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NETWORKS OF REINFORCED STOCHASTIC PROCESSES:
ASYMPTOTICS FOR THE EMPIRICAL MEANS

GIACOMO ALETTI, IRENE CRIMALDI, AND ANDREA GHIGLIETTI

ABSTRACT. This work deals with systems of interacting reinforced stochastic processes, where each
process X7 = (Xn,j)n is located at a vertex j of a finite weighted direct graph, and it can be
interpreted as the sequence of “actions” adopted by an agent j of the network. The interaction
among the evolving dynamics of these processes depends on the weighted adjacency matrix W
associated to the underlying graph: indeed, the probability that an agent j chooses a certain action
depends on its personal “inclination” Z, ; and on the inclinations Z, 5, with h # j, of the other
agents according to the elements of W.

Asymptotic results for the stochastic processes of the personal inclinations Z7 = (Zn,;)n have
been subject of studies in recent papers (e.g. |2 21]); while the asymptotic behavior of the stochastic
processes of the actions (X, ;). has never been studied yet. In this paper, we fill this gap by
characterizing the asymptotic behavior of the empirical means Ny j = > ;_, X&,j/n, proving their
almost sure synchronization and some central limit theorems in the sense of stable convergence.
Moreover, we discuss some statistical applications of these convergence results concerning confidence
intervals for the random limit toward which all the processes of the system converge and tools to
make inference on the matrix W.
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1. FRAMEWORK, MODEL AND MAIN IDEAS

Real-world systems often consist of interacting agents that may develop a collective behavior (e.g.
[1, 9 B7, [41]): in neuroscience the brain is an active network where billions of neurons interact in
various ways in the cellular circuits; many studies in biology focus on the interactions between
different sub-systems; social sciences and economics deal with individuals that take decisions under
the influence of other individuals, and also in engineering and computer science “consensus prob-
lems”, understood as the ability of interacting dynamic agents to reach a common asymptotic stable
state, play a crucial role. In all these frameworks, an usual phenomenon is the synchronization,
that could be roughly defined as the tendency of different interacting agents to adopt a common
behavior. Taking into account various features of these systems, several research works employed
agent-based models in order to analyze how macro-level collective behaviors arise as products of the
micro-level processes of interaction among the agents of the system (we refer to [§] for a detailed
and well structured survey on this topic, rich of examples and references). The main goals of these
researches are twofold: (i) to understand whether and when a (complete or partial) synchronization
in a dynamical system of interacting agents can emerge and (ii) to analyze the interplay between
the network topology of the interactions among the agents and the dynamics followed by the agents.
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This work is placed in the stream of scientific literature that studies systems of interacting urn
models (e.g. [3, 10, 14, 16, 22 25 BT B2], B3], 36, B8, 40]) and their variants and generalizations
(e.g. [2, 21]). Specifically, our work deals with the class of the so-called interacting reinforced
stochastic processes considered in [2, 2I]. Generally speaking, by reinforcement in a stochastic
dynamics we mean any mechanism for which the probability that a given event occurs has an in-
creasing dependence on the number of times that events of the same type occurred in the past. This
“self-reinforcing property”, also known as “preferential attachment rule”, is a key feature governing
the dynamics of many biological, economic and social systems (see, e.g. [39]). The best known
example of reinforced stochastic process is the standard Polya’s urn [26, [35], which has been widely

studied and generalized (some recent variants can be found in [4, [5] [7, 12} 13} 151 17}, 19, 27 28] 30] ).

We consider a system of N > 1 interacting reinforced stochastic processes {X7 = (X, j)p>1: 1 <
j < N} positioned at the vertices of a weighted directed graph G = (V, E, W), where V := {1,..., N}
denotes the set of vertices, ECV x V the set of edges and W = [wy, ;] jevxv the weighted adjacency
matrix with wy ; > 0 for each pair of vertices. The presence of the edge (h,j) € E indicates a
“direct influence” that the vertex h has on the vertex j and it corresponds to a strictly positive
element wy, ; of W that represents a weight quantifying this influence. We assume the weights to be
normalized so that Ethl wy,; = 1 for each j € V. For any n > 1, we assume the random variables
{Xn;: j €V} totake values in {0, 1} and hence they can be interpreted as “two-modality actions”
that the agents of the network can adopt at time n. Formally, the interaction between the processes
{X7: j € V} is modeled as follows: for any n > 0, the random variables {X,11; : j € V} are
conditionally independent given JF,, with

N
(1) P(Xp15=1Fa) =Y wnZupn,
h=1

and, for each h € V|
(2) Zn,h = (1 - Tn—l)Zn—l,h + 'r'n—an,h,

where 7, are random variables with values in [0,1], F,, := 0(Zpp : h € V)Vo(Xp;: 1 <k <
n,j € V)and 0 <r, <1 are real numbers such that

(3) limn7r, =¢>0 with 1/2 <y < 1.

(We refer to [2I] for a discussion on the case 0 < v < 1/2, for which we have a different asymptotic
behavior of the model that is out of the scope of this research work.) For example, if at each vertex
j € V we have a standard Pélya’s urn, with initial composition given by the pair (a,b), then we
have 7, = (a+b+n+1)7! and so v = ¢ = 1. Each random variable Z,  takes values in [0, 1]
and it can be interpreted as the “personal inclination” of the agent h of adopting “action 1”7, so
that the probability that the agent j adopts “action 1”7 at time (n + 1) depends on its personal
inclination Z,, ; and on the inclinations Z,, 5, with h # j, of the other agents at time n according
to the “influence-weights” wy, ;.

The previous quoted papers [2, 2], 22] 25] are all focused on the asymptotic behavior of the
stochastic processes of the “personal inclinations” {Z7 = (Z, ;) : j € V} of the agents. On the
contrary, in this work we focus on the average of times in which the agents adopt “action 17, i.e.
we study the stochastic processes of the empirical means {N7 = (N, j)n : j € V} defined, for each



EMPIRICAL MEANS OF INTERACTING RSPS 3

j eV, as Ng := 0 and, for any n > 1,
n

1
(4) Nnj = — ZXM :

k=1

Since (1/n) Y7=1 Xi; = (1 —1/n)N,_1, the dynamics of each process N7 can be written as
follows:

1 1
(5) NnJ’ = <1 — E) Nn—l,j + EXn,j.

Furthermore, the above dynamics (), ([2)) and (B can be expressed in a compact form, using
the random vectors X,, := (Xml,...,Xn,]\r)T forn > 1, N, := (Nn,l,...,NmN)T and Z, :=
(Zna,- .. ,Zm]\/)T for n > 0, as:

(6) BXpi1|Fo) = W' Zy,
where W1 = 1 by the normalization of the weights, and
Zn - (1 - 7qn—l) Zn—l + Tn_1Xn7

7
@) N, = <1—1> N,—1 + an.
n n

In the framework described above, under suitable assumptions, we prove that all the stochastic
processes NV = (N, j)n, with j € V, converge almost surely to the same limit random variable (in
other words, we prove their almost sure synchronization), which is also the common limit random
variable of the stochastic processes Z7 = (Z, ;)n, say Zso (see Theorem [B.1]). From an applicative
point of view, the almost sure synchronization of the stochastic processes N7 means that, with
probability 1, the percentages of times that the agents of the system adopt the “action 1” tend to
the same random value Z,,. Moreover, we provide some Central Limit Theorems (CLTs) in the
sense of stable convergence, in which the asymptotic variances and covariances are expressed as
functions of the eigen-structure of the weighted adjacency matrix W and of the parameters =, ¢
governing the asymptotic behavior of the sequence (ry,), (see Theorem [B.2] Theorem B3, Theo-
rem [3.4] and Theorem [3.5]). These convergence results are also discussed from the point of view of
the statistical applications. In particular, they lead to the construction of asymptotic confidence
intervals for the common limit random variable Z,, based on the random variables X, ; through
the empirical means (), that specifically require neither the knowledge of the initial random vari-
ables {Zy; : j € V} nor of the exact expression of the sequence (ry),. For the case v = 1, that
for instance includes the case of interacting standard Pdlya’s urns, we also provide a statistical
test, based on the random variables X, ; through the empirical means (@), to make inference on
the weighted adjacency matrix W of the network. The fact that the confidence intervals and the
inferential procedures presented in this work are based on X, ;, instead of Z, ; as done in [2],
represents a great improvement in any area of application, since the “actions” X, ; adopted by the
agents of the network are much more likely to be observed than their “personal inclinations” Z,, ;
of adopting these actions.

The proofs of the given CLTs are a substantial part of this work and we believe that it is worth
spending some words on the main tools employed and technical issues faced. The essential idea is to
decompose the stochastic process (N, ),, into the sum of two terms, where the first one converges,
at the rate n7~1/2 for each 1 /2 < v <1, stably in the strong sense with respect to the filtration
(Fn)n toward a certain Gaussian kernel, and the second term is an (F,,)-adapted stochastic process
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that converges stably to a suitable Gaussian kernel, with the corresponding rate and argument
required for the proof different according to the value of . Indeed, when 1/2 < v < 1, the second
term converges stably at the same rate as above, i.e. nY~1/2 and in the proof we have a certain
remainder term that tends to zero in probability (see Theorem 2. On the contrary, when v =1
and N > 2 (the case v = 1, N = 1 is similar to the previous case 1/2 < v < 1), we do not have
the convergence to zero of that remainder term (see Remark [43]) and so we develop a coupling
technique based on the pair of random vectors (Z,,N,). So doing, we determine two different
rates for the convergence of the second term, depending on the second highest real part Re(A*) of
the eigenvalues of W (see Theorem where the rate is y/n and Theorem 4] where the rate is

n/In(n)). The contributions of the two terms are in particular reflected in the analytic expres-
sions of the asymptotic covariance matrix of N, (see Theorem B.2] Theorem 3.4l and Theorem B.3]),
where there is a component ify due to the first term (which is zero when the rate for the second
term is y/n/In(n), because the contribution of the first term vanishes) and another component due

to the second term that is different in the various cases: fv when 1/2 < v < 1, and iNN or il*\INv
according to the value of Re(\*), when v = 1.

Summing up, the main focus here concerns the asymptotic behavior of the empirical means
(N,,)n, that has not been subject of study yet. Furthermore, although we recover some results
on (Z,), proved in [2], we point out that the existence of joint central limit theorems for the
pair (Z,,N,) is not obvious because the “discount factors” in the dynamics of the increments
(Z,, — Zy,—1), and (N,, — N,,_1), are generally different. Indeed, as shown in (), these two
stochastic processes follow the dynamics

Zn - Zn—l = Tn-1 (Xn - Zn—l)y

(8)

Nn - Nn—l = (Xn - Nn—l) )

1
n
and so, when we assume 1/2 < v < 1, it could be surprising that there exists a common convergence
rate. In addition, we will show that, when 1/2 < v < 1, the stochastic processes N7 = (N, ;)n,
located at different vertices of the graph synchronize among each other faster than how they con-
verge to the common random limit Z, i.e. for any pair of vertices (j, h) with j # h, the velocity at
which (Ny, j — Ny, 5)n converges almost surely to zero is higher than the one at which N7 = (N,, ;),,
and N = (Nh,n)n converge almost surely to Z,. At the contrary, when « = 1 the stochastic pro-
cesses N7/ = (Nn,j)n synchronize and converge almost surely to Z., at the same velocity. The same
asymptotic behaviors characterize the stochastic processes Z7 = (Zy, j)n, as proved also in [2, 21].
However, while it is somehow guessable from (B)) that the velocities of synchronization and conver-
gence for the processes Z7 = (Zn,j)n depend on the parameter v, it could be somehow unexpected
that, although the discount factor of the increments (N, — N,,_1) is always n~!, the corresponding
velocities for the processes N7 = (Ny,j)n also depend on vy and, in general, also these processes do
not synchronize and converge to Z,, at the same velocity. As we will see, this fact is essentially
due to their dependence on the process (Zy,),, which is induced by the process (X, ).

The rest of the paper is organized as follows. In Section [2 we describe the notation and the
assumptions used along the paper. In Section [3] we illustrate our main results and we discuss some
possible statistical applications. An interesting example of interacting system is also provided in
order to clarify the statement of the theorems and the related comments. Section M contains the
proofs or the main steps of the proofs (postponing some technical lemmas to Appendix [A]) of the
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presented results. For the reader’s convenience, Appendix [Bl supplies a brief review on the notion
of stable convergence and its variants.

2. NOTATION AND ASSUMPTIONS

Throughout all the paper, we will adopt the same notation used in [2]. In particular, we denote
by Re(z), Zm(z), Z and |z| the real part, the imaginary part, the conjugate and the modulus of
a complex number z. Then, for a matrix A with complex elements, we let A and AT be its con-
jugate and its transpose, while we indicate by |A| the sum of the modulus of its elements. The
identity matrix is denoted by I, independently of its dimension that will be clear from the context.
The spectrum of A, i.e. the set of all the eigenvalues of A repeated with their multiplicity, is de-
noted by Sp(A), while its sub-set containing the eigenvalues with maximum real part is denoted
by Amax(A), i.e. A* € Apax(A) whenever Re(A*) = max{Re(\) : A € Sp(A)}. Finally, we consider
any vector v as a matrix with only one column (so that all the above notations apply to v) and we
indicate by ||v|| its norm, i.e. |[v||> = ¥ v. The vectors whose elements are all ones or zeros are de-
noted by 1 and 0, respectively, independently of their dimension that will be clear from the context.

