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ABSTRACT. We consider a system of interacting Generalized Pélya Urns (GPUs) having irreducible
mean replacement matrices. The interaction is modeled through the probability to sample the
colors from each urn, that is defined as convex combination of the urn proportions in the system.
From the weights of these combinations we individuate subsystems of urns evolving with different
behaviors. We provide a complete description of the asymptotic properties of urn proportions in
each subsystem by establishing limiting proportions, convergence rates and Central Limit Theorems.
The main proofs are based on a detailed eigenanalysis and stochastic approximation techniques.
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1. INTRODUCTION

The stochastic evolution of systems composed by elements which interact among each other has
always been of great interest in several areas of application, e.g. in medicine a tumor growth is
the evolution of a system of interacting cells [34], in socio-economics and life sciences a collective
phenomenon reflects the result of the interactions among the individuals [27], in physics the con-
centration of certain molecules within cells varies over time due to interactions between different
cells [31]. In the last decade several models have been proposed in which the elements of the system
are represented by urns containing balls of different colors, in which the urn proportions reflect the
status of the elements, and the evolution of the system is established by studying the dynamics at
discrete times of this collection of dependent urn processes. The main reason of this popularity is
concerned with the urn dynamics, which is (i) suitable to describe random phenomena in different
scientific fields (see e.g. [21]), (ii) flexible to cover a wide range of possible asymptotic behaviors,
(iii) intuitive and easy to be implemented in several fields of application.

The dynamics of a single urn typically consists in a sequential repetition of a sampling phase,
when a ball is sampled from the urn, and a replacement phase, when a certain quantity of balls is
replaced in the urn. The basic model is the Pélya’s urn proposed in [I6]: from an urn containing
balls of two colors, balls are sequentially sampled and then replaced in the urn with a new ball of
the same color. This updating scheme is then iterated generating a sequence of urn proportions
whose almost sure limit is random and Beta distributed. Starting from this simple model, several
interesting variations have been suggested by considering different distributions in the sampling
phase, e.g. [19] 20], or in the replacement phase, e.g. [3, I8, [30]. In a general K —colors urn model,
the sampled color is usually represented by a vector X,, such that Xj, = 1 when the color is
ke {l,.., K}, X}, =0 otherwise; the quantities of balls replaced in the urn are typically defined
by a matrix D,, such that D;;,, indicates the number of balls of color ¢ replaced in the urn when the
color k is sampled. Considering {D,,;n > 1} as an i.i.d. sequence, a crucial element to characterize
the asymptotic behavior of the urn is the mean replacement matrix H := E[D,,], typically called
generating matriz.
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The class of urn models considered in this paper is commonly denoted by Generalized Polya’s
Urn (GPU), or Generalized Friedman’s Urn (GFU). The GPU model was introduced in [I8] and
its extensions and their asymptotic behavior have been studied in several works, see e.g. [4] [5] 6l
[B3]. The GPU considered in this paper is characterized by a non-negative irreducible generating
matrix H with average constant balance, i.e. the columns of H sum up at the same constant
S Hip = ¢ >0 for any k € {1,.., K}, which implies that its maximum eigenvalues Apax(H) = ¢
has multiplicity one. The irreducibility of H distinguishes the GPU from the Randomly Reinforced
Urn (RRU) model, which includes the classical Polya’s Urn, whose replacement matrix is diagonal:
when the color k is sampled, the GPU replaces in the urn more colors following the distribution of
the k' column of D,, while the RRU only adds balls of colors k; hence, the probability to sample
color k at next step is reinforced in the RRU, while it may increase or decrease according to the
current urn composition in the GPU. As a consequence, the asymptotic behavior is in general very
different: in a GPU the urn proportion converges to a deterministic equilibrium identified by H
(see e.g. [4L 516l [33]), while in a RRU the limit is random and its distribution depends on the initial
composition (see e.g. [1} 2, [15]).

The model proposed in this paper is a collection of N > 1 GPUs that interact among each other
during the sampling phase: the probability to sample a color k in each urn j is a convex combination
of the urn proportions of the entire system. Hence, a crucial role to describe the system dynamics is
played by the interacting matriz W made by the weights of those combinations. Since the properties
of the single GPUs are determined by the corresponding generating matrices {H7;1 < j < N} and
the interaction among them are ruled by W, the system dynamics has been studied by defining
a new object Q that merges the information contained in {H7;1 < j < N} and W. From the
analysis of the eigenstructure of Q, we are able to establish the convergence and the second-order
asymptotic behavior of the urn proportions in the entire system. Hence, this paper extends the
theory on GPU models in the sense that, in the special case of no interaction, i.e. W = I, the
results presented for the system reduce to the well-known results for a single GPU.

Several interacting urn models have been proposed in the last decade, especially for RRU models.
An early work is represented by [29] that considered a collection of two-colors RRU in which the
sequence {D,;n > 1} is not i.i.d. since the replacements in each urn depend on the colors sampled
in the rest of the system. Therefore, in [29] the interaction is modeled through the definition of D,
instead of X,, as in our model. A complete different updating rule has been used in the two-color
urn model proposed in [26], in which sampling color 1 in the urn j increases the composition of
color 1 in the urn j, while sampling color 2 increases the composition of color 2 in the neighbor urns
i # j and the urn j comes back to the initial composition. Asymptotic properties for this system
have been obtained in [26] where there is no convergence of the urn proportions. Other models in
which the interaction enters in the replacement matrices are for instance [111 10} [§].

Recently there have been more works concerning urn systems in which the interaction is modeled
through the sampling probabilities as in our model. They differ from this paper since all of them
consider RRUs and the interaction is only modeled as mean-field interaction tuned by a parameter
a € (0,1), i.e. the urns interact among each other only through the average composition in the
entire system. As a consequence, their asymptotic results lead to the synchronization property
in which all the urn proportions of the system converge to the same random limit. In particular,
in [24] 25] the asymptotic behavior of the urn system has been studied for a model that defines the
sampling probabilities through the exponential of the urn compositions. In [I3] [12] the sampling
probabilities are defined directly using the urn compositions and the synchronization property has
been proved; moreover, different convergence rates and second-order asymptotic distributions for
the urn proportion have been established for different values of the tuning parameter a. Since we
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consider GPU models the asymptotic results established in this paper are totally different from
those proved in [13] 12], e.g. our limiting proportion is not random and it does not depend on the
initial compositions.

It is also significant to highlight that this work allows a general structure for the urn interaction,
which reduces to the mean-filed interaction only for a particular choice of the interacting matrix W.
Moreover, from the analysis of the structure of W we are able to individuate subsystems of urns
evolving with different behaviors: (i) the leading systems, whose dynamics is independent of the rest
of the system and (ii) the following systems, whose dynamics “follows” the evolution of other urns
of the system; in the special case of irreducible interacting matrix, which includes the mean-filed
interaction considered in [I3],[12], there is a unique leading system and no following systems. These
two classes of systems have been studied separately, in order to provide an exhaustive description of
the asymptotic behavior in any part of the system. In fact, since different systems may converge at
different rates, a unique central limit theorem would not been able to characterize the convergence
of any urn proportion. Hence, through a careful analysis on the eigen-structure of Q, we individuate
the components of the urn processes in the system that actually “lead” or influence the following
systems, so that we can establish the right convergence rate and a non-degenerate asymptotic
distribution for any subsystem.

