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Introduction

This thesis deals with nonlinear elliptic problems like the following one

{ —Lru= f(z,u) inQ

(0.0.1)
uw=0 in R"\ Q,

where (2 C R” is an open, bounded set, the nonlinear term f satisfies suitable conditions
which will be introduced case by case, while L is a general non—local operator defined

as follows:
Creu() = / (et ) + e — ) — 2u(2) K (y)dy, (0.0.2)

for all z € R™. Let also s € (0,1), here the kernel K : R™\ {0} — (0, +00) satisfies the

following conditions:
mK € L'(R™), where m(z) = min {|3:|2 , 1} ; (0.0.3)

there exists § > 0 such that K(z) > 6 |x|_("+2s) for any € R™\ {0}. (0.0.4)

A typical model for K is given by K(z) = |z|~""*¥). In this case, it follows that
Lx = —(—A)® and problem (0.0.1) becomes

(=A)*u = f(z,u) in 0.0.5)
u=0 in R™\ Q,
where —(—A)® is the fractional Laplace operator which may be defined as
—y)—2
—(=A)*u(x) = c(n, s)/ Wz ty) +|Z|(f+25y) ) g4, (0.0.6)

for x € R™, where ¢(n, s) is the normalizing constant given by

c(n,s) = % </n 1|_§|Cnof§§1> d§>_1 (0.0.7)

as defined in [40] (see this paper and the references therein for further details on

fractional Laplacian).



Recently, in the literature a deep interest was shown for non—local operators, thanks
to their intriguing analytical structure and in view of several applications in a wide
range of contexts. From the physical point of view, these equations take into account
long-range particle interactions with a power-law decay. When the decay at infinity
is sufficiently weak, the long-range phenomena may prevail and the non—local effects
persist even on large scales (see e.g. [29, 71]).

The probabilistic counterpart of these fractional equation is that the underlying
diffusion is run by a stochastic process with power-law tail probability distribution
(the so-called Pareto or Lévy distribution), see for instance [89, 91]. Since long re-
locations are allowed by the process, the diffusion obtained is sometimes referred to
with the name of anomalous (in contrast with the classical one coming from Poisson
distributions). Physical realizations of these models occur in different fields, such as
fluid dynamics (and especially quasi-geostrophic and water wave equations), dynam-
ical systems, elasticity and micelles (see among the others [38, 39, 82, 85]). In math-
ematical finance, these stochastic processes have been applied to American options
for modelling the jump processes of the financial derivatives such as futures, options
and swaps, as explained in [37] and references therein. Also, the scale invariance of
the non-local probability distribution may combine with the intermittency and renor-
malization properties of other nonlinear dynamics and produce complex patterns with
fractional features. For instance, there are indications that the distribution of food on
the ocean surface has scale invariant properties (see e.g. [90] and references therein)
and it is possible that optimal searches of predators reflect these patterns in the ef-
fort of locating abundant food in sparse environments, also considering that power-law
distribution of movements allow the individuals to visit more sites than the classical
Brownian situation (see e.g. [19, 53]).

Nonlinear elliptic problems modeled by

—Au = f(z,u) inQ
u=20 on 01},

(0.0.8)

where €2 C R” is an open, bounded set and the perturbation f is a function satisfying
different growth conditions (asymptotically linear, superlinear, subcritical or critical,
for instance), were widely studied in the literature (see, for instance, [5, 22, 67, 86, 92]
and references therein). Mathematically speaking, a motivation for studying problem
(0.0.5) (and more generally (0.0.1)) is trying to extend some important results which
are well-known for the classical case of the Laplacian —A to a non—local setting.
After the seminal papers [25, 26, 83] of Caffarelli and Silvestre, many mathe-

maticians studied non-local problems in different contexts. In particular, there is



a wide literature regarding problem (0.0.5) with a superlinear term f. We refer to
[11, 16, 17, 31, 60, 75, 80, 81, 88| for a critical case, that is when f(z,u) = g(x,u) +
|u|2*72 u, where 2* = 2n/(n — 2s) is the fractional Sobolev exponent and g satisfies
suitable subcritical growth conditions. In [23, 61, 74, 77] the authors take into account
a subcritical growth for the superlinear term f. In all these works weak solutions of
problem (0.0.5) can be seen as critical points of a Euler-Lagrange functional associated
with the problem. Thus, existence results are obtained by using topological and vari-
ational methods, particularly by using the Mountain Pass Theorem and the Linking
Theorem (see [66, 67]).

Inspired by the variational approach used in the papers cited above, in this the-
sis we mainly deal with non-local equations with asymptotically linear right-hand
side. Very few attempts have been made to treat this kind of problems. For this,
we develop a functional analytical setting that is inspired by (but not equivalent
to) the fractional Sobolev spaces, in order to correctly encode the Dirichlet bound-
ary datum in the variational formulation. In Chapter 1 we will introduce this func-
tional setting by starting from the space X, introduced for the first time in [76]. In
the recent papers cited above, the authors take into account the homogeneous space
Xo={g9g€ X: g=0a.e. in R"\ Q}. In this thesis we will consider instead the linear
space Z defined as the closure of C§°(2) in X. As we will show in Section 1.3, by con-
sidering more regularity on domain €2 the two functional spaces are equal. However, in
general Z is a subset of X(. For this reason, the choice of Z is an improvement and
in all the thesis we will assume 2 is simply a bounded domain of R™ without further
conditions.

Always in this first chapter, we will introduce some basic properties of Z which
will be used in the sequel. In particular, we will study the following general eigenvalue

problem for operator —L g

{ —Lxu+q(z)u = Aa(z)u  in O (0.0.9)

where ¢ is a bounded, non-negative function on ) while a is a positive and Lipschitz
continuous function on £2. We recall that there exists a non—decreasing sequence of pos-
itive eigenvalues Ay for which (0.0.9) admits non—trivial weak solutions ey. In this case,
any weak solution ey will be called an eigenfunction corresponding to the eigenvalue
Ar whose properties will be studied in Section 1.2. By considering these eigenfunctions
it will be possible to split the functional space Z in two subspaces P11 and Hy (which
is finite dimensional), as required in the variational approach used along this thesis.