Throughout all the paper, we assume that the following conditions hold:

Assumption 2.1. There ezist real constants ¢ > 0 and 1/2 < v < 1 such that condition (@) is
satisfied, which can be rewritten as

9) n'r, = ¢ + o(l).
In some results for v =1, we will require a slightly stricter condition than (), that is:
(10) nr, = ¢ + O(n_l).

We will explicitly mention this assumption in the statement of the theorems when it is required.
Assumption 2.2. The weighted adjacency matriz W is irreducible and diagonalizable.

The irreducibility of W reflects a situation in which all the vertices are connected among each
others and hence there are no sub-systems with independent dynamics (see [2, [3] for further detaﬂs)
The diagonalizability of W allows us to find a non-singular matrix U such that U TI/V(UT)
diagonal with complex elements \; € Sp(IW). Notice that each column u; of U is a left elgenvector
of W associated to a some eigenvalue \;. Without loss of generality, we set ||u;|| = 1. Moreover,
when the multiplicity of some /\] is blgger than one, we set the correspondmg eigenvectors to be
orthogonal. Then, if we define V' = (U T)~! we have that each column v, of Visa right eigenvector
of W associated to A; such that

(11) u/ v;=1, and u) v; =0, Vh # .

These constraints combined with the above assumptions on W (precisely, wp ; > 0, wil=1
and the irreducibility) imply, by Frobenius-Perron Theorem, that A\; := 1 is an eigenvalue of W
with multiplicity one, Apax(W) = {1} and

(12) w =N, N'21Tv;i=1 and v ;:=[vi]; >0 VI<j<N.
We use U and V to indicate the sub-matrices of U and TN/, respectively, whose columns are the left

and the right eigenvectors of W associated to Sp(W) \ {1}, that is {us,...,un} and {va,..., vy},
respectively, and, finally, we denote by \* an eigenvalue belonging to Sp(W) \ {1} such that

Re(N*) = max {Re(\;) : A\j € Sp(W)\ {1}}.
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In other words, if we denote by D the diagonal matrix whose elements are \; € Sp(W) \ {1}, we
have \* € Apax(D).

3. MAIN RESULTS AND DISCUSSION

In this section, we present and discuss our main results concerning the asymptotic behavior of
the joint process (Z,, Ny, ),. We recall the assumptions stated in Section [2and we refer to Appendix
for a brief review on the notion of stable convergence and its variants.

We start by providing a first-order asymptotic result concerning the almost sure convergence of
the sequence of pairs (Z,, N, ).

Theorem 3.1. For N > 1, we have
N, &% Z.1,

where Zo is the random variable with values in [0,1] defined as the common almost sure limit of
the stochastic processes Z7 = (Zy j)n-
Moreover, the following statements hold true:

(i) P(Zoo = 2) =0 for any z € (0,1).
(i) If we have P(ﬂj-vzl{Zo,j =0}) + P(ﬂj-v:l{Zo,j =1}) <1, then P(0 < Zoo < 1) > 0.

In particular, this result states that, when N > 2, all the stochastic processes N/ = (Nnj)n,
located at the different vertices j € V of the graph, synchronize almost surely, i.e. all of them
converge almost surely toward the same random variable Z,,. Moreover, this random variable is
the same limit toward which all the stochastic processes Z7 = (Zn,j)n synchronize almost surely
(see Theorem 3.1 in [2]). In addition, it is interesting to note that the synchronization holds true
without any assumption on the initial configuration Zy and for any choice of the weighted adjacency
matrix W with the required assumptions. Finally, note that the synchronization is induced along
time independently of the fixed size N of the network, and so it does not require a large-scale limit
(i.e. the limit for N — +o00), which is usual in statistical mechanics for the study of interacting
particle systems.

We now focus on the second-order asymptotic results. Specifically, we present joint central limit
theorems for the sequence of pairs (Z,,,N,,), in the sense of stable convergence, that establish the
rate of convergence to the limit Z,,1 given in Theorem B and the relative asymptotic random
covariance matrices. First, we consider the case 1/2 < v < 1:

Theorem 3.2. For N > 1 and 1/2 <y < 1, we have that

L (L — 2ol > 5
13 =3 n oo — N[0, Zo.(1-2Z) (27 ~ 77 tably.
" ' <Nn_Z°O1> < ( )<Ev Ew—i-Fv) > Sy
where

2 2
14 ¥, = 5211" 52.— lvill”
(14) ¥ ¥ and o N2y 1) > 0,
and
~ 2 2

(15) T =35211T  and 7= — [\21

7T N3 -29)
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Remark 3.1. Some considerations can be drawn by looking at the analytic expressions of 53/ and

83 in (I4) and (IH), respectively. First, they are both decreasing in N, so that the asymptotic
variances are small when the number of vertices in the graph is large. Second, they are both
increasing in ¢ and decreasing in -y, which, recalling that lim, n7r,, = ¢, means that the faster is
the convergence to zero of the sequence (7y,),, the lower are the values of the asymptotic variances
53 and 8,%. Third, when  is close to 1/2, 5,% becomes very large, while E?Y remains bounded, and
hence the processes (Z,, — Z»1) and (N,, — Z51) become highly correlated. Finally, since we have

1<1+ vi—w|? = v < N,
we can obtain the following lower and upper bounds for 53/ and 3,% (not depending on W):

2 62 C2 62

c ~2 ~2
— < < — d ——— < < — .
Ny -1 == -1n M N@E-2y) - T B2
Notice that the lower bound is achieved when vi = u; = N -1/ 21, i.e. when W is doubly stochastic.
Remark 3.2. Note that from (I3)) of Theorem B2, we get in particular that, for any pair of
vertices (j,h) with j # h, n“’_%(NnJ — Ny, 1) converges to zero in probability. Indeed, denoting
by e; the vector such that e;; = 1 and e;; = 0 for all i # j, we have 1T(ej —ep) = 0 and
hence (ej —e;) Y, (e; —ey) = (ej —e;) Ty (ej — e,) = 0. Therefore, Theorem implies that
the velocity at which the stochastic processes N7 = (Nn.j)n, located at different vertices j € V,
synchronize among each other is higher than the one at which each of them converges almost surely

to the common random limit Z. The same asymptotic behavior is shown also by the stochastic
processes Z7 = (Z, j)n as shown in [2 21].

For v = 1 we need to distinguish the case N =1 and the case N > 2. Indeed, in the second case
we can have different convergence rates according to the value of Re(\*). More precisely, we have
the following results:

Theorem 3.3. For N =1 and v =1, we have that

Ly — Zoo c2 2
Theorem 3.4. For N > 2, v =1 and Re(X*) < 1— (2c)”", under condition (), we have that

Zn - Zoo]- g:1 + i\:ZZ il + i\:ZN
16 N[0,z -z (2 T 222 it tably,
16) \/ﬁ<Nn_Z°01> ( ( )<21+E;N 21+2NN>> sy

where 3y is defined as in () with v =1, and

izz = U§ZZUT, where
(17) [Szzlh, = ¢ (viv;), 2< h,j <N;
ZZlhj ‘= 2 —A)—1 nVi) 4= 1] S AV
iNN = (7§NN[7T, where
~ 2 2 -~ -~ 1—c T .
il = = D2l (Bl = Bilia o= (1o ) (]v)) 225 <,
j

. o -l -l
(18) By = i S =R ), 2 < hj<
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§ZN = U§ZN[7T, where

~ 1— c
[SzN]n1 = (vivi), 2<h <N,
1—-XA

a c+ (c— — )t
(19) [SzNln,; = 4?2(_ )\i)(_l)\ ))\f)l (vivj), 2<h,j <N.

Theorem 3.5. For N > 2, v =1 and Re(\*) =1 — (2¢)~', under condition [I0), we have that

n Z, — Zx1 P Iy
(20) — < " ) — N( Zoo(l — Z) < 2z *ZN> ) stably,
In(n) \Nj, — Zoo1 SN SEN

where

Shy i =US5,U",  with

(21) [Syzlng == VAV L{e@-r-r)=1}s 2 < hj < N;
Sin = USENUT,  with
O )\h)\j
(22) [Snnlng = TSNSy )(Vh Vi)Llic@-x,—r)=1}: 2 < h,j < N;
Sen =USenU',  with
~ CAj .
(23) [SzNng = ?j)\h(vf—lz—vj)]l{c@—)\h—)\j):lb 2<h,j<N.

Remark 3.3. The central limit theorem only for the stochastic process (Z,, ), can be established
in the case Re(\*) < 1— (2¢)~! replacing condition () with the more general assumption () (see
Theorem 3.2 in [2]). However, condition (I0) is essential in our proof of the central limit theorem
for the joint stochastic process (Z,,N,,), as stated in Theorem B.41

Remark 3.4. From Theorem [3.4] and Theorem we get that, when N > 2 and v = 1, for any
pair of vertices (j,h) with j # h, the difference (N, ; — N, ) converges almost surely to zero with
the same velocity at which each process N9 = (N, ;) converges almost surely to Z,. (The same
asymptotic behavior is shown also by the stochastic processes Z7 = (Z,, ;) as provided in [2, 21].)
Indeed, although il(ej —ep) =0 and u (ej —e) = 0, we have U ' (ej —e;,) # 0 and hence, setting
u;,:=U'(e; —e;) and U, = ﬁT(ej —ep) = (0,uj,)", for Re(A*) < 1—(2¢)~! by (I8) we have

N <§n] _ ]ZV”D N ( 0, Zoo(l — Zu) (u Szztin W, SN, h) ) stably;
n7] n’

~T
u; B SEN u; SN

while for Re(\*) = 1 — (2¢)~! by (20) we have
n (Zn,j - Zn,h> Nl o ’ Zoo(l o Zoo) u] hSZZu] h 11] hSZNu] h Stably.
In(n) \Nn,j — Nan u; hS NWjh U hS NWih

Notice that the only elements [§NN]h,j that count in the above limit relations are those with
2 < h,j < N. Then, from (I8]) we can see that these elements remain bounded for any value of ¢,

while from (I7]) we can see that the elements of Szz are increasing in c. (The same considerations

can be made for the elements of the matrices Sl*\TN and SZZ, but in this case the value of ¢ is
uniquely determined by Re(\*)). As a consequence, for large values of ¢, the asymptotic variance
of (N, j — N,) becomes negligible with respect to the one of (Z, ; — Z,, ). Therefore, when



EMPIRICAL MEANS OF INTERACTING RSPS 9

N > 2 and v = 1, the synchronization between the empirical means N/ = (N, ;),, located at
different vertices j € V, is more accurate than the synchronization between the stochastic processes
7 = (vaj )n

An interesting example of interacting system is provided by the “mean-field interaction”, already
considered in [2| 2], 22] 25]. Naturally, all the weighted adjacency matrices introduced and analyzed
in [2] can be considered as well.

Example 3.1. The mean-field interaction can be expressed in terms of a particular weighted
adjacency matrix W as follows: for any 1 < h,j < N (here we consider only the true “interacting
case”, that is N > 2)

(24) Wh,; = + 5h,j(1 — O[) with a € [0, 1],

a
N
where 8y, ; is equal to 1 when h = j and to 0 otherwise. Note that W in (24]) is irreducible for a > 0
and so we are going to consider this case. Since W is doubly stochastic, we have vi = u; = N~/21.
Thus, for 1/2 < v < 1, we have
2 2
~9 C ~92 C
=———— and = .
YT N2y 1) T NGB 29)
Furthermore, we have A\; = 1 — « for all \; € Sp(W) \ {1} and, consequently, the conditions
Re(\*) < 1—(2¢)~! or Re(A*) = 1—(2¢)~! required in the previous results when v = 1 correspond
to the conditions 2ca > 1 or 2ca = 1. Finally, since W is also symmetric, we have U = V and so
UlU=V'V=TandUU" =VVT = (I - N"'11T). Therefore, for the case y = 1 and 2ca > 1,
we obtain:

2ca—1

c—1)? and [§NN]j,j _ Li2(c=ba7l for 2 < j < N, while [§NN]h7j = 0 for any

(i) [Sznliy = SN for 2 < j < N, while [Sznn, = 0 for any b # j, 2 < h < N and
1<j<N.
Finally, when v = 1 and 2ca = 1, we get:
(i) Sz = I
(i) Sgoy = U515
(i) S = <=7 O

«

3.1. Some comments on statistical applications. The first statistical tool that can be derived
from the previous convergence results is the construction of asymptotic confidence intervals for the
limit random variable Z.,. This issue has been already considered in [2], where from the central
limit theorem for Z, := N—1/2 v Z, (recalled here in the following Theorem ETJ), a confidence
interval with approximate level (1 — @) is obtained for any 1/2 < vy < 1 as:

~ 20

where 62 is defined as in () (also for v = 1) and zg is such that N (0,1)(zg,4+00) = 6/2. We note
that the construction of the above interval requires to know the following quantities:

Zn(1 = Z,)52

’y?

(i) N: the number of vertices in the network;
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(ii) vi: the right eigenvector of W associated to A\; = 1 (note that it is not required to know
the whole weighted adjacency matrix W, e.g. we have vi = u; = N~/21 for any doubly
stochastic matrix);

(iii) v and ¢: the parameters that describe the first-order asymptotic approximation of the
sequence (7,)n (see Assumption [ZT]).

