Quantum Phase Transition in an Interacting
Fermionic Chain.

F. Bonetto and V. Mastropietro

Abstract. We rigorously analyze the quantum phase transition between a metal-
lic and an insulating phase in (non solvable) interacting spin chains or one di-
mensional fermionic systems. In particular, we prove the persistence of Luttinger
liquid behavior in the presence of an interaction even arbitrarily close to the crit-
ical point, where the Fermi velocity vanishes and the two Fermi points coalesce.
The analysis is based on two different multiscale analysis; the analysis of the
first regime provides gain factors which compensate the small divisors due to
the vanishing Fermi velocity.

1. Introduction

1.1. Spin or fermionic chains

Recently a great deal of attention has been focused on the quantum phase transition
between a metallic and an insulating phase in (non solvable) interacting spin chains
or one dimensional fermionic systems. Beside its intrinsic interest, such problem
has a paradigmatic character, see e.g. [1, 2]. Interacting fermionic systems are often
investigated using bosonization [3], but such method cannot be used in this case;
it requires linear dispersion relation, while in our case close to the critical point
the dispersion relation becomes quadratic. Interacting fermionic systems with non
linear dispersion relation have been studied using convergent expansions, based on
rigorous Renormalization Group methods. However the estimate for the radius of
convergence of the expansions involved vanishes at the critical point, so that they
provide no information close to the quantum phase transition. This paper contains
the first rigorous study of the behavior close to the metal insulator transition, using
an expansion convergent uniformly in a region of parameters including the critical
point.
We will focus for definiteness on the model whose Hamiltonian is given by
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where (S1,52,8%) = L(ol,02,063), forx=1,2,. 7, i=1,2,3 are Pauli matri-
ces, h is the magnetic field and v(x) is a short range even potential, that is
v(—x)=v(x), )] <e ML

Finally Uy, is an operator depending only on S and S} to be used later to fix the

boundary conditions. When v(x —y) = 0y y+1, this model is known as XXZ Heisen-

berg spin chain. Setting x = (xo,x), we define S& = ef*0§i ¢~H%_ Moreover, given
an observable O, we define
Tre PHO

0 =— and O) = lim lim (O)g ;. 2

(O)p.L Tre P (0) ﬁﬁmL_}oj )B.L 2)

It is well known that spin chains can be rewritten in terms of fermionic operators

ai, with {a},a;} = 8.y, {a] ,a ay } ={a; ,a; } = 0, by the Jordan-Wigner transfor-

mation:

_ X— l _ _
o =e Y _ya Yay va; 0.+ _a+em2) 1"\ ay ’ Gx3 :2ax+ax 1 3)
where 6f = (6! +i0?2)/2. In terms of the fermionic operators the Hamiltonian
becomes

1 —
H:_Z 2( )Jcr-‘rla +ax x+1)+hajax A’ZVX ya axay ay (4)

X

where h = h — A%(0) and Uy can be chosen so to obtain periodic boundary con-
ditions for the fermions, i.e. af = ali. Therefore the spin chain (1) can be equiv-
alently represented as a model for interacting spinless fermions in one dimension
with chemical potential & = —h.

The 2-point Schwinger function is defined as

SLp(x—y) = (Tayay)Lp )
where T is the fime ordering operator, that is T(ay ay ) = ayay if xo > yo and
T(ay ay ) = —ay ay if xo < yo. We will mostly study the infinite volume zero tem-

perature 2-points Schwinger function given by

lim lim S; g(x—y) =S(x—y).

ﬂ*) oo L—yo0

1.2. Quantum Phase transition in the non interacting case

The fermionic representation makes the analysis of the A = 0 case (the so called
XX chain) quite immediate. We associate to the set of creation and annihilation
operators the corresponding set of operators in momentum space writing

Z e:tzkx Ai
kej

where 9 = {k|k = %, —n<k< 71:} and d,jf are creation and annihilation op-
erators verifying {a; ,a;,} = {d; .4, } =0, {4 ,4; } = L& p with & the periodic
Kronecker delta function. From these definitions we get

Z e(k g(k) = —cosk—h (6)
ke@
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where we have used the identity ¥, _ ™ = L& o. The ground state of (6) depends
critically on 4. Indeed, for 4 < —1 the ground state is the fermionic vacuum (empty
band insulating state), for h > 1 it is the state with all fermionic levels occupied
(filled band insulating state) while for —1 < h < 1 the ground state corresponds to
the state in which all the fermionic levels with momenta |k| < pp = arccos(—h),
are occupied (metallic state). pr is called Fermi momentum and +pr are the Fermi
points (the analogous of the Fermi surface in one dimension). In other words the
values h = 1 separate two different behaviors at zero temperature; one says that
in correspondence of h = £1 there is a quantum phase transition [1] between a
metallic and an insulating phase.

The metallic or insulating phases are signaled by different properties of the
two point Schwinger function, which is given by

1 i | e0E® s e~ (B+xo)e(k) s .
So,.p(x) = 7 Zf 11 o Be) (XO)*W( —B¥(x0)) @)
ke
where ¥ (xp) = 1 if xo > 0 and ¥ (xp) = 0 otherwise. The Schwinger function (7)
is defined for —f8 < xp < B but it can be extended periodically over the whole
real axis; such extension is smooth in xo for xo # nf3, n € Z. It is easy to see
that Sy g(nB™,x) = Sy 8(nB~,x) for x # 0 so that it is discontinuous only at
x = (nf3,0). Since Sy g(x) is antiperiodic in xo, it can be written in Fourier series
except that at the discontinuity points; that is, for x # (nf3,0)

So.2,p(x) ﬁLk%e ’kaoﬁL( ) ®)
€9
with k= (ko,K), 7 = { K|k = 222, —x <k <7, ko= F(n+1})} and
A 1
kyY=—7""""—""78——
SO’L’B( ) —iko+cosk+h 2

In the metallic phase the Schwinger function So(k) is singular in correspondence of
the Fermi points (0,4 pr ). For || close to pr we have S(k) ~ m No-
tice that the 2-point Schwinger function is asymptotically identical, if the momenta
are measured from the Fermi points, to the Schwinger function of massless Dirac
fermions in d = 1 + 1 with Fermi velocity vr. For values of 4 close to h = —1 (i.e.
for small positive r if we set i = —1 4 r) both the distance of the Fermi points and
vp are O(,/r), that is the Fermi velocity vanishes with continuity and the two Fermi
points coalesce. At criticality when r = 0 the 2-point function Sy (k) is singular only
at (0,0) and So(k) ~ W; the elementary excitations do not have a relativistic
linear dispersion relation, as in the metallic phase, but a parabolic one. Finally in the
insulating phase for r < 0 the two point function has no singularities.

It is natural to ask what happens to the quantum phase transition in presence
of the interaction.

1.3. Quantum Phase transition in the interacting case

The Schwinger functions of the interacting model in the metallic phase have been
constructed using Renormalization Group (RG) methods in [4, 5, 6, 8, 9]. Luttinger
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liquid behavior (in the sense of [7]) has been established, showing that the power
law decay of correlations is modified by the interaction via the appearance of critical
exponents, that depend in a non trivial way on the interaction. It should be stressed
that such analysis provides a full understanding inside the metallic phase, but gives
no information on the phase transition; the reason is that the physical observables
are expressed in terms of renormalized expansions which are convergent under the
condition

IA| <e|vp] (10)

and small &; therefore, the closer one is to the bottom (or the top) of the band, the
smaller the interaction has to be chosen. This is not surprising, as such RG methods
essentially show that the interacting fermionic chain is asymptotic to a system of
interacting massless Dirac fermions in d = 1 + 1 dimensions with coupling % One
may even suspect that an extremely weak interaction could produce some quantum
instability close to the boundary of the metallic phase, where the parameters corre-
spond to a strong coupling regime in the effective description.

This is however excluded by our results; we prove the persistence of the metal-
lic phase, with Luttinger liquid behavior, in presence of interaction even arbitrarily
close to the critical point, where the Fermi velocity vanishes. This result is achieved
writing the correlations in terms of a renormalized expansion with a radius of con-
vergence which is independent from the Fermi velocity. In order to obtain this result
we needs to exploit the non linear corrections to the dispersion relation due to the
lattice. The proof is indeed based on two different multiscale analysis in two regions
of the energy momentum space; in the smaller energy region the effective relativis-
tic description is valid while in the larger energy region the quadratic corrections
due to the lattice are dominating. The scaling dimensions in the two regimes are
different; after the integration of the first regime one gets gain factors which com-
pensate exactly the velocities at the denominator produced in the second regime, so
that uniformity is achieved.