In Chapter 2 we will study problem (0.0.1) with f satisfying a linear growth and



an asymptotically linear condition. By setting

fz,t)

liminf ———= := a(x) and limsup
t}=oo t |t]—00

18 _ o)

the variational technique used here changes depending on how the functions o, @
behaves with respect to the eigenvalues {\;}, .y of —Lx. When @ < Ay, by taking into
account the properties of the first eigenvalue it is possible to obtain the existence of a
weak solution of (0.0.1) by a minimization argument. If there exists ¥ € N such that
Ak < a <@ < Agg1, we will prove that the functional associated to (0.0.1) satisfies the
geometric features required by the Saddle Point Theorem by Rabinowitz (see [66, 67])
and the Palais-Smale compactness conditions.

Chapter 3 is devoted to the study of the following nonlinear problem

{ —Lgu=Na(x)u+ f(z,u) inQ (0.0.10)

u=0 in R"\ Q,

where a is a positive, Lipschitz continuous function on  and f is a continuous, bounded
function whose primitive goes to infinity. Here, problem (0.0.10) is treated in presence
of resonance. That is, the parameter A belongs to the spectrum of operator —L . As in
Chapter 2, problem (0.0.10) can be seen as the Euler-Lagrange equation of a suitable
functional and it is possible to get a weak solution by using the Saddle Point Theorem.

In Chapter 4 we will study the following problem

(0.0.11)

—Lru+q(@)u= I+ f(u)+ h(z) inQ
u=0 in R\ Q,

where, as introduced in Chapter 1, g is a bounded, non-negative function, while f and
h are sufficiently smooth functions. In this chapter we will consider both resonant and
the non-resonant case, that is the case when X\ belongs to the spectrum of the operator
driving the equation and the one when A does not, respectively. The approach used
to solve these two cases is still variational, as in the previous chapters; however, the
resonant case is more difficult than the non—resonant one. In order to solve problem
(0.0.11) in a resonant setting we will need a more restrictive condition for f called
the Landesman—Lazer condition, firstly introduced in [58]. We also require a basic
condition regarding the nodal set of eigenfunctions of —Ly. When K(x) = |:17|_(n+25),
this condition is a direct consequence of the unique continuation principle proved by
Fall and Felli in [42].

In Chapter 5 we will introduce a Kirchhoff type problem driven by a non-local



integrodifferential operator, that is

2t ([[ | 1ute) ~u PR - pasdy) L

= Af(z,u) +|u| in Q,
u=0 in R"\ Q

(0.0.12)

where M and f are two continuous functions. The approach used here is still varia-
tional, based on the application of the Mountain Pass Theorem (see [66, 67]). Since
the nonlinearity in (0.0.12) is of the critical form, the verification of the Palais-Smale
compactness condition is more complicated, due to a lack of compactness at critical
level L2". To overcome this problem we will use a concentration—compactness principle,
introduced in the fractional framework by Palatucci and Pisante in [65]. Furthermore,
we will give later an alternative proof of the Palais—Smale condition mainly based on
application of the celebrated Brezis & Lieb lemma (see [21]).

Finally, in the appendix we present some detailed motivation for Kirchhoff type
problem in non—local setting, starting from some classical models for vibrating strings

The thesis is mainly based on the following works [46, 47, 48, 49, 50].



Chapter 1

Functional spaces

1.1 Basic properties

In this thesis we will mainly study problems like

{ —Lgu= f(z,u) in Q, (11.1)
u=0 in R"\ Q
by using variational methods. For this, the choice of the functional space where to
work plays an important role. A natural space where finding solutions for them is the
fractional Sobolev space H*(R™) (see [1, 40]). Note that in (1.1.1) the homogeneous
Dirichlet datum is given in R™ \  and not simply on 92, as it happens in the classical
case of the Laplacian, consistently with the non—local character of the operator L.
In order to study (1.1.1) it is important to encode the ‘boundary condition’ v = 0
in R™ \ © in the weak formulation. For this the usual fractional Sobolev space is not
enough. The functional space that takes into account this boundary condition will be
denoted by Z and it was introduced in [46] in the following way.

First, we denote by X the linear space of Lebesgue measurable functions from R™

to R such that the restriction to Q of any function g in X belongs to L?*(Q) and

the map (z,y) — (g(z) — g(y))V/K(z —y) is in L*(Q, dzdy), (1.1.2)

where Q = R?"\ (CQL x C) with CQ := R™ \ Q. The space X is endowed with the

norm defined as
fullx = ( [ Juto)ao+ | /Q u(e) —u() PK (e~ y)dedy) . (LL3)

It is immediate to observe that bounded and Lipschitz functions belong to X (see
[74, 76] for further details on space X).



In many articles, like [60, 61, 62, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81], the authors

worked in the following homogeneous space
Xo={g9eX:g=0ae inR"\Q}. (1.1.4)

Here, we will denote with Z the closure of C§°(€2) in X; this space was introduced
for the first time in [46]. As we will see in a forthcoming section, generally space X
contains Z. However, by assuming more regularity for the domain it is possible to
show that Xy = Z.

In the sequel we will provide and prove some basic results of the space Z which
will be useful along the thesis. In the next lemma we recall the connection between the

space Z and the homogeneous fractional Sobolev spaces.

Lemma 1.1.1. Let K : R™\ {0} — (0, +00) satisfy assumptions (0.0.3) and (0.0.4).

Then, Z is continuously embedded in HS(Y) (for a detailed description see [40])
which is the closure of C§°(Q) in the space H*(Q) of functions u defined on Q for
which is well defined the so-called Gagliardo norm

Ju(z) ~ uly) P N1

Proof. We simply observe that by (0.0.4) we get

[ull 72+ 2y < e(O)[|ullx

with ¢(0) = max{1,6~1/2}. O

and so

Now, we give a convergence property for bounded sequences in Z.