In addition, the asymptotic confidence interval in (28] requires the observation of Zn, and so of Z,, ;
for any j € V. However, this requirement may not be feasible in practical applications since the
initial random variables Zj ; and the exact expression of the sequence (ry,), are typically unknown.
For instance, if at each vertex j € V we have a standard Polya’s urn with initial composition given
by the pair (a,b), then we have Zy; = a/(a +b) and 7, = (a + b+ n + 1)~! and hence, when
the initial composition is unknown, we have neither Zy ; nor the exact value of r,, but we can get
v =c¢ = 1. To face this problem, here we propose asymptotic confidence intervals for Z., that do
not require the observation of Z, j, but are based on the empirical means N, ; = >, Xy ;/n,
where the random variables X}, ; are typically observable. To this aim, we consider the convergence
results presented in Section Bl on the asymptotic behavior of N,,.

We first focus on the case 1/2 < v < 1 and we construct an asymptotic confidence interval for Z.,
based on the empirical means N, ;j, with j € V, and the quantities in (i)-(ii)-(iii). Indeed, setting
N, := N~Y/2yTN,, and using the relation v] u; = N~/2v]1 =1 (see ([[Z)), from Theorem B2 we
obtain that

nITV2(Ny = Zoo)— N (0, Zoo(1 = Zoo) (32 +52) ) stably,
where 53/ and 8,% are defined in ([[4) and (I3, respectively. Then, for 1/2 < v < 1, we have the
following confidence interval with approximate level (1 — 6):

~ Z0 7 = ~ ~
CL_o(Z) = N, + m\/Nn(1—Nn)(ag+ag).

Analogously, for v =1 and N = 1, from Theorem B.3] we get

Cli_¢(Zs) = Ny £ “L/Ny(1— N)(E+ (c— 1)2).
N4
When v = 1 and N > 2, we have to distinguish two cases according to the value of Re(\*).
Thus, in this case, the construction of suitable asymptotic confidence intervals for Z., requires also
the knowledge of Re(A\*). Specifically, when Re(\*) < 1 — (2¢)~!, from Theorem B.4] using the
relations v{ u; = 1 and v{ U = 0 (see (II))), we obtain that

V(N = Zoo)— N (0, Zoo(1 = Z00)(33 + N7 Sanli1) ) stably,

where 77 = c?||v1]|?/N and [§NN]1,1 = (¢ — 1)?||v1||?>. Hence, in this case we find:

Y 203 1 [ (Ee=DD)|vi?
Ch_¢(Zs) = Np £ \/ﬁ\/Nn(l Nn)< N )

Note that analogous asymptotic confidence intervals for Z,, can be constructed replacing Nn by
another real stochastic processes (a'IN,,),,, where a € RY and a1 = 1.

Finally, when Re(\*) = 1 — (2¢)~1, we can not use N,, since, by Theorem and the fact that
v] U = 0, we have y/n/In(n)(N, — Zs) — 0 in probability. Therefore, in this case we need to
replace the vector vi by another vector a € RY witha'l=1and a'U # 0.
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Example 3.2. In the case of a system with N > 2 and mean-field interaction (see Example B.1]),
we get the following asymptotic confidence intervals for Z,, with approximate level (1 — 6):

: e N N-19T
) n — ns
(i) when 1/2 <y < 1, setting N, = N~'1'N,,, we have

CLo(Z) = Ny + —20_ N1 = W) 2¢7 .
1-0\%c0) — n n'y—l/2 n n N(2’7—1)(3—2’7)’

(ii) when v = 1 and 2ca > 1, setting N, = N~'1TN,,, we have

R A L

(iii) when v =1 and 2ca = 1, setting N :=a' N,, with a’1 =1 and a # N~'1, we have

Choze) = Ny 2oy 2 [Ra0 - Ay D,

where the last term follows by recalling that UU " = I — N~'11" and noticing that
a'lUUTa=a'"(I-N111Na=|a? - N"!=|a—- N"11)?

(where for the last two equalities we used that a’1 = 1).

0

Another possible statistical application of the convergence results of Section [3] concerns the
inference on the weighted adjacency matrix W based on the empirical means N, ;, with j € V,
instead of the random variables Z,, ; as done in [2]. Let us assume N > 2 (the proper “interacting”
case). We propose to construct testing procedures based on the multi-dimensional real stochastic
process (UV 'N,,),,. Indeed, we note that it converges to 0 almost surely because N,, =% Z 1 and
V1 =0 (since (IT)) and (IZ)). Moreover, when v = 1 and Re(\*) < 1 — (2¢)~!, from Theorem [34]
we get that

VUV TN, —s N ( 0, Zoo(l = Zoo)U[Snn) (1)U " ) stably,

where [§NN](_1) denotes the square sub-matrix obtained from Sy removing its first row and its
first column.
Analogously, when v = 1 and Re(\*) = 1 — (2¢)~!, from Theorem [B.5 we get that

T N -
e )UV N —>N( Zoo(1 ZOO)ZNN> stably.

Remember that the case v = 1 includes, for instance, systems of interacting Pdélya’s urns.

Example 3.3. In the case of N > 2 and mean-field interaction (see Example B.1]), recalling that
~ 2
U=V,UUT =(I—N"117), [Snn](_1) = FEV 1 and Sig = U=520UT, we obtain that:

2ca—

(i) when v =1 and 2ca > 1,

1+2(c—1)a"t
2cac — 1

V(I = N"'11N,— N ( 0, Zoo(l — Zs) (I-N~111") > stably;

(ii) when v =1 and 2ca =1,

N2
(I-N"1117)N,— N < 0, Zoo(l— Zoo)%

_ a—1q9qT
() (I-N""11 )) stably.
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In this framework, it may be of interest to test whether the unknown parameter o can be assumed
to be equal to a specific value o € (0, 1], i.e. we may be interested in a statistical test of the type:
Hy: W =W, Vs Hy: W =W, for some a € (0,1] \ {ap}.

To this purpose, assuming 2cag > 1 and setting N, = N—'1TN,,, we note that:
(i) for v =1 and 2cag > 1, under Hy we have that

N STt 2ca0 —1 T 144 T d o
an—N] NI (7= N""11T)N, %
M= N)] S N A3

(ii) for v =1 and 2cap = 1, under Hy we have that

n [~ ~ 1-1 a2 d

Na(l= No)| s NI = NN, Gy
ln(n) [ ( ) (1 — 040)2 n( ) XN-1
Concerning the distribution of the above quantities for a # «, since the eigenvectors of W do not
depend on «, we have that, for any fixed o € (0,1] \ {a}, under the hypothesis {W = W, } C Hy,
we have that:

(i) for v =1, 2cap > 1 and for any a # o such that 2ca > 1,

2ca — 1 2cap — 1\ [(1+2(c—1)a™!
_ - _1N7—|;(I— N_lllT)Nn 4 ( €0 > ( +2(c )a_1> X?\f—h
Np(1—Np) 1+2(c— 1)y 2ca — 1 14+ 2(c—1)ag

while, if 2ca = 1, the above quantity converges in probability to infinity;
(i) for v =1, 2cap = 1 and for any « such that 2ca > 1 (which obviously implies a # «y), we
have

% NT(I—N-11T)N, £ 0
T=ape ™ N =0

0

The case 1/2 < 7 < 1 requires further future investigation. Indeed, since V''1 = 0 (by (II)) and

([I2)), from Theorem we obtain that n7~2U VTN, — 0 in probability. Then, a central limit
theorem for UV TN, with the exact convergence rate (if exists) is needful. In this paper, as we
will see more ahead in Remark [£.2] by the computations done in the proofs of Section [ we can
only affirm that n°UV 'N,, — 0 in probability for all ¢ < /2 and, when e = /2, the random
vector n°UV TN, is the sum of a term converging to zero in probability and a term bounded in L!.
Therefore, further analysis on the asymptotic behavior of n?/2UV TN, results to be interesting for
future developments.

4. PROOFS

This section contains all the proofs of the results presented in the previous Section

4.1. Preliminary relations and results. We start by recalling that, given the eigen-structure
of W described in Section 2] the matrix u;v, has real elements and the following relations hold:

(26) Viw=U"vi=0, VIU=U"V=I and I=uv| +UV",

which implies that the matrix UV " has real elements. Moreover, using the matrix D defined in
Section @ we can decompose the matrix W' as follows:

(27) W' = wv{ + UDV'.
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Now, in order to understand the asymptotic behavior of the stochastic processes (Z,), and
(N,,)n, let us express the dynamics () as follows:

Lot — L = —1, <I - WT> Zn + TnAMu41,
2 N N ! N, -W'Z 1 AM
n+1 — Ny = _n——l-l( n— n) + nol n+1,

where AM,, 11 = (X,41 — WTZn) is a martingale increment with respect to the filtration F :=
(Fn)n. Furthermore, we decompose the stochastic process (Zy,), as

~ ~ ~ ~ Zn:=N"1?v] 7z ,
(29) Zn = Zp1 + Zn = VNZpuy + Zy, where { " o . .
Z,=2,—1Z, =1 —-wv, )Z,=UV"Zy,;
while we decompose the stochastic process (N,,),, as

(30) N, = Z,1 + ﬁn =VNZ,u + Nn, where ﬁn =N, — Z,1.

Then, the asymptotic behavior of the joint stochastic process (Z,,, N,,), is obtained by establishing
the asymptotic behavior of (Z,), and of (Z,,N,),.

Remark 4.1. In the particular case when W is doubly stochastic, we have vi =u; = N —1/21. As
a consequence, we have

N
Zy=N""172,=N"Y"7,;,
j=1

which represents the average of the stochastic processes Z,, ;, with j € V, in the network, and
Zn = <I - N—111T) Z, and N,=N,-N'117%,.

Notice that the assumed normalization W'1 = 1 implies that symmetric matrices W are also
doubly stochastic. Therefore, the above equalities hold for any undirected graph for which W is
symmetric by definition.

Concerning the real-valued stochastic process (Zl)n, from [2 Section 4.2] we have that it is an
F-martingale with values in [0, 1] and its dynamics can be expressed as follows:

(31) Znit — Zn = N~V2p, (vlTAMnH) .

In particular, we have that Zn L% 7 and in [2] the following central limit theorem for (Zn)n is
established:

Theorem 4.1. [2| Theorem 4.2] For N > 1 and 1/2 < v < 1, we have
n~3 (Zn — ZOO) — N (0, 53 Zoo(1=Zs) )  stably,

where 5’,% is defined as in (I4) (also for v = 1). The above convergence is also in the sense of the
almost sure conditional convergence w.r.t. F.

Concerning the multi-dimensional real stochastic process (Zn)n, we firstly recall the relation

(32) W'Z, = UDV'Z,,
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which is due to (28) and (21), and, moreover, we recall that from [2, Section 4.2] we have the
dynamics

(33) Zpi1 — Zn = —rU(I — D)V " Zyp +r,UV " AM,, 14

and in 2%0.

Finally, concerning the multi-dimensional real stochastic process (Nn)n, using (28), 29), B0)
and the assumption W '1 = 1 (which implies W 'Z,, = Z,1+W'Z n), we obtain the dynamics:

~ ~ 1
4 N - N, =—
(3) n+1 n ’I’L—I—l

(N, — W'Z,) + n—HAMnH — (Zps1 — Zn)1.

4.2. Proof of Theorem [3.1] (Almost sure synchronlzatlon of the empirical means) We re-
call that in [2 Theorem 3.1], by decomposmon @), i.e. Zy = Zyl+Zy, and combining Z,, *% Z.,
and Z 2% 0, it is proved that Z,, =% Z..1. As a consequence, using W'1 = 1 and ([l), we obtain
E[X,|Fno1] *2% Z.1 and, applying Lemma [A2 (with ¢, = k, Upk = k/n and n = 1), we get
that N,, =% Z,1. This concludes the proof of the first part of the theorem, concerning the

synchronization result. For the second part, that is the results on the limit random variable Z,
we refer to [2] Theorem 3.5 and Theorem 3.6]. O

Note that, by the synchronization result for (Z,,), we can state that

(35) E[(AM,11)(AM,1 1) " | Fu] &5 Zoo(1 — Zoo)1.
Indeed, since {X,,41,;: j=1,..., N} are conditionally independent given F,,, we have
(36) E[AMn+1,hAMn+l,j ‘fn] =0 for h # j;

while, for each j, using the normalization W1 = 1, we have

N N
(37) E[(AMpy14)? | Fo) = <Z wh,jzn,h> <1 — th,jzn,h> 22 Zoo(1 = Zoo).
h=1 h=1

4.3. Proof of Theorem (CLT for (Z,,N,,), in the case 1/2 < v < 1). In order to prove
Theorem B.2] we need to provide the asymptotic behavior of the stochastic processes (Zn)n and
(ﬁn)n First of all, we recall that Zn =0 for each n when N =1 and, for N > 2 and 1/2 < v < 1,
we have from [2] Theorem 4.3] that

(38) n3Z, — N <0, Zoo(1 — Zoo)iﬁf> stably,
where
S 5 g c . .

Moreover, looking at the proof of (B8] in [2], it is easy to realize that for N > 2 and 1/2 <y < 1

we have lim, n"E [Hinﬂﬂ = C, where C' is a suitable constant in (0, 400), and so, recalling that

in = 0 for each n when N = 1, we can affirm that, for every N > 1 and 1/2 < v < 1, we have that
(39) E[11Za]?| = 0(n7).

