ ✉♣ ❛❢t❡r ❛ q✉❛s✐
st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❛ s②st❡♠ ♦❢ t✇♦ P❉❊s ❢♦r ♣r❡② ❛♥❞ t♦t❛❧ ♣r❡❞❛t♦r
❞❡♥s✐t✐❡s✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲t②♣❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❛♥❞ ❛
❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✳ ❲❡ ❧♦♦❦ ❢♦r ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡✲
t❡rs ✈❛❧✉❡s ✇❤✐❝❤ ❧❡❛❞ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡s❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②
r❡❣✐♦♥s ✇✐t❤ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐s s✉❜st✐t✉t❡❞ ❜② ❛
❧✐♥❡❛r ❞✐✛✉s✐♦♥✳



v

❘✐❛ss✉♥t♦

◗✉❡st❛ t❡s✐ r✐❣✉❛r❞❛ ♠♦❞❡❧❧✐ ❞✐✛❡r❡♥③✐❛❧✐ ♣r❡❞❛✲♣r❡❞❛t♦r❡✱ tr❛tt❛t✐ ✐♥✐③✐❛❧♠❡♥t❡ ♥❡❧
❝❛s♦ s♣❛③✐❛❧♠❡♥t❡ ♦♠♦❣❡♥❡♦ ❡ s✉❝❝❡ss✐✈❛♠❡♥t❡ ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ ❞✐✛✉s✐♦♥❡ s♣❛③✐❛❧❡✳
❉❛❧ ♣✉♥t♦ ❞✐ ✈✐st❛ ♠❛t❡♠❛t✐❝♦ ♣❡rt❛♥t♦ ✈❡♥❣♦♥♦ ❝♦♥s✐❞❡r❛t✐ s✐st❡♠✐ ❞✐ ❡q✉❛③✐♦♥✐ ❞✐❢✲
❢❡r❡♥③✐❛❧✐ ♦r❞✐♥❛r✐❡ ❡ ❞✐ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐ ❛❧❧❡ ❞❡r✐✈❛t❡ ♣❛r③✐❛❧✐ ❞✐ t✐♣♦ ♣❛r❛❜♦❧✐❝♦✳

■♥ ♣❛rt✐❝♦❧❛r❡✱ ♥❡❧❧❛ ♣r✐♠❛ ♣❛rt❡ ✈✐❡♥❡ st✉❞✐❛t♦ ✉♥ ♠♦❞❡❧❧♦ ♣r❡❞❛✲♣r❡❞❛t♦r❡
s♣❛③✐❛❧♠❡♥t❡ ♦♠♦❣❡♥❡♦✱ r❡tt♦ ❞❛ ❞✉❡ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐ ♦r❞✐♥❛r✐❡✱ ✐♥ ❝✉✐ s♦♥♦
♣r❡s✐ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ✉♥ ❡✛❡tt♦ ❆❧❧❡❡ ❢♦rt❡ ♥❡❧❧❛ ❝r❡s❝✐t❛ ❞❡❧❧❡ ♣r❡❞❡ ❡ ✉♥❛ r✐s♣♦st❛
❢✉♥③✐♦♥❛❧❡ ♣r❡❞❛t♦r❡ ❞✐♣❡♥❞❡♥t❡✳ ■❧ ♣✉♥t♦ ❞✐ ❢♦r③❛ ❞❡❧❧♦ st✉❞✐♦ r✐s✐❡❞❡ ♥❡❧ ❢❛tt♦ ❝❤❡ ❧❡
❢✉♥③✐♦♥✐ ❝❤❡ ❞❡s❝r✐✈♦♥♦ q✉❡st✐ ♣r♦❝❡ss✐ ♥♦♥ ❤❛♥♥♦ ✉♥✬❡s♣r❡ss✐♦♥❡ ❡s♣❧✐❝✐t❛✱ ♠❛ s♦♥♦
❝❛r❛tt❡r✐③③❛t❡ s♦❧♦ ❞❛ ❛❧❝✉♥❡ ♣r♦♣r✐❡tà ❝♦♠✉♥✐ ❛ ❢✉♥③✐♦♥✐ s♣❡❝✐✜❝❤❡ ✉t✐❧✐③③❛t❡ ✐♥ ❧❡t✲
t❡r❛t✉r❛✳ ❚❛❧✐ ♣r♦♣r✐❡tà s♦♥♦ s✉✣❝✐❡♥t✐ ♣❡r ❡✛❡tt✉❛r❡ ❧✬❛♥❛❧✐s✐ q✉❛❧✐t❛t✐✈❛ ❞❡❧ s✐st❡♠❛✱
❝♦♥ r✐❣✉❛r❞♦ ❛❧❧✬❡s✐st❡♥③❛ ❞❡❣❧✐ ❡q✉✐❧✐❜r✐ ❡ ❛❧❧❡ ❧♦r♦ ♣r♦♣r✐❡tà ❞✐ st❛❜✐❧✐tà ♠❡❞✐❛♥t❡ ✐
❝r✐t❡r✐ ❞✐ ▲②❛♣✉♥♦✈✱ ✉t✐❧✐③③❛♥❞♦ ❞✉❡ ♣❛r❛♠❡tr✐ ❞✐ ❜✐❢♦r❝❛③✐♦♥❡ ❝❤❡ ❝❛r❛tt❡r✐③③❛♥♦ ✐❧
♣r♦❝❡ss♦ ❞✐ ♣r❡❞❛③✐♦♥❡✳ ■❧ ♠♦❞❡❧❧♦ ♣r❡s❡♥t❛ ❞❡✐ ♣✉♥t✐ ❞✐ ❜✐❢♦r❝❛③✐♦♥❡ ❞✐ ❝♦❞✐♠❡♥✲
s✐♦♥❡ ✷ q✉❛❧✐ ✉♥❛ ❜✐❢♦r❝❛③✐♦♥❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❡ ✉♥❛ ❞✐ t✐♣♦ ❝✉s♣✐❞❡✱ ♥♦♥ ❧❡❣❛t✐
❛❧❧❛ ♣❛rt✐❝♦❧❛r❡ r❡❛❧✐③③❛③✐♦♥❡ s❝❡❧t❛ ♣❡r ❧❡ ❢✉♥③✐♦♥✐ ❞❡❧ ♠♦❞❡❧❧♦✳ ▲♦ st✉❞✐♦ é st❛t♦
♣r♦s❡❣✉✐t♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ✜ss❛♥❞♦ ✉♥✬❡s♣r❡ss✐♦♥❡ ♣❡r ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❝r❡s❝✐t❛ ❞❡❧❧❡
♣r❡❞❡ ❡ ♣❡r ❧❛ ❢✉♥③✐♦♥❡ tr♦✜❝❛ ❝❤❡ s♦❞❞✐s❢❛♥♦ ❧❡ ♣r♦♣r✐❡tà ❝♦♥s✐❞❡r❛t❡ ❡ ✉t✐❧✐③③❛♥❞♦
✐❧ s♦❢t✇❛r❡ ❞✐ ❝♦♥t✐♥✉❛③✐♦♥❡ ▼❛t❝♦♥t ♣❡r ▼❛t❧❛❜✳ ❚❛❧❡ st✉❞✐♦ ❤❛ ♠♦str❛t♦ ❧✬✉❧t❡r✐♦r❡
♣r❡s❡♥③❛ ❞✐ ❜✐❢♦r❝❛③✐♦♥✐ ❣❧♦❜❛❧✐ ❝❤❡ ❞❡t❡r♠✐♥❛♥♦ ❧❛ s♣❛r✐③✐♦♥❡ ❞❡✐ ❝✐❝❧✐ ❧✐♠✐t❡✱ ♠❡❞✐✲
❛♥t❡ ❧❛ ❢♦r♠❛③✐♦♥❡ ❞✐ ♦r❜✐t❡ ♦♠♦❝❧✐♥❡ ❡❞ ❡t❡r♦❝❧✐♥❡✳ ■♥♦❧tr❡ é st❛t♦ ✐♥❞✐✈✐❞✉❛t♦ ✉♥❛
❜✐❢♦r❝❛③✐♦♥❡ ❞✐ ❍♦♣❢ ❣❡♥❡r❛❧✐③③❛t❛✱ ✉♥ ❛❧tr♦ ♣✉♥t♦ ❞✐ ❜✐❢♦r❝❛③✐♦♥❡ ❞✐ ❝♦❞✐♠❡♥s✐♦♥❡ ✷✳
▲❡ ❜✐❢♦r❝❛③✐♦♥✐ ❞✐ ❝♦❞✐♠❡♥s✐♦♥❡ ✷ ✐♥❞✐✈✐❞✉❛t❡ s♦♥♦ t✉tt❡ ❡ s♦❧❡ q✉❡❧❧❡ ❛♠♠❡ss❡ ❞❛ ✉♥
s✐st❡♠❛ ❛ ❞✉❡ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐✳

▲❛ s❡❝♦♥❞❛ ♣❛rt❡ ❞❡❧❧❛ t❡s✐ ✈❡rt❡ ✐♥✈❡❝❡ s✉❧❧♦ st✉❞✐♦ ❞✐ ❞✉❡ s✐st❡♠✐ ♣r❡❞❛✲♣r❡❞❛t♦r❡
❝♦♥ ❞✐✛✉s✐♦♥❡ ✐♥ ❝✉✐ ✈❡♥❣♦♥♦ ❞❡❞♦tt❡ ✐♥ ✉♥ ♦♣♣♦rt✉♥♦ ❧✐♠✐t❡ ❞✉❡ t✐♣✐ ❞✐ r✐s♣♦st❡
❢✉♥③✐♦♥❛❧✐ ❝❧❛ss✐❝❤❡ ❝♦♠❡ t❡r♠✐♥❡ r❡❛tt✐✈♦ ❡ ✉♥ t❡r♠✐♥❡ ❞✐✛✉s✐✈♦ ♥♦♥ ❧✐♥❡❛r❡✳ ■♥
❞❡tt❛❣❧✐♦✱ ✈❡♥❣♦♥♦ ❝♦♥s✐❞❡r❛t✐ ❞✉❡ ❧✐✈❡❧❧✐ tr♦✜❝✐✱ ❧❡ ♣r❡❞❡ ❡ ✐ ♣r❡❞❛t♦r✐✳ ◗✉❡st✐ ✉❧t✐♠✐
s♦♥♦ s✉❞❞✐✈✐s✐ ✐♥ ❞✉❡ ❝❧❛ss✐✱ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❡ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✿ ✐ ♣r✐♠✐ s♦♥♦
✐ ♣r❡❞❛t♦r✐ ❡✛❡tt✐✈❛♠❡♥t❡ ✐♠♣❡❣♥❛t✐ ♥❡❧❧❛ ♣r❡❞❛③✐♦♥❡✱ ♠❡♥tr❡ ✐ s❡❝♦♥❞✐ ♥♦♥ s♦♥♦
❛tt✐✈✐ ✐♥ t❛❧❡ ♣r♦❝❡ss♦✳ ◆❡ ❞❡r✐✈❛ ✉♥ s✐st❡♠❛ ❝♦♠♣♦st♦ ❞❛ tr❡ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐
❛❧❧❡ ❞❡r✐✈❛t❡ ♣❛r③✐❛❧✐✱ ✐♥ ❝✉✐ ❧❛ ❞✐✛✉s✐♦♥❡ é ♠♦❞❡❧❧✐③③❛t❛ ✐♥ ♠♦❞♦ ❝❧❛ss✐❝♦✱ ♠❡❞✐❛♥t❡
✉♥ t❡r♠✐♥❡ ❧✐♥❡❛r❡ ✐♥ ❢♦r♠❛ ❞✐ ▲❛♣❧❛❝✐❛♥♦ ❡ ❧✬✐♥t❡r❛③✐♦♥❡ tr❛ ♣r❡❞❡ ❡ ♣r❡❞❛t♦r✐ é
✐♥✐③✐❛❧♠❡♥t❡ ❞❡❧ t✐♣♦ ▲♦t❦❛✲❱♦❧t❡rr❛✳ ▼❡❞✐❛♥t❡ ✉♥❛ ❛♣♣r♦ss✐♠❛③✐♦♥❡ q✉❛s✐ st❡❛❞②✲
st❛t❡ é ♣♦ss✐❜✐❧❡ r✐❞✉rr❡ ✐❧ s✐st❡♠❛ ❞✐ ♣❛rt❡♥③❛✱ ♦tt❡♥❡♥❞♦ ✉♥ s✐st❡♠❛ ❞✐ ❞✉❡ P❉❊✱
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✉♥❛ ♣❡r ❧❡ ♣r❡❞❡ ❡ ✉♥❛ ♣❡r ❧❛ t♦t❛❧✐tà ❞❡✐ ♣r❡❞❛t♦r✐✱ ✐♥ ❝✉✐ ❧❛ r✐s♣♦st❛ ❢✉♥③✐♦♥❛❧❡ é
❞❡❧ t✐♣♦ ❍♦❧❧✐♥❣✲■■✱ ✐♥ ♣❛rt✐❝♦❧❛r❡ ♣r❡❞❛✲❞✐♣❡♥❞❡♥t❡✱ ❡ ❝❤❡ ♣r❡s❡♥t❛ ✉♥❛ ♥♦♥✲❧✐♥❡❛r✐tà
♥❡❧ t❡r♠✐♥❡ ❞✐ ❞✐✛✉s✐♦♥❡✳ ◗✉❡st❛ ❝❧❛ss❡ ❞✐ ♠♦❞❡❧❧✐ ♥♦♥ ❞à ❧✉♦❣♦ ❛ ✐♥st❛❜✐❧✐tà ❞✐
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Introduction

Pr❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s✱ ❤♦♠♦❣❡♥❡♦✉s ✐♥ s♣❛❝❡ ♦r ✇✐t❤ s♣❛t✐❛❧ ❞✐✛✉s✐♦♥✱ ♣❧❛② ❛ ❝❡♥tr❛❧
r♦❧❡ ✐♥ t❤✐s t❤❡s✐s✳ ■♥❞❡❡❞✱ ❜② ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✈✐❡✇ ♣♦✐♥t✱ ✇❡ ✐♥✈❡st✐❣❛t❡ st❛❜✐❧✐t②
✐♥ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢
♣❛r❛❜♦❧✐❝ t②♣❡✳

❋✐rst✱ ✇❡ ❞❡❛❧ ✇✐t❤ ❛ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧✱❞❡s❝r✐❜❡❞ ❜② ❛ s②st❡♠ ♦❢ t✇♦ ❖❉❊s✱
✐♥ ✇❤✐❝❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❛♥❞ ❛ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝
❢✉♥❝t✐♦♥ ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♠♦❞❡❧s ✉♥❞❡r❝r♦✇❞✐♥❣ ♣❤❡✲
♥♦♠❡♥❛ ❛♥❞ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ♣r❡② ❣r♦✇t❤ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❢♦r
s✉✣❝✐❡♥t❧② s♠❛❧❧ ✈❛❧✉❡s ♦❢ ♣r❡② ❜✐♦♠❛ss✳ ❚♦ s✐♠✉❧❛t❡ t❤❡ ❆❧❧❡❡ ❡✛❡❝t✱ ❞✐✛❡r❡♥t ❢♦r✲
♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♣r❡② ❣r♦✇t❤ r❛t❡✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣r❡❞❛t♦rs✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ▼❛♥② ❛✉t❤♦rs ❬✷✵✱ ✹✷✱ ✻✶✱ ✹✻✱ ✾✹✱ ✾✽✱ ✶✵✻❪ ✉s❡ ❢♦r ✐♥st❛♥❝❡ ❛ ♠✉❧✲
t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r t♦ t❤❡ ❧♦❣✐st✐❝ t❡r♠✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❢♦r t❤❡
♣r❡② ❜✐♦♠❛ss✱ ❧❡ss t❤❛♥ t❤❡ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t②✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤
❞❡s❝r✐❜❡s t❤❡ ♣r❡❞❛t♦r ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ t♦ ♣r❡② ❛❜✉♥❞❛♥❝❡ ✭❬✾✷✱ ♣✳ ✽✵❪✮✱ ✐t ✇❛s ✐♥✲
tr♦❞✉❝❡❞ ✐♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s❛t✉r❛t✐♦♥ ❧✐♠✐t✐♥❣ t❤❡
♣r❡❞❛t✐♦♥ ♣r♦❝❡ss✳ ❉✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡❡ ❢♦r
✐♥st❛♥❝❡ ●✉t✐❡rr❡③ ❡t ❛❧✳ ❬✺✵❪✱ ❇❡❞❞✐♥❣t♦♥✱ ❉❡❆♥❣❡❧✐s ❛♥❞ ❝♦✲❛✉t❤♦rs ❬✶✱ ✶✹✱ ✷✾✱ ✽✽❪✳
■♥ t❤✐s t❤❡s✐s t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ ♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱ ❜✉t ♦♥❧②
❝❤❛r❛❝t❡r✐③❡❞ ❜② s♦♠❡ ❜✐♦❧♦❣✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ♣r♦♣❡rt✐❡s ❞❡t❡r♠✐♥✐♥❣ t❤❡✐r s❤❛♣❡s✳
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❝❤✐❡✈❡♠❡♥ts ♦❢ t❤✐s t❤❡s✐s ✐s t❤❛t✱ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡s❡ ♣r♦♣❡rt✐❡s
♦♥❧②✱ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ s②st❡♠ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞✱ ✉s✐♥❣ t❤❡ ♣r❡❞❛t✐♦♥
❡✣❝✐❡♥❝② ❛♥❞ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡ ❛s ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡
s②st❡♠ ❛❞♠✐ts ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥s ♣♦✐♥ts✱ s✉❝❤ ❛s ❛ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❛♥❞
❛ ❝✉s♣ ♣♦✐♥t✳ ■t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♥♦t✐❝❡ t❤❛t t❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐s ❢✉rt❤❡r ❝❛rr✐❡❞ ♦♥
❝❤♦♦s✐♥❣ ❢♦r t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s s♦♠❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ✇❡❧❧ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t✲
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❡r❛t✉r❡✱ ✇❤✐❝❤ s❛t✐s✜❡❞ t❤❡ ❛ss✉♠❡❞ ♣r♦♣❡rt✐❡s✱ ❛♥❞ ✉s✐♥❣ ▼❛t❝♦♥t✱ ❛ ❝♦♥t✐♥✉❛t✐♦♥
▼❛t❧❛❜ t♦♦❧❜♦①✳ ❚❤✐s ✐♥✈❡st✐❣❛t✐♦♥✱ ✐♥ ❛❞❞✐t✐♦♥✱ ❤❛s s❤♦✇♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❣❧♦❜❛❧
❜✐❢✉r❝❛t✐♦♥s t❤❛t ❞❡t❡r♠✐♥❡ t❤❡ ❞✐s❛♣♣❡❛r❛♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s t❤r♦✉❣❤ t❤❡ ❢♦r♠❛t✐♦♥
♦❢ ❤♦♠♦❝❧✐♥✐❝ ❛♥❞ ❤❡t❡r♦❝❧✐♥✐❝ ♦r❜✐ts ✐♥✈♦❧✈✐♥❣ s♦♠❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts✳ ▼♦r❡♦✈❡r✱
✇❡ ❤❛✈❡ ❞❡t❡❝t❡❞ ❛ ❢✉rt❤❡r ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✱ ❛ ●❡♥❡r❛❧✐③❡❞✲❍♦♣❢✳
❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝✉s♣ ❛♥❞ t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✱ t❤❡s❡ t❤r❡❡
t②♣❡s ♦❢ ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥s ❛r❡ t❤❡ ♦♥❧② ❛❞♠✐ss✐❜❧❡ ❜② ❛ ♣❧❛♥❛r s②st❡♠ ♦❢
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ❢♦❝✉s❡s ♦♥ t❤❡ st✉❞② ♦❢ t✇♦ ✏♠✐❝r♦s❝♦♣✐❝✑ ✭✐♥ t❡r♠s
♦❢ t✐♠❡ s❝❛❧❡s✮ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ✇✐t❤ ❞✐✛✉s✐♦♥ t❤❛t ❥✉st✐❢②✱ ✐♥ ❛ s✉✐t❛❜❧❡ ❧✐♠✐t✱
t✇♦ ❝❧❛ss✐❝❛❧ t②♣❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❛♥❞ ♣r❡s❡♥t ❛ ❝r♦ss✲
❞✐✛✉s✐♦♥ t❡r♠✳ ■♥ ❞❡t❛✐❧✱ t✇♦ tr♦♣❤✐❝ ❧❡✈❡❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ♣r❡② ❛♥❞ ♣r❡❞❛t♦rs ✇❤✐❝❤
❛r❡ ❢✉rt❤❡r ❞✐✈✐❞❡❞ ✐♥t♦ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳ ❚❤❡ ❢♦r♠❡r ❛r❡
♣r❡❞❛t♦rs ❛❝t✐✈❡ ✐♥ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❧❛tt❡r ❛r❡ r❡st✐♥❣ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡♥✱
✇❡ st❛rt ❢r♦♠ ❛ s②st❡♠ ♦❢ t❤r❡❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇✐t❤ ❛ st❛♥❞❛r❞ ❧✐♥❡❛r
❞✐✛✉s✐♦♥ ✐♥ t❡r♠s ♦❢ ▲❛♣❧❛❝✐❛♥✱ ❛♥❞ ✇✐t❤ ❛ ▲♦t❦❛✲❱♦❧t❡rr❛ r❡❛❝t✐♦♥ t❡r♠✳ ❚❤r♦✉❣❤ ❛
q✉❛s✐ st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❛ s②st❡♠ ♦❢ t✇♦ P❉❊s ✇✐t❤ ♣r❡② ❛♥❞
t♦t❛❧ ♣r❡❞❛t♦r ❞❡♥s✐t✐❡s ❛s ✉♥❦♥♦✇♥s✱ ✐♥ ✇❤✐❝❤ ❛♥ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡
❛♣♣❡❛rs t♦❣❡t❤❡r ✇✐t❤ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✳ ❚❤❡♥ ✇❡ ♠♦❞✲
✐❢② t❤❡ st❛rt✐♥❣ ♠♦❞❡❧ ✐♥s❡rt✐♥❣ ❛ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♣r❡❞❛t♦rs✳ ❲✐t❤ t❤✐s ❝❤❛♥❣❡
✇❡ ❡♥❞ ✉♣ ❛❢t❡r ❛ q✉❛s✐ st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❛ s②st❡♠ ♦❢ t✇♦ P❉❊s ❢♦r
♣r❡② ❛♥❞ t♦t❛❧ ♣r❡❞❛t♦r ❞❡♥s✐t✐❡s✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝✲
t✐♦♥❛❧ r❡s♣♦♥s❡ ❛♥❞ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✳ ❲❡ ♣r❡s❡♥t ❛❧s♦
r✐❣♦r♦✉s r❡s✉❧t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ s②st❡♠ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ r❡❛❝t✐♦♥✲❝r♦ss ❞✐✛✉s✐♦♥ s②st❡♠✳ ❲❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②
❛♥❛❧②s✐s ♦❢ t❤❡s❡ s②st❡♠s✳ ❋♦r t❤❡ ✜rst ❝❛s❡✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s
✇✐t❤ ❛ ♣r❡②✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❛♥❞ st❛♥❞❛r❞ ✭❧✐♥❡❛r✮
❞✐✛✉s✐♦♥ ❝❛♥ ♥♦t ❣✐✈❡ r✐s❡ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❬✶✵❪✳ ❊✈❡♥ ✇✐t❤ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥
♠♦❞❡❧✱ ♥♦ ♣❛tt❡r♥s s❡❡♠ t♦ ❛♣♣❡❛r ✉♥❞❡r ❛ ✭❜✐♦❧♦❣✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✮ ❛ss✉♠♣t✐♦♥ ♦♥
t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐s ❛
❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡✱ ✇❡ ❧♦♦❦ ❢♦r ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✈❛❧✉❡s ✇❤✐❝❤
❧❡❛❞ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡s❡ ❚✉r✐♥❣ ■♥st❛❜✐❧✐t② r❡❣✐♦♥s ✇✐t❤ t❤❡
♦♥❡s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐s s✉❜st✐t✉t❡❞ ❜② ❛ ❧✐♥❡❛r ❞✐✛✉s✐♦♥✳

❚❤❡ t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ❜❛s✐❝ ❝♦♥❝❡♣t ♦♥ ❜✐❢✉r✲
❝❛t✐♦♥ t❤❡♦r② ❛♥❞ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②✱ ✉s❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ P❛rt ■ ❝♦♥t❛✐♥s t❤❡
st✉❞② ♦❢ t❤❡ ❣❡♥❡r❛❧ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧ ✇✐t❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ✐♥ t❤❡ ♣r❡② ❣r♦✇t❤
❛♥❞ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✳ ■♥ ❞❡t❛✐❧✱ t❤❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥s ❛♥❞ t❤❡
♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❧♦❝❛❧ ❞②♥❛♠✐❝s ♦❢ ❛ ♣r❡❞❛t♦r✲♣r❡② s②s✲
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t❡♠ ❛r❡ ♣r❡s❡♥t❡❞✱ t❤❡♥ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦♥✲❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠
st❛t❡s ❛r❡ s✉♠♠❛r✐③❡❞ ❛♥❞ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐✲
❧✐❜r✐✉♠ st❛t❡s ✐s ♣❡r❢♦r♠❡❞✱ ❛ss✉♠✐♥❣ t✇♦ ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❋✐♥❛❧❧②✱ r❡s✉❧ts ♦❢
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ❝♦♥❝r❡t❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✱
❛r❡ ♣r❡s❡♥t❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ s②st❡♠✳

P❛rt ■■ ♣r❡s❡♥ts t❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❛♥❞ ❛ ❇❡❞❞✐♥❣t♦♥✲
❉❡❆♥❣❡❧✐s t②♣❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱ st❛rt✲
✐♥❣ ❢r♦♠ ❛ s②st❡♠ ♦❢ t❤r❡❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r ♣r❡②✱ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦r
❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦r✳ ❋r♦♠ t❤✐s ❛♣♣r♦❛❝❤ ❛❧s♦ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❛r✐s❡s ✐♥ t❤❡
♣r❡❞❛t♦r ❡q✉❛t✐♦♥s✱ ✐♥st❡❛❞ ♦❢ ❛ st❛♥❞❛r❞ ✭❧✐♥❡❛r✮ ❞✐✛✉s✐♦♥✳ ❚❤❡♥ t❤❡ ❚✉r✐♥❣ ✐♥st❛✲
❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡s❡ s②st❡♠ ✐s ♣r❡s❡♥t❡❞✳

Where we go from here

❚❤❡ st✉❞② ♦❢ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ♦❢ P❛rt ■ s✉❣❣❡sts ❢✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts✳ ❋✐rst✱ ❛
❞❡❡♣❡r ❛♥❛❧②s✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✿ ✇❡ ✇♦✉❧❞
tr② t♦ r❡❞✉❝❡ t❤❡ s②st❡♠ ♦♥ t❤❡ ❝❡♥t❡r ♠❛♥✐❢♦❧❞ ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ❝❤❛r❛❝t❡r✐③❡ t❤✐s
♣♦✐♥ts✳ ❆ ♣♦ss✐❜❧❡ ❢✉t✉r❡ ✇♦r❦✱ r❡❧❛t❡❞ ❛❧s♦ t♦ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ✐s t❤❡
❡①t❡♥s✐♦♥ ♦❢ ♣r❡s❡♥t r❡s✉❧ts t♦ t❤❡ ❝❛s❡ ♦❢ s♣❛t✐❛❧ ❞✐✛✉s✐♦♥✿ ❛❞❞✐♥❣ ❛ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ✐♥
t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤✐s s②st❡♠✱ ✇❡ ❝♦✉❧❞ ♦❜t❛✐♥ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❚✉r✐♥❣ ■♥st❛❜✐❧✐t②
❢♦r t❤✐s ❝❧❛ss ♦❢ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s✳

❈♦♥❝❡r♥✐♥❣ t❤❡ P❛rt ■■✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❢✉rt❤❡r r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥s✳ ❋r♦♠ t❤❡
♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♣❛tt❡r♥ s✐♠✉❧❛t✐♦♥s ✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞②✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥
♦❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ ❞❡r✐✈❡❞ ♠♦❞❡❧ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦
✉♥❞❡rst❛♥❞ t❤❡ r♦❧❡ ♦❢ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲t②♣❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳ ❋r♦♠ t❤❡
♠♦❞❡❧✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✱ st❛rt✐♥❣ ❢r♦♠ ❛ ♠♦r❡ ❝♦♠♣❧❡① ✏♠✐❝r♦s❝♦♣✐❝✑ ♠♦❞❡❧ ❬✹✶✱ ✺✻❪
❝♦✉❧❞ ❧❡❛❞ t♦ ❛ ❞✐✛❡r❡♥t ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠✳ ❋✐♥❛❧❧②✱ t❤❡ s✉❜✲❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❝r♦ss✲
❞✐✛✉s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ♣r♦♣❡rt✐❡s ♦❢ ❡♥❤❛♥❝✐♥❣ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②
❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❛♥❞ ✐♥t❡r❡st✐♥❣✳

❚❤❡ ✜♥❛❧ ♣❛❣❡s ♦❢ t❤✐s t❤❡s✐s ♣r❡s❡♥t t❤❡ ♣✉❜❧✐❝❛t✐♦♥s ❝♦❛✉t❤♦r❡❞ ❜② t❤❡ ❝❛♥❞✐❞❛t❡
❛♥❞ t❤❡ ❧✐st ♦❢ t❛❧❦s ❛♥❞ ♣♦st❡rs ♣r❡s❡♥t❡❞ ❛t ❝♦♥❢❡r❡♥❝❡s ❛♥❞ ❙✉♠♠❡r ❙❝❤♦♦❧s✳





Preliminaries

❚❤✐s ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s s♦♠❡ ❜❛s✐❝ ❝♦♥❝❡♣t ♦❢ ❜✐❢✉r❝❛t✐♦♥ t❤❡♦r② ❛♥❞ ❚✉r✐♥❣ ✐♥st❛❜✐❧✲
✐t② ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ s♦♠❡ t②♣❡ ♦❢ ❜✐❢✉r❝❛t✐♦♥s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ♦♥❡ ♦r t✇♦ ♣❛r❛♠❡t❡rs✳ ❲❡ ❢♦❧❧♦✇
t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❑✉③♥❡ts♦✈✬s ❜♦♦❦ ❬✻✻❪✳ ❚❤❡♥✱ t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ♦❢ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥
✐♥st❛❜✐❧✐t② ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❛r❡ s✉♠♠❛r✐③❡❞ ❬✼✸✱ ✼✽❪✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ st❛♥✲
❞❛r❞ ✭❧✐♥❡❛r✮ ❞✐✛✉s✐♦♥✳ ❚❤❡♥✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s t❤❡♦r② t♦ t❤❡ ❝❛s❡ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥
✐s r❡♣♦rt❡❞ ❬✸✾✱ ✻✹✱ ✾✾❪✿ ❛❧s♦ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ❜✐❢✉r❝❛t✐♦♥ t❤r❡s❤♦❧❞ ❛s
✉s✉❛❧ ❜② ❛ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s✳

Bifurcation of equilibria in continuous-time dynamical

systems

❈♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉♦s✲t✐♠❡ ♣❛r❛♠❡t❡r✲❞❡♣❡♥❞❡♥t ❞②♥❛♠✐❝❛❧ s②st❡♠

ẋ = f(x, α)

✇❤❡r❡ x ∈ Rn ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ♣❤❛s❡ ✈❛r✐❛❜❧❡s✱ α ∈ Rm ✐s ❛ ♣❛r❛♠❡t❡r✱ ❛♥❞ f ✐s
s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ ❜♦t❤ x ❛♥❞ α✳

❱❛r②✐♥❣ t❤❡ ♣❛r❛♠❡t❡r✱ t❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ❛❧s♦ ✈❛r✐❡s✳ ❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ♥♦♥✲
❡q✉✐✈❛❧❡♥t t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡ ♣♦rtr❛✐t ✉♥❞❡r ✈❛r✐❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡r ✐s ❝❛❧❧❡❞ ❛ ❜✐❢✉r✲
❝❛t✐♦♥✳ ❚❤✉s✱ ❛ ❜✐❢✉r❝❛t✐♦♥ ✐s ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠ ❛s
✐ts ♣❛r❛♠❡t❡rs ♣❛ss t❤r♦✉❣❤ ❜✐❢✉r❝❛t✐♦♥ ✭❝r✐t✐❝❛❧✮ ✈❛❧✉❡s✳

❇✐❢✉r❝❛t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❧♦♦❦✐♥❣ ❛t t❤❡ ♣❤❛s❡ ♣♦rtr❛✐ts ♦❢ t❤❡ s②st❡♠ ✐♥
❛ s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❛r❡ ❝❛❧❧❡❞ ❧♦❝❛❧ ❜✐❢✉r❝❛t✐♦♥s ♦r ❜✐❢✉r❝❛✲
t✐♦♥s ♦❢ ❡q✉✐❧✐❜r✐❛✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ❜✐❢✉r❝❛t✐♦♥s t❤❛t ❝❛♥♥♦t ❜❡ ❞❡t❡❝t❡❞ ❜② ❧♦♦❦✐♥❣ ❛t
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s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts✳ ❙✉❝❤ ❜✐❢✉r❝❛t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ❣❧♦❜❛❧✳ ❍♦✇✲
❡✈❡r✱ t❤❡r❡ ❛r❡ ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❝❡rt❛✐♥ ❧♦❝❛❧ ❜✐❢✉r❝❛t✐♦♥s ❛r❡ ✐♥✈♦❧✈❡❞✳ ■♥
s✉❝❤ ❝❛s❡s✱ ❧♦♦❦✐♥❣ ❛t t❤❡ ❧♦❝❛❧ ❜✐❢✉r❝❛t✐♦♥ ♣r♦✈✐❞❡s ♦♥❧② ♣❛rt✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠✳

▲❡t α = α0 ❛♥❞ ❝♦♥s✐❞❡r ❛ ♠❛①✐♠❛❧ ❝♦♥♥❡❝t❡❞ ♣❛r❛♠❡t❡r s❡t ✭❝❛❧❧❡❞ ❛ str❛t✉♠✮
❝♦♥t❛✐♥✐♥❣ α0 ❛♥❞ ❝♦♠♣♦s❡❞ ❜② t❤♦s❡ ♣♦✐♥ts ❢♦r ✇❤✐❝❤ t❤❡ s②st❡♠ ❤❛s ❛ ♣❤❛s❡ ♣♦rtr❛✐t
t❤❛t ✐s t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ❛t α0✳ ❚❛❦✐♥❣ ❛❧❧ s✉❝❤ str❛t❛ ✐♥ t❤❡ ♣❛r❛♠❡t❡r
s♣❛❝❡ Rm✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ ♣♦rtr❛✐t ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ♣❛r❛♠❡tr✐❝ ♣♦rtr❛✐t
t♦❣❡t❤❡r ✇✐t❤ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ♣❤❛s❡ ♣♦rtr❛✐ts ❝♦♥st✐t✉t❡ ❛ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠✳ ■♥
t❤❡ s✐♠♣❧❡st ❝❛s❡s✱ t❤❡ ♣❛r❛♠❡tr✐❝ ♣♦rtr❛✐t ✐s ❝♦♠♣♦s❡❞ ❜② ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ r❡❣✐♦♥s
✐♥ Rm✳ ■♥s✐❞❡ ❡❛❝❤ r❡❣✐♦♥ t❤❡ ♣❤❛s❡ ♣♦rtr❛✐t ✐s t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✳ ❚❤❡s❡ r❡❣✐♦♥s
❛r❡ s❡♣❛r❛t❡❞ ❜② ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r✐❡s✱ ✇❤✐❝❤ ❛r❡ s♠♦♦t❤ s✉❜♠❛♥✐❢♦❧❞s ✐♥ Rm ✭✐✳❡✳✱
❝✉r✈❡s✱ s✉r❢❛❝❡s✮✳ ❚❤❡ ❜♦✉♥❞❛r✐❡s ❝❛♥ ✐♥t❡rs❡❝t✱ ♦r ♠❡❡t✳ ❚❤❡s❡ ✐♥t❡rs❡❝t✐♦♥s s✉❜❞✐✲
✈✐❞❡ t❤❡ ❜♦✉♥❞❛r✐❡s ✐♥t♦ s✉❜r❡❣✐♦♥s✱ ❛♥❞ s♦ ♦♥✳ ❆ ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r② ✐s ❞❡✜♥❡❞ ❜②
s♣❡❝✐❢②✐♥❣ ❛ ♣❤❛s❡ ♦❜❥❡❝t ✭❡q✉✐❧✐❜r✐✉♠✱ ❝②❝❧❡✱ ❡t❝✳✮ ❛♥❞ s♦♠❡ ❜✐❢✉r❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s
❞❡t❡r♠✐♥✐♥❣ t❤❡ t②♣❡ ♦❢ ✐ts ❜✐❢✉r❝❛t✐♦♥✳ ❲❤❡♥ ❛ ❜♦✉♥❞❛r② ✐s ❝r♦ss❡❞✱ t❤❡ ❜✐❢✉r❝❛t✐♦♥
♦❝❝✉rs✳

❚❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ ❛ ❜✐❢✉r❝❛t✐♦♥ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣❛✲
r❛♠❡t❡r s♣❛❝❡ ❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r②✳ ❊q✉✐✈❛✲
❧❡♥t❧②✱ ❜✉t r❛t❤❡r ✐♥❢♦r♠❛❧❧②✱ t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥s
❞❡t❡r♠✐♥✐♥❣ t❤❡ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ ♠♦st ♣r❛❝t✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦❞✐♠❡♥s✐♦♥
s✐♥❝❡ ✐t ♠❛❦❡s ❝❧❡❛r t❤❛t t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❜✐❢✉r❝❛t✐♦♥ ✐s t❤❡ s❛♠❡ ✐♥ ❛❧❧
❣❡♥❡r✐❝ s②st❡♠s ❞❡♣❡♥❞✐♥❣ ♦♥ ❛ s✉✣❝✐❡♥t ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✳

One-parameter bifurcations

❈♦♥s✐❞❡r ❛ ♦♥❡✲♣❛r❛♠❡t❡r ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠

ẋ = f(x, α), x ∈ Rn, α ∈ R,

✇❤❡r❡ f ✐s s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ ❜♦t❤ x ❛♥❞ α✳ ▲❡t x = x∗ ❜❡ ❛ ♥♦♥✲❤②♣❡r❜♦❧✐❝
❡q✉✐❧✐❜r✐✉♠✶ ✐♥ t❤❡ s②st❡♠ ❢♦r α = α∗✳ ❚❤❡r❡ ❛r❡✱ ❣❡♥❡r✐❝❛❧❧②✱ ♦♥❧② t✇♦ ✇❛②s ✐♥
✇❤✐❝❤ t❤❡ ❤②♣❡r❜♦❧✐❝✐t② ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✈✐♦❧❛t❡❞✳ ❊✐t❤❡r ❛ s✐♠♣❧❡ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡
❛♣♣r♦❛❝❤❡s ③❡r♦ ❛♥❞ ✇❡ ❤❛✈❡ λ1 = 0✱ ♦r ❛ ♣❛✐r ♦❢ s✐♠♣❧❡ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s r❡❛❝❤❡s
t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s ❛♥❞ ✇❡ ❤❛✈❡ λ1,2 = ±iω0, ω0 > 0 ❢♦r s♦♠❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠✲
❡t❡r✳ ❚❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ③❡r♦ ❡✐❣❡♥✈❛❧✉❡ ✐s r❡❧❡✈❛♥t t♦ ❛ tr❛♥s❝r✐t✐❝❛❧ ♦r t♦ ❛ ❢♦❧❞
❜✐❢✉r❝❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ♣❛✐r ♦❢ ♣✉r❡ ✐♠❛❣✐♥❛r② ❡✐❣❡♥✈❛❧✉❡s ❧❡❛❞s t♦
❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

1 ❆♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❛❧❧❡❞ ❤②♣❡r❜♦❧✐❝ ✐❢ t❤❡r❡ ❛r❡ ♥♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤❡ s②st❡♠
❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ③❡r♦ r❡❛❧ ♣❛rt✳



Preliminaries 7

Transcritical bifurcation

❚❤❡ t♦♣♦❧♦❣✐❝❛❧ ♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ ❣❡♥❡r✐❝ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❞❡♣❡♥❞✲
✐♥❣ ♦♥ ♦♥❡ ♣❛r❛♠❡t❡r ❤❛✈✐♥❣ ❛ tr❛♥s❝r✐t✐❝❛❧ ❜✐❢✉r❝❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

ẋ = f(x, α) = αx− x2, x ∈ R, α ∈ R.

❚❤✐s s②st❡♠ ❤❛s t✇♦ ❡q✉✐❧✐❜r✐❛ x1 = 0, x2(α) = α✳ ❋♦r t❤❡ ❢♦r♠❡r✱ λ = fx(x1, α) =
−α ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s st❛❜❧❡ ✇❤❡♥ α > 0 ❛♥❞ ✉♥st❛❜❧❡ ✇❤❡♥
α < 0❀ ❢♦r t❤❡ ❧❛tt❡r λ = fx(x2, α) = α✱ s♦ t❤❛t ✐t ✐s st❛❜❧❡ ✇❤❡♥ α < 0 ❛♥❞ ✉♥st❛❜❧❡
✇❤❡♥ α > 0✳ ❋♦r α = 0✱ ✇❡ ❤❛✈❡ x1 = x2 = 0✱ ♥❛♠❡❧② t❤❡ ❡q✉✐❧✐❜r✐❛ ❝♦❧❧✐❞❡✱ λ = 0
❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐❛ ❡①❝❤❛♥❣❡ t❤❡✐r st❛❜✐❧✐t② ❛t t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳

Fold bifurcation

■♥ ♥♦♥✲s②♠♠❡tr✐❝ s②st❡♠s✱ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ③❡r♦ ❡✐❣❡♥✈❛❧✉❡ ✐s r❡❧❛t❡❞ ♦♥❧② t♦ ❛
❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ t♦♣♦❧♦❣✐❝❛❧ ♥♦r♠❛❧ ❢♦r♠ ♦❢ ❛ ❣❡♥❡r✐❝ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠
❤❛✈✐♥❣ ❛ ❢♦❧❞ ✭♦r t❛♥❣❡♥t ♦r s❛❞❞❧❡✲♥♦❞❡✮ ❜✐❢✉r❝❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❈♦♥s✐❞❡r t❤❡
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❞❡♣❡♥❞✐♥❣ ♦♥ ♦♥❡ ♣❛r❛♠❡t❡r

ẋ = f(x, α) = α + x2, x ∈ R.

❆t α∗ = 0 t❤✐s s②st❡♠ ❤❛s ❛ ♥♦♥❤②♣❡r❜♦❧✐❝ ❡q✉✐❧✐❜r✐✉♠ x∗ = 0 ✇✐t❤ λ = fx(0, 0) = 0✳
❋♦r α < 0 t❤❡r❡ ❛r❡ t✇♦ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ s②st❡♠✿

x1,2(α) = ±
√
−α,

t❤❡ ♥❡❣❛t✐✈❡ ♦♥❡ ♦❢ ✇❤✐❝❤ ✐s st❛❜❧❡✱ ✇❤✐❧❡ t❤❡ ♣♦s✐t✐✈❡ ♦♥❡ ✐s ✉♥st❛❜❧❡✳ ❋♦r α > 0 t❤❡r❡
❛r❡ ♥♦ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡ s②st❡♠✳ ❲❤❡♥ α ❝r♦ss❡s ③❡r♦ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱
t❤❡ t✇♦ ❡q✉✐❧✐❜r✐❛ ✭st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡✮ ✏❝♦❧❧✐❞❡✑✱ ❢♦r♠✐♥❣ ❛t α = 0 ❛♥ ❡q✉✐❧✐❜r✐✉♠
✇✐t❤ λ = 0✱ ❛♥❞ ❞✐s❛♣♣❡❛r✳ ■♥ t❤❡ (α, x)✲♣❧❛♥❡✱ t❤❡ ❡q✉❛t✐♦♥ f(x, α) = 0 ❞❡✜♥❡s ❛♥
❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞✱ ✇❤✐❝❤ ✐s s✐♠♣❧② t❤❡ ♣❛r❛❜♦❧❛ α = −x2✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❣❡♥❡r✐❝ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠

ẋ = f(x, α), x = (x1, x2)
T ∈ R2, α ∈ R,

✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✱ ✇❤✐❝❤ ❤❛s ❛t α = 0 t❤❡ ❡q✉✐❧✐❜r✐✉♠ x = 0 ✇✐t❤ ♦♥❡
❡✐❣❡♥✈❛❧✉❡ λ = 0✳ ❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J(α) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

J(α) =

(

a(α) b(α)

c(α) d(α)

)
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✇❤✐❝❤ ❡♥tr✐❡s ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ α✳ ■ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ r♦♦ts ♦❢ t❤❡ ❝❤❛r❛❝✲
t❡r✐st✐❝ ❡q✉❛t✐♦♥

λ2 − tr Jλ+ det J = 0,

✇❤❡r❡ tr J = tr J(α) = a(α) + d(α)✱ ❛♥❞ det J = det J(α) = a(α)d(α) − b(α)c(α)✳
❙♦✱

λ1,2(α) =
1

2

(

tr J(α)±
√

tr J(α)2 − 4 det J(α)
)

.

❚❤❡ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✐♠♣❧✐❡s

tr J(0) 6= 0, det J(0) = 0.

Andronov-Hopf bifurcation

❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ λ1,2 = ±iω0, ω0 > 0 ✐s ❝❛❧❧❡❞ ❛ ❍♦♣❢
✭♦r ❆♥❞r♦♥♦✈✲❍♦♣❢✮ ❜✐❢✉r❝❛t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ t✇♦ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ ♦♥❡ ♣❛r❛♠❡t❡r✿

{

ẋ1 = αx1 − x2 − x1(x
2
1 + x22)

ẋ2 = x1 + αx2 − x2(x
2
1 + x22)

❚❤✐s s②st❡♠ ❤❛s t❤❡ ❡q✉✐❧✐❜r✐✉♠ x1 = x2 = 0 ❢♦r ❛❧❧ α ✇✐t❤ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

J(α) =

(
α −1
1 α

)

,

❤❛✈✐♥❣ ❡✐❣❡♥✈❛❧✉❡s λ1,2 = α ± i✳ ❚❤✐s ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ st❛❜❧❡ ❢♦❝✉s ❢♦r α < 0 ❛♥❞ ❛♥
✉♥st❛❜❧❡ ❢♦❝✉s ❢♦r α > 0✳ ❆t t❤❡ ❝r✐t✐❝❛❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡ α = 0 t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s
♥♦♥❧✐♥❡❛r❧② st❛❜❧❡ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❝✉s ✭s♦♠❡t✐♠❡s ✐t ✐s ❝❛❧❧❡❞ ❛
✇❡❛❦❧② ❛ttr❛❝t✐♥❣ ❢♦❝✉s✮✳ ❚❤✐s ❡q✉✐❧✐❜r✐✉♠ ✐s s✉rr♦✉♥❞❡❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ α > 0 ❜②
❛♥ ✐s♦❧❛t❡❞ ❝❧♦s❡❞ ♦r❜✐t ✭❧✐♠✐t ❝②❝❧❡✮ t❤❛t ✐s ✉♥✐q✉❡ ❛♥❞ st❛❜❧❡✳ ❙✐♠✐❧❛r❧②✱ t❤❡ s②st❡♠

{

ẋ1 = αx1 − x2 + x1(x
2
1 + x22)

ẋ2 = x1 + αx2 + x2(x
2
1 + x22)

✉♥❞❡r❣♦❡s t❤❡ ❆♥❞r♦♥♦✈✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛t α = 0✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛t t❤❡
♦r✐❣✐♥ ❤❛s t❤❡ s❛♠❡ st❛❜✐❧✐t② ❢♦r α 6= 0✿ ✐t ✐s st❛❜❧❡ ❢♦r α < 0 ❛♥❞ ✉♥st❛❜❧❡ ❢♦r
α > 0✳ ❈♦♥tr❛r② t♦ t❤❡ ♣r❡✈✐♦✉s s②st❡♠✱ ✐ts st❛❜✐❧✐t② ❛t t❤❡ ❝r✐t✐❝❛❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡
✐s ♦♣♣♦s✐t❡✿ ✐t ✐s ✭♥♦♥❧✐♥❡❛r❧②✮ ✉♥st❛❜❧❡ ❛t α = 0✱ ❛♥❞ t❤❡r❡ ✐s ❛♥ ✉♥st❛❜❧❡ ❧✐♠✐t
❝②❝❧❡ ❢♦r ❡❛❝❤ α < 0✱ ✇❤✐❝❤ ❞✐s❛♣♣❡❛rs ✇❤❡♥ α ❝r♦ss❡s ③❡r♦ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡
✈❛❧✉❡s✳
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■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❢♦r♠
{

ẋ1 = αx1 − ωx2 + l1x1(x
2
1 + x22)

ẋ2 = ωx1 + αx2 + l1x2(x
2
1 + x22)

✇❤❡r❡ ω, l1 ∈ R ❛♥❞ ω > 0✱ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ s②st❡♠ ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s
{

ρ̇ = αρ+ l1ρ
3

φ̇ = ω.

❚❤✐s ❧❛st ❢♦r♠ s❤♦✇s t❤❛t t❤❡ tr❛❥❡❝t♦r② s♣✐r❛❧s ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥ ❛t ❝♦♥st❛♥t ❛♥❣✉❧❛r
✈❡❧♦❝✐t② ω✱ ✇❤✐❧❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ✈❛r✐❡s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ✜rst
❖❉❊✱ ✇❤✐❝❤ ✐s t❤❡ ♥♦r♠❛❧ ❢♦r♠ ♦❢ t❤❡ ♣✐t❝❤❢♦r❦✳ ❚❤✉s✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❝②❝❧❡
❞❡♣❡♥❞s ✉♣♦♥ t❤❡ s✐❣♥ ♦❢ l1✱ ❝❛❧❧❡❞ t❤❡ ✜rst ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t✳ ▼♦r❡♦✈❡r✱ t❤❡ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ✐s s✉♣❡r❝r✐t✐❝❛❧ ✐❢ l1 < 0 ❛♥❞ s✉❜❝r✐t✐❝❛❧ ✐❢ l1 > 0✳ ■♥ t❡r♠s ♦❢ ❝♦❧❧✐s✐♦♥s✱ t❤✐s
❜✐❢✉r❝❛t✐♦♥ ✐♥✈♦❧✈❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❛ ❝②❝❧❡ ✇❤✐❝❤✱ ❤♦✇❡✈❡r✱ s❤r✐♥❦s t♦ ❛ ♣♦✐♥t
✇❤❡♥ t❤❡ ❝♦❧❧✐s✐♦♥ ♦❝❝✉rs✳ ■♥ t❤❡ s✉♣❡r❝r✐t✐❝❛❧ ❝❛s❡✱ ❛ st❛❜❧❡ ❝②❝❧❡ ❤❛s ✐♥ ✐ts ✐♥t❡r✐♦r
❛♥ ✉♥st❛❜❧❡ ❢♦❝✉s✳ ❲❤❡♥ t❤❡ ♣❛r❛♠❡t❡r ✐s ✈❛r✐❡❞ t❤❡ ❝②❝❧❡ s❤r✐♥❦s ✉♥t✐❧ ✐t ❝♦❧❧✐❞❡s
✇✐t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❛❢t❡r t❤❡ ❝♦❧❧✐s✐♦♥ ♦♥❧② ❛ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ r❡♠❛✐♥s✳ ❇②
❝♦♥tr❛st✱ ✐♥ t❤❡ s✉❜❝r✐t✐❝❛❧ ❝❛s❡ t❤❡ ❝②❝❧❡ ✐s ✉♥st❛❜❧❡ ❛♥❞ ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❜❛s✐♥
♦❢ ❛ttr❛❝t✐♦♥ ♦❢ t❤❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥s✐❞❡ t❤❡ ❝②❝❧❡✳ ❚❤✉s✱ ❛❢t❡r t❤❡ ❝♦❧❧✐s✐♦♥ t❤❡r❡
✐s ♦♥❧② ❛ r❡♣❡❧❧❡r✳

▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❣❡♥❡r✐❝
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠

ẋ = f(x, α), x = (x1, x2)
T ∈ R2, α ∈ R,

✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✱ ✇❤✐❝❤ ❤❛s ❛t α = 0 t❤❡ ❡q✉✐❧✐❜r✐✉♠ x = 0 ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s
λ1,2 = ±iω0, ω0 > 0✳ ❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J(α) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

J(α) =

(
a(α) b(α)
c(α) d(α)

)

✇✐t❤ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❢ α ❛s ✐ts ❡❧❡♠❡♥ts✳ ■ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ r♦♦ts ♦❢ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥

λ2 − tr Jλ+ det J = 0,

✇❤❡r❡ tr J = tr J(α) = a(α) + d(α)✱ ❛♥❞ det J = det J(α) = a(α)d(α) − b(α)c(α)✳
❙♦✱

λ1,2(α) =
1

2

(

tr J(α)±
√

tr J(α)2 − 4 det J(α)
)

.

❚❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s

tr J(0) = 0, det J(0) = ω2
0 > 0.
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Two-parameter bifurcations

❈♦♥s✐❞❡r ❛ t✇♦✲♣❛r❛♠❡t❡r ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠

ẋ = f(x, α)

✇❤❡r❡ x = (x1, x2, . . . , xn)
T ∈ Rn ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ♣❤❛s❡ ✈❛r✐❛❜❧❡s✱ α = (α1, α2)

T ∈
R2 ✐s t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs✱ ❛♥❞ f ✐s ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ (x, α)✳
❙✉♣♣♦s❡ t❤❛t ❛t α = α∗ t❤❡ s②st❡♠ ❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠ x = x∗ ❢♦r ✇❤✐❝❤ ❡✐t❤❡r
t❤❡ ❢♦❧❞ ♦r ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥✱ ❣❡♥❡r✐❝❛❧❧②✱ t❤❡r❡ ✐s ❛
❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ B ✐♥ t❤❡ (α1, α2)✲♣❧❛♥❡ ❛❧♦♥❣ ✇❤✐❝❤ t❤❡ s②st❡♠ ❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠
❡①❤✐❜✐t✐♥❣ t❤❡ s❛♠❡ ❜✐❢✉r❝❛t✐♦♥✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ss✉♠❡ t❤❛t ❛t α = α∗ = (α1∗, α2∗) t❤❡ s②st❡♠

ẋ = f(x, α), x ∈ R, α = (α1, α2)
T ∈ R2,

❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠ x = x∗ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡ λ = fx(x∗, α∗) = 0✳ ❚❤❡ s②st❡♠ ♦❢ t✇♦
s❝❛❧❛r ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ R3

{

f(x, α) = 0

fx(x, α) = 0

❣❡♥❡r✐❝❛❧❧② ❞❡✜♥❡s ❛ s♠♦♦t❤ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ Γ ⊂ R3✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛ ❝✉r✈❡✱
♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦✐♥t (x∗, α1∗, α2∗)✳ ❊❛❝❤ ♣♦✐♥t (x, α) ∈ Γ ❞❡✜♥❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠
♣♦✐♥t x ✇✐t❤ ③❡r♦ ❡✐❣❡♥✈❛❧✉❡ ❛t t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡ α✳ ❚❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥
π : (x, α) → α ♠❛♣s Γ ♦♥t♦ ❛ ❝✉r✈❡ Bt ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡✱ ❝❛❧❧❡❞ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥
❝✉r✈❡✱ ❛♥❞ ❛ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ t❛❦❡s ♣❧❛❝❡ ♦♥ t❤✐s ❝✉r✈❡✳

❈♦♥s✐❞❡r ♥♦✇ ❛ ♣❧❛♥❛r s②st❡♠

ẋ = f(x, α), x = (x1, x2)
T ∈ R2, α = (α1, α2)

T ∈ R2,

❤❛✈✐♥❣ ❛t α = α∗ = (α1∗, α2∗)
T ❛♥ ❡q✉✐❧✐❜r✐✉♠ x∗ = (x1∗, x2∗)

T ✇✐t❤ ❛ ♣❛✐r ♦❢
❡✐❣❡♥✈❛❧✉❡s ♦♥ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s λ1,2 = ±iω∗✳ ❚❤❡ s②st❡♠ ♦❢ t❤r❡❡ s❝❛❧❛r ♥♦♥❧✐♥❡❛r
❡q✉❛t✐♦♥s ✐♥ R4 ✇✐t❤ ❝♦♦r❞✐♥❛t❡s (x1, x2, α1, α2)

{

f(x, α) = 0,

tr J(x, α) = 0,

❞❡✜♥❡s ❛ ❝✉r✈❡ Γ ⊂ R4 ♣❛ss✐♥❣ t❤r♦✉❣❤ (x∗, α∗)✳ ❊❛❝❤ ♣♦✐♥t ♦♥ t❤❡ ❝✉r✈❡ s♣❡❝✐✜❡s
❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ s②st❡♠ ✇✐t❤ λ1,2 = ±iω∗, ω∗ > 0 ❛s ❧♦♥❣ ❛s det J(x, α) > 0.
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❚❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ♦❢ Γ ♦♥t♦ t❤❡ (α1, α2)✲♣❧❛♥❡ ②✐❡❧❞s t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥
❜♦✉♥❞❛r② BH ✳

▲❡t t❤❡ ♣❛r❛♠❡t❡rs (α1, α2) ❜❡ ✈❛r✐❡❞ s✐♠✉❧t❛♥❡♦✉s❧② t♦ tr❛❝❦ ❛ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡
Γ ✳ ❚❤❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥ts ♠✐❣❤t ❤❛♣♣❡♥ t♦ t❤❡ ♠♦♥✐t♦r❡❞ ♥♦♥❤②♣❡r❜♦❧✐❝ ❡q✉✐❧✐❜✲
r✐✉♠ ❛t s♦♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✿ ❡①tr❛ ❡✐❣❡♥✈❛❧✉❡s ❝❛♥ ❛♣♣r♦❛❝❤ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✱
t❤✉s ❝❤❛♥❣✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ♠❛♥✐❢♦❧❞ W c✱ ♦r s♦♠❡ ♦❢ t❤❡ ❣❡♥❡r✐❝✐t②
❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ ❜❡ ✈✐♦❧❛t❡❞✳

❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ Bt✳ ❆ t②♣✐❝❛❧ ♣♦✐♥t ♦♥ t❤✐s ❝✉r✈❡
❞❡✜♥❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ s✐♠♣❧❡ ③❡r♦ ❡✐❣❡♥✈❛❧✉❡ λ1 = 0 ❛♥❞ ♥♦ ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s
♦♥ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ t♦ ❛ ❝❡♥t❡r ♠❛♥✐❢♦❧❞W c ❤❛s t❤❡
❢♦r♠

ξ̇ = aξ2,

✇❤❡r❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❝♦❡✣❝✐❡♥t a ✐s ♥♦♥③❡r♦ ❛t ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥t✳ ❲❤✐❧❡ t❤❡ ❝✉r✈❡ ✐s ❜❡✐♥❣ tr❛❝❦❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♥❣✉❧❛r✐t✐❡s ❝❛♥ ❜❡ ♠❡t✿

• ❆♥ ❛❞❞✐t✐♦♥❛❧ r❡❛❧ ❡✐❣❡♥✈❛❧✉❡ λ2 ❛♣♣r♦❛❝❤❡s t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✱ ❛♥❞ Wc ❜❡❝♦♠❡s
t✇♦✲❞✐♠❡♥s✐♦♥❛❧✿

λ1 = 0, λ2 = 0.

❚❤❡s❡ ❛r❡ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ✭♦r ❞♦✉❜❧❡✲③❡r♦✮ ❜✐❢✉r❝❛t✐♦♥✳
❚♦ ❤❛✈❡ t❤✐s ❜✐❢✉r❝❛t✐♦♥✱ ✇❡ ♥❡❡❞ n ≥ 2✳ ❈❧❡❛r❧②✱ t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛✲
t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ❧♦❝❛t❡❞ ❛❧♦♥❣ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡✱ ❛s ω0 ❛♣♣r♦❛❝❤❡s ③❡r♦✳
❆t t❤✐s ♣♦✐♥t✱ t✇♦ ♣✉r❡❧② ✐♠❛❣✐♥❛r② ❡✐❣❡♥✈❛❧✉❡s ❝♦❧❧✐❞❡ ❛♥❞ ✇❡ ❤❛✈❡ ❛ ❞♦✉❜❧❡ ③❡r♦
❡✐❣❡♥✈❛❧✉❡✳

• ❚✇♦ ❡①tr❛ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s λ2,3 ❛rr✐✈❡ ❛t t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✱ ❛♥❞W c ❜❡❝♦♠❡s
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧✿

λ1 = 0, λ2,3 = ±iω0,

❢♦r ω0 > 0✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢♦❧❞✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❖❜✈✐♦✉s❧②✱
t❤✐s ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ ♦❝❝✉r ♦♥❧② ✐❢ n ≥ 3✳

• ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ λ1 = 0 r❡♠❛✐♥s s✐♠♣❧❡ ❛♥❞ t❤❡ ♦♥❧② ♦♥❡ ♦♥ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s
✭dimWc = 1✮✱ ❜✉t t❤❡ ♥♦r♠❛❧ ❢♦r♠ ❝♦❡✣❝✐❡♥t a ✈❛♥✐s❤❡s✿

λ1 = 0, a = 0.

❚❤❡s❡ ❛r❡ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ✐♥ s②st❡♠s ✇✐t❤
n ≥ 1✳
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❲❡ ❝♦♥s✐❞❡r ♥♦✇ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ BH ✳ ❆t ❛ t②♣✐❝❛❧ ♣♦✐♥t ♦♥ t❤✐s ❝✉r✈❡✱
t❤❡ s②st❡♠ ❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ s✐♠♣❧❡ ♣❛✐r ♦❢ ♣✉r❡❧② ✐♠❛❣✐♥❛r② ❡✐❣❡♥✈❛❧✉❡s
λ1,2 = ±ω0, ω0 > 0✱ ❛♥❞ ♥♦ ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ Reλ = 0✳ ❚❤❡ ❝❡♥t❡r ♠❛♥✐❢♦❧❞
W c ✐s t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥ t❤✐s ❝❛s❡✱ ❛♥❞ t❤❡r❡ ❛r❡ ✭♣♦❧❛r✮ ❝♦♦r❞✐♥❛t❡s (ρ, φ) ❢♦r ✇❤✐❝❤
t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ t♦ t❤✐s ♠❛♥✐❢♦❧❞ ✐s ♦r❜✐t❛❧❧② ❡q✉✐✈❛❧❡♥t t♦

{

ρ̇ = l1ρ
3,

φ̇ = 1,

✇❤❡r❡ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ✜rst ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t l1 6= 0 ❛t ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❍♦♣❢
♣♦✐♥t✳ ❲❤✐❧❡ ♠♦✈✐♥❣ ❛❧♦♥❣ t❤❡ ❝✉r✈❡✱ ✇❡ ❝❛♥ ❡♥❝♦✉♥t❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✿

• ❚✇♦ ❡①tr❛ ❝♦♠♣❧❡①✲❝♦♥❥✉❣❛t❡ ❡✐❣❡♥✈❛❧✉❡s λ3,4 ❛♣♣r♦❛❝❤ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s✱ ❛♥❞
W c ❜❡❝♦♠❡s ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧✿

λ1,2 = ±iω0, λ3,4 = ±iω1,

✇✐t❤ ω0,1 > 0✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❞❡✜♥❡ t❤❡ ❍♦♣❢✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ■t ✐s ♣♦ss✐❜❧❡
♦♥❧② ✐❢ n ≥ 4✳

• ❚❤❡ ✜rst ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t l1 ♠✐❣❤t ✈❛♥✐s❤ ✇❤✐❧❡ λ1,2 = ±iω0 r❡♠❛✐♥ s✐♠♣❧❡
❛♥❞✱ t❤❡r❡❢♦r❡✱ dimW c = 2✿

λ1,2 = ±iω0, l1 = 0.

❆t t❤✐s ♣♦✐♥t✱ ❛ s✉❜❝r✐t✐❝❛❧ ❆♥❞r♦♥♦✈✲❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ t✉r♥s ✐♥t♦ ❛ s✉♣❡r❝r✐t✐❝❛❧
♦♥❡ ✭♦r ✈✐❝❡ ✈❡rs❛✮✳ ❲❡ ❝❛❧❧ t❤✐s ❡✈❡♥t ❛ ❇❛✉t✐♥ ❜✐❢✉r❝❛t✐♦♥ ♦r ❣❡♥❡r❛❧✐③❡❞ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥✳ ■t ✐s ♣♦ss✐❜❧❡ ✐❢ n ≥ 2✳ ❆s ❢♦r t❤❡ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥✱ t❤❡ ❇❛✉t✐♥ ❜✐❢✉r✲
❝❛t✐♦♥ ❝❛♥♥♦t ❜❡ ❞❡t❡❝t❡❞ ❜② ♠❡r❡❧② ♠♦♥✐t♦r✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✳

❚❤✉s✱ ✜✈❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ❝❛♥ ❜❡ ♠❡t ✐♥ ❣❡♥❡r✐❝ t✇♦✲♣❛r❛♠❡t❡r s②st❡♠s ✇❤✐❧❡
♠♦✈✐♥❣ ❛❧♦♥❣ ❝♦❞✐♠❡♥s✐♦♥✲♦♥❡ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❜✐❢✉r❝❛t✐♦♥s ✐s ❝❤❛r✲
❛❝t❡r✐③❡❞ ❜② t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥s✳ ❚❤❡r❡ ❛r❡ ♥♦ ♦t❤❡r ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐✲
❢✉r❝❛t✐♦♥s ✐♥ ❣❡♥❡r✐❝ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s②st❡♠s✳ ■t ❢♦❧❧♦✇s t❤❛t ✐♥ ❛ ♣❧❛♥❛r s②st❡♠✱
♦♥❧② t❤r❡❡ ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ ♣♦ss✐❜❧❡✱ t❤❡ ❇❛✉t✐♥✱ t❤❡ ❝✉s♣ ❛♥❞ t❤❡
❇♦❣❞❛♥♦✈✲❚❛❦❡♥s✳ ❲❡ r❡♣♦rt ♠♦r❡ ❞❡t❛✐❧s ❢♦r t❤❡s❡ t❤r❡❡ t②♣❡s✳
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Cusp bifurcation

❈♦♥s✐❞❡r t❤❡ s②st❡♠

ẋ = f(x, α), x ∈ R, α = (α1, α2)
T ∈ R2,

✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ ❤❛s ❛t α∗ = 0 ❛♥ ❡q✉✐❧✐❜r✐✉♠ x∗ = 0✳ ❚❤❡ s②st❡♠
❤❛s ❛ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ✐♥ (x∗, α∗) ✐❢

λ = fx(x∗, α∗) = 0, a =
1

2
fxx(x∗, α∗) = 0. ✭✵✳✶✮

❆ss✉♠❡ ❛❧s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r✐❝✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

fxxx(0, 0) = 0, (fα1
fxα2

− fα2
fxα1

)(0, 0) = 0. ✭✵✳✷✮

❚❤❡♥ t❤❡r❡ ❛r❡ s♠♦♦t❤ ✐♥✈❡rt✐❜❧❡ ❝♦♦r❞✐♥❛t❡ ❛♥❞ ♣❛r❛♠❡t❡r ❝❤❛♥❣❡s tr❛♥s❢♦r♠✐♥❣
t❤❡ s②st❡♠ ✐♥t♦

η̇ = β1 + β2η ± η3,

t❤❛t ✐s t❤❡ t♦♣♦❧♦❣✐❝❛❧ ♥♦r♠❛❧ ❢♦r♠ ❢♦r t❤❡ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤✐s s②st❡♠ ✭❝♦♥s✐❞❡r
❢♦r ✐♥st❛♥❝❡ t❤❡ ♣❧✉s✮ ❝❛♥ ❤❛✈❡ ❢r♦♠ ♦♥❡ t♦ t❤r❡❡ ❡q✉✐❧✐❜r✐❛✳ ❆ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs
❛t ❛ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ T = (β1, β2) : 4β

3
2 − 27β2

1 = 0 ♦♥ t❤❡ (β1, β2)✲♣❧❛♥❡✱ ❣✐✈❡♥ ❜②
t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ ♦❢ t❤❡ ❝✉r✈❡ Γ ✿

{

β1 + β2η − η3 = 0,

β2 − 3η2 = 0.

❚❤❡ ❝✉r✈❡ T ❤❛s t✇♦ ❜r❛♥❝❤❡s✱ T1 ❛♥❞ T2✱ ✇❤✐❝❤ ♠❡❡t t❛♥❣❡♥t✐❛❧❧② ❛t t❤❡ ❝✉s♣ ♣♦✐♥t
(0, 0) ✭s❡❡ ❋✐❣✉r❡ ✵✳✶✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ✇❡❞❣❡ ❞✐✈✐❞❡s t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ ✐♥t♦ t✇♦
r❡❣✐♦♥s✳ ■♥ r❡❣✐♦♥ ✶ ✱ ✐♥s✐❞❡ t❤❡ ✇❡❞❣❡✱ t❤❡r❡ ❛r❡ t❤r❡❡ ❡q✉✐❧✐❜r✐❛✱ t✇♦ st❛❜❧❡ ❛♥❞

♦♥❡ ✉♥st❛❜❧❡❀ ✐♥ r❡❣✐♦♥ ✷ ✱ ♦✉ts✐❞❡ t❤❡ ✇❡❞❣❡✱ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤
✐s st❛❜❧❡✱ ❛♥❞ ❛ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r β1✮ t❛❦❡s ♣❧❛❝❡ ✐❢ ✇❡
❝r♦ss ❡✐t❤❡r T1 ♦r T2 ❛t ❛♥② ♣♦✐♥t ♦t❤❡r t❤❛♥ t❤❡ ♦r✐❣✐♥✳ ■❢ t❤❡ ❝✉r✈❡ T1 ✐s ❝r♦ss❡❞
❢r♦♠ r❡❣✐♦♥ ✶ t♦ r❡❣✐♦♥ ✷ ✱ t❤❡ r✐❣❤t st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦❧❧✐❞❡s ✇✐t❤ t❤❡ ✉♥st❛❜❧❡
♦♥❡ ❛♥❞ ❜♦t❤ ❞✐s❛♣♣❡❛r✳ ❚❤❡ s❛♠❡ ❤❛♣♣❡♥s t♦ t❤❡ ❧❡❢t st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡
✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❛t T2✳ ■❢ ✇❡ ❛♣♣r♦❛❝❤ t❤❡ ❝✉s♣ ♣♦✐♥t ❢r♦♠ ✐♥s✐❞❡ r❡❣✐♦♥ ✶ ✱ ❛❧❧
t❤r❡❡ ❡q✉✐❧✐❜r✐❛ ♠❡r❣❡ t♦❣❡t❤❡r ✐♥t♦ ❛ tr✐♣❧❡ r♦♦t ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♥♦r♠❛❧
❢♦r♠✳

❆♥ ✉s❡❢✉❧ ✇❛② t♦ ♣r❡s❡♥t t❤✐s ❜✐❢✉r❝❛t✐♦♥ ✐s t♦ ♣❧♦t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❛♥✐❢♦❧❞ ♦❢
t❤❡ ♥♦r♠❛❧ ❢♦r♠
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❋✐❣✳ ✵✳✶✳ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝✉s♣ ♣♦✐♥t ❬✻✻❪✳

M = {(η, β1, β2) : β1 + β2η ± η3 = 0},
✐♥ R3✳ ❚❤❡ st❛♥❞❛r❞ ♣r♦❥❡❝t✐♦♥ ♦❢ M ♦♥t♦ t❤❡ (β1, β2)✲ ♣❧❛♥❡ ❤❛s s✐♥❣✉❧❛r✐t✐❡s ♦❢ ❢♦❧❞
t②♣❡ ❛❧♦♥❣ t❤❡ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ ❡①❝❡♣t ✐♥ t❤❡ ♦r✐❣✐♥✱ ✇❤❡r❡ ❛ ❝✉s♣ s✐♥❣✉❧❛r✐t②
s❤♦✇s ✉♣✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ ✐s s♠♦♦t❤ ❡✈❡r②✇❤❡r❡ ❛♥❞ ❤❛s ♥♦
❣❡♦♠❡tr✐❝❛❧ s✐♥❣✉❧❛r✐t② ❛t t❤❡ ❝✉s♣ ♣♦✐♥t✱ ❜✉t ✐t ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❛t ♠❛❦❡s t❤❡ ❢♦❧❞
♣❛r❛♠❡tr✐❝ ❜♦✉♥❞❛r② ♥♦♥s♠♦♦t❤✳

❚❤❡ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ✐♠♣❧✐❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❦♥♦✇♥ ❛s ❤②st❡r❡s✐s✱
❛ ❝❛t❛str♦♣❤✐❝ ❥✉♠♣ t♦ ❛ ❞✐✛❡r❡♥t st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✭❝❛✉s❡❞ ❜② t❤❡ ❞✐s❛♣♣❡❛r❛♥❝❡
♦❢ ❛ tr❛❝❡❞ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✈✐❛ ❛ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ❛s t❤❡ ♣❛r❛♠❡t❡rs ✈❛r②✮✳

Bautin (generalized Hopf) bifurcation

❈♦♥s✐❞❡r t❤❡ ♣❧❛♥❛r s②st❡♠

ẋ = f(x, α), x = (x1, x2)
T ∈ R2, α = (α1, α2)

T ∈ R2,

✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ ❤❛s ❛t α∗ = 0 ❛♥ ❡q✉✐❧✐❜r✐✉♠ x∗ = 0✳ ❚❤❡ s②st❡♠ ❤❛s
❛ ❇❛✉t✐♥ ❜✐❢✉r❝❛t✐♦♥ ✐♥ (x∗, α∗) ✐❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ♣✉r❡❧② ✐♠❛❣✐♥❛r② ❡✐❣❡♥✈❛❧✉❡s
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❛♥❞ t❤❡ ✜rst ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t ✈❛♥✐s❤❡s✿

λ1,2 = ±iω0, ω0 > 0, l1 = 0.

