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We consider a system of fermions with a quasi-random almost-Mathieu disorder
interacting through a many-body short range potential. We establish exponential
decay of the zero temperature correlations, indicating localization of the interacting
ground state, for weak hopping and interaction and almost everywhere in the fre-
quency and phase; this extends the analysis in [18] to chemical potentials outside
spectral gaps. The proof is based on Renormalization Group and it is inspired by

techniques developed to deal with KAM Lindstedt series.

1. INTRODUCTION AND MAIN RESULTS
A. Introduction

It is due to Anderson [1] the discovery that disorder can produce localization of inde-
pendent quantum particles, consisting in the exponential decay from some point of the
eigenfunctions of the one-body Schroedinger operator. The mathematical understanding of
Anderson localization required the development of powerful techniques and it was finally
rigorously established in the case of random [? |, [? | and quasi-random (or quasi-periodic)
disorder [15],[27], [16],[17].

A natural question is what happens to localization in presence of a many-body interaction,
which is always present in real systems. The interplay of disorder and interaction is believed
to have deep consequences on the ground state and low temperature properties [5], [? ],
[6] and in the non equilibrium dynamics, like lack of thermalization and memory of initial
state [7], [12],[13],[19],[4]. Mathematical results on localization for interacting systems are
still very few [10],[18].

In this paper we consider a system of spinless fermions on a one dimensional lattice
with a quasi-random disorder described by a quasi-periodic almost-Mathieu potential ¢, =

wcos 2m(wx + #), w irrational, and interacting via a short range potential with coupling



U. Such model is known as the interacting Aubry-André model [19],[24] or the Heisenberg
quasi-periodic spin chain, and it has been recently experimentally realized in cold atoms
experiments [24].

In the absence of interaction the N-particle eigenstates can be constructed from the single
particle eigenstates of the Schroedinger energy operator with almost-Mathieu potential, for
which a rather detailed mathematical knowledge exists; in particular such system shows a
metal-insulator transition, with an Anderson localized insulating phase with strong disorder
and a metallic extended phase at weak disorder, similar to what happens in a random
three dimensional situation. The exponential decay of the single particle eigenstates of the
almost-Mathieu operator, almost everywhere in w, 6, was proved in [27] and [16] , for € small
enough, € being the hopping, and later up to €/u equal to % in [17]. In the opposite regime
e/u > 3 the almost Mathieu has exztended states [? ],[? ],[26],[? ],[? |; in particular in [?
| a Diophantine condition is assumed on the phase excluding values close to 20 = wk, k
integer, corresponding to gaps [? ]. In both regimes and for all irrationals the spectrum is a
Cantor set [? |. The non interacting Aubry-André model has ground state correlations with
a power law decay for large £ [?7 ], even in presence of interaction [? |, and an exponential
decay for small < [7 ].

In this paper we prove localization of the ground state of interacting fermions with a
strong quasi-random disorder, by establishing the exponential decay of the zero temperature
grand-canonical truncated correlations of local operators. Our main results can be informally

stated as follows.

Almost everywhere in w, 0, for small =, %, with chemical potential u = ¢z, T € N the zero
temperature grand canonical infinite volume truncated correlations of local operators decay

exponentially for large distances

The proof is based on a combination of constructive renormalization Group methods
for fermions, see for instance [? | , with techniques developed for proving convergence of
Lindstedt series for Kolmogorov-Arnold-Moser (KAM) invariant tori [? ],[? ]. Persistence of
localization in the ground state is therefore established for almost all values of the chemical
potentials (or the particle density), extending a previous result [18] in which the chemical
potential was assumed in the middle of one of the infinitely many gaps of the non interacting

spectrum, that is 26/w € N.



B. The model

If A is a one dimensional lattice A = {z € Z,1 < 2 < L}, we introduce fermionic creation

and annihilation operators a,a,, € A on the Fock space verifying {a;r,a; b= Ouys
{af,a;} ={a;,a,} = 0. The Fock space Hamiltonian is
_ _ 1 _ 1
1= (Y afan+ Y o)+ Y datar +U Y vlw —y)lata; — 3)(aga, —3) (1)
x x T z,y

with v(z—y) = 8,—z1+06,—y1, and ¢, = ucos(2m(wr+0)), w irrational, a7, and aj must be

interpreted as zero and u = 1 for definiteness. If at = e(—#N)wogte—(H-uN)zo v — (1 2),

N =3"_alta, and p the chemical potential, the Grand-Canonical imaginary time 2-point

correlation is
Tre BH=NT{q—a?
= (2)
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where T is the time-order product, 7" denotes truncation and p is the chemical potential. In
the e = U = 0 the spectrum is given by > ¢,n, with n, = 0,1 and the correlations are given
by the Wick rule in terms of the fermionic 2-point function < Tayzay > |y=c=0 = 9(X,y)

with (
1 e~ ko (zo—yo)
= 5z - - - 530 g s - 3
9x.y) Y3 Z —iko + cos 2m(wx + 0) — p 9@ 20 = 0) (3)

ko:%”(no-i-%)

If p = cos2m(wz + 60), T € A, the occupation number, defined as g(x,07), is at zero tem-
perature x(cos2m(wx + 0) < p), that is the ground state is obtained by filling all the one
particle states with energy cos 2w (wx + 6) up to the level cos 2w (wZ + ).

The location of the singularity of the temporal Fourier transform of the 2-point function is
expected to depend on the interaction, and this of course causes problems in a perturbative
analysis, resulting in a lack of convergence of a naive power series expansion. It is therefore
convenient to write the chemical potential as a function of the interaction, and to tune it
so that the singularity in the free or interacting case are the same; this is done by writing
i = cos 2m(wT + 0) + v and choosing properly the counterterm v as a function of €, U.

The starting point of the Renormalization Group analysis is the representation of the
correlations (??) in terms of Grassmann integrals. Let M € N and x(t) a smooth compact

support function that is 1 for ¢ < 1 and 0 for ¢ > v, with v > 1. Let Dg = Dg N {ko :



X(vM|ko|) > 0}, where Dg = {ko = (ng + 3),n0 € Z}. If g — yo # nf, we can write

e~ ko(zo—yo)

Jim 4, kol = lim g©=") 4
9xy) = Koo Y3 k; ko) —iko + cos2m(wx + 0) — 1 et (xy) (4)
0=&p

Because of the jump discontinuities, ¢S*)(x,y) is not absolutely convergent but is point-
wise convergent and the limit is given by ¢g(x,y) at the continuity points, while at the
discontinuities it is given by the mean of the right and left limits. If Bz, = {A ® Dg}, we
consider the Grassmann algebra generated by the Grassmannian variables {@jko YekoeBs
and a Grassmann integration f [Hx,koeBg,L dw;kodw;ko] defined as the linear operator on
the Grassmann algebra such that, given a monomial Q(¢)~,1") in the variables z/z;tko, its
action on Q(¢~,9¢™) is 0 except in the case Q(¢~,¢) = Hz,koeBg,L ¢;k0¢£k07 up to a per-
mutation of the variables. In this case the value of the integral is determined, by using the
anticommuting properties of the variables, by the condition