Regarding the stochastic process (Nn)n, we are going to prove the following convergence result:



EMPIRICAL MEANS OF INTERACTING RSPS 15
Theorem 4.2. For N > 1 and 1/2 < v < 1, we have that
(40) n"3 N, AN (O, Zoo(1— ZOO)IA}) stably,

where fv is the matriz defined in (5.

Proof. We observe that by means of ([34) we can write

’I’L(Nn — Nn—l) = _ﬁn—l + WTZn_l + AM,, + n(Zvn_l — Zn)l
Then, using the relation
H(N\-n — N\-n—l) + ﬁn—l = nﬁn — (Tl — 1)Nn_1,

we obtain that

nﬁn = [k‘l/\\fk — (k- 1)1/\\116_1} =w' Z ik—l + Z [AMk + ]{I(Zk_l — Zk)l} .
k=1 k=1 k=1

Now, we set e := v —1/2 > 0 for each 1/2 < v < 1 and hence from the above expression we get
NNy, =ty > ooy Tr + W'Q,, where t, = 1/n(1_e), Qn =ty 1y Zr_1 and

T, =AM, + k <Zk_1 — Zk) 1=AM,; — N_1/2k‘rk (VIAMk) 1.

The idea of the proof is to study separately the two terms
n
tn Z T}, and Q..
k=1

More precisely, we are going to prove that the first term converges stably to the desired Gaussian
kernel, while the second term converges in probability to zero.

First step: the convergence result for tp, » ,_; Tj.

We note that (T)i<k<n is a martingale difference array with respect to F. Therefore, we want to
apply Theorem Bl (with k, = n, Ty, = Ty and G, = Fi). To this purpose, we observe that
condition (c1) is obviously satisfied and so we have to prove only conditions (¢2) and (c3).

Regarding condition (¢2), we note that

En: T, T, = f: AM,(AM,)" + N~ En: k22 (VIAMk)2 117
k=1 k=1 k=1
N2 Zn: ke (VITAMk) AM;1T — N~12 Zn: ke (vIAMk) 1(AM,)".
k=1 k=1

The convergence rate of each of the four terms will be determined in the following.

By B3) and Lemma [A2] (with ¢, = k, v, = (k/n) and n = 1), for the first term, we obtain
that

ntY TAME(AM) T 2% Zoo(1 = Zoo)I
k=1
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Moreover, regarding the second term, by (B9) we have that

n n

1 ?
o —2(1—e) 2,2 _ 21 —2(1—e)
hinn E kr, =c hinn g F20=9 (1= )
k=1 k=1

and, since by ([B0) and (31 we have that

2 a.s.
E[(ﬁAMk) ]]-"k_l] qulj [(AM )2 Fir] 25 [v1 ] Zoo(1 — Zoo)

by Lemma [A2] again (with ¢y = k, v, 1 = k°r/n?079) and n = 2(10—;)), we obtain that

2O NS TR (v AM) 11T 25 2(167)N V112 Zoo(1 — Zo)11 .
— €

Furthermore, concerning the third term, by (B9) we have that

limn~(+3— Zkrk—chmn (145—e E k‘*_e—
k=1

n

On the other hand, by means of ([B6]) and (B7), we have that

E[(vIAMk>AMk1T \}“k_l] - E[(ivl,jAMk,j>AMk1T ]]-"k_l] 25 11T Zoo(1 — Zoo),
j=1

and so, by Lemma [A2] again (with ¢ =k, v, = krk/nH%_e and n = m), it follows
—(14+1—¢) Ar—1/2 - ( T T as, c B T
n~(+379) N kg, (v AMk> AM;1T %% Zoo(1 — Zoo)vi1 .
kzzl ! (1+1/2—e)VN ( )

Finally, for the convergence of the fourth term, we can argue as we have just done for the third
one. Indeed, observing that, by ([B6) and ([B7), we have that

E[(vlTAMk)l(AMk)T |}'k_1} - E[l(iv:vl,jAMkJ)(AMk)T |}"k_1] V] Zoo(1 — Zoe),
j=1

we get

—(1+L1—e) Ar—1/2 - T T a8, c
n 2 N kri (vi AM ) 1(AM,) —
kzzl < ! ) (AM) (1+1/2—e)VN

Summing up, since for 1/2 < v < 1 we have 2(1—¢) > 1 and 2(1—¢) > 1+1/2— ¢, we obtain that

n
1 1
> TRT) = —0=q ZTkTT —>0—|——HV1H m200(1—200)11T_o—0

= Zoo(1 = Zoo) 2 NN -

Zoo(1 = Zoo)1v] .

(41)

Regarding condition (c3), we note that

t, sup |Tp|=—— sup O(k'™) =0(1/n""%) = 0(1/vn) — 0
1<k<n n 1<k<n
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Therefore also this condition is satisfied and we can conclude that ¢, Y ,_; T) converges stably to
the Gaussian kernel with mean zero and random covariance matrix given by (@Il).

Second step: the convergence result for Q.
We aim at proving that Q, converges in probability to zero, that is each component @), ; converges
in probability to zero. To this purpose, we note that

B[1Qungl] < tngle{ Zea4l} < t";’m [(Zi1?] < t"ki:l‘/E [1Zi-112]

Therefore, recalling that, for 1/2 < v < 1, we have E [||2n||2] = O(n™7) (see (B9)), we can
conclude by (B9) that

n n

E[|Qnsl] = O(tn kZ:l /%) =0(n"079) ; ﬁ) =0(nHertor) ZO(ﬁ) -0

O

Now, the proof of Theorem follows from the previous result, together with Theorem [Z1] and
Theorem

Proof of Theorem[3.3. By Theorem [4.1] we have that
n’"2 (Zn —Zso)1l — /\/(O, Zoo(1l — Zoo)iﬁ,) stably in the strong sense.
Thus, from Theorem E.2], applying Theorem [B.2] we obtain that
ni— <Nn — 21, (Zn — Zao)1) — N (0, Zoo(1 = Zoo)T,) @ N (0, Zoo(l = Z:)S,)  stably.

In order to conclude, it is enough to observe that

~ 1 7
W8 (B = 2o, N = Zoo) = @ (075 (N = Zu1), 073 (Z = Zo)1) o -y (n320,0)
n

where ®(x,y) = (y,z +y) and the last term converges in probability to zero (since Z, = 0 for each
n when N = 1 and since (B8)) when N > 2). O
Remark 4.2. With reference to the statistical applicationAs discussed in Subsection Bl we recall
that, since V'1 = 0 (by (@8)), we have UV 'N,, = UV'N,, and V',V is the null matrix, and

so from (40) we can get that n"3UVIN, 5 0 for 1 /2 < ~ < 1. More precisely, following the
arguments in the proof of Theorem 2] it is possible to show that, when 1/2 < v < 1, we have

nUVIN, 5 0 for each e < v/2. Indeed, from (B34), together with ([B2]) and again the relation
V11 =0, we obtain

n(UV'N, —UV'N,_1)=-UV Nu_1 + W' Z,_1 +UV'AM,
and hence, setting t,, :== 1/n'~¢, T} :== UV AM}, and Q,, :=t, > ory ik_l, we get
nUVIN, =t, Y Tp+W'Q, = ——— > T+ W' Qy,
k=1 ni e Vn k=1
where ﬁZZﬂ T} converges stably to the Gaussian kernel N(0, Zs (1 — Zoo)UVIVUT) and
E[|Qu]] = O(t,n'~2) = O(n~(279). From these relations, we can also conclude that for 1/2 <
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v < 1 and e = /2, we have that n°UV TN, is the sum of a term converging to zero in probabil-
ity and a term bounded in L'. Therefore the asymptotic behavior of n?/2UV TN, needs further
investigation.

4.4. Proof of Theorem B.3] (CLT for (Z,,N,), in the case N =1 and ~ = 1). The proof
in the case N = 1 and v = 1 is similar to the one for 1/2 < v < 1. Indeed, usmg the same

arguments as in the proof of Theorem .2, together with the facts that Zn = Zn, Zn = 0 for each
n,vi=v11 =1land 2(1 —e) =1+1/2 —e =1, we obtain that
VN, = Zy) = VAN, —+ N (0, Zoo(1 = Zoo)(c — 1)) stably.
On the other hand, by Theorem EIl we have that
VI (Zn = Zoo) = N Zp — Zoo) — N (0, Zso(1 — Zo)c?)  stably in the strong sense.
Thus, applying Theorem [B.2] we obtain
VI ( Ny = Zp, Zn — Zoo) — N (0, Zoo(1 — Zoo) (¢ — 1)%) @ N (0, Zoo (1 — Zoo)c®)  stably.
In order to conclude, it is enough to observe that
\/E(Zn — Zoo, Np — ZOO) = (\/E(Nn - Zn)v \/E(Zn - ZOO)) )
where ®(z,y) = (y,x + y). O
Remark 4.3. Looking at the arguments of the proof of Theorem with N > 2 and v = 1,

we find E[|Qn|] = O (ﬁ) = O(1) and so, from this relation, we can not conclude that Q,

converges to zero in probability. Therefore part Of\ the proof of Theorem does not work when
N > 2 and v = 1. Moreover, since Q,, = > _; Zy_1/y/n and, from [2, Theorem 4.3], we know

that, when N > 2 and v = 1, the rate of convergence of Z,, is V/n or y/n/In(n) according to the
value of Re(\*), we may conjecture that, for N > 2 and v = 1, Q,, generally does not converge in
probability to zero. This fact leads us to a complete different approach to the proofs of Theorem [3.4]
and Theorem concerning the case N > 2 and v = 1, that will be developed in the next sections.

4.5. Proof of Theorem B.4] (CLT for (Z,,Ny), in the case N > 2, v =1 and Re(\") <
1—(2¢)~1). In order to prove Theorem [B.4] we need the following convergence result on (Zn, N n)nt

Theorem 4.3. Let N > 2, v =1 and Re(\*) < 1 — (2¢)~L. Then, under condition (IQ), we have

that R R R
vn Zn — N( 0, Zoo(1—2Zy) <§.%Z §ZN> > stably,
N, Y7N 2NN
where Szz, SN~ and Szx are the matrices defined in ([[T), [@R) and [[T), respectively.

Proof. First we use (32 in () and we replace the term (Z, — Z,_1) in (34) as shown in (&), so
that we obtain

N N 1~ ~
N,—-N, 1 =—=(-N,_1 +UDV"Z, 1 + AM,)) —r, 1N~V/2v] AM,1.
n

Then, if we define the remainder term as

11y, < _
(42) R, = ( ——>(—Nn_1+UDVTZn_1+AMn),

nrp—1 ¢
we can rewrite the above dynamics of N,, as follows:

(43) Nn =(1- Tn_lc_l)ﬁn_l + rn_lc_lUDVTzn_l + T fe T — N_l/zlvlT]AMn +rn_1R,,.
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Then, setting 6,, := (in,ﬁn)T, AMy ,, := (AM,,, AM,,)" and Ry, := (O, R,,) ", which are vectors
of dimension 2N, and combining [B3) and ([@3)), we can write

0,11 = (I - rnQ)On + Tn(RAMG,n—i-l + Rﬁ,n-i-l)a

Q= UI-D)WVT 0
T \—c'uDv" )
and (recalling that u; = N=%/21 and I = u;v] + UV by [[2) and (Z8))

uv'’ 0
(44) = < 0 (c'=Duv] + c‘lUVT> ’

Now, we will prove that /n@,, converges stably to the desired Gaussian kernel. To this end, the
first step is to define the (2V) x (2N — 1) matrices

U 0\ _(U 0 0 vV o0\ (V 0 0
Ue'_<0 f7>_<0 uy U> and Vg“(o x7>_<0 vi v>’

and observe that from (Z8) we have V,' Uy = I and

+ (UVT 0
U9V€_<O [>

where

Then, defining the (2N) x (2N — 1) matrices

(I-D) 0 0 I 0 0
(45) Sg = 0" ct ool and Sp:=10" ¢!'—-1 ol |,
—c'D 0 Ic! 0 0 c I

we have that Q = UQSQ‘/@T and R = UyS RV;)T. From the above relations on Uy and Vj, we get that
U(;VOTOn = 0,, and hence we can write

0,41 =Ug [I —7,50]Vy 0, + 7, RAMg 1 + 1R i1

Let us now set oj :=1— \; € C with \; € Sp(W) \ {1} = Sp(D) and recall that Re(a;) > 0 for
each j since Re(\;) < 1 for each j. Then, if we take mq large enough such that Re(a;)r, < 1 for
all j and n > mg, we can write

n n
(46) 0n+1 = Crg nOmy + Z Cht 1,0k RAM jp 11 + Z Crt1nmkRop+1  for n > mo,

k=mgo k=mo
where
Critn = UpApi1nVy
(47) Apar = [epir I —mmSql = o' aiilm o' for mp—1<k<n-—1
T
Az}l-l,n 0 Azi—l,n
I for k=n.

Notice that the blocks A}Cﬂrl’n, A%ﬂrl’n

particular, setting for any =z € C, pp,—1(z) := 1 and pg(x) =[]

and Aiil,n are all diagonal (N — 1) x (N — 1) matrices. In
k

m=me (1 — Tmz) for k > mq and
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Fii10(2) :==pn(x)/pr(z) for mg —1 < k <n —1, from Lemma [A.5] we get

[Abinlii = Firin(ag),
[Afnlii = aitin = Feein(e™),
48 Skl )
(48) L) (Frgrn(c™) = Fygin(ay)),  for cay # 1,
[A31 ] R et — 1
k+1nlis =

n

(1—cYFin(cHn (k:

> +0(n™Y), forcaj = 1.