Lemma 1.1.2. Let K : R™\ {0} — (0, 400) satisfy assumptions (0.0.3) and (0.0.4).
Then, Z is compactly embedded in L?(QY) for any p € [1,2*), where 2* is the frac-
tional critical Sobolev exponent given by

2n
if n > 2s,
2" :=¢ n—2s / (1.1.6)

400 ifn < 2s

INote that, when s = 1 the exponent 2* reduces to the classical critical Sobolev exponent.



Proof. Let € be a regular, open subset of R” such that @ C Q. For any v € H§(Q)

we can define

N u(z) ifxeq,
' 0 if €\ Q.

It is clear that u € H(Y'). Indeed, if {u; }jen Is a sequence in C§°(§2) which converges
to uwin Hg(€2) then {u;}; y is a sequence in C5°(€Y') which converges to u in Hg ().
Moreover, we also have

HﬂHHs(Qf) = HUHHs(Q)-

Thus, HE(LY') is isometric embedded in H§(€2). The conclusion follows by remembering
that H () is compactly embedded in LP(Q)) with 1 < p < 2* (see [40, Theorem
6.7]). O

We conclude this section with the following result.

Lemma 1.1.3. Let K : R™\ {0} — (0, +00) satisfy assumptions (0.0.3) and (0.0.4).

Then, Z is a Hilbert space endowed with the following norm
) 1/2
ol = ([ 1v6) o)~ i) (117)

which is equivalent to the usual one defined in (1.1.3).

Proof. We start by claiming that there exists a constant C' > 0 such that

9 1/2
u\zr) —uly
) 119

for any v € HF(2). In fact, since Q is bounded there is R > 0 such that Q@ C Br and
|Br \ ©2] > 0. So, we get

ju(@) —u(y) ju(@) —u) Y
//Q |x_y|n+2s d dy 2 /CQ < Q |l‘— y|n+2s dy) d

u(y)|? / lu(y)|? BR\ Q| |
/Cﬂ </ﬂ o — gy Br\@ \Jo [2R["T?° (2R)"+25 lellz2 o)
for any u € H(Q) (since v = 0 a.e. in CQ), which proves our claim. Finally, by

combining (1.1.5) and (1.1.8) we conclude the proof. O

Remark 1.1.4. From now on, we will take (1.1.7) as norm on Z, apart from few
cases. Note also that in (1.1.3) and (1.1.7) all the integrals can be extended to all R™

and R?", since v =0 a.e. in CQ.

10



1.2 An eigenvalue problem

This section is devoted to the study of the non-homogeneous eigenvalue problem

{ ~Lxu+q(z)u=Aa(x)u inQ (12.1)

u=0 in R™\ Q,
where  C R™ is an open, bounded set, ¢ : 2 — R is such that ¢ € L>=°(Q2) and ¢(x) > 0
for a.e. z € Q, a: Q — R is a positive Lipschitz continuous function.

More precisely, we consider the weak formulation, which consists in the following

eigenvalue problem

J L wle) = ) e(@) = ) K@ = )z dy [ alwu(o)eoto
= )\/ a(x)u(z)p(x)de YV eoeZ (1.2.2)
Q
u € Z.

We recall that A € R is an eigenvalue of problem (1.2.2) provided there exists a non—
trivial solution u € Z of problem (1.2.2) and, in this case, any solution will be called
an eigenfunction corresponding to the eigenvalue .

In order to generalize as much as possible, here we equip Z with the following norm

oz = ([[ 1960 - s = ) dedy+ [ ate) |g<z>|2dx)1/2, (123

which is equivalent to the usual one defined in (1.1.3), as we prove in the following

lemma:

Lemma 1.2.1. Let K : R"\ {0} — (0,400) be a function satisfying assumptions
(0.0.3) and (0.0.4) and let q : 2 — R satisfy ¢ € L>®(2) and q(x) > 0 a.e. x € QL.

Then, the expression
)z = [ @) =ue) 0@ 0@ K (a=9) dedy+ | @uao@de (124

defines on Z a scalar product that induces a norm, denoted with |- ||z, 4, equivalent to
the usual one defined in (1.1.3).

Proof. Since the expression (1.2.4) is a sum of two scalar products, it is immediate
to observe that (-,-)z 4 is a scalar product on Z which induces the norm defined in
(1.2.3).

Now, we show that the norm defined in (1.2.3) is equivalent to the one given in

11



(1.1.3). For this, let v € Z. It is easily seen that

013, = [/ 1o@) = PK = dedy+ [ o) ufe) da

2
//R V()P K (z = y) de dy + gl < () [0]]72¢0) < Cullvlk
(1.2.5)
where C; = max{l, ||QHL°c(Q)} > 0.

Moreover, by [74, Lemma 6] we know that there is a constant Cy > 1 such that

Jolfe <Ca [[ | o) = o)K@~ ) dedy.

so that, by recalling that ¢ is bounded and non-negative a.e. on €2, we get

gl < [[ | 1@ = o) PR =y dody
//Rzn v(y)PK(z —y) dxdy—k/ﬁq(m) lv(z)|? dz = ||U||2Z,q~

(1.2.6)
By combining (1.2.5) and (1.2.6) we conclude the proof. O

Finally, we note that, since a € L*°(12), all the embeddings properties of Z into the
usual Lebesgue space L?(Q) still hold true in L?(Q2, ), with u(-) = a(-)dz , defined as

L2 (Q, p) = {g : 2 — R s.t. g is measurable in 2 and
fQ a(x)|g(x)]? de = fQ lg|? du < +oo} )

Now, we are ready to introduce the properties of eigenfunctions related to the op-
erator — L + q. These properties will play a crucial role in the study of asymptotically
linear problems. In particular, we need them to check suitable geometrical features of
the functional associated to the problem. We would also point out that these properties
are the non—local transpositions of well-known results of eigenfunctions of the classical
Laplace operator (see for instance [14, Section 1.7]).