JU T aotiin,] T doiin =1 (5)

x,koEBg,L w,kOGBB,L

We define also Grassmanian field as yE = %ZkoeBM eﬂk”%biko with zy = mg% and
mo € (0,1,...,9M — 1). The ”Gaussian Grassmann measure” (also called integration) is

defined as

~ 1 i~ o~
P(d H &kao ::rk:o (<M) (z, ko) eXP{—E Z@(SM)(%/{?O)) 11@@%,%} (6)
:Dk‘()EBgL x,ko
with
(M
~ k
g(gM)(x’ ko) = X(v~ " kol)

—iky + cos 2w (wx 4 0) — cos 2m(wT + 0) ()

We introduce the generating functional W (n) defined in terms of the following Grassmann

integral (17, and ¢*; must be interpreted as zero)

W) / P(dip)e” )—=B(,n) (8)

with

V) = [ @50t 4Vt U [ 06 S U s Vi, +v [ 0205 )
8
where [dx =Y _, [?; dzy and ¢F is vanishing for = L/2+1 and 2 = —L/2 — 1. Finally

Blw,n) = / dx(nf s + g (10)



The 2-point function is given by

62
Sy P (x,y) = th) (11)
x Uy

It is easy to check, see §1.C of [18], that the expansions in ¢, U, v of (??) with pu ="phiz + v

and of (?77?) coincide in the limit M — oc.

C. DMain results
Our main result is the following.

Theorem 1.1 Let us consider the 2-point function Si(x,y) (??) with ju = cos 2w (wZ +6),

T e N, x,0 non vanishing and assume that, for some Cy, 7 > 1
llwz|| > Colz|™", |lwz£20|| > Colz|" Vz € z/{0} (12)

with ||.|| is the norm on the one dimensional torus of period 1. There exists an gy such
that, for le|,|U| < ey (u = 1),it is possible to choose v = v(e,U) so that the limit

limg o0 limy o0 limpy o0 SQL’B(X, y) = Sa(x,y) exists and for any N € N

1

< —&lz—y| ] T
1S5(x, y)| < Ce log(1 + min(|z[[y[))"5 T+ Alzo — o))V

(13)

with A = (1 + min(|z|, |y|))~7, £ = |log(max(|e|, |U|))| and C is a suitable constant.

Remarks

e The exponential decay in the coordinates of the zero temperature truncated correla-
tions (and the much slower decay in the temporal direction) is a signature of local-
ization of the many body ground state. One has to restrict to a full measure set of
frequencies and phases satisfying two Diophantine conditions: one on the frequency of
the almost-Mathieu potential, and the second excluding phases around integer values
of 2w—9; such conditions are often assumed in the analysis of the almost Mathieu equa-
tion [? ], [16]. This above theorem extends a previous result [18] in which exponential
decay was proven assuming w diophantine and 2;9 half-integer, and it was announced

in [28].



e A simple consequence of the theorem proof is a localization result formulated fixing
the phase 6 and varying the chemical potential; namely if we choose # = 0 and define
i = cos 2w, T € R, than the exponential decay of correlation (??) holds provided
that the chemical potential is chosen in correspondence of a point of the non interacting
spectrum, namely assuming a Diophantine condition on z, ||wz + 2wz|| > Clz|™7,
x # 0. In [18] it was instead considered that case of the chemical potential in the
middle of one of the infinitely many gaps, that is z half-integer; in such a case (?7?)

still holds, provided that A in (??) is replaced by the gap size.

e The proof of Theorem 1.1 can be extended to more general form of quasi-periodic
potential; one simply needs that ¢, = ¢(2m(wz + #)) with ¢ € C*, even ¢(t) = (1)
and periodic ¢(t) = ¢(t + 1); moreover one needs d¢.zr9 # 0. Other classes of
potentials were discussed in the non interacting case in [? ] and one could easily

extend the proof of the above theorem to such cases.

e Eq.(?77?) is in agreement with the proposed phase diagram of the interacting Aubry-
André model obtained by numerical simulations [19], in which a many body localized
phase is expected for small =, % Many body localization is however a stronger prop-
erty, requiring exponential decay of truncated correlations not only on the ground
states corresponding to different densities, but on each eigenstate of the many body
Hamiltonian; if such correlations can be analyzed by an extension of the methods

developed here is an important open problem.

e The assumption of spinless fermions plays an important role in controlling the con-
tribution of the resonant terms. The methods developed in the present paper can be
extended to spinning fermions at the cost of introducing a marginal running coupling

constant quartic in the fields.

D. Feynman Graphs expansion and small divisors

Before starting the proof of Theorem 1.1 it is useful to figure out the main difficulties of

the problem, related to the presence of small divisors. Let us consider the effective potential

defined by
e~ V) :/p(dwewwn) (14)



with V(1) given by (??). We can write

oo

Vin) =~ log [ P(dw)e =y E i) (15)

n=0

where ET are the fermionic truncated expectations, that is, if X (1) is a monomial

T

EN(Xin)=ET(X;..;X) = ;an log/P(dw)eaX(w))]azo (16)

It is well known that the truncated expectations can be computed using the anticommutative
Wick rule defined in the following way, see for instance [? ]. Given a set of indexes P and
defining ¢(P) = [] fep Q/’i((?) with e(f) = £, we can represent each field ¢¢ as an oriented
half line emerging from a point x and carrying an arrow, pointing towards the point if ¢ = —
and in the opposite direction if e = +. We can enclose the points x(f), f € P in a box, and,
if we have P, .., P, sets, we can associate a set of diagrams I' obtained by joining pairwise
the half-lines with consistent orientation, in such a way that all the boxes are connected; a
line obtained by joining two half-lines is denoted by ¢. If a line ¢ is contained in a diagram
I' we say ¢ € I', and the two fields are said contracted. Then

EVWD(P); . 0(P)) =Y er [[ g (17)

r Ler

where g, = ¢M) (x(f),y(f)) defined in (??) and er is the sign of the permutation required
to move every 1" to the immediate right of the ¢~ operator it is paired with. If we use
the graphical representation of the Wick rule described above in the truncated expectations
in (?7), we see that the effective potential V' can be written as a series of graphs, called
Feynman graphs, obtained taking n elements represented as in fig.1 and contracting the
lines with consistent orientation so that all the n vertices are connected; the contribution
of each Feynman graph is expressed by the sum over coordinates of product of propagators
9= (x,y).