A pivotal technique in the proofs consists in revisiting the dynamics of the urn proportions of
the system in the stochastic approximation (SA) framework, as suggested for the composition of a
single GPU in [23]. To this end, the dynamics of the urn proportions has been properly modified
here to embed the processes of the urn proportion into the whole space R¥.

The structure of the paper is the following. In Section 2l the interacting GPU model is described
and the main assumptions are presented. Section [2]is also dedicated to analyze the structure of
the interacting matrix and hence to define the leading and the following systems. In Section Bl the
system dynamics is expressed in the stochastic approximation form and the necessary notation is
introduced. The asymptotic results for the leading and following systems are presented in Section 4l
and [l respectively. Section [ contains a brief discussion on further possible extensions of the
interacting GPU model. Finally, the proofs are presented in Section [7

2. MODEL SETTING AND MAIN ASSUMPTIONS

Consider a collection of N > 1 urns containing balls of K > 1 different colors. At any time
n > 0 and for any urn j € {1,.., N}, let Y/ > 0 be the number of balls of color k € {1,.., K},

T = Eszl ijﬂ be the total number of balls and let Z,in = ijn/TﬂL be the proportion of color k.

2.1. Model. We now describe precisely how the system evolves at any time n > 1. Denote by
Fn—1 the o-algebra generated by the urn compositions of the entire system up to time (n — 1), i.e.

Foa = o (Vi 1 1S/ SN 1SE<K ).
The dynamics of the system is described by two main phases: sampling and replacement.

Sampling phase: for each urn j € {1,.., N}, a ball is virtually sampled and its color is represented
as follows: X ,Jg , = 1 indicates that the sampled ball is of color k, X ,Jg , = 0 otherwise. We denote

by Z,];’n_l the probability to sample a ball of color k in the urn j at time n, i.e.

Zhr =B | X, | Fact |-
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Given the sampling probabilities {le,n—Pl < j < N,1 < k < K}, the colors are sampled in-
dependently in all the urns of the system and hence, for any k € {1,.., K}, X;m,..,Xlgfn are
independent conditionally on F;,,_1. We define the sampling probabilities as convex combinations
of the urn proportions of the system. Formally, for any urn j € {1,.., N} we introduce the weights
{wjn;1 < h < N} such that 0 < wj, < 1 and Ethl wjp, = 1. Thus, the probability to sample the
color k in the urn j is defined as follows

(1) kn 1= Zw]hzkn 1

Replacement phase: after that a ball of color k has been sampled from the urn j, we replace

kan balls of color i € {1,..,K} in the urn j. For any urn j we assume that {Dj;n > 1} is a
sequence of i.i.d. non-negative random matrices, where Dl .= [ka n],k. We will refer to D, as

replacement matriz and to H7 := E[D?L] as generating matriz. Notice that H7 are time-independent
since {D},;n > 1} are identically distributed (see Subsection [ for possible extensions). Moreover,
we assume that at any time n the replacement matrix for the urn j, i.e. D%, is independent of the
sampled colors, i.e. {X7 ko 1 < j < N}, and independent of the replacement matrices of the other

urns of the system, i.e. DY with jo # j.

In conclusion, the composition of the color ¢ € {1,.., K} in the urn j € {1,.., N} evolves at time
n > 1 as follows:

(2) er{n = zjn 1 + ZDzkn

2.2. Main assumptions. We now present the main conditions required to establish the results
of the paper. The first assumption is concerned with bounds for the moments of the replacement
distributions. Specifically, we require the following condition:

(A1) there exists 6 > 0 and a constant 0 < Cs < oo such that, for any j € {1,.., N} and any
i,ke{l,.,K}, E[(D} )*"] < Cs.

Note that Cs does not depend on n since {D%; n > 1} are identically distributed.
The second assumption is the average constant balance of the urns in the system and it is imposed
by the following condition on the generating matrices H', .., HV:

(A2) for any j €{l,.,N} and k € {1,.., K}, there exists a constant 0 < ¢/ < oo such that
S H o= d.

Note that (A2) guarantees that the average number of balls replaced in any urn is constant, re-

gardless its composition. Assumption (A2) is essential to obtain the asymptotic configuration of

the system, i.e. the limiting urn proportions. The second-order asymptotic properties of the inter-

acting urn system, namely the rate of convergence and the limiting distributions, are obtained by
assuming a stricter assumption than (A2). This condition is expressed as follows:

(A’2) for any j € {1,..,.N}, ke {1,.,.K}, P ( S D}, = ¢ > =1, i.e. each urn is updated
with a constant total amount of balls.

ik,n
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Without loss of generality, we may (and do) assume that ¢/ = 1 for all j € {1,.., N}. In fact, by

defining ?kjn = (oj)_lijn and ﬁikn = (oj)_ngkn for all n > 1, the urn dynamics in ([2) can be
expressed in the following equivalent form:
K Vi J
. . . . . Y, Y, .
Vi _ 77 J 77 _ kn—1 _ kn—1 _ 7
Y;',n - }/;,n—l + Z Dik,n ’ Xk,n7 Zk,n—l - K }’}j - K Yj - kn—1"
k=1 Zk:l k,n—1 zk:l k,n—1

Therefore, from now on we will denote by ij ,, and ka ,, the normalized quantities }Afk] ,, and lA)Z]k n
and hence (A2) and (A’2) are replaced by the following conditions:

(A2) for any j € {1,..,N} and k € {1,., K}, K ) = 1.

(A’2) for any j € {1,..,N} and k € {1,.., K}, P ( SE DL =1 ) — 1.

ik,n

Finally, we consider Generalized Polya urn (GPU) with irreducible generating matrices, as ex-
pressed in the following condition:

(A3) for any j € {1,.., N}, H7 is irreducible.

This assumption will guarantee deterministic asymptotic configurations for the urn proportions in
the system. Less restrictive conditions to establish deterministic limiting proportion are possible
but this analysis is not the focus of this paper.

Remark 2.1. It is worth highlighting that extensions to non-homogeneous generating matrices
{Hpn;n > 0} are possible, as discussed in Section [0 In that case, assumption (A2) should be

referred to the the limiting matriz H) = a.s. — lim,_soo H3,.

2.3. A preliminary result. Assumptions (A2) and (A’2) on the constant balance are essential to
obtain the following result on the total number of balls in the urns of the system:

Theorem 2.1. Under assumptions (A1) and (A2), {T3 — n;n > 1} is an L? martingale and, for
any o < 1/2,

T a.s./L2
(3) n® (--1) =18,

n

Moreover, under assumption (A’2), T! = Tg +n a.s. and hence @) holds for any a < 1.