For a detailed proof of the next result we refer to [77, Proposition 9 and Appendix
A], where the problem (1.2.2) with ¢ = 0 and a = 1 was considered. The proof of [77,

Proposition 9] can be easily adapted in order to get the following proposition:

Proposition 1.2.2. Let Q) be an open, bounded subset of R™ and let K : R™\ {0} —
(0, +00) be a function satisfying assumptions (0.0.3) and (0.0.4). Moreover, let q : Q) —
R be a function such that ¢ € L>(Q) and q(x) > 0 a.e. x € Q, leta:Q — R be a
positive Lipschitz continuous function.

Then,

12



(i) problem (1.2.2) admits an eigenvalue A1 which is positive and that can be char-

(ii)

(iii)

(iv)

acterized as follows
A = <// )| K(x - )dxder/ q(x) |u(x)|2d:c)
R2n Q
HU‘HL2(SZ m*l
or, equivalently,

//Rzn )| K(x— )dxdy‘i‘/gq(a:) |u($)\2da;

A1 = min , (1.2.7)
ueZ\(0) / a(2) Ju(z) [ de
Q

where ||-||L2(q, ) denotes the L>—norm with respect to the measure p(z) = a(x)dz;

there exists a non—negative function e; € Z, which is an eigenfunction corre-

sponding to 1, attaining the minimum in (1.2.7), that is [le1||12(q, ) = 1 and

n= [ la@ el Ka=pdedy+ | o) e do

A1 is simple, that is if u € Z is a solution of the following equation
J L. @) =) et@) ~ o)K@ = )z dy+ [ a@) ool da
= Al/SQa(x)u(:r)go(x)dx Yy € Z,
then u = ey, with ( € R;
the set of the eigenvalues of problem (1.2.2) consists of a sequence {Ax};cn with?
O< M <Xd<...< < 1 <. (1.2.8)

and

A — +00 as k — +o0.

Moreover, for any k € N the eigenvalues can be characterized as follows:

M= min (// W Kl ~ y)dady+ | q<x>u<x>|2dx),

‘U’HLQ(Q,;L)

2As usual, here we call \; the first eigenvalue of the operator —Ly + ¢. This notation is justified

by (1.2.8). Notice also that some of the eigenvalues in the sequence {)‘k}keN may repeat, i.e. the

inequalities in (1.2.8) may be not always strict.

13



or, equivalently,

/ / () — u(y) 2 K (z — y)dee dy + / o(@) [u(2)|? dz
min R2n Q

u€Pry1\{0} / a(l') ‘u(l‘)|2 dx
Q

Akg1 =

)

(1.2.9)

where

Pipyri={ueZ: (uej),=0 Vj=1,....k} (withPy:=2); (1.2.10)

(v) for any k € N there exists a function exr1 € Pry1, which is an eigenfunction
corresponding to A\py1, attaining the minimum in (1.2.9), that is |[ex 1]/ 22(, ) =
1 and

Mpsr = / / eraa(e) = eniay) P K(w — y)dody + /Q o() lexs1 (z) 2 da;
(1.2.11)

(vi) the sequence {er},cy of eigenfunctions corresponding to i, is an orthonormal

basis of L?(Q, ) and an orthogonal basis of Z;

(vii) each eigenvalue M\ has finite multiplicity; more precisely, if A\, is such that
A1 <A = oo = Mg < Apghtl

for some h € Ny, then the set of all the eigenfunctions corresponding to \; agrees
with

span {eg, ..., Cxin} -

Proof. The proof substantially follows by the general theory of functional analysis and

by the compact embedding of Z in L?(2), proved in Lemma 1.1.2.. O

Now, we point out that Proposition 1.2.2 gives a variational characterization of
the eigenvalues A; of —Lx + ¢ (see formulas (1.2.7) and (1.2.9)) . Another interesting
characterization of the eigenvalues is given in the next result. For the proof we refer
to [72, Proposition 5], where the case ¢ = 0 and a = 1 was treated (again, the general

case can be proved likewise) .

Proposition 1.2.3. Let Q2 be an open, bounded subset of R™ and let K : R™\ {0} —
(0, +00) be a function satisfying assumptions (0.0.3) and (0.0.4). Moreover, let q :
Q — R be a function such that ¢ € L>®(Q) and q(z) > 0 a.e. x € Q, let a : Q —

R be a positive Lipschitz continuous function. Let {Ak}keN be the sequence of the

14



eigenvalues given in Proposition 1.2.2 and let {ek}keN be the corresponding sequence
of eigenfunctions .

Then, for any k € N the eigenvalues can be characterized as follows:

//Rzn )\ K(x— )dxder/Qq(x) \U(x)|2dx

A = max
uespanies,....,ex }\{0} /a(x)|u(x)|2d£c
Q

1.3 A density result

Aim of this section is to show that, as we pointed out in the previous sections, Z is the
better and natural space in order to study problem (1.1.1) from a variational point of
view. Indeed, in the classical Laplace setting (i.e. by considering problem (1.1.1) with
—A instead of —Lk) the natural space where finding solutions is the Sobolev space
H}(Q), which is defined as the closure of C§°(2) in the norm of H!(Q). Moreover, as
we see in the next lemma, in general 7 is a subset of the functional space X introduced
n (1.1.4).

Before proving our lemma we would note that, since X, is a space of functions

defined in R™, in this section we denote by C5°(£2) the space
CP(Q)={g:R" > R:ge C°(R") and g =0in R"\ Q}. (1.3.1)

Lemma 1.3.1. Let Q be an open subset of R™. Let K : R™ \ {0} — (0,400) be a
function such that (0.0.3) holds true and satisfying

K(z) = K(—x) for any x € R™\ {0} . (1.3.2)

Let X and C5°(2) be the spaces defined as in (1.1.4) and (1.3.1), respectively .
Then, C§°(22) C Xp

Proof. Let ¢ € C3°(2). By using (1.3.2), it is easy to see that

/‘/]R% )| K(x —y)dedy =
/. pla) — PP (@ — 9) du dy
Supp ¢ xSupp »
’ z) = ()P K (z — y) dad
" //Supp ©XC(Supp ¢) ‘¢( ) 90(1,/)| ( y) Yy

