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Abstract – Recently we have shown that the asymmetric lateral coherence of betatron radiation
is characterized by peculiar properties that are evidenced with the analysis of the coherence factor
of radiation. We extend such results to radiation emitted by ultra-relativistic proton beams in
a 2-periods undulator. Results of a 2-dimensional simulation show that the real analysis of the
asymmetric lateral coherence substantially improves the resolving power, thus transverse beam
non-uniformities and the beam size can be measured at large distance.

Copyright c© EPLA, 2016

Introduction. – The diagnostics of radiation emitted
in large-scale accelerators (e.g., synchrotrons) or in more
compact devices (as in laser-plasma–based accelerators) is
fundamental to know the transverse properties of the par-
ticle beam source [1]. In particular the transverse beam
size can be indirectly deduced by means of a measure-
ment of the spatial transverse coherence of radiation when
the condition of quasi-homogeneous source is satisfied as a
consequence of the Van Cittert-Zernike theorem [2]. It can
be measured, for example, with interferometric methods
reminiscent of the double-slit Young interferometer [3], by
diffraction of radiation from a single slit or a fiber [4] or
by the analysis of the speckle field produced by diffrac-
tion of an ensemble of small scatterers [5,6]. Intensity
interferometry can be also properly used to get informa-
tion on both the transverse coherence and the particle
bunch length [7,8]. A different approach is the imaging
of the beam source by means of refractive lenses or small
apertures [9,10]. In this case the diffraction limit gives
an ultimate resolving power ≈ 1.22 zλ/D [11], where z
is the detection distance from the source and D is the
diameter of the lens or aperture (here a unit magnifica-
tion and focal length f = z/2 are considered). Recently
we have shown that several source parameters can be
deduced exploiting an asymmetric detection method of be-
tatron radiation emitted by laser-plasma–accelerated par-
ticles [12–14]. The key quantity that contains information
about the transverse coherence properties is the modulus

of the coherence factor defined as

γc(τ) =
Γ( �X; �X0; τ)

[Γ( �X0; �X0; 0)Γ( �X; �X; 0)]1/2
, (1)

where

Γ( �X; �X0; τ) = lim
T→∞

1
2T

∫ T

−T

E( �X, t+ τ)E∗( �X0, t)dt

is the cross-correlation function of the electric field E
(x-component) defined in a 2-dimensional reference frame.
The fixed point �X0 = (x0, z0) of eq. (1) plays an impor-
tant role. When it is far from the average axis of motion z,
the modulus of the coherence factor shows some multiple
oscillations related to several source parameters. More in
detail the off-axis position of �X0 should be such that at
least the weaker condition ΔL ≈ Lc must be satisfied,
where ΔL = L − L0 + (t − t0)c is the difference between
two optical paths along �β, from the source trajectory to
the detector and Lc ≈ c τc is the coherence length of ra-
diation (here τc is the coherence time and c is the speed
of light). Radiation emitted along the optical path L is
measured at the reference point �X0, L0 is the optical path
from the trajectory to the detector when the particle is
at the maximum (or minimum) elongation point and t, t0
are the emission times (see ref. [12]). The limited coher-
ence length of betatron radiation, given by a large strength
parameter K = γψ0 > 1 (ψ0 is the maximum deflection
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angle of the trajectory with respect to the z-axis) generally
ensures that ΔL > Lc.

In this work we provide a substantial improvement of
the method discussed above by means of the real anal-
ysis of γc, thus extending the applicability to radiation
sources characterized by K < 1. Our interest is in par-
ticular the detection of the beam properties in undulators
with low K. The paper is organized as follows. In the
next section we describe a two-particle model to introduce
the benefits of the analysis of Reγc with respect to |γc|.
In the third section we show and discuss the results of a
2-dimensional Monte Carlo simulation with an ensemble
of 104 particles. Here a 2-period undulator which matches
the parameters of the superconducting undulator of the
LHC synchrotron light monitor at CERN is considered.
Transverse anisotropies of protons distribution can be ef-
fectively resolved with the improved method. Finally we
collect our conclusions in the last section.

Two-particle model. – We model a plane undulator
with harmonic field �B(x, 0, z) = [0, B0 sin kuz, 0] of period
length λu = 28 cm, field strength B0 = 5 T and periods
Nu = 2. Notice that �B is considered only as a function
of z, and the field dependence in the transverse directions
is neglected on the scale of the proton beam size. In the
weak undulator condition K < 1 with ż ≈ βc the parti-
cle trajectory is given by x(z) = K

βγku
sin(kuz) [15], where

ku = 2π/λu. The field �E · �ux detected at z = z0 is given us-
ing the Liénard-Wiechert formula at the retarded time by

�E · �ux =
e

ck3
oR

[β̇x sinα′ − β3
zk

2
uc a sin(kuz)], (2)

where ko = 1 − �β · �n, �n is a unit vector directed from the
position of the charge towards the observation point, α′

is the angle between �n and �̇
β, a = K/(βγku), e is the

elementary charge and the approximation of small angles
of observation is used (�n · �uz ≈ 1).