■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐s ❜✐❢✉r❝❛t✐♦♥✱ ✇❡ ❝❛♥ ❡①♣❡❝t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t✇♦ ❧✐♠✐t ❝②❝❧❡s
❢♦r ♥❡❛r❜② ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳ ▼♦r❡♦✈❡r✱ t❤❡② ✇✐❧❧ ❝♦❧❧✐❞❡ ❛♥❞ ❞✐s❛♣♣❡❛r ❛❧♦♥❣ ❛ ❝✉r✈❡
❡♠❛♥❛t✐♥❣ ❢r♦♠ t❤❡ ❝♦❞✐♠❡♥s✐♦♥✲✷ ♣♦✐♥t✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♥♦r♠❛❧ ❢♦r♠ ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s (ρ, φ) ❤❛s t✇♦ ✐♥❞❡♣❡♥❞❡♥t
❡q✉❛t✐♦♥s {

ρ̇ = ρ(β1 + β2ρ
2 − ρ4),

φ̇ = 1.

❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s ❛ r♦t❛t✐♦♥ ✇✐t❤ ✉♥✐t ❛♥❣✉❧❛r ✈❡❧♦❝✐t②✳ ❚❤❡ s②st❡♠
❛❞♠✐ts ❛ tr✐✈✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ρ = 0 ❛♥❞ ♣♦s✐t✐✈❡ ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥ s❛t✐s❢②

β1 + β2ρ
2 − ρ4 = 0

❛♥❞ ❞❡s❝r✐❜❡ ❝✐r❝✉❧❛r ❧✐♠✐t ❝②❝❧❡s✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❤❛✈❡ ③❡r♦✱ ♦♥❡✱ ♦r t✇♦ ♣♦s✐t✐✈❡
s♦❧✉t✐♦♥s ✭❝②❝❧❡s✮✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✵✳✷✱ t❤❡s❡ s♦❧✉t✐♦♥s ❜r❛♥❝❤ ❢r♦♠ t❤❡
tr✐✈✐❛❧ ♦♥❡ ❛❧♦♥❣ t❤❡ ❧✐♥❡

H = {(β1, β2) : β1 = 0}
❛♥❞ ❝♦❧❧✐❞❡ ❛♥❞ ❞✐s❛♣♣❡❛r ❛t t❤❡ ❤❛❧❢✲♣❛r❛❜♦❧❛

T = {(β1, β2) : β2
2 + 4β1 = 0, β2 > 0}.

❚❤❡ ❧✐♥❡ H ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s st❛❜❧❡ ❢♦r β1 < 0
❛♥❞ ✉♥st❛❜❧❡ ❢♦r β1 > 0✳ ❚❤❡ ✜rst ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t l1(β) = β2✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❇❛✉t✐♥ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t β1 = β2 = 0 s❡♣❛r❛t❡s t✇♦ ❜r❛♥❝❤❡s✱ H− ❛♥❞ H+✱ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ♥❡❣❛t✐✈❡ ❛♥❞ ✇✐t❤ ♣♦s✐t✐✈❡ ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t✳
❆ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ❜✐❢✉r❝❛t❡s ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ✇❡ ❝r♦ss H− ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✱
✇❤✐❧❡ ❛♥ ✉♥st❛❜❧❡ ❝②❝❧❡ ❛♣♣❡❛rs ✐❢ ✇❡ ❝r♦ss H+ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❝②❝❧❡s
❝♦❧❧✐❞❡ ❛♥❞ ❞✐s❛♣♣❡❛r ♦♥ t❤❡ ❝✉r✈❡ T ✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❢♦❧❞ ❜✐❢✉r❝❛✲
t✐♦♥ ♦❢ t❤❡ ❝②❝❧❡s✳ ❚❤❡ ❝✉r✈❡s ❞✐✈✐❞❡ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ ✐♥t♦ t❤r❡❡ r❡❣✐♦♥s✳ ■♥ r❡❣✐♦♥
✶ ✐♥ t❤❡ ♣❛r❛♠❡t❡r ♣❧❛♥❡ t❤❡ s②st❡♠ ❤❛s ❛ s✐♥❣❧❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♥♦ ❝②❝❧❡s✳

❈r♦ss✐♥❣ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r② H− ❢r♦♠ r❡❣✐♦♥ ✶ t♦ r❡❣✐♦♥ ✷ ✐♠♣❧✐❡s t❤❡
❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ❛♥❞ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡✱ ✇❤✐❝❤ s✉r✈✐✈❡s ✇❤❡♥ ✇❡ ❡♥t❡r r❡❣✐♦♥
✸ ✳ ❈r♦ss✐♥❣ t❤❡ ❍♦♣❢ ❜♦✉♥❞❛r② H+ ❝r❡❛t❡s ❛♥ ❡①tr❛ ✉♥st❛❜❧❡ ❝②❝❧❡ ✐♥s✐❞❡ t❤❡ ✜rst
♦♥❡✱ ✇❤✐❧❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡❣❛✐♥s ✐ts st❛❜✐❧✐t②✳ ❚✇♦ ❝②❝❧❡s ♦❢ ♦♣♣♦s✐t❡ st❛❜✐❧✐t② ❡①✐st
✐♥s✐❞❡ r❡❣✐♦♥ ✸ ❛♥❞ ❞✐s❛♣♣❡❛r ❛t t❤❡ ❝✉r✈❡ T t❤r♦✉❣❤ ❛ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ t❤❛t ❧❡❛✈❡s
❛ s✐♥❣❧❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✳
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❋✐❣✳ ✵✳✷✳ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦❢ ❛ ❇❛✉t✐♥ ♣♦✐♥t ❬✻✻❪✳

Bogdanov-Takens (double-zero) bifurcation

❈♦♥s✐❞❡r t❤❡ ♣❧❛♥❛r s②st❡♠

ẋ = f(x, α), x = (x1, x2)
T ∈ R2, α = (α1, α2)

T ∈ R2,

✇✐t❤ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✇❤✐❝❤ ❤❛s ❛t α∗ = 0 ❛♥ ❡q✉✐❧✐❜r✐✉♠ x∗ = 0✳ ❚❤❡ s②st❡♠ ❤❛s
❛ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ✐♥ (x∗, α∗) ✐❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s t✇♦ ③❡r♦ ❡✐❣❡♥✈❛❧✉❡s

λ1,2 = 0.

❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t

det J(x∗, α∗) = 0, tr J(x∗, α∗) = 0.

❆s ❢♦r t❤❡ ❇❛✉t✐♥ ❜✐❢✉r❝❛t✐♦♥✱ t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ❣✐✈❡s r✐s❡ t♦ ❛ ❧✐♠✐t
❝②❝❧❡ ❜✐❢✉r❝❛t✐♦♥✱ ♥❛♠❡❧②✱ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐t✱ ❢♦r ♥❡❛r❜② ♣❛r❛♠✲
❡t❡r ✈❛❧✉❡s✳
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■t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ❛♥② ❣❡♥❡r✐❝ ♣❧❛♥❛r t✇♦✲♣❛r❛♠❡t❡r s②st❡♠ ẋ = f(x, α)✱
❤❛✈✐♥❣✱ ❛t α = 0✱ ❛♥ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ❡①❤✐❜✐ts t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥✱ ✐s
❧♦❝❛❧❧② t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ♥❡❛r t❤❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠❛❧
❢♦r♠s✿ {

η̇1 = η2,

η̇2 = β1 + β2η1 + η21 ± η1η2.

❚❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ s②st❡♠ ❛r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s✱ η2 = 0✱ ❛♥❞ s❛t✐s❢②
t❤❡ ❡q✉❛t✐♦♥

β1 + β2η1 + η21 = 0,

✇❤✐❝❤ ❝❛♥ ❤❛✈❡ ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ t✇♦ r❡❛❧ r♦♦ts✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♣❛r❛❜♦❧❛

T = {(β1, β2) : 4β1 − β2
2 = 0}

❝♦rr❡s♣♦♥❞s t♦ ❛ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥✳ ■❢ β2 6= 0✱ t❤❡♥ t❤❡ ❢♦❧❞ ❜✐❢✉r❝❛t✐♦♥ ✐s ♥♦♥❞❡❣❡♥❡r❛t❡
❛♥❞ ❝r♦ss✐♥❣ T ❢r♦♠ r✐❣❤t t♦ ❧❡❢t ✐♠♣❧✐❡s t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t✇♦ ❡q✉✐❧✐❜r✐❛✱ E1 ❛♥❞
E2✳ ❚❤❡ ♣♦✐♥t β = 0 s❡♣❛r❛t❡s t✇♦ ❜r❛♥❝❤❡s T− ✭β2 < 0✮ ❛♥❞ T+ ✭β2 > 0✮ ♦❢ t❤❡
❢♦❧❞ ❝✉r✈❡✳ ❚❤❛t ♣❛ss❛❣❡ t❤r♦✉❣❤ T− ✐♠♣❧✐❡s t❤❡ ❝♦❛❧❡s❝❡♥❝❡ ♦❢ ❛ st❛❜❧❡ ♥♦❞❡ E1 ❛♥❞
❛ s❛❞❞❧❡ ♣♦✐♥t E2✱ ✇❤✐❧❡ ❝r♦ss✐♥❣ T+ ❣❡♥❡r❛t❡s ❛♥ ✉♥st❛❜❧❡ ♥♦❞❡ E1 ❛♥❞ ❛ s❛❞❞❧❡
E2✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s β1 = 0 ✐s ❛ ❧✐♥❡ ♦♥ ✇❤✐❝❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E1 ❤❛s ❛ ♣❛✐r ♦❢
❡✐❣❡♥✈❛❧✉❡s ✇✐t❤ ③❡r♦ s✉♠✿ λ1 + λ2 = 0✳ ❚❤❡ ❧♦✇❡r ♣❛rt✱

H = {(β1, β2) : β1 = 0, β2 < 0},

❝♦rr❡s♣♦♥❞s t♦ ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✱ ✇❤✐❧❡ t❤❡ ✉♣♣❡r ❤❛❧❢✲❛①✐s ✐s ❛ ♥♦♥❜✐✲
❢✉r❝❛t✐♦♥ ❧✐♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥❡✉tr❛❧ s❛❞❞❧❡✳ ❚❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❣✐✈❡s r✐s❡ t♦
❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡✱ ✭l1 < 0✮✳ ❚❤❡ ❝②❝❧❡ ❡①✐sts ♥❡❛r H ❢♦r β1 < 0✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠
E2 r❡♠❛✐♥s ❛ s❛❞❞❧❡ ❢♦r ❛❧❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❝✉r✈❡ T ❛♥❞ ❞♦❡s
♥♦t ❜✐❢✉r❝❛t❡✳ ❚❤❡r❡ ❛r❡ ♥♦ ♦t❤❡r ❧♦❝❛❧ ❜✐❢✉r❝❛t✐♦♥s ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s s②st❡♠✳
▲♦♦❦✐♥❣ ❛t ❋✐❣✉r❡ ✵✳✸✱ ✐♥ r❡❣✐♦♥ ✶ t❤❡r❡ ❛r❡ ♥♦ ❡q✉✐❧✐❜r✐❛ ✭❛♥❞ t❤✉s ♥♦ ❧✐♠✐t ❝②❝❧❡s✮✳

❊♥t❡r✐♥❣ ❢r♦♠ r❡❣✐♦♥ ✶ ✐♥t♦ r❡❣✐♦♥ ✷ ❝r♦ss✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥t T− ♦❢ t❤❡ ❢♦❧❞ ❝✉r✈❡
②✐❡❧❞s t✇♦ ❡q✉✐❧✐❜r✐❛✿ ❛ s❛❞❞❧❡ ❛♥❞ ❛ st❛❜❧❡ ♥♦❞❡✳ ❚❤❡♥ t❤❡ ♥♦❞❡ t✉r♥s ✐♥t♦ ❛ ❢♦❝✉s
❛♥❞ ❧♦s❡s st❛❜✐❧✐t② ❛s ✇❡ ❝r♦ss t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❜♦✉♥❞❛r② H✳ ❆ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡
✐s ♣r❡s❡♥t ❢♦r ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❝❧♦s❡ t♦ t❤❡ ❧❡❢t ♦❢ H✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❜✐❢✉r❝❛t❡ ✐♥
r❡❣✐♦♥ ✸ ❛♥❞ ❛♣♣r♦❛❝❤❡s t❤❡ s❛❞❞❧❡✱ t✉r♥✐♥❣ ✐♥t♦ ❛ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐t ❛t P ✳ ❚❤❡♥✱ ❛♥

✉♥st❛❜❧❡ ♥♦❞❡ ❛♥❞ ❛ s❛❞❞❧❡✱ ❡①✐st✐♥❣ ❢♦r t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥ r❡❣✐♦♥ ✹ ✱ ❝♦❧❧✐❞❡
❛♥❞ ❞✐s❛♣♣❡❛r ❛t t❤❡ ❢♦❧❞ ❝✉r✈❡ T+✳
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Diffusion-driven instability in reaction-diffusion systems

❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❢♦r ♠♦❞❡❧✐♥❣ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✱ ❜✐♦✲
❧♦❣✐❝❛❧ s②st❡♠s✱ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ❛♥❞ ♥✉❝❧❡❛r r❡❛❝t♦r ♣❤②s✐❝s✳ ❚❤❡② ❛r❡ ♦❢ t❤❡
❢♦r♠

ut = D∆u+ f(u, λ)

✇❤❡r❡ u = (u1, . . . , uk) r❡♣r❡s❡♥ts ✈❛r✐♦✉s s✉❜st❛♥❝❡s ✐♥ ❛ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ♦r s♣❡❝✐❡s
♦❢ ❛ ❜✐♦❧♦❣✐❝❛❧ s②st❡♠❀ λ ∈ Rp ✐s ❛ ✈❡❝t♦r ♦❢ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡rs✱ ∆ ✐s t❤❡ ▲❛♣❧❛❝❡
♦♣❡r❛t♦r ✐♥ t❤❡ s♣❛t✐❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ D ∈ Rk×k ✐s ♦❢t❡♥ ❞✐❛❣♦♥❛❧ ❛♥❞ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❞✐✛✉s✐♦♥ r❛t❡s✿ t❤❡② ❞❡s❝r✐❜❡ ❞✐✛✉s✐♦♥ ♦❢ ❞✐✛❡r❡♥t s✉❜st❛♥❝❡s ♦r s♣❡❝✐❡s✳ ❚❤❡
❢✉♥❝t✐♦♥ f : Rk ×Rp → Rk ✐s ❛ ✈❡❝t♦r ♦❢ s♠♦♦t❤ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❛♥❞ r❡♣r❡s❡♥ts
t❤❡ r❡❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ s✉❜st❛♥❝❡s✳

▲♦♦❦✐♥❣ ❛t ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✱ ❚✉r✐♥❣ ✭✶✾✺✷✮ s✉❣❣❡st❡❞ t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥✲
❞✐t✐♦♥s✱ ❝❤❡♠✐❝❛❧s ❝❛♥ r❡❛❝t ❛♥❞ ❞✐✛✉s❡ ✐♥ s✉❝❤ ❛ ✇❛② ❛s t♦ ♣r♦❞✉❝❡ st❡❛❞② st❛t❡
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❤❡t❡r♦❣❡♥❡♦✉s s♣❛t✐❛❧ ♣❛tt❡r♥s✱ ❞✉❡ t♦ ❛ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞②
st❛t❡✳

❆ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ❡①❤✐❜✐ts ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②✱ s♦♠❡t✐♠❡s ❝❛❧❧❡❞
❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✱ ✐❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ ✐s st❛❜❧❡ t♦ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s ✐♥
t❤❡ ❛❜s❡♥❝❡ ♦❢ ❞✐✛✉s✐♦♥ ❜✉t ✉♥st❛❜❧❡ t♦ s♠❛❧❧ s♣❛t✐❛❧ ♣❡rt✉r❜❛t✐♦♥s ✇❤❡♥ ❞✐✛✉s✐♦♥ ✐s
♣r❡s❡♥t✳ ❚❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ ✭t❤❡ ♥♦♥❧✐♥❡❛r ❦✐♥❡t✐❝s✮ ❛♥❞ ❞✐✛✉s✐♦♥ ✐s
❝r✉❝✐❛❧ ✐♥ ❞r✐✈✐♥❣ t❤❡ s♣❛t✐❛❧❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ✐♥st❛❜✐❧✐t②✿ t❤❡s❡ ♠❡❝❤❛♥✐s♠ ❞❡t❡r♠✐♥❡
t❤❡ s♣❛t✐❛❧ ♣❛tt❡r♥ t❤❛t ❡✈♦❧✈❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞❡❞✉❝❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t
❝♦♥❞✐t✐♦♥s ❢♦r ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ st❡❛❞② st❛t❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r
❞✐✛✉s✐♦♥ ✭❞✐❛❣♦♥❛❧ D✮ ❛♥❞ ❛❧s♦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝r♦ss ❞✐✛✉s✐♦♥ ✭♠♦r❡ ❝♦♠♣❧❡① ❞✐✛✉s✐♦♥
t❡r♠s✮✳

Turing instability analysis

❲❡ ❞❡❞✉❝❡ ❤❡r❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②
♦❢ t❤❡ st❡❛❞② st❛t❡ ❛♥❞ t❤❡ ✐♥✐t✐❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ♣❛tt❡r♥ ❢♦r ❛ ❣❡♥❡r❛❧ s②st❡♠ ♦❢ t✇♦
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❝❡ss ❤❛♣♣❡♥s ✐♥ ❛ ❜♦✉♥❞❡❞ r❡❣✐♦♥ Ω ⊂ RN ✱ ❛ss✉♠❡❞ t♦
❜❡ s♠♦♦t❤ ✭C2✮✱ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥♥❡❝t❡❞✱ ✇❤❡r❡ t❤❡ ✏♠♦❧❡❝✉❧❡s✑ ✭✐♥❞✐✈✐❞✉❛❧s✮ ❛r❡
♠♦✈✐♥❣✳ ❲❡ s❤❛❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ✏♠♦❧❡❝✉❧❡s✑ ❞✐✛✉s❡ ✭❡❛❝❤ s♣❡❝✐❡s
❤❛s ✐ts ♦✇♥ ❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t②✮ ✇✐t❤✐♥ ❛ ♥♦♥✲r❡❛❝t✐✈❡ ❜❛❝❦❣r♦✉♥❞ ✭s✉♣♣♦s❡❞ t♦ ❜❡ ❛t
r❡st✮✳ ❆❧❧ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❝❛♥ ❜❡ ❛❞✐♠❡♥s✐♦♥❛❧✐③❡❞ ❛♥❞ s❝❛❧❡❞ t♦ t❛❦❡ t❤❡
❣❡♥❡r❛❧ ❢♦r♠

ut −∆u = γf(u, v),

vt − d∆v = γg(u, v),

✇❤❡r❡ t❤❡ ✉♥❦♥♦✇♥s ❛r❡ u := u(x, t) ❛♥❞ v := v(x, t) ✭t ∈ R, x ∈ Ω✮✱ f, g ❛r❡
s♠♦♦t❤ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❛♥❞ r❡♣r❡s❡♥t t❤❡ r❡❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ s✉❜st❛♥❝❡s ✭♦r t❤❡
✐♥t❡r❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❜❡t✇❡❡♥ s♣❡❝✐❡s✮✱ d > 0 ✐s t❤❡ r❛t✐♦ ♦❢ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts
❛♥❞ γ r❡♣r❡s❡♥ts t❤❡ r❡❧❛t✐✈❡ str❡♥❣t❤ ♦❢ t❤❡ r❡❛❝t✐♦♥ t❡r♠s✳ ❲❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t
♠♦❧❡❝✉❧❡s ✭s♣❡❝✐❡s✮ ❛r❡ ❝♦♥✜♥❡❞ ✐♥ t❤❡ r❡❣✐♦♥ Ω✱ s♦ t❤❛t t❤❡ ✢✉① ♦❢ ❞❡♥s✐t② ♦❢ ❡❛❝❤
s♣❡❝✐❡s ❛t t❤❡ ❜♦✉♥❞❛r② ∂Ω ✐s ✵✳ ❚❤✐s ❣✐✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ ♥♦ ❞❡♥s✐t② ✢✉① ♦❢ ❡❛❝❤ s♣❡❝✐❡s ❛t t❤❡ ❜♦✉♥❞❛r②✿

n̂(x) · ∇xu = 0, n̂(x) · ∇xv = 0, x ∈ ∂Ω,

✇❤❡r❡ ∂Ω ✐s t❤❡ ❝❧♦s❡❞ ❜♦✉♥❞❛r② ♦❢ t❤❡ r❡❛❝t✐♦♥ ❞✐✛✉s✐♦♥ ❞♦♠❛✐♥ Ω ❛♥❞ n̂ ✐s t❤❡
✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ t♦ ∂Ω✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
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u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω.

❙✐♥❝❡ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❧✐♥❡❛r
✐♥st❛❜✐❧✐t② ♦❢ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ t❤❛t ✐s s♦❧❡❧② s♣❛t✐❛❧❧② ❞❡♣❡♥❞❡♥t✳ ■♥ ❞❡t❛✐❧✱
✇✐t❤ ♥♦ s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥ u ❛♥❞ v s❛t✐s❢② t❤❡ ❖❉❊ s②st❡♠

ut = γf(u, v),

vt = γg(u, v);

❛♥ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ (u0, v0) ✐s ❛ st❡❛❞② st❛t❡ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣❛rt ✇✐t❤ ♥♦
s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥✱ ♥❛♠❡❧② t❤❡ s♦❧✉t✐♦♥ ♦❢

f(u, v) = 0, g(u, v) = 0.

❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ t♦ ❤❛✈❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ✐s t❤❛t✱ ✐♥ ❛❜s❡♥❝❡ ♦❢ ❛♥② s♣❛t✐❛❧
✈❛r✐❛t✐♦♥✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ ♠✉st ❜❡ ❧✐♥❡❛r❧② st❛❜❧❡✿ ✇❡ ✜rst ❞❡t❡r♠✐♥❡
t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤✐s t♦ ❤♦❧❞✳ ▲✐♥❡❛r✐s✐♥❣ ❛❜♦✉t t❤❡ st❡❛❞② st❛t❡ (u0, v0)✱ ✇❡ s❡t

w =

(
u− u0
v − v0

)

,

❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ❜❡❝♦♠❡s✱ ❢♦r |w| s♠❛❧❧✱

wt = γJw, J =

(

fu fv

gu gv

)

|(u0,v0)

.

❲❡ ♥♦✇ ❧♦♦❦ ❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

w ∝ eλt

✇❤❡r❡ λ ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡✳ ❚❤❡ st❡❛❞② st❛t❡ w = 0 ✐s ❧✐♥❡❛r❧② st❛❜❧❡ ✐❢ Reλ < 0 s✐♥❝❡
✐♥ t❤✐s ❝❛s❡ t❤❡ ♣❡rt✉r❜❛t✐♦♥ w → 0 ❛s t → ∞✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s λ ❛r❡ t❤❡ s♦❧✉t✐♦♥s
♦❢ det(γJ − λI) = 0✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

λ2 − γ(fu + gv)λ+ γ2(fugv − fvgu) = 0.

▲✐♥❡❛r st❛❜✐❧✐t②✱ t❤❛t ✐s Reλ < 0✱ ✐s ❣✉❛r❛♥t❡❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

tr J = fu + gv < 0, det J = fugv − fvgu > 0,

✇❤✐❝❤ ✐♥ ❣❡♥❡r❛❧ ✐♠♣♦s❡ ❝❡rt❛✐♥ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♣❛r❛♠❡t❡rs✳



Preliminaries 21

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢✉❧❧ r❡❛❝t✐♦♥ ❞✐✛✉s✐♦♥ s②st❡♠ ❛♥❞ ❛❣❛✐♥ ❧✐♥❡❛r✐s❡ ❛r♦✉♥❞ t❤❡
st❡❛❞② st❛t❡✱ ✇❤✐❝❤ ✐s w = 0✱ t♦ ❣❡t

wt = γJw +D∆xw, D =

(

1 0

0 d

)

.

❚♦ s♦❧✈❡ t❤✐s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s s✉❜❥❡❝t t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ✜rst ❞❡✜♥❡
W (x) t♦ ❜❡ t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❞❡✜♥❡❞
❜②

∆xW + k2W = 0, n̂(x)∇xW = 0

❢♦r x ♦♥ ∂Ω ✇❤❡r❡ k ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡✳
■❢ t❤❡ ❞♦♠❛✐♥ ✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ✐♥t❡r✈❛❧ [0, a]✱ ✇❡ ❤❛✈❡ t❤❛t

W ∝ cos(nπx/a) ✇❤❡r❡ n ✐s ❛♥ ✐♥t❡❣❡r✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ✐♥ t❤✐s ❝❛s❡ ✐s k = nπ/a ❛♥❞
1/k ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✇❛✈❡❧✐❦❡ ♣❛tt❡r♥ ❛♥❞ ✐t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤
ω = 2π/k = 2a/n❀ t❤❡ ❡✐❣❡♥✈❛❧✉❡ k ✐s ❝❛❧❧❡❞ ✇❛✈❡♥✉♠❜❡r✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ r❡❢❡r
t♦ k ❛s t❤❡ ✇❛✈❡♥✉♠❜❡rs✳ ❲✐t❤ ✜♥✐t❡ ❞♦♠❛✐♥s t❤❡r❡ ✐s ❛ ❞✐s❝r❡t❡ s❡t ♦❢ ♣♦ss✐❜❧❡
✇❛✈❡♥✉♠❜❡rs s✐♥❝❡ n ✐s ❛♥ ✐♥t❡❣❡r✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥✱ ❢♦r
❡①❛♠♣❧❡ t❤❡ r❡❝t❛♥❣❧❡ [0, Lx]× [0, Ly]✱ ✇❡ ❤❛✈❡ t❤❛t W ∝ cos(k1πx/L1) cos(k2πy/L2)
✇✐t❤ k1, k2 ∈ N ❛♥❞

k2 =

(
k1π

Lx

)2

+

(
k2π

Ly

)2

.

▲❡t Wk(x) ❜❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✇❛✈❡♥✉♠❜❡r k✳ ❊❛❝❤ ❡✐❣❡♥✲
❢✉♥❝t✐♦♥ Wk s❛t✐s✜❡s ③❡r♦ ✢✉① ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❇❡❝❛✉s❡ t❤❡ ♣r♦❜❧❡♠ ✐s ❧✐♥❡❛r
✇❡ ♥♦✇ ❧♦♦❦ ❢♦r s♦❧✉t✐♦♥s w(x, t) ✐♥ t❤❡ ❢♦r♠

w(x, t) =
∑

k

cke
λtWk(x),

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts ck ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛ ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐✲
t✐♦♥s ✐♥ t❡r♠s ♦❢ Wk(x)✱ ❛♥❞ λ ✐s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❡♠♣♦r❛❧ ❣r♦✇t❤✳
❙✉❜st✐t✉t✐♥❣ t❤✐s ❢♦r♠ ✐♥t♦ t❤❡ ❧✐♥❡❛r✐③❡❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ❛♥❞ ❡❧✐♠✐♥❛t✐♥❣
eλt✱ ✇❡ ❣❡t✱ ❢♦r ❡❛❝❤ k✱

λWk = γJWk −Dk2Wk.

❲❡ ❧♦♦❦ ❢♦r ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥s ❢♦r Wk s♦ t❤❡ λ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r♦♦ts ♦❢ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧

det(λI − γJ +Dk2) = 0,
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✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① Mk = γJ − Dk2✳ ❲❡ ❣❡t
t❤❡ ❡✐❣❡♥✈❛❧✉❡s λ(k) ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✇❛✈❡♥✉♠❜❡r k ❛s t❤❡ r♦♦ts ♦❢

λ2 + λ[k2(1 + d)− γ(fu + gv)] + h(k2) = 0,

✇❤❡r❡
h(k2) = dk4 − γ(dfu + gv)k

2 + γ2 det J.

◆♦t❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ λ ✐s −tr Mk✱ ✇❤✐❧❡ h(k
2) = detMk❀ s✐♥❝❡ tr Mk < 0

❢♦r ❛❧❧ k✱ t❤❡ ♦♥❧② ✇❛② t♦ ❤❛✈❡ ❛♥ ✉♥st❛❜❧❡ st❡❛❞② st❛t❡ t♦ s♣❛t✐❛❧ ❞✐st✉r❜❛♥❝❡s
✐s t❤❛t detMk < 0 ❢♦r s♦♠❡ k✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ❢♦r λ✳ ❚❤❡ st❡❛❞②
st❛t❡ (u0, v0) ✐s ✉♥st❛❜❧❡ t♦ s♣❛t✐❛❧ ❞✐st✉r❜❛♥❝❡s ✐❢ Reλ(k) > 0 ❢♦r s♦♠❡ k 6= 0✳
❙✐♥❝❡ tr J = (fu + gv) < 0 ❛♥❞ k2(1 + d) > 0 ❢♦r ❛❧❧ k 6= 0✱ t❤❡ ♦♥❧② ✇❛② ✐s t❤❛t
h(k2) < 0 ❢♦r s♦♠❡ k✳ ❙✐♥❝❡ ✇❡ r❡q✉✐r❡❞ det J > 0 ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞②
st❛t❡✱ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ❢♦r h(k2) t♦ ❜❡ ♥❡❣❛t✐✈❡ ✐s t❤❛t (dfu + gv) > 0✳ ❙✐♥❝❡
(fu + gv) < 0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t d 6= 1 ❛♥❞ fu ❛♥❞ gv ♠✉st ❤❛✈❡ ♦♣♣♦s✐t❡ s✐❣♥s✳ ❙♦✱
❛ ❢✉rt❤❡r r❡q✉✐r❡♠❡♥t t♦ t❤♦s❡ ✐♠♣❧✐❝❛t❡❞ ❜② t❤❡ ❧✐♥❡❛r st❛❜✐❧✐t② ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s
st❡❛❞② st❛t❡ ✐s dfu + gv > 0✱ s♦ t❤❛t d 6= 1✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✐s ♥❡❝❡ss❛r② ❜✉t ♥♦t
s✉✣❝✐❡♥t ❢♦r Reλ > 0✳ ❋♦r h(k2) t♦ ❜❡ ♥❡❣❛t✐✈❡ ❢♦r s♦♠❡ ♥♦♥✲③❡r♦ k✱ t❤❡ ♠✐♥✐♠✉♠
hmin ♠✉st ❜❡ ♥❡❣❛t✐✈❡✳ ❊❧❡♠❡♥t❛r② ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ k2 s❤♦✇s t❤❛t

hmin = γ2
[

det J − (dfu + gv)
2

4d

]

, k2min = γ
dfu + gv

2d
,

t❤✉s t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t h(k2) < 0 ❢♦r s♦♠❡ k2 6= 0 ✐s

(dfu + gv)
2 − 4d det J > 0.

❆t ❜✐❢✉r❝❛t✐♦♥✱ ✇❤❡♥ hmin = 0✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ hmin✱ ✇❡ r❡q✉✐r❡ det J =
(dfu + gv)

2/4d✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

d2f 2
u + 2(2fvgu − fugv)d+ g2v = 0,

❛♥❞ s♦ ❢♦r ✜①❡❞ ♣❛r❛♠❡t❡rs t❤✐s ❞❡✜♥❡s ❛ ❝r✐t✐❝❛❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t r❛t✐♦ dc(> 1)
❛s t❤❡ ❛♣♣r♦♣r✐❛t❡ r♦♦t ♦❢ t❤✐s ❡q✉❛t✐♦♥✳ ❚❤❡ ❝r✐t✐❝❛❧ ✇❛✈❡♥✉♠❜❡r kc ✐s t❤❡♥ ❣✐✈❡♥ ❜②

k2c = γ
dcfu + gv

2dc
= γ

√

det J

dc
.

❲❤❡♥❡✈❡r h(k2) < 0✱ t❤❡ ❡q✉❛t✐♦♥ ❢♦r λ ❤❛s ❛ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❢♦r t❤❡
s❛♠❡ r❛♥❣❡ ♦❢ ✇❛✈❡♥✉♠❜❡rs t❤❛t ♠❛❦❡ h < 0✳ ❲✐t❤ d > dc t❤❡ r❛♥❣❡ ♦❢ ✉♥st❛❜❧❡
✇❛✈❡♥✉♠❜❡rs k21 < k2 < k22 ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ③❡r♦s k21 ❛♥❞ k22 ♦❢ h(k2) = 0 ❛s
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k21,2 =
γ

2d

(

(dfu+ gv)±
√

(dfu + gv)2 − 4d det J
)

.

■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ w✱ t❤❡ ❞♦♠✐♥❛♥t ❝♦♥tr✐❜✉t✐♦♥s ❛s t ✐♥❝r❡❛s❡s ❛r❡ t❤♦s❡
♠♦❞❡s ❢♦r ✇❤✐❝❤ Reλ(k2) > 0 s✐♥❝❡ ❛❧❧ ♦t❤❡r ♠♦❞❡s t❡♥❞ t♦ ③❡r♦ ❡①♣♦♥❡♥t✐❛❧❧②✳ ❲❡
❞❡t❡r♠✐♥❡ t❤❡ r❛♥❣❡ k21 < k2 < k22✱ ✇❤❡r❡

w(x, t) ∝
∑

k1

k2cke
λ(k2)tWk(x)

❢♦r ❧❛r❣❡ t✳

❙✉♠♠❛r✐③✐♥❣✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ♣❛tt❡r♥s ❜② t✇♦✲s♣❡❝✐❡s
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡

tr J = fu + gv < 0,

det J = fugv − fvgu > 0,

dfu + gv > 0,

(dfu + gv)
2 − 4d(fugv − fvgu) > 0,

r❡♠❡♠❜❡r✐♥❣ t❤❛t ❛❧❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡
(u0, v0)✳

Turing instability analysis with cross-diffusion

❘❡❝❡♥t❧②✱ ♥♦♥✲❧✐♥❡❛r ❞✐✛✉s✐♦♥ t❡r♠s✱ ♦r ❝r♦ss✲❞✐✛✉s✐♦♥✱ ❤❛✈❡ ❛♣♣❡❛r❡❞ t♦ ♠♦❞❡❧ ❞✐❢✲
❢❡r❡♥t ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ✐♥ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ❧✐❦❡ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✱ ❡❝♦❧♦❣②✱
❛♥❞ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s ❬✸✻✱ ✾✻✱ ✸✾❪✳ ❈r♦ss✲❞✐✛✉s✐♦♥ t❡r♠s s❤♦✉❧❞ ❜❡ ✐♥tr♦❞✉❝❡❞ ✇❤❡♥
t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ♦♥❡ s♣❡❝✐❡s ✐♥❞✉❝❡s ❛ ✢✉① ♦❢ ❛♥♦t❤❡r s♣❡❝✐❡s✳ ■♥ t❤✐s
❝♦♥t❡①t✱ t❤❡ ❣❡♥❡r❛❧ t✇♦✲s♣❡❝✐❡s r❡❛❝t✐♦♥✲❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠ ✐s

ut −∆x(a(u, v)) = f(u, v)

vt −∆x(b(u, v)) = g(u, v),

✇❤❡r❡ t❤❡ ✉♥❦♥♦✇♥s ❛r❡ u := u(x, t) ❛♥❞ v := v(x, t) ✭t ∈ R, x ∈ Ω✮✱ f, g ❛r❡
s♠♦♦t❤ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❛♥❞ r❡♣r❡s❡♥t t❤❡ r❡❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ s✉❜st❛♥❝❡s ✭♦r t❤❡
✐♥t❡r❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❜❡t✇❡❡♥ s♣❡❝✐❡s✮✱ a, b ❛r❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥
❜♦t❤ u, v✳ ❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

n̂(x) · ∇xu = 0, n̂(x) · ∇xv = 0, x ∈ ∂Ω,
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✇❤❡r❡ ∂Ω ✐s t❤❡ ❝❧♦s❡❞ ❜♦✉♥❞❛r② ♦❢ t❤❡ r❡❛❝t✐♦♥ ❞✐✛✉s✐♦♥ ❞♦♠❛✐♥ Ω ❛♥❞ n̂ ✐s t❤❡
✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ t♦ ∂Ω✱ ❛♥❞ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω.

❍❡r❡ ✇❡ st✉❞② t❤❡ ❚✉r✐♥❣ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ❝r♦ss✲❞✐✛✉s✐♦♥✱ ❧♦♦❦✐♥❣ ❛t
❞❡t❡r♠✐♥✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ❛s ✉s✉❛❧ ❜② ❛ ❧✐♥❡❛r st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❧✐♥✲
❡❛r ❝❛s❡✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ (u0, v0)✱ ✇❤✐❝❤ ✐s st❛❜❧❡ ❢♦r t❤❡
r❡❛❝t✐♦♥ ♣❛rt✳ ❚❤❡ ❧✐♥❡❛r✐s❡❞ s②st❡♠ ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ (u0, v0) ✐s

wt = Jw +D∆xw, w =

(
u− u0
v − v0

)

,

✇❤❡r❡ ♥♦✇

J =

(

J11 J12

J21 J22

)

:=

(

fu fv

gu gv

)

|(u0,v0)

, D =

(

d11 d12

d21 d22

)

:=

(

au av

bu bv

)

|(u0,v0)

.

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① ✐s ♥♦ ❧♦♥❣❡r ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ❜❡❝❛✉s❡ ❣❡♥❡r❛❧❧② ♥♦♥✲③❡r♦ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❛♣♣❡❛r ✐♥ t❤❡ ♠❛tr✐① D✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❜❡❝♦♠❡ ❡✛❡❝t✐✈❡❧② ❝♦♥st❛♥t❀ t❤❡✐r ✈❛❧✉❡
✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ ♦❢ t❤❡ s②st❡♠✳ ■❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥
t❡r♠ ✐s ♣♦s✐t✐✈❡✱ dkj > 0✱ t❤❡♥ t❤❡ ✢✉① ♦❢ s♣❡❝✐❡s k ✐s ❞✐r❡❝t❡❞ t♦✇❛r❞ ❞❡❝r❡❛s✐♥❣
✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♣❡❝✐❡s j ✱ ✇❤❡r❡❛s dkj < 0 ✐♠♣❧✐❡s t❤❛t t❤❡ ✢✉① ✐s
❞✐r❡❝t❡❞ t♦✇❛r❞ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♣❡❝✐❡s j✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐①

Mk = J −Dk2 =

(

J11 − d11k
2 J12 − d21k

2

J21 − d21k
2 J22 − d22k

2

)

.

❚❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② s❡ts ✐♥ ✇❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✐s
✈✐♦❧❛t❡❞ ❢♦r s♦♠❡ k✿

tr Mk < 0, detMk > 0,

✇❤❡r❡
tr Mk = tr J − tr D,

detMk = detD k4 − (d11J22 − d12J21 − d21J12 + d22J11)k
2 + det J.

■♥ ❣❡♥❡r❛❧ t❤❡ s✐❣♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐①D✱ ❛♥❞ t❤❡♥ ♦❢ t❤❡ tr❛❝❡ ❛♥❞
t❤❡ ❞❡t❡r♠✐♥❛♥t✱ ✐s ♥♦t ♣r❡s❝r✐❜❡❞✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t ❜♦t❤ ♠❛✐♥ ✭❧✐♥❡❛r✐③❡❞✮ ❞✐✛✉s✐♦♥
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❝♦❡✣❝✐❡♥ts d11, d22 ❛r❡ ♣♦s✐t✐✈❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ tr❛❝❡ ♦❢ Mk ✐s ❛❧✇❛②s s❛t✐s✜❡❞
✇❤❡♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s st❡❛❞② st❛t❡ ✐s ❧✐♥❡❛r❧② st❛❜❧❡ ❢♦r t❤❡ r❡❛❝t✐♦♥ ♣❛rt✳ ❍❡♥❝❡✱
♦♥❧② t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❣✐✈❡s r✐s❡ t♦ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②✳
❚❤✉s✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t② ♦❝❝✉rs ✇❤❡♥

detMk = detD k4 − (d11J22 − d12J21 − d21J12 + d22J11)k
2 + det J < 0.

❆❣❛✐♥✱ ✐♥ ❣❡♥❡r❛❧ ✇❡ s✐❣♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① D ✐s ♥♦t ♣r❡✲
s❝r✐❜❡❞✳ ❍♦✇❡✈❡r✱ ❢♦r ✐♥st❛♥❝❡ ❢♦r ❝❤❡♠✐❝❛❧ s②st❡♠s✱ t❤❡r♠♦❞②♥❛♠✐❝s ✐♠♣♦s❡s✱ ✐♥
❛❞❞✐t✐♦♥✱ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① ♠✉st ❜❡ r❡❛❧ ❛♥❞
♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t tr D > 0 ❛♥❞ detD > 0 ❬✼✺❪✳ ■❢ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t
detD > 0✱ t❤❡♥

d11J22 − d12J21 − d21J12 + d22J11 > 0

✐s ❛ ♥❡❝❡ss❛r②✱ ❜✉t ♥♦t ❛ s✉✣❝✐❡♥t✱ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✳ ❚❤❡ ♦♥s❡t ♦❢
t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ♦❝❝✉rs ✇❤❡♥ detMk < 0 ✇❤✐❝❤ ❤♦❧❞s ✐❢

(d11J22 − d12J21 − d21J12 + d22J11)
2 > 4 det J detD.

❙✉♠♠❛r✐③✐♥❣ ❛s ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❤❡♥ tr D < 0 ❛♥❞ detD > 0✱ t❤❡ ❝♦♥❞✐t✐♦♥s
❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ♣❛tt❡r♥s ❜② t✇♦✲s♣❡❝✐❡s r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠❡❝❤❛♥✐s♠s
❛r❡

tr J < 0,

det J > 0,

d11J22 − d12J21 − d21J12 + d22J11 > 0,

(d11J22 − d12J21 − d21J12 + d22J11)
2 > 4 det J detD.

■❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✱ t❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ (u0, v0) ✐s ❝r♦ss✲❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛✲
❜✐❧✐t② ✭❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✮✳
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Introduction

❚❤✐s P❛rt✶ ❞❡❛❧s ✇✐t❤ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s
♦❢ ❛ ❧✉♠♣❡❞ ♣❛r❛♠❡t❡r ♠♦❞❡❧ ❬✻✽✱ ✷✹❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡♠♦❣r❛♣❤✐❝ str✉❝t✉r❡ ♦❢ t❤❡
♣♦♣✉❧❛t✐♦♥s ✐s ♥❡❣❧❡❝t❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ st❛❣❡ str✉❝t✉r❡ ❢♦r ✐♥s❡❝ts ❛♥❞ ♠✐t❡s ✭❡❣❣s✱
❧❛r✈❛❡✱ ♣✉♣❛❡✱ ❛❞✉❧ts✮✳ ❚❤✉s✱ t❤❡ ♣r❡❞❛t♦r ❛♥❞ ♣r❡② ♣♦♣✉❧❛t✐♦♥s ♠❛② ❜❡ ❝❤❛r❛❝t❡r✐③❡❞
❜② ❥✉st ♦♥❡ st❛t❡ ✈❛r✐❛❜❧❡✱ r❡♣r❡s❡♥t✐♥❣ t❤❡✐r ❛❜✉♥❞❛♥❝❡ ✐♥ t❡r♠s ♦❢ ❜✐♦♠❛ss✴s♣❛t✐❛❧
✉♥✐t✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ ❛ ❧✐♠✐t❡❞ ❛♥❞ ❝♦♥tr♦❧❧❡❞ ❡♥✈✐r♦♥♠❡♥t ✭❢♦r ✐♥st❛♥❝❡ ❛ ❣r❡❡♥✲
❤♦✉s❡✱ ✐♥ ✇❤✐❝❤ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❤✉♠✐❞✐t② ❛r❡ ♠❛✐♥t❛✐♥❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t✮
s♦ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ♥❡❣❧❡❝t t❤❡
s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧s✳

■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ t❤❡ ❧♦❝❛❧ ❞②♥❛♠✐❝s ♦❢ ❛ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜②
❛ s②st❡♠ ♦❢ t✇♦ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ✐s ♠❛✐♥❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡
❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♣r❡② ❣r♦✇t❤ r❛t❡✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣r❡❞❛t♦rs✱ ❛♥❞ ♦❢ t❤❡ ♣r❡②
❝♦♥s✉♠♣t✐♦♥ r❛t❡ ❜② ♣r❡❞❛t♦rs✳ ▲❡t t❤❡s❡ r❛t❡ ❜❡ ❡①♣r❡ss❡❞ ❛s

♣r❡② ❣r♦✇t❤ r❛t❡ = rXG(X), ✭✶✳✶✮

♣r❡② ❝♦♥s✉♠♣t✐♦♥ r❛t❡ = Y F (X, Y ), ✭✶✳✷✮

✇❤❡r❡ X ❛♥❞ Y ❛r❡ ♣r❡② ❛♥❞ ♣r❡❞❛t♦r ❛❜✉♥❞❛♥❝❡s ✭❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t ✐t ✐s ♠❡❛✲
s✉r❡❞ ✐♥ t❡r♠s ♦❢ ❜✐♦♠❛ss✴s♣❛t✐❛❧ ✉♥✐t✮✳ ❚❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s G(X) ❛♥❞ F (X, Y ) ❛r❡
s♣❡❝✐✜❝ r❛t❡s ❛♥❞ t❤❡✐r s❤❛♣❡s ❞❡t❡r♠✐♥❡ t❤❡ t②♣❡ ♦❢ ♣r❡② ❣r♦✇t❤ ✭r ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡
♠❛①✐♠✉♠ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡✮ ❛♥❞ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡② str♦♥❣❧②
❞❡♣❡♥❞ ♦♥ t❤❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ♦♥ t❤❡ ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s t♦ ❜❡ s✐♠✉❧❛t❡❞
❛♥❞ t❤❡✐r s❤❛♣❡ ✐s ♦❢t❡♥ ✉♥❦♥♦✇♥✱ t❤✉s ♦♥❧② s♦♠❡ ♦❢ t❤❡✐r q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ❝❛♥
❜❡ s♣❡❝✐✜❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❣❡♥❡r❛❧✐③❡❞ ♦r ♣❛rt✐❛❧❧② s♣❡❝✐✜❡❞ ♠♦❞❡❧
❬✹✼✱ ✻✸✱ ✶✵✸❪✱ ✇❤✐❝❤ r❡t❛✐♥s ❝♦♥s✐❞❡r❛❜❧❡ str✉❝t✉r❡✱ ❜✉t ✐♥✈♦❧✈❡s ❛ ♠✉❝❤ ❧❡ss s♣❡❝✐✜❝

1 ▼♦st ♦❢ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤✐s P❛rt ❛♣♣❡❛r❡❞ ♦♥ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❘❡❛❧ ❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s ✸✵ ✭✷✵✶✻✮✿
✶✹✸✲✶✻✾ ❬✷✻❪✳
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❛ss✉♠♣t✐♦♥ ❛❜♦✉t t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss ❛♥❞ t❤❡ t②♣❡ ♦❢ ❣r♦✇t❤ t❤❛♥ ❛
❢✉❧❧② s♣❡❝✐✜❡❞ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥s ❛r❡ s♣❡❧❧❡❞ ♦✉t ❝❧❡❛r❧② ✇✐t❤ ❛ s♣❡❝✐✜❝
♣❛r❛♠❡tr✐❝ ❡①♣r❡ss✐♦♥✳ ❚❤❡ ❤♦♣❡ ✐s t❤❛t ♠♦❞❡❧s s♣❡❝✐✜❡❞ ✐♥ t❤✐s ❢❛✐r❧② ❣❡♥❡r❛❧ ✇❛②
✇✐❧❧ ❜❡ ❝❛♣❛❜❧❡ ♦❢ ❝❧♦s❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ r❡❛❧✐t② t❤❛♥ ♠♦r❡ t✐❣❤t❧② s♣❡❝✐✜❡❞ ♦♥❡s✱
❡s♣❡❝✐❛❧❧② ❜② t❤❡ ♠♦❞❡❧ ✜tt✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ ❛
♣r❡❞❛t♦r✲♣r❡② s②st❡♠✱ ✇❤❡♥ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s
♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ tr♦♣❤✐❝ ❝❤❛✐♥ ❛r❡ ♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱
❜✉t ❜② s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣r♦♣❡rt✐❡s ❞❡t❡r♠✐♥✐♥❣ t❤❡✐r s❤❛♣❡s✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t
t❤✐s ✐s ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ♦❢
t❤❡ s②st❡♠✿ ✐♥❞❡❡❞✱ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❝❛♥
❜❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✐♥ t❡r♠s ♦❢ s♦♠❡ ❝r✉❝✐❛❧ ♣❛r❛♠❡t❡rs✳ ❯♥❢♦rt✉✲
♥❛t❡❧②✱ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❧✐♠✐t ❝②❝❧❡s ❝❛♥♥♦t ❜❡ ❡❛s✐❧② ♣❡r❢♦r♠❡❞ ❢♦❧❧♦✇✐♥❣ t❤✐s
❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤✱ ❛♥❞ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❤❛✈❡ t♦ ❜❡ s♣❡❝✐✜❡❞ t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡
q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s✳ ❖t❤❡r ❛✉t❤♦rs ❬✹✼✱ ✻✸❪ ♣r❡s❡♥t❡❞ ❛ q✉✐t❡ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ t♦ t❤❡
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐♥ ❣❡♥❡r❛❧✐③❡❞ ♠♦❞❡❧s✱ ✐♥ ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss❡s t❤❛t ❛r❡
t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛r❡ ♥♦t r❡str✐❝t❡❞ t♦ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ✭✐♥ s♦♠❡ ❝❛s❡s t❤❡r❡
❛r❡ ♥♦ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s✮✳ ❆s ✐♥ t❤✐s ✇♦r❦✱ t❤❛t ❛♣♣r♦❛❝❤ ❛❧❧♦✇s
t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣❡♥❡r❛❧✐③❡❞ ♠♦❞❡❧s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❧♦❝❛❧
❜✐❢✉r❝❛t✐♦♥ t❤❡♦r②✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❦❡② ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ❛t ❧❡❛st ♦♥❡ st❡❛❞②
st❛t❡ ❡①✐sts ❛♥❞ t❤❡ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❛t ✭✉♥❦♥♦✇♥✮ st❡❛❞② st❛t❡
✐s t❤❡♥ ♣❡r❢♦r♠❡❞✳ ❖✉r ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s ❞✐✛❡r❡♥t✿ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♣r❡② ❣r♦✇t❤
❢✉♥❝t✐♦♥ ❛♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❛r❡ r❡q✉✐r❡❞✱ ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
❜✐♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❛❧s♦ t♦ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❛❞♠✐tt❡❞
❜② t❤❡ s②st❡♠✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ st❛❜✐❧✐t② ❛♥❞ ❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ✐s st✉❞✐❡❞ ❢♦r ❡❛❝❤
❡q✉✐❧✐❜r✐✉♠ st❛t❡✳

■♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣r❡❞❛t♦r✲♣r❡② t❤❡♦r②✱ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♣r❡②
❣r♦✇t❤ r❛t❡✱ ✐♥ ❛❜s❡♥❝❡ ♦❢ ♣r❡❞❛t♦rs✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥ t❤❡
❝❧❛ss✐❝❛❧ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧ ♦❢ ▲♦t❦❛✲❱♦❧t❡rr❛ G(X) = 1✱ ✐✳❡✳ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡
♣r❡② ✐s ❡①♣♦♥❡♥t✐❛❧✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ❢♦r s♠❛❧❧ X✿ ✇❤❡♥ ❛❧❧ tr♦♣❤✐❝ r❡❧❛t✐♦♥s ✐♥
t❤❡ s②st❡♠ ❛r❡ str❛✐♥❡❞ ❛♥❞ ❛❧♠♦st ❛❧❧ t❤❡ ♣r❡② ✐s ❝♦♥s✉♠❡❞ ❜② t❤❡ ♣r❡❞❛t♦r✱ ❛❧✇❛②s
❤✉♥❣r② ✭❛ q✉✐t❡ ❢r❡q✉❡♥t s✐t✉❛t✐♦♥ ✐♥ ♥❛t✉r❡✮✳ ❚❤✐s ❝❤♦✐❝❡ ❤❛s ❜❡❡♥ ❝r✐t✐❝✐③❡❞ s✐♥❝❡ ✐t
♥❡❣❧❡❝ts t❤❡ ♦✈❡r❝r♦✇❞✐♥❣ ❡✛❡❝t✱ ✐✳❡✳ t❤❡ r❡str✐❝t✐♦♥ ✐♥ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ❞✉❡ t♦ t❤❡
❧✐♠✐ts ♦❢ t❤❡ ❤❛❜✐t❛t✬s ❝❛rr②✐♥❣ ❝❛♣❛❝✐t②✿ ✐♥ t❤✐s ❝❛s❡ G(X) s❤♦✉❧❞ ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡
❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ X✳ ❚♦ t❤✐s ❡♥❞✱ ❱♦❧t❡rr❛ ❤✐♠s❡❧❢ ❬✶✵✶❪ ♣r♦♣♦s❡❞ t❤❡ ✉s❡ ♦❢ t❤❡
❧♦❣✐st✐❝ ♠♦❞❡❧

G(X) = 1− X

K+
, ✭✶✳✸✮
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✇❤❡r❡ K+ ✐s t❤❡ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❤❛❜✐t❛t ❬✶✵✵❪✳ ❆♥♦t❤❡r ❝❧❛ss✐❝❛❧ ♠♦❞❡❧✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♦✈❡r❝r♦✇❞✐♥❣ ❡✛❡❝t✱ ✐s t❤❡ ●♦♠♣❡rt③ ♠♦❞❡❧ ❬✹✺✱ ✶✵✷❪✿
G(X) = log(K+/X)❀ ✇❡ ♥♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ r ✐♥ ✭✶✳✶✮ ❞♦❡s ♥♦t r❡♣r❡s❡♥t t❤❡
♠❛①✐♠✉♠ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡✱ ❜✉t ❛ ❞✐♠❡♥s✐♦♥❛❧ s❝❛❧❡ ❢♦r t❤❡ ❣r♦✇t❤ r❛t❡ ✐ts❡❧❢✳
❆❧s♦ ❑♦❧♠♦❣♦r♦✈ ❬✻✷❪✱ ✐♥ ❤✐s ✈❡r② ❣❡♥❡r❛❧ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧✱ ❝♦♥s✐❞❡r❡❞ ♦♥❧② t❤❡
♦✈❡r❝r♦✇❞✐♥❣ ❡✛❡❝t ✐♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❜② ❛ss✉♠✐♥❣ G(X) ♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥② ❛♥❛✲
❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥✱ ❜✉t ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥

G′(X) < 0, G(0) = 1, lim
x→+∞

G(X) < 0. ✭✶✳✹✮

■♥ t❤❡ ❧❛st ❞❡❝❛❞❡s✱ t❤❡ ♣r❡❞❛t♦r✲♣r❡② ❞②♥❛♠✐❝s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ♠♦♥♦✲
t♦♥✐❝ G(X)✱ ♥❛♠❡❧② ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ♦✈❡r❝r♦✇❞✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② ❣r♦✇t❤✱
❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞ ❜② ♠❛♥② ❛✉t❤♦rs ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✷✸❪ ❛♥❞ r❡❢❡r✲
❡♥❝❡s t❤❡r❡✐♥✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ♥❛t✉r❛❧ ♣♦♣✉❧❛t✐♦♥s ♠❛② ❡①❤✐❜✐t ❡✐t❤❡r ♥❡❣✲
❛t✐✈❡ ♦r ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ G(X) ❛♥❞ X✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❛♥❣❡ ♦❢ ❛❜✉♥✲
❞❛♥❝❡ ✭❬✽❪✱ ❬✾✸❪✱ ❬✾✷❪ ♣✳✶✼✱ ❬✶✵✹❪ ♣✳✷✼✺✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ❡✛❡❝ts ❛r❡ ❢♦✉♥❞ ✐♥ ♣♦♣✲
✉❧❛t✐♦♥s ♦❢ ❜✐s❡①✉❛❧ ♦r❣❛♥✐s♠s ❛♥❞✴♦r ✇✐t❤ ❛ t❡❛♠ ❜❡❤❛✈✐♦✉r ❛♥❞ ❛ ♠✉t✉❛❧ ❤❡❧♣
❬✻✺❪✳ ❆ ❞❡t❛✐❧❡❞ tr❡❛t♠❡♥t✱ ❢r♦♠ t❤❡ ❡❝♦❧♦❣✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ t❤❡s❡
♥♦♥✲♠♦♥♦t♦♥✐❝ r❡❧❛t✐♦♥s❤✐♣s ✭t❤❡ s♦✲❝❛❧❧❡❞ ❆❧❧❡❡ ❡✛❡❝t ❬✾✶❪✮ ✐s ❣✐✈❡♥ ✐♥ ❆❧❧❡❡ ❡t ❛❧✳ ❬✾❪✳

▼❛✐♥❧② t✇♦ t②♣❡s ♦❢ ❆❧❧❡❡ ❡✛❡❝ts ✐♥ ♣r❡② ♣♦♣✉❧❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✼✱ ✶✾✱ ✷✵✱ ✸✵✱ ✹✷✱ ✻✶✱ ✻✺✱ ✹✻✱ ✾✶✱ ✾✵✱ ✾✹✱ ✾✽✱ ✶✵✻❪✮✿ t❤❡ ✇❡❛❦
❛♥❞ t❤❡ str♦♥❣ ✭♦r ❝r✐t✐❝❛❧✮ ❆❧❧❡❡ ❡✛❡❝t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r❡② ❣r♦✇t❤
❢✉♥❝t✐♦♥ G(X) ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ♦r ♥❡❣❛t✐✈❡✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r s♠❛❧❧ X ❬✾✹❪✳ ❆❝❝♦r❞✐♥❣
t♦ ❬✾✹❪✱ ✐❢ t❤❡r❡ ✐s ❛♥ ❆❧❧❡❡ ❡✛❡❝t✱ t❤❡♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❢✉♥❝t✐♦♥ ♠✉st ❤❛✈❡ ❛ ♣♦s✐t✐✈❡
s❧♦♣❡ ❛t X = 0✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ ❝❛s❡ ♦❢ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱ t❤❡ ❢✉♥❝t✐♦♥ G(X) ❜❡❝♦♠❡s
♥❡❣❛t✐✈❡ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ✈❛❧✉❡s ♦❢ X✳ ❚❤✉s✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✉♠ ♣♦♣✉❧❛t✐♦♥
s✐③❡ ❛r✐s❡s ✭❬✹✸❪✱ ❬✶✵✹❪ ♣✳✷✼✺✮✱ ❛♥❞ ✐t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ ❡①t✐♥❝t✐♦♥ t❤r❡s❤♦❧❞s
❛r❡ ♦❢t❡♥ ❞✐✣❝✉❧t t♦ q✉❛♥t✐❢② ✭❬✶✵✹❪ ♣✳✷✼✺✱ ❬✾✺❪✱ ❬✶✾❪✮✳

❚♦ s✐♠✉❧❛t❡ t❤❡ ❆❧❧❡❡ ❡✛❡❝t✱ ♠❛♥② ❛✉t❤♦rs ❬✷✵✱ ✹✷✱ ✻✶✱ ✹✻✱ ✾✹✱ ✾✽✱ ✶✵✻❪ ✉s❡ ❛
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r t♦ t❤❡ ❧♦❣✐st✐❝ t❡r♠ (1−X/K+)✱ ✇❤✐❧❡ ♦t❤❡r ❛✉t❤♦rs ❬✼✱ ✸✵✱ ✻✺✱
✾✵❪ ✉s❡ ❛♥ ❛❞❞✐t✐✈❡ t❡r♠ ✭✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱
❛s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦rs ✇✐t❤ r❡❛❧ ③❡r♦s✮✳ ❆❧s♦ t❤❡ ♠♦❞❡❧s ❧✐st❡❞ ✐♥ ❬✶✾❪ ✭❡①❝❡♣t ♦♥❡✱
♥❛♠❡❧② ❬✻✵❪✮✱ ❢♦r ❛ s✐♥❣❧❡ s♣❡❝✐❡s ❞②♥❛♠✐❝s✱ s✐♠✉❧❛t❡ t❤❡ ❆❧❧❡❡ ❡✛❡❝t ✐♥ t❤❡ s❛♠❡ ✇❛②✳
■♥ ❛❧❧ t❤❡s❡ ♠♦❞❡❧s t❤❡ ❣r♦✇t❤ ❢✉♥❝t✐♦♥ G(X) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

G(X) = g
( X

K+

)

=
a0 + a1 X/K

+ − (x/K+)2

b0 + b1 X/K+
=

(a0 +X/K+) (1−X/K+)

b0 + b1 X/K+
, ✭✶✳✺✮
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✇❤❡r❡ ai, bi ❛r❡ ❛❞✐♠❡♥s✐♦♥❛❧ ❝♦❡✣❝✐❡♥ts ✇✐t❤ a1 = 1 − a0✱ b0 > 0✱ b1 = 0, 1✳ ❚❤❡
❢✉♥❝t✐♦♥ G(X) ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮ ❤❛s ♦♥❡ ♣♦s✐t✐✈❡ ③❡r♦ ✐♥ X = K+✳ ❲❤❡♥ a0 ≥ 0
t❤❡ s❡❝♦♥❞ ③❡r♦ ✐s ♥♦♥✲♣♦s✐t✐✈❡✱ ❛♥❞ G(X) s✐♠✉❧❛t❡s ❛ ✇❡❛❦ ❆❧❧❡❡ ❡✛❡❝t✳ ❖t❤❡r✇✐s❡✱
✇❤❡♥ a0 < 0 t❤❡ s❡❝♦♥❞ ③❡r♦ ✐s ♣♦s✐t✐✈❡ ❛♥❞ G(X) s✐♠✉❧❛t❡s ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✳ ❲❡
♥♦t❡ t❤❛t ❛❧s♦ t❤❡ ♣r❡② ✢✉① ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✻✶❪ ❛♥❞ ❬✾✽❪ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛
❢✉♥❝t✐♦♥ G(X) ❛s ✐♥ ✭✶✳✺✮ ✇✐t❤ b0 = 0 ❛♥❞ b1 = 1✳ ❚❤❡ ✇❡❛❦ ❆❧❧❡❡ ❡✛❡❝t✱ ❝♦♥s✐❞❡r❡❞
❜② ❩❤♦✉ ❡t ❛❧✳ ❬✶✵✻❪ ✐s ✐♥st❡❛❞ ♠♦❞❡❧❡❞ ❜② ❞❡❝r❡❛s✐♥❣ t❤❡ ▼❛❧t❤✉s✐❛♥ ♣r❡② ❣r♦✇t❤
r❛t❡ ✉s✐♥❣ ❛ ♠♦♥♦t♦♥✐❝ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢❛❝t♦r ✭❆❧❧❡❡ ❡✛❡❝t ■ ✐♥ ❬✶✵✻❪✮✳
❚❤❡ ❢✉♥❝t✐♦♥s G(x) ❞❡✜♥❡❞ ❜② ✭✶✳✺✮ ❛r❡ ♥♦t ❜♦✉♥❞❡❞ ❢♦r ✐♥❝r❡❛s✐♥❣ X✿

lim
X→+∞

|G(X)| = +∞.

❍♦✇❡✈❡r✱ t❤❡ ♦✈❡r❝r♦✇❞✐♥❣ ❡✛❡❝t ❝❛♥ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛❧s♦ ✐♥ t❡r♠s ♦❢ ❜♦✉♥❞❡❞
❢✉♥❝t✐♦♥s✳ ❆s ❛ ✜rst ❜♦✉♥❞❡❞ ♠♦❞❡❧✱ ❧❡t G(X) ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

G(X) ❛s ✐♥ ✭✶✳✺✮ ❢♦r X ≤ XM ; G(X) = G(XM) ❢♦r X > XM > K+. ✭✶✳✻✮

❆ s❡❝♦♥❞ ❜♦✉♥❞❡❞ ♠♦❞❡❧ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❜✐rt❤ r❛t❡ ✇❤✐❝❤ ✐s ✐♥❝r❡❛s✲
✐♥❣ ❢♦r s♠❛❧❧ X✱ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s✐♥❣ ❛♥❞ ✈❛♥✐s❤✐♥❣ ❛s X → +∞✱ t♦❣❡t❤❡r ✇✐t❤ ❛
❝♦♥st❛♥t ❞❡❛t❤ r❛t❡✳ ❆ ♣♦ss✐❜❧❡ ❛♥❛❧②t✐❝❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ✐s ❣✐✈❡♥ ❜②

G(X) = g
( X

K+

)

∝
[(

X

K+

)γ

exp

(

γ
1−X/K+

X0/K+

)

− 1

]

, ✭✶✳✼✮

✇❤❡r❡ 0 < γ ≤ 1✱ ❛♥❞ X0 ✐s t❤❡ ♠❛①✐♠✉♠ ♣♦✐♥t ❢♦r G(X)❀ ✐ts ❡①♣r❡ss✐♦♥ ✐♥ t❡r♠s ♦❢
t❤❡ t✇♦ ③❡r♦s K− ❛♥❞ K+ ♦❢ G(X) ✐s

X0

K+
= −1− ǫ

log ǫ
with ǫ =

K−

K+
.

■♥ ❛❜s❡♥❝❡ ♦❢ ♣r❡❞❛t♦rs✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r❡② ♣♦♣✉❧❛t✐♦♥ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡
❡q✉❛t✐♦♥

dX

dt
= rXG(X). ✭✶✳✽✮

■❢ t❤❡ ❢✉♥❝t✐♦♥ G(X)✱ ❞❡s❝r✐❜✐♥❣ t❤❡ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱ ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✶✳✺✮✲✭✶✳✼✮✱
t❤❡♥ ✇❡ ❤❛✈❡ t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❢♦r t❤❡ ❡q✉❛t✐♦♥ ✭✶✳✽✮✿Xeq = 0, K−, K+✳ ❚❤❡✐r
st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s♣❡❝✐✜❝ s❤❛♣❡ ♦❢G(X)✿ 0, K+

❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✱ ✇❤✐❧❡ K− ✐s ✉♥st❛❜❧❡✳ ❚②♣✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ ❣r♦✇t❤
❢✉♥❝t✐♦♥s G(X) ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮✲✭✶✳✼✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❡♥❞s ♦❢ XG(X) ❛r❡
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✳
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G(X)

0K−

K
+

0

1

0K− K+

0

1

0K− K+

0

1

XG(X)

0K−

K
+

0

1

0K− K+

0

1

0K− K+

0

1

(3.5)

(3.6)

(3.7)

❋✐❣✳ ✶✳✶✳ ❚②♣✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ ❣r♦✇t❤ ❢✉♥❝t✐♦♥s G(X) ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮✲✭✶✳✼✮ ✭❧❡❢t✮ ❛♥❞ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ tr❡♥❞s ♦❢ XG(X) ✭r✐❣❤t✮✳

❚❤❡ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✷✮ F (X, Y ) ✐s ❝❛❧❧❡❞ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ ❞❡s❝r✐❜❡s
t❤❡ ♣r❡❞❛t♦r ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ t♦ ♣r❡② ❛❜✉♥❞❛♥❝❡ ✭❬✾✷✱ ♣✳ ✽✵❪✮✳ ■t ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥
♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s❛t✉r❛t✐♦♥ ❧✐♠✐t✐♥❣ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦✲
❝❡ss✳ ❚♦ ❤❛✈❡ ❛ ❜✐♦❧♦❣✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ✐♥t❡r♣r❡t❛t✐♦♥ s♦♠❡ q✉❛❧✐t❛t✐✈❡ ❛ss✉♠♣t✐♦♥s
♦♥ F (X, Y ) ❛❜♦✉t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ X ❛♥❞ Y ❤❛✈❡ t♦ ❜❡ r❡q✉✐r❡❞✿

F (X, Y ) > 0 X > 0, Y ≥ 0, F (0, Y ) = 0, lim
X→+∞

F (X, Y ) < +∞
∂F

∂X
> 0,

∂F

∂Y
< 0.