<2 f[ o) o) K~y drdy .
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Now, we notice that for any z,y € R"”

lp(z) — ()] < [[VellLoe@mylz —y

and
le(@) — o) < 2[lellLoe®ny

thanks to the regularity of ¢ . Accordingly, for any z,y € R"

o(2) = ()| < 2lleller @ min{le —y[, 1} = 2lleller @ vVm(z - y),

where m is defined in (0.0.3). Therefore, from (1.3.3) we deduce that
] 1ete) —ewPE@ = pdody < el [[ mlo— K- y)dody
R2n Supp pXR™

= 25w e el oy [ mOK(E) de.

where |Supp | denotes the Lebesgue measure of Supp . Thus, Lemma 1.3.1 follows
by (0.0.3) and by the fact that Supp ¢ is bounded. O

From Lemma 1.3.1 and by using the equivalence of the norms in Z given by (1.1.3)
and (1.1.7), it easily follows the inclusion Z C Xy. However, under a further and more
restrictive assumption on domain 2, the two functional spaces Z and Xy are equal.
This equivalence follows by using the next density property of X, which we mention

here without proof, since it is beyond our purposes (for a detailed proof see paper [49]).

Theorem 1.3.2. [49] Let Q be an open subset of R™, with continuous boundary. Let
K :R"\ {0} — (0,400) be a function such that (0.0.3) and (0.0.4) hold true and let
Xy be the space defined as in (1.1.4).

Then, for any u € Xy there ezists a sequence uy, € C5°(Q2) such that up, — w in Xo

as k — +o0. In other words, C§°(Q2) is a dense subspace of Xy .

We think that it is an interesting problem to determine the “minimal” regularity
assumptions on the domain 2 under which the density of the smooth functions, com-
pactly supported in €2, stated in Theorem 1.3.2, holds true. However, we remark that
such property does not hold for any domain €2, not even when n = 1, as the following

counterexample shows.

Remark 1.3.3. Let Q:=(—1,0)U (0,1), s € (1/2,1), ¥ : R = R be any fized smooth
function supported in (—1,1) with ¢(0) =1, and define

o(z) = Y(x) ifx e
' 0 ifzdq.
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Then, since integrals disregard sets of measure zero, we have that for any s € (0,1)

lellme @) = 1Pl @ < +o0,

hence o € H*(R). Also, ¢ vanishes outside 2, that is ¢ € X .

Now, let n be any smooth function supported in Q. We have that n(0) = 0 and so,
denoting by f := ¢ —n, by the fractional Sobolev embedding (see e.g. [40, Theorem 8.2]
and [74, Lemmas 6 and 7]), we obtain that

L= lim f(2) <|fllz=@) < Cllfllae@) < Clie = nllx < Clle —nllx,,

where C and C are positive constants. Therefore, smooth functions compactly supported

in Q) cannot approximate ¢ in Xj.
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Chapter 2

An asymptotically linear

problem

2.1 Introduction

In general, nonlinear elliptic problems like the following one

—Au= f(z,u) inQ
{ u=20 on 0},

has a variational nature and its solutions can be constructed as critical points of the
associated Euler—Lagrange. For this, the assumptions on the perturbation f have a
direct influence on the topological structure of the problem and the variational ap-
proach changes by depending on these assumptions. When the nonlinear term has a
superlinear growth the Mountain Pass Theorem and the Linking Theorem are natural
ways to face problem (0.0.8). While for asymptotically linear problems, namely those
where the nonlinearity grows linearly at infinity, an application of the Saddle Point
Theorem is most suitable. A natural question is whether or not these topological and
variational methods may be adapted to a non-local framework in order to extend the
classical results known for (0.0.8).

Aim of this chapter is to consider the non-local counterpart of problem (0.0.8) with

an asymptotically linear perturbation. Here, we deal with the following problem

{ —Lru= f(z,u) in

(2.1.1)
uw=0 in R"\ Q

where 2 C R"™ is an open and bounded set and Ly is the non—local operator formally
defined as in (0.0.2). For a fixed s € (0, 1), the kernel K : R™\ {0} — (0, +00) satisfy
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conditions (0.0.3) and (0.0.4), introduced in the Introduction. Moreover, in view of our

problem we assume that f : 2 x R — R is a Carathéodory function such that:

there exist a € L?(Q) and b > 0 such that |f(z,t)| < a(z) +bt| (2.12)
for any t € R and a.e. x € (. .

Now, we can state in a precise way problem (2.1.1) by writing it in the variational

JIL twte) =t

u € Z,

form:
VK (2 — y)da dy

e(z) — (y)
= /Qf(%u(x))sﬂ(fﬂ)dx for any ¢ € Z (2.1.3)

where Z is the functional space introduced in Chapter 1. Thanks to our assumptions
on ), f and K, all the integrals in (2.1.3) are well defined if u, ¢ € Z. We also point out
that the odd part of function K gives no contribution to the integral of the left-hand
side of (2.1.3). Indeed, write K = K, + K,, where for all € R\ {0}

K(z) + K(—x)

K(z) — K(—x)
5 _—

K.(z) = 5

and K,(z)=
Then, it is apparent that for all v and ¢ € Z

(wphz = [ | (ule) = ulm)ole) = )K= )dady.

Therefore, it would be not restrictive to assume that K is even '.

Now, we are ready to introduce the main result of the chapter. Here, we denote

with A1, Ao, ... the eigenvalues of —Lx which we already introduced in Section 1.2.

Theorem 2.1.1. Let Q be an open, bounded subset of R"™. Let K : R™\ {0} — (0, +0)
satisfy assumptions (0.0.3) and (0.0.4) and let f : Q@ x R — R be a Carathéodory
function verifying (2.1.2). Moreover, by setting

lim inf f@t) :=a(z) and limsup f(:;, 2

[t]=o0 ¢ [t]—s 00

=a(z) forae x €, (2.1.4)

we assume that one of the two following conditions is satisfied: either a(x) < A1 for
a.e. x € Q, or there exists k € N such that A\, < ax) < @(x) < Agy1 for a.e. x € Q.
Then, problem (2.1.1) admits a weak solution u € Z.