2.4. The interacting matrix. The interaction among the urns of the system is modeled through
the sampling probabilities Z,]C’n_l, that are defined in ({l) as convex combination of the urn pro-
portions of the system. Formally, we denote by W the N x N matrix composed by the weights
{wjn,1 < j,h < N} of such linear combinations and we refer to it as interacting matriz. We
now consider a particular decomposition of W that individuates subsystems of urns evolving with
different behaviors. The same decomposition is applied to the transition matrix in the context
of discrete-time Markov chains (see [28]) to individuate communicating classes S!, I € £, and to
establish which classes are recurrent, [ € Ly, and which are transient, [ € Lp.

Accordingly, let us denote by ny, > 1 the multiplicity of A\pax(W) = 1, and define the integers
np>0and 1 <rlt < . < rloe < ¢t < < pPne = N such that the interacting matrix can be
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decomposed as follows:

Wkt o .. 0
I L
. W 0 S 0 W=z
() 0 0 W
a7 F
WLlFl WLnLFl wt 0 .. 0
LF F whr oyt - 0
W = 9 W =
LFn Ln Fn .
wettere o WLt nE WFanF WFQF”F WFnF

where:
(1) L:=LLULp, Lp :={L',..,L"} and Lp := {F', .., F"F} are sets of labels that identify
subsystems of urns (Lz = () when np = 0);
(2) for any [ € £, W'is an s’ x s' irreducible matrix, where we let s' := r! —#!” and I~ indicates
the element in £ that precedes ! (by convention Ly = 0 and F| = L,,,);
(3) for any ly € L, thereis at least an I} € £, Iy # Iy, such that W% £ 0; hence, Apax (W) = 1
if | € L7 and Apax (W) < 1if 1 € Lp.
Naturally, when ng = 0 the elements in W and W¥ do not exist and we consider 7z = N.
This occurs, for instance, when W is irreducible and hence n;, =1 and ! = N.

l

Remark 2.2. It is worth highlighting that extensions to random and time-dependent interacting
matrices {Wy;n > 0} are possible, as discussed in Section[@. In that case, the structure presented
in @) is concerned with the limiting matric W = a.s. — limy, o0 Wi,.

Since the urns of the system interact among each other only through the sampling probabilities
Zfl’k, the structure of the matrix W that characterizes such interaction is essential to describe the
asymptotic behavior of the system. Specifically, from (@) we individuate

(i) the leading systems S' := {r!” +1 < j < '}, € L, that evolve independently with respect
to the rest of the system;
(ii) if np > 0, the following systems S’ := {r/” +1 < j <!}, 1 € Lp, that evolve depending on
the proportions of the urns in the leaders S, .., Sz and their upper followers S, .., S!".
As we will see in the following sections, the asymptotic behaviors of the leading systems and the
following systems are quite different. For completeness of the paper, we will present the results for
both the types of systems, assuming that np > 1.

3. THE INTERACTING URN SYSTEM IN THE STOCHASTIC APPROXIMATION FRAMEWORK

A crucial technique to characterize the behavior of the interacting urn system consists in revisiting
its dynamics into the stochastic approximation (SA) framework. To this end, we need to rewrite
the system dynamics expressed in (2) in the classical SA form: given a filtered probability space
(2, A, (Fr)n>0, P), we consider the following recursive procedure

(5) Vn>1, 0, =0, — %f(@n_l) N % (AM, + R,),

where f : R — R? is a locally Lipschitz continuous function, ,, an F,-measurable finite random
vector and, for every n > 1, AM, is an F,_j-martingale increment and R, is an J,-adapted



INTERACTING GENERALIZED POLYA URN SYSTEMS 7

remainder term. To this end, we need a compact notation that jointly describes the composition
of the urns in the same subsystem S, [ € L.

3.1. Notation. The quantities related to the urn j € {1,.., N} at time n are denoted by:
( ) ng - (Yljnv . 7Y[J{7‘n)/ € Rfa

(2) Xgl = (X{n’ X] ), € {07 1}K’

(3) Zi = (Z] s s Zi )’6 (0,)*

(4) Zi = (4, aZfK,n)' € (0, 1)
while the corresponding terms of the system S!, I € £, given by the s' urns labeled by {r!” +1,..,7'},
are denoted by:

(1) Y0 = (v L) e RyE,

(2) X}, = (X5 LX) e {0,130 K,

(3) Zt, = (Z,TLI ., Z,Zl)’ € 8K where 8K indicates the composition of s' simpleces where
Zr' 17" are defined.

(4) Zl = (2 *1,.,25) e S9K

(5) T := (T7 g, .., T 1) € ]RilK, where 1 indicates the K-vector of all ones.

The replacement matrix for the system S’ is defined by a block diagonal matrix D!, € RfﬁK xstK

Y
where the s blocks are the replacement matrices of the urns {r!” +1,..,r!} in §', i.e. D7 1 . Dr'.
U sl K

)

Analogously, the generating matrix for S! is defined by a block dlagonal matrix H' € RZ

where the s' blocks are H”' +1, ..,H,’; . The interaction within the system S’ is modeled by the
matrix W € (0, 1)8lK xs'K ghtained by replacing in W' @) the weights w;), with the corresponding
diagonal matrix w;,lx, where Ix indicates a K-identity matrix. Analogously, the interaction
between a following system S, [ € Lp, and another system S, I, € {L, .11 }, is modeled by

the matrix Wik e (0,1)5 Kxs2K  ohtained by replacing in W2 @) the weights w;, with the
corresponding diagonal matrix w;, .

3.2. The system dynamics in the SA form. For any system S', [ € £, the dynamics in (2]
can be written, using the notation of Subsection Bl as follows:
(6) Y, = Y, , + D\X].

We now express (@) in the SA form ([B), where the process {,;n > 1} is represented by the urn
proportions of the system S', i.e. {Z.;n > 1}. Since Y/, = diag(T!)Z!, for any n > 1, from (@) we
have
diag(T},)Z;, = diag(T},_1)Z;,_y + DXy,

that is equivalent to
(7) diag(T},)(Zy, = Zy,_y) = —diag(T}, = T},_1)Zi,_; + D,X;,.
Now, notice that, for any n > 1,

(1) E[diag(T!, — T. _)|Fn_1] = I by Theorem BTt

(2) E[DlnXln|]:n—1] = E[Dln|]:n—1] [Xl |]:n 1] = H'Z!

conditionally on F,,_1.