❆t ✜rst✱ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✇❛s ❛ss✉♠❡❞ t♦ ❜❡ ❞❡♣❡♥❞❡♥t ♦♥❧② ♦♥ ♣r❡② ❛❜✉♥❞❛♥❝❡
✭❬✶✸✱ ✺✺✱ ✺✽✱ ✽✻❪ ❛♥❞ ❬✾✷✱ ♣✳ ✶✵✾✲✶✶✷❪✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❬✺✺❪ ♦r t❤❡ ■✈❧❡✈
t②♣❡ ❬✺✽✱ ✽✻❪ ♠♦❞❡❧s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ s❛t✉r❛t✐♦♥ ❡✛❡❝t ♦❢ t❤❡ ♣r❡❞❛t✐♦♥
♣r♦❝❡ss✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ♦❢ F ♦♥❧② ✐♥ t❡r♠s ♦❢ X ❣✐✈❡s r✐s❡ t♦ t❤❡ ✏♣❛r❛❞♦①❡s ♦❢
❡♥r✐❝❤♠❡♥t ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧✑ ❬✶✶✱ ✶✻✱ ✹✹❪✱ ❛♥❞ ✐t ✐s ✉♥❛❜❧❡ t♦ ❣❡♥❡r❛t❡ t❤❡
♦✉t❝♦♠❡ ♦❢ t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ t❤❡ t✇♦ ♣♦♣✉❧❛t✐♦♥s ❬✶✶❪ ✇✐t❤♦✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛
str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ✐♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❬✷✵❪✳
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▲❛t❡r✱ t❤❡ ♥♦t✐♦♥ ♦❢ ♣❡r✲❝❛♣✐t❛ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❢♦♦❞ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ■t ✇❛s s✉❣❣❡st❡❞
t❤❛t t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❛t✐♦ X/Y ♦❢ ♣r❡② t♦
♣r❡❞❛t♦r ❛❜✉♥❞❛♥❝❡ ❬✶✶✱ ✹✹✱ ✹✾❪✿

F (X, Y ) = bf

(
PX

Y

)

, ✭✶✳✾✮

✇❤❡r❡ b ✐s t❤❡ ♠❛①✐♠✉♠ ♣r❡② ❝♦♥s✉♠♣t✐♦♥ r❛t❡ ❛♥❞ P ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❡✣❝✐❡♥❝②
♦❢ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ s♦❧✈❡s t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ♣❛r❛❞♦①❡s✱ ❛♥❞
✐♥ ❛❞❞✐t✐♦♥ ❛❧❧♦✇s t♦ ❞❡s❝r✐❜❡ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡①t✐♥❝t✐♦♥
♦❢ ♣r❡❞❛t♦r ♦r ❜♦t❤ ♣r❡② ❛♥❞ ♣r❡❞❛t♦r ♣♦♣✉❧❛t✐♦♥s✱ ✇✐t❤♦✉t r❡s♦rt✐♥❣ t♦ t❤❡ ❆❧❧❡❡
❡✛❡❝t✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❛♣♣r♦❛❝❤ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❤❛s ❛ s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ♦r✐❣✐♥
❳❂✵✱ ❨❂✵✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② s♦♠❡ ❛✉t❤♦rs ❜② t❤❡ ❜❧♦✇✲✉♣ ♠❡t❤♦❞ ❬✶✺❪ ♦r
❜② ❛ t✐♠❡ r❡s❝❛❧✐♥❣ ❬✹❪✳ ❙♦♠❡ ♦t❤❡r ❛✉t❤♦rs ❬✾✼❪ ♠♦❞✐✜❡❞ t❤❡ r❛t✐♦ ❳✴❨ ❜② ❛❞❞✐♥❣
❛ s♠❛❧❧ ❝♦♥st❛♥t A ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ s♦ t❤❛t t❤❡② ✇r♦t❡ f(PX/(Y + A))✱ ❛♥❞
t❤✐s tr✐❝❦ ❬✾✼❪ ✏✳✳✳✇♦✉❧❞ ❛❧❧❡✈✐❛t❡ t❤❡ ♣r♦❜❧❡♠✳ ❆❧t❤♦✉❣❤ t❤✐s ❛❞❞✐t✐♦♥ ♠❛② ❛♣♣❡❛r
❞✐✣❝✉❧t t♦ ❥✉st✐❢② ❜✐♦❧♦❣✐❝❛❧❧②✱ ●✉t✐❡rr❡③ ❬✹✾❪ ✉s❡❞ ❛♥ ❡①♣♦♥❡♥t ♦❢ t❤✐s ❢♦r♠ ✐♥ ❤✐s
❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ t❡r♠✑ ♦❢ ■✈❧❡✈ t②♣❡✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ t♦t❛❧ ❡①t✐♥❝t✐♦♥
✐s ❛ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡ ✇❤❡♥ A = 0✱ ✇❤✐❧❡ ✐t ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s ♥♦♥✲s✐♥❣✉❧❛r
tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❢♦r ❛♥② A > 0✱ ❛s tr❡❛t❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬✷✸❪✳ ❚❤❡ ❡✣❝✐❡♥❝② P ✐♥ ✭✶✳✾✮
✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t ❜② s♦♠❡ ❛✉t❤♦rs ✐♥ t❤❡✐r ♠♦❞❡❧s ❬✶✶✱ ✶✺✱ ✹✹❪✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✐t ❝♦✉❧❞ ❜❡ ❛ss✉♠❡❞ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t ❬✶✱ ✶✹✱ ✷✾✱ ✺✵❪✿ P (Y ) ❤❛s t♦ ✐♥❝r❡❛s❡
✇✐t❤ Y ✱ ✇✐t❤ ❛ s❛t✉r❛t✐♦♥ ❡✛❡❝t ❢♦r ✐♥❝r❡❛s✐♥❣ Y ❞✉❡ t♦ t❤❡ ♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡
❞✉r✐♥❣ ❢♦r❛❣✐♥❣✱ ❛♥❞ P (Y )/Y ❤❛s t♦ ❞❡❝r❡❛s❡ ✇✐t❤ Y t♦ s❛t✐s❢② ∂F/∂Y < 0✳ ◆♦t❡
t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t P (Y ) ∝ Y ❛s Y → 0✱ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✐s ♥♦ ♠♦r❡
s✐♥❣✉❧❛r ✐♥ t❤❡ ♦r✐❣✐♥✳ ❉✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r
f(P (Y )X/Y )✳ ●✉t✐❡rr❡③ ❡t ❛❧✳ ❬✺✵❪ ♣r♦♣♦s❡❞ ❛♥ ■✈❧❡✈✲t②♣❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❜♦t❤ f(·)
❛♥❞ P (·)✱ ✇❤✐❧❡ ❇❡❞❞✐♥❣t♦♥✱ ❉❡❆♥❣❡❧✐s ❛♥❞ ❝♦✲❛✉t❤♦rs ❬✶✱ ✶✹✱ ✷✾✱ ✽✽❪ ♣r♦♣♦s❡❞ ❛
❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢♦r ❜♦t❤ f(·) ❛♥❞ P (·)✳

■♥ t❤✐s P❛rt ✇❡ ✇✐❧❧ st✉❞② ❛ t✇♦✲s♣❡❝✐❡s✱ ♦♥❡✲s❡① ♣r❡②✲♣r❡❞❛t♦r ♠♦❞❡❧ ✇✐t❤ ❛ s✉✣✲
❝✐❡♥t❧② ❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥✱ r❡❣❛r❞✐♥❣ ❜♦t❤ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♣r❡② ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ ♣r❡② ❛♥❞ ♣r❡❞❛t♦r✳ ❚❤❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ G(X) ❛♥❞ F (X, Y ) ❛ss✉♠❡❞
✐♥ t❤✐s ✇♦r❦ ❛r❡ ❤❡r❡ ❡♥❧✐❣❤t❡♥❡❞✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♥♦♥✲♠♦♥♦t♦♥✐❝ G(X) t♦ ✐♥❝❧✉❞❡
t❤❡ ❡✛❡❝ts ♦❢ ❜♦t❤ ✉♥❞❡r❝r♦✇❞✐♥❣ ❛♥❞ ♦✈❡r❝r♦✇❞✐♥❣ ♦❢ t❤❡ ♣r❡②✳ ❚❤❡ ❣r♦✇t❤ ❢✉♥❝t✐♦♥
G(X) ✐s ♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥✱ ❜✉t ❜② t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮✲✭✶✳✼✮ ✭❋✐❣✉r❡ ✶✳✶✮✱ s✉✐t❛❜❧❡ t♦ ♠♦❞❡❧ ❛ str♦♥❣ ♦r ❝r✐t✐❝❛❧
❆❧❧❡❡ ❡✛❡❝t ✭❛❝❝♦r❞✐♥❣ t♦ ❬✼✱ ✶✾✱ ✹✷✱ ✻✺✱ ✾✶✱ ✾✹❪✮✿ G(X) s❤♦✉❧❞ ❜❡ ♥❡❣❛t✐✈❡ ❛♥❞ ✐♥✲
❝r❡❛s✐♥❣ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ X✱ ♣♦s✐t✐✈❡ ❜❡t✇❡❡♥ K−✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♠✐♥✐♠✉♠
♣♦♣✉❧❛t✐♦♥ s✐③❡ ✭❬✹✸❪❀ ❬✶✵✹❪✱ ♣✳ ✷✼✺✮✱ ❛♥❞ K+✱ ♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❝❛rr②✐♥❣ ❝❛♣❛❝✲
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✐t② ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭❬✾✷✱ ♣✳ ✷✻❪✮✱ ❛♥❞ ♥❡❣❛t✐✈❡ ❛♥❞ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❢♦r s✉✣❝✐❡♥t❧②
❧❛r❣❡ X✳ ❚❤❡ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜②

F (X, Y ) = bf

(
P0X

K0 +H0Y

)

, ✭✶✳✶✵✮

✇❤❡r❡ K0 ✐s ❛ r❡❢❡r❡♥❝❡ ❜✐♦♠❛ss✱ P0 ❛♥❞ H0 ❛r❡ ❛❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡rs✿ P0 ❞❡♥♦t❡s
t❤❡ ♣r❡❞❛t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ H0 ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡ ♣r♦❝❡ss✳
❘❡❣❛r❞✐♥❣ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ f(·)✱ ✇❡ ♣r❡❢❡r✱ ✉♥t✐❧ ✐t ✐s ❢❡❛s✐❜❧❡✱ t♦ ✐♥tr♦❞✉❝❡ ❥✉st
♦♥❡ ❛r❣✉♠❡♥t✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ t✇♦✲❛r❣✉♠❡♥ts ❢✉♥❝t✐♦♥❀ t❤✐s ❛❧❧♦✇s ✉s t♦ ❢♦r♠✉❧❛t❡
✐ts ♣r♦♣❡rt✐❡s ✐♥ ❛ ♠♦r❡ ❝♦♥❝✐s❡ ❢♦r♠✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ❞❡s❝r✐❜❡❞ ❜② s✉❝❤ ❢✉♥❝t✐♦♥s
s❤♦✇s s♦♠❡ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡s✱ ❡✳❣✳ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❢✉rt❤❡r ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✱
✇✐t❤ ❞✐✛❡r❡♥t st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ✇♦✉❧❞
❡①❤✐❜✐t ❛ r✐❝❤❡r s❡t ♦❢ ♦✉t❝♦♠❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ♦❢ t❤❡ ❡❝♦❧♦❣✐❝❛❧
♣❛r❛♠❡t❡rs ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s✳

❚❤✐s P❛rt ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❈❤❛♣t❡r ✷ t❤❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❡q✉❛✲
t✐♦♥s ❢♦r t❤❡ ❧♦❝❛❧ ❞②♥❛♠✐❝s ♦❢ ❛ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ❛r❡ ♣r❡s❡♥t❡❞✿ t❤❡ ❡q✉❛t✐♦♥s
❛r❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❛❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s X/K+ ❛♥❞ Y/K+✱ t❤❡ ❣r♦✇t❤ ♦❢
t❤❡ ♣r❡② t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♣r❡②
❛♥❞ ♣r❡❞❛t♦r ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❛s ✐♥ ✭✶✳✶✵✮✳ ❚❤❡♥ t❤❡ st❛❜✐❧✐t②
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦♥✲❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❛r❡ s✉♠♠❛r✐③❡❞ ❛♥❞ ❛♥ ❡①✐st❡♥❝❡
❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ✐s ♣❡r❢♦r♠❡❞✿ ♣❛r❛♠❡t❡rs
r❡❧❛t❡❞ t♦ P0 ❛♥❞ H0 ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ ❛s ❜✐❢✉r❝❛t✐♦♥ ♦♥❡s✳ ■♥ ❈❤❛♣t❡r ✸ r❡s✉❧ts ♦❢
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ❝♦♥❝r❡t❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✱
❛r❡ ♣r❡s❡♥t❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡ s②st❡♠✳ ❙✉❝❤ r❡s✉❧ts ❝♦♥✜r♠ ❛♥❛✲
❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❛♥❞ t❤r♦✇ ❧✐❣❤t ♦♥ s♦♠❡ ❛s♣❡❝ts ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳
■♥ ❈❤❛♣t❡r ✹ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛♥❞ r❡s✉❧ts ❛r❡ ❝♦♠♠❡♥t❡❞ ♦♥
✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤✐s P❛rt✱ ✐♥ ❆♣♣❡♥❞✐① ❆
❞❡t❛✐❧s ♦♥ s♦♠❡ ❝r✉❝✐❛❧ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞❀ ✐♥ ❆♣♣❡♥❞✐① ❇ ♠♦r❡ ❞❡t❛✐❧ ❛❜♦✉t
t❤❡ ❞❡t❡❝t❡❞ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛r❡ r❡♣♦rt❡❞✳ ❋♦r t❤❡ r❡❛❞❡rs✬ ❝♦♥✈❡♥✐❡♥❝❡✱ t❤❡
s②♠❜♦❧s ✉s❡❞ ✐♥ t❤✐s P❛rt ❤❛✈❡ ❜❡❡♥ ❝♦❧❧❡❝t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✳
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The prey-predator model and the equilibrium

stability analysis

■♥ t❤✐s ❈❤❛♣t❡r ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣r❡❞❛t♦r✲♣r❡②
s②st❡♠✱ ✇❤❡r❡ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s ♦❝❝✉rr✐♥❣ ✐♥
t❤❡ ❝♦♥s✐❞❡r❡❞ tr♦♣❤✐❝ ❝❤❛✐♥ ❛r❡ ♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱ ❜✉t ❜② s♦♠❡
❝❤❛r❛❝t❡r✐st✐❝ ♣r♦♣❡rt✐❡s ❞❡t❡r♠✐♥✐♥❣ t❤❡✐r s❤❛♣❡s✳ ■t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t t❤✐s ✐s ❢❡❛✲
s✐❜❧❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ♦❢ t❤❡ s②st❡♠✱
❛ss✉♠✐♥❣ t✇♦ ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✳

2.1 Basic assumptions and model equations

❲❡ ❝♦♥s✐❞❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❧✉♠♣❡❞
♣❛r❛♠❡t❡r ♠♦❞❡❧ ❬✻✽✱ ✷✹❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ❞❡♠♦❣r❛♣❤✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥s ✐s
♥❡❣❧❡❝t❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ st❛❣❡ str✉❝t✉r❡ ❢♦r ✐♥s❡❝ts ❛♥❞ ♠✐t❡s ✭❡❣❣s✱ ❧❛r✈❛❡✱ ♣✉✲
♣❛❡✱ ❛❞✉❧ts✮✳ ❚❤✉s✱ t❤❡ ♣r❡❞❛t♦r ❛♥❞ ♣r❡② ♣♦♣✉❧❛t✐♦♥s ♠❛② ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❥✉st
♦♥❡ st❛t❡ ✈❛r✐❛❜❧❡✱ r❡♣r❡s❡♥t✐♥❣ t❤❡✐r ❛❜✉♥❞❛♥❝❡ ✐♥ t❡r♠s ♦❢ ❜✐♦♠❛ss✴s♣❛t✐❛❧ ✉♥✐t✳
▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ ❛ ❧✐♠✐t❡❞ ❛♥❞ ❝♦♥tr♦❧❧❡❞ ❡♥✈✐r♦♥♠❡♥t ✭❢♦r ✐♥st❛♥❝❡ ❛ ❣r❡❡♥✲
❤♦✉s❡✱ ✐♥ ✇❤✐❝❤ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❤✉♠✐❞✐t② ❛r❡ ♠❛✐♥t❛✐♥❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t✮
s♦ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ♥❡❣❧❡❝t t❤❡
s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧s✳ ❲✐t❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥✱ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝✲
❝♦✉♥t t❤❡ ❡①♣r❡ss✐♦♥ ✭✶✳✶✵✮ ❢♦r t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡
❧♦❝❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ t✇♦ tr♦♣❤✐❝ ❧❡✈❡❧s ✐♥ ❛ ❝♦♥tr♦❧❧❡❞ ❡♥✈✐r♦♥♠❡♥t ❛r❡ ✇r✐tt❡♥ ❛s







dX

dt
= rxXG (X)− bY f

(
P0X

K0 +H0Y

)

dY

dt
= cbY f

(
P0X

K0 +H0Y

)

−mY
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✇❤❡r❡ X ❛♥❞ Y ❛r❡ ♣r❡② ❛♥❞ ♣r❡❞❛t♦r ❛❜✉♥❞❛♥❝❡s ✭❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t ✐t ✐s ♠❡❛✲
s✉r❡❞ ✐♥ t❡r♠s ♦❢ ❜✐♦♠❛ss✴s♣❛t✐❛❧ ✉♥✐t✮✱ ❛♥❞ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s G(X) ❛♥❞ f(X, Y )
❛r❡ s♣❡❝✐✜❝ r❛t❡s ❛♥❞ t❤❡✐r s❤❛♣❡s ❞❡t❡r♠✐♥❡ t❤❡ t②♣❡ ♦❢ ♣r❡② ❣r♦✇t❤ ✭rx ✐s✱ ✐♥ ❣❡♥❡r❛❧✱
t❤❡ ♠❛①✐♠✉♠ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ♣r❡②✮ ❛♥❞ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss❡s✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♣❛r❛♠❡t❡rs b ✐s t❤❡ ♠❛①✐♠✉♠ s♣❡❝✐✜❝ r❛t❡ ♦❢ ♣r❡② ❝♦♥s✉♠♣t✐♦♥✱m ✐s t❤❡ s♣❡❝✐✜❝
r❛t❡ ♦❢ ♣r❡❞❛t♦r ♠♦rt❛❧✐t②✱ c ✐s ❛ ❝♦♥✈❡rs✐♦♥ ❢❛❝t♦r ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❝♦♥✈❡rs✐♦♥ ❡❢✲
✜❝✐❡♥❝② ❢r♦♠ ♣r❡② t♦ ♣r❡❞❛t♦r ❜✐♦♠❛ss❀ K0 ✐s ❛ r❡❢❡r❡♥❝❡ ❜✐♦♠❛ss✱ P0 ❛♥❞ H0 ❛r❡
❛❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡rs✿ P0 ❞❡♥♦t❡s t❤❡ ♣r❡❞❛t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ H0 ✐s ❛ ♠❡❛s✉r❡ ♦❢
t❤❡ ♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡ ♣r♦❝❡ss✳ ▲❡t

x =
X

K+
, y =

Y

K+
, p = P0

K+

K0

, h = H0
K+

K0

,

t❤❡♥ t❤❡ ♣r❡✈✐♦✉s s②st❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❛❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s ✭❛♥❞
❝♦♥s✐❞❡r✐♥❣ ❛❧s♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✮







dx

dt
= rxxg (x)− byf

(
px

1 + hy

)

dy

dt
= cbyf

(
px

1 + hy

)

−my

x(0) = x̃, y(0) = ỹ,

✭✷✳✶✮

✇❤❡r❡ p ❛♥❞ h ❛r❡ ❛❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡rs r❡❢❡rr❡❞ t♦ ❛s ♣r❡❞❛t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞
♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡ ❞✉r✐♥❣ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ❢✉♥❝t✐♦♥s g(·) ❛♥❞ f(·) s❤♦✉❧❞
s❛t✐s❢② s♦♠❡ r❡❣✉❧❛r✐t② ❛♥❞ ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ❞✐❝t❛t❡❞ ❜② ❜✐♦❧♦❣✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳
■t ✐s ❛ss✉♠❡❞ t❤❛t

∃ ǫ : 0 < ǫ < 1, g(ǫ) = g(1) = 0; g(s)(s− ǫ)(1− s) > 0, s 6= ǫ, 1; ✭✷✳✷✮

f(0) = 0, lim
s→+∞

f(s) = 1, f ′(s) > 0, s > 0. ✭✷✳✸✮

❍❡r❡❛❢t❡r t❤❡ ♣r✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛r❣✉♠❡♥t✳ ❚❤❡ ❛s✲
s✉♠♣t✐♦♥ ✭✷✳✷✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ g ❤❛s ♦♥❧② t✇♦ ③❡r♦❡s✱ ǫ ❛♥❞ 1✱ t❤❛t ✐t ✐s
♣♦s✐t✐✈❡ ✇❤❡♥ ǫ < x < 1 ❛♥❞ ♥❡❣❛t✐✈❡ ✇❤❡♥ 0 < x < ǫ ♦r x > 1✳ ❚❤❡ ♣❛r❛♠❡t❡r ǫ ✐s
t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♣♦♣✉❧❛t✐♦♥ s✐③❡

ǫ = K−/K+,

s♦ t❤❛t ✐t r❡♣r❡s❡♥t t❤❡ ♠✐♥✐♠✉♠ ♣♦♣✉❧❛t✐♦♥ s✐③❡✱ ✇❤✐❧❡ 1 ✐s t❤❡ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t② ♦❢
t❤❡ ❛❞✐♠❡♥s✐♦♥❛❧ s②st❡♠✳ ❲✐t❤ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ s✉❝❤ g ✐s s✉✐t❛❜❧❡ t♦ ♠♦❞❡❧ ❛ str♦♥❣
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❆❧❧❡❡ ❡✛❡❝t ✭❛❝❝♦r❞✐♥❣ t♦ ❬✼✱ ✶✾✱ ✹✷✱ ✻✺✱ ✾✶✱ ✾✹❪✮✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✸✮ ✇❡ ❛r❡
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s❛t✉r❛t✐♦♥ ✐♥ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss✳ ▼♦r❡♦✈❡r✱ s♦♠❡ ❢✉rt❤❡r
t❡❝❤♥✐❝❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ r❡q✉✐r❡❞ t♦ ❧✐♠✐t t❤❡
♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ♦❢ ✭✷✳✶✮ ❛♥❞ t♦ ♠❛❦❡ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s tr❛❝t❛❜❧❡✳
❲❡ ✇✐❧❧ ❛ss✉♠❡✿ ❥✉st ♦♥❡ ♠❛①✐♠✉♠ ✇❤❡♥ g(s) ✐s ♣♦s✐t✐✈❡✱ ❥✉st ♦♥❡ ✐♥✢❡❝t✐♦♥ ♣♦✐♥t ♦❢
sg(s) ✇❤❡♥ g(s) ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣✱ ❛ ✇❡❛❦❡r t❤❛♥ ♥❡❣❛t✐✈❡ ❝♦♥✈❡①✐t② ✇❤❡♥
g(s) ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ❛ ✇❡❛❦❡r t❤❛♥ ♥❡❣❛t✐✈❡ ❝♦♥✈❡①✐t② ❢♦r f(s)✳ ❚❤❡s❡
❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∃ ξ0 : ǫ < ξ0 < 1, g(ξ0) = 1, g′(ξ0) = 0; g′(s)(ξ0 − s) > 0, ǫ < s < 1, s 6= ξ0, ✭✷✳✹✮

∃ η0 : ǫ < η0 < ξ0, [sg(s)]
′′
s=η0

= 0, [sg(s)]′′ (η0 − s) > 0, ǫ < s < ξ0, s 6= η0; ✭✷✳✺✮

[sg′(s)]′ < 0, ξ0 < s ≤ 1; ✭✷✳✻✮

[
f(s)

s

]′

< 0, s > 0. ✭✷✳✼✮

❘❡♠❛r❦s✳

✭■✮ ❈♦♥❞✐t✐♦♥ ✭✷✳✹✮ ♦♥ t❤❡ ♣r❡②✲❣r♦✇t❤ ❢✉♥❝t✐♦♥ r❡q✉✐r❡s t❤❛t ♦♥❧② ♦♥❡ ♠❛①✐♠✉♠
♣♦✐♥t ξ0 ❡①✐sts ✐♥ (0, 1) ✭✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ✐s ♣♦s✐t✐✈❡✮✳ ❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ g(s)
✐s ♥♦r♠❛❧✐③❡❞ s♦ t❤❛t g(ξ0) = 1✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ rx ❛s t❤❡ ♠❛①✐♠✉♠ s♣❡❝✐✜❝
❣r♦✇t❤ r❛t❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ ♣♦♣✉❧❛t✐♦♥ s✐③❡ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛ ♠❛①✐♠✉♠ r❛t❡ ♦❢ ❣r♦✇t❤ rx✿ ❢♦r ✈❛❧✉❡ s♠❛❧❧❡r t❤❛♥ ξ0✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦✉❧❞
❜❡ ✈❡r② ❢❡✇ ❛♥❞ t♦♦ s♣❛rs❡✱ ✇❤✐❧❡ ❢♦r ❣r❡❛t❡r ✈❛❧✉❡s t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r r❡s♦✉r❝❡s
❜❡❝♦♠❡s ❡✈✐❞❡♥t✳

✭■■✮ ❚❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

[sg(s)]′′ =
1

s

[
s2g′(s)

]′
= 2g′(s) + sg′′(s), [sg′(s)]′ = g′(s) + sg′′(s).

❚❤✉s✱ ❢♦r ξ0 < s ≤ 1✱ ♥❛♠❡❧② ✇❤❡♥ g(s) ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❞❡❝r❡❛s✐♥❣✱ ❝♦♥❞✐t✐♦♥
✭✷✳✻✮ ✐s str♦♥❣❡r t❤❛♥ ✭✷✳✺✮✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛❧❧♦✇ t❤❡ ❢✉♥❝t✐♦♥ sg(s)
t♦ ❤❛✈❡ ❛♥ ✐♥✢❡❝t✐♦♥ ♣♦✐♥t ✐♥ (ε, ξ0)✱ ✇❤✐❝❤ ✐s ❢✉♥❞❛♠❡♥t❛❧ ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
t❤❡ ❆❧❧❡❡ ❡✛❡❝t✳ ❚❤❡♥✱ t❤❡② ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♠✐♥✐♠❛❧ ❛ss✉♠♣t✐♦♥s ♦♥
t❤❡ ❣r♦✇t❤ ❢✉♥❝t✐♦♥ t♦ ❞❡s❝r✐❜❡ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✳

✭■■■✮ ❈♦♥❞✐t✐♦♥s ✭✷✳✻✮ ❛♥❞ ✭✷✳✼✮ ❛r❡ ✇❡❛❦❡r t❤❛♥ g′′(s) < 0 ❛♥❞ f ′′(s) < 0✱ r❡✲
s♣❡❝t✐✈❡❧②✳ ■♥ ❢❛❝t✱ ✇❤❡♥ g′(s) < 0✱ ❛s ✐t ✐s ✐♥ t❤❡ ✐♥t❡r✈❛❧ (ξ0, 1]✱ ✇❡ ❤❛✈❡ t❤❛t
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g′′(s) < 0 ⇒ [sg′(s)]′ < 0✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ❝♦♥❞✐t✐♦♥s ✭✷✳✸✮
❛♥❞ ✭✷✳✼✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✐♥✢❡❝t✐♦♥ ♣♦✐♥t✱ ❛♥❞ f
❤❛s ♥❡❣❛t✐✈❡ ❝♦♥❝❛✈✐t②✳ ❚❤✐s ❡①❝❧✉❞❡s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■■ tr♦♣❤✐❝
❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✐s px/(1 + hy)✱ t❤✐s ♠❡❛♥s t❤❛t ❢♦r
s♠❛❧❧ ♣r❡② ❞❡♥s✐t✐❡s ♦r ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣r❡❞❛t♦rs✱ ❡✐t❤❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡
♣r❡❞❛t♦r ❤❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ s♦✉r❝❡ ♦❢ ❢♦♦❞ ♦r t❤❡ ♣r❡② ❤❛s ❛ ♥✉♠❜❡r ♦❢ s❤❡❧t❡rs
✐♥❛❝❝❡ss✐❜❧❡ t♦ t❤❡ ♣r❡❞❛t♦r ❛r❡ ❡①❝❧✉❞❡❞ ❬✶✸❪✳

❚❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s ✭✷✳✷✮✲✭✷✳✼✮ ❛r❡ ❢✉❧✜❧❧❡❞ ❢♦r ✐♥st❛♥❝❡ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧
❢✉♥❝t✐♦♥s✱ ✇✐❞❡❧② ✉s❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ✭s❡❡ r❡❢❡r❡♥❝❡s ✐♥ ❬✷✺❪✮✿

Pr❡② ❣r♦✇t❤✿ g(s) = g0(s− ǫ)(1− s), ✭✷✳✽✮

g(s) = g0

(

s exp

(
1− s

ξ0

)

− 1

)

, ✭✷✳✾✮

❚r♦♣❤✐❝ ❋✉♥❝t✐♦♥s✿ f(s) =
s

1 + s
, ✭✷✳✶✵✮

f(s) = 1− exp(−s), ✭✷✳✶✶✮

✇❤❡r❡ g0 ✐s s✉❝❤ t❤❛t g(ξ0) = 1 ✭♥❛♠❡❧②✱ g0 = 4/(1−ǫ)2 ✐♥ ✭✷✳✽✮ ❛♥❞ g0 = [ξ0 exp((1−
ξ0)/ξ0)−1]−1 ✐♥ ✭✷✳✾✮✱ ✇✐t❤ ξ0 = −(1−ǫ)/ log ǫ✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✭✷✳✽✮ ✐s t❤❡ ●✐❧♣✐♥ ♠♦❞❡❧
❬✹✷❪✱ ✭✷✳✾✮ ✐s ❢r♦♠ ❬✷✺❪✱ ✭✷✳✶✵✮ ✐s t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❬✺✺❪ ❛♥❞ ✭✷✳✶✶✮
✐s t❤❡ ■✈❧❡✈ ♠♦❞❡❧ ❬✺✽✱ ✽✻❪✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t✱ ❝❤♦♦s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✭✷✳✶✵✮
❢♦r t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ f ❧❡❛❞s t♦ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✿

f

(
px

1 + hy

)

=
px

1 + px+ hy
.

2.2 Attractive invariant set

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✮✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t ❛❧❧ s♦❧✉t✐♦♥s
✐♥✐t✐❛t✐♥❣ ✐♥ R+

2 ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ ❡✈❡♥t✉❛❧❧② ❡♥t❡r ❛♥ ❛ttr❛❝t✐♥❣ s❡t✱ t❤❛t ✐t ✐s s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✷✳✶✳

❚❤❡♦r❡♠ ✷✳✶✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✭✷✳✷✮ ❛♥❞ ✭✷✳✸✮ t❤❡ ❝❧♦s❡❞ s❡t

Ω =
{

(x, y) ∈ R+
2 | 0 ≤ x ≤ 1, 0 ≤ x+

y

c
≤ 1 +

rx
m

}

✐s ♣♦s✐t✐✈❡❧② ✐♥✈❛r✐❛♥t✱ ❛♥❞ ❢♦r ❛❧❧ ✐♥✐t✐❛❧ st❛t❡s Ẽ = (x̃, ỹ) ∈ R+
2 t❤❡ tr❛❥❡❝t♦r②

(x(t), y(t)) ❡✈❡♥t✉❛❧❧② ❡♥t❡rs ✐♥t♦ Ω ❛s t→ +∞✳
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1 + rx/m

1 x

y

0 ε

rx/m

❋✐❣✳ ✷✳✶✳ P♦s✐t✐✈❡❧② ✐♥✈❛r✐❛♥t ❛♥❞ ❛ttr❛❝t✐✈❡ s❡t ❢♦r s②st❡♠ ✭✷✳✶✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r
❖❉❊✬s ❛♥❞ ♠❛❦❡s ✉s❡ ♦❢ s✉✐t❛❜❧❡ ❜♦✉♥❞s ❢♦r t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✶✮ ❬✸✽❪✳

❋✐rst✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❛①❡s ❛r❡ tr❛❥❡❝t♦r✐❡s✱ t❤❡♥ t❤❡② ❝❛♥ ♥♦t ❜❡ ❝r♦ss❡❞❀ t❤✐s
❡♥s✉r❡s t❤❛t t❤❡ s♦❧✉t✐♦♥s st❛rt✐♥❣ ❢r♦♠ ♣♦s✐t✐✈❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s r❡♠❛✐♥ ♣♦s✐t✐✈❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✐❢ ✇❡ ❝❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ y✲❛①✐s✱ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✶✮
r❡❞✉❝❡s t♦ ẋ = 0 ❛♥❞ t❤❡ s❡❝♦♥❞ t♦ ẏ = −my❀ t❤❡♥✱ t❤❡ y✲❛①✐s ✐s ❛ tr❛❥❡❝t♦r② ♣♦✐♥t✐♥❣
t♦✇❛r❞s t❤❡ ♦r✐❣✐♥✳ ❆♥❛❧♦❣♦✉s❧②✱ ✐❢ ✇❡ ❝❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ x✲❛①✐s✱ t❤❡
s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✶✮ r❡❞✉❝❡s t♦ ẏ = 0 ❛♥❞ t❤❡ ✜rst t♦ ẋ = rxxg(x)❀ t❤❡♥✱ t❤❡
♣♦s✐t✐✈❡ x✲❛①✐s ✐s ❛♥ ✉♥✐♦♥ ♦❢ t❤r❡❡ tr❛❥❡❝t♦r✐❡s✱ s❡♣❛r❛t❡❞ ❜② t❤r❡❡ st❛t✐♦♥❛r② st❛t❡s
x = 0, x = ε, x = 1✳

❈♦♥s✐❞❡r ♥♦✇ (x(t), y(t)) s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x(0) = x0 > 0
❛♥❞ y(0) = y0 > 0✳ ❉✉❡ t♦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ y ❛♥❞ ❛ss✉♠♣t✐♦♥ ✭✷✳✸✮✱ ✇❡ ❤❛✈❡ t❤❛t

ẋ = rxxg(x)− byf

(
px

1 + hy

)

≤ rxxg(x).

❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ r❡❞✉❝❡❞ s②st❡♠
{

˙̄x = rxx̄g(x̄)

x̄(0) = x̄0,
✭✷✳✶✷✮

❢♦r ✇❤✐❝❤ x̄(t) = 1 ✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐❢ 0 < x̄0 < 1 t❤❡♥ 0 < x̄(t) < 1✳
❚❤❛♥❦s t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r ❖❉❊✬s ❛♣♣❧✐❡❞ t♦ s②st❡♠ ✭✷✳✶✷✮ ❛♥❞
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ẋ = rxxg(x)− byf

(
px

1 + hy

)

x(0) = x̄0,
✭✷✳✶✸✮

✇✐t❤ 0 < x(t) ≤ x̄0 < 1 ❛♥❞ ✇❤❡r❡ y ✐s t❤♦✉❣❤t ❛s ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r❀ ✐t ❢♦❧❧♦✇s
t❤❛t 0 < x(t) < 1 ✐❢ 0 < x0 < 1✳

❈♦♥s✐❞❡r ♥♦✇ ✐♥✐t✐❛❧ ❞❛t❛ (x0, y0) s✉❝❤ t❤❛t

x0 +
y0
c

≤ 1 +
rx
m
,

❛♥❞ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ✭✷✳✶✮ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡

ẋ+
ẏ

c
= rxxg(x)−m

y

c
±mx = x(rxg(x) +m)−m

(

x+
y

c

)

.

❇❡❝❛✉s❡ 0 < x < 1 ❛♥❞ 0 < g(x) < 1✱ ✇❡ ❤❛✈❡

ẋ+
ẏ

c
+m

(

x+
y

c

)

= x(rxg(x) +m) ≤ m
( r

m
+ 1
)

.

P✉tt✐♥❣ z = x+ y/c ✭t❤❡♥ z0 = x0 + y0/c✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

ż +mz ≤ m
(rx
m

+ 1
)

✇❤✐❝❤ ❝❛♥ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② emt ❛♥❞ ✐♥t❡❣r❛t❡❞ ❢r♦♠ 0 t♦ τ ❀ ✇❡ ♦❜t❛✐♥
∫ τ

0

ż +mzemtdt ≤ m
(rx
m

+ 1
)∫ τ

0

emtdt

♦r ❡q✉✐✈❛❧❡♥t❧② ∫ τ

0

d

dt
(zemt)dt ≤

(rx
m

+ 1
)∫ τ

0

d

dt
(emt)dt.

❚❤❡♥ ✇❡ ❤❛✈❡ ✭s✉❜st✐t✉t✐♥❣ τ ✇✐t❤ t✮

z ≤ z0e
−mt +

(rx
m

+ 1
)

(1− e−mt) = e−mt
[

z0 −
(rx
m

+ 1
)]

+
(rx
m

+ 1
)

≤
(rx
m

+ 1
)

.

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❛t

0 ≤ z(t) = x(t) +
y(t)

c
≤
(rx
m

+ 1
)

✇❤✐❝❤ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣♦s✐t✐✈❡❧② ✐♥✈❛r✐❛♥❝❡ ♦❢ Ω✳
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❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t Ω ✐s ❛❧s♦ ❛♥ ❛ttr❛❝t✐✈❡ s❡t✳ ▲❡t ♥♦✇ ❝❤♦♦s❡ ✐♥✐t✐❛❧ ❞❛t❛
(x0, y0) ∈ R2

+ −Ω✳ ▲♦♦❦✐♥❣ ❛t✭✷✳✶✷✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ˙̄x < 0 ✇❤❡♥ x̄ > 1❀ t❤❡♥ ✇❡ ✜①
x̄(0) = x̄0 > 1✱ s♦ ✐ts s♦❧✉t✐♦♥ ❞❡❝r❡❛s❡s ❛♥❞ t❤❡♥ ❤❛s ❛ ❧✐♠✐t✳ ◆❡❝❡ss❛r✐❧②✱ ❜❡❝❛✉s❡
x̄ = 1 ✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✷✮✱ ✇❡ ❤❛✈❡

lim
t→+∞

x̄(t) = 1.

❆♣♣❧②✐♥❣ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r ❖❉❊✬s t♦ s②st❡♠s ✭✷✳✶✷✮ ❛♥❞ ✭✷✳✶✸✮ ✇✐t❤ x̄0 ≥
x0 > 1 ✇❡ ❤❛✈❡

lim
t→+∞

x(t) = lim
t→+∞

x̄(t) = 1.

❆♥❛❧♦❣♦✉s❧②✱ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ t❤❡♦r❡♠ ❢♦r ❖❉❊✬s ❛♣♣❧✐❡❞ t♦ s②st❡♠s







ẋ+
ẏ

c
= −m

(

x+
y

c

)

+mx
( r

m
+ 1
)

x(0) +
y(0)

c
= x0 +

y0
c

❛♥❞ 





˙̄x+
˙̄y

c
= −m

(

x̄+
ȳ

c

)

+mx̄
( r

m
+ 1
)

x̄(0) +
ȳ(0)

c
= x̄0 +

ȳ0
c

✇✐t❤

x̄0 +
ȳ0
c

≥ x0 +
y0
c

≥
( r

m
+ 1
)

,

✇❡ ♦❜t❛✐♥ t❤❛t

lim
t→+∞

x(t) +
y(t)

c
= lim

t→+∞
x̄(t) +

ȳ(0)

c
=
( r

m
+ 1
)

.

�

2.3 Non-coexistence equilibria and their stability

properties

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s E =
(xeq, yeq) ❢♦r t❤❡ s②st❡♠ ✭✷✳✶✮ ✐s ♣❡r❢♦r♠❡❞ ❛ss✉♠✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs h ❛♥❞ p ❛s
❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ✇❤✐❧❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ ✜①❡❞✳
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❋♦r ❛♥② h ≥ 0 ❛♥❞ p > 0✱ t❤❡ s②st❡♠ ❛❞♠✐ts ❛s ❡q✉✐❧✐❜r✐✉♠ st❛t❡s t❤❡ ♥✉❧❧ st❛t❡
E0 = (0, 0) ❛♥❞✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✭✷✳✷✮ ♦♥ g(·)✱ t✇♦ ♥♦♥✲❝♦❡①✐st❡♥❝❡ st❛t❡s✿

Eǫ = (ǫ, 0), E1 = (1, 0).

▲❡t ry ❜❡ t❤❡ ♠❛①✐♠✉♠ s♣❡❝✐✜❝ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ♣r❡❞❛t♦r✳ ❋r♦♠ ✭✷✳✶✮ ❛♥❞ ✭✷✳✸✮
✇❡ ❤❛✈❡ t❤❛t

ry = cb−m = cb(1− α), ✇✐t❤ α =
m

cb
. ✭✷✳✶✹✮

■❢ ry < 0✱ ✐✳❡✳ α > 1✱ t❤❡♥ y′(t) < 0 ❢♦r ❛♥② x, y > 0✳ ❚❤✉s✱ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠
st❛t❡s ❝❛♥♥♦t ❡①✐st✳ y(t) ✐s ❛❧✇❛②s ❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❛s t → +∞✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥
t❤❛t (x(t), y(t)) ❝♦♥✈❡r❣❡s t♦ ❡✐t❤❡r E0 ♦r E1✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ ry > 0✱ ✐✳❡✳

α < 1. ✭✷✳✶✺✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝❛t✐♦♥ ❤♦❧❞s

ry > 0 =⇒ ∃ p0 = f−1(α) > 0, ✭✷✳✶✻✮

❛♥❞ p0 t✉r♥s ♦✉t t♦ ❜❡ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ♦❢ p ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡
❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✷✳✶✮✳ ■t ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❛t✐♦ α✿ p0 = p0(α)✱
❛♥❞ ✇❡ ❤❛✈❡

dp0
dα

> 0, p0(0) = 0, lim
α→1

p0(α) = +∞.

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥ ❚❤❡♦r❡♠ ❬✽✵❪✱ t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s Eι✱ ι = 0, ǫ, 1✱ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ s②st❡♠ ✭✷✳✶✮

J(x, y) =





rxg(x) + rxxg
′(x)− bp uf ′(pv) −bf(pv) + bph uvf ′(pv)

cbp uf ′(pv) cbf(pv)−m− cbph uvf ′(pv)





✇❤❡r❡
u =

y

1 + hy
, v =

x

1 + hy
,

❛♥❞ ❡✈❛❧✉❛t❡❞ ✐♥ Eι✳ ❲❡ ♦❜t❛✐♥

J(0, 0) =





rxg(0) 0

0 −m



 , J(ǫ, 0) =





rxg
′(ǫ) −bf(pǫ)

0 cbf(pǫ)−m



 ,

J(1, 0) =





rxg
′(1) −bf(p)

0 cbf(p)−m



 .
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❚❤❛♥❦s t♦ ✭✷✳✷✮✱ t❤❡ ♠❛tr✐① J(0, 0) ❤❛s t✇♦ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs h ❛♥❞ p✳ ❋r♦♠ ✭✷✳✹✮✱ ✐t ❢♦❧❧♦✇s t❤❛t g′(ǫ) > 0 ❛♥❞ g′(1) < 0✱
s♦ t❤❛t J(ǫ, 0) ❛♥❞ ❏✭✶✱✵✮ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ r❡s♣❡❝t✐✈❡❧②❀
❛ss✉♠✐♥❣ t❤❛t ry > 0 s♦ t❤❛t ✭✷✳✶✻✮ ❤♦❧❞s✱ ✇❡ ❤❛✈❡ t❤❛t

cbf(pǫ)−m > 0 ⇐⇒ p >
p0
ǫ
,

cbf(p)−m > 0 ⇐⇒ p > p0.

❚❤✉s✱ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

E0 ✐s ❛ ❧♦❝❛❧❧② st❛❜❧❡ ♥♦❞❡ ❢♦r ❛♥② p > 0❀

Eǫ ✐s ❛❧✇❛②s ✉♥st❛❜❧❡✿ ✐t ✐s ❛ s❛❞❞❧❡ ❢♦r p < p0/ǫ ✭✇✐t❤ ✉♥st❛❜❧❡ ♠❛♥✐❢♦❧❞ Wu

(
Eǫ

)

❧②✐♥❣ ♦♥ t❤❡ x✲❛①✐s✮✱ ❛♥❞ ❛♥ ✉♥st❛❜❧❡ ♥♦❞❡ ❢♦r p > p0/ǫ❀

E1 ✐s ❛ ❧♦❝❛❧❧② st❛❜❧❡ ♥♦❞❡ ❢♦r p < p0✱ ❛♥❞ ❛ s❛❞❞❧❡ ❢♦r p > p0 ✭✇✐t❤ st❛❜❧❡ ♠❛♥✐❢♦❧❞
Ws

(
E1

)
❧②✐♥❣ ♦♥ t❤❡ x✲❛①✐s✮✳

■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ❛♥❞ t❤❡♥ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡
♥♦♥✲❝♦❡①✐st❡♥❝❡ st❛t❡s✱ t✉r♥ ♦✉t t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ▼♦r❡♦✈❡r✱ ✐t ❢♦❧❧♦✇s t❤❛t
t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ E0 ❛♥❞ Eǫ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ p✱ ✇❤✐❧❡ t❤♦s❡ ♦❢ E1 ❞❡♣❡♥❞
♦♥ p✳

2.4 Coexistence equilibria

❈♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s E∗(h, p) = (x∗(h, p), y∗(h, p)) ❛r❡ ❢♦✉♥❞ ❛s t❤❡ s♦❧✉✲
t✐♦♥s ♦❢ 





rxxg(x)− byf

(
px

1 + hy

)

= 0

cbf

(
px

1 + hy

)

−m = 0,

s✉❝❤ ❛s t❤❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ t❤❡ ♥✉❧❧❝❧✐♥❡s ♦❢ s②st❡♠ ✭✷✳✶✮✱ ✇r✐tt❡♥ ❛s

y = βxg(x), f

(
px

1 + hy

)

= α, ✭✷✳✶✼✮

✇❤❡r❡
β =

rxc

m
.
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■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ ✜rst ♥✉❧❧❝❧✐♥❡ ✐♥ ✭✷✳✶✼✮ ✐s ❛ ❤✉♠♣❡❞ ❝✉r✈❡ ✐♥ t❤❡ ♣❤❛s❡
♣❧❛♥❡✱ ✇❤✐❝❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♣❛r❛♠❡t❡rs h ❛♥❞ p✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✶✺✮ ❛♥❞
t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✻✮ ♦❢ p0✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ♥✉❧❧❝❧✐♥❡ ✐♥ ✭✷✳✶✼✮ ✐s t❤❡ str❛✐❣❤t
❧✐♥❡

p

p0
x = 1 + hy,

✇❤♦s❡ ♣♦s✐t✐♦♥ ❛♥❞ s❧♦♣❡ ❞❡♣❡♥❞ ♦♥ ❜♦t❤ ♣❛r❛♠❡t❡rs h ❛♥❞ p✳ ❙✉❜st✐t✉t✐♥❣ y ❢r♦♠
t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ ✭✷✳✶✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r x

p

p0
= φ(x, h) :=

1

x
+ hβg(x). ✭✷✳✶✽✮

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✽✮ x∗(h, p) ∈ (ǫ, 1)✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ y∗(h, p) > 0✳
■♥ ❢❛❝t✱ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✷✮✱ g(x) > 0 ♦♥❧② ✐♥ (ǫ, 1) ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t p > p0✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❛ss✉♠❡ h > 0✳ ❚❤❡ ❝❛s❡ h = 0 ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧ ✐♥
❬✷✺❪✳

2.4.1 Shape of φ(x, h)

❚❤❡ s❤❛♣❡ ♦❢ φ(x, h)✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✽✮ ✐♥ (ǫ, 1)✱
str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡r h✳ ❲❡ ❤❛✈❡

∂φ

∂x
=

1

x2
[−1 + hψ(x)] , ✇✐t❤ ψ(x) = βx2g′(x), ✭✷✳✶✾✮

❛♥❞
∂φ

∂h
= βg(x) > 0, x ∈ (ǫ, 1). ✭✷✳✷✵✮

❋r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✹✮✱ g′(x) < 0✱ ❛♥❞ t❤❡♥ ∂φ/∂x < 0✱ ❢♦r x ∈ (ξ0, 1)✳ ❚❤✉s✱
φ(x, h) ♠❛② ❜❡ ♥♦♥✲♠♦♥♦t♦♥✐❝✱ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ♦♥❧② ✇❤❡♥ x ∈ (ǫ, ξ0) ❛♥❞ h 6= 0✳
❚❤❡ ♣♦✐♥ts ✇❤❡r❡ ∂φ/∂x = 0 ❛r❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❡q✉❛t✐♦♥

ψ(x) =
1

h
, h > 0. ✭✷✳✷✶✮

❲❡ ❤❛✈❡ ψ(ǫ) > 0✱ ψ(ξ0) = 0✱ ❛♥❞✱ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✺✮✱ ψ(x) ❤❛s ♦♥❧② ♦♥❡
♠❛①✐♠✉♠ η0 ❢♦r x ∈ (ǫ, ξ0)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❤❛♣❡ ♦❢ ψ(x) ✭❋✐❣✉r❡ ✷✳✷✮ ✐♥ (ǫ, ξ0)✱
✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❛r❡ t✇♦ s♦❧✉t✐♦♥s ❢♦r ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ ✇❤❡♥ ψ(ǫ) ≤ 1/h < ψ(η0)✱
❛♥❞ ♦♥❡ s♦❧✉t✐♦♥ ✇❤❡♥ 1/h < ψ(ǫ)✳ ▲❡t η1 ❜❡ t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ✐♥ t❤❡ r❛♥❣❡ (η0, ξ0)
s✉❝❤ t❤❛t ψ(η1) = ψ(ǫ)✳ ▲❡t ✉s ❞❡✜♥❡

h0 =
1

ψ(η0)
, h1 =

1

ψ(ǫ)
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ψ(η0) = 1/h0

ψ(ǫ) = 1/h1

0 ξ0η1η0
x

ǫ

❋✐❣✳ ✷✳✷✳ ❙❤❛♣❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ψ(x)✳

❛♥❞ ❞❡♥♦t❡ ✇✐t❤ ξ1(h) ❛♥❞ ξ2(h) t❤❡ t✇♦ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s t♦ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮ ✭ξ2(h)
❡①✐sts ♦♥❧② ❢♦r h0 ≤ h ≤ h1✱ ξ1(h) ❢♦r h ≥ h0✮✳ ■♥ ❚❛❜❧❡ ✷✳✶ ✇❡ s✉♠♠❛r✐③❡ t❤❡ r❡s✉❧ts
❛❜♦✉t t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s t♦ ✭✷✳✷✶✮✳ ❋r♦♠ ✭✷✳✷✶✮ ✐t ❢♦❧❧♦✇s ❛❧s♦ t❤❛t t❤❡ t✇♦

h
♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ♣♦s✐t✐♦♥ ♦♥

t♦ ∂φ/∂x = 0 t❤❡ x ❛①✐s

0 ≤ h < h0 ✵
h = h0 ✶ ξ2(h0) = η0 = ξ1(h0)

h0 < h < h1 ✷ ǫ < ξ2(h) < η0 < ξ1(h) < η1
h = h1 ✷ ǫ = ξ2(h1) < η0 < ξ1(h1) = η1
h > h1 ✶ η1 < ξ1(h) < ξ0

❚❛❜❧❡ ✷✳✶✳ ◆✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ξj(h) t♦ ❡q✉❛t✐♦♥ ✭✷✳✷✶✮✱ ❛♥❞ t❤❡✐r ♣♦s✐t✐♦♥s ♦♥ t❤❡ x ❛①✐s✱ ❢♦r ❞✐✛❡r❡♥t
r❛♥❣❡s ♦❢ h✳

❢✉♥❝t✐♦♥s ξ1(h) ❛♥❞ ξ2(h) ❛r❡ ♠♦♥♦t♦♥✐❝

dξ1
dh

> 0 h ≥ h0,
dξ2
dh

< 0 h0 ≤ h ≤ h1

❛♥❞✱ ♠♦r❡♦✈❡r✱ lim
h→+∞

ξ1(h) = ξ0✳ ▲❡t

φ0 = φ(η0, h0), φj(h) = φ(ξj(h), h), j = 1, 2.
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❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ∂φ/∂x ❛♥❞ ψ(x) ❣✐✈❡♥ ✐♥ ✭✷✳✶✾✮✱ ✇❡ ❤❛✈❡ t❤❛t ξ2(h) ✐s ❛ ❧♦❝❛❧
♠✐♥✐♠✉♠ ❛♥❞ ξ1(h) ✐s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ♦❢ φ(x, h)✳ ❙✐♥❝❡ ξ2(h) < ξ1(h)✱ ✐t ❢♦❧❧♦✇s
t❤❛t

φ2(h) < φ1(h).

❙✐♥❝❡
∂φ

∂h
> 0,

(
∂φ

∂x

)

x=ξj

= 0,

❢r♦♠
dφj

dh
=

(
∂φ

∂h

)

x=ξj

+

(
∂φ

∂x

)

x=ξj

dξj
dh

✐t ❢♦❧❧♦✇s t❤❛t φj(h) ❛r❡ ♠♦♥♦t♦♥✐❝✿ dφj/dh > 0✳ ▼♦r❡♦✈❡r✱

1 < φ0 =
1

η0
+ βh0g(η0) = φ1(h0) = φ2(h0) <

1

ǫ
, φ1(h1) > φ2(h1) =

1

ǫ
,

❛♥❞

φ1(h) > φ(ξ0, h), φ1(h) → φ(ξ0, h) = βh+
1

ξ0
❛s h→ +∞.

▲❛st❧②✱ φ1(h) ♠❛② ❜❡ ❣r❡❛t❡r ♦r ❧❡ss t❤❛♥ 1/ǫ ❢♦r h0 < h < h1✳ ▲❡t hǫ ❜❡ t❤❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ φ1(h) = 1/ǫ✳ ◆♦✇ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣❧♦t t❤❡ q✉❛❧✐t❛t✐✈❡
s❤❛♣❡ ♦❢ φ(x, h) ❢♦r x ∈ (ǫ, 1) ❛♥❞ ❞✐✛❡r❡♥t r❛♥❣❡s ♦❢ h ✭❋✐❣✉r❡ ✷✳✸✮✳ ❚❤✐s ✜❣✉r❡ ✐s
r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉rs ♦❢ φ(x, h) ✭❞❡✜♥❡❞ ✐♥ ✭✷✳✶✽✮✮ ✇✐t❤ g(x)
s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ✭✷✳✷✮✱ ✭✷✳✹✮✱ ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ φ(x, h)✱ str✐❝t❧②
✐♥❝r❡❛s✐♥❣ ✐♥ h✱ ✇❤❡♥ 0 ≤ h < h0 ✭❋✐❣✉r❡ ✷✳✸✭❛✮✮ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ x❀ ✇❤❡♥
h0 < h < h1 ✭❋✐❣✉r❡s ✷✳✸✭❜✮✱ ✷✳✸✭❝✮✮✱ ✐t s❤♦✇s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r x ❜❡t✇❡❡♥ ǫ ❛♥❞
η0 ❛♥❞ ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❢♦r x ❜❡t✇❡❡♥ η0 ❛♥❞ 1❀ ✜♥❛❧❧②✱ ✇❤❡♥ h > h1 ✭❋✐❣✉r❡ ✷✳✸✭❞✮✮✱
φ(x, h) ❤❛s ♦♥❧② ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠✳

2.4.2 Solutions to φ(x, h) = p/p0

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡
r❛♥❣❡s ♦❢ p/p0 ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✽✮✱ ✇✐t❤ x ∈ (ǫ, 1)✱ ✐♥ t❤❡ ✈❛r✐♦✉s
✐♥t❡r✈❛❧s ♦❢ t❤❡ ♣❛r❛♠❡t❡r h ✐♥ ✇❤✐❝❤ φ(x, h) s❤♦✇s ❞✐✛❡r❡♥t tr❡♥❞s ✈❡rs✉s x ✭❋✐❣✉r❡
✷✳✸✮✳ ❋♦r 0 ≤ h < h0 ✇❡ ❤❛✈❡ ♦♥❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✽✮✳ ❋♦r h0 < h < h1 ✇❡ ♠❛②
❤❛✈❡ ❢r♦♠ ♦♥❡ t♦ t❤r❡❡ s♦❧✉t✐♦♥s❀ ✐♥ ❋✐❣✉r❡ ✷✳✹ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧
♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♦❢ φ(x, h) ✇✐t❤ r❡s♣❡❝t t♦ 1/ǫ✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ r❡❣✐♦♥s
✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ (h, p) ♦❢ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✽✮✳ ■♥ ❞❡t❛✐❧✱ ❢♦r
0 < h < h0 ✇❡ ❤❛✈❡ ♦♥❧② ♦♥❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✽✮ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ p✱ ❛s ✐t
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ǫ η0 1
0

1

1/ǫ

x

h = 0

h = h0

0 < h < h0

✭❛✮ 0 ≤ h ≤ h0

ǫ η0 10

1

1/ǫ

x

h0 < h < hǫ

✭❜✮ h0 < h < hǫ

ǫ η0 10

1

1/ǫ

x

hǫ < h < h1

✭❝✮ hǫ < h < h1

xǫ η0 10

1

1/ǫ
h = h1

h > h1

✭❞✮ h ≥ h1

❋✐❣✳ ✷✳✸✳ ❚r❡♥❞ ♦❢ φ(x, h) ❢♦r x ∈ (ǫ, 1) ❛♥❞ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ h✳ ❚❤❡ ❛rr♦✇s ✐♥❞✐❝❛t❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢
✐♥❝r❡❛s✐♥❣ ❤✳

❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✹✭❛✮ r❡❧❛t❡❞ t♦ t❤❡ s❝❡♥❛r✐♦ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸✭❛✮✳ ❋✐❣✉r❡
✷✳✹✭❜✮ r❡♣r❡s❡♥ts t❤❡ s❝❡♥❛r✐♦ ❢♦r h0 < h < hǫ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸✭❜✮✱ ✇❤❡r❡
❢♦r ✐♥❝r❡❛s✐♥❣ p ❢r♦♠ p0 t♦ p0/ǫ✱ p 6= p0φi, i = 1, 2✱ ✇❡ ❝❛♥ ❤❛✈❡ ♦♥❡✱ t❤r❡❡✱ ♦♥❡
❡q✉✐❧✐❜r✐❛✳ ❋✐❣✉r❡ ✷✳✹✭❝✮ r❡♣r❡s❡♥ts ✐♥st❡❛❞ t❤❡ s✐t✉❛t✐♦♥ ❢♦r hǫ < h < h1 s❦❡t❝❤❡❞
✐♥ ❋✐❣✉r❡ ✷✳✸✭❝✮✱ ✇❤❡r❡ ❢♦r ✐♥❝r❡❛s✐♥❣ p ❢r♦♠ p0 t♦ p0φ1✱ p 6= p0φ2✱ ✇❡ ❝❛♥ ❤❛✈❡
♦♥❡✱ t❤r❡❡✱ t✇♦ ❡q✉✐❧✐❜r✐❛✳ ❋♦r h > h1 ✇❡ ♠❛② ❤❛✈❡ ♦♥❡ ♦r t✇♦ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✽✮
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ p/p0 ❝♦♠♣❛r❡❞ t♦ 1/ǫ✱ ❛s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✹✭❞✮
r❡❧❛t❡❞ t♦ t❤❡ s❝❡♥❛r✐♦ s❦❡t❝❤❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸✭❞✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❚❛❜❧❡ ✷✳✷ ❛♥❞ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✻✳

■♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ (h, p) ✭❋✐❣✉r❡ ✷✳✻✮ t❤❡ ❝✉r✈❡s p = p0φ1(h), h ∈ (h0, hǫ),
❛♥❞ p = p0φ2(h), h ∈ (h0, h1), ❛r❡ st❛t✐♦♥❛r② ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s✳ ❋♦r h ∈ (h0, h1)
❛♥❞ ✐♥❝r❡❛s✐♥❣ p ❢r♦♠ p0✱ ✇❤❡♥ p = p0φ2(h) t❤❡ st❛t❡s E∗2 ❛♥❞ E∗3 ❛♣♣❡❛r✱ ❜✉t
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ǫ 1
0

1

1/ǫ

φ(x, h)

p/p0

x

✭❛✮ 0 ≤ h ≤ h0

ǫ ξ2 ξ1 10

1

φ2

φ1

1/ǫ

x

φ(x, h)

p/p0

✭❜✮ h0 < h < hǫ

ǫ ξ2 ξ1 10

1

φ2

1/ǫ
φ1

x

φ(x, h)

p/p0

✭❝✮ hǫ < h < h1

ǫ ξ1 1
0

1

1/ǫ

φ1

φ(x,h)

x

p/p0

✭❞✮ h ≥ h1

❋✐❣✳ ✷✳✹✳ ❙♦❧✉t✐♦♥s t♦ φ(x, h) = p/p0 ❢♦r x ∈ (ǫ, 1)✳

t❤❡② ❞♦ ♥♦t ❝♦❧❧✐❞❡ ✇✐t❤ E∗1✳ ❖t❤❡r✇✐s❡✱ ✇❤❡♥ p = p0φ1(h) t❤❡ st❛t❡s E∗1 ❛♥❞ E∗2

❝♦❧❧✐❞❡ ❛♥❞ ❞✐s❛♣♣❡❛r✱ ❜✉t ❞♦ ♥♦t ❝♦❧❧✐❞❡ ✇✐t❤ E∗3✳ ❖♥ t❤❡s❡ ❝✉r✈❡s t❤❡ ❞❡t❡r♠✐♥❛♥t
♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J(E∗j(h, p)) ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✭✷✳✶✮ ✐s ③❡r♦ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t
t❤❡ ❝♦❧❧✐❞✐♥❣ ❡q✉✐❧✐❜r✐❛ ✭✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✮✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ✐s t②♣✐❝❛❧ ♦❢
❛ s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t✇♦ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s p = p0φ1(h) ❛♥❞
p = p0φ2(h) ✐♥t❡rs❡❝t ❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t B0 = (h0, p0φ0)✱ t❤❡ ✉♥✐q✉❡ ♦♥❡ ✐♥ t❤❡
♣❛r❛♠❡t❡r s♣❛❝❡ ✇❤❡r❡ t❤❡ t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❝♦✐♥❝✐❞❡✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ t✇♦
❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s s❤❛r❡ ❛ ❝♦♠♠♦♥ t❛♥❣❡♥t✱ s✐♥❝❡ x∗j = η0, j = 1, 2, 3 ❛♥❞✱ ❢r♦♠
✭✷✳✷✵✮✱ ∂φ1/∂h = ∂φ2/∂h = βg(η0)❀ t❤❡♥ B0 ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❝✉s♣ ✐♥ t❤❡ (h, p)
♣❧❛♥❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ♥♦t✐❝❡ t❤❛t ❛t ♣♦✐♥t B0 ✇❡ ❤❛✈❡✱ ❢r♦♠ ✭✷✳✶✾✮✱

∂φ

∂x
(x∗j, h0) = 0 ❛♥❞

∂2φ

∂x2
(x∗j, h0) = 0.
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h p/p0
♥✉♠❜❡r ♦❢ ♣♦s✐t✐♦♥ ♦♥

s♦❧✉t✐♦♥s t♦ φ = p/p0 t❤❡ x ❛①✐s

0 ≤ h < h0 1 < p/p0 < 1/ǫ ✶ ǫ < x∗1 < 1

h = h0

1 < p/p0 < φ0 ✶ η0 < x∗1 < 1
p/p0 = φ0 ✶ η0 = x∗1 = x∗2 = x∗3

φ0 < p/p0 < 1/ǫ ✶ ǫ < x∗1 = x∗3 < η0

h0 < h < hǫ

1 < p/p0 < φ2 ✶ ξ1 < x∗1 < 1
p/p0 = φ2 ✷ x∗3 = x∗2 = ξ2 < ξ1 < x∗1

φ2 < p/p0 < φ1 ✸ ǫ < x∗3 < ξ2 < x∗2 < ξ1 < x∗1 < 1
p/p0 = φ1 ✷ x∗3 < ξ2 < x∗2 = x∗1 = ξ1

φ1 < p/p0 < 1/ǫ ✶ ǫ < x∗3 < ξ2

hǫ < h < h1

1 < p/p0 < φ2 ✶ ξ1 < x∗1 < 1
p/p0 = φ2 ✷ x∗3 = x∗2 = ξ2 < ξ1 < x∗1

φ2 < p/p0 < 1/ǫ ✸ ǫ < x∗3 < ξ2 < x∗2 < ξ1 < x∗1 < 1
1/ǫ < p/p0 < φ1 ✷ ξ2 < x∗2 < ξ1 < x∗1 < 1

p/p0 = φ1 ✶ x∗2 = x∗1 = ξ1

h ≥ h1

1 < p/p0 ≤ 1/ǫ ✶ ξ1 < x∗1 < 1
1/ǫ < p/p0 ≤ φ1 ✷ ǫ < x∗2 ≤ ξ1 ≤ x∗1 < 1

p/p0 = φ1 ✶ x∗2 = x∗1 = ξ1

❚❛❜❧❡ ✷✳✷✳ ❘❛♥❣❡s ♦❢ p/p0 ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s x∗j = x∗j(h, p) ∈ (ǫ, 1) t♦ ❡q✉❛t✐♦♥ ✭✷✳✶✽✮✱ t❤❡✐r
♥✉♠❜❡r✱ ❛♥❞ t❤❡✐r ♣♦s✐t✐♦♥s ♦♥ t❤❡ x ❛①✐s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ h❀ φj = φj(h), ξj = ξj(h)✳

❆❧❧ t❤❡s❡ r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❝✉s♣ s✐♥❣✉❧❛r✐t②✱ ❛❝❝♦r❞✐♥❣ t♦ ❲❤✐t♥❡②✬s
t❤❡♦r② ❬✶✷❪✱ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉r❢❛❝❡ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ❜② p = p0φ(x, h) ❛♥❞ s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✷✳✺ ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ (h, p, x)✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ (h, p)
♣❧❛♥❡ ♦❢ s✉❝❤ s✉r❢❛❝❡ ❝❛♥ ❜❡ s❡❡♥ ✐❢ ❋✐❣✉r❡ ✷✳✻✱ ✇❤✐❧❡ t❤❡ ❧❡✈❡❧ s❡ts ✐♥ t❤❡ (x, p)
♣❧❛♥❡ ❢♦r ✜①❡❞ h ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❋✐❣✉r❡ ✷✳✸✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❢r♦♠ ❋✐❣✉r❡ ✷✳✼✳ ■♥
❆♣♣❡♥❞✐① ❇ ♠♦r❡ ❞❡t❛✐❧ ❛❜♦✉t t❤❡ ❞❡t❡❝t❡❞ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛r❡ r❡♣♦rt❡❞✳

■♥ t❤❡ (h, p) ♣❧❛♥❡ t❤❡ ❧✐♥❡s

p

p0
= 1,

p

p0
=

1

ǫ
,

p

p0
= φj(h), j = 1, 2

❛r❡ ❜♦✉♥❞❛r② ❧✐♥❡s ♦❢ ❡①✐st❡♥❝❡ r❡❣✐♦♥s ✭❋✐❣✉r❡ ✷✳✻✮ ❢♦r t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠
st❛t❡s E∗j(h, p) = (x∗j(h, p), y∗j(h, p))✳

❋♦r x∗j 6= ξ1(h), ξ2(h)✱ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✽✮ ✐t ❢♦❧❧♦✇s t❤❛t

∂x∗j
∂h

= −βg(x∗j)
(
∂φ

∂x

)−1

x∗j

,
∂x∗j
∂p

=

(

p0
∂φ

∂x

)−1

x∗j

.
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x

p

h

p0/ε

p0

0

0

1

h0

h1

❋✐❣✳ ✷✳✺✳ ❱✐❡✇ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s✉r❢❛❝❡ p = p0φ(x, h) ✐♥ t❤❡ (h, p, x) s♣❛❝❡❀ t❤❡ ❧❡✈❡❧ s❡ts ♦❢ s✉❝❤ s✉r❢❛❝❡
✐♥ t❤❡ (x, p) ♣❧❛♥❡ ❢♦r ✜①❡❞ h ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❋✐❣✉r❡ ✷✳✸✳

❙✐♥❝❡ (∂φ/∂x) ✐s ♥❡❣❛t✐✈❡ ❢♦r x = x∗1, x∗3 ❛♥❞ ♣♦s✐t✐✈❡ ❢♦r x = x∗2✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ❢♦r x∗j✿

∂x∗j
∂h

> 0,
∂x∗j
∂p

< 0, j = 1, 3;
∂x∗2
∂h

< 0,
∂x∗2
∂p

> 0.

❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣r♦❝❡ss ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ✭❋✐❣✉r❡
✷✳✼✮✱ ✇❤❡r❡ x∗j ❛r❡ r❡♣♦rt❡❞ ✈❡rs✉s p ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ h✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
❢♦✉r ❞✐✛❡r❡♥t r❛♥❣❡s ♦❢ h ♦❢ ❋✐❣✉r❡ ✷✳✸✳ ❲✐t❤ r❡❢❡r❡♥❝❡ ❛❧s♦ t♦ ❋✐❣✉r❡ ✷✳✻✱ ✇❡ ❝❛♥
s❡❡ ✐♥ ❞❡t❛✐❧ ✐♥ ❋✐❣✉r❡ ✷✳✼ ❤♦✇ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❝♦❧❧✐❞❡ ❛♥❞ ❞✐s❛♣♣❡❛r✳ ■♥ ❛❧❧
s✉❜♣❧♦ts tr❛♥s❝r✐t✐❝❛❧ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✱ ♠❛r❦❡❞ ✇✐t❤ ❇P✱ ❛r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ ❧✐♥❡s
p = p0 ❛♥❞ p = p0/ǫ ♦❢ ❋✐❣✉r❡ ✷✳✻❀ s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ✭▲P✮ ❧✐❡ ♦♥ t❤❡
❝✉r✈❡s p = p0φ1(h) ❛♥❞ p = p0φ2(h)✳

❚❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✱ ✇❤❡♥ t❤❡② ❡①✐st✱ ❧✐❡ ♦♥ t❤❡ ❝✉r✈❡ y =
βxg(x), x ∈ (ǫ, 1), ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳ ❖❜✈✐♦✉s❧②✱ t❤❡✐r ♥✉♠❜❡r ❛♥❞ t❤❡✐r ♣♦s✐✲
t✐♦♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs h ❛♥❞ p✱ ❛♥❞ t❤❡✐r ❜❡❤❛✈✐♦✉r ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡
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tr❡♥❞s ♦❢ x∗j(h, p), j = 1, 2, 3, ✈❡rs✉s h ❛♥❞ p✳

❘❡♠❛r❦✳

✭■❱✮ ❖♥ t❤❡ ❜♦✉♥❞❛r② ❧✐♥❡ h = h0, p ∈ (p0φ0, p0/ǫ) ✭❋✐❣✉r❡ ✷✳✻✮ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢
J(E∗1(h, p)) ✐s ♣♦s✐t✐✈❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✺✮✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ♥♦t ❛ ❧♦❝❛❧ ❜✐❢✉r❝❛t✐♦♥
❧✐♥❡✳ ❖♥ t❤✐s ❧✐♥❡✱ t❤❡ tr❡♥❞ ♦❢ x∗1 ✈❡rs✉s p ✐s r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✼✭❛✮ ❛♥❞ s❤♦✇s
❛♥ ✐♥✢❡❝t✐♦♥ ♣♦✐♥t ✇✐t❤ ✈❡rt✐❝❛❧ t❛♥❣❡♥t ❛t p = p0φ0✳ ❲❤❡♥ p0φ0 < p < p0/ǫ✱ ✇❡
❤❛✈❡ t❤❛t

lim
h→h+

0

E∗3(h, p) = lim
h→h−

0

E∗1(h, p),

♥❛♠❡❧② t❤❡ ❡q✉✐❧✐❜r✐❛ s✇❛♣ ♥❛♠❡s❀ t❤✐s ❧✐♥❡ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ ❛❧❧♦✇
❛ s♠♦♦t❤ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗3✱ ✐♥st❡❛❞ ♦❢ ❛♥ ❛❜r✉♣t ❝❤❛♥❣❡ ❢r♦♠ E∗3

t♦ E∗1✱ ♦♥ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ❧✐♥❡ p = p0φ1(h) ✭s❡❡ ❋✐❣✉r❡ ✷✳✼✭❜✮✮✳

0 hǫ h1

E∗1,E∗2

B0

E∗3

p = p0φ1(h)

E∗1,E∗2,E∗3

p = p0φ2(h)

E∗1

p0/ǫ

p0φ0

h0

h

p0p0

p

❋✐❣✳ ✷✳✻✳ ❊①✐st❡♥❝❡ r❡❣✐♦♥s ♦❢ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ✐♥ t❤❡ (h, p) ♣❧❛♥❡✱ ❞✐s♣❧❛②❡❞ ✐♥ ❣r❡②❀ ❛ ❞✐✛❡r❡♥t
s❤❛❞❡ ❞❡♥♦t❡s ❛ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐❛ ❧②✐♥❣ ✐♥ t❤❡ r❡❣✐♦♥✳
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x∗eq

h = 0

BP1

ǫ

0 p0φ0 p0/ǫp
p0

BP

x∗1 = x∗3

x∗1

h = h0

x∗1

✭❛✮ 0 ≤ h ≤ h0

ξ1

x∗eq

ξ2

ε

0 p0 p0/εp0φ2 p0φ1 p

x∗3

x∗2

x∗1

1
BP

LP

LP

BP

✭❜✮ h0 < h < hǫ

x∗eq

1

ξ1

ξ2

ε

0 p0 p0φ2 p p0/ε p0φ1

BP

LP

LP
BP

x∗2

x∗1

x∗3

✭❝✮ hǫ < h < h1

1

ξ1
x∗eq

ε

0
p

p0/εp0 p0φ1

BP

LP

BP

x∗2

x∗1

✭❞✮ h ≥ h1

❋✐❣✳ ✷✳✼✳ ◗✉❛❧✐t❛t✐✈❡❧② tr❡♥❞ ♦❢ x∗j ✈❡rs✉s p ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ h✳ ❇P✿ tr❛♥s❝r✐t✐❝❛❧ ❜✐❢✉r❝❛t✐♦♥✱ ▲P✿
s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥✳

2.5 Stability properties of coexistence equilibrium states

❲❡ ✇❛♥t ♥♦✇ st✉❞② t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s
❢♦✉♥❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥✳ ▲❡t E∗(h, p) = (x∗(h, p), y∗(h, p)) ❜❡ ❛ ❣❡♥❡r✐❝ ❝♦❡①✲
✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡✳ ❲❡ r❡❝❛❧❧ t❤❛t x∗(h, p) ❛♥❞ y∗(h, p) s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥s
✭✷✳✶✼✮✱ t❤❛t ❛r❡

y∗ = βx∗g(x∗),
px∗

1 + hy∗
= p0, f

(
px∗

1 + hy∗

)

= α, α =
m

cb
, β =

rxc

m
,

✇✐t❤ x∗ = x∗(h, p)✳ ❲❡ ❞❡✜♥❡

µ0 := µ(p0), 0 < µ0 < 1,
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✇❤❡r❡ µ(s) = sf ′(s)/f(s) ✭✐ts ♣r♦♣❡rt✐❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✮✳ ❋r♦♠ t❤❡
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❞✐s♣❧❛②❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ ❡♥tr✐❡s
♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t E∗(h, p)✿

J11(E∗(p, h)) = rxg(x∗) + rxx∗g
′(x∗)− b

py∗
1 + hy∗

f ′

(
px∗

1 + hy∗

)

= rxg(x∗) + rxx∗g
′(x∗)− by∗

p0f
′(p0)

f(p0)

f(p0)

x∗

= rxg(x∗) + rxx∗g
′(x∗)− rxµ0g(x∗)

J12(E∗(p, h)) = −bf
(

px∗
1 + hy∗

)

+ bh
px∗y∗

(1 + hy∗)2
f ′

(
px∗

1 + hy∗

)

= −bf(p0) + bhy∗
px∗

1 + hy∗

p0f
′(p0)

f(p0)

f(p0)

px∗

= −rx
β

+ bhy∗p0µ0
f(p0)

px∗

= −rx
β

+ rxhµ0
p0
p
g(x∗)

J21(E∗(p, h)) = cb
py∗

1 + hy∗
f ′

(
px∗

1 + hy∗

)

= cby∗
p0f

′(p0)

f(p0)

f(p0)

x∗

= rxcµ0g(x∗)

J22(E∗(p, h)) = cbf

(
px∗

1 + hy∗

)

−m− cbh
px∗y∗
1 + hy∗

f ′

(
px∗

1 + hy∗

)

= −cby∗p0
p0f

′(p0)

f(p0)

f(p0)

px∗

= −rxcµ0
p0
p
g(x∗).