LAs we shall see, this fact could hold true also for the next main problems (3.1.2), (4.1.1) and
(5.1.1).
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We notice that, in our framework, no solution of problem (2.1.3) is known from the
beginning, unlike the cases treated in [72, 74, 75, 77, 80, 81], for example, where the
variational problems considered admit the trivial solution u = 0 (indeed, in our case,
f(x,0) may not vanish and u = 0 may not be a solution).

The proof of Theorem 2.1.1 relies on the Saddle Point Theorem (see, for instance,
[66, 67]). In order to check the geometric assumptions needed for applying this result, we
perform some energy estimates in fractional Sobolev spaces. Indeed, Theorem 2.1.1 is
the fractional analog of a result valid for the classical Laplacian (see, e.g., [63, Theorem
4.1.1]).

It is an interesting question if weak solutions of problem (2.1.3) solve also problem
(2.1.1) in an appropriate strong sense. Some interesting results about this problem can
be found in [79]. Note also that, when f is a “good function”, any weak solution is a
classical solution. This can be seen in the fractional setting (with Lx = —(—A)®) as
follows. Let u be a weak solution of (2.1.1). Then, from [79, Proposition 7] we have the
boundedness of « and by [69, Proposition 1.1] it follows that « is continuous up to the
boundary. Finally, by considering u * 7. and f * 7., where 7. is a standard mollifier,
it is not difficult to see that w is regular in the interior of 2 by applying a standard
bootstrap argument (see [18, Theorem 5]).

Also, it is worth pointing out that the solution found in Theorem 2.1.1 is unique,

under a suitable condition on the nonlinearity.
Corollary 2.1.2. Under the same assumptions of Theorem 2.1.1 and if in addition
there exists a k € N such that

A < w < Apt1 forany T, t € R witht #1t and a.e. z € Q. (2.1.5)
P

Then the weak solution of problem (2.1.1) is unique.

The chapter is organized as follows. In Section 2.2 we collect some preliminary
estimates on the primitive of f and an useful technical lemma. In Section 2.3 we prove
Theorem 2.1.1 performing the classical Saddle Point Theorem.

2.2 Some preliminary estimates and a technical result

Here we use condition (2.1.2) on f to deduce some preliminary estimates involving its

primitive F' with respect to the second variable, that is

F(m,t):/o flz,7)dr. (2.2.1)
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At first we immediately notice that, by integrating (2.1.2), it follows that
L
2

Moreover, by also exploiting the notations introduced in (2.1.4) we get the following

|F(z,t)] < a(z) |t| + b— for any ¢t € R and a.e. z € Q. (2.2.2)

result.

Lemma 2.2.1. Assume f : Q x R — R is a Carathéodory function satisfying the

condition (2.1.2). Then, the primitive function F verifies the following inequalities

F(z,t) _alx)

lim sup < , 2.2.3
oo £ 2 (22:3)
and r
t
lim inf 21 5 (@) (2.2.4)
[t|—oo  t2 2
for a.e. © € Q and for any t € R, where @ and « are defined as in (2.1.4).
Proof. By (2.1.4), for all € > 0 there exists R > 0 such that
t
ﬂ%l—a@%&*vm>R. (2.2.5)
Integrating and recalling (2.2.2) we get
I¢]
F(xz,t) < |F(z,R)| + f(z,7)dr
IR (2.2.6)
Jre -
gamR+m§+ﬂ%i&ﬂ—m)vm>R
Therefore . B
e 520 o) e
[t]=4o0 T 2
for every € > 0, and so (2.2.3) follows. In analogous way one can prove (2.2.4). O

In order to prove the compactness condition necessary to apply the variational

theorem, we will need the following technical lemma.

Lemma 2.2.2. Let Q be a measurable subset of R™ and let {p;}
functions of L*(Q). If

jen be a sequence of

0; — ¢ in L*(Q), (2.2.7)
and there exists two functions V1, Vo € L*(Q) such that
1 (z) < liminf ¢;(x) < limsup ¢, (x) < Y2(x)
Jj—+oo j— o0

a.e. in §, then

a.e. in ).
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Proof. We prove that ¢ (z) < p(z) (the proof that p(z) < ¥s(x) is similar).
Case 1. We first consider the case when

liminf p;(x) > 1 (z) a.e in Q. (2.2.8)

j—+oo

Let 8; := (¢; — ¢1)" = max {¢; — 91, 0}. By the Fatou Lemma we have

liminf/ Bi(z)n(z)dx > / lim inf B, (z)n(z)dz > 0 (2.2.9)
Q Q

Jj—4o00 j—+oo

for all n € L*(Q) with n > 0 a.e. in Q. Now we have that

/ (5 — 1) (@)n(a)de = / (05 — 1) (@)n(x)dx
Q

{2€Q: g (z) =21 (x)}

(2.2.10)
— [ (e = 0@yt - [ (65 — ) ()n(@)de,
Q {ze: pj(z)<tp1(z)}
Moreover, by using Holder inequality we get
/ (¢ = ¥ @n(o)dz
(2€9: 5 (2)<v1(2)}
(2.2.11)

1/2 1/2
<4 (2)? 2)|? dx) 2)|? dx .
(/Qum )2+ e (2)2) (/{Q N LC )

Since by (2.2.7) the sequence {¢; }; is bounded in L2(€2) (see [20, Proposition IIL.5]),
the first term of the right-hand side of (2.2.11) is finite, therefore

4 ( [ es@r + |w1<m>|2>dx) - ( /{ Nl da:> "

1/2
< ( / |n<x>2dx>
{zeQ: ¢;(x)<y1(x)}

with C' a positive constant independent of j. Let g; := nzx{zGQ: i (x)<v1(z)}, denoting

(2.2.12)

with x the characteristic function on {x € Q: ¢;(z) < ¥1(x)}, and set
A={zecQ: gj(z) A0asj— +oo}.