Finally, we rewrite (4@ as

T, i = rkCry1n RAMg 141,
n

n

49 0 = CiynOm, + T, .+ , where

( ) n+1 mo,nYmo kz 77/7k pn,k an{I = Z chk—l-l,nRG,k—l—l-
o k=mg

and, in the sequel of the proof, we will establish the asymptotic behavior of 8,, by studying sepa-
rately the terms Cyng n0mg, D f—mo Tnk and py, .

Concerning the first term, note that by Lemma[A.3] we have that
(CongnZims| = O(pil) = O (n7"") = o(n?),

where the symbol * refers to the quantities aq, := Re(a;) and p,(a;) corresponding to o = o =
1 —X\; with Aj = A* € Apax(D), and hence the last passage follows by the fact that ca* > 1/2 by
assumption. As a consequence, we obtain v/n|Cp, 5 Zm,| — 0 almost surely.

Concerning the last term, p,, ;, notice that by (I0) and @Z2) we have that |Ry| = O(k™!);
moreover, by Lemma [A.3] we have that

|Crt1n| = O< ”2;’ > = O< <%>_m*) formog—1<k<n-—1.

. 1 .
Therefore, since p,, ), = Zzzmo rkCr+1nRo k1 = Zzzmo TkCrh+1mRO k41 + ™nCni1nRopnt1, it
follows (by (59])) that

n—1
ol = o k) o) o

k=mg
since ca™ > 1/2.

We now focus on the asymptotic behavior of the second term. Specifically, we aim at proving
that \/ﬁzzzmo T, converges stably to a suitable Gaussian kernel. For this purpose, we set
Gn.k = Fi+1, and consider Theorem B (recall that T, are real random vectors). Given the fact
that condition (c1) of Theorem [B.1lis obviously satisfied, we will check only conditions (¢2) and (¢3).
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Regarding condition (¢2), since the relation VQT Uy = I implies VQTR =5 RVQT, we have that

Z (VATn k) (VTop) " =n Z r7iCh1,n R(AMg 1 11) (AMy 1o 11) " RCY 1

k=mg k=mg

=Up (1 Y rfArs1n V' R(AMy 1) (AMyg 1) " RVe ALy, | Uy

k=my

n

=Up {1 Y mfAks10Sr V' (AMyjs1)(AMypi1) " Vo SrAL 1, | Uy

k=my

Therefore, it is enough to study the convergence of

n Y i Ari1nSr Vs (AMgii1)(AMy 1) Vo SRAL -

k=mg

Moreover, since O(nr2) = O(n~!) — 0 the last term in the above sum is negligible as n increase
to infinity, and hence it is enough to study the convergence of

n—1

(50) n Y riAe1nSr V' (AMg 1) (AMg 1) | Vo SrAL ) e

k=mg

To this purpose, setting By 41 := V,' (AMgpt1)(AMys1) Vg, Brs1 := V' (AMpy1)(AMyy) "V,
b1 =V (AMgy1)(AMg 1) " vy and by :=v| (AMy,1)(AMyy1)" vy, we observe that

Bi+1 b1 By
(51) Bogrs1= bl b1 bl
Bit1 b1 By

Since in By j1 the first and the third row and column of blocks are the same, in (G0) the (2N —
1) x (2N — 1) matrix (Ag41,,Sr) can be rewritten as a diagonal matrix with the following diagonal
blocks: Aj = Ay, A%-ﬁ-l,n = (A, T AR ) and agyy o= (T = 1)agd . Hence,
the expression in (B0) can be rewritten as

n—1 Ak+1 an+1Ak+1 n ak+1 nAk+1 P41 Ak—i—l an+1Ak+1 n
(52) ny a1§+1 nbk-i-lAk-i-l n (ak—i-l n) b1 ak-i—l nbk-l-lAk-H n
k=ma A, an+1Ak+1 7 ak+1 nAk+1 nPk41 Ak—i—l an+1Ak+1 n

The elements of Al ,az and A3 in the above matrix can be rewritten in terms of Fj,1.,(-),
k+1,n> “k+1n k+1n )

by (@8], in the following way:

[Afs1,0lii = Frernleg),

a%-{—l,n = (¢! = 1) Fyp1n(ch),
(53) L 0= e Fin(c™) = (1 — ) Fogn(ag)] . for caj #1

[A3 | cay — 1 c k+1,n\C G k+1,n G )] J )

k+1,nlj] —
[(1 — ¢ Hn <k:> +c ] Frin(ch)+0n™h), for ca; = 1.
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Hence, the almost sure convergences of all the elements in (52]) can be obtained by combining the
results of the following limits:

n—1 P

2 as g C
nk;()Tkﬁk—l—le—i-l,n(:E)Fk—i-l,n(y) — 5c(x+y) 1
a.s 02
(54) n Z 77 Br+1In (k) Fryin(2)Fryinly) — ﬁm=

k=mg
2c2

n—1
n Z 72 Brp1 In? (%) Fi1,0(2) Frrinly) = ﬁm7

k=mg

for certain complex numbers z,y € {a;, 2 < j < N} (remember that, by the assumption Re(\*) <
1 — (2¢)7%, we have c(a; + ay) > 1 with a, := Re(x) and a, := Re(y)), a suitable sequence of
random Variables Br € {[Bklnj, [brlj,bk; 2 < h,j < N} and some random variable . Indeed,
using Lemma [A.3] and relation (59), we have

(1) ”Zk —mo rk|ﬁk+1|0(n_2) = O(n _1)Zk “mo O “2) = 0;
(2) nln(n )Zk mo THBEr 110 )| Frgr (e = O~ n(n)) 352, Ok~ — 0;
(3) n Y h g TEIBr41 1OV [ Frgrn(y)] = O(n=c%) S202) Ok~ @=c)) 0.

In order to prove the convergences in (B4]), we will apply Lemma [A.2] to each of the three limits.
Indeed, each quantity in (54) can be written as 7} mo Un, kYk /ck, where

1 e n\, . (N
Vie=Bimn o= g and o= () () Fern@Finanly), - for e € {0,1,2),

satisfy the assumptions of Lemma More precisely, setting H,, = Fnp+1 we have

E[Yn ’Hn—l] = E[/Bn—i-l ’Jtn] 2) /87
because, by (35, we get that
E[Bn-i-l ’fn] - VT [(AMn+l)(AMn+1)T ’-’rn]v =5 (VTV)ZOO(l - Zoo),
Ebpy1 | Fa] = VIE[(AM,11)(AM, )T [ Folvi =2 (VIV1) Zoo(1 = Zao),
Elbyi1 | Fn] = Vl [(AMn+l)(AMn+1)T | Fnlvi =% ”V1”2ZOO(1 — Zoo).

Moreover, we have

M_ 47.2 4 2y _ 2
Z a2 —Z ARG ZrkOk —Z (1/k%) < +o0.
k k

In addition, since \USL\/% = nr2 In®(n/k)| Fet1.0(2) Fey10(y)], from (65) in Lemma [A4] (with

|v

u = 1) it follows that S~ vl

k=mg Ck

= O(1). Analogously, using again Lemma [A4] we can prove
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that >3} mo | SL - vfle’i_ﬁ = O(1) since by Remark [A.T] we have

OO o2 @) el
etk = Ol ) ore=o
2O @ 1~ o2 nin [pn(2)|[pn(y)| o e —
ikl = O{knte/+ DRI e
2© 0@ = ol (ni(n atn /ey P @)Pa (y)] o e —
| Ik = wiiheal = O(wR(uP(u/k) + (/) s S ), - for e =2

Hence, condition (B8) in Lemma is satisfied and so, in order to apply this lemma, it only
remains to prove condition (BZ). To this end, we get the values of lim, > ;_ vﬁg /cx by ([63) in

Lemma [A4] and we observe that lim,, vﬁf% = s € {0,1} and, for a fixed k, lim, |va63€| = 0 since
by Lemma [A3] we have |p,(2)pn(y)| = O(n=¢@+aw)) = o((n1n®(n))~1).

Now that we have proved the convergences in (B4]), we can use the relations in (B3] to compute
the almost sure limits of all the elements in (52)). The results are listed below, while the technical
computations are reported in Appendix [A.3.1]

a.s c2
° ”Zk =mo A k+1an+1Ak+1n] HW(V}LV])Z (1-Zx);

a.s. 14+(c— 1)(ah —I—a

o n> ) =mo rilA k+17an+lAk+1 b — lanFa;)= (V i) 200 (1 = Zoo);
o 35, -mo o0} 41,0) k1 = (¢ = 12 V1] Zoo (1 = Zoo);
o 130, mo Tl Ak Brr1 A nlng = j(]:xh(—i-a; (v V])Z (1= Zoo);
b ”Ek m() Tkak+1 n[b;——i-lAk—l—l nli 25 = C( Vi) Zoo(1 = Zo);
o n >z, T TG PR AL ] T S ( Vi) Zoo(1 = Zoo).
Hence, setting
n—1
Szz = a.s. — nh_)rrolon r,%A,lg+17an+1A,1€+l’n,
k=mgo
§NN = a.s.— lim n S 7"13< 2(ai+1’g)2bk+l akH nbk+1A%+1">
[ e Gy Af Pt ARy Bra A,
n—1
§ZN = a.s. — nh_)n;on r,% (G%Jrl,nAlchrl,nka All~c+1,an+1A%+1,n) ,
k=mg

and using (52)), we can state that

- a.s. Sz7  SzN T <U§zzUT U§ZN(7T>
T, T, L5 Uy Ul —
k;g(\/ﬁ £ (/nTh) <S SNN> 0 GETUT Do

Regarding condition (c3), we observe that, using the inequalities

IT| = 1kl Crr1,n RAM 1| < 1l Ul Apirn ||V T RI[AMg i1 | < K1l Aggrnl,
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with a suitable constant K, we find for any v > 1

n—1 n—1 2

T
(sup VAT, )™ <0 3 [Tyl 4 0t T = 070 (g Y ) + 002,

mo<k<n ‘p;’;Pu

k=mg k=mg

where, for the last equality, we have used Lemma[A3] Now, since 2ca* > 1, by (68) in Lemma [A 4]
(withz=y=a*=1—- X", e=0and u > 1), we have

nl oy O(n—2uca”) for 2uca™ < 2u — 1,
[y Z | *klzu =< O(n~v=Y1n(n)) for 2uca* =2u — 1,
k=mo Pk O(n~(u=1) for 2uca* > 2u — 1,

1
which, in particular, implies (sup,,,<g<n [v/77Tn k|)*" L% 0 for any u > 1. As a consequence of the
above convergence to zero, condition (¢3) of Theorem [B.I] holds true.

Summing up, all the conditions required by Theorem [B.1] are satisfied and so we can apply this
theorem and obtain the stable convergence of \/n Zzzmo T, ;. to the Gaussian kernel with random
covariance matrix defined in Theorem O

Now, we are ready to prove Theorem 3.4

Proof of Theorem[3.4} By Theorem [4.1] we have that
VI Zn — Zog)1 — N(0, Zoo (1 — Zoo)f‘w) stably in the strong sense.
Thus, from Theorem E3], applying Theorem [B.2] we obtain that
Z, — an = izz §ZN =
) (Z— Z1) —s N (0,200 — 7o) [ 222 X N (0,201 = 2.)%
V(R 27« ) 0.2 )<2;N o) o (0,250~ 20)5,)

stably. In order to conclude, it is enough to observe that
NG (1%1" :?ﬁ) — % (zn — Z,1,Ny, — Z1,(Z — Zoo)l) ,
n (o]
where ®(z,y,2) = (z + 2,y +2)". O

4.6. Proof of Theorem (CLT for (Z,,N,), in the case N > 2, v =1 and Re(\*) =
1—(2¢)71). As above, in order to prove Theorem B.5] we need the following convergence result on
(Zna Nn)n

Theorem 4.4. Let N > 2, v =1 and Re(\*) = 1 — (2¢)~L. Then, under condition (IQ), we have

that R R R
n Z 7 7

2 s N[0, Zu(1— 20 (222 ZZN tably,

In(n) <N> < ( )<2;; E;TN>> e

where i*zz} il*\lN and i*ZN are the matrices defined in ([ZI), 22)) and [23)), respectively.

Proof. The proof of Theorem [.4] follows analogous arguments to those used in Theorem In
particular, consider the joint dynamics of 8,, := (Z,,N,,)" defined in (@J) as follows:

. Tk = rkCri1,nRAMy k41,
en—i-l = Cmo,n0m0 + Z TnJg + Pn k> where

k=mg

n
Pk = Z T6Cht1.nRo k41,

k=mg
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where Cyy1.,, is defined in [@T), R is defined in @), AMy,, = (AM,,, AM,,)" and Ry, = (0,R,,)"
with R,, defined in ([@2)). Then, we are going to prove that y/n/In(n)@, converges stably to the
desired Gaussian kernel, while \/n/In(n)|Cig n8m,| and \/n/In(n)|p,, ;| converge almost surely to

zZero.

First, note that by Lemma [A3] we have that

Conpaans| = O(lp3) = O (n™") = O(n7"2),

where, as before, the symbol * refers to the quantities a., := Re(a;) and p,(a;) corresponding to
af = a; =1— ) with Aj = X" € Apnax(D), and hence the last passage follows since ca® = 1/2 by
assumption. As a consequence, we obtain \/n/In(n)|Cpy nZm,| — 0 almost surely.