Our main results are summarized by the following theorem. We state it in
terms of the Fourier transform of the 2-points Schwinger function defined by

. B ‘
Spp(k)= /O dxo Y ™S, 5 (x) (11)
fork € 9.

Theorem 1.1. Given the Hamiltonian (1) with h = —1+r with |r| < 1, there exists
€ > 0 and C > 0 (independent from L, 3,r) such that, if |A| < € then the Fourier
transform of S g (x) (5) defined in (11) can be written in the following way.

1. For r > 0 (metallic phase),

N 2 2 — 21m(4)
gt~ BEEZOHm L VO iy

where

V(M) =r+ArRy(A)  a(A) =1+ ARq(A)
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N(A) =bA%r+ A3 iRy (A) (13)

with b > 0 a constant and |R;| < C fori=S,v,o and 1.
2. Forr =0 (critical point)

A B 1+ ARgs(A,k)
Sup(k) = —iko+ a(A)(cos(k) — 1) 14
where a(L) =14+ ARy(A) and |R;| < C fori= a,S.
3. For r <0 (insulating phase)
A C
1S2.p(K)| < (15)

|r]
Moreover (k) = limg_,., limy, e §L,ﬁ (K) exists and is reached uniformly in A.

Clearly, by symmetry, similar results hold at the top of the band by setting
h=1-r.

From the above result we see that in the metallic phase Luttinger liquid be-
havior is present; indeed the interaction changes the location of the Fermi points
from pp = farccos(—1+7r) to pp = arccos(—1+ r+ O(Ar)) and, more remark-
ably, produces an anomalous behavior in the two point Schwinger function due to
the presence of the critical exponent 7. Luttinger liquid behavior persists up to the
critical point (corresponding to a strong coupling phase in the effective relativistic
description); interestingly, the critical exponent becomes smaller the closer one is
to the critical point. This is due to the fact that the effective coupling is O(Ar) (and
not O(1)), so that the effective coupling divided by the Fermi velocity is O(+/r) and
thus small for small

At the critical point no anomalous exponent is present; the asymptotic behav-
ior is qualitatively the same as in the non interacting case, up to a finite wave func-
tion renormalization and the presence of ¢. Finally in the r < 0 again an insulating
behavior is found, as the 2-point function has no singularities.

1.4. Grassmann representation

In order to prove the above Theorem it is convenient to write the Schwinger function
in terms of Grassmann integrals. We introduce the propagator

1 ik(x—y) X0 (,ny |k0 |)
— = — g L 1
gmLp(X—Y) BL k;@e —iko+cosk+h 10

where xo(7) is a smooth even compact support function with xo(z) = 1 for |t| < 1,
Xo(t) >0for 1 <z < yand yo(¢t) =0 for |¢| > v, for some 1 <y <2.

Let Zp be the subset of Z contained in the support of Yo(y |ko|), that is
P ={k € P|lko| < yM+11. We consider the Grassmann algebra generated by the
anticommuting Grassmannian variables {l[/kjE tke P On this algebra we define the

Grassmann integration | [er P dy, d l//]:r ] as the linear operator defined

/[Hd"’lfd"’d I[Tww =1 (17)

kE_@ﬁ ke@ﬁ
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while

/[ [T 4w dw, |ey .yt =0 (18)
k kE@B
if the monomial Q(y~, y) does not contains all of the variables {llfki}ke%- Fi-
nally this definition can be extended to the all algebra using the anticommuting
properties of the Grassmanian variables and linearity.

Setting I'g = {xo = '}'/’,fﬁ? |0 <mp < M — l}, for x € I'g x A we define the
Grassmanian fields as Y& = /;TZkE@B eTikx

measure is defined as

P(dy) = Lgﬂﬁwxdw{ §=M()| exp{—ﬁlLkEZ% (=0 il vy }

l//ki, while the Gaussiam Grassmann

(19)
After extending the Grasmann algebra adding the new anticommuting Grasmann
fields {q);t}xerﬁ «A» We introduce the generating functional #);(¢) defined in terms
of the following Grassmann integral

o I(0) — / Pldy)e " W)HV-0) (20)
where, if [ dx is a short form for Y, }% ZXOGF/; , we set
(v.0) = [ axly og +v5 6] @1

V(y)=2 / dAxdyv(x— Y)Y Yy vy vy +V / Xy yy (22)

and v(x —y) = 8(xo — yo)v(x — y); moreover

So.5(0+,0) — S0, 5(0-,0
¥ = 9(0) { 01,5 0+,0) =k ( )] . (23)
We call limy/ e gar,1. 8 (X) = g1,5(x) and we observe that if x # (nf3,0)
gr.p(x) =Sop(x) (24)

while for x = (nf3,0)

S *,0)+S -0
2.5(x) = 0.8 (np )2 o.Lp(nB~,0) o5

and Sy ; g(nB,0) = (—1)"Sy,5(07,0).
Finally we define

92
Sip(X=Y) = 55— 74(9)lo-0 (26)
Lp 96, 99, ’
The Grassmann integral (26) can be used to compute the thermodynamical proper-
ties of the model with Hamiltonian (1); a sketch of the proof of this well known fact

is in Appendix A.
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1.5. Setting up the multiscale analysis

The analysis of the Grassmann integral (20) is done using a multiscale expansion.
For definiteness, we take |r| < 1/4. The remaining range of r is covered by the
results in [4]. The starting point of the analysis is the following decomposition of
the propagator

gurp(®) =gV (x) +2%(x) 27)
where M| ) (k)
x0(yMko|) x<o
dke™* 28
/ —ikg+cosk+h (28)

where [ dk stands for [TL Ykegy x<o(k) =xo0 (ag \/k% + (cosk—1+ r)2> . Finally

¢>9(x) is equal to (28) with y<o(k) replaced by (1 — x<o(k)). We chose ayg =
y~1(1/2 —r) so that, in the support of y<(k) we have |k| < 7/6. This assures that
on the domain of y<o we have

1
5 Ikl < [sin(k)] < |k].
By using the addition property of Grassmann integrations we can write

e—W(qJ) _ /P(dw(>0))P(dw(go))e—y/(w(>0)+W(§o))+(w(>0)+w(§o>7¢)' (29)

After integrating the field 1//(>0) one obtains
eV (9) — ,~BLF(9) / P(dy =)= (v=00) (30)

It is known, see for instance Lemma 2.2 of [8] for a proof, that ”I/(O>(q/(50, o) is
given by

7Oy, /ﬁ/@Hw Won(x.Y) (31)
n+m>1 J
where X = (x1,...,X,) and y = (y1,...,¥n) While [T, y/,f’ =1lifn=0and
" ya_/:f = 1 if m = 0; moreover W, ,»(X,y) are given by convergent power series

in A for A small enough and they decay faster than any power in any coordinate
difference. Finally, the limit M — oo of v (0) (v, ¢) exists and is reached uniformly
inB,L.
Thus we are left with the integration over y(<%) . The heuristic idea to perform
(<0

this integration is to decompose Wy~ ) as
<0) f’ (h)
= VYx
h=0

where llf,gh) depends only on the momenta k such that —ikg +cosk — 1 4+r ~ . By
using repeatedly the addition property for Grasmann integration this decomposition
should allow us to integrate recursively over the y"). The index & is called the
scale of the field y"). Two different regimes will naturally appear in the analysis,
separated by an energy scale depending on r and defined as

h* = inf{h|apy" " > |r|}. (32)
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A different implementation of the renormalization procedure is done in each of these
two regimes.

1. The first regime correspond to 4 > h*; the momentum k is far from the two
Fermi points +pr and the dispersion relation is approximatively quadratic:
cosk —h ~ k2. In this regime, due to Pauli principle (or anticommutativity
of Grassmann variables), the effective interactions are much smaller than one
can expect according to power counting arguments, and the theory turns out
to be superrenormalizable: all the interactions are irrelevant and their effect is
to produce a finite renormalization of the parameters. In the insulating phase
or at the critical point, only this regime is present.

2. In the second regime, for & < h*, the momentum k is close to one of the
Fermi points and the leading contribution to the dispersion relation is linear;
cosk —h ~ (k= pr). The local quartic terms are therefore marginal and the
theory is renormalizable. As a consequence, while in the previous regime the
wave function renormalization is finite, in this regime increases at each iter-
ation step. The wave function renormalization is therefore extracted at each
iteration step and is exactly compensated by the growth of the effective cou-
pling. In addition the small divisors due to the vanishing Fermi velocity are
compensated by the factors coming from the integration of the first regime,
due to the different scaling dimensions.