If 2 € A then we can construct a subsequence such that ¢;, (z) < ¥1(z), so passing to
the limit we get

o () < Timinf o < .
liminf ¢;(z) < lklgfg ). (@) < Y1(x)

Jj—+o0
By comparing the last inequality and (2.2.8) we see that the measure of A is equal to
0 and so it follows that g;(z) — 0 a.e. in Q. Since |g;| < n? € L*(Q), by the Lebesgue
Dominated Convergence Theorem we have

lim gj(z)dr = lim In(z)|* dz = 0. (2.2.13)
jmteoJa I7H00 J{2€: o5 ()< (2)}
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By (2.2.9)—(2.2.13) we get

lminf [ (p; — 1) (@)n(z)de = liminf | (@; — 1) (2)n(x)de >0
J—+oo Q J—+oo [9)

and so by (2.2.7) it follows that

/Q(go — Y1) (z)n(z)de 20 Vne Lz(Q) (2.2.14)

and from this we get
o(z) = Y1(z) ae. inQ)

concluding the proof.

Case 2. Now we assume that
liminf ¢;(x) > .e. in .
lim inf ;(2) 2 91 (2)  a.e. in
For an arbitrary € > 0 we set v; := ¢; + ¢, therefore
liminf v;(z) > ¢1(z) + e > ¢i(z) ae inQ
J—+oo

and
v; = ¢ +e inL*(Q).

So, by Case 1 we have
o(x)+e>Y1(x) ae in Q

and for the arbitrariness of € we can conclude the proof. O

2.3 Main results

For the proof of Theorem 2.1.1, we observe that problem (2.1.3) has a variational
structure, indeed it is the Euler-Lagrange equation of the functional J : Z — R

defined as follows

Fw =3 [[ o) =) P =y dedy [ Fauie)is.

Note that the functional 7 is Fréchet differentiable in w € Z and for any p € Z
@) = [[ | o) = ul) (ole) = o) Kl = 9) dody
- /Q fzyu(x))e(x) de.
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Thus, critical points of 7 are solutions of problem (2.1.3). In order to find these critical
points we will divide the proof in two cases. At first, when @(xz) < A; the existence
of the solution of problem (2.1.3) follows from the Weierstrass Theorem (i.e. by direct
minimization). When \; < a(z) < @ < Ag4q1 for some k& € N, we will make use of
the Saddle Point Theorem (see [66, 67]). For this, as usual for minimax theorems, we
have to check that the functional J has a particular geometric structure (as stated,
in our case, in conditions (I3) and (I4) of [67, Theorem 4.6]) and that it satisfies the

Palais-Smale compactness condition (see, for instance, [67, page 3]).

2.3.1 The first case

In this subsection, in order to apply the Weierstrass Theorem we first verify that the

functional J satisfies the following geometric feature.

Proposition 2.3.1. Let K : R" \ {0} — (0,4+00) satisfy assumptions (0.0.3) and
(0.04) and let f : Q2 x R — R be a Carathéodory function verifying (2.1.2). Moreover,
let a(xz) < A1 a.e. in Q.

Then, the functional J verifies

m inf ‘7(“2) > 0. (2.3.1)
llullz=+o0 fJullz

Proof. Let {u;},

space (being a Hilbert space, by Lemma 1.1.3), up to a subsequence, there exists u € Z

be a sequence in Z such that [ju;||,, — +oc. Since Z is a reflexive

such that w;/ ||u;]|,, converges to u weakly in Z. Moreover, by applying Lemma 1.1.2
and [20, Theorem IV.9]

Yy in LYR™) Vg€ [1,2%)

il .
Y —u  a.e. in R”

l[usll

as j — +oo and |lul|, < 1. Now, notice that 2* > 2, by (1.1.6). Therefore by (2.2.2)
and the first observation in (2.3.2)

Iz U/J A 2

So, by (2.3.3) and [20, Theorem IV.9], up to a subsequence, there exists a function

h € L*(2) such that
|F (2, uj ()|

5 < h(z) ae.in Q. (2.3.4)
[l
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By (2.3.4) and the generalized Fatou Lemma it follows that

F i F i
limsup/ wdxé/limsupwdx. (2.3.5)
i Jo gl 0 i Tusll
Now, we claim that
F i e}
lim sup <z7%§$>> < A=) lu(z)[? (2.3.6)
jotoo |yl 2

a.e. in Q. By fixing ¢ > 0 and z € €, by (2.3.2) there exists j.,, > 0 such that

CHC T

2
[l

<e€ (2.3.7)

for j > j., .. Moreover, by (2.2.3) there exists t. , > 0 such that

<—Z +e (2.3.8)
for any |t| > t.. Now, if |u;(z)| > t. , by (2.3.7) and (2.3.8) it follows that

F(,u;(@)) (a(x) +E) Juj ()|

2 2
iz 2 llu;llz

~ (T2 + (B2 ) (W - |u<x>|2> (239)
(Y (T )

for j > je o, with @' (z) = max {a@(z),0}. Since [u;||, — 400, if |uj(z)] < tc o for

J 2 Jje, o sufficiently large, by (2.2.2) we get

b 2
F : Ha’||L°O R™ tE,aj + —t T —t
(%ujgx)) < = 2 < (a (x)+€> €. (2.3.10)
l[usll 7z s [,

By combining (2.3.9) and (2.3.10), for j > j. , we obtain

Fz,u;(@)) (a(x) —|—e> lu(z)” + (M +6) €,

2
luillz 2 2

and so by sending j — 400 and then e — 0 we get (2.3.6), proving our claim. Therefore,
by (2.3.5), (2.3.6) and remembering that @(z) < A1, we have

_ A 9 )
limsup/ deg/ OL(LU) |U(:E)|2d:c < 3‘/9"&(53” dr if uz#0,
Q Q

. 2
oo [uillz 2 =0 if u=0,
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so that
j(uj) 1 im F(z u]
Joroo ||uj||Z J%Jroo ‘uJHZ

M , (2.3.11)
5 /Q|u(:17)| dr if u #0,

ifu=0.