❚❤❡♥✱ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ E∗(h, p) ✐s

J(E∗(p, h)) = rx





(1− µ0)g(x∗) + x∗g
′(x∗) −1/β + µ0g(x∗)hp0/p

cµ0g(x∗) −cµ0g(x∗)hp0/p



 .
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❲❡ ✇❛♥t st✉❞② t❤❡ s✐❣♥ ♦❢ t❤❡ tr❛❝❡ ❛♥❞ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤✐s ♠❛tr✐①✱ ✇❤✐❝❤ ❛r❡
❢✉♥❝t✐♦♥s ♦❢ h, p, x∗✱ ❞❡♥♦t❡❞ ❜②

T (h, p, x∗) = tr J(E∗(h, p)), D(h, p, x∗) = det J(E∗(h, p)).

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✶✽✮ ❛♥❞ ✭✷✳✶✾✮ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱
✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

h
p0
p
g(x∗) =

1

βx∗

(

x∗ −
p0
p

)

,

✇❡ ♦❜t❛✐♥
T (h, p, x∗) = rx (Λ(h, p)g(x∗) + x∗g

′(x∗)) , ✭✷✳✷✷✮

✇❤❡r❡
Λ(h, p) = 1− µ0 − cµ0h

p0
p
,

❛♥❞

D(h, p, x∗) = −r2xcµ0g(x∗)

[

h
p0
p
g(x∗) + h

p0
p
x∗g

′(x∗)−
1

β

]

= −r2xcµ0g(x∗)
p0
p

[

− 1

βx∗
+ hx∗g

′(x∗)

]

= −rxmµ0p0g(x∗)

px∗
[−1 + hβx2∗g

′(x∗)] = −rxmµ0p0g(x∗)x∗
p

(
∂φ

∂x

)

x=x∗

.

❙✐♥❝❡ (∂φ/∂x)x=x∗2
> 0✱ ✐t ❢♦❧❧♦✇s t❤❛t det J(E∗2(h, p)) < 0 ❢♦r h ❛♥❞ p ♥♦t ❜❡❧♦♥❣✐♥❣

t♦ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s ♦❢ ❋✐❣✉r❡ ✷✳✻❀ t❤✉s✱ E∗2(h, p) ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t✳ ❖t❤❡r✇✐s❡✱
❢♦r j = 1, 3✱ s✐♥❝❡ (∂φ/∂x)x=x∗j

< 0✱ ✐t ❢♦❧❧♦✇s t❤❛t det J(E∗j(h, p)) > 0✱ ❢♦r h ❛♥❞ p
♥♦t ❜❡❧♦♥❣✐♥❣ t♦ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s❀ t❤✉s✱ E∗j(h, p), j = 1, 3✱ ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧②
st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ T (h, p, x∗j) < 0✳ ❲❡ ✇❛♥t ♥♦✇ t♦ st✉❞② t❤❡ s✐❣♥ ♦❢ t❤❡ tr❛❝❡ ♦❢
t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t E∗1(h, p) ❛♥❞ E∗3(h, p)✳

▲♦♦❦✐♥❣ ❛t t❤❡ ❢♦r♠✉❧❛ ✭✷✳✷✷✮ s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ǫ ≤ x∗ ≤ 1 ❛♥❞ g(x∗) > 0✱ ✇❡
❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞❡t❡r♠✐♥❡ t❤❡ s✐❣♥ ♦❢ Λ(h, p) ❛♥❞ g′(x∗)✳

❆s r❡❣❛r❞s t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗1(h, p)✱ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❢♦r ✐ts st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s
✐s ♣❧❛②❡❞ ❜② t❤❡ t✇♦ ✐♠♣❧✐❝❛t✐♦♥s

Λ(h, p) ≤ 0 ⇐⇒ p

p0
≤ γh; ✭✷✳✷✸✮

x∗1(h, p) ≥ ξ0 ⇐⇒ p

p0
≤ φ(ξ0, h) = βh+

1

ξ0
, ✭✷✳✷✹✮
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✇❤❡r❡
γ =

cµ0

1− µ0

. ✭✷✳✷✺✮

❚✇♦ s❝❡♥❛r✐♦s ❡♠❡r❣❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ str❛✐❣❤t ❧✐♥❡s

p

p0
= γh,

p

p0
= βh+

1

ξ0

✐♥ t❤❡ (h, p) ♣❧❛♥❡❀ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❝❝✉rs ✇❤❡♥ β < γ✱ ✐✳❡✳ ✇❤❡♥

rx < r0 :=
mµ0

1− µ0

. ✭✷✳✷✻✮

❆s r❡❣❛r❞s t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗3(h, p)✱ s✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ✐t ❡①✐sts ✐♥ t❤❡ r❛♥❣❡
h0 < h < h1✱ ❛♥❞ t❤❛t 0 < x∗3 < ξ2 < η0 < ξ0 ✇❤✐❝❤ ✐♠♣❧✐❡s g′(x∗3) > 0✱ ✇❡ ❤❛✈❡
t❤❛t ♦♥❧② t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭✷✳✷✸✮ ✐s ✐♠♣♦rt❛♥t ❢♦r ✐ts st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳

■♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥s ✇❡ st✉❞② t❤❡ s✐❣♥ ♦❢ t❤❡ tr❛❝❡ ♦❢ ❏❛❝♦❜✐❛♥ ♠❛tr✐❝❡s✳ ❲❡
✇r✐t❡ ❤❡r❡ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ T (h, p, x∗) ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

∂T

∂h
= −rxcµ0

p0
p
g(x∗) < 0,

∂T

∂p
= rxcµ0

p0h

p2
g(x∗) > 0, ✭✷✳✷✼✮

∂T

∂x∗
= rxΛg

′(x∗) + (x∗g
′(x∗))

′
. ✭✷✳✷✽✮

2.5.1 State E∗1: the case of rx ≥ r0

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ rx ≥ r0✱ ♦r ❡q✉✐✈❛❧❡♥t❧② β ≥ γ✱ ✇❡ ❤❛✈❡ t❤❛t ✐♥ t❤❡ (h, p)
♣❧❛♥❡

βh+
1

ξ0
> γh ∀h > 0,

s♦ t❤❛t t❤❡ t✇♦ ❧✐♥❡s p/p0 = βh + 1/ξ0 ❛♥❞ p/p0 = γh ❞♦ ♥♦t ✐♥t❡rs❡❝t✳ ❲❡ r❡❢❡r t♦
❋✐❣✉r❡ ✷✳✽ t♦ ✐❧❧✉str❛t❡ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❛s❡✳ ❲❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts
❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p1(h) ♦♥ ✇❤✐❝❤ tr J(E∗1(h, p1(h)) = 0❀ t❤✐s ❝✉r✈❡ ✐s
♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞

p0 max{1, γh} < p1(h) < p0

(

βh+
1

ξ0

)

.
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❚❤❡♦r❡♠ ✷✳✷✳ ❆ss✉♠❡ ✭✷✳✷✮✲✭✷✳✼✮ ❛♥❞ rx ≥ r0✳ ❚❤❡♥✱ ❢♦r ❛♥② h ≥ 0✱

∃ p1(h) : p0 max{1, γh} < p1(h) < p0

(

βh+
1

ξ0

)

,

s✉❝❤ t❤❛t

T (h, p1(h), x∗1(p1, h)) = 0, T (h, p, x∗1(h, p)) < 0 ❢♦r p ∈ [p0, p1(h)),

❛♥❞ T (h, p, x∗1(h, p)) > 0 ✐♥ t❤❡ ❡①✐st❡♥❝❡ r❡❣✐♦♥ ♦❢ E∗1 ♦❢ t❤❡ (h, p) ♣❧❛♥❡ ✇❤❡r❡
p > p1(h)✿

0 ≤ h ≤ h0, p1(h) < p <
p0
ǫ

❛♥❞ h0 < h, p1(h) < p < p0φ1(h).

▼♦r❡♦✈❡r✱
dp1
dh

> 0.

Pr♦♦❢✳ ❋r♦♠ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ✭✷✳✷✸✮ ❛♥❞ ✭✷✳✷✹✮ ✐t ❢♦❧❧♦✇s t❤❛t ✐♥ t❤❡ r❡❣✐♦♥ ✶ ♦❢ t❤❡
(h, p) ♣❧❛♥❡ ✭❋✐❣✉r❡ ✷✳✽✮

h ≥ 1

γ
, 1 ≤ p

p0
≤ γh

✇❡ ❤❛✈❡
Λ ≤ 0 ❛♥❞ x∗1 > ξ0, g

′(x∗1) < 0,

✇❤✐❝❤ ✐♠♣❧② T (h, p, x∗1) < 0✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ r❡❣✐♦♥ ✷ ✭❋✐❣✉r❡ ✷✳✽✮

max{1, γh} ≤ p

p0
≤ βh+

1

ξ0
< φ1(h).

❖♥ t❤❡ ❜♦✉♥❞❛r✐❡s ✇❡ ❤❛✈❡ t❤❛t

T (h, p, x∗1) < 0 ❢♦r
p

p0
= max{1, γh},

✇❤❡r❡ ❡✐t❤❡r p = p0, x∗1(h, p0) = 1 ♦r p = p0γh, ξ0 < x∗1(h, p0γh) < 1✱ ❛♥❞

T

(

h, p0

(

βh+
1

ξ0

)

, ξ0

)

> 0 ❢♦r
p

p0
= βh+

1

ξ0
.

❋r♦♠ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ✭✷✳✷✸✮✱ ✭✷✳✷✹✮ ✇❡ ❤❛✈❡

Λ > 0 ❛♥❞ x∗1 > ξ0, g
′(x∗1) < 0, (x∗1g

′(x∗1))
′
< 0.
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❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✷✼✮✱ ✭✷✳✷✽✮✱ ✭✷✳✷✸✮✱ ✭✷✳✷✹✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ♦❢
x∗1 ✭∂x∗1/∂p < 0✮✱ ✇❡ ❤❛✈❡ t❤❛t

∂T

∂x∗1
< 0,

dT

dp
=
∂T

∂p
+

∂T

∂x∗1

∂x∗1
∂p

> 0.

■t ❢♦❧❧♦✇s t❤❛t T (h, p, x∗1)✱ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ p ❢♦r ✜①❡❞ h ≥ 0✱ ✐s ♥❡❣❛t✐✈❡
❢♦r p/p0 = max{1, γh}✱ ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ p ❢♦r max{1, γh} < p/p0 < βh+ 1/ξ0 ❛♥❞
♣♦s✐t✐✈❡ ❢♦r p/p0 = βh+1/ξ0✳ ❚❤✉s✱ t❤❡r❡ ✐s ❥✉st ♦♥❡ ③❡r♦ ♦❢ T (h, p, x∗1)✱ ❞❡♥♦t❡❞ ❜②
p1(h)✱ ❢♦r p0 max{1, γh} < p < p0(βh+ 1/ξ0)✳

▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ❡①✐st❡♥❝❡ r❡❣✐♦♥ ✸ ✭❋✐❣✉r❡ ✷✳✽✮ ♦❢ E∗1 ♦❢ t❤❡ (h, p) ♣❧❛♥❡ ✇❤❡r❡
p > p1(h) ✇❡ ❤❛✈❡

Λ > 0 ❛♥❞ x∗1 < ξ0, g
′(x∗1) > 0,

✇❤✐❝❤ ✐♠♣❧② T (h, p, x∗1) > 0✳
❋✐♥❛❧❧②✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ♦❢ p1(h) ❢♦❧❧♦✇s ❢r♦♠ ∂T/∂h < 0✳

�

❋♦r ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢✉♥❝t✐♦♥s g(·) ❛♥❞ f(·) ✐♥ ✭✷✳✽✮✲✭✷✳✶✶✮ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r
✈❛❧✉❡s s♣❡❝✐✜❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✱ p1(h) t✉r♥s ♦✉t t♦ ❜❡ ✈❡r② ❝❧♦s❡ t♦ βh + 1/ξ0✳ ❚❤❡
❡①✐st❡♥❝❡ r❡❣✐♦♥ ♦❢ E∗1(h, p) ✐♥ t❤❡ (h, p) ♣❧❛♥❡ ✐s ❞✐✈✐❞❡❞ ✐♥ t❤r❡❡ s✉❜r❡❣✐♦♥s ✭❋✐❣✉r❡
✷✳✽✮✿ t❤❡ ✇❤✐t❡ r❡❣✐♦♥s ✶ ❛♥❞ ✷ ✱ ✇❤❡r❡ E∗1(h, p) ✐s ❧♦❝❛❧❧② st❛❜❧❡✱ ❛♥❞ t❤❡ ❣r❡②

r❡❣✐♦♥ ✸ ✱ ✇❤❡r❡ ✐t ✐s ✉♥st❛❜❧❡✳
▲❡t ∆(h, p, x∗1) = T 2(h, p, x∗1) − 4D(h, p, x∗1)✳ ❋♦r ✜①❡❞ h ≥ 0✱ ❛t p = p1(h) ✇❡

❤❛✈❡
T (h, p1(h), x∗1(h, p1(h))) = 0, ∆(h, p1(h), x∗1(h, p1(h))) < 0,

s♦ t❤❛t t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❤❛s ❛ s✐♠♣❧❡ ♣❛✐r ♦❢ ♣✉r❡ ✐♠❛❣✐♥❛r② ❡✐❣❡♥✈❛❧✉❡s✳ ▼♦r❡✲
♦✈❡r✱ dT/dp > 0 ❢♦r max{1, γh} < p/p0 < βh + 1/ξ0✳ ❚❤✉s✱ p = p1(h) ✐s ❛ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗1(h, p) ✭t❤❡ ❞♦tt❡❞ ♦♥❡ ✐♥ ❋✐❣✉r❡ ✷✳✽✮✱ ❛♥❞
❧✐♠✐t ❝②❝❧❡s ❡♠❡r❣❡ ❢♦r p ✐♥ ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ p1(h)✳ ❚❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❧✐♠✐t
❝②❝❧❡s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✐❣♥ ♦❢ t❤❡ ✜rst ▲②❛♣✉♥♦✈ ❝♦❡✣❝✐❡♥t ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ s②st❡♠ ✭✷✳✶✮ ✭❬✹✽❪ ♣✳ ✶✺✷✱ ❢♦r♠✉❧❛ ✭✸✳✹✳✶✶✮❀ ❬✻✻❪ ♣✳ ✶✼✽✱ ❢♦r♠✉❧❛ ✭✺✳✻✷✮✮ ♦♥❝❡
t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❛r❡ ✜①❡❞✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤✐s ❝♦❡✣❝✐❡♥t ♦♥ t❤❡ ♣❛r❛♠❡t❡rs
h ❛♥❞ p ✐s ✈❡r② ✐♥tr✐❝❛t❡✱ ❛♥❞ ❛ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ✐s ❛ s✉❜st❛♥t✐❛❧ ✉♥❞❡rt❛❦✐♥❣✳
❚❤❡ s✐❣♥ ✇❛s t❤❡♥ ❞❡t❡r♠✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ✭❛♥❞ ❛❧s♦ ❝❤❡❝❦❡❞ ✇✐t❤ t❤❡ s♣❡❝✐✜❝ s♦❢t✲
✇❛r❡ ▼❆❚❈❖◆❚ ❬✸✹❪✮ ❢♦r s♣❡❝✐❛❧ s②st❡♠s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞✐✛❡r❡♥t ♣r❡② ❣r♦✇t❤ ❛♥❞
tr♦♣❤✐❝ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤❡ s❡t ♦❢ ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡rs ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ❆❀ ❛❧s♦
t❤❡ s✐❞❡ ♦❢ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ ♦♥ ✇❤✐❝❤ t❤❡ ❧✐♠✐t ❝②❝❧❡s ❡①✐st ❤❛s ❜❡❡♥ ❢♦✉♥❞
♥✉♠❡r✐❝❛❧❧②✳ ❚❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳
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p0

0

p0/ξ0

T (p,h,x∗1) < 0

1/γ h1

p = p0(βh+ 1/ξ0)

p = p0γh

p = p1(h)

p = p0φ1(h)

3

2
1

T (p,h,x∗1) > 0
B0

p0φ0

p0/ǫ

p

h0
h

❋✐❣✳ ✷✳✽✳ ▲♦❝❛❧ st❛❜✐❧✐t② ❛♥❞ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ✐♥ t❤❡ (h, p) ♣❧❛♥❡ ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡
E∗1(h, p) ✐♥ t❤❡ ❝❛s❡ rx ≥ r0✳ ■♥ ❣r❡② t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ T (h, p, x∗1) > 0✳

2.5.2 State E∗1: the case of rx < r0

❚❤❡ s✐t✉❛t✐♦♥ ✐s s♦♠❡✇❤❛t ♠♦r❡ ✐♥✈♦❧✈❡❞ t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❲❡ r❡❢❡r t♦
❋✐❣✉r❡ ✷✳✾ t♦ ✐❧❧✉str❛t❡ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❛s❡✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ rx < r0✱ ♦r
❡q✉✐✈❛❧❡♥t❧② β < γ✱ ✇❡ ❤❛✈❡ t❤❛t ✐♥ t❤❡ (h, p) ♣❧❛♥❡ t❤❡ ❧✐♥❡ p/p0 = γh ✐♥t❡rs❡❝ts t❤❡
❧✐♥❡ p/p0 = βh + 1/ξ0 ❛♥❞ t❤❡ ❝✉r✈❡ p = p0φ1(h) ❛t ♣♦✐♥ts R ❛♥❞ S✱ r❡s♣❡❝t✐✈❡❧②✳
▲❡t hR ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ p✮ ❛♥❞ hS ✭❞❡♣❡♥❞❡♥t ♦♥ p✮ ❜❡ t❤❡ h✲❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡
✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts R ❛♥❞ S❀ ✇❡ ❤❛✈❡

hR =
1

ξ0(γ − β)
=

1

ξ0β(r0/rx − 1)
, hS = φ−1

1

(
p

p0

)

. ✭✷✳✷✾✮

❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p1(h)
❢♦r h < hR ✇❤✐❝❤ ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✭❋✐❣✉r❡ ✷✳✾✮✳ ❚❤❡♦r❡♠ ✷✳✷ ❝❛♥ ❜❡
r❡❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✷✳✸✳ ❆ss✉♠❡ ✭✷✳✷✮✲✭✷✳✼✮ ❛♥❞ rx < r0✳ ❚❤❡♥✱

✭✐✮ ❢♦r 0 ≤ h < hR, ∃ p1(h) : p0 max{1, γh} < p1(h) < p0

(

βh+
1

ξ0

)

,

s✉❝❤ t❤❛t
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T (h, p1(h), x∗1(p1, h)) = 0,

T (h, p, x∗1(h, p)) < 0 ❢♦r p ∈ [p0, p1(h)), h ≥ 0

T (h, p, x∗1(h, p)) > 0 ❢♦r 0 ≤ h ≤ h0, p1(h) < p <
p0
ǫ

❛♥❞

h0 < h < hR, p1(h) < p < p0φ1(h).

▼♦r❡♦✈❡r✱
dp1
dh

> 0.

✭✐✐✮ ❆ ❢✉rt❤❡r r❡❣✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ tr❛❝❡ ✐s

hR < h < hS, γh <
p

p0
< φ1(h),

✇❤❡r❡ hS ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ γh = φ1(h)✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸ ✐s ♦♠✐tt❡❞ ❜❡❝❛✉s❡ ✐t ❢♦❧❧♦✇s t❤❡ ❧✐♥❡s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
♣r❡✈✐♦✉s ❚❤❡♦r❡♠ ✷✳✷✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ E∗1(h, p) ❝❛♥♥♦t ❜❡ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ s✉❜✲
r❡❣✐♦♥ ♦❢ ❡①✐st❡♥❝❡ ✭♠❛r❦❡❞ ✇✐t❤ ❞❛r❦ ❣r❡② ✐♥ ❋✐❣✉r❡ ✷✳✾✭❜✮✮ ❞❡✜♥❡❞ ❜②

h > hR, βh+
1

ξ0
<

p

p0
< min{γh, φ1(h)}. ✭✷✳✸✵✮

■♥❞❡❡❞✱ ✐♥ t❤✐s r❡❣✐♦♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ✭✷✳✷✸✮ ❛♥❞ ✭✷✳✷✹✮ ❞♦ ♥♦t ❤♦❧❞ ❛♥❞ ✇❡ ❤❛✈❡
♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s✐❣♥ ♦❢ T (h, p, x∗1)✳ ■t ✐s ♣♦ss✐❜❧❡ ♥❡✈❡rt❤❡❧❡ss t♦ ❝❤❡❝❦ t❤❡
s✐❣♥ ♦❢ t❤❡ tr❛❝❡ T (h, p, x∗1) ❛❧♦♥❣ t❤❡ ❝✉r✈❡ p = p0φ1(h) ❛♥❞ ✐t t✉r♥s ♦✉t t❤❛t ❢♦r
h s❧✐❣❤t❧② ❛❜♦✈❡ hS T (h, p, x∗1) > 0 ❛♥❞ limh→+∞ T (h, p, x∗1) = rx(1− µ0)(1− γ/β)✳
❙✉❝❤ ✈❛❧✉❡ ✐s ♥❡❣❛t✐✈❡ ♦♥❧② ✇❤❡♥ rx < r0 ❛♥❞ t❤❡♥✱ t❤❛♥❦s t♦ t❤❡ ♠♦♥♦t♦♥✐❝✐t②
♣r♦♣❡rt✐❡s ✭✷✳✷✼✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈❛❧✉❡ hBT ✇❤❡r❡✐♥ T (hBT , p, x∗1) = 0✳ ❚❤❡s❡
❢❛❝ts r❡✈❡❛❧ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ♣♦✐♥t✱ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛ s❛❞❞❧❡✲♥♦❞❡✱
❛ ❍♦♣❢ ❛♥❞ ❛ s❡♣❛r❛tr✐① ❤♦♠♦❝❧✐♥✐❝ ❧♦♦♣ ❝✉r✈❡✱ t❤❛t ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✳ ❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡s ❤❛s ❜❡❡♥ ♥✉♠❡r✐❝❛❧❧② st✉❞✐❡❞
❛♥❞ t❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

2.5.3 State E∗3

❆s r❡❣❛r❞s t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗3(h, p)✱ ✇❡ ❦♥♦✇ t❤❛t ✐t ❡①✐sts ✇❤❡♥

h0 < h < h1, φ2(h) <
p

p0
<

1

ǫ
,
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0 1/γ

p = p0γh

p = p0φ1(h)

T (p,h,x∗1) > 0

T (p,h,x∗1) < 0

hS h1hR

p0

h0
h

p0/ǫ

p0φ0

p

p0/ξ0
p = p1(h)

p = p0(βh+ 1/ξ0)

B0

✭❛✮

T (p,h,x∗1) < 0

h1hS
h

hR

p

T (p,h,x∗1) > 0

p = p0γh

p = p0φ1(h)

S

R

p = p0(βh+ 1/ξ0)

✭❜✮

❋✐❣✳ ✷✳✾✳ ▲♦❝❛❧ st❛❜✐❧✐t② ❛♥❞ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ✐♥ t❤❡ (h, p) ♣❧❛♥❡ ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡
E∗1(h, p) ✐♥ t❤❡ ❝❛s❡ rx < r0✳ ▲✐❣❤t ❣r❡② ❞❡♥♦t❡s r❡❣✐♦♥s ✐♥ ✇❤✐❝❤ T (p, h, x∗1) > 0❀ ❞❛r❦ ❣r❡② ♠❛r❦s r❡❣✐♦♥s
✐♥ ✇❤✐❝❤ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ E∗1 ❝❛♥♥♦t ❜❡ ❛♥❛❧②t✐❝❛❧❧② ❞❡t❡r♠✐♥❡❞✳ ❋✐❣✉r❡ ✭❜✮ ✐s ❛♥ ❡♥❧❛r❣❡♠❡♥t ♦❢
t❤❡ ❞❛s❤❡❞ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ ♦❢ ❋✐❣✉r❡ ✭❛✮✳
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❛♥❞ t❤❛t 0 < x∗3 < ξ2 < η0 < ξ0 ✇❤✐❝❤ ✐♠♣❧✐❡s g′(x∗3) > 0✳ ■t ❢♦❧❧♦✇s t❤❛t ♦♥❧② t❤❡
✐♠♣❧✐❝❛t✐♦♥ ✭✷✳✷✸✮ ✐s ✐♠♣♦rt❛♥t ❢♦r ✐ts st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳

❚❤❡♥✱ ❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ❝♦♥❞✐t✐♦♥s ♦❢ E∗3(p, h) ❛♥❞ ✐♠♣❧✐❝❛t✐♦♥ ✭✷✳✷✸✮ ✐t ❢♦❧❧♦✇s
t❤❛t ❢♦r h0 ≤ h ≤ h1 ✇❡ ❤❛✈❡

max {φ2(h), γh} <
p

p0
<

1

ǫ
=⇒ T (p, h, x∗3) > 0.

❚❤❡ s✐t✉❛t✐♦♥ ❢♦r E∗3 ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✵✳ ▲❡t h̃1 = 1/(γǫ) ❜❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♣♦✐♥t ❜❡t✇❡❡♥ t❤❡ str❛✐❣❤t ❧✐♥❡s p = p0/ǫ ❛♥❞ p = p0γh✳

■❢
h̃1 ≥ h1, ✐✳❡✳

r0
rx

≤ ǫg′(ǫ),

t❤❡♥ E∗3(p, h) ✐s ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ✉♥st❛❜❧❡ ✭❋✐❣✉r❡ ✷✳✶✵✭❛✮✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤✐s ❝❛s❡
❤♦❧❞s ❢♦r ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ ❛ ●✐❧♣✐♥ ♠♦❞❡❧ ❢♦r g(s) ❛♥❞ ♣❛r❛♠❡t❡rs
❛s ✐♥ ❆ ✇✐t❤ rx > r0✳

■❢
h̃1 < h1, ✐✳❡✳

r0
rx
> ǫg′(ǫ),

t❤❡♥✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ E∗3(h, p) ❝❛♥♥♦t ❜❡ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡
r❡❣✐♦♥ ❞❡✜♥❡❞ ❜②

h̃2 ≤ h ≤ h1, φ2(h) ≤
p

p0
≤ min

{

γh,
1

ǫ

}

,

✇❤❡r❡ h̃2 ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥ γh = φ2(h) ✭❞❛r❦ ❣r❡② r❡❣✐♦♥ ✐♥
❋✐❣✉r❡ ✷✳✶✵✭❜✮✮✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s r❡❣✐♦♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭✷✳✷✸✮ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥❞ ✇❡
❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s✐❣♥ ♦❢ T (h, p, x∗3)✳

❚❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ❛❧❧ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✷✳✸✳
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T (h, p, x∗3) > 0

E∗3
p = p0φ2(h)

p = p0γh
B0

p0/ǫ

p0φ0

p

p0

0 h0
h

h1 h̃1

✭❛✮ h̃1 > h1

p = p0γh

p = p0φ2(h)

E∗3

B0

p0/ǫ

T (h, p, x∗3) > 0

p0φ0

p

p0

0 h0 h̃1 hh̃2 h1

✭❜✮ h̃1 < h1

❋✐❣✳ ✷✳✶✵✳ ■♥st❛❜✐❧✐t② r❡❣✐♦♥s ✐♥ t❤❡ (h, p) ♣❧❛♥❡ ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ E∗3(h, p)✳
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0 ≤ h ≤ h0 h0 < h < h1 h > h1

E0 st❛❜❧❡ ♥♦❞❡ p > 0

Eǫ s❛❞❞❧❡ 0 < p < p0/ǫ✱ ✉♥st✳ ♥♦❞❡ p > p0/ǫ

E1 st❛❜❧❡ ♥♦❞❡ 0 < p < p0✱ s❛❞❞❧❡ p > p0

E∗1(h, p)
rx ≥ r0

st❛❜❧❡ p0 < p < p1(h)
st❛❜❧❡ p0 < p < p1(h) ✉♥st✳ p1(h) < p < p0φ1(h)

✉♥st✳ p1(h) < p < p0/ǫ
rx < r0 s❡❡ ❚❛❜❧❡ ✷✳✸✭❜✮

st❛❜❧❡ p0 < p < p0(βh+ 1/ξ0)
♥✳❞✳ p0(βh+ 1/ξ0) < p < p0φ1(h)

E∗2(h, p) ∄ s❛❞❞❧❡ p0φ2(h) ≤ p ≤ p0φ1(h) s❛❞❞❧❡ p0/ǫ ≤ p ≤ p0φ1(h)

E∗3(h, p) ∄
✉♥st✳ max{p0φ2(h), p0γh} ≤ p ≤ p0/ǫ, h0 < h < h̃1 ∄
♥✳❞✳ p0φ2(h) ≤ p ≤ min{p0γh, p0/ǫ}, h̃2 < h < h1

✭❛✮

h0 < h < hR hR < h < hS hS < h < h1

E∗1(h, p) st❛❜❧❡ p0 < p < p1(h) st❛❜❧❡ p0 < p < p0(βh+ 1/ξ0) st❛❜❧❡ p0 < p < p0(βh+ 1/ξ0)
✭rx < r0, h0 < h < h1✮ ✉♥st✳ p1(h) < p < p0φ1(h) ♥✳❞✳ p0(βh+ 1/ξ0) < p < p0γh ♥✳❞✳ p0(βh+ 1/ξ0) < p < p0φ1(h)

✉♥st✳ p0γh < p < p0φ1(h)

✭❜✮

❚❛❜❧❡ ✷✳✸✳ ✭❛✮ ❙✉♠♠❛r② ♦❢ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ✭♥✳❞✳=♥♦t ❞❡t❡r♠✐♥❛❜❧❡✱ ✉♥st✳=✉♥st❛❜❧❡✮❀ ✭❜✮ ❞❡t❛✐❧s ♦♥ st❛❜✐❧✐t② ♦❢
E∗1(h, p) ❢♦r h0 < h < h1 ❛♥❞ rx < r0✳
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■♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡r ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ ❛ ♣r❡❞❛t♦r✲
♣r❡② s②st❡♠✱ ✇❤❡♥ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s ♦❝❝✉rr✐♥❣
✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ tr♦♣❤✐❝ ❝❤❛✐♥ ❛r❡ ♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱ ❜✉t ❜②
s♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣r♦♣❡rt✐❡s ❞❡t❡r♠✐♥✐♥❣ t❤❡✐r s❤❛♣❡s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤✐s ✐s
❢❡❛s✐❜❧❡ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ♦❢ t❤❡ s②s✲
t❡♠✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❧✐♠✐t ❝②❝❧❡s ❝❛♥♥♦t ❜❡ ❡❛s✐❧② ♣❡r❢♦r♠❡❞
❢♦❧❧♦✇✐♥❣ t❤✐s ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤✱ ❛♥❞ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❤❛✈❡ t♦ ❜❡ s♣❡❝✐✜❡❞ t♦ ❣♦
❢✉rt❤❡r ✐♥ t❤❡ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s✳

■♥ t❤✐s ❈❤❛♣t❡r r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ♦❜t❛✐♥❡❞ ❢♦r s♦♠❡ ❝♦♥❝r❡t❡ r❡✲
❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✱ ❛r❡ ♣r❡s❡♥t❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ❜❡❤❛✈✐♦✉rs ♦❢ t❤❡
s②st❡♠✳ ❙✉❝❤ r❡s✉❧ts ❝♦♥✜r♠ ❛♥❛❧②t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❛♥❞ t❤r♦✇ ❧✐❣❤t ♦♥ s♦♠❡ ❛s♣❡❝ts
♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳

3.1 Behaviours of the system

❍❡r❡ ✇❡ ❢♦❝✉s ♦♥ s♦♠❡ ♣❡❝✉❧✐❛r ❜❡❤❛✈✐♦✉rs ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s
✭✷✳✽✮✲✭✷✳✶✶✮✱ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s s♣❡❝✐✜❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳ ❙✉❝❤ ❜❡❤❛✈✐♦✉rs ❛r❡
♦❢ ❝♦✉rs❡ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡r✳
❖♥❝❡ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❛r❡ ✜①❡❞✱ ✇❡ ❝❛♥ ❛❧s♦ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ ❧✐♠✐t
❝②❝❧❡s ❛r✐s✐♥❣ ❢r♦♠ E∗1 ❜② ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❜✐❢✉r❝❛t✐♦♥
str✉❝t✉r❡ ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠s✱ ✇❤✐❝❤ ❛r❡ ♦♥❧② q✉❛❧✐t❛t✐✈❡ ❜❡✲
❝❛✉s❡ t❤❡ r❡❛❧ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s✱ s✐♠✉❧❛t❡❞ ❤❡r❡ ❜② ✉s✐♥❣ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ✭✷✳✽✮ ❛♥❞
✭✷✳✶✵✮ ❛♥❞ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛s ✐♥ ❆✱ ❛r❡ ❛❧♠♦st ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r✳
❚❤❡r❡❢♦r❡✱ s♦♠❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥❛ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ♦♥❧② ✇✐t❤ ❛ ✈❡r②
✜♥❡ r❡s♦❧✉t✐♦♥✳ ❆♥②❤♦✇✱ ✇❡ ♦❜t❛✐♥ q✉❛❧✐t❛t✐✈❡❧② t❤❡ s❛♠❡ s❝❡♥❛r✐♦s ✇✐t❤ ❞✐✛❡r❡♥t
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❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ✭✷✳✽✮✲✭✷✳✶✶✮✳ ❋✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❜✐❢✉r❝❛✲
t✐♦♥ str✉❝t✉r❡ ❝❧♦s❡ t♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs ❞❡t❡❝t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s ✭s✉❝❤ ❛s ♥✉♠❜❡r ♦❢ ❜✐❢✉r❝❛t✐♥❣ ❧✐♠✐t ❝②❝❧❡s✱ ❤✐❣❤❡r ❝♦❞✐♠❡♥s✐♦♥
♣♦✐♥ts✱ ✳ ✳ ✳ ✮ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❝❛s❡ ❜② ❝❛s❡ ✇✐t❤ s♣❡❝✐✜❝ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❛♥❞ ✐t ✇✐❧❧
❜❡ ♠❛tt❡r ♦❢ ❛ ❢✉t✉r❡ ✇♦r❦✳

• ❲❤❡♥ 0 < h < h0✱ ✐♥ ❛❧❧ t❡st❡❞ ❝❛s❡s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ rx✱ t❤❡ ♥✉✲
♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ĥ s✉❝❤ t❤❛t✿

✕ ❢♦r ❛♥② ✜①❡❞ 0 ≤ h < ĥ✱ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❡♠❡r❣❡ ❢♦r p s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡
❍♦♣❢ ✈❛❧✉❡ p1(h) ❛♥❞ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ t❤❡ ❤❡t❡r♦❝❧✐♥✐❝ ❝②✲
❝❧❡ ✐♥✈♦❧✈✐♥❣ ❡q✉✐❧✐❜r✐❛ Eǫ ❛♥❞ E1 ❛t ❛ ❢✉rt❤❡r ❝r✐t✐❝❛❧ ✈❛❧✉❡ p2(h) > p1(h) ✭s❡❡
❋✐❣✉r❡ ✸✳✶ ❛♥❞ ✸✳✷✭❛✮✮❀ ✐♥ t❤✐s r❛♥❣❡ ♦❢ h t❤❡ s②st❡♠ ❜❡❤❛✈❡s q✉❛❧✐t❛t✐✈❡❧② ❛s
t❤❡ s②st❡♠ ✇✐t❤ h = 0 ❬✷✺✱ ❋✐❣✉r❡ ✼❪❀

✕ ✇❤❡♥ h > ĥ✱ r❡♣❡❧❧✐♥❣ ❧✐♠✐t ❝②❝❧❡s ❡♠❡r❣❡ ❢♦r p s❧✐❣❤t❧② ❜❡❧♦✇ t❤❡ ❍♦♣❢ ✈❛❧✉❡
p1(h)✳ ❲❡ ❤❛✈❡ ♥✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉rt❤❡r ❝r✐t✐❝❛❧ ✈❛❧✉❡
hC s✉❝❤ t❤❛t ❢♦r ĥ < h < hC ✭❋✐❣✉r❡ ✸✳✶✮ t❤❡ r❡♣❡❧❧✐♥❣ ❧✐♠✐t ❝②❝❧❡s ❞✐s❛♣♣❡❛r
❜② s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ♦♥ t❤❡ ❝✉r✈❡ p = p3(h)✱
❛♥❞ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s t❤❡♥ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ❤❡t✲
❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ❜❡t✇❡❡♥ ❡q✉✐❧✐❜r✐❛ Eǫ ❛♥❞ E1 ✭❋✐❣✉r❡ ✸✳✷✭❜✮ ❛♥❞ ✸✳✷✭❝✮✮ ♦♥ t❤❡
❝✉r✈❡ p = p2(h) ✭❋✐❣✉r❡ ✸✳✶✮✳ ❚❤❡ ❝✉r✈❡ ♦❢ ❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡s p = p2(h) ✐♥t❡r✲
s❡❝ts p = p3(h) ❢♦r h = hC ✱ ✇❤✐❧❡ ✐t ❝r♦ss❡s t❤❡ ❍♦♣❢ ❝✉r✈❡ p = p1(h) ❢♦r ❛
✈❛❧✉❡ h ∈ (ĥ, hC)✳ ❋♦r hC < h < h0✱ t❤❡ r❡♣❡❧❧✐♥❣ ❧✐♠✐t ❝②❝❧❡s ❞✐s❛♣♣❡❛r ✐♥st❡❛❞
❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ t❤❡ ❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ✐♥✈♦❧✈✐♥❣ Eǫ ❛♥❞ E1 ✭❋✐❣✉r❡
✸✳✷✭❞✮✮ ♦♥ t❤❡ ❝✉r✈❡ p = p2(h) < p1(h)✳

❚❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s t❤✉s s✉♣❡r❝r✐t✐❝❛❧ ❢♦r h < ĥ✱ ❛♥❞ s✉❜❝r✐t✐❝❛❧ ❢♦r h > ĥ❀ t❤❡
❝✉r✈❡ p = p3(h) ♦❢ s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥ ♦❢ ❧✐♠✐t ❝②❝❧❡s ❡♠❛♥❛t❡s ❢r♦♠ t❤❡ ♣♦✐♥t
(ĥ, p1(ĥ))✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡t❡❝t✱ ❜② ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ s♦❢t✇❛r❡ ▼❆❚❈❖◆❚
❬✸✹❪✱ t❤❛t t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ ❤❛s ❛ ●❡♥❡r❛❧✐③❡❞ ❍♦♣❢ ✭●❍✮ ❝♦❞✐♠❡♥s✐♦♥✲
t✇♦ ♣♦✐♥t ❛t h = ĥ✳ ❆ ❞❡❡♣❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rr✐♥❣ ❛t h = hC ✱
✇❤❡r❡ p = p2(h) ❛♥❞ p = p3(h) ✐♥t❡rs❡❝t ❡❛❝❤ ♦t❤❡r✱ ❝♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ ❝❛s❡ ❜②
❝❛s❡ ❢♦❧❧♦✇✐♥❣ ❬✻❪✱ ✇✐t❤ s♣❡❝✐✜❝ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ✇♦✉❧❞ ❛❧❧♦✇ t♦ ❞❡t❡r♠✐♥❡
❤♦✇ ♠❛♥② ❝②❝❧❡s ❜✐❢✉r❝❛t❡ ✐♥ t❤✐s r❡❣✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❛♥❞ ✇❤❛t ✐s t❤❡✐r
st❛❜✐❧✐t②❀ t❤✐s ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♠❛tt❡r ♦❢ ❢✉t✉r❡ st✉❞✐❡s✳
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• ❲❤❡♥ h0 < h < h1✱ ❛❣❛✐♥ ✇❤❛t❡✈❡r rx✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❝♦❡①✐st❡♥❝❡ r❡❣✐♦♥ ♦❢ t❤❡
❡q✉✐❧✐❜r✐❛ E∗1, E∗2, E∗3 ✭❞❛r❦ ❣r❡② r❡❣✐♦♥ ✐♥ ❋✐❣✉r❡ ✷✳✻✮ ✐s ❝r♦ss❡❞ ❜② t❤❡ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p1(h) ✭s❡❡ ❋✐❣✉r❡ ✸✳✶✮✳ ❆❣❛✐♥✱ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡
❣❡♥❡r❛t❡s ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❢♦r p s❧✐❣❤t❧② ❜❡❧♦✇ t❤❡ ❍♦♣❢ ✈❛❧✉❡ p1(h)❀ s✉❝❤
❝②❝❧❡s ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ♦♥ t❤❡ ❝✉r✈❡ p = p2(h)✱ ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r
❡✐t❤❡r ✇✐t❤ t❤❡ ❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ❝♦♥♥❡❝t✐♥❣ Eǫ ❛♥❞ E1 ♦r ✇✐t❤ ❛ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡
✇✐t❤ t❤❡ s❛❞❞❧❡ ♣♦✐♥t E∗2✳ ■♥ ❞❡t❛✐❧✱ ❧❡t hU ❜❡ t❤❡ ❛❜s❝✐ss❛ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ t❤❡ ❝✉r✈❡s p = p2(h) ❛♥❞ p = p0φ2(h) ✭❋✐❣✉r❡ ✸✳✶✮❀ t❤❡♥✱ t❤❡ ❤❡t❡r♦❝❧✐♥✐❝
❝②❝❧❡ ♦❝❝✉rs ❢♦r h < hU ❛♥❞ t❤❡ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡ ❢♦r h > hU ✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠
❤❛✈✐♥❣ ❤❡t❡r♦❝❧✐♥✐❝ t♦ ❤♦♠♦❝❧✐♥✐❝ ♦r❜✐ts t✉r♥s ♦✉t t♦ ❜❡ ❝❛✉s❡❞ ❜② t❤❡ ❢♦r♠❛t✐♦♥ ❛t
h = hU ♦❢ ❛ ❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❥✉st ❛♣♣❡❛r❡❞ ❡q✉✐❧✐❜r✐✉♠ E∗2 = E∗3

❛♥❞ E1✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡s ✇✐t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗2

❛♥❞ t❤❡♥ t♦ t❤❡✐r ❞✐s❛♣♣❡❛r❛♥❝❡ ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ❛ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡
t❤r♦✉❣❤ E∗2✱ ✐♥st❡❛❞ ♦❢ ❜② ❛ ❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ❝♦♥♥❡❝t✐♥❣ Eǫ ❛♥❞ E1✳ ❚❤❡ ♣♦✐♥t
h = hU s❡❡♠s t♦ ❜❡ ❛ ❝♦❞✐♠❡♥s✐♦♥✲t❤r❡❡ ♦r ❡✈❡♥ ❤✐❣❤❡r ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ❆♥②✇❛②✱
❛ ❞❡❡♣❡r ❛♥❛❧②s✐s ❛✐♠✐♥❣ ❛t ❞❡t❡❝t✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ♥♦♥ ❡q✉✐✈❛❧❡♥t ♣❤❛s❡ ♣♦rtr❛✐ts
❛r♦✉♥❞ t❤✐s ♣♦✐♥t ❝❛♥♥♦t ❜❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❣❡♥❡r❛❧ ❛♥❞ ✐t ✇✐❧❧ ❜❡ ♠❛tt❡r ♦❢ ❢✉t✉r❡
✐♥✈❡st✐❣❛t✐♦♥s ✇✐t❤ s♣❡❝✐✜❝ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✳
❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ t❤❡ ♣❡❝✉❧✐❛r ❞②♥❛♠✐❝s ♦❜t❛✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t p ❛♥❞ h0 < h < h1
❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ♣❤❛s❡ ♣♦rtr❛✐ts ✐♥ ❋✐❣✉r❡ ✸✳✸✳ ❲❡ s❡❧❡❝t❡❞ ❝❛s❡s ✐♥ ✇❤✐❝❤ ❛❧❧
❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐❛ ❛r❡ ♣r❡s❡♥t ❛♥❞ ✇❡ ❢♦❝✉s❡❞ ♦♥ ❜✐st❛❜✐❧✐t② ♦❝❝✉rr✐♥❣ ✐♥ t❤❡
s②st❡♠✳ ■♥ ❋✐❣✉r❡ ✸✳✸✭❛✮ ✭✇❤❡r❡ p < p2(h)✮ t❤❡ tr❛❥❡❝t♦r✐❡s t❡♥❞ t♦ E0 ♦r E∗1 ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ■♥ ❋✐❣✉r❡ ✸✳✸✭❜✮ ✭✇❤❡r❡ p2(h) < p < p1(h)✮ ❛♥
✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ s❡♣❛r❛t❡s t❤❡ ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ t❤❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐❛ E∗1

❛♥❞ E0✳ ▲❛st❧②✱ ✐♥ ❋✐❣✉r❡ ✸✳✸✭❝✮ ✭✇❤❡r❡ p > p1(h)✮ ❛❧❧ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐❛
❛r❡ ✉♥st❛❜❧❡ ❛♥❞ t❤❡ s②st❡♠ ❡✈♦❧✈❡s t♦✇❛r❞s ❣❧♦❜❛❧ ❡①t✐♥❝t✐♦♥✳

• ❋♦r h > h1 ❛♥❞ rx ≥ r0 ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✷ t❤❛t t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥
❝✉r✈❡ p = p1(h) ✐s ❛❧✇❛②s ❜❡❧♦✇ t❤❡ st❛t✐♦♥❛r② ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p0φ1(h)
✭❋✐❣✉r❡ ✷✳✽✮✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ s❤♦✇s t❤❛t ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❛r✐s❡
❜❡❧♦✇ t❤❡ ❝✉r✈❡ p = p1(h) ❛♥❞ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ❛ ❤♦♠♦❝❧✐♥✐❝
❝②❝❧❡ t❤r♦✉❣❤ t❤❡ s❛❞❞❧❡ ♣♦✐♥t E∗2 ♦♥ t❤❡ ❝✉r✈❡ p = p2(h) < p1(h) ✭❋✐❣✉r❡ ✸✳✷✭❡✮✮✳
❋♦r h > h1 ❛♥❞ rx < r0✱ ✇❡ ❝❛♥♥♦t st❛t❡ ✐♥ ❣❡♥❡r❛❧ t❤❡ ♠✉t✉❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡
❝✉r✈❡s p = p1(h), p = p0φ1(h)✳ ▼♦r❡♦✈❡r✱ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ E∗1 ❝❛♥♥♦t
❜❡ ❞❡t❡r♠✐♥❡❞ ✐♥ ❣❡♥❡r❛❧ ✐♥ t❤❡ r❡❣✐♦♥ ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✵✮ ✭❞❛r❦ ❣r❡② r❡❣✐♦♥ ✐♥
❋✐❣✉r❡ ✷✳✾✭❜✮✮✳ ❲❡ ❤❛✈❡ ♥✉♠❡r✐❝❛❧❧② ❞❡t❡❝t❡❞ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡s p1(h) ❢♦r
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E∗1 ❛❧s♦ ✇❤❡♥ h ✐s ❛❜♦✈❡ t❤❡ ❡st✐♠❛t❡❞ t❤r❡s❤♦❧❞ hR ✭s❡❡ ❋✐❣✉r❡ ✸✳✹✮✳ ❆❣❛✐♥✱
✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❛r✐s❡ ❜❡❧♦✇ t❤❡ ❝✉r✈❡ p = p1(h) ❛♥❞ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧
❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ t❤❡ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡ t❤r♦✉❣❤ E∗2 ♦♥ t❤❡ ❝✉r✈❡ p = p2(h) < p1(h)✳
❚❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p1(h) ❧✐❡s ❜❡❧♦✇ t❤❡ ❧✐♥❡ p = p0(βh + 1/ξ0) ❢♦r
h < hR✱ ✐♥t❡rs❡❝ts ✐t ❢♦r h = hR ❛t ♣♦✐♥t R ✭✇❤❡r❡ γh = βh + 1/ξ0✮ ❛♥❞ st❛②s
❞❡✜♥✐t❡❧② ❛❜♦✈❡ ❢♦r h > hR✳ ❙✐♥❝❡ t❤❡ s✐❣♥ ♦❢ t❤❡ tr❛❝❡ T (h, p, x∗1) ❛❧♦♥❣ t❤❡
❝✉r✈❡ p = p0φ1(h) ❝❤❛♥❣❡s ❢r♦♠ ♣♦s✐t✐✈❡ t♦ ♥❡❣❛t✐✈❡✱ ❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❙✉❜s❡❝t✐♦♥
✷✳✺✳✷✱ t❤❡r❡ ❡①✐sts t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ hBT > h1 ❛t ✇❤✐❝❤ t❤❡ ❍♦♣❢ ❝✉r✈❡ p = p1(h)
✐♥t❡rs❡❝ts t❤❡ ❝✉r✈❡ p = p0φ1(h)✳ ❆❧s♦ t❤❡ ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p2(h)✱
✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ ❤♦♠♦❝❧✐♥✐❝ ❝②❝❧❡ t❤r♦✉❣❤ t❤❡ s❛❞❞❧❡ ♣♦✐♥t E∗2✱ ♣❛ss❡s t❤r♦✉❣❤
t❤✐s ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ t❤❡♥ ✇❡ ♦❜t❛✐♥ ❛ ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ♣♦✐♥t ✐♥ t❤❡ (h, p) ♣❧❛♥❡
✐♥ ✇❤✐❝❤ D(hBT , pBT , x∗1) = 0 ❛♥❞ T (hBT , pBT , x∗1) = 0✱ t❤❛t t✉r♥s ♦✉t t♦ ❜❡ ❛
❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ✭❇❚✮ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ■t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ t②♣✐❝❛❧ ♣❤❛s❡
❞✐❛❣r❛♠ ♦❢ ❋✐❣✉r❡ ✸✳✺❀ t❤✐s t②♣❡ ♦❢ ❜✐❢✉r❝❛t✐♦♥ ❤❛s ❜❡❡♥ ❞❡t❡❝t❡❞ ❜② ♦t❤❡r ❛✉t❤♦rs
✐♥ s✐♠✐❧❛r ♠♦❞❡❧s ❬✺✱ ✽✼✱ ✸✼✱ ✹✵❪✳
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❋✐❣✳ ✸✳✶✳ ◗✉❛❧✐t❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗1 ❛♥❞ ❧✐♠✐t
❝②❝❧❡s❀ ✐♥ ❣r❡② t❤❡ r❡❣✐♦♥s ♦❢ t❤❡ (h, p) ♣❧❛♥❡ ✐♥ ✇❤✐❝❤ st❛❜❧❡ ♦r ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❡①✐st✳ ●❍✿ ●❡♥❡r❛❧✐③❡❞
❍♦♣❢ ♣♦✐♥t✳
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❋✐❣✳ ✸✳✷✳ ▲✐♠✐t ❝②❝❧❡s ❜❡❤❛✈✐♦✉rs ✈❡rs✉s p✳ ✭❛✮ ❙t❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❡♠❡r❣❡ ❛♥❞ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛✲
t✐♦♥✳ ✭❜✲❝✮ ❘❡♣❡❧❧✐♥❣ ❧✐♠✐t ❝②❝❧❡s ❡♠❡r❣❡ ❛♥❞ ❞✐s❛♣♣❡❛r ❜② s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥ ✇✐t❤ ❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡
♦♥ t❤❡ ❝✉r✈❡ p = p3(h)✱ ❛♥❞ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s t❤❡♥ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ♦♥ t❤❡ ❝✉r✈❡ p = p2(h)✳
❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤✐s ❝✉r✈❡ ✇✐t❤ r❡s♣❡❝t t♦ p = p1(h) ❝❤❛♥❣❡s ✐♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ h✳ ✭❞✲❡✮ ❘❡♣❡❧❧✐♥❣ ❧✐♠✐t
❝②❝❧❡s ❡♠❡r❣❡ ❛♥❞ ❞✐s❛♣♣❡❛r ✐♥st❡❛❞ ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢
t❤❡ ❧✐♠✐t ❝②❝❧❡s ♦♥ t❤❡ (p, x) ♣❧❛♥❡✳ ❙♦❧✐❞ ❧✐♥❡s✿ st❛❜❧❡ ❝②❝❧❡s✱ ❞❛s❤❡❞ ❧✐♥❡s✿ ✉♥st❛❜❧❡ ❝②❝❧❡s✳ ▲P❈ ❞❡♥♦t❡s
❜✐❢✉r❝❛t✐♦♥ ♦❢ ❧✐♠✐t ❝②❝❧❡s ❞❡t❡❝t❡❞ ❜② ▼❆❚❈❖◆❚✱ ✇❤✐❧❡ ❍ ✐♥❞✐❝❛t❡s ❛ ❍♦♣❢ ♣♦✐♥t✳
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T (p,h,x∗1) > 0

p = p2(h)

hS

h

hR

p p = p0(βh+ 1/ξ0)

❋✐❣✳ ✸✳✹✳ ◗✉❛❧✐t❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡s ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗1 ❛♥❞
❧✐♠✐t ❝②❝❧❡s ❢♦r h > hR ✐♥ t❤❡ ❝❛s❡ rx < r0✳ ▲✐❣❤t ❣r❡② ❞❡♥♦t❡s t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ T (h, p, x∗1) > 0✳ ❇❚✿
❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ♣♦✐♥t✳
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❲❤❡♥ ♠♦❞❡❧✐♥❣ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠s✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r❡② ❣r♦✇t❤ ❢✉♥❝t✐♦♥
g(·) ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ✐♥tr❛s♣❡❝✐✜❝ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ t❤❡ ♣r❡②✱ ❛♥❞ ♦♥
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❡✐t❤❡r t❤❡ ❛❜s❡♥❝❡ ♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ✇❡❛❦✴str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ f(·) ♠❛② ❜❡ ❛ss✉♠❡❞ ❡✐t❤❡r ❝♦♥❝❛✈❡ ♦r ❙✲
s❤❛♣❡❞ ❛♥❞ ✐t ❝❛♥ ❜❡ ♣r❡②✲❞❡♣❡♥❞❡♥t✱ r❛t✐♦✲❞❡♣❡♥❞❡♥t ♦r ♣r❡❞❛t♦r✲♣r❡② ❞❡♣❡♥❞❡♥t✳
▼♦r❡♦✈❡r✱ ♦♥❧② s♦♠❡ ♦❢ t❤❡✐r q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ❛r❡ ❦♥♦✇♥✳ ❚❤✉s✱ t❤❡s❡ ❢✉♥❝t✐♦♥s
s❤♦✉❧❞ ♥♦t ❜❡ s♣❡❝✐✜❡❞ ❜② ❛♥② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥✱ ❜✉t ♦♥❧② ❜② ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s
❞✐❝t❛t❡❞ ❜② ❜✐♦❡❝♦❧♦❣✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s❀ ♠♦r❡♦✈❡r✱ t❤❡② s❤♦✉❧❞ s❛t✐s❢② s♦♠❡ t❡❝❤♥✐❝❛❧
❛ss✉♠♣t✐♦♥s t♦ ♠❛❦❡ t❤❡ ❛♥❛❧②s✐s tr❛❝t❛❜❧❡✳

❚❤❡ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ♦♥ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐✉♠
♣♦✐♥ts✱ ❛♥❞ ❛❧❧♦✇ t♦ ♣❡r❢♦r♠ ❛ s✉✣❝✐❡♥t❧② ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡✱ st❛❜✐❧✐t② ❛♥❞ ❜✐❢✉r❝❛t✐♦♥
❛♥❛❧②s✐s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐♥ ❣❡♥❡r❛❧✐③❡❞ ♠♦❞❡❧s ❝❛rr✐❡❞ ♦♥ ❜② ♦t❤❡rs ❛✉t❤♦rs
❬✹✼✱ ✻✸❪✱ ✇❤♦ ❛ss✉♠❡ t❤❛t ❛t ❧❡❛st ♦♥❡ st❡❛❞② st❛t❡ ❡①✐sts ✭✇✐t❤♦✉t ❤②♣♦t❤❡s✐s ♦♥
t❤❡ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s✮ ❛♥❞ t❤❡♥ ♣❡r❢♦r♠ t❤❡ ❧♦❝❛❧ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢
t❤❡ st❡❛❞② st❛t❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✐♥ t❤✐s ✇♦r❦ ❛ss✉♠♣t✐♦♥s ♦♥
t❤❡ ♣r❡② ❣r♦✇t❤ ❢✉♥❝t✐♦♥ ❛♥❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❛r❡ r❡q✉✐r❡❞✱ ✐♥ ♦r❞❡r t♦
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣r♦♣❡r ❜✐♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❧✐♠✐t
t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ❛❞♠✐tt❡❞ ❜② t❤❡ s②st❡♠✱ ❛♥❞ t❤❡ st❛❜✐❧✐t② ❛♥❞
❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ✐s st✉❞✐❡❞ ❢♦r ❡❛❝❤ ❡q✉✐❧✐❜r✐✉♠ st❛t❡✳

❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ ❧❡❛❞s t♦ s♦♠❡ r❡str✐❝t✐♦♥s ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞②♥❛♠✲
✐❝s✳ ▲❡t ✉s ❧♦♦❦ ❛t t❤❡ ❛ss✉♠♣t✐♦♥s ✭✷✳✷✮✲✭✷✳✼✮ ♦♥ g ❛♥❞ f ✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐♠♣❧②
r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ f(s)✱ f ′(s) ❛♥❞ g(s)✱ g′(s)✱ g′′(s)✳ ❆t ❛♥② r❛t❡✱ ✇❤❡♥ ❛ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ✐s ❞❡t❡❝t❡❞✱ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡s ❝❛♥♥♦t ❜❡ ✐♥ ❣❡♥✲
❡r❛❧ ❡st❛❜❧✐s❤❡❞ ❢r♦♠ t❤❡ s✐❣♥ ♦❢ t❤❡ ✜rst ▲②❛♣✉♥♦✈ ♥✉♠❜❡r✱ ❜❡❝❛✉s❡ ✐t ❞❡♣❡♥❞s ♦♥
t❤❡ ✜rst✱ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✶✮✱ ❡✈❛❧✉❛t❡❞ ❛t
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t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t✳ ■♥ t❤❡ ✈❡r② r❡❝❡♥t ♣❛♣❡r ❜② ❆❞❛♠s♦♥ ❛♥❞ ▼♦r♦③♦✈ ❬✸❪ ✐t ✐s
♣♦✐♥t❡❞ ♦✉t t❤❛t ✏t❤❡ ✉s❡ ♦❢ t✇♦ ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss ❝❛♥
r❡s✉❧t ✐♥ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡ ♠♦❞❡❧ ❛♥❞ ❛ ❞✐✛❡r❡♥t
t②♣❡ ♦❢ ❜✐❢✉r❝❛t✐♦♥✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✇❛② t♦ ❛✈♦✐❞ s✉❝❤ ❛♠❜✐❣✉✐t②
✐s t♦ ♥❛rr♦✇ t❤❡ ❝❧❛ss ♦❢ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s✑✱ ❛♥❞ t❤❡② ❝♦♥❝❧✉❞❡ t❤❛t t❤✐s ❛♣♣r♦❛❝❤
♠❛② ❧❡❛❞ t♦ ❝✉♠❜❡rs♦♠❡ ❡①♣r❡ss✐♦♥s✱ ❜✐♦❧♦❣✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧✳ ❲❡ ♦❜s❡r✈❡ t❤❛t s♦♠❡
✉♥❝❡rt❛✐♥t✐❡s ❝♦✉❧❞ ❜❡ r❡♠♦✈❡❞ ❜② ❝❛rr②✐♥❣ ♦✉t ♠❛♥② ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇✐t❤
❞✐✛❡r❡♥t ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✳

■♥ ♦✉r ❛♣♣r♦❛❝❤✱ t❤❡ ✉s❡ ♦❢ ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss ❧❡❛❞s t♦
s♦♠❡ ❝♦♠♠♦♥ ❜❡❤❛✈✐♦✉rs✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐❛
❛♥❞ t❤❡✐r st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳ ❍♦✇❡✈❡r✱ s♦♠❡ ♣❡❝✉❧✐❛r ❞②♥❛♠✐❝s✱ s✉❝❤ ❛s t❤❡ ♣❤❛s❡
❞✐❛❣r❛♠ ❝❧♦s❡ t♦ t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ rx < r0✱
❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥❧② ✇✐t❤ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss✳ ❆❞❛♠s♦♥ ❛♥❞ ▼♦r♦③♦✈ ❬✸❪
❛♥❛❧②s❡ ✐♥ ❞❡t❛✐❧ t❤✐s ❝r✉❝✐❛❧ ♣r♦❜❧❡♠ ❛♥❞ s❤♦✇ t❤❛t ✇❤❡r❡ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ❛r❡
♥♦t s♣❡❝✐✜❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s✱ t❤❡ ❜✐❢✉r❝❛t✐♦♥s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ♦♥❧② ✇✐t❤
❛ ❝❡rt❛✐♥ ♣r♦❜❛❜✐❧✐t②✳

❲❡ ✇✐s❤ t♦ ♣♦✐♥t ♦✉t t❤❛t s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥s✱
t♦❣❡t❤❡r ✇✐t❤ r❡s❝❛❧✐♥❣ ♦❢ st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ✉s❡ ♦❢ ❞✐✛❡r❡♥t
❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ♠❛❦❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡
✈❛r✐♦✉s s❝❡♥❛r✐♦s ❛ ❤❛r❞ ✇♦r❦✳ ■♥ ❛♥② ❡✈❡♥t✱ ❜❡❤❛✈✐♦✉rs ♦❢ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠s
♦❢ t②♣❡ ✭✷✳✶✮ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞✐✛❡r❡♥t ♠♦❞❡❧ ❢✉♥❝t✐♦♥s g(·) ❛♥❞ f(·) ❛♥❛❧②s❡❞ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✸✱ ✾✽✱ ✸✼✱ ✺✱ ✹✵✱ ✶✵✼✱ ✼✾✱ ✽✼✱ ✷✺❪✱ ❞❡s❡r✈❡ s♦♠❡ ❛tt❡♥t✐♦♥✳ ❯♥❞❡r t❤❡
❛ss✉♠♣t✐♦♥ ♦❢ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱ t❤❡ ❢✉♥❝t✐♦♥s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
❧✐t❡r❛t✉r❡✱ ❛♥❞ ❝♦♠❜✐♥❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s ✐♥ s②st❡♠ ✭✷✳✶✮✱ ❛r❡ ✭✷✳✽✮✲✭✷✳✶✶✮✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣r❡②✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ r❡❛❧✐③❡❞ ❜② s❡tt✐♥❣ h = 0 ✐♥ ✭✷✳✶✮✱
❝♦♠♣❛r✐s♦♥s ♦❢ ♠♦❞❡❧s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✭✷✳✽✮✲✭✷✳✾✮ ❛♥❞ ✭✷✳✶✵✮✲✭✷✳✶✶✮
❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❬✷✺❪✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠
st❛t❡s ❤❛❞ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜② t❛❦✐♥❣ p ❛♥❞ t❤❡ r❛t✐♦ θ = m/(cb) ❛s ❜✐❢✉r❝❛t✐♦♥ ♣❛✲
r❛♠❡t❡rs✳ ❆❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ♠♦❞❡❧s ❛❞♠✐t t❤❡ s❛♠❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✱ ❛♥❞ s❤♦✇ t❤❡
s❛♠❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉rs r❡❣❛r❞✐♥❣ t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✱ t❤❡ ♦❝❝✉rr❡♥❝❡
♦❢ ❛ ❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥✳ ❖❜✈✐♦✉s❧②✱ t❤❡ st❛❜✐❧✐t②
r❛♥❣❡s ♠❛② ❜❡ ✈❡r② ❞✐✛❡r❡♥t✱ ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡s ♦❢ t❤❡ ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡rs
rx✱ b✱ m✱ c✳

❆❧s♦ t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ r❡❝❡♥t ♣❛♣❡r ❬✶✵✼❪✱ ✇✐t❤ ❛♥ ❆❧❧❡❡ ❡✛❡❝t ♦❢ r❛t✐♦♥❛❧ t②♣❡
g(s) = g0(s − ǫ)(1 − s)/(ǫ0 + s) ✇✐t❤ ǫ0 > 0 ✭❝❛❧❧❡❞ ❞♦✉❜❧❡ ❆❧❧❡❡ ❡✛❡❝t✮ ❛♥❞ ❧✐♥❡❛r
tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ f(s) = s ✭▲♦t❦❛✲❱♦❧t❡rr❛ ✐♥t❡r❛❝t✐♦♥✮ ✉♥❞❡r❣♦❡s ❛ ❤❡t❡r♦❝❧✐♥✐❝ ❧♦♦♣
❜✐❢✉r❝❛t✐♦♥✱ ❛♥❞ ♠♦r❡♦✈❡r s✉❜❝r✐t✐❝❛❧ ❛♥❞ s✉♣❡r❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳
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■♥ ❛❧❧ t❤❡ ✈✐s✐t❡❞ ♠♦❞❡❧s ✇✐t❤ ❆❧❧❡❡ ❡✛❡❝t ❛♥❞ ♣r❡②✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥
♦♥❧② ♦♥❡ ♣♦ss✐❜❧❡ ❝♦❡①✐st❡♥❝❡ st❛t❡ ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ♠❛② ✉♥❞❡r❣♦ s❡✈❡r❛❧
st❛❜✐❧✐t② ❝❤❛♥❣❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ss✉♠✐♥❣ ǫ0 ✐♥ t❤❡ ❞♦✉❜❧❡ ❆❧❧❡❡ ❡✛❡❝t ❛s ❜✐❢✉r❝❛t✐♦♥
♣❛r❛♠❡t❡r✱ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ ❝❛♥ s✇✐t❝❤ ❢r♦♠ st❛❜❧❡ t♦ ✉♥st❛❜❧❡ ❛♥❞
t❤❡♥ ❜❛❝❦ ❛❣❛✐♥ t♦ st❛❜❧❡ ❬✶✵✽✱ ✶✵✼❪✳

❚❤❡ r❛t✐♦✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❛t✐♦ x/(x + y)✱
✇❤✐❝❤ ✐s s✐♥❣✉❧❛r ✐♥ t❤❡ ♦r✐❣✐♥✱ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ♠♦❞❡❧s ✇✐t❤ ❆❧❧❡❡ ❡❢✲
❢❡❝t ♦❢ q✉❛❞r❛t✐❝ t②♣❡ ✭●✐❧♣✐♥ ♠♦❞❡❧ ✭✷✳✽✮✮ ✐♥ ❬✽✼✱ ✹✵✱ ✺❪✱ ❛♥❞ ♦❢ r❛t✐♦♥❛❧ t②♣❡ ✭❞♦✉❜❧❡
❆❧❧❡❡ ❡✛❡❝t✮ ✐♥ ❬✸✼❪✳ ■♥ ❛❧❧ t❤❡s❡ ♠♦❞❡❧s ♦♥❧② t✇♦ ❝♦❡①✐st❡♥❝❡ st❛t❡s ♠❛② ❜❡ ❢♦✉♥❞✱
❛♥❞ ♦♥❡ ✐s ❛❧✇❛②s ❛ s❛❞❞❧❡ ♣♦✐♥t✳ ■♥ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r s♣❛❝❡s ❝♦♥s✐❞❡r❡❞ ❜②
t❤❡s❡ ❛✉t❤♦rs✱ ❛ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ♦❢ ❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❤❛s ❜❡❡♥
❞❡t❡❝t❡❞ ❛♥❞ ✐t ✐s ❝♦♥s✐❞❡r❡❞ ✏❛s ❛♥ ♦r❣❛♥✐s✐♥❣ ❝❡♥tr❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s✑ ❬✺❪✳
❆❧t❤♦✉❣❤ t❤❡s❡ ♠♦❞❡❧s ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡✱ t❤❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✲
✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ ❬✽✼✱ ✹✵❪ s❤♦✇ ❛♥❞ s✉❣❣❡st t❤❡ ❛❜s❡♥❝❡ ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s✱
✇❤✐❧❡ ✐♥ ❬✺❪ ✏❢♦r ❛ ✜①❡❞ s❡t ♦❢ ♣❛r❛♠❡t❡rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛② ❤❛♣♣❡♥✿ t❤❡ ❡①t✐♥❝t✐♦♥
♦❢ ❜♦t❤ ♣♦♣✉❧❛t✐♦♥s✱ ❝♦❡①✐st❡♥❝❡ ❢♦r ❞❡t❡r♠✐♥❡❞ ♣♦♣✉❧❛t✐♦♥ s✐③❡s✱ ♦r t❤❡ ♦s❝✐❧❧❛t✐♦♥
♦❢ ❜♦t❤ ♣♦♣✉❧❛t✐♦♥✑✳ ❚❤❡ s❛♠❡ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✸✼❪✳ ❆ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐♥ ❬✺✱ ✸✼❪ ❛ ♣❛r❛♠❡t❡r ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❢✉♥❝t✐♦♥✱ ❛ss♦❝✐✲
❛t❡❞ ✇✐t❤ ǫ ✐♥ ♦✉r ❢♦r♠✉❧❛t✐♦♥✱ ✐s ✉s❡❞ ❛s ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡r✱ ❛♥❞ ✈❛r✐❡❞ ✐♥ t❤❡
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ✇❤✐❧❡ ✐t ✐s ♠❛✐♥t❛✐♥❡❞ ✜①❡❞ ✐♥ ❬✽✼❪✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ❬✺✱ ✸✼❪
♠♦r❡ ❣❧♦❜❛❧ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❞❡s❝r✐❜❡❞✿ ❤❡t❡r♦❝❧✐♥✐❝ ❧♦♦♣ ❛♥❞ ❜✐❢✉r❝❛t✐♦♥ ♦❢ ❧✐♠✐t ❝②✲
❝❧❡s✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❬✶✵✽✱ ✶✵✼✱ ✺✱ ✸✼❪ s✉❣❣❡st t❤❛t t❤❡ ✉s❡ ♦❢ ♣❛r❛♠❡t❡rs
✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡② ❣r♦✇t❤ ❢✉♥❝t✐♦♥ ❛s ❛ ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡r ♣✉t ✐♥ ❡✈✐❞❡♥❝❡
♣❤❡♥♦♠❡♥❛ ✇❤✐❝❤ ❛r❡ ♥♦t ❞❡t❡❝t❡❞ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ❛♥❛❧②s✐s ✇✐t❤ ♦t❤❡r ❜✐❢✉r❝❛t✐♦♥
♣❛r❛♠❡t❡rs✳