In absence of many body interaction, i.e.U = 0, the graphs have the simple form of chain
graphs. The value of the graphs obtained contracting only n. = n e-vertices and bilinear in
the external fields 7, after summing over all the n! choices of vertex labels and taking into
account the n!=! in (?7?) , is given by, see Fig. 2 (o; = +),

/ H dx;7x, H 5xz+az,wz+1g(xz + @i, Toi — To Z+1)]77xn+1 =

=1

(18)

€ Z/dko%,ko H/g\(xl + Zah kO)]ﬁxl—kZigk a;,ko = 5n2/dk0ﬁm1ykoﬁx1+2i<k aikaHn(k[)?xl)
k=1

i<k 1
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FIG. 1: Graphical representation of the three terms in V(v) eq.(??)

In the perturbative expansion all the possible choices of the indices a; contribute. Even in
the non-interacting case U = 0 the perturbation theory fails to converge everywhere, due to
a small divisor problem caused by the irrationality of w. The peculiarity of the quasi-periodic
potential, with respect to the periodic case, is that the propagator can be arbitrarily large

when z # . If we set v =2/ +7,, p= =,
T, =T IT_.=-T—-20/w (19)

then cos27m(w(z’ + z,) + ) — cos(2m(wZ + 0)) = pro(WT)mod1 + Tpur With 7,4
O((wr")mod.1)?), vo = sin2w(w® + ). Therefore the propagators (and then the Feynman
graphs) are unbounded as (wz')moq.1 can be arbitrarily small and

1

20
—iko £ vo(WT")mod.1 (20)

(2’ + T, ko) ~

FIG. 2: A graph with n. =4, ny =n, =0

If we consider not all possible irrational w, but only the ones veryfing a diophantine
condition (which are a full mesure set) the propagators are bounded for x # pZ; using that

[|wa'|| = ||w(x — pZ) + 20,,-10|| > C|z — pZ|~" one finds

9" + Zp, ko)| < Cla — pz|” (21)



A naive bound using the above estimate is however still not sufficient to achieve convergence,
as it is easy to identify graphs bounded by O(n!™) (assume for instance a; = + in (?7) for
any 7). There is indeed a striking similarity between the expansion when U = 0 and the
Lindstedt series for KAM invariant tori in quasi-integrable Hamiltonian systems [? ],[? ]; in
both cases the expansion can be represented in terms of graphs with no loops and plagued
by a small divisor problem. A direct proof of convergence of such series, which were known
to converge as consequence of KAM theorem, was a non trivial problem which was finally
solved in in [? ],[? | by Renormalization Group methods. A similar approach was also used
in [? | to prove Theorem 1.1 in the absence of many-body interaction U = 0.

In the expansion for the 2-point function in presence of many body interaction much

more complex graphs can appear, namely graphs with loops; an example is Fig. 3 whose

FIG. 3: A graph with ny =2,n. =4

value is the following
772 o _ L
eU Z / dxo,1..-dwo 61:9(T; To1 — T02)9(T + 1,202 — T0,3)g(T; T3 — Toa) (22)
g(x + 15204 — T05)9(x + 15201 — 205)9( + 1,201 — 0,6)9(T + 25 Tos — T0,5)Met2,25.0

The appearance of graphs with loops plagued by small divisors like (??) produces a number
of new problems. First of all, a Cost™ bound on each Feynman graph is not sufficient to

achieve convergence; the number of graphs with loops is O(n!?) and one has to take into
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account, cancellations between graphs. In addition, the presence of loops has the effects that
the structure of small divisors is much more complex and the dangerous subgraphs can have
any number of external lines (not only two as in the U = 0 case). The presence of loops is
the signature of an interacting many-body system, and their presence makes the problem

genuinely different with respect to KAM theory.

2. PROOF OF THEOREM 1.1

A. Multiscale decomposition

We start by describing the integration of the generating function in the case n = 0 (the
partition function); we will describe how to adapt the expansion to the study of the two
point function in §2.1 below.

We introduce a function x (¢, ko) € C°(T x R), such that xx(t, ko) = xn(—t, —ko) and
Xu(t ko) = 1, if /B2 +3[|t]|2 < ay" ' and xu(t, ko) = 0 if /K3 + 02|[t]2 > ay® with a
and v > 1 suitable constants. We define z, =¥ z_ = —7 — 20/w and we choose a so
that the supports of xo(w(z — Z1), ko) and xo(w(z — Z_), ko) are disjoint; we also define
X (ww, ko) = 1 — xolw(z —Z4), ko) — xo(w(z —ZT_), ko). For reasons which will appear clear

below, see Lemma 2.4, we choose vy > 27. We can write then

(SM)( (<0

g="(x,y) =gV (x,y) + =" (x,y) (23)

and

<0) Z g(<0 (24)

where, for M large enough

(1) 1) &) . e~ tko(zo—vo)
g k;j X ws ko)X (y ™ [kol) —iko + cos 2w (wz + 0) — cos 27 (wx + 0)
0€Ds
—iko(zo—Yo)
(<0) _ 7 ) k ¢ 25
G~ T\ %Y k; Xo(w(z = 2,), ko) —iko + cos 2m(wz + 6) — cos 2w (wx + 0) (25)
0€D;s

We use the following property; if P,(dy) is a Gaussian Grassmann integration with prop-
agator g and g = g1 + go, then P,(dy) = P, (dyn)P,,(dy»), in the sense that for every
polynomial f

/ P,(d) f () = / P,y (di) / Py (dths) f (o + ) (26)
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By using such property

W (0) / P(d)e —V(®) /p(d¢(<0))/p(dw(l))e—v(w@’)w“)) (27)

where P(dy")) and P(dy(=C) are gaussian Grassmann integrations with propagators respec-
tively g™ (x,y) and ¢©=%(x, y) and 9" and /(=% are independent Grassmann variables. We

can write

/ (D)~ VEEH+6D) _ i, CRUEL (Vi) = (~BLE-VO (0(<0) (28)

where £ is the fermionic truncated expectation with respect to P(dy()). By the above

definition

V(O Z Z / d.TO 1- Z / dl’o m Xl, ey X H 1/) it)Pz<O (29)

m=1 x1

with x = x' + %, X, = (Z,,0) and Ej is a constant; moreover
GW(O) — G—BLEO /P(dw(go))e_v(m(d)(SO) (30>

It was proved in Lemma 2.1 [18] that the constant E, and the kernels Wy ) are given by
power series in U, ¢, v convergent for |U], |e], |v| < e, for €9 small enough and independent

of 3, L. They satisfy the following bounds:
|W$)|L1 < Lﬁcmglgm ’ (31)

for some constant C' > 0 and k,,, = max{1,m — 1}. Moreover the limit M — oo exists and
is reached uniformly.

We will show in the following section that we can integrate the fields 1(?)...4)("*1 obtaining

o—BLEy / PdpE0)e VW) _ ~BLE, / PdgpEM) eV @) (32)

where P(di(=")) is the gaussian Grassman integration with propagator, p = =+

g£)<h) (X/’ y/) = 5w’,y’g£§h) (xlv Lo — yO) (33)

with, if z =2/ + 7,

1

—iko + vop(wa:’)mod,l + Tp,x/

g;(agh) (2, 20 — yo) = /dkoe_ikO(xo_yo)Xh(wxl7 ko) (34)
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and the corresponding fields are denoted by w)(f,fh). The effective potential V™ can be

written as sum of terms of the form

Z/dxo»l””/dIO’an};Lpl,..,pn@/l?xo:l?’7$0,n)[H¢ZEp§ih)] (35)
o =1

and z, are functions of x;.