I, since D! and X!, are independent
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Hence, defining the martingale increment
(8) AM!, = D! X! —H'Z! | — (diag(T!, - T _,) - 1)Z!

n—1 n—1 n—1s

we can express () as follows:

(9) diag(T! ) (2!, — 2! ) = -2z, |, + H'Z! | + AM!,.

n—1

Now, multiplying by diag(T!)~! and defining the remainder term
(10) R = (n - diag(Tt)™! — I) (—zln_1 v HZL AML) ,

we can write (@) as follows:

1
(11) Zl -7l | = —E(zl

L L — HZ. )+ %(AMQ + RL).

n—1

The term (Z!,_, —H'Z!_,) in (II]) should represent the function f in () in the SA form. However,

l

although in a leader S', | € L, we have that Zfl_l only depends on Z in a follower S,

n—1
[l € Lp, the term me—l is in general a function of the composition of all the urns of the system,
i.e. Z,Lll_17 . Zln_l. Hence, the dynamics of a leading system can be expressed as in (IIJ), while the

dynamics of a following system needs to be incorporated with other systems to be fully described.
For this reason, the asymptotic behavior of these two types of systems are studied separately: the
leading systems in Section ] and the following systems in Section [l

4. LEADING SYSTEMS

In this section we present the main asymptotic results concerning the leading systems S*, I € L.
We recall that these systems are characterized by irreducible interacting matrices W* such that
Anae(WH) =1 (see @) in Subsection 2.4). For this reason, their dynamics is independent of the
rest of the system and hence, by using Z!,_; = W'Z! | in (), we have
1 ! !

- (aMi, + RY),

Ax) =(1-Q)x, Q' := HW

1
(12) zh -z, , =- ;hl(zln—l) +

4.1. Extension of the urn dynamics to R*'K, Since Al is defined on R K , while the process
{Zil;n > 0} takes values in the subset S'K , then applying theorems based on the SA directly
to (I2) may lead to improper results for the process Zln. To address this issue, we appropriately
modify the dynamics (I2)) by replacing h' with a suitable function f. := h! +mg!, where m > 0 is
an arbitrary constant and ¢’ is a function defined in Rs'K that satisfies the following properties:
(i) the derivative Dg! is positive semi-definite and its kernel is Span{(z —y) : 2,y € S*K}:
hence, g' does not modify the eigen-structure of Dh!(x) on the subspace Ss'K , where the
process Zil is defined, while the eigen-structure outside S'K can be arbitrary redefined;
(i) g!(z) = 0 for any z € S*K: hence, since f (z) = hl(z) for any z € 8K, the modified
dynamics restricted to the subset Ss'K represents the same dynamics as in (I2)).
Let us now provide an analytic expression of ¢'. First note that, since by definition of convex
combination we always have Wllsz = 1, the left eigenvectors of W' are such that Uily =1 and
U/ly =0 for all ¢ # 1. Denote by Sp(A) the set of the eigenvalues of a matrix A and note that,
since by (A2) we always have 17 H7 = 1%, then Sp(W') C Sp(Q') and the s’ left eigenvectors
of Q! associated to any \; € Sp(W!) c Sp(Q), i € {1,..,s'}, present the following structure:
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U; .= (Unlk,..,Ualg). As a consequence, for any z € S'K we have Ujz = Ujly = 1 and
Uiz=U/1y =0forall i € {2,.., s'}. Hence, denoting by Vy and Us the matrices whose columns
are Vo,.., V4 and Uy, .., U, respectively, we define the function g as follows:

(13) d(x) == Vi (Uix — 1) + VyUsx,
and the dynamics of the process Z! in (IZ) can be replaced by the following:
1 1
7l 7l = Zfl(zl +—<AMl + RLY),
(14) n n—1 n fm( n 1) n n n)

flix) =1-QY% + mV, (Uix—1) + mV,Usx.

4.2. First-order asymptotic results. We now present the main convergence result concerning
the limiting proportion of the urns in the leading systems.

Theorem 4.1. Assume (Al), (A2) and (A3). Thus, for any leading system S', | € L, we have
that

(15) Z!

n

25 7L = Vv,

where V1 indicates the right-eigenvector associated to the simple eigenvalue A = 1 of the matriz
Q!, with >, Vi; = 1.

Remark 4.1. Note that when the interacting matriz is the identity matriz, i.e. W =1, n, = N
and np = 0, each urn represents a leading system and it evolves independently of the rest of the
system. In this case, (D) expresses the usual result for a single GPU, where the urn proportion
converges to the eigenvector associated to the maximum eigenvalue of the generating matriz, see

e.g. [, 5,6, 33].

Remark 4.2. In Theorem [[.1], condition (A3) implies that the mazimum eigenvalue A\ = 1 of
Q! has multiplicity one, which guarantees V1 to be the unique global attractor for the system S'.
Without assumption (A3), there could be multiple attractors and hence the limiting proportions of
the system would be a random variable, as in [13, [12] where the RRU model is considered.

4.3. Second-order asymptotic results. We now establish the rate of convergence and the as-
ymptotic distribution of the urn proportions in the leading systems S!, | € £. Since to obtain
these results we need to apply the Central Limit Theorem of the SA (see Theorem [A.2]in Appen-
dix) to the dynamics (Id)), a crucial role is played by the spectrum of the Ks! x K sl-matrix of the

first-order derivative of f! defined as follows: for any x € R¥ s'
(16) F,, = DfL(x) = I1-Q") + mV U] + mV,U,.
Moreover, since the asymptotic variance depends on the second moments of the replacement ma-
trices, we denote by C7(k) the covariance matrix of the k”* column of Dj,, i.e. C7(k) := Cov[D’,_ ],
where D]k "= (D{k oo D%(k .)'; note that (A1) ensures the existence of CV(k). Hence, denoting
by HI (k) := E[H]k(H]k)’] where H]k = (H{k, ..,H}'{k)’, we let

K
(17) G = (CUk) + HI(K)) Z] . — Z(Z1),

k=1
where Z,Jg o= Zfil wjiZ,im. Then, for any leading system S’, [ € £}, we denote by G the block

diagonal matrix made by the s blocks G o G
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The following theorem shows the rate of convergence and the limiting distribution of the urn
proportions in the leading systems.

Theorem 4.2. Assume (A1), (A'2) and (A3). For any leading system S', 1 € Ly, let \*' be the
mazimum eigenvalue in Sp(Q') \ Sp(W'). Thus, we have that \* = 1 — min Sp(FL,) and

(a) if N < 1/2, then
VA, -zh) 5 N (03), 3= g [ eGTEIGleE gy,

(b) if X' =1/2, then
n
log(n)
(¢) if X' > 1/2, then there exists a finite random variable ¢ such that

T /AN B T

ZL —7l) L N (0,21> .

Remark 4.3. When the interacting matric W is the identity matriz, each urn represents a leading
system and hence W' =1 and Q' = H'. In that case, \* is the second largest eigenvalue of the
generating matrizc H' and hence Theorem [4-3 expresses the usual Central Limit Theorem for a

single GPU, see e.g. [4, 5] [0, 33].

Remark 4.4. The role of Q' in Theorem[{.2 shows that the convergence rate of the urns in S does
not depend only on their generating matrices {H7,r'"" +1 < j < vt} but also on their interaction
expressed in W'. For instance, consider two single GPUs whose generating matrices H' and H?
are such that the convergence rates of the urn proportions Z! and Z?2 are different. Then, an
interaction between these urns with an irreducible W' would make Z} and Z?2 converge at the same
rate that would depend on the choice of W.