■♥ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ✜①❡❞ ❛❧❧ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❜✐♦❡❝♦❧♦❣✐❝❛❧ r❛t❡s rx, b, m✱ ❞❡✲
t❡r♠✐♥✐♥❣ t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❝♦♥✈❡rs✐♦♥ ❢❛❝t♦r c ❢r♦♠ ♣r❡② t♦
♣r❡❞❛t♦r ❜✐♦♠❛ss✱ ✇❤✐❝❤ ❛r❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦rs ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳ ▼♦r❡♦✈❡r✱ ❛❧s♦
t❤❡ ❆❧❧❡❡ t❤r❡s❤♦❧❞ ε ✐s ♠❛✐♥t❛✐♥❡❞ ✜①❡❞✳ ❚❤❡ ♣❛r❛♠❡t❡rs h ❛♥❞ p ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡
❛r❣✉♠❡♥t ♦❢ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ♣r❡❞❛t♦r✲♣r❡② ✐♥t❡r❛❝t✐♦♥✱ ❤❛✈❡
❜❡❡♥ ❝❤♦s❡♥ ❛s ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ■♥ ♦✉r ❛♥❛❧②t✐❝❛❧ st✉❞②✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡
s②st❡♠ ❛❞♠✐ts ❛t ♠♦st t❤r❡❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐❛ E∗1, E∗2, E∗3 ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs h ❛♥❞ p✱ ❛s ✐♥ ❚❛❜❧❡ ✷✳✷✳ ❚❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ E∗2✱ ✇❤❡♥
❡①✐sts✱ ✐s ❛❧✇❛②s ❛ s❛❞❞❧❡ ♣♦✐♥t✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗3 ✐s ❛❧✇❛②s ✉♥st❛❜❧❡ ✇❤❡♥ t❤❡
str❛✐❣❤t ❧✐♥❡ p = p0γh ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ✐ts ❡①✐st❡♥❝❡ r❡❣✐♦♥ ✐♥ t❤❡ (h, p) ♣❧❛♥❡✳

❚❤❡ st✉❞② ♦❢ t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ E∗1 ✐♥ t❤❡ (h, p) ♣❧❛♥❡ ✐s ♠♦r❡ ✐♥tr✐❝❛t❡✳ ❲❡
❢♦✉♥❞ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝✉r✈❡ p = p1(h)✱ ❛♥❞ ❧✐♠✐t ❝②❝❧❡s ❡♠❡r❣❡✱ st❛❜❧❡ ♦r ✉♥st❛❜❧❡
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ h✱ ❛♥❞ ❞✐s❛♣♣❡❛r ❜② ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥✱ ✐♥✈♦❧✈✐♥❣ t❤❡
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❤❡t❡r♦❝❧✐♥✐❝ ❝②❝❧❡ ❜❡t✇❡❡♥ t❤❡ ♥♦♥ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐❛ Eǫ, E1 ♦r t❤❡ ❤♦♠♦❝❧✐♥✐❝
❝②❝❧❡ t❤r♦✉❣❤ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ E∗2✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡
❛❧s♦ ♥✉♠❡r✐❝❛❧❧② ❞❡t❡❝t❡❞ ❛ r❡❣✐♦♥ ✐♥ t❤❡ (h, p) ♣❧❛♥❡ ✇❤❡r❡ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ❧✐♠✐t
❝②❝❧❡s ❝♦❡①✐st ❛♥❞ ❞✐s❛♣♣❡❛r ❜② s❛❞❞❧❡✲♥♦❞❡ ❜✐❢✉r❝❛t✐♦♥ ♦❢ ❝②❝❧❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡❞
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❢♦r rx < r0✳ ❲❡ ♣♦✐♥t❡❞ ♦✉t
t❤❛t✱ ✐♥ s♦♠❡ r❡❣✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✱ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥ts ♠✉❧t✐♣❧❡ ❛ttr❛❝t♦rs✳
▼♦r❡♦✈❡r✱ t❤❡ ❡①t✐♥❝t✐♦♥ ♦❢ ❜♦t❤ ♣♦♣✉❧❛t✐♦♥s ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡✱ s✐♥❝❡ t❤❡ ❣❧♦❜❛❧
❡①t✐♥❝t✐♦♥ E0 ✐s ❛❧✇❛②s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❛♥❞ ❣❧♦❜❛❧❧② st❛❜❧❡ ❢♦r s♦♠❡
♣❛r❛♠❡t❡r ✈❛❧✉❡s✳

■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t✱ ❢r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ✈✐❡✇♣♦✐♥t t❤❡ s②st❡♠ ❛❞♠✐ts ❞✐❢✲
❢❡r❡♥t ♣❤❛s❡ ♣♦rtr❛✐ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✱ ❜✉t t❤✐s ♥♦t ♥❡❝❡ss❛r✐❧②
✐♠♣❧✐❡s ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳ ❋♦r ✐♥✲
st❛♥❝❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛ st❛❜❧❡ st❡❛❞② st❛t❡ ❛♥❞ ❛ s♠❛❧❧ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡
❛r♦✉♥❞ t❤❡ s❛♠❡ ✭❜✉t ✉♥st❛❜❧❡✮ st❡❛❞② st❛t❡ ✐s ♦❢ ♠✐♥♦r ✐♠♣♦rt❛♥❝❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡
♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ❛ss❡rts t❤❛t t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡s❡ t✇♦ ❝❛s❡s ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t✳

❆ ❧❛st ❜r✐❡❢ r❡♠❛r❦ ❝♦♥❝❡r♥s t❤❡ ♠❛①✐♠❛❧ s♣❡❝✐✜❝ ♣r♦❞✉❝t✐♦♥ r❛t❡s rx ❛♥❞ ry✳ ❆
❝r✐t✐❝❛❧ ✈❛❧✉❡ r0✱ ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✻✮✱ ♦❢ rx ✇❛s ❢♦✉♥❞✳ ■t ❞❡♣❡♥❞s ♦♥ t❤❡ ❜✐♦❡❝♦❧♦❣✐❝❛❧
♣❛r❛♠❡t❡rs b✱ m✱ c ❛♥❞ ♦♥ t❤❡ t②♣❡ ♦❢ t❤❡ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
s②st❡♠ s❤♦✇s ❞✐✛❡r❡♥t ❢❡❛t✉r❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ rx − r0✳ ❚❤✐s
❢❛❝t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡✐t❤❡r t❤❡ ♣r❡s❡♥❝❡ ♦r t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❆❧❧❡❡ ❡✛❡❝t ✐♥ t❤❡
♠♦❞❡❧ ❡q✉❛t✐♦♥s ✭s❡❡ ❙✉❜s❡❝t✐♦♥s ✷✳✺✳✶✱ ✷✳✺✳✷ ❛♥❞ ❬✷✺❪✮✳ ■t ✐s ✇♦rt❤✇❤✐❧❡ ♥♦t✐♥❣ t❤❛t
t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ s②st❡♠ ❜❡❤❛✈✐♦✉r ❞✉❡ t♦ t❤❡ s✐❣♥ ♦❢ rx−r0 ❜❡❝♦♠❡s ✈❡r② ♠❛r❦❡❞
✇❤❡♥ ❛ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ s✐♥❣✉❧❛r ✐♥ t❤❡ ♦r✐❣✐♥ ✐s ✉s❡❞ ❬✷✷❪✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡
♦❜s❡r✈❡❞ ✭s❡❡ ❆✮ t❤❛t ✇✐t❤ ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ r0 = ry✱ ✇❤✐❧❡
✇✐t❤ ❛♥ ■✈❧❡✈ t②♣❡ r0 > ry ✇✐t❤ t❤❡ s❛♠❡ ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡rs m, c, b✳ ❚❤✉s✱ ✐❢
rx < ry✱ t❤❡♥ rx < r0✱ ✇✐t❤ ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✳ ❈♦♥tr❛r✐❧②✱ ✇✐t❤ t❤❡
■✈❧❡✈ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ ✇❤❡♥ rx > ry ✇❡ ♠✐❣❤t ❤❛✈❡ ❡✐t❤❡r rx < r0 ♦r rx > r0✳ ❲❡
r❡❝❛❧❧ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ✐♥ ❛ ❢♦♦❞ ✇❡❜ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r r❡♣r♦❞✉❝t✐♦♥ ❛♥❞ ❣r♦✇t❤
♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧s ♦❢ ❛ ♣♦♣✉❧❛t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ tr♦♣❤✐❝ ❧❡✈❡❧ ❬✻✼✱ ✷✷❪✳ ❆t ❛♥②
❡✈❡♥t✱ ✐♥ s♦♠❡ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠s✱ s✉❝❤ ❛s s♦♠❡ ❛❝❛r✐♥❡ s②st❡♠s✱ ❛♥② s✐t✉❛t✐♦♥
♠❛② ♦❝❝✉r✳

❙✉♠♠❛r✐③✐♥❣✱ t❤❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✱
✐♥ ✇❤✐❝❤ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s ✐s ✉♥s♣❡❝✐✜❡❞ ❡①❝❡♣t ❢♦r
s♦♠❡ ❣❡♥❡r✐❝ q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s✱ ❤❛s ♣✉t ✐♥ ❡✈✐❞❡♥❝❡ t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣❧❡①✐t② ♦❢
t❤❡ ❜✐❢✉r❝❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ❛❝❝♦r❞✐♥❣ ❛❧s♦ t♦ r❡❝❡♥t ✇♦r❦s ❬✹✱ ✷✱ ✸❪✳ ▲♦❝❛❧
✭st❛t✐♦♥❛r② ❛♥❞ ❍♦♣❢✮ ❜✐❢✉r❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤✐s ❣❡♥❡r❛❧
❢r❛♠❡✇♦r❦❀ ❛❧s♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s ❛♥❞ t❤❡ ❝✉s♣ ❝♦❞✐♠❡♥s✐♦♥✲t✇♦
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❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢✉♥❝t✐♦♥s✳
❚❤❡ ♥❡①t st❡♣ ❝♦♥s✐sts ✐♥ ♣❡r❢♦r♠✐♥❣ ❛♥ ❛♥❛❧♦❣♦✉s ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r ♥♦♥❧♦❝❛❧ ❛♥❞
❝♦❞✐♠❡♥s✐♦♥✲t✇♦ ❜✐❢✉r❝❛t✐♦♥s✱ s✉❝❤ ❛s t❤❡ ●❡♥❡r❛❧✐③❡❞ ❍♦♣❢ ❛♥❞ t❤❡ ❜✐❢✉r❝❛t✐♦♥s
♦❢ ❝②❝❧❡s✱ ❛❞♠✐tt❡❞ ❜② t❤✐s ❣❡♥❡r❛❧ ♠♦❞❡❧❀ ✐t ✇✐❧❧ ❜❡ ❛ ❧♦t ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✱ ❛♥❞
❤♦♣❡❢✉❧❧② ❝♦✉❧❞ ❣✐✈❡ ❛❞❞✐t✐♦♥❛❧ ❡❧❡♠❡♥ts t♦ tr② t♦ ❡①♣❧❛✐♥ ♣❤❡♥♦♠❡♥❛ st✐❧❧ ✉♥❝❧❡❛r ✐♥
r❡❛❧ ❡❝♦s②st❡♠s✳





Appendix

A Details on some parameters

✭✐✮ ▲❡t

µ(s) =
sf ′(s)

f(s)
, s > 0. ✭✹✳✶✮

❋r♦♠ ♣r♦♣❡rt✐❡s ✭✷✳✸✮ ❛♥❞ ✭✷✳✼✮ ✐t ❢♦❧❧♦✇s t❤❛t

µ(0) = 1, 0 < µ(s) < 1, lim
s→+∞

µ(s) = 0. ✭✹✳✷✮

❚❤❡ ✜rst t✇♦ ♣r♦♣❡rt✐❡s ♦❢ µ(s) ❛r❡ ❡❛s✐❧② ✈❡r✐✜❡❞✳ ❚♦ ♣r♦✈❡ t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✷✮✱ ❧❡t
✉s ❝♦♥s✐❞❡r t❤❡ ✐❞❡♥t✐t②

∫ s

s0

µ(a)

a
da =

∫ s

s0

f ′(a)

f(a)
da, ✭✹✳✸✮

✇❤❡r❡ s0 > 0 ✐s ✜①❡❞✱ ❛♥❞ s > s0✳ ❋r♦♠ ✭✹✳✸✮ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts â(s)✱
s0 < â(s) < s✱ s✉❝❤ t❤❛t

µ (â(s)) =
log f(s)/f(s0)

log s/s0
. ✭✹✳✹✮

❋r♦♠ ✭✹✳✹✮✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim
s→+∞

µ (â(s)) = 0, lim
s→+∞

∂µ (â(s))

∂s
= lim

s→+∞

µ(s)− µ (â(s))

s log s/s0
= 0, ✭✹✳✺✮

✇❤✐❝❤ ✐♠♣❧② t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✷✮✳ ❍♦✇❡✈❡r✱ ❢r♦♠ ♣r♦♣❡rt✐❡s ✭✷✳✸✮ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦
s❤♦✇ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ µ′(s) < 0✱ ✇❤✐❝❤ ❤♦❧❞s ❢♦r t❤❡ ❢✉♥❝t✐♦♥s f(s)
❣❡♥❡r❛❧❧② ✉s❡❞ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✳
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✭✐✐✮ ❚❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs ♦❢ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠s ♠❛② ❜❡ ❞✐✛❡r❡♥t ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ rx − r0 ❛♥❞ rx − ry✱ ✇❤❡r❡ r0 ✐s ❣✐✈❡♥ ✐♥ ✭✷✳✷✻✮ ❛♥❞
ry ✐♥ ✭✷✳✶✹✮ ❬✷✷✱ ✻✼✱ ✼✵❪✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤✐s ✐ss✉❡✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t ✇✐t❤ ❛
❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ t❤❡ ♣❛r❛♠❡t❡rs p0 ❛♥❞ µ0 ❛r❡ ❣✐✈❡♥ ❜②

p0 =
α

1− α
, µ0 = 1− α,

s♦ t❤❛t

r0 =
m(1− α)

α
= ry.

❖t❤❡r✇✐s❡✱ ✇✐t❤ ❛♥ ■✈❧❡✈ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✇❡ ♦❜t❛✐♥

p0 = − ln(1− α), µ0 =
−(1− α) ln(1− α)

α
,

s♦ t❤❛t

r0 = ry
−α ln(1− α)

α + (1− α) ln(1− α)
> ry.

✭✐✐✐✮ ❆s ❛ ❜❛s✐❝ s❡t ♦❢ ❜✐♦❡❝♦❧♦❣✐❝❛❧ ♣❛r❛♠❡t❡rs t♦ ❜❡ ✉s❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱
✇❡ ❤❛✈❡ t❛❦❡♥ t❤❡ ✈❛❧✉❡s ❢r♦♠ ❇✉✛♦♥✐ ❡t ❛❧✳ ❬✷✸❪✱ r❡♣♦rt❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿

P❛r❛♠❡t❡r rx b m c ǫ
(d−1) (d−1) (d−1)

❱❛❧✉❡ 0.11 0.88 0.19 0.39 ✵✳✷

❚❤❡s❡ ❞❛t❛ ❤❛✈❡ ❜❡❡♥ ❡st✐♠❛t❡❞ ✐♥ ❬✷✹❪✳ ❚❤❡② r❡❢❡r t♦ ❛♥ ❛❝❛r✐♥❡ s②st❡♠✱ s✉r✈❡②❡❞
✐♥ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧ ✜❡❧❞ ❡①♣❡r✐♠❡♥ts✿ t❤❡ ♣❤②t♦♣❤❛❣♦✉s ♠✐t❡ ❚❡tr❛♥②❝❤✉s ✉rt✐❝❛❡
❛♥❞ ✐ts ❜✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧ ❛❣❡♥t✱ t❤❡ ♣r❡❞❛t♦r ♠✐t❡ P❤②t♦s❡✐✉❧✉s ♣❡rs✐♠✐❧✐s ❬✷✹❪✳
❲❡ ✇✐s❤ t♦ ♣♦✐♥t ♦✉t t❤❛t✱ ❜② ✉s✐♥❣ t❤✐s ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs✱ s♦♠❡ r❡❧❛✲
t✐♦♥s✱ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❡❝♦❧♦❣✐❝❛❧ s②st❡♠✱ ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✶✺✮
α = m/(cb) = 0.55 < 1 ✐s ❢✉❧✜❧❧❡❞✱ ❛♥❞ t❤❡♥ ♥♦♥ tr✐✈✐❛❧ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❢♦✉♥❞✳
❚❤❡ ♠❛①✐♠✉♠ ❣r♦✇t❤ r❛t❡ rx ♦❢ t❤❡ ♣r❡② ✐s ❧❡ss t❤❛♥ t❤❡ ♦♥❡ ♦❢ t❤❡ ♣r❡❞❛t♦r✿

rx = 0.11 d−1 < ry = cb−m = 0.15 d−1.

❲✐t❤ ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ t❤❛t r0 = ry✳ ■t ❢♦❧❧♦✇s t❤❛t ✐♥
t❤❡ (h, p) ♣❧❛♥❡ t❤❡ t✇♦ str❛✐❣❤t ❧✐♥❡s p/p0 = γh ❛♥❞ p/p0 = βh+ 1/ξ0 ✐♥t❡rs❡❝t✳
❲❡ ❤❛✈❡ t❛❦❡♥ rx = 0.16 d−1 ✐♥ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts t♦ s✐♠✉❧❛t❡ t❤❡ ❝❛s❡
rx > ry✳
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■♥ ❙❡❝t✐♦♥ ✷✳✹✳✷ ♦❢ ❈❤❛♣t❡r ✷✱ ✇❡ ❢♦✉♥❞ ❛ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✐♥ B0 ✐♥ t❤❡ (h, p)✲
♣❧❛♥❡ r❡❣❛r❞✐♥❣ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✳ ❍❡r❡✱ ✇❡ ✇❛♥t t♦ ✈❡r✐❢② t❤❡ ❝♦♥✲
❞✐t✐♦♥s ❢♦r ❛ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ t♦ r❡❞✉❝❡ t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ✭✷✳✶✮ ♦♥ t❤❡ ❝❡♥t❡r ♠❛♥✲
✐❢♦❧❞✱ ❛♥❞ t❤❡♥ ✈❡r✐❢② t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ❝✉s♣ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✭✵✳✶✮ ❛♥❞ ✭✵✳✷✮✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❖❉❊

ẋ = F (x, h, p) =
1

x
+ hβg(x)− p

p0
.

■ts ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ❛r❡ t❤❡ x−❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐❛ ♦❢ ✭✷✳✶✮✱
✇❤✐❧❡ t❤❡ y−❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡ ❢♦✉♥❞ t❤❛♥❦s t♦

y∗ = βx∗g(x∗).

▼♦r❡♦✈❡r✱ ✐ts ❡q✉✐❧✐❜r✐✉♠ s✉r❢❛❝❡ ✐s t❤❡ s❛♠❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ s②st❡♠ ✭✷✳✶✮✳

• ❲❡ ❤❛✈❡ t❤❛t F (η0, h0, p0Φ0) = 0.
• ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t Fx(η0, h0, p0Φ0) = 0.

Fx = − 1

x2
+ hβg′(x) =

1

x2
(
−1 + hβx2g′(x)

)

=
1

x2
(−1 + hψ(x)) .

Fx(η0, h0, p0Φ0) =
1

η20
(−1 + h0ψ(η0)) = 0.

• ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t Fxx(η0, h0, p0Φ0) = 0.

Fxx = − 2

x3
(−1 + hψ(x)) +

1

x2
hψ′(x).

Fxx(η0, h0, p0Φ0) = − 2

η30
(−1 + h0ψ(η0)) +

1

η20
h0ψ

′(η0) = 0.

• ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t Fxxx(η0, h0, p0Φ0) 6= 0.
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Fxxx =
6

x4
(−1 + hψ(x))− 4

x3
hψ′(x) +

1

x2
hψ′′(x).

Fxxx(η0, h0, p0Φ0) =
6

η40
(−1 + h0ψ(η0))−

4

η30
h0ψ

′(η0) +
1

η20
h0ψ

′′(η0)

=
1

η0
h0ψ

′′(η0) < 0,

s✐♥❝❡ ψ ❤❛s ♦♥❧② ♦♥❡ ♠❛①✐♠✉♠ ✐♥ η0✳
• ❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t (FhFxp − FpFxh)(η0, h0, p0Φ0) 6= 0.

Fh = βg(x),

Fxp = 0,

Fp = − 1

p0
,

Fxh = βg′(x).

(FhFxp − FpFxh)(η0, h0, p0Φ0) = βg′(η0)
1

p0
> 0.

❚❤✉s✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳

C List of main symbols

t t✐♠❡ ✭d✮
x r❛t✐♦ ❜❡t✇❡❡♥ ♣r❡② ❜✐♦♠❛ss ❛♥❞ ♠❛①✐♠✉♠ ♦❢ ♣r❡② ♣♦♣✉❧❛t✐♦♥ s✐③❡
y r❛t✐♦ ❜❡t✇❡❡♥ ♣r❡❞❛t♦r ❜✐♦♠❛ss ❛♥❞ ♠❛①✐♠✉♠ ♦❢ ♣r❡② ♣♦♣✉❧❛t✐♦♥ s✐③❡
rx ♠❛①✐♠✉♠ s♣❡❝✐✜❝ r❛t❡ ♦❢ ♣r❡② ❣r♦✇t❤ ✭d−1✮
b ♠❛①✐♠✉♠ s♣❡❝✐✜❝ r❛t❡ ♦❢ ♣r❡② ❝♦♥s✉♠♣t✐♦♥ ✭d−1✮
m s♣❡❝✐✜❝ r❛t❡ ♦❢ ♣r❡❞❛t♦r ♠♦rt❛❧✐t② ✭d−1✮
c ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ✭❢r♦♠ ♣r❡② t♦ ♣r❡❞❛t♦r ❜✐♦♠❛ss✮
ǫ r❛t✐♦ ❜❡t✇❡❡♥ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♦❢ ♣r❡② ♣♦♣✉❧❛t✐♦♥ s✐③❡

g(x) ❛❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥ s♣❡❝✐❢②✐♥❣ t❤❡ t②♣❡ ♦❢ ♣r❡② ❣r♦✇t❤

f

(
px

1 + hy

)

❛❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ♦❢ ♣r❡❞❛t♦r t♦ ♣r❡② ❛❜✉♥❞❛♥❝❡

p ♣r❡❞❛t✐♦♥ ❡✣❝✐❡♥❝②
h ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r❡❞❛t♦r ✐♥t❡r❢❡r❡♥❝❡ ❞✉r✐♥❣ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss

α m/cb
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β rxc/m

ry cb−m (d−1)

p0 f−1(α)

µ(s) sf ′(s)/f(s)

µ0 µ(p0)

γ cµ0/(1− µ0)

r0 mµ0/(1− µ0) (d−1)

Λ(h, p) 1− µ0 − cµ0hp0/p

φ(x, h) 1/x+ hβg(x)

ψ(x) βx2g′(x)

ξ0 ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ g′(x) = 0

φ(ξ0, h) βh+ 1/ξ0

η0 ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ψ′(x) = 0

h0 1/ψ(η0)

h1 1/ψ(ǫ)

hǫ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ φ1(h) = 1/ǫ

η1 ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ψ(x) = 1/h1 ✐♥ t❤❡ r❛♥❣❡ (η0, ξ0)

ξ1(h), ξ2(h) s♦❧✉t✐♦♥s ♦❢ ψ(x) = 1/h✱ ξ1(h) ≥ ξ2(h)

φ0 φ(η0, h0)

B0 ❝✉s♣ ♣♦✐♥t (h0, p0φ0)

φj(h) φ(ξj(h), h), j = 1, 2

p1(h) ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡ ❢♦r p

p2(h) ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡ ❢♦r p

hR 1/(ξ0(γ − β))✱ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ γh = βh+ 1/ξ0

hS ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ φ1(h) = γh
hU ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ p2(h) = p0φ2(h)
hBT ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ p1(h) = p0φ1(h)
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Introduction

❚❤✐s P❛rt✶ ❢♦❝✉s❡s ♦♥ t❤❡ st✉❞② ♦❢ t✇♦ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ✇✐t❤ ❞✐✛✉s✐♦♥ t❤❛t
❥✉st✐❢②✱ ✐♥ ❛ s✉✐t❛❜❧❡ ❧✐♠✐t✱ t✇♦ ❝❧❛ss✐❝❛❧ t②♣❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ✐♥ t❤❡ r❡❛❝t✐♦♥
♣❛rt ❛♥❞ ♣r❡s❡♥t ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✳ ❲❡ ❛❧s♦ ❧♦♦❦ ❢♦r
❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✈❛❧✉❡s ✇❤✐❝❤ ❧❡❛❞ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✳

❈♦♠♣❧❡① ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ❛r❡ q✉✐t❡ ✉s✉❛❧ ✐♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ❬✶✱ ✶✹✱ ✷✾✱
✺✺✱ ✺✽❪✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❬✺✺❪ ✐s ❜❛s❡❞ ♦♥ t❤❡
✐❞❡❛ t❤❛t ♣r❡❞❛t♦rs ✇✐❧❧ ❝❛t❝❤ ❛ ❧✐♠✐t❡❞ ❛♠♦✉♥t ♦❢ ♣r❡② ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ ♣r❡② ❛r❡
❛❜✉♥❞❛♥t✳ ❉❡♥♦t✐♥❣ ✇✐t❤ N := N(t) t❤❡ ♣r❡② ❜✐♦♠❛ss ❛♥❞ ✇✐t❤ P := P (t) t❤❡
♣r❡❞❛t♦r ❜✐♦♠❛ss✱ t❤✐s t②♣❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢
t✇♦ ❖❉❊s✿

Ṅ = r0g(N)− bNP

1 + kN
,

Ṗ =
cbNP

1 + kN
− µP,

✭✺✳✶✮

✇✐t❤ r0, b, c, k, µ > 0❀ t❤❡ ❢✉♥❝t✐♦♥ g ❞❡s❝r✐❜❡s t❤❡ ♣r❡② ❣r♦✇t❤ ❛♥❞ ❝❛♥ ❜❡ ❡✐t❤❡r
❧✐♥❡❛r✱ t❤❛t ✐s g(N) = N ✱ ♦r ✐♥✈♦❧✈❡ ❛ ❧♦❣✐st✐❝ ♣❛rt✱ s♦ t❤❛t g(N) = (1− ηN)N ✇✐t❤
η ≥ 0 ❬✶✸❪✳ ◆♦t❡ t❤❛t ✇❤❡♥ g(N) = N ❛♥❞ k = 0✱ ♦♥❡ r❡❝♦✈❡rs t❤❡ ▲♦t❦❛✲❱♦❧t❡rr❛
♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧✳

■❢ ♦♥❡ ❛❧s♦ ✇✐s❤❡s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ♣r❡❞❛t♦rs ✇❤❡♥
t❤❡② tr② t♦ ❝❛t❝❤ ♣r❡②✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧❡① ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s
❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❬✶✹✱ ✷✾❪✿

1 ▼♦st ♦❢ t❤❡ ❝♦♥t❡♥ts ♦❢ t❤✐s P❛rt ✇✐❧❧ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣❛♣❡r ✐♥ ♣r❡♣❛r❛t✐♦♥✿ ❋✳ ❈♦♥❢♦rt♦✱ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱
❈✳ ❙♦r❡s✐♥❛✱ ❆❜♦✉t r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✐♥✈♦❧✈✐♥❣ t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❛♥❞ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s
❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ❢♦r ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s✳
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Ṅ = r0g(N)− bNP

1 + kN + hP
,

Ṗ =
cbNP

1 + kN + hP
− µP,

✭✺✳✷✮

✇✐t❤ r0, b, c, k, µ > 0 ❛♥❞ ❛❧s♦ h > 0✳
❆♥ ✐♠♣♦rt❛♥t ♣♦✐♥t ✐♥ t❤❡ s❡q✉❡❧ ✇✐❧❧ ❜❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ♣r❡❞❛t♦r✲♣r❡②

r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♠♦❞❡❧s ✇✐t❤ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐♥ t❤❡
r❡❛❝t✐♦♥ ♣❛rt ❛r❡ ❦♥♦✇♥ t♦ ♣r♦❞✉❝❡ ♣❛tt❡r♥s ✭❝♦♠✐♥❣ ♦✉t ♦❢ ❛ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✮ ✇❤❡♥
❞✐✛✉s✐♦♥ t❡r♠s ✇✐t❤ s✉✐t❛❜❧❡ r❛t❡s ✭❞❡♥♦t❡❞ ❜② dN , dP ✮ ❛r❡ ❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥
t❡r♠s ❬✶✵✺✱ ✺✶❪✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❞❡♥s✐t✐❡s N, P ❛❧s♦ ❞❡♣❡♥❞s ♦♥ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s✱
❛♥❞ t❤❡ s②st❡♠ ✇r✐t❡s

∂tN − dN∆xN = r0g(N)− bNP

1 + kN + hP
,

∂tP − dP∆xP =
cbNP

1 + kN + hP
− µP.

✭✺✳✸✮

❖♥ t❤❡ ♦♣♣♦s✐t❡✱ ♥♦ ❚✉r✐♥❣✲♣❛tt❡r♥s ❛r❡ ❦♥♦✇♥ t♦ ❛♣♣❡❛r ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧ ✇✐t❤ ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❛♥❞ st❛♥✲
❞❛r❞ ❞✐✛✉s✐♦♥ t❡r♠s ❬✶✵❪ ✭❡①❝❡♣t ✇❤❡♥ r✐❝❤❡r ❞②♥❛♠✐❝s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❢♦r ❡①❛♠♣❧❡
✇❤❡♥ ♦♥❡ ❛❞❞s q✉❛❞r❛t✐❝ ✐♥tr❛✲♣r❡❞❛t♦r ✐♥t❡r❛❝t✐♦♥ ♦r ✜❣❤t✐♥❣ t❡r♠ ❬✼✶✱ ✻✾❪✱ ♦r ❡✈❡♥
❛ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t ♣r❡❞❛t♦r ♠♦rt❛❧✐t② ❬✻✾❪❀ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲❚✉r✐♥❣ ♣❛tt❡r♥s✱ t❤❛t
♠❡❛♥s dN = dP ✱ ✐s st✉❞✐❡❞ ✐♥ ❬✽✶✱ ✽✷✱ ✼✷❪✮✳

❆♥ ✐♥t❡r❡st✐♥❣ ♠♦❞❡❧✐♥❣ ✐ss✉❡ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ ❛ s✐♠♣❧❡ ❛♥❞ s♦♠❡✇❤❛t r❡❛❧✲
✐st✐❝ ✏♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧✑ ✭✐♥ t❡r♠s ♦❢ t✐♠❡ s❝❛❧❡s✮ ✇❤✐❝❤ ✐♥ s♦♠❡ ❧✐♠✐t ❧❡❛❞s✱ ❛t
❧❡❛st ❢♦r♠❛❧❧②✱ t♦ s②st❡♠s ✭✺✳✶✮ ♦r ✭✺✳✷✮✳ ❙✉❝❤ ❛ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧ ✇❛s ❞❡s✐❣♥❡❞ ❜②
▼❡t③ ❛♥❞ ❉✐❡❦♠❛♥♥ ❬✼✹❪ ❢♦r t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ ❛♥❞ ❜② ●❡r✐t③
❛♥❞ ●②❧❧❡♥❜❡r❣ ❬✹✶❪✱ ❍✉✐s♠❛♥ ❛♥❞ ❉❡ ❇♦❡r ❬✺✻❪✱ ❢♦r t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ♦♥❡✳
▼❡t③ ❛♥❞ ❉✐❡❦♠❛♥♥ ♣r♦♣♦s❡❞ ❛ s②st❡♠ ♦❢ t❤r❡❡ ❖❉❊s✱ ✐♥ ✇❤✐❝❤ t❤❡ ♣r❡❞❛t♦rs ❛r❡
❞✐✈✐❞❡❞ ✐♥ t✇♦ ❝❧❛ss❡s✱ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✱ ✇❤✐❧❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡✲
t✇❡❡♥ ♣r❡❞❛t♦rs ❛♥❞ ♣r❡② ✐s tr❡❛t❡❞ ✐♥ ❛ q✉✐t❡ s✐♠♣❧❡ ✇❛② ✭❛ ▲♦t❦❛✲❱♦❧t❡rr❛ t❡r♠s
❛r❡ ❝♦♥s✐❞❡r❡❞✮✳ Pr❡❞❛t♦rs ✇❤✐❝❤ ❛r❡ s❡❛r❝❤✐♥❣ ❢♦r ♣r❡② ❜❡❝♦♠❡ ❤❛♥❞❧✐♥❣ ✇✐t❤ ❛ r❛t❡
♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣r❡② ❛♥❞ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ s❡❛r❝❤✐♥❣ st❛t❡ ✇✐t❤ ❛
❝♦♥st❛♥t r❛t❡✳ ❖♥❧② ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs ❝♦♥tr✐❜✉t❡ t♦ t❤❡ r❡♣r♦❞✉❝t✐♦♥ ❛♥❞ ❣✐✈❡ r✐s❡
t♦ ❛ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦r✱ ✇❤✐❧❡ t❤❡ ♠♦rt❛❧✐t② r❛t❡ ✭✐♥ ❛❜s❡♥❝❡ ♦❢ ♣r❡②✮ ✐s ❝♦♥st❛♥t ❛♥❞
❡q✉❛❧ ❢♦r t❤❡ t✇♦ ❝❧❛ss❡s✳ ❚❤❡ s❡❛r❝❤✐♥❣✲❤❛♥❞❧✐♥❣ s✇✐t❝❤ ✐s s✉♣♣♦s❡❞ t♦ ❤❛♣♣❡♥ ♦♥ ❛
♠✉❝❤ ❢❛st❡r s❝❛❧❡ t❤❛♥ t❤❡ r❡♣r♦❞✉❝t✐♦♥ ❛♥❞ ♠♦rt❛❧✐t② ♣r♦❝❡ss❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
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♣❛r❛♠❡t❡r ✐♥ t❤❡ s②st❡♠ ♦❢ ❖❉❊s ✐s t❤❡r❡❢♦r❡ ❝❛❧❧❡❞ 1/ε✱ ❛♥❞ t❤❡ s②st❡♠ ✇r✐t❡s ✭❢♦r
s♦♠❡ r0✱ α✱ γ̃✱ Γ ✱ µ✱ ε > 0✮

Ṅ ε = r0N
ε − αN εpεs,

ṗεs =
1

ε
(−αN εpεs + γ̃pεh) + Γpεh − µpεs,

ṗεh =
1

ε
(αN εpεs − γ̃pεh)− µpεh.

✭✺✳✹✮

■t ✐s s❤♦✇♥ t❤❛t ✐♥ t❤❡ ❢♦r♠❛❧ ❧✐♠✐t ε → 0✱ N ε → N ❛♥❞ pεs + pεh → P ✇❤❡r❡ N, P
s❛t✐s❢② ✭✺✳✶✮ ✭✇✐t❤ b = α, k = α/γ̃, c = Γ/γ̃✱ ❛♥❞ g(N) = N✮ ❬✼✹❪✳

❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✇❛s ❛♣♣❧✐❡❞ ❧❛t❡r ❜② ●❡r✐t③ ❛♥❞ ●②❧❧❡♥❜❡r❣ ❬✹✶❪✿ t❤❡② ❞✐✈✐❞❡❞
♥♦t ♦♥❧② t❤❡ ♣r❡❞❛t♦r ♣♦♣✉❧❛t✐♦♥ ✐♥t♦ s❡❛r❝❤❡rs ❛♥❞ ❤❛♥❞❧❡rs✱ ❜✉t ❛❧s♦ str✉❝t✉r❡❞
t❤❡ ♣r❡② ♣♦♣✉❧❛t✐♦♥ ✐♥t♦ t✇♦ ❝❧❛ss❡s✱ t❤❡ ❝❧❛ss ♦❢ ❛❝t✐✈❡ ♣r❡② ✭t②♣✐❝❛❧❧② ❢♦r❛❣✐♥❣✮
❛♥❞ ♣r♦♥❡ t♦ ♣r❡❞❛t✐♦♥✱ ❛♥❞ t❤❡ ❝❧❛ss ♦❢ t❤♦s❡ ♣r❡② ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❤❛✈❡ ❢♦✉♥❞ ❛
r❡❢✉❣❡ ❛♥❞ ❝❛♥♥♦t ❜❡ ❝❛✉❣❤t ❜② ♣r❡❞❛t♦rs✳ ■♥ t❤✐s ✇❛②✱ t❤❡② ❞❡r✐✈❡❞ t❤❡ ❇❡❞❞✐♥❣t♦♥✲
❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐♥ t❡r♠s ♦❢ ♠❡❝❤❛♥✐s♠s ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ❛✈♦✐❞✐♥❣
t❤❡ ✉s✉❛❧ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣r❡❞❛t♦rs✳ ❆❧s♦ ❍✉✐s♠❛♥ ❛♥❞ ❉❡ ❇♦❡r ❬✺✻❪✱ st❛rt✐♥❣
❢r♦♠ ❛ ❞✐✛❡r❡♥t ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✱ ✉s❡ ❛ r❡❛❝t✐♦♥ s❝❤❡♠❡s ❛♥❞ q✉❛s✐✲st❡❛❞②✲
st❛t❡ ❛ss✉♠♣t✐♦♥s✱ ♦❜t❛✐♥✐♥❣ ❛ s②st❡♠ ♦❢ t✇♦ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s❀ ❤♦✇❡✈❡r✱
t❤❡② ❤❛❞ t♦ s✐♠♣❧✐❢② ❛ ❝♦♠♣❧✐❝❛t❡❞ q✉❛❞r❛t✐❝ ❡①♣r❡ss✐♦♥ ✇✐t❤ ❛ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥
t♦ r❡❝♦✈❡r t❤❡ st❛♥❞❛r❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳ ■♥
❜♦t❤ ❝❛s❡s✱ t✇♦ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ❛r❡ ❡①♣❧♦✐t❡❞✳

■♥ t❤✐s P❛rt ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ✐♥ t❤❡
❛s②♠♣t♦t✐❝ ♣r♦❜❧❡♠ ✭✺✳✹✮✳ ❉❡♥♦t✐♥❣ ❜② d1, d2, d3 t❤❡ ❞✐✛✉s✐♦♥ r❛t❡s ♦❢ ♣r❡②✱ s❡❛r❝❤✐♥❣
♣r❡❞❛t♦rs ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs r❡s♣❡❝t✐✈❡❧② ✭❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛ ♣♦ss✐❜❧❡
❧♦❣✐st✐❝ t❡r♠ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣r❡②s✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠✿

∂tN
ε − d1∆xN

ε = r0 (1− ηN ε)N ε − αN εpεs,

∂tp
ε
s − d2∆xp

ε
s =

1

ε
(−αN εpεs + γ̃ pεh) + Γpεh − µpεs,

∂tp
ε
h − d3∆xp

ε
h =

1

ε
(αN εpεs − γ̃ pεh)− µpεh.

✭✺✳✺✮

◆♦t❡ t❤❛t ✇❡ s②st❡♠❛t✐❝❛❧❧② ❡①♣❡❝t t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ d3 ♦❢ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs t♦ ❜❡
s♠❛❧❧❡r t❤❛♥ t❤❡ t❤❡ ♦♥❡ ♦❢ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs d2✳ ❚❤❡ ❢♦r♠❛❧ ❧✐♠✐t ♦❢ t❤✐s s②st❡♠
✇❤❡♥ ε→ 0 ✐s t❤❡ s❡t ♦❢ t✇♦ ❝r♦ss r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s
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∂tN − d1∆xN = r0(1− ηN)N − γ̃αN

αN + γ̃
P,

∂tP −∆x

(
d2γ̃ + d3αN

αN + γ̃
P

)

= Γ
αN

αN + γ̃
P − µP,

✭✺✳✻✮

✐♥ ✇❤✐❝❤ t❤❡ r❡❛❝t✐♦♥ t❡r♠s ❛r❡ ✐❞❡♥t✐❝❛❧ ✭✉♣ t♦ t❤❡ ❝❤❛♥❣❡ ♦❢ ♥❛♠❡ ♦❢ t❤❡ ❝♦♥st❛♥t
♣❛r❛♠❡t❡rs✮ t♦ t❤♦s❡ ♦❢ ✭✺✳✶✮✱ ❜✉t ✐♥ ✇❤✐❝❤ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ r❡❧❛t✐✈❡ t♦ ♣r❡❞❛t♦rs
✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ❛ ❝♦♥st❛♥t t✐♠❡s ▲❛♣❧❛❝✐❛♥ ♦❢ P ✭t❡r♠s ❧✐❦❡ d∆xP
✇✐❧❧ s②st❡♠❛t✐❝❛❧❧② ❜❡ ❝❛❧❧❡❞ ❧✐♥❡❛r ❞✐✛✉s✐✈❡ t❡r♠s ✐♥ t❤❡ s❡q✉❡❧✱ ✇❤✐❧❡ ❝r♦ss ❞✐✛✉s✐♦♥
✇✐❧❧ r❡❢❡r t♦ t❡r♠s ❧✐❦❡ ∆x(f(N,P )P )✱ ✇❤❡r❡ f ✐s ❛ s♠♦♦t❤ ♥♦♥✲❝♦♥st❛♥t ❢✉♥❝t✐♦♥s
♦❢ N, P ✱ ❛s ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✺✳✻✮✮✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✻✳✸✱ ✇❡ st❛t❡ ❛ r✐❣♦r♦✉s
t❤❡♦r❡♠ s❤♦✇✐♥❣ t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ s②st❡♠ ✭✺✳✺✮ t♦✇❛r❞s s♦❧✉t✐♦♥s t♦
s②st❡♠ ✭✺✳✻✮ ✐♥❞❡❡❞ ❤♦❧❞s ✇❤❡♥ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ❛r❡ ✐♥tr♦❞✉❝❡❞✳

❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝✲
t✐♦♥❛❧ r❡s♣♦♥s❡✱ ✭t❤❛t ✐s✱ s②st❡♠s ♦❢ ❖❉❊s ❝❧♦s❡ t♦ ✭✺✳✷✮✮✳ ❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s②s✲
t❡♠ ♦❢ t❤r❡❡ ❖❉❊s ♠♦❞❡❧✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♣r❡②s✱ ❤❛♥❞❧✐♥❣ ❛♥❞ s❡❛r❝❤✐♥❣
♣r❡❞❛t♦rs ❛s ✐♥ ✭✺✳✺✮✱ ❜✉t ✐♥ ✇❤✐❝❤ ✇❡ ❛❧s♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣
♣r❡❞❛t♦rs ✇❤❡♥ t❤❡② ❧♦♦❦ ❢♦r ♣r❡②✳ ❚❤✐s ✐s ❞♦♥❡ t❤❛♥❦s t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡
❞❡♥♦♠✐♥❛t♦r 1 + ξ P ✱ ❢♦r s♦♠❡ ξ > 0✱ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ❜❡t✇❡❡♥ ♣r❡❞❛t♦rs ❛♥❞
♣r❡②✳ ❚❤❡ s②st❡♠ ✇r✐t❡s t❤❡♥ ❛s ❢♦❧❧♦✇s✿

Ṅ ε = r0(1− ηN ε)N ε − αN εpεs
1 + ξpεs

,

ṗεs =
1

ε

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

+ Γpεh − µpεs,

ṗεh =
1

ε

(
αN εpεs
1 + ξpεs

− γ̃pεh

)

− µpεh.

✭✺✳✼✮

■ts ❢♦r♠❛❧ ❧✐♠✐t ✇❤❡♥ ε→ 0 ✐s t❤❡♥ ❛ s②st❡♠ ❝❧♦s❡ t♦ ✭✺✳✷✮✱ ❛♥❞ ❛❧s♦ ♦❜t❛✐♥❡❞ ✐♥ ❬✺✻❪
st❛rt✐♥❣ ❢r♦♠ ❛ ♠♦r❡ ❝♦♠♣❧❡① s②st❡♠ ♦❢ ❢♦✉r ❖❉❊s✳

❆ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✇❤❡♥ d1, d2, d3 ❛r❡ st✐❧❧ ❞✐✛✉s✐✈❡ r❛t❡s ❢♦r ♣r❡②✱ s❡❛r❝❤✲
✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✱ ✇r✐t❡s
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∂tN
ε − d1∆xN

ε = r0 (1− ηN ε)N ε − αN εpεs
1 + ξpεs

,

∂tp
ε
s − d2∆xp

ε
s =

1

ε

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

+ Γpεh − µpεs,

∂tp
ε
h − d3∆xp

ε
h = −1

ε

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

− µpεh.

✭✺✳✽✮

❲❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥ ✻✳✸ ❛ r✐❣♦r♦✉s r❡s✉❧t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤✐s
s②st❡♠ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ r❡❛❝t✐♦♥✲❝r♦ss ❞✐✛✉s✐♦♥ s②st❡♠ ✇❤❡r❡ t❤❡ r❡❛❝t✐♦♥
♣❛rt ✐s ❝❧♦s❡ t♦ ✭✺✳✷✮✳ ❚❤✐s s②st❡♠ ✇r✐t❡s

∂N

∂t
− d1∆xN = r0 (1− ηN)N − γ̃

2αNP

γ̃ + αN + γ̃ξP +
√

(γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP
,

∂P

∂t
−∆x (f(N,P )P ) = Γ

2αNP

γ̃ + αN + γ̃ξP +
√

(γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP
− µP,

✭✺✳✾✮

✇❤❡r❡

f(N,P ) = d2
2γ̃

γ̃ + αN − γ̃ξP +
√

(γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP

+ d3
2αN

γ̃ + αN + γ̃ξP +
√

(γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP
.

❚❤❡ ♣r♦♦❢ ♦❢ t❤♦s❡ t❤❡♦r❡♠s ❛r❡ ❜❛s❡❞ ♦♥ ❡st✐♠❛t❡s ❝♦♠✐♥❣ ♦✉t ♦❢ t✇♦ ❝❧❛ss❡s
♦❢ ♠❡t❤♦❞s✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ✉s❡ t❤❡ ❞✉❛❧✐t② ❧❡♠♠❛s ❞❡✈✐s❡❞ ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠s ❜② ▼✳ P✐❡rr❡ ❛♥❞ ❉✳ ❙❝❤♠✐tt ❬✽✸❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✉s❡ ❛ ✈❡rs✐♦♥ ♦❢ t❤♦s❡
❧❡♠♠❛s ❛❧❧♦✇✐♥❣ t♦ r❡❝♦✈❡r Lp r❡❣✉❧❛r✐t② ❢♦r p > 2 ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ s✉❝❤ s②st❡♠s
❬✷✼✱ ✷✶❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛❧s♦ ✉s❡ ❡♥tr♦♣②✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧s ✇❤✐❝❤ ❛r❡ str♦♥❣❧②
r❡♠✐♥✐s❝❡♥t ♦❢ t❤♦s❡ ✉s❡❞ ✐♥ ✇♦r❦s ✐♥ ✇❤✐❝❤ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞❡❧s ❢♦r t❤❡ ❙❤✐❣❡s❛❞❛✲
❑❛✇❛s❛❦✐✲❚❡r❛♠♦t♦ s②st❡♠ ❬✽✾❪ ❛r❡ st✉❞✐❡❞ ❬✸✸❪✳

❚❤❡s❡ ♣r♦♦❢s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ r❡❝❡♥t r❡s✉❧ts ✐♥ ✇❤✐❝❤ ❝r♦ss r❡❛❝t✐♦♥✲
❞✐✛✉s✐♦♥ s②st❡♠s ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❧✐♠✐ts ♦❢ st❛♥❞❛r❞ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤
♠♦r❡ ❡q✉❛t✐♦♥s✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝❤❡♠✐str② ♦r ❜✐♦❧♦❣② ❬✼✼✱ ✺✾✱ ✷✽✱ ✶✼✱ ✶✽✱ ✺✷✱ ✺✸✱ ✺✹✱
✽✺❪✳

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐s ♣❛rt✐❝✲
✉❧❛r❧② ✐♥t❡r❡st✐♥❣ s✐♥❝❡ ✐t ✐s ❦♥♦✇♥ t❤❛t ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s
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❧❡❛❞ t♦ ♣❛tt❡r♥s ✇❤❡♥ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ t❡r♠s ❛r❡ ❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥ ♣❛rt✱ ❧✐❦❡ ❢♦r
❡①❛♠♣❧❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠

∂N

∂t
− d1∆xN = r0 (1− ηN)N − γ̃

2αNP

γ̃ + αN + γ̃ξP +
√

(γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP
,

∂P

∂t
−D∆xP = Γ

2αNP

γ̃ + αN + γ̃ξP +
√

(γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP
− µP.

✭✺✳✶✵✮

❍♦✇❡✈❡r✱ ✐❢ ♦♥❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐s
❝♦♠✐♥❣ ♦✉t ♦❢ ❛♥ ❛s②♠♣t♦t✐❝s ✇❤❡♥ ε→ 0 ♦❢ ✭✺✳✽✮✱ ♦♥❡ s❤♦✉❧❞ r❛t❤❡r st✉❞② t❤❡ ♣♦s✲
s✐❜❧❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♣❛tt❡r♥s st❛rt✐♥❣ ❢r♦♠ ❛ s②st❡♠ ✇✐t❤ ❝r♦ss ❞✐✛✉s✐♦♥ t❡r♠s ✭✺✳✾✮✳
◆♦t❡ t❤❛t ❢♦r ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ ♥♦ ♣❛tt❡r♥s s❡❡♠ t♦ ❛♣♣❡❛r✱ ❡✈❡♥
✇✐t❤ t❤❡ ❝r♦ss ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ✭✺✳✻✮✱ ✉♥❞❡r t❤❡ ✭❜✐♦❧♦❣✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✮ ❛ss✉♠♣t✐♦♥
d3 < d2✳

■♥ ❈❤❛♣t❡r ✼✱ ✇❡ st✉❞② t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ s②st❡♠ ✭✺✳✾✮
❛♥❞ ✭✺✳✶✵✮✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✇❡ ✜rst ♣❡r❢♦r♠ ❛♥ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥✱ ✇❤✐❝❤ ❡♥❛❜❧❡s
t♦ ❦❡❡♣ ♦♥❧② ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❡q✉❛t✐♦♥s✳

❚❤❡♥ ✇❡ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ✭✺✳✾✮ ❛♥❞ ✭✺✳✶✵✮✳ ❲❡ ❛❧s♦ ♣❡r❢♦r♠ ❛
st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ✭✇❤❡♥ ✐t ❡①✐sts✮ ❛t t❤❡ ❖❉❊s ❧❡✈❡❧✳ ❚❤✉s✱ ✇❡
s❤♦✇ t❤❛t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ✭✐♥ t❡r♠s ♦❢ ♣❛r❛♠❡t❡rs✮ ✐s ♥♦♥❡♠♣t②✱ ❛s
❡①♣❡❝t❡❞✱ ❢♦r ❜♦t❤ s②st❡♠s ✭✺✳✾✮ ❛♥❞ ✭✺✳✶✵✮✱ ❛♥❞ ✜♥❛❧❧②✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ s✐③❡ ♦❢ t❤❡s❡
r❡❣✐♦♥s✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ❛ss♦❝✐❛t❡❞ t♦
s②st❡♠ ✭✺✳✾✮ ✐s ❛❧✇❛②s str✐❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ s②st❡♠
✭✺✳✶✵✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✉s❡ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❢♦r ♣r❡❞❛t♦r✲♣r❡② ✐♥t❡r✲
❛❝t✐♦♥s ♦❢ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ✐♥ ✇❤✐❝❤ st❛♥❞❛r❞ ❞✐✛✉s✐♦♥ ✐s s✐♠♣❧② ❛❞❞❡❞ t♦
t❤❡ r❡❛❝t✐♦♥ t❡r♠s ❬✸✺❪ ♠❛② ❧❡❛❞ t♦ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛♣♣❡❛r✲
❛♥❝❡ ♦❢ ♣❛tt❡r♥s ✭✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐s
❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✮✳

■t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❛t ✐♥ ♠❛♥② ✐♥st❛♥❝❡s✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥
t❡r♠s ✐♥st❡❛❞ ♦❢ st❛♥❞❛r❞ ✭❧✐♥❡❛r✮ ❞✐✛✉s✐♦♥ t❡r♠s ❧❡❛❞s ❡①❛❝t❧② t♦ t❤❡ ♦♣♣♦s✐t❡ r❡s✉❧t✱
t❤❛t ✐s✱ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥ ✇❤✐❝❤ ♣❛tt❡r♥s ❞❡✈❡❧♦♣ ❬✾✻✱ ✺✼❪✳
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A justification of classical functional responses

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ♦❢ t❤r❡❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛✲
t✐♦♥s✱ ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❤❛♥❞❧✐♥❣ ❛♥❞ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs✱ ❛♥❞ s❤♦✇ t❤❛t
✐ts s♦❧✉t✐♦♥s ❝♦♥✈❡r❣❡✱ ✇❤❡♥ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r t❡♥❞s t♦ 0✱ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥s ♦❢ ❛
r❡❛❝t✐♦♥✲❝r♦ss ❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ✐♥✈♦❧✈✐♥❣ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❛♥❞ ❛
❍♦❧❧✐♥❣✲t②♣❡ ■■ ♦r ❛ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳ ❲✐t❤ r❡s♣❡❝t t♦
t❤❡ s②st❡♠s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ ✇❡ s②st❡♠❛t✐❝❛❧❧② ✉s❡ ✐♥ t❤❡ s❡q✉❡❧ ✭❡①✲
❝❡♣t t❤❛♥ ❢♦r ❙❡❝t✐♦♥ ✻✳✸✮ t❤❡ ♣❛r❛♠❡t❡r k := 1/η ✐♥ ♦r❞❡r t♦ st✐❝❦ t♦ t❤❡ tr❛❞✐t✐♦♥❛❧
❝♦♥❝❡♣t ♦❢ ❝❛rr②✐♥❣ ❝❛♣❛❝✐t②✳ ❚❤✐s ♠❡❛♥s ♦❢ ❝♦✉rs❡ t❤❛t ✇❡ ✇♦r❦ ♦♥❧② ✐♥ t❤❡ ❝❛s❡
✇❤❡♥ η > 0✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❧♦❣✐st✐❝ ♣r❡② ❣r♦✇t❤✳

6.1 The derivation of the Holling-type II functional

response

❲❡ ❝♦♥s✐❞❡r ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦
t②♣❡s ♦❢ ♣r❡❞❛t♦rs✱ t❤♦s❡ s❡❛r❝❤✐♥❣ ❢♦r ♣r❡② ❛♥❞ t❤♦s❡ ❜✉s② ❤❛♥❞❧✐♥❣ ❛ ♣r❡② ❝❛✉❣❤t
❡❛r❧✐❡r✱ ✇❤✐❧❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♣r❡❞❛t♦rs ❛♥❞ ♣r❡② ✐s tr❡❛t❡❞ ✐♥ ❛ q✉✐t❡ s✐♠♣❧❡
✇❛② ✭❛ ▲♦t❦❛✲❱♦❧t❡rr❛ t②♣❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✮✳ ❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♣r❡❞❛t✐♦♥
♣r♦❝❡ss ❤❛♣♣❡♥s ✐♥ ❛ r❡❣✐♦♥ Ω ⊂ RN , (N = 1, 2, 3)✱ ❛ss✉♠❡❞ t♦ ❜❡ s♠♦♦t❤ ✭C2✮✱
❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥♥❡❝t❡❞✱ ✇❤❡r❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ♠♦✈✐♥❣✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ nε :=
nε(x, t) ≥ 0 t❤❡ ❞❡♥s✐t② ♦❢ ♣r❡②✱ ✇✐t❤ pεs := ps(x, t) ≥ 0 ❛♥❞ pεh := ph(x, t) ≥ 0
t❤❡ ❞❡♥s✐t② ♦❢ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✱ r❡s♣❡❝t✐✈❡❧② ✭✇❤❡r❡ t ∈ R, x ∈ Ω✮✳
❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ s♣❡❝✐❡s ❤❛s ✐ts ♦✇♥ ❞✐✛✉s✐♦♥ ✈❡❧♦❝✐t② ❛♥❞ ❞✐✛✉s❡ ✇✐t❤✐♥ ❛ ♥♦♥✲
r❡❛❝t✐✈❡ ❜❛❝❦❣r♦✉♥❞ ✭s✉♣♣♦s❡ t♦ ❜❡ ❛t r❡st✮✳ ❲❡ s❤❛❧❧ ❛❧s♦ ❛ss✉♠❡ t❤❛t ✐♥❞✐✈✐❞✉❛❧s ❛r❡
❝♦♥✜♥❡❞ ✐♥ t❤❡ r❡❣✐♦♥ Ω✱ s♦ t❤❛t t❤❡ ✢✉① ♦❢ ❞❡♥s✐t② ♦❢ ❡❛❝❤ s♣❡❝✐❡s ❛t t❤❡ ❜♦✉♥❞❛r②
∂Ω ✐s ③❡r♦✳ ❚❤✐s ❣✐✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♥♦ ✢✉① ♦❢
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❞❡♥s✐t② ♦❢ ❡❛❝❤ s♣❡❝✐❡s ❛t t❤❡ ❜♦✉♥❞❛r②✿

n̂(x) · ∇xn
ε = 0, n̂(x) · ∇xp

ε
s = 0, n̂(x) · ∇xp

ε
h = 0,

✇❤❡r❡ n̂(x) ✐s t❤❡ ❡①t❡r✐♦r ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r t♦ ∂Ω ❛t ♣♦✐♥t x✳
Pr❡❞❛t♦rs ✇❤✐❝❤ ❛r❡ s❡❛r❝❤✐♥❣ ❢♦r ♣r❡②s ❜❡❝♦♠❡ ❤❛♥❞❧✐♥❣ ✇✐t❤ ❛ r❛t❡ ♣r♦♣♦rt✐♦♥❛❧

t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣r❡②s ❛♥❞ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ s❡❛r❝❤✐♥❣ st❛t❡ ✇✐t❤ ❛ ❝♦♥st❛♥t r❛t❡✳
❖♥❧② ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs ❝♦♥tr✐❜✉t❡ t♦ t❤❡ r❡♣r♦❞✉❝t✐♦♥ ❛♥❞ ❣✐✈❡ r✐s❡ t♦ ❛ s❡❛r❝❤✐♥❣
♣r❡❞❛t♦r✱ ✇❤✐❧❡ t❤❡ ♠♦rt❛❧✐t② r❛t❡ ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧ ❢♦r t❤❡ t✇♦ ❝❧❛ss❡s✳ ❚❤❡
s❡❛r❝❤✐♥❣✲❤❛♥❞❧✐♥❣ s✇✐t❝❤ ✐s s✉♣♣♦s❡❞ t♦ ❤❛♣♣❡♥ ♦♥ ❛ ♠✉❝❤ ❢❛st❡r s❝❛❧❡ t❤❛♥ t❤❡
r❡♣r♦❞✉❝t✐♦♥ ❛♥❞ ♠♦rt❛❧✐t② ♣r♦❝❡ss❡s✱ ❛♥❞ t❤❛♥ t❤❡r❡ ❛r❡ ❢❛r ❧❡ss ♣r❡❞❛t♦rs t❤❛♥
♣r❡②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡r ✐♥ t❤❡ s②st❡♠ ♦❢ ❖❉❊s ✐s t❤❡r❡❢♦r❡ ❝❛❧❧❡❞ 1/ε✱
❛♥❞ t❤❡ s②st❡♠ ✇r✐t❡s ✭❢♦r s♦♠❡ r0✱ α✱ γ̃✱ Γ ✱ µ✱ ε > 0✱ d1, d2, d3✮

∂tN
ε − d1∆xN

ε = r0N
ε

(

1− N ε

k

)

− αN εpεs ✭✻✳✶❛✮

∂tp
ε
s − d2∆xp

ε
s =

1

ε

(
− αN εpεs + γ̃pεh

)
+ Γpεh − µpεs, ✭✻✳✶❜✮

∂tp
ε
h − d3∆xp

ε
h =

1

ε

(
αN εpεs − γ̃pεh

)
− µpεh, ✭✻✳✶❝✮

t♦❣❡t❤❡r ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
■♥ ❙❡❝t✐♦♥ ✻✳✸ ✇❡ ✇✐❧❧ r✐❣♦r♦✉s❧② ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ❧✐♠✐t ✇❤❡♥ ε → 0✱ t❤❡ s♦❧✉t✐♦♥
N ε, pεs, p

ε
h ♦❢ t❤✐s s②st❡♠ ❝♦♥✈❡r❣❡s ✐♥ ❛ s✉✐t❛❜❧❡ t♦♣♦❧♦❣② t♦✇❛r❞s N ≥ 0, ps ≥

0, ph ≥ 0 s✉❝❤ t❤❛t

ph =
αNps
γ̃

.

❲❡ ♥♦✇ ✇✐s❤ t♦ ✇r✐t❡ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠

∂tN − d1∆xN = r0N

(

1− N

k

)

− αNps

∂t(ps + ph)−∆x (d2ps + d3ph) = Γph − µ(ps + ph),

✐♥ t❡r♠s ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣r❡② N ❛♥❞ t♦t❛❧✐t② ♦❢ ♣r❡❞❛t♦rs P := ps + ph✱ ♦♥❧②❀
t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ t♦t❛❧✐t② ♦❢ ♣r❡❞❛t♦rs ✐s ♦❜t❛✐♥❡❞ ❛❞❞✐♥❣ ✭✻✳✶❜✮ ❛♥❞ ✭✻✳✶❝✮✳ ❆t
❛ ❢♦r♠❛❧ ❧❡✈❡❧✱ ✇❡ ❡①♣❡❝t ✇❤❡♥ ε → 0 t♦ ♦❜t❛✐♥ αNps = γ̃ph✱ t❤❛t ✐s✱ r❡✇r✐tt❡♥ ✐♥
t❡r♠s ♦❢ P ✱

ps =
γ̃P

αN + γ̃
, ph =

γ̃NP

αN + γ̃
,



6.1 The derivation of the Holling-type II functional response 97

❛♥❞

P := ps + ph = ps +
αNps
γ̃

=
γ̃ps + αNps

γ̃
.

❚❤❡♥✱ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✇✐t❤ N, P ❛s ✉♥❦♥♦✇♥s

∂tN − d1∆xN = rN

(

1− N

k

)

− γ̃αNP

αN + γ̃

∂tP −∆x

(
d2γ̃ + d3αN

αN + γ̃
P

)

=
ΓαNP

αN + γ̃
− µP.

✭✻✳✷✮

❚❤✐s s②st❡♠ st✐❧❧ s❛t✐s❢② ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s N(0, x) = Nin(x), P (0, x) = ps,in(x) + ph,in(x)✳ ❲❡ ✇❛♥t t♦ ♥♦t❡
t❤❛t t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ♣r❡s❡♥ts ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ r❡❛❝t✐♦♥
♣❛rt✿ ✐♥ t❤✐s s❡♥s❡✱ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ t❤✐s t②♣❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❜② ❛ t✐♠❡✲s❝❛❧❡
❛r❣✉♠❡♥t ❢r♦♠ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧✳ ❚❤✐s ❢❛❝t ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ❞❡s❝r✐❜❡❞ ❜② ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❬✼✹❪✳ ▼♦r❡♦✈❡r✱
t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ♣r❡s❡♥ts ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥ ✭t❤❡ ❞✐✛✉s✐♦♥
r❛t❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡② ❜✐♦♠❛ss✮✱ ✇❤✐❧❡ t❤❡ ♣r❡② ❞✐✛✉s✐♦♥ ✐s st✐❧❧ ❧✐♥❡❛r✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ r❡❧❛t✐✈❡ t♦ ♣r❡❞❛t♦rs ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ❛ ❝♦♥✲
st❛♥t t✐♠❡s ▲❛♣❧❛❝✐❛♥ ♦❢ P ✭❧✐♥❡❛r ❞✐✛✉s✐✈❡ t❡r♠✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠♣❧② ❛❞❞❡❞ t♦ t❤❡
r❡❛❝t✐♦♥ ♣❛rt ❬✸✺❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ ♦❜t❛✐♥❡❞ ❜② t❤❡ t✐♠❡✲s❝❛❧❡ ❛r❣✉✲
♠❡♥t ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs
d2 ❛♥❞ d3✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❛s

∆x (f(N)P ) , f(N) =
d2γ̃ + d3αN

αN + γ̃
,

✇❤✐❝❤ ✐s ❛ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤ f(0) = d2 ❛♥❞ f(N) → d3 ✇❤❡♥
N → +∞✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✐❢ t❤❡r❡ ✐s ♥♦ ♣r❡②✱ ♥♦ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs ❛r❡ ♣r❡s❡♥t
❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t r❡❞✉❝❡s t♦ ❛ ❝♦♥st❛♥t ♦♥❡ ❡q✉❛❧ t♦ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t
♦❢ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❤✉❣❡ ♣r❡② ❛❜✉♥❞❛♥❝❡✱ ✇❡
❡①♣❡❝t t❤❛t ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs ❛r❡ ♠♦r❡ ♥✉♠❡r♦✉s t❤❛♥ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❛♥❞ t❤❡
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛❣❛✐♥ r❡❞✉❝❡s t♦ ❛ ❝♦♥st❛♥t ❡q✉❛❧ t♦ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢
❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡❛r ❝❛s❡ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥ ✇✐t❤ ❛
❝♦♥st❛♥t f✮✱ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ r❡❞✉❝❡s t❤❡ ♣r❡❞❛t♦r ❞✐✛✉s✐♦♥ ✇❤❡♥ t❤❡ ♣r❡②
❞❡♥s✐t② ✐♥❝r❡❛s❡s✳

6.1.1 Adimensionalization

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ t♦ ❦❡❡♣ ♦♥❧② ♠❡❛♥✐♥❣❢✉❧ ♣❛r❛♠❡t❡rs✱ ✇❡ ♥♦✇
♣r♦♣♦s❡ ❛♥ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✉s✐♥❣ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s T, n, p ✐♥st❡❛❞



98 6 A justification of classical functional responses

♦❢ t, N, P ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

t = ΘT, N = Σn, P = Πp.

❆❢t❡r s✐♠♣❧✐✜❝❛t✐♦♥s✱ t❤❡ s②st❡♠ ✭✻✳✷✮ ❜❡❝♦♠❡s

∂n

∂T
− d1Θ∆xn = r0Θ

(

1− n

k/Σ

)

n− αΠΘnp
αΣ

γ̃
n+ 1

,

∂p

∂T
−∆x







d2Θ + d3Θ
αΣ

γ̃
n

αΣ

γ̃
n+ 1

p







= ΘΓ

αΣ

γ̃
np

αΣ

γ̃
n+ 1

−Θµp.

❈❤♦♦s✐♥❣ Θ, Σ, Π ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t αΠΘ = 1, αΣ/γ̃ = 1, r0Θ = 1✱ ✇❡ ❡♥❞ ✉♣
✇✐t❤ t❤❡ s②st❡♠

∂n

∂T
− d1Θ∆xn =

(

1− n

k/Σ

)

n− np

n+ 1
,

∂p

∂T
−∆x

(
d2Θ + d3Θn

n+ 1
p

)

= ΘΓ
np

n+ 1
−Θµp.

❲❡ s❡t D1 := d1Θ, D2 := d2Θ, D3 := d3Θ, ν := k/Σ, c = ΘΓ, m = Θµ✳ ❚❤❡♥✱ ✇❡
❡♥❞ ✉♣ ✇✐t❤

∂tn−D1∆xn = n
(

1− n

ν

)

− np

1 + n

∂tp−∆x

(
D2 +D3n

1 + n
p

)

=
cnp

1 + n
−mp.

✭✻✳✸✮

6.2 The derivation of the Beddington-DeAngelis-like

functional response

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s②st❡♠ ♦❢ t❤r❡❡ ❖❉❊s ♠♦❞❡❧✐♥❣ t❤❡ ✐♥✲
t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♣r❡②✱ ❤❛♥❞❧✐♥❣ ❛♥❞ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs✱ ❜✉t ✐♥ ✇❤✐❝❤ ✇❡ ❛❧s♦ t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♣r❡❞❛t♦rs ✇❤❡♥ t❤❡② ❧♦♦❦ ❢♦r ♣r❡②✳ ❚❤✐s ✐s ❞♦♥❡
t❤❛♥❦s t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r 1 + ξpεs✱ ❢♦r s♦♠❡ ξ > 0✱ ✐♥ t❤❡ ✐♥t❡r✲
❛❝t✐♦♥ t❡r♠ ❜❡t✇❡❡♥ ♣r❡❞❛t♦rs ❛♥❞ ♣r❡② ❬✶✸❪✳ ❚❤❡ s②st❡♠ ❜❡❝♦♠❡s
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∂N ε

∂t
− d1∆xN

ε = r0

(

1− N ε

k

)

N ε − αN εpεs
1 + ξpεs

, ✭✻✳✹❛✮

∂pεs
∂t

− d2∆xp
ε
s =

1

ǫ

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

+ Γpεh − µpεs, ✭✻✳✹❜✮

∂pεh
∂t

− d3∆xp
ε
h = −1

ǫ

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

− µpεh. ✭✻✳✹❝✮

■♥ ❙❡❝t✐♦♥ ✻✳✸ ✇❡ ✇✐❧❧ r✐❣♦r♦✉s❧② ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ❧✐♠✐t ✇❤❡♥ ε → 0✱ t❤❡ s♦❧✉t✐♦♥
N ε, pεs, p

ε
h ♦❢ t❤✐s s②st❡♠ ❝♦♥✈❡r❣❡s ✐♥ ❛ s✉✐t❛❜❧❡ t♦♣♦❧♦❣② t♦✇❛r❞s N ≥ 0, ps ≥

0, ph ≥ 0 s✉❝❤ t❤❛t

ph =
1

γ̃

αNps
1 + ξps

, ✭✻✳✺✮

❛♥❞

P := ps + ph = ps +
1

γ̃

αNps
1 + ξps

=
γ̃(1 + ξps)ps + αNps

γ̃(1 + ξps)
.

❲❡ ♥♦✇ ✇✐s❤ t♦ ✇r✐t❡ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠

∂tN − d1∆xN = r0

(

1− N

k

)

N − αNps
1 + ξps

,

∂t(ps + ph)−∆x(d2ps + d3ph) = Γph − µ(ph + ps),

✭✻✳✻✮

✐♥ t❡r♠s ♦❢ N ❛♥❞ P ♦♥❧②✱ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❛❞❞✐♥❣ ✭✻✳✹❜✮ ❛♥❞
✭✻✳✹❝✮✳ ❲❡ ♥♦t✐❝❡ t❤❛t ps s❛t✐s✜❡s ❛ s❡❝♦♥❞ ❞❡❣r❡❡ ❡q✉❛t✐♦♥ ✭✇❤❡♥ P ✐s ❣✐✈❡♥✮✿

γ̃ξp2s + (γ̃ + αN − γ̃ξP )ps − γ̃P = 0.

❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ♣♦s✐t✐✈❡ r♦♦t ♦❢ t❤✐s ❡q✉❛t✐♦♥✿

ps =
−A+

√
∆

2γ̃ξ
=

2γ̃P

A+
√
∆
,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞

A := γ̃ + αN − γ̃ξP, ∆ = A2 + 4γ̃2ξP. ✭✻✳✼✮

◆♦t❡ t❤❛t ∆ > 0 s✐♥❝❡ P > 0✳ ❉❡♥♦t✐♥❣ ❜②

B := γ̃ + αN + γ̃ξP, ✭✻✳✽✮
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✇❡ ❛❧s♦ ♦❜t❛✐♥ ❢r♦♠ ✭✻✳✺✮ t❤❡ ❢♦r♠✉❧❛

ph =
2αNP

B +
√
∆
,

✇❤❡r❡ ∆ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❡r♠s ♦❢ B✿

∆ = A2 + 4γ̃2ξP = (γ̃ + αN − γ̃ξP )2 + 4γ̃2ξP

= γ̃2 + (αN)2 + (γ̃ξP )2 + 2γ̃αN − 2γ̃2ξP − 2αNγ̃ξP + 4γ̃2ξP

= γ̃2 + (αN)2 + (γ̃ξP )2 + 2γ̃αN + 2γ̃2ξP + 2αNγ̃ξP − 4αNγ̃ξP

= (γ̃ + αN + γ̃ξP )2 − 4αNγ̃ξP = B2 − 4αNγ̃ξP.

❚❤❡♥ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✇✐t❤ N, P ❛s ✉♥❦♥♦✇♥s

∂N

∂t
− d1∆xN = r0

(

1− N

k

)

N − γ̃
2αNP

B +
√
∆
,

∂P

∂t
−∆x

(

d2
2γ̃P

A+
√
∆

+ d3
2αNP

B +
√
∆

)

= Γ
2αNP

B +
√
∆

− µP,

✭✻✳✾✮

r❡♠❡♠❜❡r✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A, B ❛♥❞ ∆ ✐♥ ✭✻✳✼✮ ❛♥❞ ✭✻✳✽✮✳ ❚❤❡ ❧✐♠✐t✐♥❣ s②st❡♠
♣r❡s❡♥ts ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥ ✭t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ ❞❡♣❡♥❞s
♦♥ t❤❡ ♣r❡② ❜✐♦♠❛ss✮✱ ❛♥❞ ❛ tr♦♣❤✐❝ ❢✉♥❝t✐♦♥ ❝❧♦s❡ t♦ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ♦♥❡✳

❚❤✐s s②st❡♠ st✐❧❧ s❛t✐s❢② ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s N(0, x) = Nin(x), P (0, x) = ps,in(x) + ph,in(x)✳ ❲❡ ♥♦t❡ t❤❛t t❤❡
❧✐♠✐t✐♥❣ s②st❡♠ ♣r❡s❡♥ts ❛ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❝❧♦s❡ t♦ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ✐♥
t❤❡ r❡❛❝t✐♦♥ ♣❛rt✿ ✐♥ t❤✐s s❡♥s❡✱ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ t❤✐s t②♣❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❜②
❛ t✐♠❡✲s❝❛❧❡ ❛r❣✉♠❡♥t ❢r♦♠ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧✳ ❚❤✐s t②♣❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡✲
s♣♦♥s❡ ✇❛s ❞❡r✐✈❡❞ ❛❧s♦ ❜② ❍✉✐s♠❛♥ ❡t ❛❧✳ ❬✺✻❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s✱ st❛rt✐♥❣ ❢r♦♠ ❛ s②st❡♠ ♦❢ ❢♦✉r ❖❉❊s ❜② ❛ q✉❛s✐✲st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛✲
t✐♦♥✳ ❲✐t❤ t❤❡✐r ❛♣♣r♦❛❝❤✱ ❛❧s♦ t❤❡ ❧♦❣✐st✐❝ ❣r♦✇t❤ ❛♥❞ t❤❡ ♣r❡❞❛t♦r t✉r♥♦✈❡r t❡r♠s
st✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤✐s ❝♦♠♣❧❡① ❡①♣r❡ss✐♦♥✳ ❚❤❡r❡❛❢t❡r✱ t❤❡② ❤❛✈❡ s✐♠♣❧✐✜❡❞ t❤✐s ❝♦♠✲
♣❧✐❝❛t❡❞ q✉❛❞r❛t✐❝ ❡①♣r❡ss✐♦♥ ✇✐t❤ ❛ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡② r❡❝♦✈❡r❡❞ t❤❡
st❛♥❞❛r❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳

▼♦r❡♦✈❡r ✇❡ ❝❛♥ ❛❧s♦ ♥♦t❡ t❤❛t✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞
t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ♣r❡s❡♥ts ❛ ❝r♦ss✲❞✐✛✉s✐♦♥
t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥ ✭t❤❡ ❞✐✛✉s✐♦♥ r❛t❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡② ❜✐♦♠❛ss✮✱
✇❤✐❧❡ t❤❡ ♣r❡② ❞✐✛✉s✐♦♥ ✐s st✐❧❧ ❧✐♥❡❛r✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ r❡❧❛t✐✈❡ t♦
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♣r❡❞❛t♦rs ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ❛ ❝♦♥st❛♥t t✐♠❡s ▲❛♣❧❛❝✐❛♥ ♦❢ P ✭❧✐♥❡❛r
❞✐✛✉s✐✈❡ t❡r♠✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠♣❧② ❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❬✸✺❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ ♦❜t❛✐♥❡❞ ❜② t❤❡ t✐♠❡✲s❝❛❧❡ ❛r❣✉♠❡♥t ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥t ♦❢ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs d2 ❛♥❞ d3✳ ❖t❤❡r✇✐s❡✱ ❤❡r❡ t❤❡ ❝r♦ss
❞✐✛✉s✐♦♥ t❡r♠ ❞❡♣❡♥❞s ❛❧s♦ ♦♥ P ✿ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❛s

∆x (f(N,P )P ) , f(N,P ) = d2
2γ̃P

A+
√
∆

+ d3
2αNP

B +
√
∆
,

r❡♠❡♠❜❡r✐♥❣ t❤❛t ∆ := ∆(N,P )✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t f(0, P ) = d2
❛♥❞ f(N,P ) → d3 ✇❤❡♥ N → +∞✳

6.2.1 Adimensionalization

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s ❛♥❞ t♦ ❦❡❡♣ ♦♥❧② ♠❡❛♥✐♥❣❢✉❧ ♣❛r❛♠❡t❡rs✱ ✇❡ ♥♦✇
♣r♦♣♦s❡ ❛♥ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✉s✐♥❣ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s T, n, p ✐♥st❡❛❞
♦❢ t, N, P ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

t = ΘT, N = Σn, P = Πp.

❆❢t❡r s✐♠♣❧✐✜❝❛t✐♦♥s✱ t❤❡ s②st❡♠ ✭✻✳✾✮ ❜❡❝♦♠❡s

∂n

∂T
− d1Θ∆xn = r0Θ

(

1− n

k/Σ

)

n− 2γ̃αΠΘnp

B +
√
∆

,

∂p

∂T
−∆x

(

d2Θ
2γ̃p

A+
√
∆

+ d3Θ
2αΣnp

B +
√
∆

)

=
2ΓαΣΘnp

B +
√
∆

− µΘp,

✇❤❡r❡

A+
√
∆ = γ̃ + αΣn− γ̃ξΠp+

√

(γ̃ + αΣn+ γ̃ξΠp)2 − 4γ̃αξΣΠnp,

B +
√
∆ = γ̃ + αΣn+ γ̃ξΠp+

√

(γ̃ + αΣn+ γ̃ξΠp)2 − 4γ̃αξΣΠnp.

❈❤♦♦s✐♥❣ Θ, Σ, Π ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t 2αΠΘ = 1, αΣ = 1, γ̃ξΠ = 1✱ ✇❡ ❡♥❞ ✉♣
✇✐t❤ t❤❡ s②st❡♠

∂n

∂T
− d1Θ∆xn = r0Θ

(

1− n

k/Σ

)

n− γ̃np

B +
√
∆
,

∂p

∂T
−∆x

(

d2Θ
2γ̃p

A+
√
∆

+ d3Θ
2np

B +
√
∆

)

=
Γ γ̃Σξnp

B +
√
∆

− µΘp,
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✇❤❡r❡ ♥♦✇

A+
√
∆ = γ̃ + n− p+

√

(γ̃ + n+ p)2 − 4np,

B +
√
∆ = γ̃ + n+ p+

√

(γ̃ + n+ p)2 − 4np.

❲❡ s❡t D1 := d1Θ, D2 := d2Θ, D3 := d3Θ, r = r0Θ, ν := k/Σ✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
❞❡♥♦t❡ ❛❣❛✐♥ n ❜② N ✱ p ❜② P ✱ γ̃ ❜② γ✱ ❛♥❞ Γ := Γ γ̃Σξ, µ := µΘ✳ ❲❡ ❡♥❞ ✉♣ ✇✐t❤

∂N

∂T
−D1∆xN = r

(

1− N

ν

)

N − γNP

B +
√
∆
,

∂P

∂T
−∆x

(

D2
2γP

A+
√
∆

+D3
2NP

B +
√
∆

)

=
ΓNP

B +
√
∆

− µP,

✭✻✳✶✵✮

✇❤❡r❡ ♥♦✇

A = γ +N − P, B = γ +N + P, ∆ = (γ +N + P )2 − 4NP. ✭✻✳✶✶✮

❘❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦rs✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥✱ ✇❤✐❝❤
✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r t❤❡ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ♦❢ t❤❡ ♥♦♥ ❞✐✛✉s✐✈❡ ♣❛rt✿

∂N

∂T
−D1∆xN = r

(

1− N

ν

)

N − γ

4

(

B −
√
B2 − 4NP

)

,

∂P

∂T
−∆x

(
D2

2
(
√
∆− A) +

D3

2
(B −

√
∆)

)

=
Γ

4

(

B −
√
B2 − 4NP

)

− µP,

✭✻✳✶✷✮

✇❤❡r❡ A, B ❛♥❞ ∆ ❛r❡ ❞❡✜♥❡❞ ❜② ✭✻✳✶✶✮✳

6.3 Rigorous results of convergence

❲❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❢❛♠✐❧② ✭✇❤❡♥ ε > 0✮ ♦❢ s②st❡♠s ❞❡s❝r✐❜❡❞ ✐♥ ✭✺✳✽✮✱
t❤❛t ✐s✿

∂tN
ε − d1∆xN

ε = r0 (1− ηN ε)N ε − αN εpεs
1 + ξpεs

, ✭✻✳✶✸❛✮

∂tp
ε
s − d2∆xp

ε
s =

1

ε

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

+ Γpεh − µpεs, ✭✻✳✶✸❜✮

∂tp
ε
h − d3∆xp

ε
h = −1

ε

(

− αN εpεs
1 + ξpεs

+ γ̃pεh

)

− µpεh, ✭✻✳✶✸❝✮
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t♦❣❡t❤❡r ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

n̂(x) · ∇xN
ε = 0, n̂(x) · ∇xp

ε
s = 0, n̂(x) · ∇xp

ε
h = 0,

✇❤❡r❡ η ≥ 0 ❛♥❞ ξ ≥ 0✳

❲❤❡♥ ❜♦t❤ η ❛♥❞ ξ ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✱ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ♦❢ t❤❡ s②st❡♠ ✭✻✳✶✸❛✮✲
✭✻✳✶✸❝✮ r❡❞✉❝❡s t♦ ✭✺✳✹✮✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t η ≥ 0 ✭t❤❛t ✐s✱ ✇❡ tr❡❛t
s✐♠✉❧t❛♥❡♦✉s❧② ❝❛s❡s ✇✐t❤ ♦r ✇✐t❤♦✉t ❧♦❣✐st✐❝ ❡✛❡❝ts ❢♦r t❤❡ ♣r❡②s✮✳ ❲❡ ❤♦✇❡✈❡r tr❡❛t
s❡♣❛r❛t❡❧② t❤❡ ❝❛s❡ ✇❤❡♥ ξ = 0 ✭❧❡❛❞✐♥❣ t♦ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✮ ❛♥❞
t❤❡ ❝❛s❡ ✇❤❡♥ ξ > 0 ✭❧❡❛❞✐♥❣ t♦ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✮✳

❲❡ ✇❛♥t t♦ r✐❣♦r♦✉s❧② ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ❧✐♠✐t ✇❤❡♥ ε→ 0✱ t❤❡ s♦❧✉t✐♦♥ N ε, pεs, p
ε
h

♦❢ t❤✐s s②st❡♠ ❝♦♥✈❡r❣❡s ✐♥ ❛ s✉✐t❛❜❧❡ t♦♣♦❧♦❣② t♦✇❛r❞s N ≥ 0, ps ≥ 0, ph ≥ 0✳ ❚❤❡
♠❛✐♥ r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❡r②✲✇❡❛❦ s♦❧✉t✐♦♥s ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ r❡❢❡rs t♦ t❤❡ ❝❛s❡ ξ = 0✳

❚❤❡♦r❡♠ ✻✳✸✳✶ ▲❡t Ω ❜❡ ❛ s♠♦♦t❤ ❞♦♠❛✐♥ ♦❢ Rd ✭❢♦r s♦♠❡ ❞✐♠❡♥s✐♦♥ d ∈ N−{0}✮✱
d1, d2, d3 > 0 ❜❡ ❞✐✛✉s✐♦♥ r❛t❡s✱ r0, α, γ̃ , Γ, µ > 0 ❛♥❞ η ≥ 0 ❜❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞
Nin := Nin(x) ≥ 0✱ ph,in := ph,in(x) ≥ 0✱ ps,in := ps,in(x) ≥ 0 ❜❡ ♥♦♥♥❡❣❛t✐✈❡ ✐♥✐t✐❛❧
❞❛t❛ r❡s♣❡❝t✐✈❡❧② ✐♥ L∞(Ω)✱ L2(Ω)✱ ❛♥❞ L2(Ω)✳

❚❤❡♥ ❢♦r ❡❛❝❤ ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ❝❧❛ss✐❝❛❧ ✭❢♦r t > 0✮ s♦❧✉t✐♦♥
✭N ε✱ pεh✱ p

ε
s✮ ♦❢ s②st❡♠ ✭✻✳✶✸❛✮✲✭✻✳✶✸❝✮ ✇✐t❤ ξ = 0✱ s❛t✐s❢②✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❛♥❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❞❡✜♥❡❞ ❛❜♦✈❡✮✳
▼♦r❡♦✈❡r✱ ✇❤❡♥ ε → 0✱ ♦♥❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ N ε ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞

✐♥ L∞([0, T ]× Ω) ❢♦r ❛❧❧ T > 0✱ ❛♥❞ ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s ❛ ❢✉♥❝t✐♦♥ N ≥ 0 ❧②✐♥❣
✐♥ L∞([0, T ]×Ω)✳ ❖♥❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ pεs ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✇❡❛❦❧② ✐♥
L2+δ([0, T ]×Ω) t♦✇❛r❞s ❛ ❢✉♥❝t✐♦♥ ps ≥ 0 ❧②✐♥❣ ✐♥ L2+δ([0, T ]×Ω) ❢♦r ❛❧❧ T > 0 ❛♥❞
s♦♠❡ δ > 0✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ pεh ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦✇❛r❞s
❛ ❢✉♥❝t✐♦♥ ph ≥ 0 ❜❡❧♦♥❣✐♥❣ t♦ L2+δ([0, T ] × Ω) ✇❡❛❦❧② ✐♥ L2+δ([0, T ] × Ω) ❢♦r ❛❧❧
T > 0 ❛♥❞ s♦♠❡ δ > 0✳

▼♦r❡♦✈❡r✱ N ✱ ps ❛♥❞ ph ❛r❡ ✈❡r②✲✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠

∂tN − d1∆xN = r0(1− ηN)N − αNps, ✭✻✳✶✹✮

∂t(ps + ph)−∆x(d2ps + d3ph) = Γph − µ(ph + ps), ✭✻✳✶✺✮

αNps = γ̃ph, ✭✻✳✶✻✮

✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

n̂(x) · ∇xN = 0, n̂(x) · ∇xps = 0, n̂(x) · ∇xph = 0,
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❛♥❞ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ N(0, x) = Nin(x) ❛♥❞ (ps + ph)(0, x) = ps,in(x) + ph,in(x)✳ ❚❤✐s
s②st❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ s✐♠♣❧❡r ❢♦r♠ ✭✇✐t❤ P = ph + ps✮

∂tN − d1∆xN = r0(1− ηN)N − γ̃αN

αN + γ̃
P,

∂tP −∆x

(
d2γ̃ + d3αN

αN + γ̃
P

)

= Γ
αN

αN + γ̃
− µP,

✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s n̂(x) · ∇xN = 0, n̂(x) · ∇xP = 0, ❛♥❞ ✇✐t❤
✐♥✐t✐❛❧ ❞❛t❛ N(0, x) = Nin(x) ❛♥❞ P (0, x) = ps,in(x) + ph,in(x)✳

❋✐♥❛❧❧②✱ N ❧✐❡s ✐♥ W 1,2+δ([0, T ];L2+δ(Ω)) ∩ L2+δ([0, T ];W 2,2+δ(Ω)) ❢♦r ❛❧❧ T > 0
❛♥❞ s♦♠❡ δ > 0 ✭❛♥❞ P ❧✐❡s ✐♥ L2+δ([0, T ]×Ω])✮✳

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ s♦♠❡✇❤❛t ❡①t❡♥❞❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧♦✇
❞✐♠❡♥s✐♦♥ ✭❛♥❞ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥✐t✐❛❧ ❞❛t❛✮✳ ❲❡ ❝❛♥ ✐♥ ❢❛❝t s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✸✳✶ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s ✐♥ ❚❤❡♦r❡♠ ✻✳✸✳✶✱ ❛♥❞ ✉♥❞❡r t❤❡
❡①tr❛ ❛ss✉♠♣t✐♦♥s t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ✐s d = 1 ♦r d = 2✱ ❛♥❞ t❤❛t inf ❡ss Nin(x) > 0✱
t❤❡ s❡q✉❡♥❝❡s pεh ❛♥❞ pεs ❝♦♥✈❡r❣❡ ❛✳❡✳ t♦✇❛r❞s ph ❛♥❞ ps✳ ▼♦r❡♦✈❡r✱ t❤❡ q✉❛♥t✐t✐❡s
ph, ps ✭❛♥❞ P ✮ ❧✐❡ ✐♥ L1([0, T ];W 1,1(Ω)) ❢♦r ❛❧❧ T > 0✳

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ ξ 6= 0✿

❚❤❡♦r❡♠ ✻✳✸✳✷ ▲❡t Ω ❜❡ ❛ s♠♦♦t❤ ❞♦♠❛✐♥ ♦❢ Rd ✭❢♦r s♦♠❡ ❞✐♠❡♥s✐♦♥ d ∈ N−{0}✮✱
d1, d2, d3 > 0 ❜❡ ❞✐✛✉s✐♦♥ r❛t❡s✱ r0, α, ξ, γ̃, Γ, µ > 0 ❛♥❞ η ≥ 0 ❜❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞
Nin := Nin(x) ≥ 0✱ ph,in := ph,in(x) ≥ 0✱ ps,in := ps,in(x) ≥ 0 ❜❡ ♥♦♥♥❡❣❛t✐✈❡
✐♥✐t✐❛❧ ❞❛t❛ r❡s♣❡❝t✐✈❡❧② ✐♥ L∞(Ω)✱ L2(Ω)✱ ❛♥❞ L2(Ω)✳ ❲❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t
inf ❡ssNin(x) > 0✳

❚❤❡♥ ❢♦r ❡❛❝❤ ε > 0✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❣❧♦❜❛❧ ❝❧❛ss✐❝❛❧ ✭❢♦r t > 0✮ s♦❧✉t✐♦♥
✭N ε✱ pεh✱ p

ε
s✮ ♦❢ s②st❡♠ ✭✻✳✶✸❛✮ ✲✭✻✳✶✸❝✮ s❛t✐s❢②✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s ✭❛♥❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❞❡✜♥❡❞ ❛❜♦✈❡✮✳
▼♦r❡♦✈❡r✱ ✇❤❡♥ ε → 0✱ ♦♥❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ N ε ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞

✐♥ L∞([0, T ]×Ω) ❢♦r ❛❧❧ T > 0 ❛♥❞ ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s ❛ ❢✉♥❝t✐♦♥ N ≥ 0 ❧②✐♥❣ ✐♥
L∞([0, T ]×Ω)✱ ❢r♦♠ pεs ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✭str♦♥❣❧②✮ ✐♥ L2+δ([0, T ]×Ω)
t♦✇❛r❞s ❛ ❢✉♥❝t✐♦♥ ps ≥ 0 ❧②✐♥❣ ✐♥ L2+δ([0, T ]×Ω) ❢♦r ❛❧❧ T > 0 ❛♥❞ s♦♠❡ δ > 0✱ ❛♥❞
❢r♦♠ pεh ❛ s✉❜s❡q✉❡♥❝❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✭str♦♥❣❧②✮ t♦✇❛r❞s ❛ ❢✉♥❝t✐♦♥ ph ≥ 0 ❧②✐♥❣ ✐♥
L2+δ([0, T ]×Ω) ✐♥ L2+δ([0, T ]×Ω) ❢♦r ❛❧❧ T > 0 ❛♥❞ s♦♠❡ δ > 0✳

▼♦r❡♦✈❡r✱ N ✱ ps ❛♥❞ ph ❛r❡ ✈❡r②✲✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝r♦ss ❞✐✛✉s✐♦♥ s②st❡♠
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∂tN − d1∆xN = r0 (1− ηN)N − αNps
1 + ξps

, ✭✻✳✶✼✮

∂t(ps + ph)−∆x(d2ps + d3ph) = Γph − µ(ph + ps), ✭✻✳✶✽✮

αNps
1 + ξps

= γ̃ph, ✭✻✳✶✾✮

✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

n̂(x) · ∇xN = 0, n̂(x) · ∇xps = 0, n̂(x) · ∇xph = 0,

❛♥❞ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ N(0, x) = Nin(x) ❛♥❞ (ps + ph)(0, x) = ps,in(x) + ph,in(x)✳
❋✐♥❛❧❧②✱ N ❧✐❡s ✐♥ W 1,p([0, T ];Lp(Ω)) ❛♥❞ Lp([0, T ];W 2,p(Ω)) ❢♦r ❛❧❧ T > 0 ❛♥❞

❛❧❧ p ∈ [1,+∞[✱ ph ❧✐❡s ✐♥ L2([0, T ];H1(Ω))✱ ❛♥❞ ps ❧✐❡s ✐♥ L1([0, T ];W 1,1(Ω))✳

❲❡ ❞❡♥♦t❡ ❢r♦♠ ♥♦✇ ♦♥ ❜② CT > 0 ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ❞❡♣❡♥❞ ♦♥ T ✱ t❤❡
♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ s②st❡♠s✳

6.3.1 Proof of Theorem. 6.3.1

❲❡ ❝♦♥s✐❞❡r s②st❡♠ ✭✻✳✶✸❛✮✲✭✻✳✶✸❝✮ ✇✐t❤ ξ = 0✳
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❧♦❜❛❧ ✐♥ t✐♠❡ s♦❧✉t✐♦♥s ✭❢♦r ✇❤✐❝❤ N ε, pεs, p

ε
h ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✮

❢♦r ❛ ❣✐✈❡♥ ε > 0 t♦ t❤✐s s②st❡♠✱ ✐s ❝❧❛ss✐❝❛❧ ❬✸✶❪✳

❚❤❡ r✳❤✳s✳ ♦❢ ❡q✉❛t✐♦♥ ✭✻✳✶✸❛✮ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② r0N
ε✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ T > 0✱

t❤❡r❡ ❡①✐sts CT > 0 s✉❝❤ t❤❛t

sup
ε>0

||N ε||L∞([0,T ]×Ω) ≤ CT ,

t❤❛♥❦s t♦ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✭♦r ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✮❀ ✐♥ ❢❛❝t CT ❝❛♥ ❜❡
❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② ||Nin||L∞er0T ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts N ∈ L∞([0, T ]×Ω)
❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ✭st✐❧❧ ❞❡♥♦t❡❞ ❜② N ε✮ s✉❝❤ t❤❛t N ε ⇀ N ✐♥ L∞([0, T ]×Ω) ✇❡❛❦
∗ t♦♣♦❧♦❣②✳

❆❞❞✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ❢♦r pεh ❛♥❞ pεs✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤

∂tP
ε −∆x(A

εP ε) = Γpεh − µP ε ≤ ΓP ε, ✭✻✳✷✵✮

✇✐t❤

P ε = pεh + pεs, Aε =
d2p

ε
h + d3p

ε
s

pεh + pεs
.

❚❤❡♥✱ t❤❛♥❦s t♦ ❛ ❞✉❛❧✐t② ❧❡♠♠❛ ✭❝❢✳ ❬✸✷❪ ❛♥❞ t❤❡ ♦❧❞❡r r❡❢❡r❡♥❝❡ ❬✽✹❪✮ ✇❡ s❡❡ t❤❛t
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sup
ε>0

||P ε||L2([0,T ]×Ω) ≤ CT .

❆ r❡✜♥❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s❛♠❡ ❧❡♠♠❛ ✭❝❢✳ ❢♦r ❡①❛♠♣❧❡ ❬✷✼❪ ♦r ❬✷✶❪✮ ②✐❡❧❞s ✐♥ ❢❛❝t t❤❡
❜❡tt❡r ❡st✐♠❛t❡

sup
ε>0

||P ε||L2+δ([0,T ]×Ω) ≤ CT ,

❢♦r s♦♠❡ δ > 0✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐st ph, ps ∈ L2+δ([0, T ] × Ω) ❛♥❞ s✉❜s❡q✉❡♥❝❡s ✭st✐❧❧

❞❡♥♦t❡❞ ❜② pεh, p
ε
s✮ s✉❝❤ t❤❛t pεs ⇀ ps✱ p

ε
h ⇀ ph ✐♥ L2+δ([0, T ]×Ω) ✇❡❛❦ t♦♣♦❧♦❣② ✭❢♦r

s♦♠❡ δ > 0✮✳

❖❜s❡r✈✐♥❣ t❤❛t ∂tN
ε − d1∆xN

ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2+δ([0, T ]× Ω) ❢♦r ❛❧❧ T > 0 ❛♥❞
s♦♠❡ δ > 0✱ ✇❡ ❣❡t t❤❛♥❦s t♦ t❤❡ ♠❛①✐♠❛❧ r❡❣✉❧❛r✐t② ❡st✐♠❛t❡s ❢♦r t❤❡ ❤❡❛t ❦❡r♥❡❧

sup
ε>0

||∂tN ε||L2+δ([0,T ]×Ω) ≤ CT ,

sup
ε>0

||∂xixj
N ε||L2+δ([0,T ]×Ω) ≤ CT .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ s❡❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ N ε ✐s str♦♥❣❧② ❝♦♠♣❛❝t ✐♥ L2([0, T ]×
Ω)✱ s♦ t❤❛t ✭✉♣ t♦ ❛♥ ❡①tr❛ ❡①tr❛❝t✐♦♥✮ N ε ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s N ✳ ❲❡ ❛❧s♦ s❡❡
t❤❛t N ❧✐❡s ✐♥ W 1,2+δ([0, T ];L2+δ(Ω)) ∩ L2+δ([0, T ];W 2,2+δ(Ω))✳

❯s✐♥❣ t❤❡ ❜♦✉♥❞ ✐♥ L2+δ ♦❢ pεs✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ N εpεs ⇀ Nps ✐♥
L2+δ([0, T ]×Ω) ✇❡❛❦ ✭❢♦r ❛❧❧ T > 0 ❛♥❞ s♦♠❡ δ > 0✮✳

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❡q✉❛t✐♦♥s ✭✻✳✶✸❛✮ ❛♥❞ ✭✻✳✷✵✮ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐✲
❜✉t✐♦♥s✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥s ✭✻✳✶✹✮ ❛♥❞ ✭✻✳✶✺✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♣❛ss✐♥❣
t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ✈❡r②✲✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✻✳✶✸❛✮ ❛♥❞ ✭✻✳✷✵✮✱ ✇❡ ❣❡t
t❤❡ ✈❡r②✲✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ s②st❡♠ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉✲
♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ N ❛♥❞ P ✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❢♦r N ❛♥❞ P ✭t❤❛t ✐s
P (0, x) = ps,in(x) + ph,in(x)✮✳

❖❜s❡r✈✐♥❣ t❤❛t

pεh −N εpεs = ε(∂tp
ε
s − d2∆xp

ε
s)− ε(pεh − µpεs),

❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ✐♥ t❤✐s st❛t❡♠❡♥t✱ ✇❡ ❣❡t ✐❞❡♥t✐t②
✭✻✳✶✻✮✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠✳ ✻✳✸✳✶✳

�
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6.3.2 Proof of Proposition 6.3.1

❲❡ ❝♦♠♣✉t❡✱ ❢♦r q ∈]0, 1[✱ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ s✉✐t❛❜❧❡ ♥♦♥♥❡❣❛t✐✈❡ q✉❛♥t✐t②✿

d

dt

∫ [
(pεh)

q+1

q + 1
+

∣
∣
∣
∣

α

γ̃
N ε

∣
∣
∣
∣

q
(pεs)

q+1

q + 1

]

= − d3q

∫

(pεh)
q−1|∇xp

ε
h|2

︸ ︷︷ ︸

1

− d2q

(
α

γ̃

)q ∫

(N ε)q(pεs)
q−1|∇xp

ε
s|2

︸ ︷︷ ︸

2

− γ̃

ε

∫ (

pεh −
(
α

γ̃

)

N εpεs

) (

(pεh)
q −

(
α

γ̃
N εpεs

)q)

︸ ︷︷ ︸

3

− µ

∫ [

(pεh)
q+1 +

(
α

γ̃
N ε

)q

(pεs)
q+1

]

︸ ︷︷ ︸

4

+Γ

(
α

γ̃

)q ∫

(N ε)q(pεs)
qpεh

︸ ︷︷ ︸

5

+
q

q + 1

(
α

γ̃

)q ∫

(pεs)
q+1(N ε)q−1(∂tN

ε + d2∆xN
ε)

︸ ︷︷ ︸

6

− d2
q(1− q)

1 + q

(
α

γ̃

)q ∫

(pεs)
q+1(N ε)q−2|∇xN

ε|2
︸ ︷︷ ︸

7

. ✭✻✳✷✶✮

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ t❡r♠s 1 ✱ 2 ✱ 3 ✱ 4 ✱ 7 ❛r❡ ❛❧❧ ♥♦♥♣♦s✐t✐✈❡✳ ❘❡♠❡♠❜❡r✐♥❣ t❤❛t
N ε ✐s ❜♦✉♥❞❡❞ ✐♥ L∞✱ ❛♥❞ t❤❛t pεs, p

ε
h ❛r❡ ❜♦✉♥❞❡❞ ✐♥ L2+δ ❢♦r s♦♠❡ δ > 0✱ ✇❡ s❡❡

t❤❛t ∫ T

0

∫

(N ε)q(pεs)
qpεh ≤ CT ✭❢♦r ❛❧❧ q ∈]0, 1[✮.

❘❡♠❡♠❜❡r✐♥❣ t❤❡♥ t❤❛t ∂tN
ε + d2∆xN

ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2+δ ❢♦r s♦♠❡ δ > 0✱ ✇❡ s❡❡
t❤❛t

∫ T

0

∫

|pεs|q+1|∂tN ε + d2∆xN
ε| ≤ CT ✇❤❡♥ q ∈]0, 1[ ✐s s♠❛❧❧ ❡♥♦✉❣❤.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥t❡❣r❛t✐♥❣ ✭✻✳✷✶✮ ♦♥ [0, T ]✱ ✇❡ s❡❡ t❤❛t ✭❢♦r q ∈]0, 1[ s♠❛❧❧ ❡♥♦✉❣❤✮
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∫ (

pεh − (α/γ̃)N εpεs

)(

(pεh)
q − ((α/γ̃)N εpεs)

q

)

≤ CT ε, ✭✻✳✷✷✮

∫ T

0

∫

Ω

(pεh)
q−1|∇xp

ε
h|2 ≤ CT ,

∫ T

0

∫

Ω

(N ε)q(pεs)
q−1|∇xp

ε
s|2 ≤ CT .

❖❜s❡r✈✐♥❣ t❤❛t

(∂t − d1∆x) lnN
ε =

1

N ε
(∂t − d1∆x)N

ε + d1
|∇xN

ε|2
(N ε)2

≥ r0(1− ηN ε)− αpεs ≥ (−ηr0 − αpεs)CT ,

✇❡ s❡❡ t❤❛t s✐♥❝❡ pεs ✐s ❜♦✉♥❞❡❞ ✐♥ L2+δ([0, T ]×Ω) ❢♦r s♦♠❡ δ > 0✱ ✐♥ ❞✐♠❡♥s✐♦♥ d = 1
♦r d = 2✱ ✇❡ ♦❜t❛✐♥ t❤❛tN ε ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ✭❜② ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✮✳ ■♥❞❡❡❞✱
✇❡ r❡❝❛❧❧ t❤❛t (∂t−d1∆x)

−1 ❛❝ts ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ ❧②✐♥❣ ✐♥ L3−ε ✭✇❤❡♥
d = 1✮ ♦r L2−ε ✭✇❤❡♥ d = 2✮ ❢♦r ❛♥② ε > 0✱ s♦ t❤❛t t❤❛♥❦s t♦ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②
❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ N ε ✐s ❡ss❡♥t✐❛❧❧② str✐❝t❧② ♣♦s✐t✐✈❡✱ lnN ε ✐s
❜♦✉♥❞❡❞ ❜❡❧♦✇ ✭❜② ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ st✐❧❧ ❢♦r q ∈]0, 1[
s♠❛❧❧ ❡♥♦✉❣❤✱

∫ T

0

∫

Ω

(pεs)
q−1|∇xp

ε
s|2 ≤ CT .

❚❤❡♥✱ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❡♥s✉r❡s t❤❛t

(∫ T

0

∫

Ω

|∇xp
ε
s,h|
)2

≤
∫ T

0

∫

Ω

(pεs,h)
q−1|∇xp

ε
s,h|2 ×

∫ T

0

∫

Ω

(pεs,h)
1−q ≤ CT . ✭✻✳✷✸✮

❯s✐♥❣ ✭✻✳✷✵✮✱ ✇❡ s❡❡ t❤❛t ∂tP
ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2([0, T ];H−2(Ω))✱ s♦ t❤❛t t❤❛♥❦s

t♦ ❆✉❜✐♥✬s ❧❡♠♠❛ ❬✼✻❪✱ P ε ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ P ✳ ❙✐♥❝❡ pεh − N εpεs → 0 ❛✳❡✳ ✭✉♣ t♦
❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✮ ❜❡❝❛✉s❡ ♦❢ ✭✻✳✷✷✮✱ ❛♥❞ N ε ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ N ✱ ✇❡ s❡❡
t❤❛t pεh ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ ph✱ ❛♥❞ p

ε
s ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ ps✳ ❋✐♥❛❧❧②✱ ✭✻✳✷✸✮ ✐♠♣❧✐❡s t❤❛t

ph, ps ∈ L1([0, T ],W 1,1(Ω)) ❢♦r ❛❧❧ T > 0✳

�

6.3.3 Proof of Theorem. 6.3.2

❆s ✐♥ ❚❤❡♦r❡♠ ✻✳✸✳✶✱ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✭❢♦r ✇❤✐❝❤ N ε, pεs, p
ε
h ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✮

❢♦r ❛ ❣✐✈❡♥ ε ✐s ❝❧❛ss✐❝❛❧ ❬✸✶❪✳
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❆s ✐♥ ❚❤❡♦r❡♠✳ ✻✳✸✳✶ ❛❣❛✐♥✱ ❢♦r ❡❛❝❤ T > 0✱ t❤❡r❡ ❡①✐sts CT > 0 s✉❝❤ t❤❛t

sup
ε>0

||N ε||L∞([0,T ]×Ω) ≤ CT ,

✭❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts N ∈ L∞([0, T ] × Ω) ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡✱ st✐❧❧
❞❡♥♦t❡❞ ❜② N ε✱ s✉❝❤ t❤❛t N ε ⇀ N ✐♥ L∞([0, T ]×Ω) ✇❡❛❦ ∗✮ ❛♥❞ s✉❝❤ t❤❛t

sup
ε>0

||P ε||L2+δ([0,T ]×Ω) ≤ CT ,

❢♦r s♦♠❡ δ > 0 ✭❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐st ph, ps ∈ L2+δ([0, T ] × Ω) ❛♥❞
s✉❜s❡q✉❡♥❝❡s✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② pεh, p

ε
s✱ s✉❝❤ t❤❛t pεs ⇀ ps✱ p

ε
h ⇀ ph ✐♥ L2+δ([0, T ]×Ω)

✇❡❛❦ ❢♦r s♦♠❡ δ > 0✮✳

◆♦✇ ♦❜s❡r✈✐♥❣ t❤❛t t❤❡ r✳❤✳s✳ ♦❢ ✭✻✳✶✼✮ ✐s ❜♦✉♥❞❡❞ ✐♥ L∞([0, T ] × Ω) ✭t❤✐s ❤❡❧❞
♦♥❧② ✐♥ L2+δ([0, T ] × Ω) ❢♦r s♦♠❡ δ > 0 ✐♥ ❚❤❡♦r❡♠ ✻✳✸✳✶✮✱ t❤❡ ♠❛①✐♠❛❧ r❡❣✉❧❛r✐t②
❡st✐♠❛t❡s ❢♦r t❤❡ ❤❡❛t ❦❡r♥❡❧ ②✐❡❧❞ t❤❡ ❜♦✉♥❞s

sup
ε>0

||∂tN ε||Lp([0,T ]×Ω) ≤ CT , ✭✻✳✷✹✮

sup
ε>0

||∂xixj
N ε||Lp([0,T ]×Ω) ≤ CT , ✭✻✳✷✺✮

❢♦r ❛❧❧ p ∈ [1,+∞[✱ i, j = 1, .., d✱ s♦ t❤❛t t❤❡ s❡q✉❡♥❝❡ N ε ✐s str♦♥❣❧② ❝♦♠♣❛❝t ✐♥
Lp([0, T ]×Ω) ❢♦r ❛❧❧ p ∈ [1,+∞[✱ ❛♥❞ N ε ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s N ✳

❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ s✉✐t❛❜❧❡ ♥♦♥♥❡❣❛t✐✈❡ q✉❛♥t✐t②✿

1

2

d

dt

∫ [
γ̃

α
(pεh)

2 +N εψ(pεs)

]

,

✇✐t❤ ψ(x) = 2/ξ(x − ln(1 + ξx)/ξ) ✭s♦ t❤❛t ψ′(x) = 2x/(1 + ξx)✱ ❛♥❞ ψ′′(x) =
2/(1 + ξx)2✮✳ ❲❡ ♦❜t❛✐♥

1

2

d

dt

∫ [
γ̃

α
(pεh)

2 +N εψ(pεs)

]

=

∫
γ̃

α
pεh∂tp

ε
h +

∫
ψ(pεs)

2
∂tN

ε +
1

2

∫

N εψ′(pεs)∂tp
ε
s

=

∫
γ̃

α
pεh

(

d3∆xp
ε
h −

1

ε

(

γ̃pεh −
αN εpεs
1 + ξpεs

)

− µpεh

)

+

∫
ψ(pεs)

2
∂tN

ε

+

∫

N ε pεs
1 + ξpεs

(

d2∆xp
ε
s +

1

ε

(

γ̃pεh −
αN εpεs
1 + ξpεs

)

− µpεs + Γpεh

)
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= d3
γ̃

α

∫

pεh∆xp
ε
h − 1

εα

∫ (

γ̃pεh −
αN εpεs
1 + ξpεs

)2

− µ
γ̃

α

∫

(pεh)
2

+
d1
2

∫

ψ(pεs)∆xN
ε +

r0
2

∫

ψ(pεs)(1− ηN ε)N ε − α

2

∫

ψ(pεs)
pεs

1 + ξpεs
N ε

+ d2

∫

N ε pεs
1 + ξpεs

∆xp
ε
s − µ

∫
N ε(pεs)

2

1 + ξpεs
+ Γ

∫
N εpεsp

ε
h

1 + ξpεs
. ✭✻✳✷✻✮

❚❤❡ ❜♦①❡❞ t❡r♠s✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❝❛♥ ❜❡
r❡✇r✐tt❡♥ ❛s

d3
γ̃

α

∫

pεh∆xp
ε
h = −d3

γ̃

α

∫

|∇pεh|2

d2

∫

N ε pεs
1 + ξpεs

∆xp
ε
s = −d2

∫

∇pεs∇
(

N ε pεs
1 + ξpεs

)

= −d2
∫

∇pεs∇
(

pεs
1 + ξpεs

)

N ε − d2

∫

∇pεs∇N ε pεs
1 + ξpεs

= −d2
2

∫

∇pεs∇ψ′(pεs)N
ε − d2

2

∫

∇ψ(pεs)∇N ε

= −d2
2

∫

|∇pεs|2∇ψ′′(pεs)N
ε +

d2
2

∫

ψ(pεs)∆xN
ε

❚❤✉s✱ ✭✻✳✷✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

= − 1

εα

∫ (

γ̃pεh −
αN εpεs
1 + ξpεs

)2

︸ ︷︷ ︸

1

− d3
γ̃

α

∫

|∇pεh|2
︸ ︷︷ ︸

2

−µ
γ̃

α

∫

(pεh)
2

︸ ︷︷ ︸

3

− d2
2

∫

N εψ′′(pεs)|∇pεs|2
︸ ︷︷ ︸

4

+
1

2

∫

ψ(pεs) (∂tN
ε + d2∆N

ε)
︸ ︷︷ ︸

5

− µ

∫
N ε(pεs)

2

1 + ξpεs
︸ ︷︷ ︸

6

+Γ

∫
N εpεsp

ε
h

1 + ξpεs
︸ ︷︷ ︸

7

.
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❚❤❡ t❡r♠s 1 ✱ 2 ✱ 3 ✱ 4 ❛♥❞ 6 ❛r❡ ♥♦♥♣♦s✐t✐✈❡✳ ❚❤❡♥ r❡♠❡♠❜❡r✐♥❣ t❤❛t 0 ≤ ψ(x) ≤
2x/ξ✱ pεs ❛♥❞ p

ε
h ❛r❡ ❜♦✉♥❞❡❞ ✐♥ L2+δ ❢♦r s♦♠❡ δ > 0✱ N ε ✐s ❜♦✉♥❞❡❞ ✐♥ L∞✱ ❛♥❞ ✜♥❛❧❧②

∂tNε✱ ∆xN
ε ❛r❡ ❜♦✉♥❞❡❞ ✐♥ Lp ❢♦r ❛❧❧ p < +∞✱ ✇❡ s❡❡ t❤❛t t❡r♠s 5 ❛♥❞ 7 ✱ ♦♥❝❡

✐♥t❡❣r❛t❡❞ ♦♥ [0, T ]✱ ❛r❡ ❜♦✉♥❞❡❞ ✭❜② s♦♠❡ ❝♦♥st❛♥t CT > 0✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡
❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❡st✐♠❛t❡s

∫ T

0

∫

Ω

(

γ̃pεh −
αN εpεs
1 + ξpεs

)2

≤ CT ε, ✭✻✳✷✼✮

∫ T

0

∫

Ω

|∇xp
ε
h|2 ≤ CT , ✭✻✳✷✽✮

∫ T

0

∫

Ω

N εψ′′(pεs)|∇xp
ε
s|2 ≤ CT . ✭✻✳✷✾✮

❲❡ s❡❡ t❤❛t ✭✇✐t❤ CT := α + r0η supε>0 ||N ε||L∞([0,T ]×Ω)✮

(∂t − d1∆x)N
ε ≥ −CTN

ε,

s♦ t❤❛t ✭❞❡♥♦t✐♥❣ ❜② inf t❤❡ ❡ss❡♥t✐❛❧ ✐♥✜♠❛ ✐♥ t❤❡ ❢♦r♠✉❧❛ ❜❡❧♦✇✮

inf
ε>0,x∈Ω

N ε(t, x) ≥ e−CT inf
ε>0,x∈Ω

N ε(0, x).

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❛♥❦s t♦ ✭✻✳✷✾✮✱

∫ T

0

∫

Ω

ψ′′(pεs)|∇xp
ε
s|2 ≤ CT .

❚❤❡♥✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❡♥s✉r❡s t❤❛t

(∫ T

0

∫

Ω

|∇xp
ε
s|
)2

≤
(∫ T

0

∫

Ω

ψ′′(pεs)|∇xp
ε
s|2
)

×
(∫ T

0

∫

Ω

(1 + ξpεs)
2

)

≤ CT . ✭✻✳✸✵✮

❯s✐♥❣ ✭✻✳✷✵✮✱ ✇❡ s❡❡ t❤❛t ∂tP
ε ✐s ❜♦✉♥❞❡❞ ✐♥ L2([0, T ];H−2(Ω))✱ s♦ t❤❛t t❤❛♥❦s t♦

❡st✐♠❛t❡s ✭✻✳✷✽✮✱ ✭✻✳✸✵✮ ❛♥❞ ❆✉❜✐♥✬s ❧❡♠♠❛ ❬✼✻❪✱ P ε ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ P ✳ ◆♦t❡ t❤❛t
γ̃pεh−αN εpεs/(1+ ξp

ε
s) → 0 ❛✳❡✳ ✭✉♣ t♦ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✮ t❤❛♥❦s t♦ ✭✻✳✷✼✮✱

❛♥❞ t❤❛t N ε ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦ N ✳ ❚❤❡♥

γ̃P ε −
(

γ̃pεh −
αN εpεs
1 + ξpεs

)

= γ̃pεs +
αN εpεs
1 + ξpεs

❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s γ̃P ✳ ❖❜s❡r✈✐♥❣ t❤❛t
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∣
∣
∣
∣

(

γ̃pεs +
αN εpεs
1 + ξpεs

)

−
(

γ̃pεs +
αNpεs
1 + ξpεs

)∣
∣
∣
∣
≤ α

ξ
|N ε −N |,

✇❡ s❡❡ t❤❛t

γ̃pεs +
αNpεs
1 + ξpεs

→ γ̃P.

❯s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ str✐❝t ♠♦♥♦t♦♥✐❝✐t② ♦❢ y → γ̃y + αNy/(1 + ξy) ❢♦r ❛❧❧
N ≥ 0✱ ✇❡ s❡❡ t❤❛t pεs ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ❞❡♥♦t❡❞ ❜②
ps✳ ❚❤❡♥✱ p

ε
h ❛❧s♦ ❝♦♥✈❡r❣❡s ❛✳❡✳ t♦✇❛r❞s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ❞❡♥♦t❡❞ ❜② ph✳ ❆s ❛

❝♦♥s❡q✉❡♥❝❡✱ t❤❡② ❛❧s♦ ❝♦♥✈❡r❣❡ ✐♥ L2+δ str♦♥❣ ✇❤❡♥ δ > 0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ❋✐♥❛❧❧②✱
✐t ✐s ❝❧❡❛r t❤❛t

ps + ph = P, γ̃ph =
αNps
1 + ξps

,

s♦ t❤❛t ✭✻✳✶✾✮ ❤♦❧❞s✳

❲❡ ♥♦✇ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✶✸❛✮ ❛♥❞ ✭✻✳✷✵✮ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s
✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✈❡r②✲✇❡❛❦ s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ◆❡✉♠❛♥♥
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ N(0, x) = Nin(x) ❛♥❞ (ps + ph)(0, x) =
ps,in(x) + ph,in(x)✮✱ s♦ t❤❛t ✭✻✳✶✼✮ ❛♥❞ ✭✻✳✶✽✮ ❤♦❧❞✳

❋✐♥❛❧❧②✱ t❤❛♥❦s t♦ ✭✻✳✷✹✮ ❛♥❞ ✭✻✳✷✺✮✱ ✇❡ s❡❡ t❤❛t N ❧✐❡s ✐♥ Lp([0, T ],W 2,p(Ω)) ∩
W 1,p(]0, T [, Lp(Ω)) ❢♦r ❛❧❧ p ∈]1,+∞[✱ ❛♥❞ t❤❛♥❦s t♦ ✭✻✳✷✽✮ ❛♥❞ ✭✻✳✸✵✮✱ ✇❡ s❡❡ t❤❛t
ps ❛♥❞ ph r❡s♣❡❝t✐✈❡❧② ❜❡❧♦♥❣ t♦ L1([0, T ],W 1,1(Ω)) ❛♥❞ L2([0, T ], H1(Ω))✳

�



7

The Turing Instability analysis

■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ st✉❞② t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ s②st❡♠ ✭✻✳✸✮ ❛♥❞
✭✻✳✶✵✮✳ ❲❡ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♣❡r❢♦r♠ ❛ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤✐s
❡q✉✐❧✐❜r✐✉♠ ✭✇❤❡♥ ✐t ❡①✐sts✮ ❛t t❤❡ ❖❉❊s ❧❡✈❡❧✳ ❚❤✉s✱ ✇❡ st✉❞② ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②
❢♦r ❜♦t❤ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠s ❛♥❞ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❛s❡ ✐♥
✇❤✐❝❤ ❛ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ t❡r♠ ✐s s✐♠♣❧② ❛❞❞❡❞ t♦ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✱ ✐♥st❡❛❞ ♦❢
t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠✳

7.1 The Holling-type II

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ st✉❞② t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠
✇✐t❤ t❤❡ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳ ❲❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢
t❤❡ ❛ss♦❝✐❛t❡❞ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ s②st❡♠✱ t❤❛t ✐s ✇❤❡♥ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ t❡r♠s ❛r❡ s✐♠♣❧②
❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥ ♣❛rt✳

7.1.1 Homogeneous equilibrium states

❋✐rst✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ✭t❤❛t ✐s t❤❡ ❖❉❊s s②st❡♠ ♦❢
t❤❡ r❡❛❝t✐♦♥ ♣❛rt ♦❢ ✭✻✳✸✮✮✿

ṅ = n
(

1− n

ν

)

− np

1 + n

ṗ =
cnp

1 + n
−mp.

✭✼✳✶✮

❋r♦♠ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ✐❢ p = 0✱ ✇❡ ♦❜t❛✐♥ n = 0 ♦r N = ν✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
t♦t❛❧ ❡①t✐♥❝t✐♦♥ E0(0, 0) ❛♥❞ t❤❡ ♥♦♥✲❝♦❡①✐st❡♥❝❡ E1(ν, 0) ❡q✉✐❧✐❜r✐❛✳ ❖t❤❡r✇✐s❡✱ ✇❡
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❧♦♦❦ ❢♦r ❛ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ E∗(n∗, p∗) ✭❜② ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ♠❡❛♥
t❤❛t n∗, p∗ > 0✮✳ ❋r♦♠ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t

n∗ =
m

c−m
, p∗ = n∗

(

1− n∗

ν

) n∗ + 1

n∗

,

✇✐t❤ ❡①✐st❡♥❝❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs

c−m > 0, ν >
m

c−m
.

◆♦✇ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✳ ❲❡ ❞❡♥♦t❡ ❜②
Ji,j, i, j = 1, 2 t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤❡ s②st❡♠✿

J11 =
∂

∂n
ṅ = 1− 2

ν
n− p

(1 + n)2
,

J12 =
∂

∂p
ṅ = − n

1 + n
,

J21 =
∂

∂n
ṗ =

cp

1 + n
,

J22 =
∂

∂p
ṗ =

cp

1 + n
−m.

❊✈❛❧✉❛t✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✱ ✇❡ ♦❜t❛✐♥✿

J(E0) =

(
1 0
0 −m

)

, J(E1) =






−1 − n∗

1 + n∗

0
cp∗

1 + n∗

−m




 ,

❛♥❞ ✇❡ ❤❛✈❡ t❤❛t
cp∗

1 + n∗

−m < 0 ⇔ ν <
m

c−m
.

❚❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E0 ✐s ✉♥st❛❜❧❡ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❛ s❛❞❞❧❡ ♣♦✐♥t✮❀ t❤❡ ❡q✉✐❧✐❜r✐✉♠
E1 ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❛ ♥♦❞❡✮ ✇❤❡♥ E∗ ❞♦❡s ♥♦t ❡①✐st✱
❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E1 ✐s ✉♥st❛❜❧❡ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❛ s❛❞❞❧❡ ♣♦✐♥t✮ ♦t❤❡r✇✐s❡✳

❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ E∗ ❛r❡
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J∗
11 = 1− 2

ν
n∗ −

p∗
(1 + n∗)2

= 1− 2

ν
n∗ − n∗

(

1− n∗

ν

) n∗ + 1

n∗

1

(1 + n∗)2

= 1− 2

ν
n∗ −

(

1− n∗

ν

)(

1− m

c

)

= −n∗

ν

(

1 +
m

c

)

− m

c
,

J∗
12 = − n∗

1 + n∗

< 0,

J∗
21 =

cp∗
1 + n∗

> 0,

J∗
22 =

cp∗
1 + n∗

−m = 0.

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ tr❛❝❡
❤❛s t❤❡ s❛♠❡ s✐❣♥ ♦❢ J∗

11✳ ■♥ ♣❛rt✐❝✉❧❛r✱

J∗
11 > 0 ⇔ m

c−m
< ν < 2

m

c−m
,

t❤✉s E∗ ❡①✐sts st❛❜❧❡ ✭❛♥❞ ✉♥st❛❜❧❡ ❢♦r ❣r❡❛t❡r ✈❛❧✉❡s ♦❢ ν✮✳

7.1.2 Turing Instability analysis

❲❡ ❧♦♦❦ ♥♦✇ t♦ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✇✐t❤ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡
❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ✐s st❛❜❧❡✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ t❡r♠s✱ t❤❡ s②st❡♠
✇r✐t❡s

∂tn−D1∆xn = n
(

1− n

ν

)

− np

1 + n

∂tp−D∆xp =
cnp

1 + n
−mp,

✇❤❡r❡ D ✐s ❛ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ♣r❡❞❛t♦rs✱ D 6= D1❀ ✐♥ t❤✐s ❝❛s❡ ✐t ✐s
❦♥♦✇♥ t❤❛t ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❝❛♥ ♥♦t ❛♣♣❡❛r ❬✶✵❪✳ ■♥ ❢❛❝t✱

M ∗
k =

(
J∗
11 −D1k

2 J∗
12

J∗
21 −Dk2

)

,
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❛♥❞ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t tr M ∗
k < 0 ❛♥❞ detM ∗

k > 0 ∀ k.
◆♦✇ ✇❡ st✉❞② t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠ ✭✻✳✸✮❀ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥

t❡r♠s ❛r♦✉♥❞ E∗ ❣✐✈❡s t❤❡ ♠❛tr✐①





D1 0

(D3 −D2)

(1 + n∗)2
p∗

D2 +D3n∗

1 + n∗




 ,

✇❤✐❝❤ ❤❛s ♣♦s✐t✐✈❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✳ ❚❤❡ ♥♦♥✲③❡r♦ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t ✐s t❤❡ ❝r♦ss✲
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ♣r❡❞❛t♦rs ✐♥ t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠✳ ❲❡ ♥♦t❡ t❤❛t ✐t t❡♥❞s t♦
③❡r♦ ✇❤❡♥ p∗ → 0✱ ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ✢✉① ♦❢ ♣r❡❞❛t♦rs✳ ❚❤❡ s✐❣♥ ♦❢
♥♦♥✲③❡r♦ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t ✐s ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts
♦❢ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t D3 < D2✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❛r❡ ♠♦r❡ ❞✐✛✉s✐✈❡ t❤❛♥ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs
✭❜✐♦❧♦❣✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✮✳ ❲✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥✱ D3 − D2 < 0❀ ❤❡♥❝❡✱ t❤❡ ❝r♦ss✲
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ♥❡❣❛t✐✈❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ✢✉① ♦❢ ♣r❡❞❛t♦rs ✐s ❞✐r❡❝t❡❞
t♦✇❛r❞ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣r❡②s✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐①
✭k ∈ R ✐s t❤❡ ✇❛✈❡♥✉♠❜❡r✮ ❤❛s t❤❡ ❢♦r♠

M ∗
k =






J∗
11 −D1k

2 J∗
12

J∗
21 −

(D3 −D2)p∗
(1 + n∗)2

k2 −D2 +D3n∗

1 + n∗
k2




 .

❚❤✉s✱ tr M ∗
k < 0 ❛♥❞ detM ∗

k > 0, ∀k✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ♥♦ ❚✉r✐♥❣ ✐♥st❛✲
❜✐❧✐t② ❛♣♣❡❛rs ❛❧s♦ ✐♥ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠✱ ✉♥❞❡r t❤❡ ✭❜✐♦❧♦❣✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✮
❛ss✉♠♣t✐♦♥ D3 < D2✳

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠s✱ ❞❡r✐✈❡❞ ❜② ❛ t✐♠❡✲s❝❛❧❡ ❛r❣✉♠❡♥t ♣r❡✲
s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡r✱ ✐♥st❡❛❞ ♦❢ st❛♥❞❛r❞ ✭❧✐♥❡❛r✮ ❞✐✛✉s✐♦♥ t❡r♠s ❞♦❡s ♥♦t
❧❡❛❞ t♦ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥ ✇❤✐❝❤ ♣❛tt❡r♥s ❞❡✈❡❧♦♣❀ t❤✐s ✐s
❡①❛❝t❧② t❤❡ ♦♣♣♦s✐t❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✐♥ ❬✾✻✱ ✺✼❪ ✇✐t❤ ❛♥ ❛♥♦t❤❡r t②♣❡ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥✳

7.2 The Beddington-DeAngelis

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ st✉❞② t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠
✇✐t❤ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳ ❲❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ ✐♥ t❤❡
st✉❞② ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ s②st❡♠✱ t❤❛t ✐s ✇❤❡♥ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ t❡r♠s
❛r❡ s✐♠♣❧② ❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥ ♣❛rt✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s
♦❢ t❤❡ ❖❉❊s s②st❡♠ ❛♥❞ t❤❡♥ ✇❡ ♣❡r❢♦r♠ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐♥ ❜♦t❤
❝❛s❡s✱ ❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts✳
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7.2.1 Homogeneous equilibrium states

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s ♦❢ t❤❡ ❖❉❊s s②st❡♠ ✭t❤❛t ✐s
t❤❡ r❡❛❝t✐♦♥ ♣❛rt ♦❢ t❤❡ ✇❤♦❧❡ s②st❡♠ ✭✻✳✶✵✮ ♦r ❡q✉✐✈❛❧❡♥t❧② ✭✻✳✶✷✮✮✿

Ṅ = r

(

1− N

ν

)

N − γNP

B +
√
∆
,

Ṗ =
ΓNP

B +
√
∆

− µP,

✭✼✳✷✮

✇❤❡r❡ A, B ❛♥❞ ∆ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✶✶✮✳

❋r♦♠ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ✐❢ P = 0✱ ✇❡ ♦❜t❛✐♥ N = 0 ♦r N = ν✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ t♦t❛❧ ❡①t✐♥❝t✐♦♥ E0(0, 0) ❛♥❞ t❤❡ ♥♦♥✲❝♦❡①✐st❡♥❝❡ E1(ν, 0) ❡q✉✐❧✐❜r✐❛✳

❖t❤❡r✇✐s❡✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ E∗(N∗, P∗) ✭❜② ❝♦❡①✐st❡♥❝❡ ❡q✉✐✲
❧✐❜r✐✉♠✱ ✇❡ ♠❡❛♥ t❤❛t N∗, P∗ > 0✮✳ ❋r♦♠ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t t❤❡ ✐❞❡♥t✐t②

ΓN∗

γ +N∗ + P∗ +
√

(γ +N∗ + P∗)2 − 4N∗P∗

− µ = 0 ✭✼✳✸✮

❢r♦♠ ✇❤✐❝❤✱ r❛t✐♦♥❛❧✐③✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

√

(γ +N∗ + P∗)2 − 4N∗P∗ = γ +N∗ + P∗ −
4µ

Γ
P∗. ✭✼✳✹✮

❋r♦♠ ✭✼✳✸✮✱ ✇❡ ❝❛♥ ❛❧s♦ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ P∗ ✐♥ t❡r♠s ♦❢ N∗✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡

ΓN∗ − µ(γ +N∗ + P∗) = µ
√

(γ +N∗ + P∗)2 − 4N∗P∗.

❲❡ s❡❡ t❤❡r❡❢♦r❡ t❤❛t t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❡①✐st ♦♥❧② ✐❢

ΓN∗ − µ(γ +N∗ + P∗) > 0, ✭✼✳✺✮

❛♥❞ t❤❡♥ t❛❦✐♥❣ t❤❡ sq✉❛r❡ ♦❢ ❜♦t❤ t❡r♠s ✇❡ ❡♥❞ ✉♣ ✇✐t❤

P∗ =
Γ

2µ

(Γ − 2µ)N∗ − 2γµ

(Γ − 2µ)
=

Γ

2µ
N∗ −

Γγ

Γ − 2µ
. ✭✼✳✻✮

❙✉❜st✐t✉t✐♥❣ ✭✼✳✻✮ ✐♥ ✭✼✳✺✮✱ ✇❡ s❡❡ t❤❛t ✭✼✳✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

Γ − 2µ

2
N∗ + γµ

(
2µ

Γ − 2µ

)

> 0. ✭✼✳✼✮
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❙✐♥❝❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❡q✉✐❧✐❜r✐❛ ✇✐t❤ N∗ > 0✳ ✇❡ s❡❡ t❤❛t ✭✼✳✺✮ ♦r ✭✼✳✼✮ ❝❛♥ ❛❧s♦
❜❡ r❡✇r✐tt❡♥ ❛s

Γ − 2µ > 0. ✭✼✳✽✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✭✼✳✹✮ ✐♥ t❤❡ ❡q✉❛t✐♦♥ Ṅ = 0 ❢r♦♠ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢
✭✼✳✷✮ ✇r✐tt❡♥ ❛s

Ṅ = r

(

1− N

ν

)

N − γ

4
(B −

√
∆),

✇❡ ♦❜t❛✐♥

r

(

1− N∗

ν

)

N∗ −
γµ

Γ
P∗ = 0, ✭✼✳✾✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛♥♦t❤❡r ❡①♣r❡ss✐♦♥ ♦❢ P∗ ✐♥ t❡r♠s ♦❢ N∗

P∗ =
Γ

γµ
r

(

1− N∗

ν

)

N∗. ✭✼✳✶✵✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✭✼✳✻✮ ✐♥ ✭✼✳✾✮✱ ✇❡ ♦❜t❛✐♥ ❛ s❡❝♦♥❞ ♦r❞❡r ❡q✉❛t✐♦♥ ✐♥ t❤❡
✉♥❦♥♦✇♥ N∗✿

r

ν
N2

∗ −
(

r − γ

2

)

N∗ −
µγ2

Γ − 2µ
= 0. ✭✼✳✶✶✮

❲❡ s❡❡ t❤❛t✱ t❤❛♥❦s t♦ ✭✼✳✽✮✱

∆N :=
(

r − γ

2

)2

+ 4
r

ν

µγ2

Γ − 2µ
> 0, ✭✼✳✶✷✮

s♦ t❤❛t ❡q✉❛t✐♦♥ ✭✼✳✶✶✮ ❤❛s ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ str✐❝t❧② ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

N∗ =
ν

2r

(

r − γ

2
+
√

∆N

)

. ✭✼✳✶✸✮

❚❤❡♥✱ t❤❡ ❝♦♥❞✐t✐♦♥ P∗ > 0 ✐s ❡q✉✐✈❛❧❡♥t t♦

Γ

2µ
N∗ −

Γγ

Γ − 2µ
> 0 ⇔ 0 < N∗ < ν, ✭✼✳✶✹✮

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦s❡♥ ❡①♣r❡ss✐♦♥ ❢♦r P∗✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

Γ − 2µ >
2γµ

ν
, ✭✼✳✶✺✮

❜② s✉❜st✐t✉t✐♥❣ ✭✼✳✶✸✮ ✐♥ t❤❡ ❧❛st t❡r♠ ♦❢ ✭✼✳✶✹✮✳ ◆♦t❡ t❤❛t t❤✐s ❧❛st ♥❡❝❡ss❛r② ❝♦♥❞✐✲
t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝♦❡①✐st❡♥❝❡ ❡q✉✐❧✐❜r✐✉♠ E∗ ✐♠♣❧✐❡s ❝♦♥❞✐t✐♦♥ ✭✼✳✽✮✳ ❲❡
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♥♦✇ ❜r✐❡✢② ❡①♣❧❛✐♥ ✇❤② ❝♦♥❞✐t✐♦♥ ✭✼✳✶✺✮ ✐s s✉✣❝✐❡♥t ✭❛♥❞ t❤✉s ❜♦t❤ ♥❡❝❡ss❛r② ❛♥❞
s✉✣❝✐❡♥t✮ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ E∗✳ ■♥❞❡❡❞✱ ✭✼✳✶✺✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

√

∆N < r +
γ

2
,

s♦ t❤❛t N∗ ✭❝♦♠♣✉t❡❞ ❢r♦♠ ❢♦r♠✉❧❛ ✭✼✳✶✸✮ ❛♥❞ ✭✼✳✶✷✮✮ ✐s s✉❝❤ t❤❛t 0 < N∗ < ν✳
❘❡♠❡♠❜❡r✐♥❣ t❤❛t t❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ P∗ > 0 ✭✇❤❡♥ P∗ ✐s ❣✐✈❡♥ ❜②
✭✼✳✶✵✮ ❢♦r ❡①❛♠♣❧❡✮✱ ✇❡ s❡❡ t❤❛t ❜♦t❤ N∗ ❛♥❞ P∗ ❞❡✜♥❡❞ ✐♥ t❤✐s ✇❛② ❛r❡ str✐❝t❧②
♣♦s✐t✐✈❡✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡② s❛t✐s❢② Ṅ = 0, Ṗ = 0 ✐♥ ✭✼✳✷✮✳

◆♦✇ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✳ ❲❡ ❞❡♥♦t❡ ❜②
Ji,j, i, j = 1, 2 t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ t❤❡ s②st❡♠ ✭✼✳✷✮✿

J11 =
∂

∂N
Ṅ = r − 2r

ν
N − γ

4

(

1− γ +N − P
√

(γ +N + P )2 − 4NP

)

,

J12 =
∂

∂P
Ṅ = −γ

4

(

1− γ −N + P
√

(γ +N + P )2 − 4NP

)

,

J21 =
∂

∂N
Ṗ =

Γ

4

(

1− γ +N − P
√

(γ +N + P )2 − 4NP

)

,

J22 =
∂

∂P
Ṗ =

Γ

4

(

1− γ −N + P
√

(γ +N + P )2 − 4NP

)

− µ.

❊✈❛❧✉❛t✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡s✱ ✇❡ ♦❜t❛✐♥✿

J(E0) =

[
r 0
0 −µ

]

, J(E1) =

[
−r ∗
0 J22(E1)

]

,

J22(E1) =
Γν

2(γ + ν)
− µ > 0 ⇔ Γ − 2µ >

2γµ

ν
.

❚❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E0 ✐s ✉♥st❛❜❧❡ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❛ s❛❞❞❧❡ ♣♦✐♥t✮❀ t❤❡ ❡q✉✐❧✐❜r✐✉♠
E1 ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❛ ♥♦❞❡✮ ✇❤❡♥ E∗ ❞♦❡s ♥♦t ❡①✐st✱
❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ E1 ✐s ✉♥st❛❜❧❡ ✭♠♦r❡ ♣r❡❝✐s❡❧② ❛ s❛❞❞❧❡ ♣♦✐♥t✮ ♦t❤❡r✇✐s❡✳

❚❤❡ ❝❛s❡ ♦❢ E∗ ✐s ♠♦r❡ ✐♥tr✐❝❛t❡✳ ❋✐rst✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ q✉❛♥t✐t✐❡s

Q∗ := γ +N∗ + P∗ −
4µ

Γ
P∗ =

Γ − 2µ

2µ
N∗ +

2µγ

Γ − 2µ
> 0 ✭✼✳✶✻✮
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❛♥❞✱ t❤❛♥❦ t♦ ✭✼✳✻✮ ❛♥❞ ✭✼✳✶✻✮✱

P∗

Q∗

=
Γ

Γ − 2µ

(

1− 2µγΓ

(Γ − 2µ)2N∗ + 4µ2γ

)

.

❚❤❛♥❦s t♦ ✭✼✳✹✮ ❛♥❞ ✭✼✳✻✮✱ ✇❡ ♦❜t❛✐♥ ✭r❡♠❡♠❜❡r✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∆N ✐♥ ✭✼✳✶✷✮✮
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❡q✉✐❧✐❜✲
r✐✉♠ E∗✱ ❞❡♥♦t❡❞ ❜② J ✿

J∗
11 := J11(E∗) = r

(

1− 2

ν
N∗

)

− γ(Γ − 2µ)

2Γ

P∗

Q∗

= − r

Q∗

2µγ

Γ − 2µ

[
(Γ − 2µ)2

4νµ2γ
N2

∗ +
2

ν
N∗ − 1

]

=
µγ2Γ

(Γ − 2µ)2N∗ + 4µ2γ
−
√

∆N ,

J∗
12 := J12(E∗) = −γ

4

(√

(γ +N∗ + P∗)2 − 4N∗P∗ − (γ +N∗ + P∗) + 2N∗
√

(γ +N∗ + P∗)2 − 4N∗P∗

)

= − γ

2ΓQ∗

(−2µP∗ + ΓN∗) = − γ2µ

Q∗(Γ − 2µ)
< 0,

J∗
21 := J21(E∗) =

Γ

4

(√

(γ +N∗ + P∗)2 − 4N∗P∗ − (γ +N∗ + P∗) + 2P∗
√

(γ +N∗ + P∗)2 − 4N∗P∗

)

=
1

2Q∗

(Γ − 2µ)P∗ > 0,

J∗
22 := J22(E∗) = −µ+

Γ

4

(√

(γ +N∗ + P∗)2 − 4N∗P∗ − (γ +N∗ + P∗) + 2N∗
√

(γ +N∗ + P∗)2 − 4N∗P∗

)

= −µ+
Γ

2Q∗

(

N∗ −
2µ

Γ
P∗

)

=
1

2Q

(

−2µ

(

γ +N∗ + P∗ −
4µ

Γ
P∗

)

+ ΓN∗ − 2µP∗

)

=
1

2Q∗

(

(−2µγ + (Γ − 2µ)N∗)− 4µP∗ +
8µ2

Γ
P∗

)

=
1

2Q∗

(
2µ

Γ
(Γ − 2µ)P∗ − 4µP∗ +

8µ2

Γ
P∗

)

= − µ

ΓQ∗

(Γ − 2µ)P∗ < 0.
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◆♦t❡ t❤❛t t❤❡ s✐❣♥ ♦❢ J∗
11 ✐s ♥♦t ♣r❡s❝r✐❜❡❞✱ ✇❤✐❧❡ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡

s✐❣♥ ♦❢ t❤❡ ♦t❤❡rs ❡❧❡♠❡♥ts ✭J∗
12 < 0, J∗

21 > 0, J∗
22 < 0✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t

detJ = J∗
11J

∗
22 − J∗

12J
∗
21 > 0,

✭t❤✐s ❤♦❧❞s ✇❤❛t❡✈❡r ✐s t❤❡ s✐❣♥ ♦❢ J∗
11✮✳ ■♥ ❢❛❝t✱ s✉❜st✐t✉t✐♥❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢

detJ(E∗) t❤❡ ❢♦r♠✉❧❛s ❢♦r J∗
i,j, i, j = 1, 2✱ ✇❡ ❤❛✈❡

detJ =
r

Q2
∗

(

1− N∗

ν

)

N∗

[

r

(
(Γ − 2µ)2

2νµγ
N2

∗ +
4µ

ν
N∗ − 2µ

)

+
Γγ

2

]

❛♥❞ s✉❜st✐t✉t✐♥❣ ✭✼✳✶✸✮ ✐♥ t❤❡ ❧✐♥❡❛r t❡r♠ ✐♥s✐❞❡ t❤❡ ❜r❛❝❦❡ts✱ ✇❡ ♦❜t❛✐♥

detJ =
r

Q2
∗

(

1− N∗

ν

)

N∗

[

r
(Γ − 2µ)2

2νµγ
N2

∗ + 2µ
√

∆N +
γ

2
(Γ − 2µ)

]

> 0.

❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ s✐❣♥ ♦❢ t❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t E∗ ✐s ♥♦t
♣r❡s❝r✐❜❡❞✳ ❲❤❡♥ J∗

11 < 0✱ ✇❡ ❤❛✈❡

tr J = J∗
11 + J∗

22 < 0,

s♦ t❤❛t E∗ ✐s ❧♦❝❛❧❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✳ ❲❤❡♥ J∗
11 > 0✱ t❤❡ tr❛❝❡ ❝❛♥ ❜❡ ♥♦♥♣♦s✐t✐✈❡

♦r ♥♦♥♥❡❣❛t✐✈❡✳ ❲❡ ❤❛✈❡ ♥✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ❜♦t❤ ❝❛s❡s ❝❛♥ ❤♦❧❞✱ ❢♦r ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧✳

7.2.2 Turing Instability with linear diffusion terms

❲❡ ❝♦♥s✐❞❡r t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✐♥ ✇❤✐❝❤ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ t❡r♠s ❛r❡ s✐♠♣❧②
❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ♦❢ ✭✻✳✶✵✮ ✭❢♦r ❣✐✈❡♥ D1, DP > 0✮

∂N

∂t
−D1∆xN = r

(

1− N

ν

)

N − γNP

B +
√
∆
,

∂P

∂t
−DP∆xP =

ΓNP

B +
√
∆

− µP,

✭✼✳✶✼✮

✇❤❡r❡ A, B ❛♥❞ ∆ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✻✳✶✶✮✱ ❛♥❞ s❡ts ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s s✉❝❤ t❤❛t
tr J(E∗) < 0 ✭r❡♠❡♠❜❡r t❤❛t s✉❝❤ ♣❛r❛♠❡t❡rs ✐♥❞❡❡❞ ❡①✐st✮✳

❋♦r ❛♥② ✇❛✇❡♥✉♠❜❡r k ∈ R✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠
E∗ ✐s ❞❡✜♥❡❞ ❜②

M =

[
J∗
11 −D1k

2 J∗
12

J∗
21 J∗

22 −DPk
2

]

,
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❛♥❞ ❤❛s ❛ ♥❡❣❛t✐✈❡ tr❛❝❡✳ ■♥ ❢❛❝t✱

tr M = J∗
11 −D1k

2 + J∗
22 −DPk

2 = tr J −D1k
2 −D2k

2 < 0.

■ts ❞❡t❡r♠✐♥❛♥t ✐s

detM = detJ − (DPJ
∗
11 +D1J

∗
22)k

2 +D1DPk
4,

s♦ t❤❛t ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ✐s

D1J
∗
22 +DPJ

∗
11 > 0.

■❢ J∗
11 < 0✱ r❡♠❡♠❜❡r✐♥❣ t❤❛t J∗

22 < 0✱ ✇❡ s❡❡ t❤❛t DPJ
∗
11 +D1J

∗
22 < 0✳ ■♥ t❤✐s ❝❛s❡✱

t❤❡ s②st❡♠ ❞♦❡s ♥♦t s❤♦✇ ❛♥② ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✳
❖♥ t❤❡ ♦♣♣♦s✐t❡✱ ✐❢ J∗

11 > 0✱ ❢♦r ❛♥② k 6= 0✱ ✇❡ ❝❛♥ s❡❧❡❝t DP ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t
detJ − DPJ

∗
11k

2 < 0✳ ❚❤❡♥✱ ✇❤❡♥ D1 > 0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ detM < 0 ❛♥❞ ❚✉r✐♥❣
✐♥st❛❜✐❧✐t② ❛♣♣❡❛rs✳

7.2.3 Turing Instability with cross-diffusion

■❢ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r s②st❡♠ ✭✻✳✶✵✮ ♦r t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠ ✭✻✳✶✷✮✱ t❤❛t ✐s

∂N

∂T
−D1∆xN = r

(

1− N

ν

)

N − γ

4

(

B −
√
B2 − 4NP

)

,

∂P

∂T
−∆x

(
D2

2
(
√
∆− A) +

D3

2
(B −

√
∆)

)

=
Γ

4

(

B −
√
B2 − 4NP

)

− µP,

✇❤❡r❡ A, B ❛♥❞ ∆ ❛r❡ ❞❡✜♥❡❞ ❜② ✭✻✳✶✶✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐① ❤❛s
t❤❡ ❢♦r♠

M =

[

J∗
11 − J∗

∆11k
2 J∗

12 − J∗
∆12k

2

J∗
21 − J∗

∆21k
2 J∗

22 − J∗
∆22k

2

]

,

✇❤❡r❡ k ∈ R ✐s t❤❡ ✇❛✈❡♥✉♠❜❡r✱ ❛♥❞ t❤❡ t❡r♠s J∆ij, i, j = 1, 2 ❛r❡ ♦❜t❛✐♥❡❞ t❤❛♥❦s
t♦ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠s ❛r♦✉♥❞ E∗✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❡①♣❧✐❝✐t ❢♦r♠✉❧❛s✿
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J∗
∆11 = D1 > 0,

J∗
∆12 = 0,

J∗
∆21 =

D2 −D3

2

(
(γ +N∗ − P∗)−

√
∆∗√

∆∗

)

= −D2 −D3

Q∗

Γ − 2µ

Γ
P∗, ✭✼✳✶✽✮

J∗
∆22 =

D2

2

(
(γ −N∗ + P∗) +

√
∆∗√

∆∗

)

+
D3

2

(√
∆∗ − (γ −N∗ + P∗)√

∆∗

)

=
D2

Q∗

(

γ + P∗
(Γ − 2µ)

Γ

)

+
D3

Q∗

2µγ

Γ − 2µ
> 0. ✭✼✳✶✾✮

❲❡ ♥♦t✐❝❡ t❤❛t ♦♥❧② t❤❡ s✐❣♥ ♦❢ J2
∆21 ❞❡♣❡♥❞s ♦♥D2, D3✳ ❉✉❡ t♦ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♠❡❛♥✐♥❣

♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ ✇❡ r❡❝❛❧❧ t❤❛t ✇❡ s②st❡♠❛t✐❝❛❧❧② ❛ss✉♠❡ t❤❛t D2 > D3✱ s✐♥❝❡
s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ✏♠♦r❡ ❞✐✛✉s✐✈❡✑ t❤❛♥ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳
❲✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥✱ J∗

∆21 < 0✳

❲❡ st✐❧❧ ❝♦♥s✐❞❡r s❡ts ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s s✉❝❤ t❤❛t tr J(E∗) < 0✳ ❚❤❡♥ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐① M ❤❛s ♥❡❣❛t✐✈❡ tr❛❝❡✱ ❜❡❝❛✉s❡

tr M = J∗
11 −D1k

2 + J∗
22 − J∗

∆22k
2 = tr J

︸︷︷︸

−

−D1k
2 − J∗

∆22
︸︷︷︸

+

k2 < 0.

■ts ❞❡t❡r♠✐♥❛♥t ✐s

detM = detJ
︸ ︷︷ ︸

+

−(J∗
11J

∗
∆22 + J∗

22J
∗
∆11 − J∗

12J
∗
∆21)k

2 + (D1J
∗
∆22)

︸ ︷︷ ︸

+

k4,

s♦ t❤❛t ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ✐s

J∗
11J

∗
∆22 + J∗

22J
∗
∆11 − J∗

12J
∗
∆21 > 0. ✭✼✳✷✵✮

■❢ J∗
11 < 0✱ ✇❡ ❤❛✈❡

J∗
11

︸︷︷︸

−

J∗
∆22
︸︷︷︸

+

+ J∗
22

︸︷︷︸

−

J∗
∆11
︸︷︷︸

+

− J∗
12

︸︷︷︸

−

J∗
∆21
︸︷︷︸

−

,

s♦ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✼✳✷✵✮ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥❞✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ❞✐✛✉s✐♦♥✱ t❤❡
s②st❡♠ ❞♦❡s ♥♦t s❤♦✇ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✳ ❖♥ t❤❡ ♦♣♣♦s✐t❡✱ ✐❢ J∗

11 > 0✱ ✇❡ ❤❛✈❡

J∗
11

︸︷︷︸

+

J∗
∆22
︸︷︷︸

+

+ J∗
22

︸︷︷︸

−

J∗
∆11
︸︷︷︸

+

− J∗
12

︸︷︷︸

−

J∗
∆21
︸︷︷︸

−

,

s♦ t❤❛t ❢♦r ❛♥② k 6= 0✱ ✇❡ ❝❛♥ s❡❧❡❝t D2 ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ D3 ∼ D2 s♦ t❤❛t detJ −
(J∗

11J
∗
∆22 − J∗

12J
∗
∆21)k

2 < 0✳ ❚❤❡♥✱ ✇❤❡♥ D1 > 0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ detM < 0 ❛♥❞
❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❝❛♥ ❛♣♣❡❛r✳
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7.2.4 Turing instability regions: linear vs cross diffusion

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✻✳✶✵✮ ✭✉s✐♥❣ t❤❡ ♠❡❝❤❛♥✐st✐❝ ❛♣♣r♦❛❝❤ ❛♥❞
t❤❡ ✏♠✐❝r♦s❝♦♣✐❝✑ ♠♦❞❡❧ ✮ ♣r♦❞✉❝❡s ❛ ❝r♦ss ❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✱
✇❤❡r❡❛s t❤❡ ♣r❡② ❞✐✛✉s✐♦♥ r❛t❡ ✐s st✐❧❧ ❛ ❝♦♥st❛♥t✳ ❲❡ r❡❝❛❧❧✱ ❢♦r r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✱
t❤❡ ❝♦♥s✐❞❡r❡❞ ❡q✉❛t✐♦♥s

∂N

∂T
−D1∆xN = r

(

1− N

ν

)

N − γNP

B +
√
∆
,

∂P

∂T
−∆x (f(P,N)P ) =

ΓNP

B +
√
∆

− µP,

✭✼✳✷✶✮

✇❤❡r❡

A = γ +N − P, B = γ +N + P, ∆ = (γ +N + P )2 − 4NP,

f(P,N) := D2
2γ

A+
√
∆

+D3
2N

B +
√
∆
. ✭✼✳✷✷✮

❲❡ ✇❛♥t t♦ ❝♦♠♣❛r❡ t❤r❡❡ ♥❛t✉r❛❧ str❛t❡❣✐❡s t♦ ♠♦❞❡❧ t❤❡ ❞✐✛✉s✐♦♥ ✐♥ s②st❡♠s ♦❢
❖❉❊s ♠♦❞❡❧✐♥❣ t❤❡ ♣r❡❞❛t♦r✲♣r❡② ✐♥t❡r❛❝t✐♦♥s✳

✶✳ ❋✐rst✱ ✇❡ t❛❦❡ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ♦❢ ✭✼✳✷✶✮ ❛♥❞ ✇❡ ❛❞❞ ❞✐✛✉s✐♦♥ t❡r♠s ✐♥ s✉❝❤ ❛
✇❛② t❤❛t D2 ✐s ❛ ❝♦♥st❛♥t r❛t❡ ❢♦r ♣r❡❞❛t♦rs✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❡①❛❝t❧② t❛❦❡
t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❢♦r ❛❧❧ ♣r❡❞❛t♦rs ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡
❧✐♠✐t✐♥❣ ♠♦❞❡❧✳

✷✳ ❙❡❝♦♥❞❧②✱ ✇❡ t❛❦❡ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ♦❢ ✭✼✳✷✶✮ ❛♥❞ ✇❡ ❛❞❞ ❞✐✛✉s✐♦♥ t❡r♠s ✐♥ s✉❝❤
❛ ✇❛② t❤❛t DP = f(P∗, N∗)✱ ✇❤❡r❡ f ✐s ❞❡✜♥❡❞ ✐♥ ✭✼✳✷✷✮✱ ✐s ❛ ❝♦♥st❛♥t r❛t❡ ♦❢
❞✐✛✉s✐♦♥ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r ♣r❡❞❛t♦rs✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ♥♦✇ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❞✐✛❡r❡♥❝❡ ✭✐♥ t❡r♠ ♦❢ ❞✐✛✉s✐✈✐t②✮ ❛♠♦♥❣ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✱
s✐♥❝❡ ❜♦t❤ ❞✐✛✉s✐♦♥ r❛t❡s D2 ❛♥❞ D3 ❛r❡ ♣r❡s❡♥t ✐♥ ❡q✉❛t✐♦♥ ✭✼✳✷✷✮✳

✸✳ ❲❡ ✜♥❛❧❧② ❝♦♥s✐❞❡r t❤❡ ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ✭✼✳✷✶✮✱ ❝♦♠✐♥❣ ♦✉t ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ❜②
s✐♥❣✉❧❛r ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❛ ♠✐❝r♦s❝♦♣✐❝ s②st❡♠✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳

◆♦t❡ ✜rst t❤❛t✱ t❤❛♥❦s t♦ ✭✼✳✻✮✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥ ❢♦r DP ✳
■♥❞❡❡❞
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DP = f(P∗, N∗) = D2
2γ

A∗ +
√
∆∗

+D3
2N∗

B∗ +
√
∆∗

= D2
γ

γ +N∗ −
2µ

Γ
P∗

+D3
N∗

γ +N∗ + P∗ −
2µ

Γ
P∗

= D2
γ

γ +
2µγ

Γ − 2µ

+D3
N∗

γ +
Γ

2µ
N∗ −

Γγ

Γ − 2µ
+

2µγ

Γ − 2µ

= D2

(

1− 2µ

Γ

)

+D3
2µ

Γ
. ✭✼✳✷✸✮

❲❡ ♥♦t❡ t❤❡r❡❢♦r❡ t❤❛t DP ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts
D2, D3 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳ ❋✉rt❤❡r♠♦r❡✱ ❛ss✉♠✐♥❣
t❤❛t D3 < D2 ✭r❡♠❡♠❜❡r t❤❛t ❢r♦♠ t❤❡ ♠♦❞❡❧✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs
❤❛✈❡ ❛ ❧♦✇❡r ❞✐✛✉s✐♦♥ r❛t❡ t❤❛♥ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs✮✱ ✇❡ ❤❛✈❡

DP = D2

(

1− 2µ

Γ

)

+D3
2µ

Γ
= D2 −

D2 −D3

Γ
2µ < D2.

❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐❝❡s ♦❢ t❤❡ ❝❛s❡s t❤❛t ✇❡ ❝♦♥s✐❞❡r ❛r❡ ✜♥❛❧❧② ❣✐✈❡♥ ❜②

✶✳ ▲✐♥❡❛r ❞✐✛✉s✐♦♥ ✇✐t❤ D2✿

ML2 =

[

J∗
11 −D1k

2 J∗
12

J∗
21 J∗

22 −D2k
2

]

; ✭✼✳✷✹✮

✷✳ ▲✐♥❡❛r ❞✐✛✉s✐♦♥ ✇✐t❤ DP ❞❡✜♥❡❞ ✐♥ ✭✼✳✷✸✮

MLP =

[

J∗
11 −D1k

2 J∗
12

J∗
21 J∗

22 −DPk
2

]

; ✭✼✳✷✺✮

✸✳ ❈r♦ss ❞✐✛✉s✐♦♥✿

MC =

[

J∗
11 −D1k

2 J∗
12

J∗
21 − J∗

∆21k
2 J∗

22 − J∗
∆22k

2

]

; ✭✼✳✷✻✮

✇✐t❤ J∗
∆21, J

∗
∆22 ❞❡✜♥❡❞ ✐♥ ✭✼✳✶✽✮ ❛♥❞ ✭✼✳✶✾✮✳

❲❡ ✜rst ✇❛♥t t♦ ❝♦♠♣❛r❡ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ♦❢ ❝❛s❡s ✐♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡
❧✐♥❡❛r ❞✐✛✉s✐♦♥ t❡r♠s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts D2 ❛♥❞ DP ❢♦r
♣r❡❞❛t♦rs✱ ♥❛♠❡❧② t❤❡ r❛♥❣❡ ❢♦r k2 t❤❛t ❣✐✈❡s detM < 0✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐❝❡s
❛r❡ ✭✼✳✷✹✮ ❛♥❞ ✭✼✳✷✺✮✱ ✇❤❡r❡ ♦♥❡ s❤♦✉❧❞ r❡♠❡♠❜❡r t❤❛t D2 > DP ✭❜❡❝❛✉s❡ ♦❢ t❤❡
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♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❣❡♥❡r✐❝ ♠❛tr✐① ♦❢ ❛ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ♣❛r❛♠❡t❡r D > 0✿

M (D) =

[
J∗
11 −D1k

2 J∗
12

J∗
21 J∗

22 −Dk2

]

,

✇❡ ❝❛♥ st✉❞② t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ D ❜② ❝♦♠♣✉t✐♥❣

detM (D) =
(
J∗
11 −D1k

2
) (
J∗
22 −Dk2

)
− J∗

12J
∗
21 =

= DD1k
4 − (D1J

∗
22 +DJ∗

11) k
2 + detJ .

❚❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✭❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♣♣❡❛r❛♥❝❡✮ ✐s ♦❜t❛✐♥❡❞ ✉♥❞❡r t❤❡ ♥❡❝❡ss❛r②
❝♦♥❞✐t✐♦♥ D1J

∗
22 +DJ∗

11 > 0✱ t❤❛t ✐s

D > D̂ := −D1J
∗
22

J∗
11

,

✇❤❡r❡ D̂ ✐s ❛ t❤r❡s❤♦❧❞✳ ❚❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ detM (D) = 0✱ ✇❤✐❝❤ ❣✐✈❡
❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ✭✇❤❡♥ t❤✐s r❡❣✐♦♥ ❡①✐sts✮✱ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s

sol1,2 =
(D1J

∗
22 +DJ∗

11)±
√

(D1J∗
22 +DJ∗

11)
2 − 4D1D(J∗

11J
∗
22 − J∗

12J
∗
21)

2D1D
. ✭✼✳✷✼✮

❚❤❡ s♦❧✉t✐♦♥s ❡①✐st ✐❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ✐♥ ✭✼✳✷✼✮ ✐s ♥♦♥♥❡❣❛t✐✈❡✱ t❤❛t ✐s

(D1J
∗
22 +DJ∗

11)
2 − 4D1D detJ ≥ 0,

✇❤✐❝❤ ❧❡❛❞s t♦ ❛♥ ✐♥❡q✉❛❧✐t② ✐♥ D✿

(J∗
11D)2 − 2D1(J

∗
11J

∗
22 − 2J∗

12J
∗
21)D + (D1J

∗
22)

2 ≥ 0.

❚❤❡ ❛ss♦❝✐❛t❡❞ ❡q✉❛t✐♦♥ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t✱ t❤❛t ✐s

(D1(J
∗
11J

∗
22 − 2J∗

12J
∗
21))

2 − (D1J
∗
11J

∗
22)

2 = −4D2
1J

∗
12J

∗
21 detJE∗

≥ 0,

❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❛❞♠✐ts t✇♦ r❡❛❧ r♦♦ts

D̂1,2 =
D1(J

∗
11J

∗
22 − 2J∗

12J
∗
21)± 2D1

√
−J∗

12J
∗
21 detJE∗

J∗2
11

=
D1

J∗2
11

[√

detJE∗
±
√

−J∗
12J

∗
21

]2

≥ 0,



7.2 The Beddington-DeAngelis 127

✇❤✐❝❤ ❛r❡ ❜♦t❤ ♥♦♥♥❡❣❛t✐✈❡✳
■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t D̂1 < D̂ < D̂2✳ ■♥ ❢❛❝t✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t

D̂2 > D̂ ✐s ❡q✉✐✈❛❧❡♥t t♦
√

−J∗
12J

∗
21 detJ > − detJ ,

✇❤✐❧❡ D̂1 < D̂ ✐s ❡q✉✐✈❛❧❡♥t t♦
√

−J∗
12J

∗
21 detJ > detJ

❙♦ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧✇❛②s s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡ ✈❛❧✉❡s ♦❢ D ✇❤✐❝❤ ❧❡❛❞ t♦ ❚✉r✐♥❣
✐♥st❛❜✐❧✐t② ❛r❡ D > D̂2 ✭❜❡❝❛✉s❡ ✇❤❡♥ D̂ < D < D̂2✱ t❤❡ q✉❛♥t✐t✐❡s sol1,2 ❛r❡ ♥♦t r❡❛❧

❛♥❞ ❢♦r D < D̂✱ ♥♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❝❛♥ ❛♣♣❡❛r✮✳
❲❡ ♥♦✇ ❝❛♥ ♣❡r❢♦r♠ ❛ q✉❛❧✐t❛t✐✈❡ st✉❞② ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ r♦♦ts sol1,2(D)✱

✇❤❡♥ ✇❡ ✈❛r② t❤❡ ♣❛r❛♠❡t❡r D > D̂2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉s✐♥❣ ❢r♦♠ ✭✼✳✷✼✮✱ ✇❡ s❡❡ t❤❛t

sol1,2(D) > 0 ∀D > D̂2.

▼♦r❡♦✈❡r✱ ❛❣❛✐♥ ❢r♦♠ ❢♦r♠✉❧❛ ✭✼✳✷✼✮✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t

sol1(D̂2) = sol2(D̂2) =
D1J

∗
22 + D̂2J

∗
11

2D1D̂2

> 0,

❛♥❞ ❛❧s♦ t❤❛t

lim
D→+∞

sol2(D) =
J∗
11

D1

> sol2(D̂2),

❛♥❞
lim

D→+∞
sol1(D) = 0.

❋✉rt❤❡r♠♦r❡✱ t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ✭✼✳✷✼✮ ✇✐t❤ r❡s♣❡❝t t♦ D✱ ✇❡ ♦❜t❛✐♥

∂

∂D
sol2(D) = − J∗

22

2D2
+

1

2

(

J∗

22

D
+

J∗

11

D1

)(

− J∗

22

D2

)

+ 2 ❞❡tJ
D1 D2

√
(

D1

D
J∗
22 + J∗

11

)2

− 4D1

D
❞❡tJ

,

❛♥❞

∂

∂D
sol1(D) = − J∗

22

2D2

√
(

D1

D
J∗
22 + J∗

11

)2

− 4D1

D
❞❡tJ−

(

D1

D
J∗
22 + J∗

11

)

√
(

D1

D
J∗
22 + J∗

11

)2

− 4D1

D
❞❡tJ
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− ❞❡tJ

D2

√
(

D1

D
J∗
22 + J∗

11

)2

− 4D1

D
❞❡tJ

.

s♦ t❤❛t
∂

∂D
sol1(D) < 0

∂

∂D
sol2(D) > 0.

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ sol1 ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ D✱ ✇❤✐❧❡ sol2
✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳

❚❤❡♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ❣r♦✇s ✇❤❡♥ D ✐♥❝r❡❛s❡s ✭❜❡②♦♥❞
D̂2✮✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ ❝❤♦♦s✐♥❣ ❛ ❞✐✛✉s✐♦♥ r❛t❡ ❜❛s❡❞ ♦♥❧② ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ s❡❛r❝❤✲
✐♥❣ ♣r❡❞❛t♦rs ❝♦✉❧❞ ❧❡❛❞ t♦ ✐♥❛❝❝✉r❛t❡ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♣❛tt❡r♥
❢♦r♠❛t✐♦♥✳

❲❡ ♥♦✇ ✇✐s❤ t♦ ❝♦♠♣❛r❡ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ❞✐✛✉✲
s✐♦♥ ✇✐t❤ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ r❛t❡ DP ❛s ❞❡✜♥❡❞ ✐♥ ✭✼✳✷✸✮✱ ✇❤✐❝❤ ❤❛s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
♠❛tr✐①

MLP =

[

J∗
11 −D1k

2 J∗
12

J∗
21 J∗

22 −DPk
2

]

,

❛♥❞ t❤❡ ❝❛s❡ ♦❢ ❝r♦ss ❞✐✛✉s✐♦♥✱ t❤❛t ✐s ✇❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐① ✐s

MC =

[

J∗
11 −D1k

2 J∗
12

J∗
21 − J∗

∆21k
2 J∗

22 − J∗
∆22k

2

]

.

❲❡ ♦❜s❡r✈❡ t❤❛t

detMLP = D1DPk
4 − (DPJ

∗
11 +D1J

∗
22) k

2 + detJ ,

detMC = D1J
∗
∆22k

4 − (J∗
∆22J

∗
11 +D1J

∗
22 − J∗

12J
∗
∆21) k

2 + detJ ,

❛♥❞ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ t❤❛♥❦s t♦ t❤❡ st✉❞② ♦❢ t❤♦s❡
❞❡t❡r♠✐♥❛♥ts✳ ❇♦t❤ ❛r❡ s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧s ✐♥ k2 ✇✐t❤ ♣♦s✐t✐✈❡ ❧❡❛❞✐♥❣ ❝♦❡✣✲
❝✐❡♥ts❀ ❢✉rt❤❡r♠♦r❡✱ ❢♦r k = 0✱ ✇❡ s❡❡ t❤❛t detMLP = detMC = detJ ✳ ❲❡ ✇❛♥t
t♦ ❝♦♠♣❛r❡ t❤❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥ts AL, AC ♦♥ ♦♥❡ ❤❛♥❞✱ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ k2✱
♥❛♠❡❧② BL, BC ✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳ ❚❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤✐s ✇❛②✿

AL := D1DP , BL := DPJ
∗
11 +D1J

∗
22,

AC := D1J
∗
∆22, BC := J∗

∆22J
∗
11 +D1J

∗
22 − J∗

12J
∗
∆21.
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❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ DP ❣✐✈❡♥ ✐♥ ✭✼✳✷✸✮ ❛♥❞ J∗
∆22 ✐♥ ✭✼✳✶✾✮ ✭✐♥ t❡r♠s ♦❢ D2

❛♥❞ D3✮ ✐♥ AL, AC , BL, BC ✱ ✇❡ s❡❡ t❤❛t

AL = D1

[

D2

(

1− 2µ

Γ

)

+D3
2µ

Γ

]

,

AC = D1

[

D2

(
γ

Q∗

+
P∗

Q∗

(

1− 2µ

Γ

))

+D3
2µγ

Q∗(Γ − 2µ)

]

,

BL =

[

D2

(

1− 2µ

Γ

)

+D3
2µ

Γ

]

J∗
11 +D1J

∗
22,

BC =

[

D2

(
γ

Q∗

+
P∗

Q∗

(

1− 2µ

Γ

))

+D3
2µγ

Q∗(Γ − 2µ)

]

J∗
11 +D1J

∗
22 + J∗

12

D2 −D3

Q∗

(

1− 2µ

Γ

)

P∗.

❲❡ ✜rst ❧♦♦❦ ❛t AL ❛♥❞ AC ✱ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥ts✳
❇♦t❤ AL ❛♥❞ AC ❛r❡ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s ♦❢ D2 ❛♥❞ D3✱ s✐♥❝❡

(

1− 2µ

Γ

)

+
2µ

Γ
= 1,

❛♥❞
(
γ

Q∗

+
P∗

Q∗

(

1− 2µ

Γ

))

+
2µγ

Q∗(Γ − 2µ)
=

1

Q∗

[

γ + P∗

(

1− 2µ

Γ

)

+
2µγ

(Γ − 2µ)

]

=
1

Q∗

[
Γ − 2µ

2µ
N∗ +

2µγ

(Γ − 2µ)

]

=
Q∗

Q∗

= 1.

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ D2 ❛♥❞ D3 ✐♥ t❤❡ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s❀ ❢♦r D2✱
✇❡ ❣❡t (

γ

Q∗

+
P∗

Q∗

(

1− 2µ

Γ

))

> 1− 2µ

Γ
⇔ N∗ >

2µγ

Γ − 2µ
,

❛♥❞ ❢♦r D3✱ ✇❡ ❣❡t

2µ

Γ
>

2µγ

Q∗(Γ − 2µ)
⇔ N∗ >

2µγ

Γ − 2µ
,

✇❤✐❝❤ ❤♦❧❞s t❤❛♥❦s t♦ ✭✼✳✶✹✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❛t DP < J∗
∆22✳

■♥❞❡❡❞✿

D2

(

1− 2µ

Γ

)

+D3
2µ

Γ
< D2

(
γ

Q∗

+
P∗

Q∗

(

1− 2µ

Γ

))

+D3
2µγ

Q∗(Γ − 2µ)
.

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t BL > BC ✳ ■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ✇r✐t❡
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BL =

[

D2 − (D2 −D3)
2µ

Γ

]

J∗
11 +D1J

∗
22,

BC =

[

D2 − (D2 −D3)
2µγ

Q∗(Γ − 2µ)

]

J∗
11 +D1J

∗
22 + J∗

12

D2 −D3

Q∗

(

1− 2µ

Γ

)

P∗.

❙t❛rt✐♥❣ ❢r♦♠ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ ✇❡ s❡❡ t❤❛t BL > BC ✐❢ ❛♥❞ ♦♥❧② ✐❢

[

✚✚D2 − (D2 −D3)
2µ

Γ

]

J∗
11 +✘✘✘✘D1J

∗
22 >

[

✚✚D2 − (D2 −D3)
2µγ

Q∗(Γ − 2µ)

]

J∗
11 +✘✘✘✘D1J

∗
22 + J∗

12

D2 −D3

Q∗

(

1− 2µ

Γ

)

P∗.

❚❤❡♥ ✇❡ ❝❛♥ ❞✐✈✐❞❡ t❤✐s ❢♦r♠✉❧❛ ❜② t❤❡ ❝♦♠♠♦♥ str✐❝t❧② ♣♦s✐t✐✈❡ ❢❛❝t♦r D2−D3 ❛♥❞
♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ❜② Q∗✳ ❲❡ ♦❜t❛✐♥

[

−✘✘✘✘✘✘
(D2 −D3)

2µ

Γ

]

J∗
11Q∗ >

[

−✘✘✘✘✘✘
(D2 −D3)

2µγ

✚✚Q∗(Γ − 2µ)

]

J∗
11✚✚Q∗ + J∗

12
✘✘✘✘✘✘
(D2 −D3)

✚✚Q∗

(

1− 2µ

Γ

)

P∗✚✚Q∗,

❛♥❞ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ J∗
11 ❛♥❞ J∗

12✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤

− 2µ

Γ

[

r

(

1− 2

ν
N∗

)

Q∗ − γ
Γ − 2µ

2Γ
P∗

]

>

− 2µγ

(Γ − 2µ)Q∗

[

r

(

1− 2

ν
N∗

)

Q∗ − γ
Γ − 2µ

2Γ
P∗

]

− γ2µ

Q∗Γ
P∗.

❲❡ ❝❛♥ ❡①♣❛♥❞ t❤❡ ♣r♦❞✉❝t ✐♥ t❤❡ r✳❤✳s✳❀ ✇❡ ♦❜t❛✐♥

−2µ

Γ

[

r

(

1− 2

ν
N∗

)

Q∗ − γ
Γ − 2µ

2Γ
P∗

]

> − 2µγ

(Γ − 2µ)
r

(

1− 2

ν
N∗

)

.

◆♦✇ ✇❡ ❝❛♥ ❞✐✈✐❞❡ ❜♦t❤ s✐❞❡s ❜② 2µ✱ ❜r✐♥❣ ❛❧❧ t❡r♠s ✐♥ t❤❡ ❧✳❤✳s✳✱ ❛♥❞ ❣❡t✿

[
γ

Γ − 2µ
− Q∗

Γ

](

r − 2r

ν
N∗

)

+
γ

Γ

Γ − 2µ

2Γ
P∗ > 0.

❯s✐♥❣ ❢♦r♠✉❧❛ ✭✼✳✶✻✮ ❣✐✈✐♥❣ Q∗ ✐♥ t❡r♠s ♦❢ N∗✱ ❛♥❞ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦r
Γ ✱ ✇❡ ♦❜t❛✐♥
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[

γ − Γ − 2µ

2µ
N∗

](

r − 2r

ν
N∗

)

+ γ
Γ − 2µ

2Γ
P∗ > 0.

❯s✐♥❣ ♥♦✇ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ P∗ ✐♥ t❡r♠s ♦❢ N∗ ✐♥ ❢♦r♠✉❧❛ ✭✼✳✻✮✱ ✇❡ ♦❜t❛✐♥

[

γ − Γ − 2µ

2µ
N∗

](

r − 2r

ν
N∗

)

+ γ
✘✘✘✘Γ − 2µ

2��Γ
��Γ

2µ

(Γ − 2µ)N∗ − 2γµ

✘✘✘✘✘
(Γ − 2µ)

> 0.

❯s✐♥❣ ✜♥❛❧❧② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ N∗ ✐♥ ❢♦r♠✉❧❛ ✭✼✳✶✸✮ ✭♦♥❧② ✐♥ t❤❡ s❡❝♦♥❞ N∗ ✐♥ t❤❡
❡q✉❛t✐♦♥ ❛❜♦✈❡✮✱ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ✐♥❡q✉❛❧✐t②

[

γ − Γ − 2µ

2µ
N∗

](

✁r − ✁r +
γ

2
−
√

∆N

)

+
γ

4µ

(

(Γ − 2µ)N∗ − 2γµ

)

> 0,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

✁
✁
✁γ2

2
−

✟✟✟✟✟✟✟γ

2

Γ − 2µ

2µ
N∗ −

√

∆N

[

γ − Γ − 2µ

2µ
N∗

]

+
✘✘✘✘✘✘✘✘γ

4µ
(Γ − 2µ)N∗ −

✁
✁
✁γ2

2
> 0,

❛♥❞ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦

−
√

∆N

[

γ − Γ − 2µ

2µ
N∗

]

︸ ︷︷ ︸

−

> 0,

✇❤✐❝❤ ✐s ❛❧✇❛②s tr✉❡✱ s✐♥❝❡ P∗ > 0✳

❋✐♥❛❧❧②✱ ✇❡ s❡❡ t❤❛t t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐❝❡s ✇✐t❤ ❧✐♥❡❛r
❛♥❞ ❝r♦ss ❞✐✛✉s✐♦♥✱ r❡s♣❡❝t✐✈❡❧②

detMLP = ALk
4 − BLk

2 + detJ , ❛♥❞ detMC = ACk
4 − BCk

2 + detJ ,

❛r❡ s✉❝❤ t❤❛t AC > AL ❛♥❞ BL > BC ✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s✱ t❤❛t
❛r❡ r❡❣✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠❛tr✐① ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✱
✇❡ s❡❡ t❤❛t t❤r❡❡ ❝❛s❡s ♥❛t✉r❛❧❧② ❛♣♣❡❛r✿

✶✳ t❤❡r❡ ❛r❡ ♥♦ r❡❣✐♦♥s ♦❢ ♥❡❣❛t✐✈❡ ❞❡t❡r♠✐♥❛♥t ❢♦r ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ❝r♦ss ❞✐✛✉s✐♦♥
✭❋✐❣✉r❡ ✼✳✶✭❛✮✮✱ t❤❡♥ ♥♦ ❚✉r✐♥❣✲♣❛tt❡r♥s ❛♣♣❡❛r ✐♥ ❜♦t❤ s②st❡♠s❀

✷✳ t❤❡ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❝❛s❡ ❤❛s ❛ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥✱ ❜✉t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡
❝r♦ss ❞✐✛✉s✐♦♥ ❝❛s❡ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ k ✭❋✐❣✉r❡ ✼✳✶✭❜✮✮✱ s♦ t❤❛t t❤❡ ❝r♦ss ❞✐✛✉s✐♦♥
❝❛s❡ ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②❀

✸✳ ❜♦t❤ ❝❛s❡s ❧❡❛❞ t♦ ♥♦♥❡♠♣t② ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ✭❋✐❣✉r❡ ✼✳✶✭❝✮✮✳ ■t ❝❛♥ ❜❡
♣r♦✈❡❞ t❤❛t
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√

B2
L − 4A1 detJ

2AL

>

√

B2
C − 4AC detJ

2AC

,

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r t❤❡ ❝r♦ss ❞✐✛✉s✐♦♥ ❝❛s❡ ✐s
str✐❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ❝❛s❡✳

■♥ ❛❧❧ ❝❛s❡s✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ♠♦❞❡❧ ❧❡❛❞s t♦ ❛ ♣♦ss✐❜✐❧✐t② ♦❢ ♦❜t❛✐♥✐♥❣
♥♦♥tr✐✈✐❛❧ ♣❛tt❡r♥s ✇❤✐❝❤ ✐s ❧❡ss ❧✐❦❡❧② t❤❛♥ ✐♥ t❤❡ ❧✐♥❡❛r ❞✐✛✉s✐♦♥ ♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ✉s❡ ♦❢ ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ st❛♥❞❛r❞ ❞✐✛✉s✐♦♥ t❡r♠s ❛r❡ ❞✐r❡❝t❧② ❛❞❞❡❞ t♦ t❤❡ r❡❛❝t✐♦♥
♣❛rt ♠❛② ❧❡❛❞ t♦ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ ♣❛tt❡r♥s
❛♣♣❡❛r✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ♠♦❞❡❧✳
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det J∗

k2

0

det(MC

k
)

det(ML

k
)

✭❛✮

det J∗

TIRL

k2
0

det(MC

k
)

det(ML

k
)

✭❜✮

TIRC

TIRL

k2
0

det(ML

k
)

det(MC

k
)

det J∗

✭❝✮

❋✐❣✳ ✼✳✶✳ ❚✉r✐♥❣ ■♥st❛❜✐❧✐t② r❡❣✐♦♥s ❢♦r ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ ❛♥❞ ❝r♦ss✲❞✐✛✉s✐♦♥ ❝❛s❡s✳ ✭❛✮ ❚❤❡r❡ ❛r❡ ♥♦ r❡❣✐♦♥s
♦❢ ♥❡❣❛t✐✈❡ ❞❡t❡r♠✐♥❛♥t ❢♦r ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ❝r♦ss✲❞✐✛✉s✐♦♥✱ s♦ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❝❛♥
♥♦t ❛♣♣❡❛r✳ ✭❜✮ ❚❤❡ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ ❝❛s❡ ❤❛s ❛ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ✭TIRL✮✱ ❜✉t t❤❡ ❞❡t❡r♠✐♥❛♥t
♦❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ❝❛s❡ ✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ k✱ s♦ t❤❛t t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ❝❛s❡ ❞♦❡s ♥♦t ❧❡❛❞ t♦ ❚✉r✐♥❣
✐♥st❛❜✐❧✐t②✳ ✭❝✮ ❇♦t❤ ❝❛s❡s ❧❡❛❞ t♦ ♥♦♥❡♠♣t② ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s✱ ❜✉t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ❢♦r
t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ✭TIRC✮ ❝❛s❡ ✐s str✐❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥
❝❛s❡ ✭TIRL✮✳
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Concluding remarks

❚❤✐s P❛rt ❢♦❝✉s❡s ♦♥ t❤❡ st✉❞② ♦❢ t✇♦ ✏♠✐❝r♦s❝♦♣✐❝✑ ✭✐♥ t❡r♠s ♦❢ t✐♠❡ s❝❛❧❡s✮ ♣r❡❞❛t♦r✲
♣r❡② ♠♦❞❡❧s ✇✐t❤ ❞✐✛✉s✐♦♥ t❤❛t ❥✉st✐❢②✱ ✐♥ ❛ s✉✐t❛❜❧❡ ❧✐♠✐t✱ t✇♦ ❝❧❛ss✐❝❛❧ t②♣❡s ♦❢
❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❛♥❞ ♣r❡s❡♥t ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠✳ ❲❡ ❤❛✈❡
❛❧s♦ ♣r❡s❡♥t❡❞ r✐❣♦r♦✉s r❡s✉❧t ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ s②st❡♠ t♦✇❛r❞s
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥✲❝r♦ss ❞✐✛✉s✐♦♥ s②st❡♠✳

■♥ ❞❡t❛✐❧✱ t✇♦ tr♦♣❤✐❝ ❧❡✈❡❧s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ♣r❡② ❛♥❞ ♣r❡❞❛t♦rs ✇❤✐❝❤ ❛r❡ ❢✉rt❤❡r
❞✐✈✐❞❡❞ ✐♥t♦ s❡❛r❝❤✐♥❣ ♣r❡❞❛t♦rs ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✳ ❚❤❡ ❢♦r♠❡r ❛r❡ ♣r❡❞❛t♦rs
❛❝t✐✈❡ ✐♥ t❤❡ ♣r❡❞❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❧❛tt❡r ❛r❡ r❡st✐♥❣ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡♥✱ ✇❡ st❛rt
❢r♦♠ ❛ s②st❡♠ ♦❢ t❤r❡❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✇✐t❤ ❛ st❛♥❞❛r❞ ❧✐♥❡❛r ❞✐✛✉s✐♦♥
✐♥ t❡r♠s ♦❢ ▲❛♣❧❛❝✐❛♥✱ ❛♥❞ ✇✐t❤ ❛ ▲♦t❦❛✲❱♦❧t❡rr❛ r❡❛❝t✐♦♥ t❡r♠✳ ❚❤r♦✉❣❤ ❛ q✉❛s✐
st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❛ s②st❡♠ ♦❢ t✇♦ P❉❊s ✇✐t❤ ♣r❡② ❛♥❞
t♦t❛❧ ♣r❡❞❛t♦r ❞❡♥s✐t✐❡s ❛s ✉♥❦♥♦✇♥s✱ ✐♥ ✇❤✐❝❤ ❛ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡
❛♣♣❡❛rs t♦❣❡t❤❡r ✇✐t❤ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛t✐♦♥✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ r❡❧❛t✐✈❡ t♦ ♣r❡❞❛t♦rs ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ❛ ❝♦♥✲
st❛♥t t✐♠❡s ▲❛♣❧❛❝✐❛♥ ♦❢ P ✭❧✐♥❡❛r ❞✐✛✉s✐✈❡ t❡r♠✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s✐♠♣❧② ❛❞❞❡❞ t♦ t❤❡
r❡❛❝t✐♦♥ ♣❛rt ❬✸✺❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞✐✛✉s✐♦♥ t❡r♠ ♦❜t❛✐♥❡❞ ❜② t❤❡ t✐♠❡✲s❝❛❧❡ ❛r❣✉✲
♠❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r❡② ❜✐♦♠❛ss ❛♥❞ ♦♥ ❜♦t❤ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ s❡❛r❝❤✐♥❣
❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs d2 ❛♥❞ d3✳ ▲♦♦❦✐♥❣ ❛t ✐ts ❡①♣r❡ss✐♦♥✱ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠
r❡❞✉❝❡s t❤❡ ♣r❡❞❛t♦r ❞✐✛✉s✐♦♥ ✇❤❡♥ t❤❡ ♣r❡② ❞❡♥s✐t② ✐♥❝r❡❛s❡s✳

❚❤❡♥ ✇❡ ♠♦❞✐❢② t❤❡ st❛rt✐♥❣ ♠♦❞❡❧ ✐♥s❡rt✐♥❣ ❛ ❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♣r❡❞❛t♦rs✳
❲✐t❤ t❤✐s ❝❤❛♥❣❡ ✇❡ ❡♥❞ ✉♣ ❛❢t❡r ❛ q✉❛s✐ st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❛ s②st❡♠
♦❢ t✇♦ P❉❊s ❢♦r ♣r❡② ❛♥❞ t♦t❛❧ ♣r❡❞❛t♦r ❞❡♥s✐t✐❡s✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❇❡❞❞✐♥❣t♦♥✲
❉❡❆♥❣❡❧✐s✲❧✐❦❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❛♥❞ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐♥ t❤❡ ♣r❡❞❛t♦r ❡q✉❛✲
t✐♦♥✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ♣r❡s❡♥ts ❛ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❝❧♦s❡ t♦ t❤❡
❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt✿ ✐♥ t❤✐s s❡♥s❡✱ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ t❤✐s t②♣❡
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♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ❜② ❛ t✐♠❡✲s❝❛❧❡ ❛r❣✉♠❡♥t ❢r♦♠ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧✳
❚❤✐s t②♣❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✇❛s ❞❡r✐✈❡❞ ❛❧s♦ ❜② ❍✉✐s♠❛♥ ❡t ❛❧✳ ❬✺✻❪ ✐♥ t❤❡ ❝♦♥✲
t❡①t ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ st❛rt✐♥❣ ❢r♦♠ ❛ s②st❡♠ ♦❢ ❢♦✉r ❖❉❊s ❜② ❛
q✉❛s✐✲st❡❛❞②✲st❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❲✐t❤ t❤❡✐r ❛♣♣r♦❛❝❤✱ ❛❧s♦ t❤❡ ❧♦❣✐st✐❝ ❣r♦✇t❤ ❛♥❞
t❤❡ ♣r❡❞❛t♦r t✉r♥♦✈❡r t❡r♠s st✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤✐s ❝♦♠♣❧❡① ❡①♣r❡ss✐♦♥✳ ❚❤❡r❡❛❢t❡r✱ t❤❡②
❤❛✈❡ s✐♠♣❧✐✜❡❞ t❤✐s ❝♦♠♣❧✐❝❛t❡❞ q✉❛❞r❛t✐❝ ❡①♣r❡ss✐♦♥ ✇✐t❤ ❛ P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞
t❤❡② r❡❝♦✈❡r t❤❡ st❛♥❞❛r❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳

❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ♣r❡s❡♥ts ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ ✐♥ t❤❡ ♣r❡❞❛t♦r
❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣
♣r❡❞❛t♦rs d2 ❛♥❞ d3✱ ✇❤✐❧❡ t❤❡ ♣r❡② ❞✐✛✉s✐♦♥ ✐s st✐❧❧ ❧✐♥❡❛r✳

❚❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡r✐✈❡❞ ♠♦❞❡❧s ✐s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❋♦r
t❤❡ ✜rst ♦♥❡✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ✇✐t❤ ❛ ♣r❡②✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝
❢✉♥❝t✐♦♥ ✐♥ t❤❡ r❡❛❝t✐♦♥ ♣❛rt ❛♥❞ ✭st❛♥❞❛r❞✮ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ ❝❛♥ ♥♦t ❣✐✈❡ r✐s❡ t♦
❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❬✶✵❪✳ ❊✈❡♥ ✇✐t❤ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ ♠♦❞❡❧✱ ♥♦ ♣❛tt❡r♥s s❡❡♠ t♦
❛♣♣❡❛r ✉♥❞❡r ❛ ✭❜✐♦❧♦❣✐❝❛❧❧② r❡❛s♦♥❛❜❧❡✮ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳
❋♦r t❤❡ s❡❝♦♥❞ s②st❡♠✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐s ❛ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s✲
❧✐❦❡✱ ✇❡ ❧♦♦❦ ❢♦r ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✇❤✐❝❤ ❧❡❛❞ t♦ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②
❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡s❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥s ✇✐t❤ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡
❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐s s✉❜st✐t✉t❡❞ ❜② ❛ ❧✐♥❡❛r ❞✐✛✉s✐♦♥✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t❤❡ ❢❛❝t
t❤❛t t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ s②st❡♠ ✐s ❛❧✇❛②s
str✐❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② r❡❣✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ s②st❡♠✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✉s❡ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ❢♦r ♣r❡❞❛t♦r✲♣r❡② ✐♥t❡r❛❝t✐♦♥s ♦❢
❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s t②♣❡ ✐♥ ✇❤✐❝❤ st❛♥❞❛r❞ ❞✐✛✉s✐♦♥ ✐s s✐♠♣❧② ❛❞❞❡❞ t♦ t❤❡ r❡❛❝✲
t✐♦♥ t❡r♠s ♠❛② ❧❡❛❞ t♦ ❛♥ ♦✈❡r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♣❛tt❡r♥s
✭✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ s❡❛r❝❤✐♥❣ ❛♥❞ ❤❛♥❞❧✐♥❣ ♣r❡❞❛t♦rs✮✳

■t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❛t ✐♥ ♠❛♥② ✐♥st❛♥❝❡s✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥
t❡r♠s ✐♥st❡❛❞ ♦❢ ✭st❛♥❞❛r❞✮ ❧✐♥❡❛r✲❞✐✛✉s✐♦♥ t❡r♠s ❧❡❛❞s ❡①❛❝t❧② t♦ t❤❡ ♦♣♣♦s✐t❡ r❡s✉❧t✱
t❤❛t ✐s✱ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥ ✇❤✐❝❤ ♣❛tt❡r♥s ❞❡✈❡❧♦♣ ❬✾✻✱
✺✼✱ ✸✾❪✳ ❖✉r st✉❞② ❧❡❛❞s t❤❡♥ t♦ ❛ r❛t❤❡r ✐♥t❡r❡st✐♥❣ ❝♦♥❝❧✉s✐♦♥✿ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥
♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ✐s ❝♦✉♥t❡r❛❝t❡❞ ❜② t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❞❡r✐✈❡❞
❜② t❤❡ ◗❙❙❆✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ s❡❡♠s t♦ s✉❣❣❡st t❤❛t ❝r♦ss✲❞✐✛✉s✐♦♥
❡♥❤❛♥❝❡s ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥✳ ❚❤✐s r❛✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ s✉❜✲❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❝r♦ss✲
❞✐✛✉s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ♣r♦♣❡rt✐❡s ♦❢ ❡♥❤❛♥❝✐♥❣ ❞✐✛✉s✐♦♥✲❞r✐✈❡♥ ✐♥st❛❜✐❧✐t②✱
✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❛♥❞ ✐♥t❡r❡st✐♥❣ ❛t t❤✐s ♣♦✐♥t✳ ■♥❞❡❡❞✱ ♦✉r ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s
❛ ♠❡❝❤❛♥✐st✐❝ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❜✉t ♦❢t❡♥ ♠♦❞❡❧s ❛r❡ ❜❛s❡❞ ♦♥
♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛ss✉♠♣t✐♦♥s ❛♥❞ t❤❡♥ ❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❡✛❡❝ts ❝❛♥ ❜❡
✉s❡❢✉❧✳ ❚❤✐s ✐ss✉❡ ♥❡❡❞s ❛ ❝❛r❡❢✉❧❧② r❡✈✐s✐♦♥ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤✐s t♦♣✐❝✳ ❆s ❛ ✜rst
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❛tt❡♠♣t✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦♥ ✇❤✐❝❤ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛❝ts ✐s t❤❡ ❦❡② ♦❢ t❤✐s ❞✐✛❡r❡♥❝❡✳ ❚❤❡
❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠✱ ♣r♦✈✐❞❡❞ ❜② ❛ ♠❡❝❤❛♥✐st✐❝ ❞❡r✐✈❛t✐♦♥✱ r❡❞✉❝❡s ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡
t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ♣r❡❞❛t♦rs✳ ❍♦✇❡✈❡r✱ ❧♦♦❦✐♥❣ ❛t t❤❡ ▲♦t❦❛✲❱♦❧t❡rr❛ ♠♦❞❡❧
st✉❞✐❡❞ ✐♥ ❬✸✾❪✱ ❛ ❞✐✛❡r❡♥t t②♣❡ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡
❞✐✛✉s✐♦♥ ♦❢ ♣r❡② ❛♥❞ ♣r❡❞❛t♦rs✳ ❚❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❛t t❤✐s t②♣❡ ♦❢ ❝r♦ss✲❞✐✛✉s✐♦♥
❡♥❤❛♥❝❡s t❤❡ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t②✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✐♥ t❤❡ q✉♦t❡❞ ♠♦❞❡❧✱ ❛ s✐♠✐❧❛r ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ✐s
❝♦♥s✐❞❡r❡❞ ❛❧s♦ ✐♥ t❤❡ ♣r❡② ❡q✉❛t✐♦♥✳ ❲✐t❤ ♦✉r ❛♣♣r♦❛❝❤ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛
♣r❡❞❛t♦r✲♣r❡② r❡❛❝t✐♦♥✲❝r♦ss ❞✐✛✉s✐♦♥ ✇✐t❤ ❛ ❝r♦ss✲❞✐✛✉s✐♦♥ ❛❧s♦ ✐♥ t❤❡ ♣r❡② ❡q✉❛✲
t✐♦♥✱ ✉s✐♥❣ t❤❡ ♠❡❝❤❛♥✐st✐❝ ❞❡r✐✈❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ●❡r✐t③ ❛♥❞ ●②❧❧❡♥❜❡r❣ ❬✹✶❪ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ■♥ ❞❡t❛✐❧✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❞✐✈✐s✐♦♥ ♦❢ t❤❡
♣r❡❞❛t♦r ♣♦♣✉❧❛t✐♦♥ ✐♥t♦ s❡❛r❝❤❡rs ❛♥❞ ❤❛♥❞❧❡rs✱ t❤❡ ♣r❡② ♣♦♣✉❧❛t✐♦♥ ✐s ❞✐✈✐❞❡❞ ✐♥
❛❝t✐✈❡ ♣r❡② ✭t②♣✐❝❛❧❧② ❢♦r❛❣✐♥❣ ❛♥❞ ♣r♦♥❡ t♦ ♣r❡❞❛t✐♦♥✮ ❛♥❞ ✐♥✈✉❧♥❡r❛❜❧❡ ♣r❡② ✭✐♥✲
❞✐✈✐❞✉❛❧s ✇❤♦ ❤❛✈❡ ❢♦✉♥❞ ❛ r❡❢✉❣❡✮❀ t❤❡♥✱ t✇♦ ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s ❛r❡ ❡①♣❧♦✐t❡❞ t♦
r❡❞✉❝❡ t❤❡ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ t♦ ❛ s②st❡♠ ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✇✐t❤ ❝r♦ss✲❞✐✛✉s✐♦♥
t❡r♠s ❛♥❞ ❛ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✳ ❚❤❡ st✉❞② ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
t❤✐s ♥❡✇ ❝r♦ss✲❞✐✛✉s✐♦♥ t❡r♠ ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ t♦ ♣❡r❢♦r♠ t❤❡ s✉❣❣❡st❡❞ ❝❧❛ss✐✜❝❛t✐♦♥✱
❛♥❞ ✐t ✐s ♣❧❛♥♥❡❞ ❛s ❢✉t✉r❡ ✇♦r❦✳





Appendix

A Very-weak formulation

❲❡ ❝❧❛r✐❢② ❤❡r❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s ❛♥❞ ❤♦✇ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡
r❡✢❡❝t❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
s②st❡♠ ✐♥ t❤❡ str♦♥❣ ❢♦r♠✉❧❛t✐♦♥✿

∂tN − d1∆xN = f(N,P ) := rN

(

1− N

K

)

− γ̃αNP

αN + γ̃
, in R+ ×Ω ✭✽✳✶✮

∂tP −∆x (µ(N)P ) = g(N,P ) :=
ΓαNP

αN + γ̃
− µP, in R+ ×Ω ✭✽✳✷✮

∇xN · n|∂Ω = 0, ∇xP · n|∂Ω = 0, in R+ × ∂Ω ✭✽✳✸✮

N(0, ·) = Nin, P (0, ·) = Pin, in Ω. ✭✽✳✹✮

✇❤❡r❡ N = N(t, x) ≥ 0, P = P (t, x) ≥ 0 ❛r❡ t❤❡ ✉♥❦♥♦✇♥s✱ t❤❡ ✈❛r✐❛❜❧❡ (t, x) ∈
R+ × Ω✱ ✇✐t❤ Ω ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ Rd, (d = 1, 2, 3)✱ t❤❡ ❢✉♥❝t✐♦♥ µ(N) ✐♥ t❤❡
s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐s

µ(N) :=
d2γ̃ + d3αN

αN + γ̃
,

n = n(x) st❛♥❞s ❢♦r t❤❡ ♦✉t✇❛r❞ ♥♦r♠❛❧ ❛t ♣♦✐♥t x ♦❢ t❤❡ ❜♦✉♥❞❛r② ∂Ω✱ Nin ❛♥❞
Pin ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ✐♥✐t✐❛❧ ❞❛t❛✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥st❛♥t
♣❛r❛♠❡t❡rs✳

❘❡♠❛r❦✳ ❍♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ✢✉① ❢♦r♠✉❧❛t✐♦♥ ❛r❡
❡q✉✐✈❛❧❡♥t t♦ ✭✽✳✸✮❀ ✐♥ ❞❡t❛✐❧
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{

∇xN · n|∂Ω = 0,

∇xP · n|∂Ω = 0,
⇔

{

∇xN · n|∂Ω = 0,

∇x (µ(N)P ) · n|∂Ω = 0.

■♥❞❡❡❞

∇x (µ(N)P ) · n|∂Ω = [P∇xµ(N) + µ(N)∇xP ] · n|∂Ω

= [Pµ′(N)∇xN + µ(N)∇xP ] · n|∂Ω

= Pµ′(N)∇xN · n|∂Ω + µ(N)∇xP · n|∂Ω .

❙✉♣♣♦s❡ N, P s♠♦♦t❤✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ✈❡r②✲✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠
✭✽✳✶✮✲✭✽✳✹✮✱ ✇❡ ❝♦♥s✐❞❡r φ, ψ t❡st ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

• ϕ, ψ ❛r❡ s♠♦♦t❤✿ ϕ, ψ ∈ C2
C([0,+∞)× Ω̄)✳

❲❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ C2 ✐♥ [0,+∞) × Ω̄ ✭✉♣ t♦ t❤❡ ❜♦✉♥❞❛r②✮
❛♥❞ ✇✐t❤ ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✭③❡r♦ ❢♦r t→ +∞✮✳

• ϕ, ψ s❛t✐s❢② ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

∇xϕ · n|∂Ω = 0, ∇xψ · n|∂Ω = 0. ✭✽✳✺✮

❲❡ ♠✉❧t✐♣❧② ❡❛❝❤ ❡q✉❛t✐♦♥ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ ❛♥❞ ✇❡ ✐♥t❡❣r❛t❡✳ ❋♦r t❤❡ ❡q✉❛t✐♦♥
✭✽✳✶✮ ✇❡ ♦❜t❛✐♥

∫ ∞

0

∫

Ω

(∂tN − d1∆xN)ϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ, ∀ϕ.

■♥t❡❣r❛t✐♥❣ ❜② ♣❛ts t❤❡ ❧✳❤✳s ❛♥❞ r❡♠❡♠❜❡r✐♥❣ t❤❛t ϕ ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✇❡
❤❛✈❡
∫ ∞

0

∫

Ω

(∂tN − d1∆xN)ϕ = −
∫ ∞

0

∫

Ω

N∂tϕ−
∫

Ω

ϕ(0, ·)Nin

+ d1

∫ ∞

0

∫

Ω

∇xϕ∇xN − d1

∫ ∞

0

∫

∂Ω

ϕ∇xN · n, ∀ϕ.

❚❤❡ ❧❛st t❡r♠ ✈❛♥✐s❤❡s ❞✉❡ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s❀ ✇❡
✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ t❤✐r❞ t❡r♠✿

∫ ∞

0

∫

Ω

∇xϕ∇xN = −
∫ ∞

0

∫

Ω

N∆xϕ+

∫ ∞

0

∫

∂Ω

N∇xϕ · n,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❛❣❛✐♥ ✈❛♥✐s❤❡s ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s✳ ❲❡
♦❜t❛✐♥ t❤❡ ✈❡r② ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥✿
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−
∫ ∞

0

∫

Ω

N∂tϕ−
∫

Ω

ϕ(0, ·)Nin − d1

∫ ∞

0

∫

Ω

N∆xϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ, ∀ϕ.

❆♥❛❧♦❣♦✉s❧② ❢♦r t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭✽✳✷✮✱ ✇❡ ❤❛✈❡

∫ ∞

0

∫

Ω

(∂tP −∆x(µ(N)P ))ψ =

∫ ∞

0

∫

Ω

g(N,P )ψ, ∀ψ.

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ ❧✳❤✳s ❛♥❞ r❡♠❡♠❜❡r✐♥❣ t❤❛t ψ ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✇❡
❤❛✈❡
∫ ∞

0

∫

Ω

(∂tP −∆x(µ(N)P ))ψ = −
∫ ∞

0

∫

Ω

P∂tψ −
∫

Ω

ψ(0, ·)Pin

+

∫ ∞

0

∫

Ω

∇xψ∇x(µ(N)P )−
∫ ∞

0

∫

∂Ω

ψ∇x(µ(N)P ) · n, ∀ψ.

❚❤❡ ❧❛st t❡r♠ ✈❛♥✐s❤❡s ❞✉❡ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s❀ ✇❡
✐♥t❡❣r❛t❡ ❜② ♣❛rts t❤❡ t❤✐r❞ t❡r♠✿
∫ ∞

0

∫

Ω

∇xψ∇x(µ(N)P ) = −
∫ ∞

0

∫

Ω

µ(N)P∆xψ +

∫ ∞

0

∫

∂Ω

µ(N)P∇xψ · n, ∀ψ,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❛❣❛✐♥ ✈❛♥✐s❤❡s ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s✳ ❲❡
♦❜t❛✐♥ t❤❡ ✈❡r②✲✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✿

−
∫ ∞

0

∫

Ω

P∂tψ −
∫

Ω

ψ(0, ·)Pin −
∫ ∞

0

∫

Ω

µ(N)P∆xψ =

∫ ∞

0

∫

Ω

g(N,P )ψ, ∀ψ.

❚❤❡♥✱ t❤❡ ✈❡r②✲✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ s②st❡♠ ✭✽✳✶✮✲✭✽✳✹✮ ✐s

−
∫ ∞

0

∫

Ω

N∂tϕ−
∫

Ω

ϕ(0, ·)N0 − d1

∫ ∞

0

∫

Ω

N∆xϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ ✭✽✳✻✮

−
∫ ∞

0

∫

Ω

P∂tψ −
∫

Ω

ψ(0, ·)P0 −
∫ ∞

0

∫

Ω

µ(N)P∆xψ =

∫ ∞

0

∫

Ω

g(N,P )ψ ✭✽✳✼✮

∀ϕ, ψ ∈ C2
C([0,+∞)× Ω̄),∇xϕ · n|∂Ω = 0, ∇xψ · n|∂Ω = 0. ✭✽✳✽✮

◆♦✇✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❝♦❤❡r❡♥❝❡ ♦❢ t❤❡ ✈❡r②✲✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✳
❋✐rst✱ ✇❡ ❦❡❡♣ ϕ, ψ ∈ C2

C(]0,+∞) × Ω)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✽✳✻✮✲✭✽✳✽✮ ❛♥❞
✇❡ ✐♥t❡❣r❛t❡ ❜❛❝❦✇❛r❞ ❜② ♣❛rts✳ ❲❡ ❣❡t✱ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥s ϕ, ψ

∫ ∞

0

∫

Ω

(∂tN − d1∆xN)ϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ,
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∫ ∞

0

∫

Ω

(∂tP −∆x(µ(N)P ))ψ =

∫ ∞

0

∫

Ω

g(N,P )ψ, ∀ϕ, ψ.

❙t❛♥❞❛r❞ t❤❡♦r❡♠ ♦❢ ❞✐str✐❜✉t✐♦♥s ❧❡❛❞s t♦ t❤❡ s②st❡♠ ✐♥ t❤❡ str♦♥❣ ❢♦r♠✉❧❛t✐♦♥
✭✽✳✶✮✲✭✽✳✷✮✳ ◆♦✇ ✇❡ tr② t♦ ❣❡t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✭✽✳✹✮ ♦✉t ♦❢ t❤❡ ✈❡r② ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥✳
❲❡ ❦❡❡♣ ϕ, ψ ∈ C2

C([0,+∞)×Ω)✳❋r♦♠ ✭✽✳✻✮✱ t❤❛t ✐s

−
∫ ∞

0

∫

Ω

N∂tϕ−
∫

Ω

ϕ(0, ·)Nin − d1

∫ ∞

0

∫

Ω

N∆xϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ,

✐♥t❡❣r❛t✐♥❣ ❜❛❝❦✇❛r❞ ❜② ♣❛rts t❤❡ ✜rst ❛♥❞ t❤❡ t❤✐r❞ t❡r♠s✱ ✇❡ ❤❛✈❡

−
∫ ∞

0

∫

Ω

N∂tϕ =

∫ ∞

0

∫

Ω

ϕ∂tN +

∫

Ω

N(0, ·)ϕ(0, ·),
∫ ∞

0

∫

Ω

N∆xϕ =

∫ ∞

0

∫

Ω

ϕ∆xN,

✇❡ ♦❜t❛✐♥

−
∫ ∞

0

∫

Ω

N∂tϕ−
∫

Ω

(N(0, ·)−Nin)ϕ(0, ·)− d1

∫ ∞

0

∫

Ω

N∆xϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ.

❇✉t N s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✶✮ ♦❢ t❤❡ str♦♥❣ ❢♦r♠✉❧❛t✐♦♥✱ t❤❛t ❧❡❛❞s t♦

∫ ∞

0

∫

Ω

(∂tN − d1∆xN − f(N,P ))ϕ = 0,

t❤❡♥ ✇❡ ❤❛✈❡ ∫

Ω

(N(0, ·)−Nin)ϕ(0, ·) = 0, ∀ϕ.

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧❛st ❡q✉❛t✐♦♥ ✐s t❤✐s ❡q✉✐✈❛❧❡♥t t♦ N(0, ·) = Nin✳
■❢ Φ ∈ C2

c (Ω) ❜❡✐♥❣ ❣✐✈❡♥✱ ■ ❞❡✜♥❡ ϕ(t, x) = Φ(x)χ(t)✱ ✇❤❡r❡ χ ∈ C∞(R) s✉❝❤ t❤❛t

χ(t) =







1, 0 ≤ t ≤ 1

h(t), 1 < t < 2

0, t ≥ 2,

✇✐t❤ h ✐s ❛ s✉✐t❛❜❧❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❛❦❡s χ ∈ C∞(R) ✭h′(1) = h′(2) = 0✮✳
❚❤❡♥ ϕ ∈ C2

c ([0,+∞)×Ω) ❛♥❞ ϕ(0, ·) = Φ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

∀Φ ∈ C2
c (Ω)

∫

Ω

(N(0, ·)−Nin)Φ = 0,



A Very-weak formulation 143

t❤❡♥ N(0, ·) = Nin✳
❚❤✐s ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛❧s♦ ❢♦r t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✻✮✱ ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r

P (0, ·) = Pin✳
❆♥❞ ♥♦✇ ✇❡ tr② t♦ ❣❡t t❤❡ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦✉t ♦❢ t❤❡ ✈❡r② ✇❡❛❦

❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❦❡❡♣ t❡st ❢✉♥❝t✐♦♥s

ϕ, ψ ∈ C2
C(]0,+∞)× Ω̄), ∇xϕ · n|∂Ω = 0, ∇xψ · n|∂Ω = 0.

❚❤✐s ✐♠♣❧✐❡s t❤❛t ϕ(0, ·) = 0, ψ(0, ·) = 0✳ ❲✐t❤ t❤✐s ❝❤♦✐❝❡✱ t❤❡ ✈❡r② ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥
❜❡❝♦♠❡s

−
∫ ∞

0

∫

Ω

N∂tϕ− d1

∫ ∞

0

∫

Ω

N∆xϕ =

∫ ∞

0

∫

Ω

f(N,P )ϕ

−
∫ ∞

0

∫

Ω

P∂tψ −
∫ ∞

0

∫

Ω

µ(N)P∆xψ =

∫ ∞

0

∫

Ω

g(N,P )ψ

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rt✱ t❤❡ ✜rst ❡q✉❛t✐♦♥✿

∫ ∞

0

∫

Ω

∂tNϕ+ d1

∫ ∞

0

∫

Ω

∇xN∇xϕ− d1

∫ ∞

0

∫

∂Ω

N∇xϕ · n =

∫ ∞

0

∫

Ω

f(N,P )ϕ

❚❤❡ t❤✐r❞ t❡r♠ ✐♥ t❤❡ ❧✳❤✳s✳ ✈❛♥✐s❤❡s ❞✉❡ t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❡st ❢✉♥❝t✐♦♥s❀
✐♥t❡❣r❛t✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

∫ ∞

0

∫

Ω

∂tNϕ− d1

∫ ∞

0

∫

Ω

ϕ∆xN + d1

∫ ∞

0

∫

∂Ω

ϕ∇xN · n =

∫ ∞

0

∫

Ω

f(N,P )ϕ

✇❤✐❝❤ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
∫ ∞

0

∫

Ω

(∂tN − d1∆xN − f(N,P ))ϕ+ d1

∫ ∞

0

∫

∂Ω

ϕ∇xN · n = 0,

❛♥❞ s✐♥❝❡ N ✐s ❛ str♦♥❣ s♦❧✉t✐♦♥✱ ✇❡ ♦❜t❛✐♥

∫ ∞

0

∫

∂Ω

ϕ∇xN · n = 0, ∀ϕ. ✭✽✳✾✮

❲❡ ✇❛♥t t♦ r❡❝♦✈❡r t❤❛t ∇xN · n = 0✳
❲❡ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡ ❝❛s❡ Ω = R× R+

∗ ❛♥❞ (x1, x2) ∈ Ω✳ ❚❤❡♥ ∂Ω = R× {0}
❛♥❞ n = (0,±1)✳ ❊q✉❛t✐♦♥ ✭✽✳✾✮ ❜❡❝♦♠❡s

∫ ∞

0

∫

R

ϕ(t, x1, 0)
∂N

∂x2
(t, x1, 0)dx1dt = 0, ∀ϕ.
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❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t✱ ✐❢ Φ(t, x1) ❜❡✐♥❣ ❣✐✈❡♥✱ Φ(t, x1) ∈ C2
c (]0,+∞) × R)✱ t❤❡r❡

❡①✐sts ϕ ∈ C2
c (]0,+∞)× R× R+

∗ ) s✉❝❤ t❤❛t

Φ(t, x1) = ϕ(t, x1, 0),
∂ϕ

∂x2
(t, x1, 0) = 0.

❲❡ ❞❡✜♥❡ ϕ(t, x1, x2) := Φ(t, x1)χ(x2)✱ ✇❤❡r❡ χ ∈ C∞(R) s✉❝❤ t❤❛t

χ(x2) =







1, 0 ≤ x2 ≤ 1

h(x2), 1 < x2 < 2

0, x2 ≥ 2,

✇✐t❤ h ✐s ❛ s✉✐t❛❜❧❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✭❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✮✳ ❚❤❡♥✱

∂ϕ

∂x2
(t, x1, x2) = Φ(t, x1)χ

′(x2)

s♦ t❤❛t
∂ϕ

∂x2
(t, x1, 0) = Φ(t, x1)χ

′(0) = 0

❛♥❞
ϕ(t, x1, 0) = Φ(t, x1)χ(0) = Φ(t, x1).

❚❤✐s ✐♠♣❧✐❡s t❤❛t
∂N

∂x2
= 0.