Definition 2.1 (Resonances):The contribution to the effective potential V) of the form
(??) such that x} = 2/ for any i = 1,..,n are called resonant terms; the other are called

non-resonant terms.
Lemma 2.1 In a resonant term p; = py for anyi=1,..,n.

Proof. The second of (11) implies 2 & 7/{0}; as 2; — x; € Z and z} = 2, then (z,, —
T, )+ N=0,Ne€Zsothat p=pjas Ty =T and Z_ = -7 — 20/w and 7 € Z. m

Remark. There are several ways in which the multiscale integration (?7) can be performed.
The most naive one would be simply to proceed as in the integration of 1)) (??); that is,
writing, by using (??), P(dy(S9) = P(dy(S~D)P(dp)®) and integrating ¢?) so obtaining
VD and proceeding in this way. This procedure would lead to a sequence of VM with
kernels HT(L?,L,_,,;" admitting bounds increasing as h — —oo, producing a lack of convergence.
Such problem is due to the fact that, according to the usual terminology of Renormalization

Group, the theory is dimensionally non-renormalizable; the scaling dimension D is
D=1 (36)

for any term in the effective potential, which are then all linearly relevant. One has to device
a more clever integration procedure, which will be described in the following section. The
idea behind it is that the resonant and the non resonant terms behave in a quite different
way; one needs to renormalize the resonant terms extracting as usual the local part; as
we will see, the local part is vanishing except for the kernels with two external fields, an
essential fact which avoid the presence of an infinite number of running coupling constants.
On the other hand, the dimensional bound can be dramatically improved in the case of the

non resonant terms using the Diophantine condition, as we will show in §2.F.
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B. Renormalized expansion

The sequence of effective potentials VM, h = 0, —1,—2, .. is constructed iteratively in

the following way; assume that we have already integrated the fields (@ (=D 4+
obtaining the r.h.s. of (??) which we rewrite as
o—BLE / P ()= 2V () RV (1) (37)
with £ =1 — R and R acts on the terms (??) in V) in the following way:
1. If n =2 then R =1 if (??) is non resonant, while if (??) is resonant
+(<h) —(<h
R Z / do1dxy 2H2 P p(x Zo,15 Lo 2)7/’1/(10 1) p@bm’fgo,z),p (38)
(h <h) —(<h
- Z / dxo’ldx0’2H2§P)vP(x/; 0,1, x072)w;fu’;o,l),ﬂTx’y(ﬂﬁ_o,l)wo,zﬂ
with
—(<h) _ ., (<h) <h) <h)
TI’7170,1,$0,2P - ¢I',$0,2,P - wr’ ,T0,1,P (ZEQ 17— o 2)a¢$’ ,T0,1,P (39)

2. If n > 4 the R operation consists in replacing any monomial of fields with the same

o, e,pin (72), that is ¢ =" I1; V=M with

x/,10,1,p x',20,i,0”

wf(éh) HDE(Sh) (40)
x/,x0,1,p z/,20,1,%0,i,0
i
with
£(<h) _ Ly E(ER (<h)

DI’JO,l,wo,z,p - wx’,zo,l P wm ,T0,2,0 (41)
Remark When n > 4 the R operation is simply the identity, as 1/12( xfjl ,,H wi(fﬂlgup -
w;ﬁiﬁ le Dx(ig’)l w0400 DOWever, as we will see in the following sections, the equivalent

representation of the monomials given by (?7?) has the effect that certain dimensional gains
in the bounds can be extracted more easily. Note that in all resonances with n > 4 there
are at least two D-fields, by Lemma 2.1; as we will see below, this will change the scaling
dimension from 1 to —1. Finally note that, in presence of the spin, the £ action would be

non vanishing and a quartic running coupling constant is generated.
By definition £LV® is given by the following expression

Ly® = yhy, EW 4 7Y 4 FO) (42)
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where

FO =S5 [0
p

FM=3"%" / d0(w2 Vo1 G (2 Y 5 M (43)
p

PO =303 [ droan(a)it 50005
p

The vy, coefficients are independent from p, as (?77?) is invariant under parity z — —x,  — —0;

and this implies invariance under the transformation zbi)(i;), P wi@@m/,_ ,: therefore, it e = +

Héh)(x/7$07y0) = HQ(,h—)p,(_x/axO7y0) (44>

P
so that the fact that v, is independent of p follows. Note also that (§%)*(z, ko) = g (z, —ko)

so that (ﬁéhp) (@', ko))" = flg(f;)(a:’, —ko), and this implies that v, is real.
With the above definitions we finally write (?7?) as

/ P(dyp="1) / P(dip®)e=EVH-RV®) _ —BLE, / P(dyp(Sh=D)e VI @ETD) (g5

where P(di)(<"~1)) has propagator ¢="~!) defined by a formula analogous to (??) with h— 1
replacing h, and P(dy™) has propagator ¢! defined by a formula analogous to (??) with

X replaced by fr = xn — xn_1, with f, a smooth compact support function vanishing for

"t < VKRS + v |wa!||? < oy, for suitable constants cp,cy. From the r.h.s. of (77),
the procedure can be iterated.
The single scale propagator g verifies the following bound, for any integer N and a

suitable constant C'y
Cn

<
S T = )™
which can be easily obtained by integrating by parts.

199 (2, 20 — o) (46)

The above procedure allows to write the W(0) (??) in terms of an expansion in the
running coupling constants vy, = (U, Chp, 0np) With b < 0; as it is clear from the above

construction, they verify a recursive equation of the form
U1 = Up + Bp (T, --Vo) (47)

We will describe more explicitly such expansion in the following section.
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C. Trees

The effective potential V) can be written as a sum over trees [? |, defined below.

v’ v/< | i
P~

h hy  hy 0 1 2

FIG. 4: A tree 7 € Ty, with its scale labels.

Definition 2.2 (7-Trees):

1. The labeled trees T € T, with n endpoints (to be called simply trees in the following)
are defined by associating some labels with the unlabeled trees, which are constructed
by joining a point r, the root, with an ordered set of n > 1 points, the endpoints of the
unlabeled tree, so that r is not a branching point. Starting from the unlabeled trees,
the labeled trees are defined associating a label h < 0 with the root; moreover, we
introduce a family of vertical lines, labeled by an integer taking values in [h,2], and
we represent any tree 7 € T, so that, if v is an endpoint or a non trivial vertex (the
branching points), it is contained in a vertical line with index h, > h, to be called
the scale of v, while the root r is on the line with index h. In general, the tree will
intersect the vertical lines in set of points different from the root, the endpoints and
the branching points; these points will be called trivial vertices. Every vertex v of
a tree will be associated to its scale label h,, defined, as above, as the label of the

vertical line whom v belongs to.