5. FOLLOWING SYSTEMS

In this section we establish asymptotic properties concerning the following systems S', [ € Lp.
Since the dynamics of these systems can be properly expressed in the SA form (Bl only through a
joint model with the urns in the systems {S*1, .., S'}, we need a special notation to study collections
of more systems. In particular, we will replace the label [ with (1) whenever an object is referred
to the joint system S := {811, .., 5"} instead of to the single system S'. For instance, the vector
Y € RE™ indicates (YL, ., YLY, and D" indicates the block diagonal (Kr! x Kr!)-matrix,
whose blocks are made by Dﬁl, . Dln. Then, from ({]) we can express the sampling probabilities in
the follower S as follows:

iE{Ll,..lf}
Hence, from (III) we obtain
1 - 1
| 2 N 17) 1 4 1 1
Zn Zn—l - nh (Zn—17zn—1) + n (AMn + Rn)?
(18) W(xi,x2) = = QU x + (I-Q)xe,

Q) = [HZWL” HlW“}, Q = HW
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Since A! is not only a function of Zil_l, the dynamics in ([I8) is not already expressed in the

SA form (B]). To address this issue, we need to consider a joint model for the global system
SO =87 yst= 8Ly .. U St as follows:

1 1
z{ -7\, = - ;h(l)(zsf)_ﬂ + - (AMg) + Rﬁ?),
0 (x) = (I _ Q(l)> X,

where Q) can be recursively defined as follows:

(19)

QM . 0

)

Q(lf) 0
o e [Q(ln Ql]’ Q) =
0 . Qi

where by convention F|” = L,,, .

5.1. Extension of the urn dynamics to R™K, Since A" in (@A) is defined in R"K , while the
process {Z,(f);n > 0} lies in the subspace SrK , then applying theorems based on the SA directly
to (I8) may lead to improper results for the process Zg).

For this reason, we replace h") in (I8) with a suitable function f,slb) := h() +mg® such that m > 0
is an arbitrary constant and ¢() is a function defined as in ([@3), where in this case {U;;1 <4 < r'}
and {V;;1 < i < r'}, indicate, respectively, the left and right eigenvectors of Q). Hence, the

dynamics of the process yAS ([I8)) is replaced by the following:

| 1
1) = (T-Q0)x + mVy (Ulx —1) + mV,Upx.

Note that in the joint system S the eigenvalue A = 1 of Q) may not have multiplicity one; in that
case, V1 is univocally identified as the right eigenvector of Q) associated to A = 1 such that, letting
U; := (Unlg,..,Uyilg) and UWW = \U! for any i € {1,..,7'}, we have U}V, = Uj1,, = 1 and
UV, =U/1,. =0 when i # 1.

5.2. Removal of unnecessary components. The following system S! may not depend on all
the components of S¢7) and hence the convergence in S! may be faster than the rate in S¢7).
When this occurs, the asymptotic distribution obtained for the urn proportions in SO restricted
to the urns in S’ is degenerate. To address this issue and characterize the asymptotic behavior in

the following system S', we need to reduce the dimensionality of sz) by deleting those components
which do not influence the dynamics of Z.. Since the interaction between S' and the systems in

S(7) is expressed by QW | we exclude the components of Z07) defined on the Kernel of QUL
Formally, consider the following decomposition:

Sp(QY) = Sp(Q") U Sp(Q")) = Ay U Aopr,
where

Aovr = { A e SpQYY)) ¢ F{QW )y = A} n{QU )y = 0} }
Ay = Sp(Q') U (SP(Q(H) \AOUT> :



12 G. ALETTI AND A. GHIGLIETTI

Then, the eigenspace of Q) associated to A € Aoy will be removed from the dynamics in 10).
To do this, let us denote by:
(1) Urny and Viy the matrices whose columns are the left and right eigenvectors of Q(l),
respectively, associated to eigenvalues in Ajy;
(2) Upyr and Voyr the matrices whose columns are the left and right eigenvectors of QW,
respectively, associated to eigenvalues in Aoyr;

Since we do not want to modify the process Zg) on S, ie. Zln, we now construct two conjugate
basis in Zm(U;y) and Zm(Vyy) that are invariant on S!. Note that, since Sp(Q!) C A;y, there
exists a non-singular matrix P such that the following decompositions hold:

B 0 C o

B:=V,yP =
w 0 1, 0 I,

., C=P U=

Since ¢/B = I and BC' = VinUnN/, C and B represent conjugate basis in Zm(Ujy) and
Im(Vn), respectively. Thus, for any x = (x(r),xl)’ € ]RK’J, we have the following decompo-
sition

(22) x = VinUnw'x + VourUoutr'x = Bx + Vourxour,

where

C'x()

~ ~/ !
x:=Cx=| ,  xourt = Uout'x.

In particular, we consider the process {Zg),n > 1} defined as follows:
c:fzgg>]

(23) 7V .= 'z = .

now, multiplying by C’ to (ZI) and applying the decomposition (22) in 1), since C'VoUyVour =
0, U Vour = 0 and C'Vour = 0, we have that

2020, = i@, o le(amy ¢ rY).
(24) o e -
fOx) = (I—C’Q(l)B)i + mV, (U’lfc— 1) + mV, 0%,

where U/, := U/ll:%, Uy := TU’QB, V1 := C'Vy and Vy := €'V, represent the left and right eigenvec-
tors of C'QWB associated to A € Sp(WH)\ Apyr. Since f,(,? is a function of Zﬁf), the dynamics
in (24) is now expressed in the SA form (B).

Remark 5.1. It s worth highlighting that the interacting matric W lonely is not enough to indi-
viduate the components of the system that actually influence a following system, but it is necessary
to study the eigen-structure of QW, that joins the information of W and of the generating matrices
{HI,1 < j <} of the urns in SO This may be surprising since W is the only element that
defines the interaction among the urns in the system. Nevertheless, when H is singular, different
values of Z may give the same average replacements, HI Z3, which is equivalent as having singu-

larities in W, where different values of {Z%;1 < i < r'} may give the same Zg and hence same

n’
HIZ). For instance, if all the columns of HY were equal to a given vector vl the urn j would be
updated on average by v’ regardless the value of Z? | and hence the urns in ST would not play

any role in the dynamics of the urn j for any choice of W. The eigen-structure of QW perfectly
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explains this behavior, since in this case the matriz QU ' would be composed by all zeros and hence
Sp(QU7)) = Aoyr and Sp(Q!) = Arn.

5.3. First-order asymptotic results. We now present the convergence result concerning the

O

limiting proportion of the urns in the following systems. The asymptotic behavior of Zy,’ is obtained

)

recursively from Zg; = a.s. — limy_yno Zg_).

Theorem 5.1. Assume (Al), (A2) and (A3). Thus, for any l € Lr, we have that
z0 25 70— vy
hence, from ([23), in the following system S' we have that

AR/ (I—Ql>_1Q<l’>lzg§>.

5.4. Second-order asymptotic results. We now present the results concerning the rate of con-
vergence and the asymptotic distribution of the urn proportions in the following systems. To this
end, let us introduce the Ks' x K s!-matrix of the first-order derivative of f! :

PO = CRUB

@ o
=(I-C'QYB) + mV U} + mV,Us.