Concerning the term p,, ;, notice that by ([0) and @2) we have that |Ry| = O(k~'); moreover,
by Lemma [A3] we have that

* ~1/2
]Ck+17n\:O<|§Z|>:O<<%) ) formg—1<k<n-—1.

Pl

. -1 .
Therefore, since Pnk = ZZ:mO TRCre1nRo 41 = ZZ:mO TkCre1.nRok+1 + "nCrni1.nRont1, it
follows (by (59))) that

n—1
vn/In(n)lp, x| = O 1/y/In(n) Z 32 +O<n_3/2/ln(n)> — 0.

k=mg

We now focus on the proof of the fact that y/n/In(n) > ;_, Ty converges stably to a suitable
Gaussian kernel. For this purpose, we set G,, = Fj+1, and consider Theorem [B.Il Given the fact
that condition (¢1) of Theorem [B.Ilis obviously satisfied, we will check only conditions (¢2) and (¢3).

Regarding condition (¢2), from the computations seen in the proof of Theorem [£.3] and using the
fact that O(nr2/In(n)) = O(n=!'/In(n)) — 0, we have

a.s. —lim i@( %Tn;&( %TWJT -

k=m,

n—1

n
Up | a.s 117?1m Z T2 Aki1,nSr Vg (AMy 1) (AMy i)' Vo SrAiir, | Uy -
k=mg

Then, setting By 41 as in (BI), the limit of the above expression can be obtain by studying the
convergence of the following matrix:

n-1 Ak+1an+1Ak+1n ak+1nAk+1nbk+l Ak+1an+1Ak+1n

STk @GPl A 2(ak+1§z) brtt Gy Pi A, |
k=mo Ak+1,an+1Ak+1,n ak—l—l,nAk—l—l,nbk"Fl Ak+1,an+1Ak+1,n

n

In(n)

(55)
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where A,lc +17n,a% 1 A% 41, are defined in (B3). Notice that the almost sure convergences of all
the elements in (IBE) can be obtained by combining the results of the following limits:

( ) Fropin(@) Floyrn(y) 25 0, with c(ag +a,) > lande =0, 1,2,

k mo
(56) !
_ 2 .
n ) as B if c(ay +ay) =1 and by + b, =0,
Friin(®)Friin -
MO ;g,:m TieBrt1 it 1,0(2) Fo 1,0 (y) {0 if c(ap + ay) =1 and by + by # 0,

for certain complex numbers z,y € {«a;, 2 < j < N} with a, := Re(x), by := Im(x), ay := Re(y)
and by := Im(y) (remember that, by the assumption on Re(\*), we can have both cases c(a,+ay) >
1 and c¢(ay +ay) = 1), a suitable sequence of random variables 8, € {[Bgln.j, [brlj, br; 2 < h,j < N}
and some random variable .

In order to prove the convergence in (B6) for the case c(a, +a,) > 1, we can use the convergences
in (B4]) established in the proof of Theorem A3} while for the case c(a, + a,) = 1 we can apply
Lemma [A2] since each quantity in (B0]) can be written as zz;rlno Up, kYk/Ck, Where

1 1 n
Yi=Brs1, o= k:—r,% and v,k = () <E> Fyp1.0(2) Fry1n(y)

satisfy the assumptions of Lemma Indeed, similarly as in the proof of Theorem [£3] we have

Y; a.s as
S EP e, BBl 25 (vv,). EllbeaiIF] 5 (v vi) and Elbr 5] % w2
k k
In addition, since |v,x|/ck = (n/In(n))r|Fri1n(2)Fri1.0(y)], from (IBZI) in Lemma [A4] (with
u = 1) it follows that Zz;}no Ivg—kk‘ — O(1). Moreover, we have that > 7} mo [Unk — Vnk—1] = O(1)

since by Remark [A.1] we have

O(k™'/In(n))  if by + b, #0,
| O(k72/In(n))  if by + b, = 0.

Hence, condition (B8] of Lemma[A 2]is satisfied and so, in order to apply this lemma, it only remains
to prove condition (57]). To this end, we get the value of lim,, Zz;}no U k/ck from (62) in Lemma
[A4] and we observe that lim, v, , = 0 and, for a fixed k, lim,, |v,, x| = 0 since by Lemma we

have |p,(z)pn(y)| = O(n™1).

Now that we have proved the convergences in (B6l), we can use the relations in (B3] to compute
the almost sure limits of all the elements in (B5]). The results are listed below, while the technical
computations are reported in Appendix[A.3.2]

a.s

* ln(n Zk =mo e A1 Ber1 Ay nlng = (VZVj)Zoo(l—Zoo)czl{baﬁbaj:o}?

. —1 i—1
® ln(n Zk mo Tk[ k—i—l,an-‘rlAk-i-l,n]hJ S (VZVJ)Zoo(l - Zoo)i(ah afo;] )]l{bah—l—bajzo};
hd mZk mo kak+1(a%+1,n)2 5 0;

. 1
. m(n DI mo Tl Ak Br1 ALy olng = (Vi Vi) Zoo(1 = Zog )Mﬂ{baﬁba —0};i

T 41 Cas o
° ln(n Zk mo Tkak+1n[bk+1Ak+1n]y — 0;
a.s

v
* Wy Zk =mo Tkak-i-ln[bk-i-lAk—i-ln] — 0.
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Hence, setting

n—1
S:, = a.s.— lim n E re Al B Ar
77 oo kO k41 nPk+135 41 0
k=mg
n—1
Sin = a.s.— lim n g TRAR 1w Bri1 A1 s
n— 00 i "
k=mg
n—1
Sy = a.s.— lim n r2 Al B A3
ZN ey X k1,0 PE+13% 41 0o
=my

and using (B2]), we can state that

n T Sy, 0 S - Sk
> ( T, k) ( T, k> ey g, 0f 0 o |uf - <U§ZTZU: U*EZNU:) -
= In(n) ™ In(n) ™ §E—& 0 §1tIN US;U' US{inNU
Regarding condition (c3), we observe that, using the inequalities

T | = 7| Crot1,n RAM 1| < 1] U|| g0 ]|V | RI[AMg jos1| < K7l Apgrnl,

with a suitable constant K, we find for any v > 1

2u w n—1 w
n n n
sup [ [Ty | < T+ () Tl
<m0§£§n In(n) k) (111(”)) k;()’ . In(n) T

n n—1 2u n
n T n
(111(”)) i 2 || In(n) ")

k=mg

where, for the last equality, we have used Lemma[A.3l Now, since 2ca* = 1, by (64]) in Lemma[A 4]
(withz =y=a"=1— X" and u > 1), we have

2 = 7’1%“
il > ke = o),
|pk|

k=my

1
which, in particular, implies (sup,,,<p<, |v/(n/In(n))Ty i)*" L% 0 for any u > 1. As a conse-
quence of the above convergence to zero, condition (¢3) of Theorem [B.] holds true.

Summing up, all the conditions required by Theorem [B.] are satisfied and so we can apply this
theorem and obtain the stable convergence of \/n/In(n) 3 p_, Tn} to the Gaussian kernel with
random covariance matrix defined in Theorem [4.4] O

Now, we are ready to prove Theorem

Proof of Theorem [3.4. By Theorem 4.1l we have that
Vi Zy — Zog) — N (0, Zoo(1 — Zoo)5?2)  stably.

Moreover, from Theorem [£4] we have that

n Z, — 7.1 i* i*
" pul —>N 0 Zoo 1_ZOO ~ZzZ N tably.
In(n) <Nn—Zn1> < » Zeol )<E§T\T Ei‘\TN) > Y
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In order to conclude, it is enough to observe that

e (e =2 =i (B 220+ Vit 20 (1),

where the last term converges in probability to zero. O
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Appendix

APPENDIX A. SOME TECHNICAL RESULTS

In all the sequel, given (ap)n, (by)n two sequences of real numbers with b, > 0, the notation
an = O(b,) means |a,| < Cb, for a suitable constant C' > 0 and n large enough. Therefore, if
we also have a, ' = O(b, '), then C'b, < |a,| < Cb, for suitable constants C, C’ > 0 and n large
enough. Moreover, given (zy,)n, (2,,)n two sequences of complex numbers, with 2/, # 0, the notation
zn = o(z],) means lim,, z, /2, = 0.

A.1. Asymptotic results for sums of complex numbers. We start recalling an extension of
the Toeplitz lemma (see [34]) to complex numbers provided in [2], from which we get useful technical
results employed in our proofs.

Lemma A.1. 2 Lemma A.2] (Generalized Toeplitz lemma)
Let {zp 1 : 1 <k <k} be a triangular array of complex numbers such that

i) limy, 2z, 1 = 0 for each fized k;
i) lim, S5 2 p = s € {0,1};
i) Y25 2kl = O(1).
Let (wy,), be a sequence of complex numbers with lim, w, = w € C. Then, we have lim,, Eﬁ’;l Zn fWE =
sw.

From this lemma we can easily get the following corollary, which slightly extends the generalized
version of the Kronecker lemma provided in [2, Corollary A.3]:

Corollary A.1. (Generalized Kronecker lemma)
Let {v, 1 < k < n} and (2,)n be respectively a triangular array and o sequence of complex
numbers such that v, j, # 0 and

n

limv,, =0, limuv,, exists finite, g |Un i — Vn k-1 = O(1)
n n
k=1

and ), zn is convergent. Then

n
limz Un k2 = 0.
n
k=1
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Proof. Without loss of generality, we can suppose lim,, v, , = s € {0,1}. Set w,, = +°° . 2k and
observe that, since ), z, is convergent, we have lim, w, = w = 0 and, moreover, we can wrlte

n

Z Un,kfk = Z Un,k(wk - wk+1) = Z(Un,k - Un,k—l)wk + Un 1W1 — Un nWn+1-
k=2

The second and the third term obviously converge to zero. In order to prove that the first term
converges to zero, it is enough to apply Lemma [A.T] with Znk = Unk — Unk—1- O

The above corollary is useful to get the following result for complex random variables, which
again slightly extends the version provided in [2, Lemma A.3]:

Lemma A.2. Let H = (Hp)n be a filtration and (Yy), a H-adapted sequence of complex random
variables such that E[Y,|H,—1] — Y almost surely. Moreover, let (c,,)n be a sequence of strictly
positive real numbers such that Y, E [|Y,[?] /2 < 400 and let {v,p,1 < k < n} be a triangular
array of complex numbers such that v, # 0 and

n
v
(57) limv,, =0, limwv,, exists finite, lim E “nk n € C,
n n n — C

- vkl - —
(58) kzzjl o= =0, ;yvn,k Vn k1] = O(1).

Then ZZ:1 Un,kYk/Ck 2} ’I’}Y.

Proof. Let A be an event such that P(A) = 1 and lim,, E[Y,,|H,—1](w) = Y(w) for each w € A.
Fix w € A and set w, = E[Y,|Hn-1](w) and w = Y(w). If n # 0, applying Lemma [A.] to
Zn ke = Vni/(ckn), s = 1 and wy, we obtain

If n = 0, applying Lemma [ATlto 2, = v, x/ck, s = 0 and wy,, we obtain
Y}
S SR,

Therefore, for both cases, we have

n

ElY; _
§ Un,ki[ elHi] =5 Y.
k=1 Ck

Now, consider the martingale (M,),, defined by

Yy — ElYy|Hp—1]
M,, = Z . .
k=1

It is bounded in L? since > ore1 M < 400 by assumption and so it is almost surely convergent,
k
that means

< +00

Z Yi(w) — E[Yi|Hp—1](w)

C
& k
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Yi(w)=E[Yi|Hr—1](w) by

Ck

for w € B with P(B) = 1. Therefore, fixing w € B and setting z, =
Corollary [A 1] we get

hmzvnk Zklm W) _,

and so

n

Y. — EY: _
Z%k [ Y| Hi-1] as. 0.
k=1 Ck

In order to conclude, it is enough to observe that

n

Y, -~ Yy — E[Yi|H E[Yi|H
k Z’Un,k k k’ k— 1 Z k’ k— 1]

Unk— =
k=1 ko= k=

We conclude this subsection recalling the following well-known relations for a € R:

O(1) for a <0,

~ 1 ln( )+ O(1) fora=0,
59 R
o) ; ke In®+0(1) for0<a<1,

Lpe + Omet) fora>1.
More precisely, in the case a = 0, we have

(60) dNZTL%—m()—d+Om4)
k=1

where d denotes the Euler-Mascheroni constant.

A.2. Asymptotic results for products of complex numbers. Fix v = 1 and ¢ > 0, and
consider a sequence (ry,), of real numbers such that 0 < r, < 1 for each n and

(61) nr, —c = O (n_l) .

Obviously, we have r, > 0 for n large enough and so in the sequel, without loss of generality, we
will assume 0 < r, < 1 for all n.

Let + = a; +ib, € C and y = ay +ib, € C with ay,a, > 0 and c(a, + ay) > 1. Denote by
mg > 2 an integer such that max{ay, a,}ry, <1 for all m > mg and set:

Pmo—1(x) =1, pp(x) = H (1—zry,) for n >mg and  Fpyq () = zzgg for mog—1 < k <n-—1.
m=mg

We recall the following result, which has been proved in [2].
Lemma A.3. [2 Lemma A.4] We have that
pa(@)] = O(n™*)  and  |p,'(z)] = O(n°).