2. There is only one vertex immediately following the root, whose scale is h 4+ 1. Given

a vertex v of 7 € Tj,, that is not an endpoint, we can consider the subtrees of 7 with
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root v, which correspond to the connected components of the restriction of 7 to the
vertices w > v; the number of endpoint of these subtrees will be called N,. If a subtree
with root v contains only v and one endpoint on scale h, + 1, it will be called a trivial
subtree. With each endpoint v of scale h, < 1 we associate £V(h”’1), and there is the
constrain that h, = hy + 1, if © is the non trivial vertex immediately preceding it or
the first vertex after the root; to the end-points of scale h, = 2 are associated one of

the terms contributing to V' and there is not such a constrain.

3. The set of field labels associated with the endpoint v will be called I,; if v is not an
endpoint, we shall call I, the set of field labels associated with the endpoints following
the vertex v. Finally with each trivial or non trivial vertex v with h < h, < 0, which
is not an endpoint, we associate the R = 1 — L operator, acting on the corresponding

kernel.

The effective potential appearing in (??) can be written as sum over trees in the following

way, if h < —1
VOWED) + LBEw = Y VI (7, g=) (48)

n=1 TE'T}L’.,L
where, if Uy is the first vertex of 7 and 71, .., 75 (s = sg,) are the subtrees of 7 with root 7y,

V) (1,4p(SM) is defined inductively by the relation

s+1
—(_2 T [Ty, S0P (SY (1)

V(7 ) =
where VD (7, qh(ShH1):

1. it is equal to RV (7;, (<P with R given by (??),(??) if the subtree 7; is non

trivial;

2. if 7; is trivial, it is equal to LY+,

Starting from the above inductive definition, the effective potential can be written in a more

explicit way.

Definition 2.3 (@, P-Subsets):

1. We associate with any vertex v of the tree a subset P, of I,, the external fields of v,

and the set x, of all space-time points associated with one of the end-points following
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v. The subsets P, must satisfy various constraints. First of all, |P,| > 2, if v > w;
moreover, if v is not an endpoint and vy, ...,vg, are the S, > 1 vertices immediately
following it, then P, C U;P,; if v is an endpoint, P, = [,. If v is not an endpoint,
we shall denote by @, the intersection of P, and P,,; this definition implies that
P, = U;Q,,. The union Z, of the subsets P,, \ @Q,, is, by definition, the set of the

internal fields of v, and is non empty if S, > 1.

2. Given 7 € Tjp, there are many possible choices of the subsets P,, v € 7, compatible
with all the constraints. We shall denote P, the family of all these choices and P the

elements of P;,.

3. Given a tree 7 and P € P, , we shall define the y-vertices as the vertices v of 7 , such
that Z, (the union of the subsets P,, \ @, defined before (?7), that is the set of lines

contracted in v) is non empty; note that |V, | is smaller than 4n.
4. We call v’ is the first vertex € V), preceding v, and v, the first vertex v € V, in 7.

With these definitions, we can rewrite V) (7, (M) as

T @Z)(<h) Z V h) 7' P 7( )(T,P) - /dXvoq/} (<h) ( )K’ghgl)(xvo) ) (5())

PeP,

where K (n +1 (XUO) is defined inductively and ™) (P,) =[] fep, X,( . p()f)

The tree structure provides an arrangement of endpoints into a hierarchy of clusters,
see Fig.5. Given a cluster with scale h,, one can imagine that the fields gz(h”)(Pvl \
Qvl),..,J(h”)(vav \Qus, ) are external to the S, inner clusters, and the &l operation contracts
them in pairs.

In order to get the final form of our expansion, we need a convenient representation for the
truncated expectation. Let us put P; := P, \ Q,,; moreover we order in an arbitrary way the
sets P = {f € P,,,e(f) = £}, we call thelr elements and we define x() = Usep- x(f),
YO = Uyepry(F)s x5 = x(f5): ¥ij = (/. ). A cowple I == (f7, f,) == (f7, f) will be
called a line joining the fields with labels f, f;fj,. Then, we use the Brydges-Battle- Federbush
formula [? ],[? ] saying that , if S, > 1,

EF (PP, - , ") (Ps,)) ZH e (@) 201 — yo,)] / dPr(t) det G™7(t) |

Ty leTy

(51)
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80pt =

FIG. 5: A tree of order 5 and the corresponding clusters. Only the vertices v € V, are represented.

where T, is a set of lines forming an anchored tree graph between the clusters of points
x Uy see Fig.6, that is T}, is a set of lines, which becomes a tree graph if one identifies
all the points in the same cluster. Moreover t = {t; € [0,1],1 < i,i" < S,}, dPr,(t) is a
probability measure with support on a set of t such that t;; = wu; - uy for some family of

vectors u; € R of unit norm.

ho, _
Gl = tnffsxij,yi/jxg(h @i, @05 — Yo,r) (52)

v e . . v
ig,i' 5’ Pij

with (f;;, f;“j,) not belonging to T,.

Definition 2.4 (T-trees):

1. We define T, = U, >, Tw starting from 7T, and attaching to it the trees T,,, .., T,

UJZ’U ) VSy

associated to the vertices vy,..,vg, following v, and repeating this operation until
the end-points are reached. The tree T, is composed by a set of lines, representing

propagators with scale > h,, connecting the end-points w of the tree 7.

2. To each line i, attached to w in T, is associated a factor 53)“,

and a) 6" = 0 if w
corresponds to a v, ay, ¢, end-point; b) 6°, = +1 if it corresponds to an ¢ end-point;

¢) 0% = (0,+1) if it corresponds to a U end-point.

3. Given wy,w, in T, such that v, and x;, are coordinates of the external fields QZ(PU),
and let be ¢y, ., the set of end-points in the path in T,, connecting w; with w,, including

w1, ws (in the example in Fig. 7 the path is composed by wy, wq, Wy, we, wy ). We call
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FIG. 6: A symbolic representation of a contribution to (?7?); the solid lines represent the propaga-
tors ¢("») in the tree T, connecting the S, = 3 clusters, represented as circles, the wiggly lines are
the external fields J(PU); the fields in the determinant are not represented. Inside the 3 clusters

other trees connecting inner clusters or points must be imagined, and so on.

i the line following w in ¢y, 4, starting from w;. We call |cy, w,| the number of

vertices In Cy, -

By using the above definitions

x:un - ‘CEZUQ = (jpzw - jpzwl) + Z 51150 (53)

wecwl,wz

The above relation implies, in particular, that the coordinates of the external fields @(on)

are determined once that the choice of a single one of them and of 7, T,,, and P is done.
Definition 2.5 (L and H vertices)

1. If the coordinates «’ of the fields {bv (P,) are the same we say that v is a resonant vertex,
while if the coordinates are different is called non resonant vertex; the set of resonant

vertices in V, is denoted by H, and the set of non-resonant vertices is denoted by L.