Moreover, the asymptotic variance will be based on the quantity G := ¢’GUB, where G is
the block diagonal matrix made by G!, .., G" (see ([IT)).

The following theorem shows the rate of convergence and the limiting distribution of the urn
proportions in the following systems.
Theorem 5.2. Assume (A1), (A’2) and (A3). For any following system S', | € L, let \* be the

mazimum eigenvalue in Sp(QW)\ (Sp(WW)U Aoyr). Thus, we have that X' =1 — min Sp(Fg,l@))
and

(a) if N < 1/2, then
7\ — 70y < (1) SC I Raevie o SO P JRe S SO P
Vn(Zy — 7)) — N (0,2%) ) X = lim e GW%e du

m=2 Jo
(b) if X =1/2, then
n
log(n)
(¢) if N > 1/2, then there exists a finite random variable V) such that
n' =20 - 20) 25 g0,

ZO — 70y 4 N (0,2@).

Remark 5.2. It is worth noticing that, since from (23)) 7V = (C’Zgi), ZL)', Theorem[52A explicitly
states the limiting distribution and the asymptotic covariance structure of the urn proportions in
any following system Zt . 1 € Lp. In addition, Theorem[5.2 also determines the correlation between
Zﬁl and the components of the urn proportions in the other systems S, | € {L1,..,17}, that actually
influence the dynamics of ZL,.

Remark 5.3. We highlight that condition (A3), i.e. irreducibility of the generating matrices H7,
may be relaxed in Theorems 51l and[2.2, by requiring (A3) only for the urns in the leading systems.
In fact, we can note from the proof that (A3) is not needed for the urns that belong to the following
systems.



14 G. ALETTI AND A. GHIGLIETTI

6. FURTHER EXTENSIONS

In this section, we discuss some possible extensions of the interacting urn model presented in
this paper.

6.1. Random and time-dependent interacting matrix. Although we consider a constant
interacting matrix W, the results of this paper may be extended to a system characterized by
a random sequence of interacting matrices {Wy;n > 0}, i.e. W, = [wjny] € Fp and Z] =
SN wip 20, for any k € {1,..,K}. In that case, it is essential to assume the existence of a

deterministic matrix W such that W,, =% W, which individuates the leading and the following
systems, as in Subsection 241

The dynamics with random and time-dependent interacting matrices could be also expressed in
the SA form (), by including the difference (W,, — W) in the remainder term (I0). Naturally, the
asymptotic behavior of the urn proportions would depend on the limiting interacting matrix W
and on the rate of convergence of the sequence {W,,;n > 0}. Specifically, the convergence of the
urn proportions could be obtained with the only assumption W, =2 W, while extensions for the
second-order results presented in would require nE[|W,, — W|*] — 0.

6.2. Non-homogeneous generating matrices. The independence and identically distribution
of the replacement matrices is an assumption that could be relaxed by assuming that the sequence
of generating matrices { Hi;n > 0}, H) | := E[D}|F,_1], converges to some deterministic matrix
H7. Thus, the urn dynamics could be expressed in the SA form (F), by including the difference
(H% — HY) in the remainder term (I0), and the asymptotic behavior would depend on H’ and on
the rate of convergence of Hi. Specifically, the second-order results would require an additional
assumption as nE[||H}, — H7|?] — 0.

7. PROOFS

The proof of Theorem 2] requires the following auxiliary result on the martingale convergence:

Lemma 7.1. Let {Sp;n > 1}, S, = > | AS;, be a zero-mean martingale with respect to a
filtration {Fn;n > 1} and let {by;n > 1} be a non-decreasing sequence of positive numbers such
that

(26) ib;2E[(AS,-)2].E_1] < 00,  a.s.

i=1
Then, b, 'S, <% 0.

Proof. Let us define the zero-mean martingale S,, := Sy b 1AS;, where by [26]) we have that S,

(2
converges a.s. Thus, the result follows by using Kronacker’s Lemma (see Lemma IV.3.2 in [32]). O

Proof of Theorem [21. By using Lemma [Z.I] with b,, := n'=® and S, = T¢ — n, the proof follows
by showing that T3 — n is a martingale whose increments have bounded second moments. Now,

since
K

K K
T7jl - Trjz—l = Z(Yk],n - ij,n—l) = (Déz,anj,n%
k=1 k=1 i=1
the result follows by establishing that

N
K K
(a) sup,>; E [(Ek:l i1 Dianzjn> ‘fn—l] < 095
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K K
(b) Zkzl Zi:lE[ kzn “Fn 1] =1L
For part (a), by using | m] <1 and (A1), we have that
2
supE XJ Fn— < K?sup max max E[Dj- 2] < oo.
w21 (1;1 ;( o )> Pt not de{l Ny ke (1K) (D)

For part (b), since 1 | H ,]ﬂ =1 by (A2) and since Dim and XZ] ,, are independent conditionally
on F,_1, we obtain

K K K K
ZZE[ kin zn|‘7:” 1] = ZZHM i,n—1 Zsz,n—leljf Z i,n—1-
i=1 k=1

k=1 1=1 k=11=1

Finally, by the definition of ZZ] n_1 in (), we have

K K N N K N
7J — L gh - . zh - L= 1
in—1 = Wjh4in-1 = Wih in—1 = wip = 1,
i=1 h=1 =1 h=1

1=1 h=1

which concludes the proof of [3) for v < 1/2 under assumption (A2).
Concerning the proof of (3] for o < 1, first note that under assumption (A’2) we have

K
T _TTJL 1 = ZZ nkz ZXZj,n = 1;

hence, T = Toj + n a.s. and, for any o < 1,
T] TOJ a.s./L?
n <7 — 1) = nl—Oc — 0.

7.1. Proofs on the leading systems.

Proof of Theorem [, Fix | € L, and consider the leading system S' = {r!” +1 < j < ¢!}
with interacting matrix W'. Since the dynamic of the urn proportions Zln in S! has been expressed
in (I4)) in the SA form ([Hl), we can establish the convergence result stated in Theorem[4.1] by applying
Theorem [A.T] in Appendix. To this end, we will show that the assumptions of Theorem [A.T] are
satisfied by the process {Z.:n > 1} of the system S*:

(1) the function f! defined in () is a linear transformation and hence locally Lipschitz.
(2) from (&), we have that sup, >, E [HAMlnHz |]:n_1] < oo is satisfied by establishing

2
(2a) sup,> E [HDlnXlnH |]:n—1] < 005
. 2
(2b) sup,>1 E [Hdzag(Tln - Til_l)Zfl_lH |]:n_1} < 0.
Concerning (2a), since X,];’n € {0,1} a.s., we have that

ZZZ( km) , a.s.

jeSLk=1i=1

I ~l!
x|
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Thus, (2a) follows by assumption (A1), since

- 1] ZZZSUPE[< knﬂ < $'K2Cy.

jeSL k=1 i= 1”>1

supE [HDI

n>1

Concerning (2b), since Zszl(Z,Z )2 <1, we have

2 , ,
(27) |diag(T!, ~ Tzl | < ST -1 e,
jest
where we recall that
(28) T T7]L 1 = Z(Yk],n o Yk],n—l) = Z Z(Diz,anj,n)
k=1 k=1 1=1
Hence, combining (27) and (28], since X;, € {0,1} and ZZ 1 X/, =1a.s., we obtain that
2 KK 1\’
Jdiag(T, ~ T2 1H -y (z S0, >)
jest \k=11i=1
K /K \?
<Xy (o) e
jesti=1 \k=1

Finally, using the relation (35, a? < K2 YK a2, (2b) follows by assumption (A1), since

ilgl)E[Hdiag(T S 2_1“2\]—"”_1} < supZZK2ZE[( km>2] < s'K*C;.