2. Renormalization Group integration: the first regime

We saw that after the ultraviolet integration we have
7O — e—BLFg/P(dw(g()))e,d/(o)(w(éw) (33)

where 7O (y(=9)) is the effective potential on scale 0 and can be written has
7 0(y,0) =70 (y)

/ dx / dyW2n Xy Hq/xl v, = Z “Vh (34)
n>1 n>1

A direct perturbative analysis suggest that to perform the integration (33) we need a
renormalized multiscale integration procedure. In particular, the terms with n = 1,2
are relevant and the terms with n = 3 are marginal. For this reason we introduce a
localization operator acting on the effective potential as

v O = 49O 4 g9, (35)
with Z; = 1 — %) and Z is defined in the following way;
1. % 7/2(,10) = ”1/2(”0) for n > 4,
2. forn=3,2

K Y, / de W4 X)) DY v Dx, (36)
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Bty / de, XY Dxy o Do Ve P i Dxgxa. B7)
where
DS, 5, = Vi, — Vs, (38)
3. Forn=1
a0 (w) = [ dxidx W W, Hy, (39)
where

Hy x, = Vs, — Yy, — (X011 —%02)do Wy, — (x1 — )0 Yy, —
%(m —x)’Ary (40)
and
hyy = ! (‘Ifx+(0 H = Vo) = /dkisinkeikxﬁ/]:
Aryy = Vo) — 2V T VY% 1) = Z/dk(cosk— 1)e™ g
As a consequence of the above definitions

31"//( ) —W2 /Xm//X Yy —|-(90W2 )/Xm[/;rtyol[/;—l-

SRWV) [ axy B 1)

where we have used that
i. 8 (ko,k) = g (ko, k), so that we get

o 0)=0 42)

ii. There are no terms in A% (0) with four or six fermionic fields, as
wfl Dy x, = w,fl Vi (43)
and therefore %, “//4(0) = “V and Z) “V ( ). Asa consequence (36)(37)

just represent a different way to write the four and six field contribution to the
effective potential. This representation will be useful in the following where
we will exploit the dimensional gain due to the zero term X, — X; and the
derivative in eq.(38).

We will call .2, % ") the relevant part of the effective potential. Since it is
quadratic in the fields, we can include it in the free integration finding

e 70) — e—ﬁL(F0+€0)/ﬁ(dw(éo))e—%’l’V/(O)(W(SO)) (44)

where ey comes from the normalization of the new Grassmann integration and the
propagator of P(d 1,11(50)) is now

5(<0) _ ikx@
Z (x)—/ ke LS 45)
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where D_1 (k) = —iko(1 +z_1)+ (1 +0_1)(cosk—1)+r+y 'u_; and
c1 =20+ 220®AW(0) i = o+ 2o (k)WL (0)
Yy = o+ x<0 ()WL (0) 46)

where zg = 0y = Hp = 0 but we have added them in (46) for later reference.
We can now write

g0 (x) =g~ (x) +2%(x) @7
where

(<=1) /ey _ ikx X<—1(K)

2= (x) = / ke (48)
with

x<—1(k) = %0 (vay ' |D-1(K)]) .
Clearly

50 () = [ aketx S0

7O(x) = / ke (49)
where

Jo(k) = x<o(k) — x<-1(k).
Using again the addition property for Grassmann integrations we can rewrite (33)
and perform the integration over y(%) as

40 :efﬁL(F(ﬁeO)/P(dw(gfl))/]S(dw(()))67,@1'7/(0)(W(S0)) — (50
:e—ﬁLFfl/p(dw(ﬁ—l))e—“f/(*”(vl(g”)) (51)

where P(dy'?)) is the integration with propagator g (x), P(dy(=1)) is the integra-
tion with propagator g(<!)(x) and
e PLa— TN E) / P(dy )7 V=D (52)

and F_| = Fy + ep + ¢p. The fact that this integration is well defined follows from
the properties of the propagator ?0) (x) that will be derived in Lemma 2.1 below.

We can now repeat the above procedure iteratively. At the & step (i.e. at scale
h) we start with the integration

o7 0) _ ~BLE, / P(dy(=P)e " v=) (53)

defined by the propagator

(54)

with Dy, (k) = —iko(1 +2;,) + (14 ap)(cosk — 1) +r-+ 7", and

xn () = 20 (v a5 [DAK)))) (55)
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The effective potential on scale 4 is given by

)= X [ax [ayw iy H‘l’xl‘l’y, Y 7

n>1 n>1
Again we can apply the operator .Z to ¥ () to get
y W = Ly 4 g9 ")

where 7 is defined exactly as in the case of ¥ (*) and
2 =" (o) / dxyir v +aow (0) / dxyd o +

%%WY’) (0) / dxys Ay

Moving the relevant part of the effective potential into the integration we get

o7 0) _ ~BL(Fi+er) / Pldy(P)e=#V " (W)

where the propagator of P(dy (=) is

~(§h /dk ikx X<h
§ Dy ( )

and the running coupling constants are defined recursively by

a1 =+ 2= (0) oy = 0+ < (W)W (0)

Wit = Tt + 2 ()" W3 (0)
Finally we can rewrite (44) as

o7 0) — ,~BL(Fiter) / P(dy=h1) / Bldy™)e VD ()

where P(dy")) has now propagator

/dk ikx _
Dhl )

/dkelkxg/\

and f;,(k) = x<; (k) — x<s_1(k); one can perform the integration over y")

e BLe=7""" _ /ﬁ(dw( —ah v (y(=h)

11

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

obtaining an expression identical to (53) with 42— 1 replacing 4, so that the procedure

can be iterated.

To show that the above procedure is well defined we need to study the propa-
gator g(=") (x). We first have to distinguish two range of scales. The construction of
the theory for r > 0, is based on the fact that the behavior of the propagator changes
significantly when one reaches the scales 4 ~ h* defined in (32). To understand this
phenomenon, let’s, for simplicity sake, neglect the presence of the running constant
in the function y<j;. We will see in Lemma 2.1 and Lemma 3.1 below that the pres-
ence of oy, z; and Uy, does not change the picture. In this situation, it is easy to see
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that if 2 > h* then the domain of f;,(K) is a ring of width ¥ that goes around both
Fermi points (0, +pr). At this momentum scale the propagator does not distinguish
between pr and —pg. On the other hand, when & < h* we have

k34 (cosk —141)? > ady*H! (64)

in an open neighbor of the ky axis. This means that the domain of f;,(k) splits in two
rings, one around pr and the other around —pr. In this situation it is convenient
to write the propagator as a sum of two quasi-particle propagators, each of which
depends only on the momenta close to one of the Fermi points.

Here we need precise estimates on g(") for i > h* as reported in the following
Lemma. The case 7 < h* will be studied in section 3. The prove of this Lemma is
reported in Appendix B.

Lemma 2.1. Assume that there exists a constant K > 0 such that
|z, o], |n| < KI|A| (65)
for h > h*. Then for |xo| < B/2, every N and A small enough we have

h
99" (x)| < Cw ot/ (66)
L [y ]xo] + 2|V

with Cy independent from K.

2.1. Tree expansion for the effective potentials.

The effective potential V") (y(<") can be written in terms of a tree expansion, see
[10],[11], defined as follows.

LA
r Vo <I\'

h' h+l h'y -1 0 +1

FIGURE 1. A tree T € 9}, , with its scale labels.

1. On the plane, we draw the vertical lines at horizontal position given by the
integers from 4 to 1, see Fig. 1. We select one point on the line at & (the root)
and one point on the line at 7+ 1 (the first vertex vp). On the line at k, with
h+1 <k <1, we select my > 0 points (the vertex at scale k). We call M,
the set of vertices at scale k. To each vertex v in M we associate exactly one
vertex V' in M;_; and we draw a line between these two vertices. The vertex v/
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is called the predecessor of v. Finally we require that if v and w are in M; with
v below w then V' is below or equal to w'. The final results of this procedure is
clearly a tree with root r.

2. Given a vertex v on scale k, let 5, be the number of vertices on scale i+ 1
linked to v. If 5, = 0 we say that v is a end point. The number n of endpoint is
called the order of the tree. If s, = 1 we say that v is a trivial vertex. Finally
if 5, > 1 we say that v is a branching point or non-trivial vertex. The tree
structure induce a natural ordering (denoted by <) on the vertex such that if
vi and v, are two vertices and v; < v, then h,, < h,,. We call .7}, , the set of
all tree constructed in this way.