Inspired by the computation done in [2, 2], we can prove the following other technical result:
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Lemma A.4. (i) When c(a, + ay) =1, we have

2 .
C Zf bl‘ + by - 07
62 li 2F) () Fry1n = .
while when c(az + ay) > 1, we have
n—1 62
li 2F n F; n = N
2
(63) hmn Z i 111( >Fk+1n( VEir1n(y) = (c(z +y) — 1)

k=mg
2c2

hmn Z rjt In? ( >Fk+1n( ) Feyinly) = (c(z+y) —1)3

k=my

(i) Moreover, for any u > 1, we have:
when c(ay +ay) =1

—1
S @) lpa(y))t [ On(n)/n)  foru=1,
o k;no T Pk (@) [“|pr(y) | { @) (n_u) foru>1;

while when c(ag + ay) > 1 and e € {0,1,2}
" O(n=velasta) In(n))  for uc(as + ay) < 2u — 1,

n—1 u
Z TI%U Inc® (%) ”pngi;;u}pngy))"u _ O(n—(2u—1) lneu-i-l(n)) for uc(am + ay) = 2u—1,
Pr PRl O(n~(u=1)) for uc(ay + ay) > 2u —1

k=mg

(note that for u =1 only the third case is possible).

Proof. (i) First of all, let us notice that the limit (62]) and the first of the limits (G3]) have already
been proved in [2, Eq. (A.11),(A.18)]. Therefore, we can focus on the second and the third limits
in (G3). To this end, let us set

n—1 2 n—1 9 n—1l 912
r reIn(k r2In(k

TS, pe@pe(y) o Pr(@)pE(y)

so that, recalling the equality Fj11,(z) = pn(z)/pr(x), we can write:

n Z 7‘ka+1 n Fk+1 n(y) = npn(x)pn(y)‘sl,m

kmo

n Z rk In ( > Fk—i—l n( )Fk—i-l,n(y) = npn(x)pn(y) (ln(n)‘sl,n - S2,n) s

kmo

n Z Tk In? ( ) Fip1n(2)Fri1.0(y) = npn(2)pn(y) (ln2(n)817n —2In(n)Sz,, + ng) .

k=mg
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Now, set Gix = c/[kpr(x)pk(y)] and recall that, as seen in [2, Proof of Lemma A.5], when
c(ag + ay) > 1 we have

(66) AGk = (c(z +y) — 1)AS1 ) + O (k7 AS1 ) -

Using analogous arguments, we can set Go i := ¢ In(k)/[kpr(z)pr(y)] and observe that we have:
c? In(k) In(k-—1) 9 In(k) 9

AGyy = @) K P — > (1= (z+y)re + rpzy) + 3 (z+y)ri — rkxy)}
c? In(k) 1 9 In(k) 9

= (C(x +y) — DASy ), + AS1 g + O(k7HAS, 1 ).
Therefore, when ¢(a; + a,) > 1, we obtain

AGy ASy i 1
et A e L — l A .
rty) -1 So +0 (k‘ n(k)| Sl,k|)
The relations (66), ([G7) and the first limit in (G3]) imply

timnp, (@)pa (v) (1() 1.0 = Sa.)

(67)

—tin () () 53,) + Ol () (o) S ktiasi)
k=mg
= li111n P (2)pn (y) (# — Sg,n>
= (c(w +y) = 1)~ limnpo(2)pa(9)S1n + O (nlpn()pn(y)] Z K (k) [AS1 4]
k=mg

2
(c(x+1)—1)%’

where we have used the fact that, by Lemma [A3] and relation (59)), we have

O< n(r)nlpa(@)paly)l Z KIAS) k|> <nc(az+ay -1 Z k1= (claztay)— )> 0

k=myo k=mgo

= (c(z +y) = 1)~ lim npn (2)pn(y)S1.n =

For the last limit, we can set G := c®In?(k)/[kpy(2)pk(y)] and, similarly as above, observe
that we have:

c? In?(k) In?(k—1) In?(k)
AGsy = PRCTTO) K i — ) (1—(z+y)re + r,%a:y) + — ((x +y)r, — rixy)}
2
" @)
H2 n n2
[(—1 k(2k‘) + 21 Ig) +O(k? ln2(k))> (1 (z +y)rp + rizy) + % ((z +y)r, — r,%:ny)]

= (c(z +y) — 1)AS34 + 248, ), + O(k 1 AS3 1))
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Therefore, when c(a, + ay) > 1, we obtain

AGsy, 2AS8s

At —1 = "—"2" L Ok In?(k)|AS, ).
clr+y)—1 3.k C(:E—I—y)—1+ ( n()‘ l,k’)

(68)

By means of analogous computations as above, the relations (6l), (67), (G8)) and the already proved
second limit in ([63]) imply

liflgmpn(x)pn(y) (lnz(n)Slvn —2In(n)Sz, + ng)

- n,gmw)pn(y)(ﬂ% ~2(m)S2 + S5 ) +O (¥ ()nlpa 'k%k 1A514])
—tin () ) (o 2I0() S+ St
— s ) (1) (12(?52’_"1 G ) 4 ,,)
+O(m(n)nlpa(x ykz B (k) AS) )
= lim np, (2)pn (y) (;;nin;;sl_”l e f?’y’; —+ Ssn)
_ Wzy)_l1i£nnpn(:g)pn(y)<1n(n)sl,n ~ 85,0)+0(nlpal |k§n:mk Ln? (k)| AS) )
_ Wzy)—l lim 1y (2)pn () (10(1) St — S2.0) = ﬁ

where we have used the fact that, by Lemma [A3] and relation (59]), we have

O (12 (m)nlpa()pa(y)| Z FAS ) = (n+ - Z ) O

k=myo k=mgo

ii) For the second part of the proof, note that by condition (6Il) on (7)., relation (B9) and
Lemma [A3] when ¢(a; + ay) = 1, we have

@) @) = [O(n(n)/n)  foru=1,
Z i ok () Pk(y)‘u =0l )k;() O™ = {O (n™") for u > 1.

For the case c¢(a; + ay) > 1, note that for v > 1 and e € {0, 1,2}, we have

3 et ) et = 52 0w (o((2) ™) -

k=mg k=mqo

oo e (ol )

_mo
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Then, for e = 0, using relation (£9), it is easy to see that

n—1 k u(c(az+ay)_2) O(n—uc(az-l-ay)) for uc(az -+ ay) < 2u _ 17
n=2" Z @) <<E> > =<0~ Nn(n))  for ucla, +a,) = 2u — 1,
k=mo O(n_(2“_1)) for uc(az + ay) > 2u —1

(note that for u =1 only the third case is possible).

Now we consider the cases e = 1 and e = 2. Note that, setting o := 2u — uc(a, + ay) € R and
B = eu > 1, we have that

%]:i:l In”? (%) O<<§>_a) =0(1) + 0 (/; x lng(:n_l)dx> ,

=mo n

where € € (0,1) has been chosen such that g(z) = 2% In”(z~') is monotone in (0, ¢] and we recall
that (mg — 1) > 1. Then, we have that

. O(n* '1n’(n)) for a > 1
/ 2’ (z71)dz = { O(In’+1(n)) for a =1,

mo—1

" O(1) for a < 1.

Finally, we can conclude that, for the cases e = 1 and e = 2, we have

O(n~uelaztay) net (p)) for uc(ay + ay) < 2u —1,

n—1
u(c(az+ay)—2)
o B e (o5 ) - [or) o ae

k=mo O(n~(u=1) for uc(a, + ay) > 2u —1

(note again that for u = 1 only the third case is possible). O

k < n—1, and using the relations (G6l), ([67), (68]) found in the proof of Lemmal[A4] for ¢(az+a,) > 1

we have:

Remark A.1. Setting v(e}t = (n/k)In°(n/k)Fy10(2)Fitr1n(y) for any e € {0,1,2} and mo—1 <

0 (0) 2 [P ()P (y))
v — v = n|pn(x)pn(y)|O(|AG = n|pn(x)pn(y)|O(|AS = O(nri—————2-);
[V ke = Vnk1 [pn (@)pn (Y)[O(|AG k) [n (%)Pn (y)|O(|AS1 k) ( k|pk($)||pk(y)|)
i = ol = nlpa@)pa()|O( () AGL ), — AGax))

_ 3 _ 2 n lpn (@)l (W) .

= nlpn(#)pn (1) O I(WAS i~ ASyil +18814]) = 0w (1w (1) +1) P s ):
w2 =02k 1l = nlpa(@)pa@)|O( 2 (R)AG & — 21n() Ak + A )

= n[pn()pn ()]0 (|I0*(n)ASLk — 2In(n)ASyk + ASs k| + | In(n)ASy j — ASy )

-0 7’L’f’2 1n2 2 —|—1H E ‘pn(x)Hpn(y)‘ ’

(it (0 () 1 G)) o)

Moreover, setting vy, j, := fug?,)g/ln(n) for any mp —1 < k < n — 1, in the case c¢(a; + ay) = 1 we
have: |vy, — vpk—1] = O (T]%k/ ln(n)) when b, + b, # 0 since Lemma [A.3] and

o =l = alpa@IOIAGLKD = (e ()OUAS L) = O (ur L2l D)
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while |v, 5 — vnk—1] = O (r}/In(n)) when b, + by = 0 since Lemma [A3] and
- P (@)[[pn ()|
(o= ul = nlpn(2)pa () |OUAG 1K) = nlpa(@)pa()OG AS14]) = O(rprleZl PV,

klpr(@)[|pk(y)|

A.3. Technical computations for the proofs of Theorem [4.3] and Theorem [4.4l In this
subsection we collect some technical computations necessary for the proofs of Theorem (.3l and
Theorem 4]l Therefore, the notation and the assumptions used here are the same as those used
in these theorems.

The first technical result is the following:

Lemma A.5. Let the matriz Ayy1, be defined as in {fQ) for mog—1 <k <n—1. Then, we have
that

(AR = Fraly),

[Ak+1n] = aiim = Fpin(c™),

AP L = {(;;‘ia)<Fk+m< ) = Fiyinlay)),  forca; #1,
(1= Fpan(c™)In () + 0™, forca; =1.

Proof. By means of [{X) and 1), after standard calculations, the elements in Ay, for mo—1 <
k < n—1 can be written as follows: [Allcﬁrl,n]jj = Fit1n(aj), [A%:j—l,n]jj = aiilm = Fiy1n(c1) and

Prlg) o
[Ak—‘rl n] = (1 - aj)zﬁsi-i-l,n’
where
s SN and xg e 2
= —_— an = .
k+1n ] 1 — Tlc_l l l pl(Oéj)
Setting Ale = (Xl] - le_l), notice that we have
j 1—rpct j rc ! ; rct j
axy = ( ~1) X7 = ooy = (155 ) Xy = (e = 1) () X7
! 1 —ra; -1 (ca] ) 1—raq; -1 (ca] ) 1—rec ! !
Hence, in the case ca; # 1, we have that
(X7 Z AX = (caj — )SiJrl’n,

I=k+1
which implies
) xXJ — xJ » (C—l) pk(c_l)
SY =" "k — (ca; — 1) — .
| (caj =1) <pn(0éj) pr(c;) >
in the definition of Azﬂ_lm, we obtain (for ca; # 1) that

. : J
Using the above expression of Sy f1m

(AR 1) = 610;_%1 11)9:((60?1)) (1;2((60;1)) - I;kk((co;l))) = (claz—ajl) (Fk-i-l,n(C_l) - Fk+1,n(ozj)>.

When ca; = 1, observing that Xj J =1 for any [ > 1 and using condition (G1]) we get

n

11 1 ~ 1 -
Fon= 3 7 Zm+z o(z) = 7_E+O<;ﬁ>:;7+0(kl

I=k+1 I=k+1
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where, for the last equality, we have used the fact that k < mn and >, 1/ 12 = O(1/k). Then, using
(60) for @ = 0, we have

g%:ln(%) d—dk_ln<k)+0( Y — oY = ln<k)+0( o)

(where the last passage follows again by the fact that £ < n). Finally, since Lemma we have
|Fr1.0(c7h)| = O(k/n), we obtain (for ca; = 1) that

¢! n
(Al = (1= D2 (/) + O/1)) = (1= ¢ D sl n (7) + 0

A.3.1. Computations for the almost sure limits of the elements in (B2).