2. We define P_[X the union of H, and the non-resonant end-points (that is the ¢, U
end-points) Ex the union of L, and the resonant end-points (that is the vy, (s, oy,

end-points).
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w2

FIG. 7: A tree T, with attached wiggly lines representing the external lines P,; the lines represent
propagators with scale > h,, connecting wi, wq, wy, We, wa, representing the end-points following v

in 7.

3. If v; i =1,...,vg, are the vertices (including end-points ) such that v, = v;; among
such vertices there are SL vertices belonging to L, and S vertices belonging to H,
so that

S, =Sk sH (54)

D. Graphs

Let us first set R = 1 and we can write

D) =30 Y Z Val(G (55)

n=11€Ty, n GeG(T

where G(7) is the set of Feynman graphs of order n obtained associating to each end-point
a graph element as in Fig.1, and joining (contracting) the lines with consistent orientation
so that all the n vertices are connected. With respect to the Feynman graph seen in the
previous section, each propagator carries an index h,, if v is the minimal cluster containing
the propagator.

An immediate bound for each Feynman graph is, if |U], || < g¢, and remembering that
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AN /
N 7
y
U
U

FIG. 8: A tree 7 (only the vertices v € V,, are represented), the corresponding clusters, represented

as boxes, and a Feynman graph; the propagators have scale h,, and h,, respectively.

S, is the number of clusters contained in the cluster v

Val(G)| < egC™ [T " (56)

veVy

The above estimate is immediately obtained considering a tree of propagators connecting
all vertices, bounding by a constant the propagators not belonging to such tree and by ="
the integrals of each one of the S, — 1 propagators in the tree connecting the vertices in the

cluster v. The above bound can be rewritten as

Val@)l < gyl I ] (57)
veVy ,v#vg vEe.p.
where D = 1 is the scaling dimension. The bound (??) do not provide a finite result

when summed over the scales h,. As we will see in §2.F the R operation produces an extra

factor [T, H, 72 =) i the bound, making the dimension of the resonant vertices negative

D = —1. Moreover, as we will see in the following section, the diophantine condition implies

that the dimension of the non resonant vertices can be improved.

E. The non resonant terms

Consider a non resonant vertex v and z/, and z/ _ are coordinates of two external fields
w 9

w1 2

with x), — , given by (?7). The Diophantine conditions imply a relation between the
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scale h, and the number of vertices between ws and w; in T,,.

Lemma 2.2 Given 7,P,T, let us consider v € Ex and wy,wy two vertices (possibly coin-

ciding) in T, see (??), with x|, # x,,,; then
—h
|Cw1,w2| > Ay (58)
with a suitable constant A.

Proof. Note that ||wz), |1 < cvy Lyho=1 5 = 1,2 by the compact support properties of
the propagator; therefore by using (??) and the Diophantine condition, if

2evy " 2 (| (wal, )] + | (wan, )l 2 llw(zl, — 2, = (59)
1(Z g, = Topy Jo T D Ol (60)
WECw ,wy

If pe,,, = pe,, Dy the first of (11) we get

C
QCUJIVh“ 2 |§: : 5@47 (61)
’weCuzl ;W9 w

If py,, = €, pu,, = —¢, €=+ then

1(Zpe, = Tpoy 0 +w Y Ol =2e0T+2:0+w Y 6l (62)
’u}eCu)l,u)2 wECwl,wQ
and if 3 0. §lw 4+ 2eT # 0 by the second of (11)
_ Co Co Co
2cvy iy > — — > . > . (63)
" PEES SIS TR ¢ GRS D SN )LD SN 1
Finally if 3., . 0k +2e% = 0 then cvg'y™ > [|26]| > “%”\zf%' The fact
. weCwq,wy w
that ]Zw@mm 0w | <y | €nds the proof. "

Lemma 2.2 says that there is a relation between the number of end-points following v € L,
and the scales of the external lines coming out from v. In particular the U, e-endpoints with
scale h, = 2 have |cy, w,| = 1, hence the scale of the first vertex v € V, preceding the

end-point is bounded by a constant.

Lemma 2.3 Given 7,P,T the following inequality holds, for any 0 < c <1

—h
< e (64)

vELy
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Proof. If v eV, and N, =) 1 is the number of end-points following v in 7 then

< I & (65)

veVy

gk
2,V >v

. 0 h—1 . . .
Indeed we can write ¢ = [[,____ ¢* . Given a tree 7 € Tj,,,, we consider an end-point v*

—00
and the path in 7 from v* to the root vy; to each vertex v € V, in such path with scale h, we
associate a factor czth; repeating such operation for any end-point, the vertices v followed

by N, end-points are in N, paths, therefore we can associate to them a factor N2

2hv —2 2hv/ -2

finally we use that ¢ <c

Note that if v is non resonant, there exists surely two external fields with coordinates

x, x5 such that | # x%; note that
_hv'
Ny Z [Cuwrwy| 2 Ay 77 (66)
therefore, by (?7), (?7) follows, .

By combing the above results we get the following final lemma which will play a crucial

role in the following. We choose 7%/2 = 4" > 1; for instance v = 2?7, n = %

Lemma 2.4 Given 7,P,T the following inequality holds

T2 < o T +=*41 TT +] (67)

vELy veVx vELy

’lUZth é = [m}zed].

Proof As we assumed 7% /2 =~" > 1 than, for any N

—h . N
Avy7 20 _ ,—|logec|Ay nh < ~Nnh 68
‘ ‘ <7 Tog [l AVe™ (68)

as e 2N < [HNe™N and (?77) follows choosing N = 2/1. u

F. The resonant terms

In the previous section, and in particular in Lemma 2.4, we have seen that the Diophantine

2h,

condition implies an extra factor v*" for any non resonant vertex v € L,, at the cost of an

n

harmless constant ¢™", where n is the perturbative order. There is no such a gain for the
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resonant vertices, and one has to exploit the R operation in order to gain factors allowing
at the end to sum over all the scales h, of the tree 7. In addition, the R operation, when
applied over vertices with a large number of external fields, gives also, combined with lemma
2.3, a factor allowing the sum over P,.