3. Given a vertex v of T € 7, that is not an endpoint, we can consider the
subtrees of T with root v, which correspond to the connected components of
the restriction of 7 to the vertices w > v. If a subtree with root v contains only
v and an endpoint on scale &, + 1, we will call it a trivial subtree.

4. With each endpoint v we associate one of the monomials contributing to
YO (y(<hv=1)) and a set x,, of space-time points.

5. We introduce a field label f to distinguish the field variables appearing in the
terms associated with the endpoints described in item 4); the set of field labels
associated with the endpoint v will be called 1,, x(f), €(f) will be the position
and type of the field variable f. Observe that |I,| is the order of the monomial
contributing to ¥ () (y(=/=1)) and associated to v. Analogously, if v is not an
endpoint, we shall call /, the set of field labels associated with the endpoints
following the vertex v; finally we will call the set of point x(f) for f € I, the
cluster associated to v.

Given %;(y\W) fori = 1,...,n we define the truncated expectation on scale h
as

& [ (w™);. " (w™)] = (67)

" D ooy ()
(m)\ M2 (W)t A, 2 ()
...al,,log/P(dw )e

Ik M=mAy=0

In terms of above trees, the effective potential ¥ (h), h < —1, can be written as

=3

YY) Ly =Y Y 7 () (68)
n=1 Tefyh.n
where, if vq is the ﬁrst vertex of 7 and 7y,..., 7 (s = s,,) are the subtrees of T with

root v, ¥ (t, w(=") is defined inductively as follows:
1 if s > 1, then

() (g, y(=h)) — (69)
-1 s+1 _ B
D A [P W) 708 g )

where ¥+ (g, w(=h+1)) is equal to 2,7 "1 (7, w(="+1) if the subtree 7;
contains more than one end-point, or if it contains one end-point but it is not a
trivial subtree; it is equal to ;¥ (O (w(="+1)) if 7; is a trivial subtree;
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i if s= 1 and 7, is not a trivial subtree, then ¥ (") (7, y(=1) is equal to
éathl [%l’y(h+l (T17 % (<h+1) )] )

Using its inductive definition, the right hand side of (68) can be further expanded,
and in order to describe the resulting expansion we need some more definitions.

We associate with any vertex v of the tree a subset P, of I, the external fields of
v. These subsets must satisfy various constraints. First of all, if v is not an endpoint
and vy,...,vy, are the s, > 1 vertices immediately following it, then P, C U;P,,; if v
is an endpoint, P, = I,.. If v is not an endpoint, we shall denote by Q,, the intersection
of P, and P,;; this definition implies that P, = U;Q,,. The union .#, of the subsets
P, \ Oy, is, by definition, the set of the internal fields of v, and is non empty if s, > 1.
Given 7 € 9}, there are many possible choices of the subsets P,, v € 7, compatible
with all the constraints. We shall denote &; the family of all these choices and P
the elements of ;.

With these definitions, we can rewrite ¥ (h) (, y/<§h>) in the r.h.s. of (68) as:

”j/(h)(f’w(gh)) — Z ’j/(h) T.P

Pey;
¥ (g, P) = / dx,, 7= (P KLy (x4) (70)
where
v -1 " (71)

and Kf,hlj D (xy,) is defined inductively by the equation, valid for any v € T which is

not an endpoint,
: 1y .
K x0) = = TTES 0] SEF PN Qu), -, 70 (P, \ 0] (72)

sy ! e

where y(#) (P, \ Qy,) has a definition similar to (71). Moreover, if v; is an end-

point Kv<l.h"+1)( .) is equal to one of the kernels of the monomials contributing to
K4 7/(0>(l//(§hv)) if v; is not an endpoint, Kv(h ) Kgf‘l',jm, where P; = {P,,,w €
Ti}.

The final form of our expansions is not yet given by (68)—(72). We can fur-
ther decompose ¥ ") (1, P), by using the following representation of the truncated
expectation in the r.h.s. of (72). Let us put s = s,, P, = P,, \ Q,,; moreover we order
in an arbitrary way the sets P* = {f € P,&(f) = £}, we call flj; their elements and
we define x() = Uyep-X(f), y) = UseptX(f), Xij =X(f;7), ¥ij = X( ;7 )- Note that

| |PT| =X |PT| = n, otherwise the truncated expectation vanishes.

Then, we use the Brydges-Battle-Federbush [12, 13, 14] formula saying that,
up to a sign, if s > 1,

ETGP P, =Y 1™ -y /dPT (t) detGT (1), (73)
T leT

where T is a set of lines forming an anchored tree graph between the clusters asso-
ciated with v; that is T is a set of lines, which becomes a tree graph if one identifies
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all the points in the same cluster. Moreover t = {t;; € [0,1],1 <i,i’ <s},dPr(t)isa
probability measure with support on a set of t such that ¢, = u; - uy for some family
of vectors u; € R* of unit norm. Finally G" (t)isa (n—s-+1) x (n— s+ 1) matrix,
whose elements are given by

h,T
Gl = tivg™ (xij—yiy) (74)

with ( fiis ffj,) not belonging to 7. In the following we shall use (71) even for s =1,
when T is empty, by interpreting the r.h.s. as equal to 1, if |P;| = 0, otherwise as
equal to detG" = &7 (") (Py)). It is crucial to note that G* is a Gram matrix, i.c.,
the matrix elements in (74) can be written in terms of scalar products:

tirg™ (xij = i) = (75)
— (ui®A(x,~j—-) W @B(x; ,_.)) = (fu,25)

where

dke ™/, (k) Di() 76
/ e VIS5 Da(k) (76)
1

/ dke ™/ fy (k) —— .
|Di(K)|

where Dy (k) = —iko(1+z2;) + (1 + o) cosk — 1+ r + 7" . The symbol (-,-) de-
notes the inner product, i.e.,

(W @AK—),uy ©BE —)) = (u;-uy) ./dzA*(x—z)B(x/—z), (77)

and the vectors fy,gg with o,B=1,...,n—s5+1 are implicitly defined by (75).
The usefulness of the representation (75) is that, by the Gram-Hadamard inequality,
|det(fo,gp)| < Ia l|falll|€c||- In our case, |[fa]],||gal| < Cy"/* as it easily follows
along the line of the proof of Lemma 2.1. Therefore, ||fy||||gx|| < Cy%, uniformly
in @, so that the Gram determinant can be bounded by C"~+1y3 (1=5+1)

If we apply the expansion (73) in each vertex of 7 different from the endpoints,
we get an expression of the form

)(1,P) = Z/dxmw PoW S (x)= X v (e RT),  (78)

TeT TeT

where T is a special family of graphs on the set of points x,,, obtained by putting
together an anchored tree graph T, for each non trivial vertex v. Note that any graph
T € T becomes a tree graph on X,,,, if one identifies all the points in the sets x,,, with
v an endpoint.

2.2. Analyticity of the effective potentials.

Our next goal is the proof of the following result.
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Lemma 2.2. There exists a constants Ay > 0, independent of B, L and r, such that

the kernels Wl<h) in the domain |A| < Ay, are analytic function of A and satisfy for
h>h*

i/ dx--dxy W (x1,...x)| < PGP (A ti=D (g9

with ¥ =

Proof. The proof is done by induction on 4. We assume that for k > 241 (79) holds
together with

[ axtiaal + PO o) < clafy™ (50

and
[ axiwi )1 < ciafiriy™. a
The validity of (80) and (81) implies (65).
‘We now prove that the validity of (79), (80) and (81). Using the tree expansion

described above and, in particular, (68), (70), (78), we find that the Lh.s. of (79) can
be bounded above by

Ly poge|fews|[ g rterre)

n>1te,, Pe P TT i v not e.p. ®V
P, |—l

(82)

[ H y—(hv—hvf)m (P)

v not e.p.

oo

v e.p.,|ly|=4,6 ve.p.,|h|=2

where z;(P,) =2 for |P,| =6, z1(P,) = P,|=4and z;(P,) = % for |P,| = 2.
Note the role of the %) operation in the above bound; if we neglect %, we can get
a similar bound where the second line of eq.(82) is simply replaced by 1. Its proofs
is an immediate consequence of the Gram—Hadamard inequality

hy (ysv 1Pyl R
(2, - Bl

|detG™ T (1,)] < Zilt By =IBI=2(sv=1) oy (83)

and of the decay properties of g (x), implying

[T o [ He-wle™m-wl<e [T v s

vnotep L€T, v not e.p.