❚❤❡s❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛ ❣❡♥❡r✐❝ ❞♦♠❛✐♥ Ω✳



References

✶✳ P✳ ❆✳ ❆❜r❛♠s ❛♥❞ ▲✳ ❘✳ ●✐♥③❜✉r❣✱ ❚❤❡ ♥❛t✉r❡ ♦❢ ♣r❡❞❛t✐♦♥✿ ♣r❡② ❞❡♣❡♥❞❡♥t✱ r❛t✐♦ ❞❡♣❡♥❞❡♥t ♦r
♥❡✐t❤❡r❄✱ ❚r❡♥❞s ✐♥ ❊❝♦❧♦❣② ✫ ❊✈♦❧✉t✐♦♥✱ ✶✺ ✭✷✵✵✵✮✱ ♣♣✳ ✸✸✼✕✸✹✶✳

✷✳ ▼✳ ❆❞❛♠s♦♥ ❛♥❞ ❆✳ ❨✳ ▼♦r♦③♦✈✱❲❤❡♥ ❝❛♥ ✇❡ tr✉st ♦✉r ♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s❄ ❯♥❡❛rt❤✐♥❣ str✉❝t✉r❛❧
s❡♥s✐t✐✈✐t② ✐♥ ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛t❤❡♠❛t✐❝❛❧✱ P❤②s✐❝❛❧
❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡s✱ ✹✻✾ ✭✷✵✶✷✮✱ ♣✳ ✷✵✶✷✵✺✵✵✳

✸✳ ✱ ❇✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ♦❢ ♠♦❞❡❧s ✇✐t❤ ✉♥❝❡rt❛✐♥ ❢✉♥❝t✐♦♥ s♣❡❝✐✜❝❛t✐♦♥✿ ❍♦✇ s❤♦✉❧❞ ✇❡ ♣r♦❝❡❡❞❄✱
❇✉❧❧❡t✐♥ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱ ✼✻ ✭✷✵✶✹✮✱ ♣♣✳ ✶✷✶✽✕✶✷✹✵✳

✹✳ P✳ ❆❣✉✐rr❡✱ ❆ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ♣r❡❞❛t✐♦♥ ♠♦❞❡❧s ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❆❧❧❡❡ ❡✛❡❝t✱ ◆♦♥❧✐♥❡❛r ❉②♥❛♠✐❝s✱
✼✽ ✭✷✵✶✹✮✱ ♣♣✳ ✻✷✾✕✻✹✽✳

✺✳ P✳ ❆❣✉✐rr❡✱ ❏✳ ❉✳ ❋❧♦r❡s✱ ❛♥❞ ❊✳ ●♦♥③á❧❡③✲❖❧✐✈❛r❡s✱ ❇✐❢✉r❝❛t✐♦♥s ❛♥❞ ❣❧♦❜❛❧ ❞②♥❛♠✐❝s ✐♥ ❛
♣r❡❞❛t♦r✕♣r❡② ♠♦❞❡❧ ✇✐t❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡②✱ ❛♥❞ ❛ r❛t✐♦✕❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱
◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❘❡❛❧ ❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✻ ✭✷✵✶✹✮✱ ♣♣✳ ✷✸✺✕✷✹✾✳

✻✳ P✳ ❆❣✉✐rr❡✱ ❊✳ ●♦♥③á❧❡③✲❖❧✐✈❛r❡s✱ ❛♥❞ ❊✳ ❙á❡③✱ ❚❤r❡❡ ❧✐♠✐t ❝②❝❧❡s ✐♥ ❛ ▲❡s❧✐❡✕●♦✇❡r ♣r❡❞❛t♦r✲
♣r❡② ♠♦❞❡❧ ✇✐t❤ ❛❞❞✐t✐✈❡ ❆❧❧❡❡ ❡✛❡❝t✱ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✻✾ ✭✷✵✵✾✮✱ ♣♣✳ ✶✷✹✹✕✶✷✻✷✳

✼✳ ✱ ❚✇♦ ❧✐♠✐t ❝②❝❧❡s ✐♥ ❛ ▲❡s❧✐❡✕●♦✇❡r ♣r❡❞❛t♦r✕♣r❡② ♠♦❞❡❧ ✇✐t❤ ❛❞❞✐t✐✈❡ ❆❧❧❡❡ ❡✛❡❝t✱ ◆♦♥❧✐♥❡❛r
❆♥❛❧②s✐s✿ ❘❡❛❧ ❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✵ ✭✷✵✵✾✮✱ ♣♣✳ ✶✹✵✶✕✶✹✶✻✳

✽✳ ❲✳ ❈✳ ❆❧❧❡❡✱ ❆♥✐♠❛❧ ❆❣❣r❡❣❛t✐♦♥s✿ ❆ ❙t✉❞② ✐♥ ●❡♥❡r❛❧ ❙♦❝✐♦❧♦❣②✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✱
❈❤✐❝❛❣♦✱ ✶✾✸✶✳

✾✳ ❲✳ ❈✳ ❆❧❧❡❡✱ ❖✳ P❛r❦✱ ❆✳ ❊✳ ❊♠❡rs♦♥✱ ❚✳ P❛r❦✱ ❑✳ P✳ ❙❝❤♠✐❞t✱ ❡t ❛❧✳✱ Pr✐♥❝✐♣❧❡s ♦❢ ❆♥✐♠❛❧
❊❝♦❧♦❣②✱ ❲❇ ❙❛✉♥❞❡r❡ ❈♦✳ ▲t❞✳✱ P❤✐❧❛❞❡❧♣❤✐❛✱ ✶✾✹✾✳

✶✵✳ ❉✳ ❆❧♦♥s♦✱ ❋✳ ❇❛rt✉♠❡✉s✱ ❛♥❞ ❏✳ ❈❛t❛❧❛♥✱ ▼✉t✉❛❧ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣r❡❞❛t♦rs ❝❛♥ ❣✐✈❡ r✐s❡
t♦ ❚✉r✐♥❣ s♣❛t✐❛❧ ♣❛tt❡r♥s✱ ❊❝♦❧♦❣②✱ ✽✸ ✭✷✵✵✷✮✱ ♣♣✳ ✷✽✕✸✹✳

✶✶✳ ❘✳ ❆r❞✐t✐ ❛♥❞ ▲✳ ❘✳ ●✐♥③❜✉r❣✱ ❈♦✉♣❧✐♥❣ ✐♥ ♣r❡❞❛t♦r✲♣r❡② ❞②♥❛♠✐❝s✿ r❛t✐♦✲❞❡♣❡♥❞❡♥❝❡✱ ❏♦✉r♥❛❧ ♦❢
❚❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✶✸✾ ✭✶✾✽✾✮✱ ♣♣✳ ✸✶✶✕✸✷✻✳

✶✷✳ ❱✳ ■✳ ❆r♥♦❧✬❞✱ ❈❛t❛str♦♣❤❡ ❚❤❡♦r②✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✾✷✳
✶✸✳ ❆✳ ❉✳ ❇❛③②❦✐♥✱ ◆♦♥❧✐♥❡❛r ❉②♥❛♠✐❝s ♦❢ ■♥t❡r❛❝t✐♥❣ P♦♣✉❧❛t✐♦♥s✱ ✈♦❧✳ ✶✶✱ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝✱ ❙✐♥❣❛♣♦r❡✱

✶✾✾✽✳
✶✹✳ ❏✳ ❇❡❞❞✐♥❣t♦♥✱ ▼✉t✉❛❧ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣❛r❛s✐t❡s ♦r ♣r❡❞❛t♦rs ❛♥❞ ✐ts ❡✛❡❝t ♦♥ s❡❛r❝❤✐♥❣ ❡✣✲

❝✐❡♥❝②✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❆♥✐♠❛❧ ❊❝♦❧♦❣②✱ ✹✹ ✭✶✾✼✺✮✱ ♣♣✳ ✸✸✶✕✸✹✵✳
✶✺✳ ❋✳ ❇❡r❡③♦✈s❦❛②❛✱ ●✳ ❑❛r❡✈✱ ❛♥❞ ❘✳ ❆r❞✐t✐✱ P❛r❛♠❡tr✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ r❛t✐♦✕❞❡♣❡♥❞❡♥t ♣r❡❞❛t♦r✕

♣r❡② ♠♦❞❡❧✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱ ✹✸ ✭✷✵✵✶✮✱ ♣♣✳ ✷✷✶✕✷✹✻✳
✶✻✳ ❆✳ ❆✳ ❇❡rr②♠❛♥✱ ❚❤❡ ♦r✐❣✐♥s ❛♥❞ ❡✈♦❧✉t✐♦♥ ♦❢ ♣r❡❞❛t♦r✕♣r❡② t❤❡♦r②✱ ❊❝♦❧♦❣②✱ ✼✸ ✭✶✾✾✷✮✱ ♣♣✳ ✶✺✸✵✕

✶✺✸✺✳
✶✼✳ ❉✳ ❇♦t❤❡ ❛♥❞ ▼✳ P✐❡rr❡✱ ❚❤❡ ✐♥st❛♥t❛♥❡♦✉s ❧✐♠✐t ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤ ❛ ❢❛st ✐rr❡✲

✈❡rs✐❜❧❡ r❡❛❝t✐♦♥✱ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✲ ❙❡r✐❡s ❙✱ ✽ ✭✷✵✶✶✮✱ ♣♣✳ ✹✾✕✺✾✳



146 References

✶✽✳ ❉✳ ❇♦t❤❡✱ ▼✳ P✐❡rr❡✱ ❛♥❞ ●✳ ❘♦❧❧❛♥❞✱ ❈r♦ss✲❞✐✛✉s✐♦♥ ❧✐♠✐t ❢♦r ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ✇✐t❤
❢❛st r❡✈❡rs✐❜❧❡ r❡❛❝t✐♦♥✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✸✼ ✭✷✵✶✷✮✱ ♣♣✳ ✶✾✹✵✕✶✾✻✻✳

✶✾✳ ❉✳ ❙✳ ❇♦✉❦❛❧ ❛♥❞ ▲✳ ❇❡r❡❝✱ ▼♦❞❡❧❧✐♥❣ ♠❛t❡✕✜♥❞✐♥❣ ❆❧❧❡❡ ❡✛❡❝ts ❛♥❞ ♣♦♣✉❧❛t✐♦♥s ❞②♥❛♠✐❝s✱ ✇✐t❤
❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♣❡st ❝♦♥tr♦❧✱ P♦♣✉❧❛t✐♦♥ ❊❝♦❧♦❣②✱ ✺✶ ✭✷✵✵✾✮✱ ♣♣✳ ✹✹✺✕✹✺✽✳

✷✵✳ ❉✳ ❙✳ ❇♦✉❦❛❧✱ ▼✳ ❲✳ ❙❛❜❡❧✐s✱ ❛♥❞ ▲✳ ❇❡r❡❝✱ ❍♦✇ ♣r❡❞❛t♦r ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ❛♥❞ ❆❧❧❡❡ ❡✛❡❝ts
✐♥ ♣r❡② ❛✛❡❝t t❤❡ ♣❛r❛❞♦① ♦❢ ❡♥r✐❝❤♠❡♥t ❛♥❞ ♣♦♣✉❧❛t✐♦♥ ❝♦❧❧❛♣s❡s✱ ❚❤❡♦r❡t✐❝❛❧ P♦♣✉❧❛t✐♦♥ ❇✐♦❧♦❣②✱ ✼✷
✭✷✵✵✼✮✱ ♣♣✳ ✶✸✻✕✶✹✼✳

✷✶✳ ▼✳ ❇r❡❞❡♥✱ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ❛♥❞ ❑✳ ❋❡❧❧♥❡r✱ ❙♠♦♦t❤♥❡ss ♦❢ ♠♦♠❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ ❞✐s❝r❡t❡
❝♦❛❣✉❧❛t✐♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❞✐✛✉s✐♦♥✱ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✺✶✶✳✵✺✼✸✸✱ ✭✷✵✶✺✮✳

✷✷✳ ●✳ ❇✉❢❢♦♥✐✱ ▼✳ P✳ ❈❛ss✐♥❛r✐✱ ❛♥❞ ▼✳ ●r♦♣♣✐✱ ▼♦❞❡❧❧✐♥❣ ♦❢ ♣r❡❞❛t♦r✕♣r❡② tr♦♣❤✐❝ ✐♥t❡r❛❝t✐♦♥s✳
P❛rt ■■✿ t❤r❡❡ tr♦♣❤✐❝ ❧❡✈❡❧s✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱ ✺✹ ✭✷✵✵✼✮✱ ♣♣✳ ✻✷✸✕✻✹✹✳

✷✸✳ ●✳ ❇✉❢❢♦♥✐✱ ▼✳ P✳ ❈❛ss✐♥❛r✐✱ ▼✳ ●r♦♣♣✐✱ ❛♥❞ ▼✳ ❙❡r❧✉❝❛✱ ▼♦❞❡❧❧✐♥❣ ♦❢ ♣r❡❞❛t♦r✕♣r❡② tr♦♣❤✐❝
✐♥t❡r❛❝t✐♦♥s✳ P❛rt ■✿ t✇♦ tr♦♣❤✐❝ ❧❡✈❡❧s✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱ ✺✵ ✭✷✵✵✺✮✱ ♣♣✳ ✼✶✸✕✼✸✷✳

✷✹✳ ●✳ ❇✉❢❢♦♥✐ ❛♥❞ ●✳ ●✐❧✐♦❧✐✱ ❆ ❧✉♠♣❡❞ ♣❛r❛♠❡t❡r ♠♦❞❡❧ ❢♦r ❛❝❛r✐♥❡ ♣r❡❞❛t♦r✕♣r❡② ♣♦♣✉❧❛t✐♦♥ ✐♥t❡r✲
❛❝t✐♦♥s✱ ❊❝♦❧♦❣✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ✶✼✵ ✭✷✵✵✸✮✱ ♣♣✳ ✶✺✺✕✶✼✶✳

✷✺✳ ●✳ ❇✉❢❢♦♥✐✱ ▼✳ ●r♦♣♣✐✱ ❛♥❞ ❈✳ ❙♦r❡s✐♥❛✱ ❊✛❡❝ts ♦❢ ♣r❡② ♦✈❡r✕✉♥❞❡r❝r♦✇❞✐♥❣ ✐♥ ♣r❡❞❛t♦r✕♣r❡② s②s✲
t❡♠s ✇✐t❤ ♣r❡②✕❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❘❡❛❧ ❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✷ ✭✷✵✶✶✮✱
♣♣✳ ✷✽✼✶✕✷✽✽✼✳

✷✻✳ ✱ ❉②♥❛♠✐❝s ♦❢ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ✇✐t❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② ❛♥❞ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t
tr♦♣❤✐❝ ❢✉♥❝t✐♦♥s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❘❡❛❧ ❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✵ ✭✷✵✶✻✮✱ ♣♣✳ ✶✹✸✕✶✻✾✳

✷✼✳ ❏✳ ❆✳ ❈❛ñ✐③♦✱ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ❛♥❞ ❑✳ ❋❡❧❧♥❡r✱ ■♠♣r♦✈❡❞ ❞✉❛❧✐t② ❡st✐♠❛t❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦
r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✸✾ ✭✷✵✶✹✮✱ ♣♣✳ ✶✶✽✺✕
✶✷✵✹✳

✷✽✳ ❋✳ ❈♦♥❢♦rt♦ ❛♥❞ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ❘✐❣♦r♦✉s ♣❛ss❛❣❡ t♦ t❤❡ ❧✐♠✐t ✐♥ ❛ s②st❡♠ ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
❡q✉❛t✐♦♥s t♦✇❛r❞s ❛ s②st❡♠ ✐♥❝❧✉❞✐♥❣ ❝r♦ss ❞✐✛✉s✐♦♥✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✶✷
✭✷✵✶✹✮✱ ♣♣✳ ✹✺✼✕✹✼✷✳

✷✾✳ ❉✳ ▲✳ ❉❡❆♥❣❡❧✐s✱ ❘✳ ●♦❧❞st❡✐♥✱ ❛♥❞ ❘✳ ❖✬◆❡✐❧❧✱ ❆ ♠♦❞❡❧ ❢♦r tr♦♣❤✐❝ ✐♥t❡r❛❝t✐♦♥✱ ❊❝♦❧♦❣②✱ ✺✻
✭✶✾✼✺✮✱ ♣♣✳ ✽✽✶✕✽✾✷✳

✸✵✳ ❇✳ ❉❡♥♥✐s✱ ❆❧❧❡❡ ❡✛❡❝ts✿ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤✱ ❝r✐t✐❝❛❧ ❞❡♥s✐t②✱ ❛♥❞ t❤❡ ❝❤❛♥❝❡ ♦❢ ❡①t✐♥❝t✐♦♥✱ ◆❛t✉r❛❧
❘❡s♦✉r❝❡ ▼♦❞❡❧✐♥❣✱ ✸ ✭✶✾✽✾✮✱ ♣♣✳ ✹✽✶✕✺✸✽✳

✸✶✳ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ❆❜♦✉t ❡♥tr♦♣② ♠❡t❤♦❞s ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✱ ❘✐✈✐st❛ ❞✐ ▼❛t❡♠❛t✐❝❛
❞❡❧❧✬❯♥✐✈❡rs✐tà ❞✐ P❛r♠❛✱ ✼ ✭✷✵✵✼✮✱ ♣♣✳ ✽✶✕✶✷✸✳

✸✷✳ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ❑✳ ❋❡❧❧♥❡r✱ ▼✳ P✐❡rr❡✱ ❛♥❞ ❏✳ ❱♦✈❡❧❧❡✱ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ ❢♦r q✉❛❞r❛t✐❝ s②st❡♠s
♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✱ ❆❞✈❛♥❝❡❞ ◆♦♥❧✐♥❡❛r ❙t✉❞✐❡s✱ ✼ ✭✷✵✵✼✮✱ ♣♣✳ ✹✾✶✕✺✶✶✳

✸✸✳ ▲✳ ❉❡s✈✐❧❧❡tt❡s ❛♥❞ ❆✳ ❚r❡s❝❛s❡s✱ ◆❡✇ r❡s✉❧ts ❢♦r tr✐❛♥❣✉❧❛r r❡❛❝t✐♦♥ ❝r♦ss ❞✐✛✉s✐♦♥ s②st❡♠✱
❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✹✸✵ ✭✷✵✶✺✮✱ ♣♣✳ ✸✷✕✺✾✳

✸✹✳ ❆✳ ❉❤♦♦❣❡✱ ❲✳ ●♦✈❛❡rts✱ ❛♥❞ ❨✳ ❆✳ ❑✉③♥❡ts♦✈✱ ▼❛t❝♦♥t✿ ❆ ▼❆❚▲❆❇ ♣❛❝❦❛❣❡ ❢♦r ♥✉♠❡r✐❝❛❧
❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ♦❢ ❖❉❊s✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❢t✇❛r❡✱ ✷✾ ✭✷✵✵✸✮✱ ♣♣✳ ✶✹✶✕✶✻✹✱
❙♦❢t✇❛r❡ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❤tt♣✿✴✴✇✇✇✳♠❛t❝♦♥t✳✉❣❡♥t✳❜❡✴✳

✸✺✳ ❘✳ ❉✉rr❡tt ❛♥❞ ❙✳ ▲❡✈✐♥✱ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❜❡✐♥❣ ❞✐s❝r❡t❡ ✭❛♥❞ s♣❛t✐❛❧✮✱ ❚❤❡♦r❡t✐❝❛❧ P♦♣✉❧❛t✐♦♥
❇✐♦❧♦❣②✱ ✹✻ ✭✶✾✾✹✮✱ ♣♣✳ ✸✻✸✕✸✾✹✳

✸✻✳ ❉✳ ❋❛♥❡❧❧✐✱ ❈✳ ❈✐❛♥❝✐✱ ❛♥❞ ❋✳ ❉✐ P❛tt✐✱ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t✐❡s ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤
❝r♦ss ❞✐✛✉s✐♦♥✱ ❚❤❡ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ❇✱ ✽✻ ✭✷✵✶✸✮✱ ♣♣✳ ✶✕✽✳

✸✼✳ ❏✳ ❉✳ ❋❧♦r❡s ❛♥❞ ❊✳ ●♦♥③á❧❡③✲❖❧✐✈❛r❡s✱ ❉②♥❛♠✐❝s ♦❢ ❛ ♣r❡❞❛t♦r✕♣r❡② ♠♦❞❡❧ ✇✐t❤ ❆❧❧❡❡ ❡✛❡❝t ♦♥
♣r❡② ❛♥❞ r❛t✐♦✕❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ ❊❝♦❧♦❣✐❝❛❧ ❈♦♠♣❧❡①✐t②✱ ✶✽ ✭✷✵✶✹✮✱ ♣♣✳ ✺✾✕✻✻✳

✸✽✳ ❍✳ ❋r❡❡❞♠❛♥ ❛♥❞ ❏✳✲❍✳ ❙♦✱ ●❧♦❜❛❧ st❛❜✐❧✐t② ❛♥❞ ♣❡rs✐st❡♥❝❡ ♦❢ s✐♠♣❧❡ ❢♦♦❞ ❝❤❛✐♥s✱ ▼❛t❤❡♠❛t✐❝❛❧
❇✐♦s❝✐❡♥❝❡s✱ ✼✻ ✭✶✾✽✺✮✱ ♣♣✳ ✻✾✕✽✻✳

✸✾✳ ●✳ ●❛♠❜✐♥♦✱ ▼✳ ❈✳ ▲♦♠❜❛r❞♦✱ ❛♥❞ ▼✳ ❙❛♠♠❛rt✐♥♦✱ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❞ tr❛✈❡❧✐♥❣ ❢r♦♥ts ❢♦r ❛
♥♦♥❧✐♥❡❛r r❡❛❝t✐♦♥✕❞✐✛✉s✐♦♥ s②st❡♠ ✇✐t❤ ❝r♦ss✲❞✐✛✉s✐♦♥✱ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❡rs ✐♥ ❙✐♠✉❧❛t✐♦♥✱
✽✷ ✭✷✵✶✷✮✱ ♣♣✳ ✶✶✶✷✕✶✶✸✷✳



References 147

✹✵✳ ❨✳ ●❛♦ ❛♥❞ ❇✳ ▲✐✱ ❉②♥❛♠✐❝s ♦❢ ❛ r❛t✐♦✕❞❡♣❡♥❞❡♥t ♣r❡❞❛t♦r✕♣r❡② s②st❡♠ ✇✐t❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱
❉✐s❝r❡t❡ ✫ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✲ ❙❡r✐❡s ❇✱ ✶✽ ✭✷✵✶✸✮✱ ♣♣✳ ✷✷✽✸✕✷✸✶✸✳

✹✶✳ ❙✳ ●❡r✐t③ ❛♥❞ ▼✳ ●②❧❧❡♥❜❡r❣✱ ❆ ♠❡❝❤❛♥✐st✐❝ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❞❡❛♥❣❡❧✐s✕❜❡❞❞✐♥❣t♦♥ ❢✉♥❝t✐♦♥❛❧
r❡s♣♦♥s❡✱ ❏♦✉r♥❛❧ ♦❢ t❤❡♦r❡t✐❝❛❧ ❜✐♦❧♦❣②✱ ✸✶✹ ✭✷✵✶✷✮✱ ♣♣✳ ✶✵✻✕✶✵✽✳

✹✷✳ ▼✳ ❊✳ ●✐❧♣✐♥✱ ❆ ♠♦❞❡❧ ♦❢ t❤❡ ♣r❡❞❛t♦r✕♣r❡② r❡❧❛t✐♦♥s❤✐♣✱ ❚❤❡♦r❡t✐❝❛❧ P♦♣✉❧❛t✐♦♥ ❇✐♦❧♦❣②✱ ✺ ✭✶✾✼✹✮✱
♣♣✳ ✸✸✸✕✸✹✹✳

✹✸✳ ▼✳ ❊✳ ●✐❧♣✐♥ ❛♥❞ ▼✳ ❊✳ ❙♦✉❧é✱ ▼✐♥✐♠✉♠ ✈✐❛❜❧❡ ♣♦♣✉❧❛t✐♦♥s✿ ♣r♦❝❡ss❡s ♦❢ s♣❡❝✐❡s ❡①t✐♥❝t✐♦♥✱ ■♥✿ ▼✳
❙♦✉❧é ✭❊❞✳✮ ❈♦♥s❡r✈❛t✐♦♥ ❇✐♦❧♦❣②✿ t❤❡ ❙❝✐❡♥❝❡ ♦❢ ❙❝❛r❝✐t② ❛♥❞ ❉✐✈❡rs✐t②✱ ❙✐♥❛✉❡r ❆ss♦❝✐❛t❡s✱ ❙✉♥❞❡r✲
❧❛♥❞✱ ▼❛ss❛❝❤✉s❡tts✱ ✭✶✾✽✻✮✱ ♣♣✳ ✶✸✕✸✹✳

✹✹✳ ▲✳ ❘✳ ●✐♥③❜✉r❣ ❛♥❞ ❍✳ ❘✳ ❆❦ç❛❦❛②❛✱ ❈♦♥s❡q✉❡♥❝❡s ♦❢ r❛t✐♦✕❞❡♣❡♥❞❡♥t ♣r❡❞❛t✐♦♥ ❢♦r st❡❛❞②✕st❛t❡
♣r♦♣❡rt✐❡s ♦❢ ❡❝♦s②st❡♠s✱ ❊❝♦❧♦❣②✱ ✼✸ ✭✶✾✾✷✮✱ ♣♣✳ ✶✺✸✻✕✶✺✹✸✳

✹✺✳ ❇✳ ●♦♠♣❡rt③✱ ❖♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❡①♣r❡ss✐✈❡ ♦❢ t❤❡ ❧❛✇ ♦❢ ❤✉♠❛♥ ♠♦rt❛❧✐t②✱ ❛♥❞ ♦♥ ❛ ♥❡✇
♠♦❞❡ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ❧✐❢❡ ❝♦♥t✐♥❣❡♥❝✐❡s✱ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t②
♦❢ ▲♦♥❞♦♥✱ ✶✶✺ ✭✶✽✷✺✮✱ ♣♣✳ ✺✶✸✕✺✽✸✳

✹✻✳ ❊✳ ●♦♥③á❧❡③✲❖❧✐✈❛r❡s✱ ❏✳ ▼❡♥❛✲▲♦r❝❛✱ ❆✳ ❘♦❥❛s✲P❛❧♠❛✱ ❛♥❞ ❏✳ ❉✳ ❋❧♦r❡s✱ ❉②♥❛♠✐❝❛❧ ❝♦♠✲
♣❧❡①✐t✐❡s ✐♥ t❤❡ ▲❡s❧✐❡✕●♦✇❡r ♣r❡❞❛t♦r✕♣r❡② ♠♦❞❡❧ ❛s ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❆❧❧❡❡ ❡✛❡❝t ♦♥ ♣r❡②✱ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ✸✺ ✭✷✵✶✶✮✱ ♣♣✳ ✸✻✻✕✸✽✶✳

✹✼✳ ❚✳ ●r♦ss ❛♥❞ ❯✳ ❋❡✉❞❡❧✱ ●❡♥❡r❛❧✐③❡❞ ♠♦❞❡❧s ❛s ❛ ✉♥✐✈❡rs❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ♥♦♥❧✐♥❡❛r
❞②♥❛♠✐❝❛❧ s②st❡♠s✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✼✸ ✭✷✵✵✻✮✱ ♣✳ ✵✶✻✷✵✺✳

✹✽✳ ❏✳ ●✉❝❦❡♥❤❡✐♠❡r ❛♥❞ P✳ ❍♦❧♠❡s✱ ◆♦♥❧✐♥❡❛r ❖s❝✐❧❧❛t✐♦♥s✱ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ❛♥❞ ❇✐❢✉r❝❛t✐♦♥s ♦❢
❱❡❝t♦r ❋✐❡❧❞s✱ ✈♦❧✳ ✹✷✱ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✸✳

✹✾✳ ❆✳ ●✉t✐❡rr❡③✱ P❤②s✐♦❧♦❣✐❝❛❧ ❜❛s✐s ♦❢ r❛t✐♦✕❞❡♣❡♥❞❡♥t ♣r❡❞❛t♦r✕♣r❡② t❤❡♦r②✿ t❤❡ ♠❡t❛❜♦❧✐❝ ♣♦♦❧ ♠♦❞❡❧
❛s ❛ ♣❛r❛❞✐❣♠✱ ❊❝♦❧♦❣②✱ ✼✸ ✭✶✾✾✷✮✱ ♣♣✳ ✶✺✺✷✕✶✺✻✸✳

✺✵✳ ❆✳ ●✉t✐❡rr❡③ ❛♥❞ ❏✳ ❇❛✉♠❣ärt♥❡r✱ ▼✉❧t✐tr♦♣❤✐❝ ❧❡✈❡❧ ♠♦❞❡❧s ♦❢ ♣r❡❞❛t♦r✲♣r❡② ❡♥❡r❣❡t✐❝s✿ ■■✳ ❛
r❡❛❧✐st✐❝ ♠♦❞❡❧ ♦❢ ♣❧❛♥t✕❤❡r❜✐✈♦r❡✕♣❛r❛s✐t♦✐❞✕♣r❡❞❛t♦r ✐♥t❡r❛❝t✐♦♥s✱ ❚❤❡ ❈❛♥❛❞✐❛♥ ❊♥t♦♠♦❧♦❣✐st✱ ✶✶✻
✭✶✾✽✹✮✱ ♣♣✳ ✾✸✸✕✾✹✾✳

✺✶✳ ▼✳ ❍❛q✉❡✱ ❊①✐st❡♥❝❡ ♦❢ ❝♦♠♣❧❡① ♣❛tt❡r♥s ✐♥ t❤❡ ❇❡❞❞✐♥❣t♦♥✕❉❡❛♥❣❡❧✐s ♣r❡❞❛t♦r✕♣r❡② ♠♦❞❡❧✱ ▼❛t❤❡✲
♠❛t✐❝❛❧ ❇✐♦s❝✐❡♥❝❡s✱ ✷✸✾ ✭✷✵✶✷✮✱ ♣♣✳ ✶✼✾✕✶✾✵✳

✺✷✳ ❉✳ ❍✐❧❤♦rst✱ ▼✳ ▼✐♠✉r❛✱ ❛♥❞ ❍✳ ◆✐♥♦♠✐②❛✱ ❋❛st r❡❛❝t✐♦♥ ❧✐♠✐t ♦❢ ❝♦♠♣❡t✐t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s✱
❍❛♥❞❜♦♦❦ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✿ ❊✈♦❧✉t✐♦♥❛r② ❊q✉❛t✐♦♥s✱ ✺ ✭✷✵✵✾✮✱ ♣♣✳ ✶✵✺✕✶✻✽✳

✺✸✳ ❉✳ ❍✐❧❤♦rst✱ ❘✳ ❱❛♥ ❉❡r ❍♦✉t✱ ❛♥❞ ▲✳ P❡❧❡t✐❡r✱ ❚❤❡ ❢❛st r❡❛❝t✐♦♥ ❧✐♠✐t ❢♦r ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
s②st❡♠✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✾✾ ✭✶✾✾✻✮✱ ♣♣✳ ✸✹✾✕✸✼✸✳

✺✹✳ ❉✳ ❍✐❧❤♦rst✱ ❘✳ ❱❛♥ ❉❡r ❍♦✉t✱ ❛♥❞ ▲✳ ❆✳ P❡❧❡t✐❡r✱ ◆♦♥❧✐♥❡❛r ❞✐✛✉s✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢❛st
r❡❛❝t✐♦♥✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❚❤❡♦r②✱ ▼❡t❤♦❞s ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✹✶ ✭✷✵✵✵✮✱ ♣♣✳ ✽✵✸✕✽✷✸✳

✺✺✳ ❈✳ ❙✳ ❍♦❧❧✐♥❣✱ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ ♦❢ ✐♥✈❡rt❡❜r❛t❡ ♣r❡❞❛t♦rs t♦ ♣r❡② ❞❡♥s✐t②✱ ▼❡♠♦✐rs ♦❢ t❤❡
❊♥t♦♠♦❧♦❣✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❈❛♥❛❞❛✱ ✾✽ ✭✶✾✻✻✮✱ ♣♣✳ ✺✕✽✻✳

✺✻✳ ●✳ ❍✉✐s♠❛♥ ❛♥❞ ❘✳ ❏✳ ❉❡ ❇♦❡r✱ ❆ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❇❡❞❞✐♥❣t♦♥ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ ❏♦✉r♥❛❧
♦❢ ❚❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✶✽✺ ✭✶✾✾✼✮✱ ♣♣✳ ✸✽✾✕✹✵✵✳

✺✼✳ ▼✳ ■✐❞❛✱ ▼✳ ▼✐♠✉r❛✱ ❛♥❞ ❍✳ ◆✐♥♦♠✐②❛✱ ❉✐✛✉s✐♦♥✱ ❝r♦ss✲❞✐✛✉s✐♦♥ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡ ✐♥t❡r❛❝t✐♦♥✱
❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱ ✺✸ ✭✷✵✵✻✮✱ ♣♣✳ ✻✶✼✕✻✹✶✳

✺✽✳ ❱✳ ■✈❧❡✈✱ ❊①♣❡r✐♠❡♥t❛❧ ❊❝♦❧♦❣② ♦❢ t❤❡ ❋❡❡❞✐♥❣ ♦❢ ❋✐s❤❡s✱ ✈♦❧✳ ✹✷✱ ❨❛❧❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❡✇ ❍❛✈❡♥✱
❈❚✱ ✶✾✻✶✳

✺✾✳ ❍✳ ■③✉❤❛r❛✱ ▼✳ ▼✐♠✉r❛✱ ❡t ❛❧✳✱ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ❝r♦ss✲❞✐✛✉s✐♦♥
❝♦♠♣❡t✐t✐♦♥ s②st❡♠✱ ❍✐r♦s❤✐♠❛ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱ ✸✽ ✭✷✵✵✽✮✱ ♣♣✳ ✸✶✺✕✸✹✼✳

✻✵✳ ❏✳ ❏❛❝♦❜s✱ ❈♦♦♣❡r❛t✐♦♥✱ ♦♣t✐♠❛❧ ❞❡♥s✐t② ❛♥❞ ❧♦✇ ❞❡♥s✐t② t❤r❡s❤♦❧❞s✿ ②❡t ❛♥♦t❤❡r ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡
❧♦❣✐st✐❝ ♠♦❞❡❧✱ ❖❡❝♦❧♦❣✐❛✱ ✻✹ ✭✶✾✽✹✮✱ ♣♣✳ ✸✽✾✕✸✾✺✳

✻✶✳ ❆✳ ❑❡♥t✱ ❈✳ P✳ ❉♦♥❝❛st❡r✱ ❛♥❞ ❚✳ ❙❧✉❝❦✐♥✱ ❈♦♥s❡q✉❡♥❝❡s ❢♦r ♣r❡❞❛t♦rs ♦❢ r❡s❝✉❡ ❛♥❞ ❆❧❧❡❡
❡✛❡❝ts ♦♥ ♣r❡②✱ ❊❝♦❧♦❣✐❝❛❧ ▼♦❞❡❧❧✐♥❣✱ ✶✻✷ ✭✷✵✵✸✮✱ ♣♣✳ ✷✸✸✕✷✹✺✳

✻✷✳ ❆✳ ❑♦❧♠♦❣♦r♦✈✱ ❙✉❧❧❛ t❡♦r✐❛ ❞✐ ❱♦❧t❡rr❛ ❞❡❧❧❛ ❧♦tt❛ ♣❡r ❧✬❡s✐st❡♥③❛✱ ●✐♦r♥❛❧❡ ❞❡❧❧✬■st✐t✉t♦ ■t❛❧✐❛♥♦
❞❡❣❧✐ ❆tt✉❛r✐✱ ✼ ✭✶✾✸✻✮✱ ♣♣✳ ✼✹✕✽✵✳



148 References

✻✸✳ ❈✳ ❑✉❡❤♥✱ ❙✳ ❙✐❡❣♠✉♥❞✱ ❛♥❞ ❚✳ ●r♦ss✱ ❉②♥❛♠✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✐♥ ❣❡♥❡r❛❧✐③❡❞
♠♦❞❡❧s✱ ■▼❆ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✼✽ ✭✷✵✶✸✮✱ ♣♣✳ ✶✵✺✶✕✶✵✼✼✳

✻✹✳ ◆✳ ❑✉♠❛r ❛♥❞ ❲✳ ❍♦rst❤❡♠❦❡✱ ❊✛❡❝ts ♦❢ ❝r♦ss ❞✐✛✉s✐♦♥ ♦♥ ❚✉r✐♥❣ ❜✐❢✉r❝❛t✐♦♥s ✐♥ t✇♦✲s♣❡❝✐❡s
r❡❛❝t✐♦♥✲tr❛♥s♣♦rt s②st❡♠s✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✽✸ ✭✷✵✶✶✮✱ ♣✳ ✵✸✻✶✵✺✳

✻✺✳ ❊✳ ❑✉♥♦✱ Pr✐♥❝✐♣❧❡s ♦❢ ♣r❡❞❛t♦r✕♣r❡② ✐♥t❡r❛❝t✐♦♥ ✐♥ t❤❡♦r❡t✐❝❛❧✱ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥❛t✉r❛❧ ♣♦♣✉❧❛t✐♦♥
s②st❡♠✱ ❆❞✈❛♥❝❡s ✐♥ ❊❝♦❧♦❣✐❝❛❧ ❘❡s❡❛r❝❤✱ ✶✻ ✭✶✾✽✼✮✱ ♣♣✳ ✷✹✾✕✸✸✼✳

✻✻✳ ❨✳ ❆✳ ❑✉③♥❡ts♦✈✱ ❊❧❡♠❡♥ts ♦❢ ❆♣♣❧✐❡❞ ❇✐❢✉r❝❛t✐♦♥ ❚❤❡♦r②✱ ✈♦❧✳ ✶✶✷✱ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱
✶✾✾✽✳

✻✼✳ ❨✳ ❆✳ ❑✉③♥❡ts♦✈ ❛♥❞ ❙✳ ❘✐♥❛❧❞✐✱ ❘❡♠❛r❦s ♦♥ ❢♦♦❞ ❝❤❛✐♥ ❞②♥❛♠✐❝s✱ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦s❝✐❡♥❝❡s✱
✶✸✹ ✭✶✾✾✻✮✱ ♣♣✳ ✶✕✸✸✳

✻✽✳ ❏✳ ❆✳ ▲♦❣❛♥✱ ❉❡r✐✈❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣♦s✐t❡ ♠♦❞❡❧s ❢♦r ✐♥s❡❝t ♣♦♣✉❧❛t✐♦♥s✱ ✐♥ ❊st✐♠❛t✐♦♥ ❛♥❞
❆♥❛❧②s✐s ♦❢ ■♥s❡❝t P♦♣✉❧❛t✐♦♥s✱ ✈♦❧✳ ✺✺ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❙t❛t✐st✐❝✱ ❙♣r✐♥❣❡r✱ ✶✾✽✾✱ ♣♣✳ ✷✼✽✕✷✽✽✳

✻✾✳ ❍✳ ▼❛❧❝❤♦✇✱ ❙✳ ❱✳ P❡tr♦✈s❦✐✐✱ ❛♥❞ ❊✳ ❱❡♥t✉r✐♥♦✱ ❙♣❛t✐♦t❡♠♣♦r❛❧ ♣❛tt❡r♥s ✐♥ ❡❝♦❧♦❣② ❛♥❞ ❡♣✐✲
❞❡♠✐♦❧♦❣②✿ t❤❡♦r②✱ ♠♦❞❡❧s✱ ❛♥❞ s✐♠✉❧❛t✐♦♥✱ ❈❤❛♣♠❛♥ ✫ ❍❛❧❧✴❈❘❈ ▲♦♥❞♦♥✱ ✷✵✵✽✳

✼✵✳ ❑✳ ▼❝❈❛♥♥ ❛♥❞ P✳ ❨♦❞③✐s✱ ❇✐♦❧♦❣✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❝❤❛♦s ✐♥ ❛ t❤r❡❡✕s♣❡❝✐❡s ❢♦♦❞ ❝❤❛✐♥✱ ❊❝♦❧♦❣②✱
✼✺ ✭✶✾✾✹✮✱ ♣♣✳ ✺✻✶✕✺✻✹✳

✼✶✳ ❊✳ ❆✳ ▼❝●❡❤❡❡ ❛♥❞ ❊✳ P❡❛❝♦❝❦✲▲ó♣❡③✱ ❚✉r✐♥❣ ♣❛tt❡r♥s ✐♥ ❛ ♠♦❞✐✜❡❞ ❧♦t❦❛✕✈♦❧t❡rr❛ ♠♦❞❡❧✱
P❤②s✐❝s ▲❡tt❡rs ❆✱ ✸✹✷ ✭✷✵✵✺✮✱ ♣♣✳ ✾✵✕✾✽✳

✼✷✳ ❆✳ ❇✳ ▼❡❞✈✐♥s❦②✱ ❙✳ ❱✳ P❡tr♦✈s❦✐✐✱ ■✳ ❆✳ ❚✐❦❤♦♥♦✈❛✱ ❍✳ ▼❛❧❝❤♦✇✱ ❛♥❞ ❇✳✲▲✳ ▲✐✱ ❙♣❛t✐♦t❡♠✲
♣♦r❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ♣❧❛♥❦t♦♥ ❛♥❞ ✜s❤ ❞②♥❛♠✐❝s✱ ❙■❆▼ r❡✈✐❡✇✱ ✹✹ ✭✷✵✵✷✮✱ ♣♣✳ ✸✶✶✕✸✼✵✳

✼✸✳ ❩✳ ▼❡✐✱ ◆✉♠❡r✐❝❛❧ ❇✐❢✉r❝❛t✐♦♥ ❆♥❛❧②s✐s ❢♦r ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❊q✉❛t✐♦♥s✱ ✈♦❧✳ ✷✽✱ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫
❇✉s✐♥❡ss ▼❡❞✐❛✱ ✷✵✶✸✳

✼✹✳ ❏✳ ❆✳ ▼❡t③ ❛♥❞ ❖✳ ❉✐❡❦♠❛♥♥✱ ❚❤❡ ❉②♥❛♠✐❝s ♦❢ P❤②s✐♦❧♦❣✐❝❛❧❧② ❙tr✉❝t✉r❡❞ P♦♣✉❧❛t✐♦♥s✱ ✈♦❧✳ ✻✽✱
❙♣r✐♥❣❡r✱ ✷✵✶✹✳

✼✺✳ ❉✳ ●✳ ▼✐❧❧❡r✱ ❙♦♠❡ ❝♦♠♠❡♥ts ♦♥ ♠✉❧t✐❝♦♠♣♦♥❡♥t ❞✐✛✉s✐♦♥✿ ♥❡❣❛t✐✈❡ ♠❛✐♥ t❡r♠ ❞✐✛✉s✐♦♥ ❝♦❡✣✲
❝✐❡♥ts✱ s❡❝♦♥❞ ❧❛✇ ❝♦♥str❛✐♥ts✱ s♦❧✈❡♥t ❝❤♦✐❝❡s✱ ❛♥❞ r❡❢❡r❡♥❝❡ ❢r❛♠❡ tr❛♥s❢♦r♠❛t✐♦♥s✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢
P❤②s✐❝❛❧ ❈❤❡♠✐str②✱ ✾✵ ✭✶✾✽✻✮✱ ♣♣✳ ✶✺✵✾✕✶✺✶✾✳

✼✻✳ ❆✳ ▼♦✉ss❛✱ ❙♦♠❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❛✉❜✐♥✕❧✐♦♥s ❧❡♠♠❛✱ ❏♦✉r♥❛❧ ♦❢ ❊✈♦❧✉t✐♦♥ ❊q✉❛t✐♦♥s✱ ✶✻
✭✷✵✶✻✮✱ ♣♣✳ ✻✺✕✾✸✳

✼✼✳ ❍✳ ▼✉r❛❦❛✇❛✱ ❆ ❘❡❧❛t✐♦♥ ❇❡t✇❡❡♥ ❈r♦ss✲❞✐✛✉s✐♦♥ ❛♥❞ ❘❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥✱ ❈✐t❡s❡❡r✱ ✷✵✵✾✳
✼✽✳ ❏✳ ❉✳ ▼✉rr❛②✱ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✳ ■■ ❙♣❛t✐❛❧ ▼♦❞❡❧s ❛♥❞ ❇✐♦♠❡❞✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s

{■♥t❡r❞✐s❝✐♣❧✐♥❛r② ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❱✳ ✶✽}✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ◆❡✇ ❨♦r❦ ■♥❝♦r♣♦r❛t❡❞✱ ✷✵✵✶✳
✼✾✳ ❙✳ ◆✉♥❞❧♦❧❧✱ ▲✳ ▼❛✐❧❧❡r❡t✱ ❛♥❞ ❋✳ ●r♦❣♥❛r❞✱ ■♥✢✉❡♥❝❡ ♦❢ ✐♥tr❛♣r❡❞❛t♦r② ✐♥t❡r❢❡r❡♥❝❡s ♦♥ ✐♠✲

♣✉❧s✐✈❡ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧ ❡✣❝✐❡♥❝②✱ ❇✉❧❧❡t✐♥ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱ ✼✷ ✭✷✵✶✵✮✱ ♣♣✳ ✷✶✶✸✕✷✶✸✽✳
✽✵✳ ▲✳ P❡r❦♦✱ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✶✳
✽✶✳ ❙✳ ❱✳ P❡tr♦✈s❦✐✐ ❛♥❞ ❍✳ ▼❛❧❝❤♦✇✱ ❆ ♠✐♥✐♠❛❧ ♠♦❞❡❧ ♦❢ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ ❛ ♣r❡②✲♣r❡❞❛t♦r

s②st❡♠✱ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❈♦♠♣✉t❡r ▼♦❞❡❧❧✐♥❣✱ ✷✾ ✭✶✾✾✾✮✱ ♣♣✳ ✹✾✕✻✸✳
✽✷✳ ✱ ❲❛✈❡ ♦❢ ❝❤❛♦s✿ ♥❡✇ ♠❡❝❤❛♥✐s♠ ♦❢ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ s♣❛t✐♦✲t❡♠♣♦r❛❧ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s✱

❚❤❡♦r❡t✐❝❛❧ ♣♦♣✉❧❛t✐♦♥ ❜✐♦❧♦❣②✱ ✺✾ ✭✷✵✵✶✮✱ ♣♣✳ ✶✺✼✕✶✼✹✳
✽✸✳ ▼✳ P✐❡rr❡ ❛♥❞ ❉✳ ❙❝❤♠✐tt✱ ❇❧♦✇✉♣ ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ♦❢ ♠❛ss✱ ❙■❆▼

❘❡✈✐❡✇✱ ✹✷ ✭✷✵✵✵✮✱ ♣♣✳ ✾✸✕✶✵✻✳
✽✹✳ ✱ ❇❧♦✇✉♣ ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ♦❢ ♠❛ss✱ ❙■❆▼ ❘❡✈✐❡✇✱ ✹✷ ✭✷✵✵✵✮✱ ♣♣✳ ✾✸✕

✶✵✻✳
✽✺✳ ●✳ ❘♦❧❧❛♥❞✱ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ❢❛st✲r❡❛❝t✐♦♥ ❧✐♠✐t ✐♥ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✇✐t❤ ❝r♦ss ❡✛❡❝ts✱

P❤❉ t❤❡s✐s✱ ➱❝♦❧❡ ♥♦r♠❛❧❡ s✉♣ér✐❡✉r❡ ❞❡ ❈❛❝❤❛♥✲❊◆❙ ❈❛❝❤❛♥❀ ❚❡❝❤♥✐s❝❤❡ ❯♥✐✈❡rs✐tät ✭❉❛r♠st❛❞t✱
❆❧❧❡♠❛❣♥❡✮✱ ✷✵✶✷✳

✽✻✳ ❚✳ ❘♦②❛♠❛✱ ❆ ❝♦♠♣❛r❛t✐✈❡ st✉❞② ♦❢ ♠♦❞❡❧s ❢♦r ♣r❡❞❛t✐♦♥ ❛♥❞ ♣❛r❛s✐t✐s♠✱ ❘❡s❡❛r❝❤❡s ♦♥ P♦♣✉❧❛t✐♦♥
❊❝♦❧♦❣②✱ ❙✶ ✭✶✾✼✶✮✱ ♣♣✳ ✶✕✾✶✳

✽✼✳ ▼✳ ❙❡♥✱ ▼✳ ❇❛♥❡r❥❡❡✱ ❛♥❞ ❆✳ ▼♦r♦③♦✈✱ ❇✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ♦❢ ❛ r❛t✐♦✕❞❡♣❡♥❞❡♥t ♣r❡②✕♣r❡❞❛t♦r
♠♦❞❡❧ ✇✐t❤ t❤❡ ❆❧❧❡❡ ❡✛❡❝t✱ ❊❝♦❧♦❣✐❝❛❧ ❈♦♠♣❧❡①✐t②✱ ✶✶ ✭✷✵✶✷✮✱ ♣♣✳ ✶✷✕✷✼✳



References 149

✽✽✳ ●✳ ❙❡♦ ❛♥❞ ❉✳ ▲✳ ❉❡❆♥❣❡❧✐s✱ ❆ ♣r❡❞❛t♦r✕♣r❡② ♠♦❞❡❧ ✇✐t❤ ❛ ❍♦❧❧✐♥❣ t②♣❡ ■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡
✐♥❝❧✉❞✐♥❣ ❛ ♣r❡❞❛t♦r ♠✉t✉❛❧ ✐♥t❡r❢❡r❡♥❝❡✱ ❏♦✉r♥❛❧ ♦❢ ◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡✱ ✷✶ ✭✷✵✶✶✮✱ ♣♣✳ ✽✶✶✕✽✸✸✳

✽✾✳ ◆✳ ❙❤✐❣❡s❛❞❛✱ ❑✳ ❑❛✇❛s❛❦✐✱ ❛♥❞ ❊✳ ❚❡r❛♠♦t♦✱ ❙♣❛t✐❛❧ s❡❣r❡❣❛t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♥❣ s♣❡❝✐❡s✱ ❏♦✉r♥❛❧
♦❢ ❚❤❡♦r❡t✐❝❛❧ ❇✐♦❧♦❣②✱ ✼✾ ✭✶✾✼✾✮✱ ♣♣✳ ✽✸✕✾✾✳

✾✵✳ P✳ ❆✳ ❙t❡♣❤❡♥s ❛♥❞ ❲✳ ❏✳ ❙✉t❤❡r❧❛♥❞✱ ❈♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❆❧❧❡❡ ❡✛❡❝t ❢♦r ❜❡❤❛✈✐♦✉r✱ ❡❝♦❧♦❣②
❛♥❞ ❝♦♥s❡r✈❛t✐♦♥✱ ❚r❡♥❞s ✐♥ ❊❝♦❧♦❣② ✫ ❊✈♦❧✉t✐♦♥✱ ✶✹ ✭✶✾✾✾✮✱ ♣♣✳ ✹✵✶✕✹✵✺✳

✾✶✳ P✳ ❆✳ ❙t❡♣❤❡♥s✱ ❲✳ ❏✳ ❙✉t❤❡r❧❛♥❞✱ ❛♥❞ ❘✳ P✳ ❋r❡❝❦❧❡t♦♥✱ ❲❤❛t ✐s t❤❡ ❆❧❧❡❡ ❡✛❡❝t❄✱ ❖✐❦♦s✱
✽✼ ✭✶✾✾✾✮✱ ♣♣✳ ✶✽✺✕✶✾✵✳

✾✷✳ ❨✳ ❙✈✐r❡③❤❡✈ ❛♥❞ ❉✳ ▲♦❣♦❢❡t✱ ❙t❛❜✐❧✐t② ♦❢ ❇✐♦❧♦❣✐❝❛❧ ❈♦♠♠✉♥✐t✐❡s✱ ✈♦❧✳ ✶✶✷✱ ▼■❘ P✉❜❧✐s❤❡rs✱
▼♦s❝♦✇✱ ✶✾✽✸✳

✾✸✳ ❏✳ ❚✳ ❚❛♥♥❡r✱ ❊✛❡❝ts ♦❢ ♣♦♣✉❧❛t✐♦♥ ❞❡♥s✐t② ♦♥ ❣r♦✇t❤ r❛t❡s ♦❢ ❛♥✐♠❛❧ ♣♦♣✉❧❛t✐♦♥s✱ ❊❝♦❧♦❣②✱ ✹✼ ✭✶✾✻✻✮✱
♣♣✳ ✼✸✸✕✼✹✺✳

✾✹✳ ❈✳ ▼✳ ❚❛②❧♦r ❛♥❞ ❆✳ ❍❛st✐♥❣s✱ ❆❧❧❡❡ ❡✛❡❝ts ✐♥ ❜✐♦❧♦❣✐❝❛❧ ✐♥✈❛s✐♦♥s✱ ❊❝♦❧♦❣② ▲❡tt❡rs✱ ✽ ✭✷✵✵✺✮✱
♣♣✳ ✽✾✺✕✾✵✽✳

✾✺✳ P✳ ❈✳ ❚♦❜✐♥✱ ❙✳ ▲✳ ❲❤✐t♠✐r❡✱ ❉✳ ▼✳ ❏♦❤♥s♦♥✱ ❖✳ ◆✳ ❇❥ør♥st❛❞✱ ❛♥❞ ❆✳ ▼✳ ▲✐❡❜❤♦❧❞✱
■♥✈❛s✐♦♥ s♣❡❡❞ ✐s ❛✛❡❝t❡❞ ❜② ❣❡♦❣r❛♣❤✐❝❛❧ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ str❡♥❣t❤ ♦❢ ❆❧❧❡❡ ❡✛❡❝ts✱ ❊❝♦❧♦❣② ▲❡tt❡rs✱ ✶✵
✭✷✵✵✼✮✱ ♣♣✳ ✸✻✕✹✸✳

✾✻✳ ❊✳ ❚✉❧✉♠❡❧❧♦✱ ▼✳ ❈✳ ▲♦♠❜❛r❞♦✱ ❛♥❞ ▼✳ ❙❛♠♠❛rt✐♥♦✱ ❈r♦ss✲❞✐✛✉s✐♦♥ ❞r✐✈❡♥ ✐♥st❛❜✐❧✐t② ✐♥ ❛
♣r❡❞❛t♦r✲♣r❡② s②st❡♠ ✇✐t❤ ❝r♦ss✲❞✐✛✉s✐♦♥✱ ❆❝t❛ ❆♣♣❧✐❝❛♥❞❛❡ ▼❛t❤❡♠❛t✐❝❛❡✱ ✶✸✷ ✭✷✵✶✹✮✱ ♣♣✳ ✻✷✶✕✻✸✸✳

✾✼✳ ▲✳ ❱❛♥ ❈♦❧❧❡r✱ ❆✉t♦♠❛t❡❞ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ❡❝♦❧♦❣✐❝❛❧
♠♦❞❡❧s✿ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s✱ ❈♦♥s❡r✈❛t✐♦♥ ❊❝♦❧♦❣②✱ ✶ ✭✶✾✾✼✮✱ ♣✳ ✺✳ ❆✈❛✐❧❛❜❧❡ ❢r♦♠
❤tt♣✿✴✴✇✇✇✳❡❝♦❧♦❣②❛♥❞s♦❝✐❡t②✳♦r❣✴✈♦❧✶✴✐ss✶✴❛rt✺✴✳

✾✽✳ ●✳ ❆✳ ❱❛♥ ❱♦♦r♥✱ ▲✳ ❍❡♠❡r✐❦✱ ▼✳ P✳ ❇♦❡r✱ ❛♥❞ ❇✳ ❲✳ ❑♦♦✐✱ ❍❡t❡r♦❝❧✐♥✐❝ ♦r❜✐ts ✐♥❞✐❝❛t❡
♦✈❡r❡①♣❧♦✐t❛t✐♦♥ ✐♥ ♣r❡❞❛t♦r✕♣r❡② s②st❡♠s ✇✐t❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t✱ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦s❝✐❡♥❝❡s✱ ✷✵✾
✭✷✵✵✼✮✱ ♣♣✳ ✹✺✶✕✹✻✾✳

✾✾✳ ❱✳ ❑✳ ❱❛♥❛❣ ❛♥❞ ■✳ ❘✳ ❊♣st❡✐♥✱ ❈r♦ss✲❞✐✛✉s✐♦♥ ❛♥❞ ♣❛tt❡r♥ ❢♦r♠❛t✐♦♥ ✐♥ r❡❛❝t✐♦♥✕❞✐✛✉s✐♦♥ s②st❡♠s✱
P❤②s✐❝❛❧ ❈❤❡♠✐str② ❈❤❡♠✐❝❛❧ P❤②s✐❝s✱ ✶✶ ✭✷✵✵✾✮✱ ♣♣✳ ✽✾✼✕✾✶✷✳

✶✵✵✳ P✳✲❋✳ ❱❡r❤✉❧st✱ ◆♦t✐❝❡ s✉r ❧❛ ❧♦✐ q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ s✉✐t ❞❛♥s s♦♥ ❛❝❝r♦✐ss❡♠❡♥t✳ ❝♦rr❡s♣♦♥❞❛♥❝❡
♠❛t❤é♠❛t✐q✉❡ ❡t ♣❤②s✐q✉❡ ♣✉❜❧✐é❡ ♣❛r ❛✱ ◗✉❡t❡❧❡t✱ ✶✵ ✭✶✽✸✽✮✱ ♣♣✳ ✶✶✸✕✶✷✶✳

✶✵✶✳ ❱✳ ❱♦❧t❡rr❛✱ ❱❛r✐❛③✐♦♥✐ ❡ ❋❧✉tt✉❛③✐♦♥✐ ❞❡❧ ◆✉♠❡r♦ ❞✐ ■♥❞✐✈✐❞✉✐ ✐♥ ❙♣❡❝✐❡ ❆♥✐♠❛❧✐ ❈♦♥✈✐✈❡♥t✐✱ ✈♦❧✳ ✷✱
▼❡♠✳ ❆❝❛❞✳ ▲✐♥❝❡✐✱ ✶✾✷✻✳ ✸✶✕✶✶✸✳

✶✵✷✳ ❈✳ P✳ ❲✐♥s♦r✱ ❚❤❡ ●♦♠♣❡rt③ ❝✉r✈❡ ❛s ❛ ❣r♦✇t❤ ❝✉r✈❡✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢
❙❝✐❡♥❝❡s✱ ✶✽ ✭✶✾✸✷✮✱ ♣♣✳ ✶✕✽✳

✶✵✸✳ ❙✳ ◆✳ ❲♦♦❞✱ P❛rt✐❛❧❧② s♣❡❝✐✜❡❞ ❡❝♦❧♦❣✐❝❛❧ ♠♦❞❡❧s✱ ❊❝♦❧♦❣✐❝❛❧ ▼♦♥♦❣r❛♣❤s✱ ✼✶ ✭✷✵✵✶✮✱ ♣♣✳ ✶✕✷✺✳
✶✵✹✳ ❆✳ ❨❛❜❧♦❦♦✈✱ P♦♣✉❧❛t✐♦♥ ❇✐♦❧♦❣②✿ Pr♦❣r❡ss ❛♥❞ Pr♦❜❧❡♠s ♦❢ ❙t✉❞✐❡s ♦♥ ◆❛t✉r❛❧ P♦♣✉❧❛t✐♦♥s✱ ▼■❘

P✉❜❧✐s❤❡rs✱ ▼♦s❝♦✇✱ ✶✾✽✻✳
✶✵✺✳ ❳✳✲❈✳ ❩❤❛♥❣✱ ●✳✲◗✳ ❙✉♥✱ ❛♥❞ ❩✳ ❏✐♥✱ ❙♣❛t✐❛❧ ❞②♥❛♠✐❝s ✐♥ ❛ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧ ✇✐t❤ ❇❡❞❞✐♥❣t♦♥✲

❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✱ ✽✺ ✭✷✵✶✷✮✱ ♣✳ ✵✷✶✾✷✹✳
✶✵✻✳ ❙✳✲❘✳ ❩❤♦✉✱ ❨✳✲❋✳ ▲✐✉✱ ❛♥❞ ●✳ ❲❛♥❣✱ ❚❤❡ st❛❜✐❧✐t② ♦❢ ♣r❡❞❛t♦r✕♣r❡② s②st❡♠s s✉❜❥❡❝t t♦ t❤❡ ❆❧❧❡❡

❡✛❡❝ts✱ ❚❤❡♦r❡t✐❝❛❧ P♦♣✉❧❛t✐♦♥ ❇✐♦❧♦❣②✱ ✻✼ ✭✷✵✵✺✮✱ ♣♣✳ ✷✸✕✸✶✳
✶✵✼✳ ❏✳ ❩✉✱ ●❧♦❜❛❧ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ❛ ♣r❡❞❛t♦r✕♣r❡② s②st❡♠ ✇✐t❤ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② s♣❡❝✐❡s✱

▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❡rs ✐♥ ❙✐♠✉❧❛t✐♦♥✱ ✾✹ ✭✷✵✶✸✮✱ ♣♣✳ ✸✸✕✺✹✳
✶✵✽✳ ❏✳ ❩✉ ❛♥❞ ▼✳ ▼✐♠✉r❛✱ ❚❤❡ ✐♠♣❛❝t ♦❢ ❆❧❧❡❡ ❡✛❡❝t ♦♥ ❛ ♣r❡❞❛t♦r✕♣r❡② s②st❡♠ ✇✐t❤ ❍♦❧❧✐♥❣ t②♣❡ ■■

❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡✱ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ✷✶✼ ✭✷✵✶✵✮✱ ♣♣✳ ✸✺✹✷✕✸✺✺✻✳





Journal publications

Papers relevant to thesis’s subject

• ●✳ ❇✉✛♦♥✐✱ ▼✳ ●r♦♣♣✐✱ ❈✳ ❙♦r❡s✐♥❛✱ ❉②♥❛♠✐❝s ♦❢ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ✇✐t❤ ❛
str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② ❛♥❞ ♣r❡❞❛t♦r✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✱ ◆♦♥❧✐♥❡❛r
❆♥❛❧②s✐s✿ ❘❡❛❧ ❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s ✸✵ ✭✷✵✶✻✮✿ ✶✹✸✲✶✻✾✳

• ❋✳ ❈♦♥❢♦rt♦✱ ▲✳ ❉❡s✈✐❧❧❡tt❡s✱ ❈✳ ❙♦r❡s✐♥❛✱ ❆ ❥✉st✐✜❝❛t✐♦♥ ♦❢ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❛♥❞
❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡②
♠♦❞❡❧s✱ ✐♥ ♣r❡♣❛r❛t✐♦♥✳

Other papers

• ●✳ ❇✉✛♦♥✐✱ ▼✳ ●r♦♣♣✐✱ ❈✳ ❙♦r❡s✐♥❛✱ ❊✛❡❝ts ♦❢ ♣r❡② ♦✈❡r✲✉♥❞❡r❝r♦✇❞✐♥❣ ✐♥ ♣r❡❞❛t♦r✲
♣r❡② s②st❡♠s ✇✐t❤ ♣r❡②✲❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✿ ❘❡❛❧
❲♦r❧❞ ❆♣♣❧✐❝❛t✐♦♥s ✶✷✳✺ ✭✷✵✶✶✮✿ ✷✽✼✶✲✷✽✽✼✳

• ❊✳ ❇♦♥❛❝✐♥✐✱ ❘✳ ❇✉r✐♦♥✐✱ ▼✳ ❞✐ ❱♦❧♦✱ ▼✳ ●r♦♣♣✐✱ ❈✳ ❙♦r❡s✐♥❛✱ ❆✳ ❱❡③③❛♥✐✱ ❍♦✇
s✐♥❣❧❡ ♥♦❞❡ ❞②♥❛♠✐❝s ❡♥❤❛♥❝❡s s②♥❝❤r♦♥✐③❛t✐♦♥ ✐♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✇✐t❤ ❡❧❡❝tr✐❝❛❧
❝♦✉♣❧✐♥❣✱ ❈❤❛♦s✱ ❙♦❧✐t♦♥s ✫ ❋r❛❝t❛❧s✱ ✽✺ ✭✷✵✶✻✮ ✸✷✲✹✸✳

• ❊✳ ❇♦♥❛❝✐♥✐✱ ▼✳ ●r♦♣♣✐✱ ❘✳ ▼♦♥❛❝♦✱ ❆✳❏✳ ❙♦❛r❡s✱ ❈✳ ❙♦r❡s✐♥❛✱ ❆ ♥❡t✇♦r❦ ♠♦❞❡❧
❢♦r ❧❛♥❞s❝❛♣❡ ❡✈♦❧✉t✐♦♥✿ st❛❜✐❧✐t② ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥
◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥✱ ✹✽ ✭✷✵✶✼✮ ✺✻✾❄✺✽✹✳

• ❊✳ ❇♦♥❛❝✐♥✐✱ ▲✳ ❇♦❧③♦♥✐✱ ▼✳ ●r♦♣♣✐ ❛♥❞ ❈✳ ❙♦r❡s✐♥❛✱ ❚✐♠❡✲♦♣t✐♠❛❧ ❝♦♥tr♦❧ str❛t❡✲
❣✐❡s ✐♥ ❙■❘ ❡♣✐❞❡♠✐❝ ♠♦❞❡❧s✱ s✉❜♠✐tt❡❞ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦s❝✐❡♥❝❡s✳





Communications

• ✏❆ ♥❡t✇♦r❦ ♠♦❞❡❧ ❢♦r ❧❛♥❞s❝❛♣❡ ❡✈♦❧✉t✐♦♥✿ st❛❜✐❧✐t② ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts✑✱
❋r❛♥❝♦✲■t❛❧✐❛♥ ♠❡❡t✐♥❣ ♦♥ ❦✐♥❡t✐❝ t❤❡♦r② ❛♥❞ s✐♥❣✉❧❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ✶✻
▼❛r❝❤ ✷✵✶✼✱ ❯♥✐✈❡rs✐tè P❛r✐s ❉✐❞❡r♦t✳

• ✏❆ ❥✉st✐✜❝❛t✐♦♥ ♦❢ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❛♥❞ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s
❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ❛♥❞ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s✑✱ ✾
▼❛r❝❤ ✷✵✶✼✱ ❯♥✐✈❡rs✐t② ♦❢ P❛r♠❛✳

• ✏❆ ❥✉st✐✜❝❛t✐♦♥ ♦❢ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❛♥❞ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s
❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ❛♥❞ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s✑✱ P❛r✲
t✐❝❧❡ ❙②st❡♠s ❛♥❞ P❉❊✬s ❱✱ ✷✾ ◆♦✈❡♠❜❡r ✷✵✶✻✱ ❯♥✐✈❡rs✐t② ♦❢ ▼✐♥❤♦ ✭P♦rt✉❣✉❛❧✮✳

• ✏❆ ❥✉st✐✜❝❛t✐♦♥ ♦❢ ❍♦❧❧✐♥❣✲t②♣❡ ■■ ❛♥❞ ❇❡❞❞✐♥❣t♦♥✲❉❡❆♥❣❡❧✐s ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s
❢♦r r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ❛♥❞ ❚✉r✐♥❣ ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s✑✱ ❳▲■
❙✉♠♠❡r ❙❝❤♦♦❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ✶✺ ❙❡♣t❡♠❜❡r ✷✵✶✺✱ ❘❛✈❡❧❧♦ ✭■t❛❧②✮✳

• ✏❉②♥❛♠✐❝s ♦❢ ♣r❡❞❛t♦r✲♣r❡② ♠♦❞❡❧s ✇✐t❤ ❛ str♦♥❣ ❆❧❧❡❡ ❡✛❡❝t ♦♥ t❤❡ ♣r❡② ❛♥❞
♣r❡❞❛t♦r ❞❡♣❡♥❞❡♥t tr♦♣❤✐❝ ❢✉♥❝t✐♦♥✑✱ ❳▲ ❙✉♠♠❡r ❙❝❤♦♦❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧
P❤②s✐❝s✱ ✶✼ ❙❡♣t❡♠❜❡r ✷✵✶✺✱ ❘❛✈❡❧❧♦ ✭■t❛❧②✮✳

• ✏❙②♥❝❤r♦♥✐③❛t✐♦♥ ✐♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s✿ t❤❡ ▼❛st❡r ❙t❛❜✐❧✐t② ❋✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤✑✱
❳❳❳■❳ ❙✉♠♠❡r ❙❝❤♦♦❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ✶✽ ❙❡♣t❡♠❜❡r ✷✵✶✹✱ ❘❛✈❡❧❧♦
✭■t❛❧②✮✳

• ✏▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❛♥❞ ♠❡t❤♦❞s ❢♦r t❤❡ st✉❞② ♦❢ s②♥❝❤r♦✲
♥✐③❛t✐♦♥✑✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❚❤❡♦r❡t✐❝❛❧ ◆❡✉r♦s❝✐❡♥❝❡ ❘❡❛❞✐♥❣ ●r♦✉♣ ❙❡♠✐♥❛r✱
✶✷ ▼❛② ✷✵✶✹✱ ❯♥✐✈❡rs✐t② ♦❢ ▼✐❧❛♥♦✳





Posters

• ✏❆ ♥❡t✇♦r❦ ♠♦❞❡❧ ❢♦r ❧❛♥❞s❝❛♣❡ ❡✈♦❧✉t✐♦♥✿ st❛❜✐❧✐t② ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts✑
❞✉r✐♥❣ t❤❡ ♣♦st❡r s❡ss✐♦♥ ♦❢ t❤❡ ❙❝❤♦♦❧ ▼❡t❤♦❞s ❛♥❞ ▼♦❞❡❧s ♦❢ ❑✐♥❡t✐❝ ❚❤❡♦r②✱
❏✉♥❡ ✷✵✶✻✱ P♦rt♦ ❊r❝♦❧❡ ✭●r♦ss❡t♦✮ ■t❛❧②✳

• ✏❍♦✇ s✐♥❣❧❡ ♥♦❞❡ ❞②♥❛♠✐❝s ❡♥❤❛♥❝❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✐♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✇✐t❤ ❡❧❡❝✲
tr✐❝❛❧ ❝♦✉♣❧✐♥❣✑ ❞✉r✐♥❣ t❤❡ ♣♦st❡r s❡ss✐♦♥ ♦❢ t❤❡ ❙❝❤♦♦❧ ♦❢ ❇r❛✐♥ ❈❡❧❧s ✫ ❈✐r❝✉✐ts
✏❈❛♠✐❧❧♦ ●♦❧❣✐✑✱ ❉❡❝❡♠❜❡r ✷✵✶✺✱ ❊r✐❝❡ ✭❚r❛♣❛♥✐✮ ■t❛❧②✳

• ✏❚✐♠❡✲♦♣t✐♠❛❧ ❝♦♥tr♦❧ str❛t❡❣✐❡s ✐♥ ❙■❘ ❡♣✐❞❡♠✐❝s ♠♦❞❡❧s✑ ❞✉r✐♥❣ t❤❡ ♣♦st❡r s❡s✲
s✐♦♥ ♦❢ t❤❡ ✇♦r❦s❤♦♣ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ❊♣✐❞❡♠✐♦❧♦❣②✱ ❆✉❣✉st
✷✵✶✺✱ ❊r✐❝❡ ✭❚r❛♣❛♥✐✮ ■t❛❧②✳

• ✏❍♦✇ s✐♥❣❧❡ ♥♦❞❡ ❞②♥❛♠✐❝s ❡♥❤❛♥❝❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ✐♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✇✐t❤ ❡❧❡❝✲
tr✐❝❛❧ ❝♦✉♣❧✐♥❣✑ ❞✉r✐♥❣ t❤❡ ♣♦st❡r s❡ss✐♦♥ ♦❢ t❤❡ ❙❝❤♦♦❧ ▼❡t❤♦❞s ❛♥❞ ▼♦❞❡❧s ♦❢
❑✐♥❡t✐❝ ❚❤❡♦r②✱ ❏✉♥❡ ✷✵✶✹✱ P♦rt♦ ❊r❝♦❧❡ ✭●r♦ss❡t♦✮ ■t❛❧②✳



▼✐❧❛♥♦✱ ▼❛r❝❤ ✷✺✱ ✷✵✶✼


	Introduction
	Preliminaries
	Bifurcation of equilibria in continuous-time dynamical systems
	One-parameter bifurcations
	Two-parameter bifurcations

	Diffusion driven instability
	Turing instability analysis
	Turing instability analysis with cross-diffusion


	Part IDynamics of predator-prey models with a strong Allee effect on the prey and predator-dependent trophic functions
	Introduction
	The prey-predator model and the equilibrium stability analysis
	Basic assumptions and model equations
	Attractive invariant set
	Non-coexistence equilibria and their stability properties
	Coexistence equilibria
	Shape of Phi(x,h)
	Solutions to Phi(x,h)=p/p0

	Stability properties of coexistence equilibrium states
	State E*1: the case of rx>=r0
	State E*1: the case of rx<r0
	State E*3


	Numerical study
	Behaviours of the system

	Concluding remarks
	Appendix
	Details on some parameters
	The cusp bifurcation point
	List of main symbols


	Part IIAbout reaction-diffusion predator-prey systems involving the Holling-type II and the Beddington-DeAngelis functional responses
	Introduction
	A justification of classical functional responses
	The derivation of the Holling-type II functional response
	Adimensionalization

	The derivation of the Beddington-DeAngelis-like functional response
	Adimensionalization

	Rigorous results of convergence
	Proof of Theorem. 6.3.1
	Proof of Proposition 6.3.1
	Proof of Theorem. 6.3.2


	The Turing Instability analysis
	The Holling-type II
	Homogeneous equilibrium states
	Turing Instability analysis

	The Beddington-DeAngelis
	Homogeneous equilibrium states
	Turing Instability with linear diffusion terms
	Turing Instability with cross-diffusion
	Turing instability regions: linear vs cross diffusion


	Concluding remarks
	Appendix
	Very-weak formulation


	References