Let us start considering the resonant vertices. The effect of the R operation on the
vertices v € H, consists in replacing a 1 fields with a 7" field (??) when |P,| = 2, or to
replace at least two fields with D-fields (?7?) if |P,| > 4; if such fields are contracted at a
scale h, , the replacement of a ¢ with a D fields implies the replacement of a propagator

g(hv’)(x’,xm — 2p) with
g (@' o — 20) — (2, w02 — 20) (69)

In the bounds, it can be convenient to write such difference as

1
(.’13071 — [B[)yg)/ dt@g(hv’)($’,§071,2(7ﬁ) — Z[)) (70)
0

where Zg12(t) = w01 + (202 — z0,1) is an interpolated point between xg; and zg2; note
that replacing g")(2', 291 — 2p) with (??) produces at least an extra factor 4~ in the

2(hy—hy)

bounds. Similarly replacing a ¢ with a T" field can produce an improvement =y SO

that, in conclusion, for each v € H, the R operation produces an extra factor A2 (hy —ho)

In order to get a finite bound on the kernels of the effective potential, in addition to
the sum over the trees and the scale labels h,, there is also the sum over the sets P,.
Let us consider the vertices v with a large |P,|. Note that the external lines have labels
(ei, pi) = (£, £); therefore P, can be decomposed in 4 groups, and we denote by p, & the
labels of the external fields whose number is maximal; we call m, this subset of P, and
|m,| > | P,|/4; we replace the D fields in P, not belonging to m, with v fields. We consider
a tree T, and we define a pruning operation associating to it another tree T\v eliminating
from T, all the non branching vertices w in T, not associated to any external line with label
p, &, and all the subtrees not containing any external line with label p, & (see Fig. 9 for an
example), so that there is an external line associated to all end-points. The vertices w of
T, » are then only branching vertices or non branching vertices with external lines p, &; all
the end-points have associated an external line. We define a procedure to group in couples

the fields in m,, such that every field belongs to a couple and at most to two couples, and

the paths in fv connecting the coordinates of the points in the couple are non overlapping.
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FIG. 9: In the picture the lines represent the propagators with scale < h, in fv and the wiggly
lines represent the external lines P, with label p; note that, by definition of the pruning operation,

all the end-points have associated wiggly lines, contrary to what happens in T}, see Fig. 7.

The procedure starts by a first pruning operation considering the end-points w, immediately

followed by vertices w, with external lines (in the tree in Fig. 9 the vertices are wyg, wq; or

/
wp !

wy, ws); we say that the couple of fields in w,,wy is of type 1 if x), = 2/, , while it is of
type 2 if x;, # x;,,. We now cancel the end-points w, already considered and the resulting
subtrees with no external lines; in the resulting tree we select an end-point w, immediately
followed by vertices w;, with wiggly lines, and again such a couple can be of type 1 or 2; we
continue unless there are no end-points w followed by vertices with wiggly line (the result
of this pruning operation on the tree in Fig 9 is Fig. 10).

In the second pruning operation we consider (if they are present, otherwise the tree
is trivial and the procedure ends) a couple of endpoints followed by a branching vertex
(in the picture wy,ws or wy, wis); we call them w,,w, and we proceed exactly as above
distinguishing the two kind of couples. We then cancel such end-points w,,w, and the
subtrees not containing external lines, (the result of this operation on the tree in Fig. 10 is
in Fig 11). If the resulting tree has again end-points with external lines followed by vertices
with external lines, we prune such vertices as in the first step and we continue in this way
so that at the end all except at most one vertex with external lines are considered.

Note that by construction the paths cy, v, in T » do not overlap; for instance in Fig.8

the paths are cy,.wi,, Cwswss Cwrwss Cwowizs Cws,wes Cweawrs Cwrwny - L herefore, given a vertex
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FIG. 10: The tree in Fig. 9 after the first pruning operation.

We

wr

FIG. 11: The tree in Fig. 9 after the second pruning operation.

v in the tree 7, we have that every external field belongs to a couple and at most to two
couples, and the paths in T » connecting the coordinates of the points in the couple are non
overlapping. The fields in the couples can have the same 2’ or different /. In a couple of
fields with the same 2’ one is surely a D-fields; we then write it as (??) which will produce
in the bounds a factor y»=") < 4~ as h, — h, < —1. On the other hand given w, w’

with 2/, # @', we have |c, | > By™"/™ by lemma 2.2; moreover by Lemma 2.3 we can

N2 =1

associate to each v € V, a factor ¢ with N, the vertices in T),; as the paths Copuy ATE

/‘thl < CB’y_hv’/Tth’

non overlapping, we get one factor ¢/®w.w < 47! for ¢ small enough, for
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each of the couples. As we can associate a factor 'y’% to each field in a couple, we get at the
end a factor y~Imel/2 < 4~ II/8,
The result of the above operations is the following representation for the effective potential

(for more details on how derive such representation in a similar case see for instance §3.3 of

7 )
V=33 Y Y Y / Ao, Hrp 0 (2,704,) [ ] aiiiﬂfﬁf?fg(}})ff(){% (71)

n=171€T} , TELPEP; acAr =« fE€Py,

and

1 ~
Hepralr.mw) = Kopra ] o / AP (t) det G T (t,) (72)

v not e.p.

+ -
H 832520’)1 032520’2 (Y (2o — yo,z))ba(’)gff”)(:c;; Tog — You)) ‘]
I€T,

where T is the set of the tree graphs on x,,, obtained by putting together an anchored tree
graph T, for each non trivial vertex v, Ar is a set of indices which allows to distinguish the
different terms produced by the non trivial R operations and the iterative decomposition of

the zeros G (t,) has elements

+ -
hvav _ qﬁt(fij) qﬂt(fij) (h )
a,ig,i'j’ Lo Tig Yy 1 ’Yh“wmja’yh“woij : (:Uijvxoyij - yﬂ,i’j/) (73)

The indices ¢, b, € (0,2) are such that, by construction and for ¢ < 1

1K, pra <c H vz(hv/—hv),y—é\Pvl (74)

veEHy

The factor [, H, 72(h =) s obtained by the action of R on the resonant term; the
factor 7_%“3“' is obtained by the by the action of R and by Lemma 2.3.

Regarding the flow equation for v, we get

=t Y S S [ dsu Hoar(0,0,) (75)

n>2 7€T, , TET PEP; a€Ar

where by construction on the first vertex of the trees vy the £ operation acts and vy € Vi;

a similar expression holds for the ( ,, ap .
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G. Bounds for the effective potential

In this section we get a bound for the kernels of the effective potential defined in (77?).

Lemma 2.5 Ifn =n, +ny + n. + n, + n¢ the following bound holds

ﬂL Z Z Z Z/dmOvolHTPTa(ﬂf l‘ovo)’ <

T€Thn TETPEP, =

Gy (sup [ )™ (sup |Gpl)™( sup Jau, )" [U]"[e]"™ (76)
k>h z',p,k>h ', p,k>h

where C is a suitable constant.