If we take into account the subtraction to the 2 field terms and rewriting of the 4 and
6 fields terms involved in the #; operation we obtain the extra factor

{ H y*(hv*hv/)m(l’v)}[ H }/, \lv\ 2}[ H yylzv,}

v not e.p. v e.p.,|l|=4,6 ve.p.,|ly|=2

which is produced by the extra zeros and derivatives in the fields Dy, x; (when writ-
ten as in the last of (38)) and Hy, x,; each time or space derivative produce a gain
Y or Y 2 respectively while the zeros can be associated to the propagators in
the anchored tree T (for vertices that are not end points) or to the kernels in ¥ ©)
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(for the end points) producing a loss bounded by ¥~ or y~"/2. While the origin
of such factors can be easily understood by the above dimensional considerations,
some care has to be taken to obtain such gains, related to the presence of the inter-
polated points and to avoid "bad" extra factorials; we refer for instance to section 3
of [4] where a similar bound in an analogous case is derived with all details.

Once the bound (82) is obtained, we have to see if we can sum over the scales
and the trees. Let us define n(v) = Y.+~ 1 as the number of endpoints following

v on . Recalling that |I,| is the number of field labels associated to the endpoints
following v on 7 and using that

Sy
Z lz |Pvi‘ _|PV|] = |Ivo|_ ‘on| ’

v not e.p. |i=1
Y (v—-1)=n-1, (85)
v not e.p.

Sy

Z (hv—h) lz ‘Pvi|_|Pv‘

v not e.p. i=1

Y (=h)s—-1)= Y (h—hs)(n)-1),

v not e.p. v not e.p.

Y, (—h)(LI=R),

v not e.p.

we find that (82) can be bounded above by

LY Lyt lHC,,W_]
’121’56%.’1 Pe P, TET
[Py |=21

5!

tv| =2 3hyy
[ [1 V’] l [1 w] (86)
ve.p.,|l|=4,6 ve.p.,|h|=2

3_ Il I
[ 11 i,y“' h/>(*”+’3<>+z1<m)]
v not e.p

Using the identities

,)/m H (hy— H }/r

v not e.p. ve.p.

,)/1\11,0| H ,}/(hv—hvl)‘lv‘ _ H ,}}'zl,/\lv\ , (87)

v not e.p. v e.p.
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we obtain
1
ﬁ/dxl '“dX1|VVl<h)(X1,...,X1)| S

1

Y Y ¥ yoytd

n>1teJ,, PeP TET

Hcpzwﬂ- ] (88)

|Pyy =21
111 L) (3 ra@) |
v not e.p. SV!
h (-3 hyt |, Alnl=10
v e.p.,|l|>6 ve.p.,|l|=2 v e.p.,|ly|=4,6
Note that,
3 hyy 3|IL\ 10 h
[ m " )H I1 yH T v ]sy’z, (89)
v e.p,|L|>6 ve.p.,|L|=2 v e.p.,|l|=4,6
with / the highest scale label of the tree. Since
P, 3 1
SO 90)

we see that

[ H ly(hvh‘,/)(lp‘+11(Pl)>‘| ,y% <

|
v not e.p. Sy

[ H i',}/f(hvfh /) (H+ZI<P"))‘| ,yh(l;n) (91)

v not e.p. Sy

for any 0 < 1 < 1. On the other hand we have that
Al 3 L&
P)>
i RECET:
so that, using also eq.(90), we get

92)

H 1‘Y(hvhw>n(?§+zl(ﬂ>)§l H 1y—2(h‘7—h1,,)‘|[ H y_}nzlpvl

v not e.p. Sv: v not e.p. SV! v not e.p.
93)

Collecting the above estimates and using that the number of terms in Y 7cr is
bounded by C" [T, not e.p. Sv! We obtain

s o <Gy e Y [HC"’I/I“‘]
n>1

€T Li

[ g 0]
v not e.p.

v not e.p. Pc P,
Py =21

(94)
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Remark: eq. (94) says that a gain ylfl at the scale of the endpoint, see (89), implies a
gain )/’FTW at the root scale, as consequence of the fact that the renormalized scaling
dimension of all vertices of the trees is strictly positive and > %; this property, which
will be extensively used below, is called short memory property.

The sum over P can be bounded using the following combinatorial inequality:
let {py,v € T}, with T € .}, ,, be a set of integers such that p, <Y* | py, forallve T
which are not endpoints; then, if o¢ > 0,

[ Lr*<c.

vnote.p. py

This implies that

[Tcrial 2 <crap.

i=1

Yoo
Pc %, |[vnote.p.
|P‘,0 |=21

Finally

Z H yf(h\,fh],/)% <cn,

t€J),,, v Ot e.p.
as it follows from the fact that the number of non trivial vertices in 7 is smaller
than n — 1 and that the number of trees in .7}, , is bounded by const”. Altogether we
obtain
1

ap [axasW P x) < /Gy R o 9s)

ﬁL n>1
where we have set ¥ = (1 —1)/2. Moreover we choose 1 = § so that ¥ = 1. Once
convergence is established, the limit L, B — o is a straightforward consequence, see
for instance section 2 of [8].

In order to complete the proof we need to show the validity of the inductive
assumption (80)(81). It is clearly true for 2 = 1; moreover, by the bound (95) we
get (80). We have finally to prove (81). We can write g (x) = g™ |,_o(x) +r" (x)
where g |,_ is the single scale propagator of the r = 0 case and r") satisfkies

_h
AT ()| < DL/
L[ xol + v [ ]V

that is the same bound (66) with an extra ‘Y’Ll‘ We can therefore write

WA (0) = Wy (0) + Wiy (0) (96)

where Wz(};) (0) is the effective potential of the r = 0 case. We will show below

that ¥} WZ(];) (0) = 0 and as a consequence |¥}_, WZ(?(O)\ < C|A|YIHOK a5

—oo

W3 (0)] < CIA|y1+®". On the other hand W, (0)] < C|A||r|y®" so that

Y et = Y+ Wi (0) 97)
hence ¥yt = X, W2* (0) and || < CJA|.
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It remains to prove that Z};:_m Az(};) (0) = 0. This can be checked noting that in

the r = 0 case it is more natural to consider the following ultraviolet regularization,
instead of (16) at § = oo

T .
2(x) = By (x0) / dkee® 98)
—7T

with £(k) = cos(k) — 1 and Py (xo) is a smooth function with support in 7~ 4-o0;
note that g(x) verifies (24). We can write g(x) = g (x) 4 g(**) (x) with g{**) (x) =
h(xo)g(x) and g (x) = (1 —h(xo))g(x), and /(xp) a smooth function = 1 is |xo| <
1 and = 0 if |xp| > 7. The integration of the ultraviolet part can be done as in section
3 of [11], writing Yy(xo) as sum of compact support functions. After that, the limit
M — oo can be taken, and we can write g(") (x) = ) g™ (x) with

g (x) = ¥ (x0) (1 — h(x0)) L 7; dkey (k)e™+ekxo (99)

with ¢;(k) a smooth function non vanishing for 7y"~! < |k| < wy"*!; note that
g(h) (x) verifies (66), and the integration of the infrared scales is essentially identical
to the one described in this sections. Once all scales are integrated out, we obtain
kernels Wn(;nm) coinciding with the ones obtained before; however with this choice

of the ultraviolet cut-off, WZ(BM = 0 is an immediate consequence of the presence
of the Yy (xp) in the propagator. Indeed the kernels can be written as sum over
Feynman graphs, which contain surely a closed fermionic loop or a tadpole (the
interaction is local in time). B

2.3. The 2-point Schwinger function in the insulating phase.

In the case r = 0 we have h"* = —oo and the integration considered in this section
conclude the construction of the effective potential. Similarly, if » < 0 and |A] is
small then g(<"") = 0, so that again the construction of the effective potential is
concluded by the integration on scale h*.

In both case the analysis described above can be easily extended to take into
account the external fields, that is ¢ # 0 (see for instance section 3.4 of [4] for details
in a similar case). The 2-point Schwinger function can be written as, if we define

hx = min{A : (k) # 0}

. hg+1 () a(i () hy+1 . - (j—1) ,
Sk =Y 0/¢V e - Y, 6V Wy, )GV (k) (100)
J=hg J=hx

where from (79) |W2%_1) (k)| < A9, Ql@ is defined inductively by the rela-
tion 01V =1 and

oy =1 -V (g™ k) o (101)
and
1
Gk = Y Mol (102)
k=h=1
so that

o — 11 <CIAlY™ |6V 1) < Claly ™" (103)
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Using that
2" (k) = Silk) 5+ (k) (104)
—iko(142-w) + (14 0—w) &
where
|7 (k)| < CylI =0 (105)
so that (14) follows.