Assuming now that two particles have the axis of aver-
age motion with small displacements ±xd with respect to
the undulator axis, the phase of the radiation from each
particle at the detector has a minimum close to (z0,±xd)
(see fig. 1). Since the maximum angle, ψ0 < 1/γ, of the
trajectory in a weak undulator is smaller than the natural
radiation opening angle, the wavefront properties of the
radiation emitted instantaneously due to a transverse ac-
celeration can be observed. Taking a reference point x0
far away from the undulator axis we expect two solutions,
φ(x0) = φ(x1) and φ(x0) = φ(x2), of equal phase.

Here below we show that the analysis of the real part
of γc allows the estimation of the positions x1 and x2, i.e.
the distance 2xd ≈ |x1 − x2|/2 between the two particles.
The initial positions of particles are x1i = 200μm, z1i =
0μm and x2i = −200μm, z2i = 5μm. The detector is at
z0 = 12 m and the reference point at x0 = −4.6 mm. The
measure of the real part can be performed exploiting a
modified Young interferometer [14] in which the intensity

Fig. 1: (Colour online) Phase of the wavefronts detected on a
transverse plane at a distance of 12m from the radiation source.
The radiation sources are two ultra-relativistic particles with
initial positions x1i = 200 μm (blue curve) and x2i = −200μm
(red curve). x1, x2 are the solutions of equal phase φ(x0) =
φ(x1) and φ(x0) = φ(x2). The minima of the red and blue
functions are at ±xd.

Fig. 2: Real part (solid line) and modulus (dashed line) of the
coherence factor γc of radiation emitted from two particles at
a distance 12 m from detector. Solutions x1 and x2 coincide
with the peak positions of Reγc.

of the interference pattern is measured at the center of
two slits on the detection plane. The first slit is fixed
at the point �X0, the other slit is moved transversally to
the optical axis. The real part of γc at the lab frame
is shown in fig. 2, compared to |γc| (dashed line). It is
evident that the displacement between particles is given
only taking Reγc; arrows in fig. 2 are the positions x1 and
x2 corresponding to the relative maxima of Reγc due to
the condition of equal phase discussed above, while taking
|γc| we cannot recognize the positions of x1 and x2 despite
the local minimum at x = 4.6 mm. One can wonder if such
a behavior described by the model can be extended to an
ensemble of particles in order to resolve the transverse
non-uniformity of the beam. This is answered through
the simulations presented below.

Simulation and results. –

Resolving power. A Monte Carlo simulation was
performed with an ensemble of particles with transverse
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Fig. 3: Distribution of 104 protons on the transverse axis x.
The partly hollow center can be detected with the real analy-
sis of γc.

Fig. 4: (Colour online) Reγc of an ensemble of protons (blue
curve) transversally distributed as in fig. 3. The reference point
is x0 = −4.6mm. x1 and x2 are the solutions foreseen by the
two-particle model. Results are compared with |γc| (dashed
line). The red dash-dotted curve is Reγc of radiation emitted
by a normal distribution of protons.

initial distribution Pdual(x) = 1
σ

√
2π

[e− (x−μ1)2

2σ2 +e− (x−μ2)2

2σ2 ].
The two normal distributions in Pdual(x) have σ = 100μm
and mean values μ1 = 200μm, μ2 = −200μm, thus a
central hollow decrease with a full-width half-maximum
of about 100μm is present as shown in fig. 3. The initial
positions of particles along z was uniformly distributed in
the range from −30μm to 30μm. This range ensures that
the bunch length is greater than the coherence length,
i.e., an adjacent slice would be temporally uncoupled
with the simulated slice. The others relevant parameters
used in the simulation are: beam energy = 450 GeV,
γ = 480 K = 7.12 · 10−2, λ = 610 nm and the detection
distance from the source is 12 m. The 450 GeV beam
energy at the injection ensures that the power spectral
density of the radiation produced by the dipole at the
entrance of the undulator is negligible at the wavelengths
of the undulator radiation and no other source can
affect the radiation at the exit of the undulator. Results
about the real part of γc are shown in fig. 4 for a fixed
point x0 = −4.6 mm. Dashed line (black) and solid line
(blue) are shown to compare the results to the case of

Fig. 5: (Colour online) Real part of γc with x0 = −6.3mm.
Note that the resolution between x1 and x2 is improved with
respect to Reγc at x0 = −4.6mm (see fig. 4). The dashed line
is |γc|.