Proof We start from (??) and, in order to bound the matrix G
space H = (> @ R* @ L*(R') so that

i1, we introduce an Hilbert

GZ% = <in]~ @ w; @ A(zoij—, Tij) Vi @it @ B(yo,ij0—, Sﬂzg)) ) (77)

where v € R” are unit vectors such that (v;, v;) = d;;, u € R® are unit vectors (u;, u;) = t,

and A, B are vectors in the Hilbert space with scalar product

(AB) = [ A 20 = ) B (/20— ) (78)
given by
A0 = 20) = 5 3 il o)
ko
—iko(yo—=20) /
B(x',yo — G Z —iko + c05627r(w:c’ + 1z, ihéc;x—yf(;)s) 2m(Z, +6)
Moreover
Il = [ dsalania' )P <O B < Er7t, (79)

for a suitable constant C'. Therefore by Gram-Hadamard indequality we get:
’detéhu,Tv (t,)] < O Py |=|Pol=2(Su—1) (80)

Assume first that vy is non resonant; by using (?7?),(??) we get

LLBZ/dl’O,UO|HT,P,T,o<<x’xO,vo)| <
A TT I I 1 T

veVy UELX UEHX,vyﬁvo

(81)

_ H_ gL n N n e
(T LT 2 T T b s Gl s o0

/ ’
veVx veVy vEe.p. pk> x/,p,k>
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is over the vy, ap, ¢, end-points and by construction in []; ' one has

where [},

_ —hySH _ —hy hoy he
hy = h, — 1. We use that HvGVX v = 1_[1)61,1,%”7@0 ~y HUEep ~~" and Hvevx e <
Ao HUE‘/X,U Zvo A" : therefore

H 4 W(SH — 1 H Ao /—th H ,yhv/] < Ao (82)

vEe.p. W/U

veVy vEHy vEe.p.
so that
L@Z/dxvo|HTPTa(I Xug |<7UOHS| H’Y (83)
vELy
[H e =ho)] H yelP I](Sup|Vk|) “( Sup |Ckp|)"<( sup v, )" | U™ ||
vEHy veVy z',p,k z',p,k>h

Note that > p[[[,cv, y=sIPl] < Cm) see for instance §3.7 of [? ] for a proof; moreover
>l 5 =) < C", see Lemma 2.4 of [? ]. The sum over the trees 7 is done performing the
sum of unlabeled trees and the sum over scales. The unlabeled trees can be bounded by
4" by Caley formula, and the sum over the scales reduces to the sum over h,, with v € V,,
as given a tree with such scales assigned, the others are of course determined. We use that
[Lez, Aot = [Ler, Y [Theep. v where [[0¢, , is over the v corresponding to the ¢, U

end-points; moreover trivially [T,c, 7" < [],ep, ~hwr=hv) " Therefore

DT AL A1 < Y U A Hv <o (84)

{hv} veLy vEHy {hy} veVy vEe.p.

where we have summed over the all possible difference of scales (the scale of the root is

fixed) and we have bounded by 1 the factor [[];c,, ¥"]. A similar boud is obtained if v
is resonant, using that h,;, = h and an extra factor 72h=hw) appears in (77). n

H. The flow of the running coupling constants

The above lemma ensures convergence provided that the running coupling constant vy
remain small for any k; this is obtained by choosing properly the counterterm . We can

write

Vh—1 = YW + Z Bhm  Qh-1p = Qnp+ Z Bhn  Ch—1,p = Ch—1 + Z Bim (85)
n=2 n=2 n=2
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Lemma 2.6 Ifv=v,a,( and (wx') in the support of xp

h ny n, Mo n Ne
2,0 < O Gsup bl Csup (G, sup gl |0 (50

Z x/novkz Il7p7k2h

Proof By (77?)

V= X TS [ dvoHeea(0,0,) (87)

T€Th,n TET PEP: acAr

and vg € V,. The rh.s. of (?77) verifies the same bound as the r.h.s. of (??); indeed
in vp no R is applied and by definition h,, = h; the same is true for 5%, By. Moreover
no contributions from trees with all the endpoints associated to vy, ap, (5 are possible; the
corresponding graphs are chains, whose value is vanishing by the compact support properties
of the propagator. Therefore in the trees giving a nonvanishing contribution there is at least

a vertex with scale 0 corresponding to an € or U end-point so that (??) is replaced by

STIUTT AT A% < a2 ST A" 20 ] 72 < e (88)

{ho} wveLy vEHy, {hy} veVy vEe.p.

It remains to prove that we can choose v so that the running coupling constants are

bounded uniformly in h. First we write, for h < —1,if gy = >, Bin

0
v =7""(vo + Z ) (89)
k=h+1

Lemma 2.7 There exists vy such that
sup |vi| + sup |Gkl + sup |ovg,o| < C'max([e], [U]) (90)
x',p, x',p,

for a suitable constant C.

Proof. In order to fix v_,, = 0 we choose

0
w=— S 2 (91)

k=—o00
so that
h
e Z ,yk—h—lﬁl: (92)

k=—o00
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We consider the space M of sequences v such that |v,| < C'max(|e|,|U|); we shall think
to M as a Banach space with norm ||v|| = sup,< |vx|. We look for a fixed point of the

operator T': M — M defined as

h
= > ATTB () (93)

k=—o00

By using (?77?) we see that T' leaves M invariant; moreover

BY(v) = BLW)] < Clmax(|el, [U)Y# v — V|| (94)

as ﬁ,(Lh) is vanishing if n. = ny = 0. Therefore a unique fixed point for T exists. Finally with
the above choice for v ones has, from (?7?)

0

0
lan,| <182 < Z max([e], [U]))y? < Cy max(|e], |U])
k=h

0

0
ol <3181 < Z max(|e], [U])y? < Cy max(|e], |U])
k=h

(95)

"
By using lemma 2.5 and 2.7 the convergence of the expansion for the kernel of the effective

potential follows.

I. The 2-point function

We have finally to get a bound for the two-point function, which can be written as

X,y) =Y Hu(x,y) (96)

where H,(x,y) is sum over trees with n end-points and any value of h,,, among which there
are 2 special end-points associated to the external lines and n — 2 are associated normal end-
points of type €, U, vy, oy, p. Note that there is necessarily a path ¢y, 4, in ﬁ, connecting
the points w;, with x,, = x and wy with x,, = y such that by (??) |z — y| < |Cuwywsl;
IMOTEOVEr |Cyy wy| < m so that H, = 0 for n < |z — y|. No R operation is applied in vy

and with respect to the bound to the effective potential (??) there is an extra v~ "o for the
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presence of the external lines and of one integral missing due to the fact that the coordinates

of the external lines are fixed. The sum over the scales is bounded by |h| with

z 1
“h < ma a <
T = R0 et |[w(z + k) — wpd — 20, 10]]

C(1 +minf[al, [y} +n)” < C(1+min{la], ly|})7(1 + .

1+ min{]z, [y[}

) 7)

so that in conclusion, using Lemma 2.6 and 2.7

1S(x,y)| < }j<mdeJw»%wmgu+nmqmum9%1+1+Hm§uumpw
n>|z—yl ’
< e~ slosmaz(llUDIe—vl 166((1 + min{|z|, |y|})"] (98)

We can get another bound, which is better for large |xo — yo|; by integrating by parts and
using that each derivative carry an extra v~ one gets

Cn
1+ (min{|z], [y|} 7|20 — yol)¥

and combining the above two bounds, Theorem 1.1 follows.

1S(x,y)| < e 3llogmax(eL|UDllz=y] (99)
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