3. Renormalization Group integration: the second regime in the
metallic phase.

3.1. The anomalous integration.
We have now to consider the integration of the scales with 2 < i*, that is

o V0) _ BLE /P(dW(Sh*))e—"ﬂ”*)(w (106)

where P(dy!="")) has propagator given by
* * k)
(Sh ) x) = /dk xSh (
§ x) —iko(1+zp+) + (1 4+ ape ) (cosk — 1) +r+ Y
with zpx, Qg+, Ve = O(l)
The denominator of the propagator (107) vanishes in correspondence of the

two Fermi momenta and we need a multiscale decomposition. It is convenient to
rewrite (106) in the following way

/P(dW(Sh*))e—“I/(h*)(w) :/ﬁ(dl]/(gh*))e_/y(h*)(‘l’)—i/l*vh* Faxye v (108)

(107)

where P(dy!<"")) has propagator

(<H) () — / Jke® X<n (k) 109
g7 ) ¢ —iko(14+zp) + (14 oy ) (cosk — cos pr) (109)

and
(1+0oy)cos pr = (1404 ) —r — V" e +7" Ve (110)
Observe that, assuming that also v« < K|A|, then we have
C_\r<pr<Ciyr (111)

for A small enough. The strategy of the analysis is the following:

a) we will perform a multiscale analysis of (106). In this analysis we will have to
chose v;» = O(A) as function of pr and A to obtain a convergent expansion.

b) at the end of the above construction we will use (110) to obtain the Fermi
momentum pg as function of A and r.

‘We can now write
X<i+ (K) = x<p 1(K) + x<p.—1(K)

where

A<i,0(K) = o (a’lz) X<n(K)



22 F. Bonetto and V. Mastropietro

where @ = +1, 9 is a smooth function such that 9 (k) = 1 for k > 3 and 3(k) =0

for k < f% and
d(k)+0(—k) =1
for every k. Thus d (pip) is equal to 1 in a neighbor of pr and O in a neighbor of
1

—pr. Clearly x<;+ 11 (k) is a smooth, compact support function and it allows us to
write

s = Y g™ () (112)
==l
where
(<h¥) _ . kel (K—opr)x xih*ﬂ)(k) 11
g0~ (%) ./d ¢ —iko(14zp+) 4+ (1 + oy ) (cosk — cos pr) (113)

with pr = (0, pr).
We observe that, if the running coupling constants were not present in the
cut-off function y<;, we could have used as a quasi-particle cut-off function

X< +1(k) = O (k) x<p- (k)

where ¥ (k) =1 if kK > 0 and ¥ (k) = 0 if k < 0. Indeed, thanks to (64), this would
have made essentially no difference. On the other hand, thanks to (111) and (65), we
have that y<j+ 41 differs from igh*7i1 only for a finite number (not depending on r)
of scales so that this does not modify our qualitative picture. Finally notice that the

*

argument of ¥ is not scaled with ¥~ but only with prl = 0(7/’}'7 ).
The multiscale integration is done exactly as in [4]. The localization operation
is defined in the following way

4
9%2/d§W4(X17X27X33X4)HWEE,w,‘ :W4(0)/dX‘V;1 ‘l’;lwzfl‘/’;—l
i=1

7 /dKWz(Xth)‘I’;,wWQ,w =W (0) / Vo Ve odX+
1 W5 (0) / Uy A1 Wy dX+00 W2 (0) / Yy 000 Wy wdX (114)
where
ALf(x) =2 / dk(cosk —cos pr )™ F(K) if  f(x) = / dke™ f (k)

Note that in the kernels W; are included the oscillating factors ¢/®PF¥ coming form
(112).
After the integration of the scale y""), .y we get

e 0) _ ,—BLF, / Py, (AP " WEW) (115)
(<h)
where Py, (d W(Sh)) is the Grasmann integration with propagator & %h where
(<h)pon _ / i(k—wpr) X<h,o(K)
x) = [ dk 116
go - (X) ] e —(1+zp+ )iko + (1 + oy ) (cosk — cos pr) (116)



Quantum Phase Transition in an Interacting Fermionic Chain. 23

where

k
X<ho(k) =10 (pr) x0(aoy ™" (1 4z )iko — (1+ 04 ) (cosk —cos pr)|). (117)

Observe that in the denominator of (116) and in (117) we have the running constant
ay+ and zj+.
We can now write

/ch(dl//(ﬁh)) "VZnw) _ /ch 1 dl[/ ) 7V Zw)

where

"?27/( ) _lh/dXWX1W1XWX_1W_1X (Clh—Zh /dX‘I/wxall/w x T

", / XY+ Vo (118)

while P,(dy(=") is the integration with propagator identical to (116) but with

X<n.o (k) replaced by =k “’((k)) ith

Zn-1(K) = Zy+ X<n.o(K) Znz

Setting Z;, | = Zn_1 (0), we can finally write

/ Py, (dy(E)e " VTY) —

e_ﬁLeh/PZh,l(d‘I/( /ch le W (/2 y=) (119)

A{ h)

where ch , is the integration with propagator

) oy ix(k—0pF) fmw(k)
§o () /dke (14 zp# )iko + (1 + oy ) (cosk — cos pr)

where
~ K K
froK) =2Zyy [?th,m( )_Xgh Lol )]
Zp-1(k) Zh
Fmally we have
f(h)(w(éh)) — ) ( Zhw(<h)> (120)
Zp_q

so that

BV = lh/dxllfgjl ‘l’l_,x'lfzflllf:l,x"‘ahZ/dX%'t»Xawm’x—'_
w

iy / dxVy Vox  (121)
[0

with

Z Z Zr \?
YV = —2ny, o= ——(an—z) = (h> Iy
Zh Zh
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We can now integrate the field y(?
/ﬁth (dw(h))e_ﬂh)(\/z”i—””(gh)) = ¢ PLa—7 N2y =) (122)

so that the procedure can be iterated.

We can now state the following Lemma whose proof is reported in Appendix
B.

Lemma 3.1. For h < h*, every N and A small enough we have

aan g (x) < ¢ o (otnym(123)
R L LA

D=

).

with v = sin(pg) = O(r

Again the effective potential can be written as a sum over trees similar to the
previous ones but with the following modifications:

1. We associate a label &2 < h* with the root.
2. With each endpoint v we associate one of the monomials contributing to
2,7 ") (y(=m=1)) or one of the terms contributing to £ ¥ ) (y(=h=1)),

The main result of this section is the following Lemma.
Lemma 3.2. Assume that
|Ak], 18| < Cvp|A] v < CJA| (124)

than there exists a constants Ay > 0, independent of B, L and r, such that, for h < h*,
the kernels Wl(h) are analytic functions of A for |A| < Ay. Moreover they satisfy

1 h _1y Lo _
5L / dxy --dx[ W (xi,...x) | < P cpayme =D o 12s)

Proof. The proof of this Lemma follows closely the line of [4]. The only major
difference is the presence of the small factors in (123). We will report only the
modification of the proof needed to deal with those factors.
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We start noting that the analogous of the bound (82) becomes

1
ﬁ/dxl---dx,|vvl<”>(x,,...,x,)| <

LY Y )yc

n>1tey,, Pe P TET
‘onlzl

Py, |

y 7@72(&,710 |

1 (zig

[1 57
v not e.p. Sy

sy [Pyl
i=1 2

[ _ 1Bl

2

1

VF

o)

I1
K e.p;velR |I,|>6
[1

v e.p,;vel’l

|AlvE

where:

Ay

) ho—h )22 (P, ]
H }/*( v vf)Zz( V)
v not e.p.