Sl i=1
(3) from (@), we show ||Rl | <%0 by establishing that, for any (2 +0)~! < a < 271,
(3a) n®||n- diag(TL)~ —IH &2
(3b) —a Hz —HzL | e o,

(3c) n~ HAMl | <
where we recall that 5 > 0 is defined in assumption (A1) (see Subsection [2Z2]). Since (3a)
b

follows straightforwardly by Theorem 2] consider (3b). For any e > 0, using Markov’s
inequality we obtain

P

Hence, (3b) follows by Borel-Cantelli Lemma since o - (24 §) > 1 and

(2+9)
~H'Z_ 1H } < Y20 <
jest

- - (2+9)
- HlZln—lH > eno‘> < (en®)~CHIE [Hzln_1 . HlZln_lH ] .

sup E [
n>0

Concerning (3c), we can apply again Markov’s inequality and the same arguments of part
(3b) since by assumption (A1) we have that

K K
- (249)
supB | [0t~ 1277 < s 35S B[00 <
n>0 n20 e gl k=1 i=1
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Thus, by applying Theorem [A1l to the dynamics in ([d), we have that the limiting values of Z
are included in the set

{XERKSl : f,ln(x):0}.

Now, denote by V3 and Us the matrices whose columns are, respectively, the right and left eigen-
vectors of Q! associated to the eigenvalues A € Sp(Q') \ Sp(W'). Hence, we have the following
decomposition

(29) Q' = ViU, + VoJoU, + V3J3Us,

where Jo and J3 represent the corresponding jordan blocks. Since the eigenvectors of Q' represent
a basis of R¥%t, for any x € R¥%! there exists a € R, b € R*'~1 and ¢ € R¥'(K=1 guch that

(30) x = Via + Vb + Ve
Hence, by using (29) and (30]), we obtain
hl(x) =Vo(I—Ja)b + Vs(I—Js)c,
g(x) =Vila—1) + Vs,
which, since f! (x) = h!(x) + mg'(x), it gives us
(31) fh(x) = mVi(a—1) + Vo((L+m)I—Jo)b + Vi3I —Js)c.

From the irreducibility of H7 assumed in (A3), for all A € Sp(Q') \ Sp(W*) we have A < 1 and
hence (I —J3) is positive definite. Therefore, since m > 0, from (BI]) we have that f! (x) = 0 if and
onlyifa=1and b=c=0, ie x=Vj.

It just remains to prove that V7 is a global attractor in R %, To this end, we will show that
DL (x) is positive definite for any x € R¥%. We recall that, from (I8]) we have

(32) Fl, = Dfl(x) = mViU] + Vo((1+m)I—Jo)U, + Vs(I - J3)Us.

Hence, since m > 0 and (I—J3) is positive definite by assumption (A3), we have that F' is positive
definite for any m > 0. This concludes the proof. O

Proof of Theorem[{.3 The proof consists in showing that the assumptions of the C'LT for pro-
cesses in the SA form (Theorem [A.2]in Appendix) are satisfied by the dynamics in (2I]) of the urn
proportions Z!, in the leading system S’.

First, we show that condition {Sp(Df(6*)) > 1/2} in Theorem [A.2is equivalent to {\* < 1/2}.
Note that the function f of the SA form (&) is represented in our case by f! defined in (I4).
Similarly, the term #* in Appendix indicates the deterministic limiting proportion Z_, while Dh(6*)
is represented by F!  defined in (I6).

Now, consider the eigen-structure of Q' and note that an has been expressed in (32)) as follows:

Fl. = mV U] + Vo((1 +m)I — Jo)Uy + V(I —J3)U%,

Hence, it is easy to see that the eigenvectors of Ffﬂ and Q! are the same, since
(1) anvl = mVl,
(2) FlmVQ = Vg((l + m)I — Jg),
(3) FL V3 = V5(I - J3),
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and hence
Sp(Fl,) = {mpU{(1+m) = A x € SpW)\ {11 U {1 =2 A € Sp(@)\ Sp(W')
which, setting m > 0 arbitrary large, implies that {Sp(Df(6%)) > 1/2} = {\* < 1/2}.

Then, by following analogous arguments of point (2) in the proof of Theorem ] assumption
(A1) implies that condition (B0 is satisfied, since

N K K
supE[HAMl PP Faa] < KPS N N “supB((D),)* ] < NK*HCy;
j=1i=1 k=1 "1

moreover, concerning condition ([37), we will show that for any [ € Ly,
E[AM! (AM!) |Fooi] <5 G E[AMY(AM2)] =0 VI # .
To this end, we first show that, for any urn j € S, EJAMAL(AM) | Fn_1] <5 G7. Note that
E[AM(AM) |Fomt] = E[(DJX)(DLX]) [Famt] — (HIZ)_)(HIZ)_))';

then, concerning the first term, we have that

E((D}X)(D}X3) | Fooi] ZE k(D) 1 Fact IP(X, = 1 Fa)
K . . ~
=) (CI(k) + HI (k) Z],,-
k=1

Hence, letting n increase to infinity, from (I7]) we have

K
E[AM)(AME) [Foei] % S (CI(k) + HI(K)Z], . — Z3,(Z1) = G
k=1
Since, for any ji # jo, DI XJ' and D2 X3 are independent conditionally on F,_1, we have that
E[AM;, (AM}?)'|Fn_1] = 0 and hence E[AMY (AM?2)'] = 0 for any I # lo.

It remains to check that the remainder sequence {Riﬁ n > 1} satisfies (B8] for any € > 0, i.e.
(33) E [nlRL 121z z1_|1q] — O
Combining (I0)) and part (3b) in the proof of Theorem 1] we can obtain (B3] by establishing
E [n Hn - diag(TL)™! — IHT 0,
that follows by using assumption (A’2) in Theorem 21

Since the assumptions are all satisfied, we can apply Theorem [A.2] to any leading system S,
l € L1, so obtaining the CLT of Theorem 1.2, with asymptotic variance

s i [ enB-FL) Glou(S-FLY g

m—r00 0

This concludes the proof. O
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7.2. Proofs on the following systems.