2
® a.s.—lim,n Zk mo rk[Ak-i—l an-i-lAk—i—l nlh.j

By using the first limit in (IBZI) we have

n—1 n—1
n Y rlBerlnslAkpialinlAbialig = 7 D riBrialg Ferin(@n) Feiin(a))
k=myo k=mg
() Zall - Za)
———(V, V; — .
clap +az) =1 " >

2
® a.s. _hmnnZk mo Tk[Ak+1an+1Ak+1n]

First, note that when cay, # 1 and ca; # 1, we have that n Zz;lno r2[Bit1]n,j [Azﬂ,n]h,h[AiH,n]jJ
has the same limit as

(]. —C 1)2 nl 1
B F
(C N 1)(0 i 1 n E Tk k+1] hjt k+1, n( )

k=mg

) n—1
<$£tﬁ§;;iqﬁlE:TﬂBmﬂmﬂ%Hm@mﬂ%Hmmn

k=mg
-1
(1-a)(1-c) % .
~Tean = D(eay —1) " 2 "EBrtlns Frin(an) Fesn ()
h J k=mg

_(—op—ch R

(can — D(ca; —1) e Brrilng Frrin(a)) Fryn(c™).
J

k=mg

Then, when cay, # 1 and ca; # 1, using the first limit in (54]) we obtain, after some standard

calculations,
n—1 -1 -1
a.s 1+(C_1)(ah +a; )
n Z 7’1% [Bk+1]h,j [Azﬂ,n]h,h[AzH,n]j,j — ! (V;Vj)Zoo(l — Zo)-

clap +aj) —1

k=mg
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When coy, = caj = 1, we have that nzz;flno " Brsalng A1 nlnnlAG 1 )55 has the same
limit as
n—1
(1- 0_1)2 n Z 1112("/"?)7‘1%[Bk+1]h,jFl~c2+1,n(C_1)
k=mg

n—1

+2c7 (1= )n > n(n/k)rg[BrgalnjFiirn(c™)
k=mg

n—1

+c?n Z el B ln Fipin(c),
k=mg

from which, using the three limits in (B4]), we obtain

n—1

a.s
n > i BeralnlAL i alnnlAL i n)is =2 (14 2¢(c = 1))(v4 V) Zoo (1 = Zoc)

k=my
Finally, when coy, # 1 and coj = 1, we have that n EZ;}nO 72[Bit1]n,j [Azﬂ,n]h,h[AiH,n]jJ
has the same limit as

(1—c1)? = 2 2 -1
7)7? Z ln(n/k)rk[Bk-i-l]h,ij—i-l,n(C )

(cap, — 1 Pl

c'l-ch = 2 2 —1
“Can—1) " Z T Br1]niFepin(c)

k=mg
B (1—ap)(1—c)
(cap — 1)

n—1

n Y In(n/k)r}[Biln Frrim(on) Froyrn(c)

k=mg

n—1

n Y i BrialnFrsin(@n) Fryin(c™h),

k=mg

B 1 —ap)
(cap, — 1)

which implies, using the first two limits in (54]), that
n—1 —1
s 1+(—D(c+a; )
n Y R BrslnlAL s nnlAf )i = .

k=mg

-
V2o (1 — Z).
con (Vi Vi) Zoo )

The case cap = 1 and ca; # 1 is analogous. Therefore, we can summarize the limits in all
the above cases with the formula:

1+ (c—1)(o, " + a5 )

clap +a;) —1 (Vi Vi) Zoo (1 = Zoo).

. n—1 20,2 2 .
e a.s. —limyn ) =0 ri(agy ) bk

Using the first limit in (54]), we have

n—1 n—1

noY o (@Rn) e = (=12 Y b F () D (6= 12 vi)P Zao(1 = Zoo)-

k=mg k=mo
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21 21
¢ a.s. _hmnnZk mo Tk[Ak+1an+1Ak+1n]

First, when ca;j # 1 notice that n S 7—! mo Tk [Bk.’.l]hJ [AiJan]h’h[AiH ,)j,; has the same limit

as
1—¢1 1—a; 2
_ . — o )
P Z Tl Br1lnjFrt1n(an) Frpin(c™) — ca; —n > Bl Frprn(@n) Fipin(@)),
k=myo k=mg
and hence, after standard calculations, we obtain
n—1 -1
2 1 3 as. qp (c—=1)+c, +
n ri|B A A o e L (v, Vi) s (1 — Z).
kg;m k[ k+1]h,J[ k+1,n]h,h[ k—i—l,n]]d c(ozh + ozj) — 1( h ]) oo( oo)
When coj =1, nzz;}no Tl%[Bk+1]h7j[Allc+17n]h,h[f4%+1,n]j7j has the same limit as
n—1 n—1
(1= Yn > n(n/k)ri[BeslnyFrsin(an) Focin(c™)+en > riBigalnjFertn(an) Fern(c™h),
k=myo k=mgo
and hence
= 2 1 3 a.s a;l(c—l)—I—c T
n Z Tk[BkJrl]h,j[Ak+1,n]h,h[Ak+1,n]j,j — T(Vh Vj)Zoo(l — Zo)-
k=mg

Therefore we can summarize the limits of the above two cases with the formula

-1

a, (c=1)+c, ¢
- )00l — Zx).
C(OZh-FOéj)—l(VhV]) ( )

2 1 .
e a.s. —lim,n Zk mo Tkak+1 n[bk+1Ak+1,n]j-
Notice that

n—1 n—1
n Z rl%[bk-i-l]j[Allﬁ-i-l,n]jja%-i-lm = (0_1 —1)n Z T]%[bk-i-l]ij-i-l,n(aj)Fk-i-l,n(c_l)’
k=myo k=mg

which implies that

n—1

as 1—c
n Y ribrlilAb )ik, o (Vi V) Zoo(1 = Zao).
j

k=mg

3 .
o a.s. —lim, n 377, mo T0k41 n[bk+1Ak+1,n]j-
First, When caj # 1, notice that
ny -t "o [bk+1]j[A%+l7n]jja%+l7n has the same limit as

l—e (1 —ay) =2 B
( co )(_ 1 J)n Z T’%[bk+1]ij+17n(aj)FkH,n(C 1)
j

k=mg

(1—c1)? = 2 2 1
a1 " > rilbrali Fi (7,
j

k=my
which implies after some calculations

n—1
n Z Ti[bkﬂ]j[Azﬂ,n]jjaiﬂ,n =5

k=mg

1—c¢
(VIVJ')ZOO(l — Zo)-
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— n—1 2 3 2 -
When cai; =1, n 3= rilbrialj[A% 41 )55 1, has the same limit as

n—1 n—1
0= Y /Kbl F (e ™) — e (1= e n Y bl F e,
k=mg k=mqo

from which we can obtain

n—1
n > ribrlilAL ik, 2 el = O)(V] V5) Zoo (1 = Zoo).
k=my

Therefore, we can summarize the limits of the above two cases with the formula

1—c¢
(VIVJ')ZOO(l — Zo)-

7
A.3.2. Computations for the almost sure limits of the elements in (B3)).

1 1 )
e a.s. — lim, ln(n Zk mo k[Ak—l—l,an'f‘lAk—l—l,n]hJ'
By using (56]), we have

n—1 n—1
n 2 1 1 n 2
Brilni[A A )= Bl Fistn(an) Fisrn(a;
ln(n) k;no’rk[ k-‘rl]h,][ k+1,n]h,h[ k—l—l,n]],] ln(n) k;()rk[ k+1]h’] k+1, (Oéh) k41, (Oé])

A if bay 4 ba, =0,
0 if bay + ba, # 0.

e ag.s. — lim, ln(n Ek "o [Ak_i_1 an+1Ak+1 Wb
Since c(ay, + a;) = 1 implies coy, # 1 and coyj 75 1, we have that

n—1
n
() > rEBrelng (Al AR sl
k=mg
has the same limit as
n—1
(1—c 1?2 n 9 9 1
r [Bk 1]h,'F n(c )
(ca, — 1)(ca; — 1) In(n) k;mo kPk+1lhj k41,
n—1
(I—ap)(l—aj) n 9
B I F; ;
(cap, — 1)(ca; — 1) In(n) kz Tl Br)n g P tn () Frerin(ay)
=mg
n—1
(I—ap)(l—c?) n Z 2 —1
- : e[ Br1lh,j Frr1n(0n) Frgpin(c™)
(cap, — 1)(ca; — 1) In(n) Ml

(1-—aj)(l—ct) n n_l

~ (cap — 1)(ca; — 1) In(n) > hBraln Frsr.n(0)) Frprn(c™),

k=mg
which is equal to
(an — 1)(a; — 1)> noe

2
Zana; In(n) g;n Tl Bt 1]n,j Frr1,n(an) Fiy1,n ().
=mg

o)+ (
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Hence, we have that

n
iy 2 "HBrrlng AR (AR i

(an=1)(ej—1) if b [ —
=25 (Vi V) Zoo(1 = Zoc) ana; Doy + bay =0,
0 if by, + ba, # 0.

2 2.
® (.S. hmn ln(n Zk mo rkbk+1(ak+17n) .
Since the calculations are analogous to those in Subsection [A.3.1] we have

n—1
n :
In(n Z szk+1(a%+17n)2 =5 0.
k=my
e a.s. — lim, ln(n Zk o k[A}CJrl an+1Ak+1 Wl
Since c(ap + o) = 1 implies ca; # 1, we have that
n n—1
2 1 3
In(n) Z Tk[Bk-i-l]hJ[Ak-i-l,n]h,h[Ak-i-l,n]jJ
k=mg

has the same limit as

1-c\ n X2 9 .
(C%i_l> n(n) kz; T [Br+1lhj Frr1n(an) Frrin(c)
=mo

-1

1—aj noox 9

- <caj — 1> In(n) kEm Tk [Brt1]n,j Frr1n(an) Frp1n ()
=mo

n—1

1—aj n 9

= o(1) — <caj — 1) ) kz T [Brslnj Firin(an) Frrin(aj).
=myo

Hence, we have

n—1
n
i > rBrraln [ Ak nlnnl A i
n(n) flal

c(a;—1) _ c(l—ay) b b =0
a5, (V;Ler)Zoo(l — ZOO) coj—1 an oy, o ,
0 lf bah + baj # 0

T 4l
* a.s. —limy, 1n n) Ek mo rkak+1 n[Prs1 Ak i1l
Since the calculations are analogous to those in Subsection [AL3.1] we have

n—1
n a.s
ln(n) Z TI% [bk-l-l]jai—i-l,n[Al:'lc—i-l,n]jj — 0.
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T 43 .
e a.s. — lim, ln(n Zk o rRai, alPr1 Al
Since the calculations are analogous to those in Subsection [A.3.1] we have

n—1
n a.s
In(n) Z 7‘1%[bk+1]jaz+1,n[Ai+1,n]jj — 0.

APPENDIX B. STABLE CONVERGENCE AND ITS VARIANTS

This brief appendix contains some basic definitions and results concerning stable convergence
and its variants. For more details, we refer the reader to [I8 20} 23] 29] and the references therein.

Let (2, A, P) be a probability space, and let S be a Polish space, endowed with its Borel o-field.
A kernel on S, or a random probability measure on S, is a collection K = {K(w) : w € Q} of
probability measures on the Borel o-field of S such that, for each bounded Borel real function f on
S, the map

wi— Kf(w /f dz)

is A-measurable. Given a sub-o-field H of A, a kernel K is said H-measurable if all the above
random variables Kf are H-measurable.

On (Q, A, P), let (Y,,)n be a sequence of S-valued random variables, let H be a sub-o-field of A,
and let K be a H-measurable kernel on S. Then we say that Y,, converges H-stably to K, and we
write Y,, — K H-stably, if

P(Yye-|H) " BlK()|H]  forall H e H with P(H) >0,

where K (-) denotes the random variable defined, for each Borel set B of S, as w +— Klg(w) =
K(w)(B). In the case when H = A, we simply say that Y,, converges stably to K and we write
Y, — K stably. Clearly, if Y;, — K H-stably, then Y,, converges in distribution to the probability
distribution E[K (-)]. Moreover, the H-stable convergence of Y;, to K can be stated in terms of the
following convergence of conditional expectations:

(69) Elf(Ya) | #] "5

for each bounded continuous real function f on S.

Kf

In [23] the notion of H-stable convergence is firstly generalized in a natural way replacing in (69])
the single sub-o-field H by a collection G = (G,,),, (called conditioning system) of sub-o-fields of A
and then it is strengthened by substituting the convergence in o(L!, L*°) by the one in probability
(i.e. in L', since f is bounded). Hence, according to [23], we say that Y,, converges to K stably in
the strong sense, with respect to G = (G, ), if

P
for each bounded continuous real function f on S.
Finally, a strengthening of the stable convergence in the strong sense can be naturally obtained

if in (70 we replace the convergence in probability by the almost sure convergence: given a condi-
tioning system G = (G,,),,, we say that Y,, converges to K in the sense of the almost sure conditional
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convergence, with respect to G, if

E[f(Yn)|Ga] = Kf
for each bounded continuous real function f on S. The almost sure conditional convergence has
been introduced in [I8] and, subsequently, employed by others in the urn model literature (e.g.

[6, 42]).

We now conclude this section recalling two convergence results that we need in our proofs.

From [24], Proposition 3.1], we can get the following result.

Theorem B.1. Let (T, ;)n>1,1<k<k, be a triangular array of d-dimensional real random wvectors,
such that, for each fized n, the finite sequence (T, 1)1<k<k, %5 a martingale difference array with
respect to a gwen filtration (G i )k>0. Moreover, let (t,), be a sequence of real numbers and assume
that the following conditions hold:

(cl) GpxCGni1k for eachn and 1 < k < ky;

(c2) Zﬁ’;l(tnTH,k)(tnTn,k)T =12 i’;l Tn,;gTTTL’/LC i Y, where ¥ is a random positive semidefi-
nite matrix;

Ll
(¢3) supy<g<p, ltnTnx| — 0.
Then t, Z],?;l T, converges stably to the Gaussian kernel N'(0,X).

The following result combines together a stable convergence and a stable convergence in the
strong sense.

Theorem B.2. [I1l Lemma 1] Suppose that C,, and D,, are S-valued random variables, that M
and N are kernels on S, and that G = (Gy,)p, is a filtration satisfying for all n

0(Cn)CGn and U(Dn)QU(UnQN)

If C,, stably converges to M and D,, converges to N stably in the strong sense, with respect to G,
then
(Cn,Dyp) — M &N stably.

(Here, M @ N is the kernel on S x S such that (M @ N)(w) = M(w) ® N(w) for all w.)
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