) Iy

7

Tv]

3

(T[98

iy -

[1

v e.p.velR |I,|=2,4

[T | |TIe
i=1

v e.p.;ve]"ﬁ

(126)

)+22(B) (=)

. the last factor keeps into account the presence of the factors Z;,/Z;,_1;

[Py, | 15
| ) | ‘\7(&‘}71)

2

. the factor | — comes from the bound on the Gram determi-
nant and the fact that |g" (x)| < VﬂF;

. 22(P,) = 1for |P,| =4 and z2(p,) = 2 for |P,| = 2;

. IR is the set of endpoints associated to 2% (") and the factor }/h* <%7 UTM) comes
from the bound (79);

. I* is the set of end-points associated to Ay and the factor vg comes from (124);

. I% is the set of end-points associated to & and the derivative in (121) produces
an extra Y /vp;

. IV is the set of end-points associated to v; and the factor Y comes from

(121).
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Proceeding like in the proof of Lemma 2.2 using (85) we get

ﬁ/‘dxl---dX[|VVl(h)(X1,...,X[)‘ S

Y ¥ Y Y ey Caloltilg-2)

n>11€9y, , Pe P TET

|PV()|:]

mL =) (= Bl -2n) ()
| v not e.p. SV!
_ hv’(%7#> / ~ Di

[T Aly [T 1alvr [T | (Ilc”
Lv e.p.;velR v e.p.;veliL v e.p.;vel"‘r‘s i=1
g (L)
vnotep. \VF

(127)

Finally using (87) we arrive to

é/dxl---dxl|VVl(h>(x1,...7x1)| <

Y Y Y Y o) [ 11 L'y( v—hy) (2~ +z2(f’\))]

n>1tey,, Pe P T€T v not e.p. 5v*
[Py =1

m s >] [T el T llﬂIC""

Lv e.p..,velR v e.p.vel* v e.p.velVd i=1
i sy 1Pyl |p
1 ():,-“:1 %7%*(%*10
I1 (128)
v ot e.p. \VF

Because ¥ < y** <v2 and |I,| > 2 we have

|Tv]

vy (-3+4) < V;H
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so that

1
ﬁ/dxl~~dxl\Wl(h)(x1,..‘,x1)| <

XL pertin] qp Lyl ten)

n>1t€%, , Pe¥; TET v not e.p. Sy
|PV0|:1

s [Pl ||
L 2 =7 =)
o] (1)< e

v e.p.,velR [% y not e.p. \VF

n
HCPi
i=1

(129)

[y

—1+ :
Forv € 1%V, one has |I,| =2 so that v, ~ 2 = 1, and we can write

1 1wl

4l R L] _
M v :leFl“]‘F”Z”P (130)
v e.p.

1% e.p.,vElRA,I}v
Using that

Y(sv—1)=n-1 ZIII—HZZ [Pyl = B])

v v e.p.

we get

I+ 11 (1>(M !

vep. vnote.p. \VF
s 1Pl P
\1‘ 1 <Z?‘:1 2 *%> L
> II (= =vi (131)
v e.p. v not e.p. VF

Collecting these estimates we get

é/dxl--~dX[|VVl(h)(X17...,XZ)|S (]32)

il L Y Y Yoyt [ [ Lynmldew)

!
n>1teJ,, PeP; TET v not e.p. Sv*
Py |=1
n
A" Hcﬁi
i=1
Performing the sums as in the previous section we prove (125). u

Remarks.

e Observe that, for 2 > h*, bound (79) says that the L; norm of the effective po-
tential is 0(7/’(3/2_1/4)) while, for i < h*, bound (125) says that the L; norm of
the effective potential is O(y"(?~!/ 2)véfl); the two bounds coincide of course
at h~ I* since ¥ ~ r, vp ~ /7 so that r@-1/2pi=% = p3-1,
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e The fact that the Fermi velocity vanishes as » approaches 0 produces the "dan-
‘PVI ‘ ‘P 1P|
—(sv=1)

gerous" factor ( L in (127) which is diverging as r — 0. This

is compensated by the extra factors of v associated to the difference between
the scaling dimensions the first and second regime, that is

L | C I

3.2. The flow of the running coupling constants

We now prove by induction that, for 2 < 4* and ¥ = 4 we have
M| SCIAF TP, 18, <CIAFY v < Ay (134)
First we check that (124) is true for & = h*. By definition of the .25 operation
Ay = A[0(0) — 9(2pp)] + 02" (2 (135)

where the second term in the r.h.s comes from (79); as ﬁ(k) is even the first term
is O(r) so that surely A;+ vanishes as O (r%“’). Moreover from (79), taking into

account that a derivative d; gives an extra y~/2, that is

/dx|81W x)| <y (136)

we get
180 < cP o)A < Clajra+? (137)

The flow of vj, is given by
Vit = Y+ B (i, ., 0) (138)
where v, = (A, Oy, vi,). We can decompose the propagator as
h h h

2o’ (%) = g (%) + 75 (%) (139)

where
P /AL 140
gmL / —lk()+0)V[:k (140)

and f;, has support contained in CY'~! < \/kZ +v2k2 < Cy"*!. Moreover, for every

N, we have
3
1 () < (Vh) v
v ) T (ol + v )Y

that is the bound for rg' ) (x) has an extra factor y? /v < y" with respect to the bound
(123) for 7 (x).
In the expansion for [35”) studied in the previous subsection, we can decom-

(h)

Lo

(141)

pose every propagator as in (139) and collect all the term that contains only g
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and that come from trees with no end-points associated to Z7 (h*); this sum vanish
due to parity. Therefore [)"(,h) = O(Ay?") and by iteration

h*
Vit =7 e+ Y A ). (142)
k=h
Thus we can choose v+ so that
v pn gl
vie=— Y, ¥ "By (143)
k=—o0
This implies that
h
i =y "= Y B (144)
k=—o0

and |v,| < CJA|yP",
We now study the flow equations for 4; and &, with h < h*
A1 =2 +l3,{h)(\7h, ey V0)
81 = 8+ BYY (V.. Vo) (145)

where we have redefined & as to include the sum go of the terms O(A), which
satisfies

&) <C

/ dkkd>v(k + (0 — 0 )pr)gs! (k) (146)

where one derivative over v comes from the % operation and the other from the
definition of &. Observe that

& <C Y vt <ClAlr (147)

k<h*

since vpk < Cy" in the support of f}.
Again we can use (139) and decompose the beta function for ¢ = A, 8 as

BE Ty ¥0) = B (A 8ty s A0, 80) + Bk (T ey To) (148)
)

where Béf’) contains only propagators g,

(x) and end-points to which is associated

(n)

Ak, O. Therefore ﬁéhl)e contains either a propagator

Observe that

1. Terms containing a propagator r;, or a factor v;, have an extra y?" in their
bounds, therefore by an argument similar to the one used in (70) (short mem-
ory property) they can be bounded as O(vpy®"). The factor v comes from

the factor vlF/271 in (125) when o = A, and from the derivative d in the case

o=24.

2. The terms containing an irrelevant end-points associated to a term 2V ") have
an extra }/ﬂh* (coming from (59)) and an extra }/lw”h*) for the short memory
property; therefore they can be bound as O(vpy?"). The origin of the factor
vr is the same as in the previous point.

(x), a v or an irrelevant term.
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In conclusion
IBY%| < Cvpay®t (149)
From (140) it is easy to see that

B (A, s A 80) =i L (l’l,ﬁh AOSO)

VF VF’...7VF7VF
M & Ao 6o>

y T e T (150)
VF VF VF VF

B (A, S 80) —vi B (

where B}(Lh)(ld,&,, ..,A 0p) is the beta function of a Luttinger model with vy = 1.
The following crucial result, called asymptotic vanishing of the beta function, has
been proved in [5] that

1B (A 81,20, 80)| < Clomax (2] 3]y (151)
Assuming by induction that |A|,| 5| < 2\l|r%+ﬂ for k > h we get
|Béh)(7th75h7 o, 8)| < ACvEARr 1+219},19h —2,-9 <4CVF)~27’”’ o) (152)
Thus

M| < [Aue |+ Zmﬂ%ﬂh O <At (153)
k=h
and the same is true for &y,.
Moreover we have

Z,
el 4 g (154)
Zy
so that
Ao
Pl=14B> (2= (155)
VF

where B~ is the beta function with vg = 1; therefore
Zp =y MR (1 4 AR)) (156)

with |A(1)| < C|A|. Observe that n = O(A%/*?), hence is vanishing as r — 0 as
O(A%r).

Finally the inversion problem for pr can be studied as in section 2.9 of [8].
The analysis for the Schwinger function is done in a way similar to the one in section
3 above.

Remark. Note that, from (155), Z;, increases at each iteration step; in the multiscale
expansion described in §3.1 one singles out this factor Z;, from the propagator at
each integration step and it turns out that such factors are exactly compensated by the
couplings of the quartic terms in the effective potential, which increase as O()LZ,%),
see (120) and (151). This remarkable compensation is established by (115), which
was proven in [5], [6] by a combination of Ward Identities and Schwinger-Dyson
equations.
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Appendix A. Grassmann integrals and Schwinger functions.