|γc| and Reγc, respectively. The effect of the source
non-uniformity is clearly observable at x = −x0. The
maximum of coherence is split into two additional peaks.
Arrows are the peak positions foreseen by the model by
imposing x1i = μ1 and x2i = μ2. Although the spatial
coherence of radiation is strongly reduced by the extended
source, the solutions x1, x2 are in good agreement with
the peak positions. On the contrary, the modulus of γc

(dashed line) cannot be easily used to recognize the peak
positions of the proton transverse distribution. In order
to show that the two additional peaks at x ≈ x1 and
x ≈ x2 are originated by the non-uniformity of the source,
we performed a simulation by using a Gaussian distri-

bution Psingle(x) = 1
σ′√2π

e− x2

2σ′2 (σ′ = 200μm) instead
of Pdual(x). Results are shown in fig. 4 (red dash-dotted
line). As expected the two additional peaks disappear.

Peaks resolution can be substantially increased by in-
creasing the distance of the reference point from axis z.
This is shown in fig. 5 where we used a reference point
x0 = −6.3 mm further away from the z-axis. On the con-
trary the modulus of γc does not improve the resolving
power (see dashed line).

Deduction of the source size. As discussed in ref. [12]
the asymmetric lateral coherence applied to betatron ra-
diation can be used to know the source size of the particle
beam. The features of the lateral maxima are easily re-
lated to the transverse size. We investigate here how the
source size of the particle beam affects the maximum of
the asymmetric lateral coherence of the undulator radia-
tion in the Fraunhofer limit at low K. The distance from
the source to the detector was increased with respect to
the previous case to 28.5 m.

The simulation was performed with an ensemble of
particles with transverse initial distribution Pbeam(x) =

1
σb

√
2π
e

− x2

2σ2
b and with σb ranging from 100μm to 400μm.

The initial position of particles along z was uniformly dis-
tributed in the range from −30μm to 30μm (as in the
previous case).
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Fig. 6: (Colour online) Real parts of γc for the normal distribu-
tion Pbeam(x) with σb = 100 μm (black solid line), σb = 200 μm
(red dashed line), σb = 300 μm (blue dotted line), σb = 400 μm
(green dash-dotted line). The fixed point and the detection
distance were x0 = −6.2 mm and z0 = 28.5 m, respectively.
The inset shows the normalized peaks for σb = 100 μm and
σb = 400 μm. Note that the peak at −x0 of the more extensive
source (σb = 400 μm) is larger.

The source size can be effectively deduced with the am-
plitude of Reγc as shown in fig. 6. Here the value of the
maximum at −x0 = 6.25 mm decreases as the beam size
increases demonstrating that the method is sensitive to
the transverse beam size of the source. The broadband
behavior of the radiation used to characterize the asym-
metric lateral coherence introduces two advantages. The
first advantage is the substantial increase of the measure-
ment sensitivity with respect to a measurement with a
quasi-monochromatic radiation (the monochromator re-
duces by many times the intensity at the detector). The
second advantage is related to the shape of Reγc around
−x0. As shown in fig. 6 (see inset) the size of the beam
source affects the width of the oscillation (symmetric to
x0), which increases with increasing size (this result con-
firms observations similar to those discussed in ref. [12]
with betatron radiation). The increase of the width is
a peculiar behavior of this method that is more evident
when the measurement is performed at lower distances.

Conclusions. – We have shown that the real analysis
of the asymmetric lateral coherence of radiation emitted
by ultra-relativistic protons gives a substantial improve-
ment of the resolving power with respect to the analysis
of the modulus of the coherence factor.

A simplified two-particle model shows that the recip-
rocal distance between particles can be directly measured
from the oscillating behavior of the Reγc, thus a separa-
tion of 400μm was well recognized at a distance of 12 m
from the source.

We have shown that the benefits of the method are
maintained when a random (normal) distribution of emit-
ters is considered. In fact Gaussian proton distributions
with σb between 100μm and 400μm were proven to affect
the height of the symmetric peak, and could be quantita-
tively measured after a proper calibration.

This approach gives also additional benefits when com-
pared with the method based on the measurement of the
visibility of fringes in a classical double-slit interferometer.
Exploiting the limited coherence length of radiation, both
amplitude and width of the additional maxima (symmet-
ric to the fixed point) can be used to measure the source
size. The emittance and energy spread of a real beam can
change the width and amplitude of the additional max-
ima due to the increasing of the average wavelength of
the broad-spectrum radiation [16]. A quantitative estima-
tion comes from the beam energy where a reduction of
about 10−4 (in agreement with the relative energy spread
at LHC) introduces variations less than 0.03% in width
and 0.004% in amplitude of the peak at −x0. However,
such small variations do not represent a real limitation for
the applicability of the method for recovering information
about the beam size.

The method can be advantageously used to perform
beam size measurements in far field using broadband ra-
diation in order to increase the instrument sensitivity
(a monochromator is not needed).
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