Proof of Theorem [51. Consider the joint system S¢) = Uie{Ll,”l}S", for [ € L, composed by the

leading systems S1,..S%z and the following systems ST, ..S!, where we recall S' := {rl” +1 <

) .

g <rl }. As explained in Section B, we focus on the reduced process Z( =C Z( ) , whose dynamics

is expressed in (24]) as follows:

20 -20, = - j0@l) + ¢ (aMP + RY),
(34) ) " n ' "A n N o
%) = (I—C’Q(l)B)fc + mVy (U’lfc—1> + mV, 0%,

where the function f in the SA form (f) is here represented by f,slb) that takes values in Span{Vny}.

Analogously to the proof of Theorem H] for the leading systems, one can show that all the
assumptions of Theorem [A.T] are satisfied by the dynamics in ([34]) and hence the limiting values
of Zﬁf) are represented by those x € Span{Vy} such that ﬁ(,i) (x) = 0. By using the analogous
decompositions of 29) for C’QUB and @) for x € Span{Vy}, we have that

(35) fLx) = mVila—1) + Vo((1+m)I—Jg)b + Vs(I—J3)e,

where Jo := C'JoB and J3 := C'J3B. From the irreducibility of H’ required in (A3), for all
Ae Ay \ Sp(W®) we have A < 1 and hence (I — J3) is positive definite. Therefore, since m > 0,
from (B5) we have that f! (x) = 0if and only if a =1 and b= ¢ = 0, i.e. x = V.

We highlight that, when (A3) does not hold, the matrix (I — J3) in (B5) may not be positive
definite and hence the solution V; would not be unique. However, since in the following systems
St 1€ Lp, we have Apax (W) < 1 and this implies Apax(Q) < 1, the irreducibility assumption of
HY required in (A3) is not necessary for the following systems, but it is only essential in the leading
systems in which Apay (W) = 1.

Now, since by definition of Q) in ([20) we have that

')
cqup - (02 B Y
Q(lf)lB Ql
we can express V| = (Vgli),\?ll)’ as follows:
o [T o
(I - Ql)—lQ(lf)legli) (I . Ql) Q lBC V( )

Then, notice that, since V{' ) € Zm(Vy), we have BC'V{") = v,y U, V{7 = v{7),

Finally, since from (25) F) = ¢FUB, we have that Sp( (l)) C Sp( S,l@)) and hence F{) is
positive definite for any m > 0. As a consequence, Viisa global attractor in Span{Vy} and this
concludes the proof. O

Proof of Theorem [5.4. Consider the joint system S = Uie{Ll,“l}Si, for [ € L, composed by the

leading systems S™1,..S7. and the following systems S7,..S!, where we recall S* := {rl” +1 <

) .

j<rl }. As explained in Section B, we focus on the reduced process Z( = Z( ) , whose dynamics
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is expressed in (24]) as follows:

51) 50 O 10) 12 ) )
Zn Zn—l - nfm (Zn—l) + ’I’LC (AMn + Rn > )
fOx) = (I - C’Q(l)B) % + mV ( 0% — 1) + mV,U%,

where the function f in the SA form in (B is here represented by f,%) The proof will be realized by
showing that the assumptions of the C'LT for processes in the SA form (Theorem [A.2in Appendix)
are satisfied by the process Zﬁf ). Hence the results of Theorem follow by applying Theorem [A.2]

where 6* indicates the deterministic limiting proportion Z(Q, while Df(6*) is represented by ]?‘S,?

defined in (25]).
First, we show that condition {Sp(Df(0*)) > 1/2} in Theorem [A2]is equivalent to {\* < 1/2}.
To this end, analogously to the proof of Theorem for the leading systems, note that
(1) ]?‘57?\71 = mVl,
(2) OV = Va((1+m)T - Jg),
(3) FDV, = V31— J3).
Hence, the eigenvectors of Fﬁi} and C’Q®B are the same and then

SpERD) = {mpu{ (1+m) = A2 € SpW D)\ ({1} U Aour) ju{1 = A, 1 € Sp@)\ (Sp(W ) U Aour) |

which implies {Sp(Df(6*)) > 1/2} = {\* < 1/2}.
Then, by using analogous arguments of the proof of Theorem for the leading systems, it is
straightforward showing that

E[C'AMO(AMYY €| F,_1] &5 GO, E[C'AMW(AME2)Y E) =0 Vi # 1o,
and for any € > 0

E [nné'Rgf)H?]l{ — 0.

2\ 29| <o

Since the assumptions are all satisfied, we can apply Theorem [A.2] to obtain the CLT with asymp-
totic variance

S0 . / T B &0 S -EDY g0
0

This concludes the proof. O

Appendix

APPENDIX A. BASIC TOOLS OF STOCHASTIC APPROXIMATION
Consider the recursive procedure define in ([fl) on a filtered probability space (2, A, (F)n>0, P),
ie.
V1, 0, =6, — %f(@n_l) + % (AM, + Ry),
where f: R — R? is a locally Lipschitz continuous function, ,, an F,-measurable finite random

vector and, for every n > 1, AM, is an F,_i-martingale increment and R, is an JFj,-adapted
remainder term.
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Theorem A.1. (A.s. convergence with ODE method, see e.g. [9, 14, 22, 17, [7]). Assume that f
18 locally Lipschitz, that

R, *%0 and supE [HA]\/[nH2 |]:n_1] < 400 a.s.
n>1

Then the set ©% of its limiting values as n — 400 is a.s. a compact connected set, stable by the
flow of
ODE;=60=—f(0).

Furthermore if 0% € ©% is a uniformly stable equilibrium on ©° of ODEy, then
0, L5 6*.
COMMENTS. By uniformly stable we mean that

sup |0(0p,t) — 0" — 0 as t— +oo,
HecO>

where 6(0o,t)g,coxicr, is the flow of ODEy on ©%.
We say that the function f is e-differentiable, ¢ > 0, at 0* if
F(0) = F(0") +DF(O)(O — %) +o(|0 — %) as 60— 0.

Theorem A.2. (Rate of convergence see [14] Theorem 3.111.14 p.131 (for CLT see also e.g. [9,
22])). Let 0* be an equilibrium point of {f = 0}. Assume that the function f is differentiable at 6*
and all the eigenvalues of D f(6*) have positive real parts. Assume that for some 6 > 0,

(36) supE [HAMnH2+5 |]:n_1} < 4o0a.s.,
n>1
and
(37) E [AM,AM), | F,1] =5 T,
n—+0oo

where T'€ ST(d,R) (deterministic symmetric positive matrixz) and for an € > 0,

(38) nE (IRl Lyjo,_s-0r1<9 | =2 0

n——+o0o
(a) If A := Re(Amin) > %, where Amin denotes the eigenvalue of Df(6%) with lowest real part, the

above a.s. convergence is ruled on the set Df{60,, — 0*} by the following Central Limit Theorem

—+00 /
V(O —0%) L N(0,5) with B = / 1/2- DI u(1a/2-DF6) v gy,
0

n—oo

(0) If Amin = %, then

,/L(en—o*) L5 N(0,%)  asn — +o0.
logn n—00

(¢) If Amin € (0, 3), then n*min (6, — 0%) a.s. converges as n — 400 towards a finite random variable.
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