Itis easy to verify that S; g(x—y) (5) and limy; Sﬁ’{ B (x—Yy) (26) are order by order
equal at non coinciding points. Indeed they can be written as a power series in terms
of v, A or v, A respectively, and each term of the series can be expressed as a sum of
integrals over propagators ( Sy g (X,y) (7) or g g(x,y) (16) respectively) which can
be represented by Feynman graphs. The subset of graphs contributing to S g (x,y)
(5) and with no tadpoles coincides the the graphs contributing to limps_,c S’l‘{ L (xy)
(26) and no vertices V. The integrands are different, as the propagators Sy ; g(X,y)
(7) and g; g (x,y) (16) are different at coinciding times. However the integrals are
well defined and coincide, as the integrands of the graphs coincide except in a set of
zero measure. Let us consider the remaning graphs. In the graphs with a tadpole in
the expansion for limp/_. Sﬁ’{ B (x —y) (26) there is a factor of the form

So,,(0,0%) +80,,5(0,07)
2

grp(x1—x)vrg  p(x—x2), Vvr=—29(0) (157)
On the other hand, given a graph G of this type, there is another graph G, which
differs from it only because, in place of the term ¥ (y) which produced the tadpole,
there is a vertex V. If we sum the values of G and 6, we get a number which is
equal to the value of G, with —A9(0)S,; g(0",0) replacing vz , so that the terms
coincide with the analogous term in the expansion for S g (%,¥) (5). Therefore the

perturbative expansion for S g(x,y) (5) and limy; e SILV{ B (x —y) (26) coincide.

Lemma A.l. Assume that, for any finite B and L, there is a function v(A) such
that v(0) = 0 and both v(1) and S%’I_L(x) (26) with v = v(A) are analytic in A € D,
where D = {A € C: |A| < &} with € independent of B and L, and that they are
uniformly convergent as M — oo, If A € D and x # (nf3,0) then

Spp(x) = lim S775(x) (158)

where S[‘;’L(X) is defined in (5) with H given by (1) and h replaced by h+ v while

S%B (x) is defined in (26).

Proof. The main point, strictly related with the fact that we are treating a fermionic
problem, is that, for L and f finite, Sﬁ_’L (5) is the ratio of the traces of two matri-
ces whose coefficients are entire functions of A and v, hence it is the ratio of two

entire functions of A and v. On the other hand, the hypotheses on V(1) and S’g’ L

and Weierstrass theorem imply that v(A) and limp_e S% ;, are analytic in D. It fol-
lows, in particular, that Sg ;, calculated with v = v(4), is the ratio of two functions
analytic in D; hence, it may have a singularity in a point Ay € D only if Tr[e AH]
vanishes there, which certainly does not happen in a neighborhood of A = 0 small
enough (how small possibly depending on L, ), since v(A) is of order A. Moreover,
also the r.h.s. of (158) is analytic in a small neighborhood of A = 0 and, as we have
explained above, its power expansion in A and v, hence also its power expansion
in A for v = v(A) coincide with that of S 5,.; hence, the two functions coincide in

a disk l~)L3ﬁ with center in A = 0 and radius &g ; possibly vanishing as §,L — co.
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However, Sg ;. being the ratio of two functions analytic in D, may have only iso-

lated poles in D\ﬁL_ﬁ; hence, if E is the set of poles, Sg ; is analytic in D\E and
necessarily coincide with the r.h.s. of (158) in this set, since the two functions coin-
cide in 5L,ﬁ C D\E. It follows that, if E were not empty, S 3, would be unbounded
in D\ E, while this is not of course true for the other function. B

Appendix B. Proof of Lemma 2.1 and Lemma 3.1

Proof of Lemma 2.1. 'We start observing that f;(k) < x<;(k). Moreover from (55)
and the fact that the support of x is contained in [0,7] we have that, in the support

of fu(k),
(1+2z4)|ko| < V" ao [(1+ ) (cosk— 1) +r+7" | <V lag  (159)

Recalling that agy = 1/2 —r and |r| < 1/4 we get 1/4 < apy < 3/4 and assuming
|A] so small that K|A| < 1/2 we get

) 7| + Ky A |+ agytt
/ 2
[sin(k)| < 24/1—cos?(k) < 2\/ I 7] <23y

so that from (29) we have |k| < \ﬁ}/% Since the first of the (159) implies |ko| < %7’1,
it follows that

[N

(160)

| 1)k < 637", (161)
Because we clearly have
N
Pl + AV D )= Y (N) oo g () (0 )
N1+No=N Ni

to prove the statement for ny = n; = 0 we just need to show that

1 N
g ()| < By (300~ 7) (162)
for some suitable constant E. We will use that, for 0 < xo < /2, we have
T
x0 < gsin (BXO>
and
iz ( B No z \" ikx 3No AN
B0 (2”) sin <ﬁx0) Mgl (x) = / dke™ 9091 g™ (k) (163)

where 90 is the discrete derivative with respect to ky, that is

doh(ko) = 2% <h <k0+ 2;) h(ko)) )

We thus need an estimate for gév 0 8{\’ 150" (k). To this end, we observe that

Ny P api
N N1 A(h ANoAPL A .
% "% lg(]>(k) = Z Z AP, {pi}% Oacols(k)g(h) () H dkpi sin(k)
A=t =y Py =i

(164)
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where Ap, .1 are combinatoric coefficients taking into account how many time the
term 8P‘ (”) (k) Hf)‘l ;;5;, sin(k) appears in 8{V 15(")(K). In particular

MM T
Pl {pt}_Pl e pl~

so that
Ny

Pi=1Y,; pi=Ni—P,

Observe now that,
Feos(k)Jin (K)
—iko(1+2zp1) + (1401 )(cosk — 1) +r4+y"" w,_
_ (1+041)fu(k)
(—iko(1+2zp—1) + (1+ ap—1)(cosk— 1) +r+ 7" py_1)

In turn we see from (55) that

[cos /i (k)] < ag 'y (L +KIA) L+ D20 )1 < 3602517 (166)
where || x| = sup,, [%o(p)| while the second line of (165) can be bounded by (1 +
K|A|)apy"™! < 3/8y". All togehter we get

acos(k)g(h) (k)’ < C,}/_zh'

8cos(k)g(h) (k) =

5. (165)

for a suitable C'. Using that dph(ko) = (ko ¥ 9%) for a suitable 0 < 6 < 1 we

get, with a similar argument, that
0™ ()| < 'y
Iterating these estimates gives
0ROl 1y 8" (1) | < Cypyy TN, (167)

It remains to estimate [}, &7 sin(k). If P < N; /2 we can use

P ap
i=i dkpi

<1 and 'y*h(lJrNoJrPl) < y—h(1+N0+%)

sin(k) (168)

while, if P; > N /2, at least 2P, — N of the p; in the above product must be zero so
that

P ap ,
11 o Sin(k) <(2v/3) 2N 2P -N)
yHENOER) (2P -N) :Y—h<1+NO+N71> (169)

In both cases we get

. ' N
10520 8 (k)| < < (1+N)™ (2V3)™ sup CN0P1>YI<1+NO+ ) am

P <N;
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It is clear that 8{;’ 0 3{\’ 18" (k) has the same support of f; (k) so that from (161) we
get (162). Finally observe that
oM g (x) = (iyro+m / dke™ K0 sin™ kg™ (k). (171)

The Lemma follows easily reasoning as above and using (159) for the extra powers
of ko and k. [ ]

Proof of Lemma 3.1. As before, on the support of f,(k) we get
(14 zp) [ko| < 7" ag |(14 oy )(cosk —cos pr)| < V' lag  (172)
Writing
cosk — cos pr = cos pr(cos(k— wpp) — 1) + @vpsin(k — opr)

and using (172) it easily follows that
1

[sin(k — pr)| < CYr
and thus |k — pp| < Cyhr’%, so that

/ K<ho(K)dk < Crm2yh, (173)
Reasoning like in the proof of Lemma 2.2 we find that we need to show
Ni—1
M1y (x)] < By Mo M), (174)

To prove such an estimate we can closely follow the proof of Lemma 2.2. We first
observe that (164) and (167) remain true. Indeed the only difference arise in (166)
due to the presence of 9 in fh o- Thus for h < h* we get

o fu)] < 7 (aal<1+1<|x><1+y>||xa||w+lﬁ||5’||w) <cyt ar5)

Again we need to estimate Hl ; j,i;l sin(k). For P; < N;/2 we use (168) to-
gether with

,yfh(l+N0+P|) < ,yfh(HNoJrN.)rN] P <y R(14+No+Ny) 71_
while for P; > N; /2 we get

Py api

S sin(k)| < CyRhMI SR, (176)

sin(k)

Observing that

< Cyfh(lJrNngNl) M

Ny N Yh b
yfh(]+N()+P1),}/(Zplle)hrjfpl — ,y h(]+N0+N1) r2 <) <

,
and collecting we get
1900 50 ()| < (NN (177)

The Lemma follows easily combining the above estimate with (173) and the analo-
gous of (171). ®
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