Vv
N =D =

Now, by (1.1.7), (1.2.7) and remembering that |lu|, < 1, we get

3 [ w@Pde<g [[ @ —uP K@ -p ey = 3l <5 @2312)

therefore

[\

if uz0,
if u=0,

lim inf j(uj) >
=00 [l

N = O

and so we have (2.3.1). O

Proof of Theorem 2.1.1, when a(z) < A\

Let us note that the map u — ||uH2Z is lower semicontinuous in the weak topology of
Z, while the map u — [, F(x,u) is continuous in the weak topology of Z. Indeed,
if {uj}jeN is a sequence in Z such that u; — w in Z, then by Lemma 1.1.2 and [20,
Theorem IV.9], up to a subsequence, u; converges to u strongly in LI(Q) for any
q € [1,2*) and a.e. in Q and it is dominated in L%(f2). Since F is a Carathéodory
function and by (2.2.2) it follows that

2

|F (2, uj(2))] < a(x) |u; ()] + u Juj ()]

2
by applying the Lebesgue Dominated Convergence Theorem we have the continuity
of u — [, F(x,u). So the functional J is lower semicontinuous and by using also
(2.3.1) to obtain coerciveness we can apply the Weierstrass Theorem in order to find

a minimum of J on Z, which is clearly a solution of problem (2.1.3).

2.3.2 The second case

Here, we assume that A\p < a(z) < @(z) < Agy1 for some k € N. Before proving our
results, we recall some notations introduced in Section 1.2.

In particular, in what follows, e, will be the k-th eigenfunction corresponding to
the eigenvalue )\, of —Lx for any k£ € N. That is, e, is a non—trivial weak solution of

the following eigenvalue problem

—EKUZAku in
u=0 in R"\
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Also, we consider
Pip1i={ueZ: (ue),=0 Vji=1,...k}

as defined in Proposition 1.2.2, while Hy := span{ej,...,e;} will denote the linear
subspace generated by the first k eigenfunctions of —L g for any k£ € N. It is immediate
to observe that P11 = Hj- with respect to the scalar product in Z. Moreover, since Z
is a Hilbert space (thanks to Lemma 1.1.3), we can divide it as Z = Hy, & Pyy;.

Now we prove that the functional J has the geometric features required by the
Saddle Point Theorem.

Proposition 2.3.2. Let K : R" \ {0} — (0,4+00) satisfy assumptions (0.0.3) and
(0.04) and let f : Q2 x R — R be a Carathéodory function verifying (2.1.2). Moreover,
assume there exists k € N such that A\, < ax) < @(x) < Agy1 a.e. in Q.

Then, the functional J verifies

lim sup j(uz) <0. (2.3.13)
u€eHy, UHZ
lull =00

Proof. Let {u;};

dimensional there exists u € Hy such that w;/||u;||, converges to u strongly in Z.

be a sequence in Hl, such that |lu;||, — +oo. Since H, is finite

Moreover, by applying Lemma 1.1.2 and [20, Theorem IV.9], up to a subsequence

Wy in LYR™) Vg e [1,2%)
9 4y ae inR"
HujHZ

as j — +oo and ||ul, = 1. Now, by using (2.2.4) and proceeding as in the proof of
claim (2.3.6), it follows that

F .
lim inf @’“Jgf)) > 28 P (2.3.15)
izt lully,

a.e. in Q. So by (2.3.15), the Fatou Lemma and the fact that a(r) > A; we get

lim sup J () < 1 /Q o(z) lu(z)|? dx < % - % /Q ju(z)|? da. (2.3.16)

2 ~
itoo |lujlly, 2 2

Now, since u € Hy, then we can write

k
u(z) = Z uie;(x)
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with w; € R, ¢ = 1,..., k. Moreover, since {ey,...,eg,...} is an orthonormal basis
of L?(€2) and an orthogonal one of Z (see Proposition 1.2.2—(vi)) and by (1.2.8) and
(1.2.11), we get

k k k
lull, = u? lleslly =Y A <A D> ul = )\k/ lu(z)|? da. (2.3.17)
i=1 i=1 i=1 Q

So, by (2.3.16), (2.3.17) and the fact that ||u||, =1, we get (2.3.13). O
Also, Proposition 2.3.2 has the following counterpart.

Proposition 2.3.3. Let K : R" \ {0} — (0,+00) satisfy assumptions (0.0.3) and
(0.0.4) and let f : Q2 x R — R be a Carathéodory function verifying (2.1.2). Moreover,
assume there exists k € N such that A\, < a(x) < @(x) < Agy1 a.e. in Q.

Then, the functional J verifies

lim inf ‘7<“2) > 0. (2.3.18)
u€Pr 1 u”Z
lull z—>-+o0

Proof. The proof is similar to the proof of Proposition 2.3.1. In this case @(z) < Agt1
for some k € N, so (2.3.11) becomes

I Ak / 2 .
, - — |u(z)|"dz if u#0,
lim inf j(u]2) > % 2 Ja
7o Jluglly - if u = 0.
2
In place of (2.3.12), by using (1.2.9), we get
A 1
bt / lu(z)|® de < = // lu(z) — u(y)|® K(z — y) dz dy (2.3.19)
2 [9) 2 R2n

and from this point we can conclude exactly as in the proof of Proposition 2.3.1. [

Now, as usual in variational methods, we prove the boundedness of a Palais-Smale

sequence. We recall that {u;}, \ is a Palais-Smale sequence for J at level ¢ € R if it

verifies
T (uj) = e, (2.3.20)
and
sup {|[(7' (). o) ¢ € Z. llpll, =1} =, (23.21)
as j — +oo.

Proposition 2.3.4. Let K : R" \ {0} — (0,+00) satisfy assumptions (0.0.3) and
(0.0.4) and let f : 2 x R — R be a Carathéodory function verifying (2.1.2). Moreover,
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assume there exists k € N such that A\, < a(z) < @(x) < Agy1. Finally, let ¢ € R and
let {u;} ey be a sequence in Z verifying (2.3.20) and (2.3.21).
Then {u;};y is bounded in Z.

Proof. We argue by contradiction and suppose that {u;};y is unbounded. As usual,
up to a subsequence we can assume ||u;||,, — 400 as j — +o0o and there exists u € Z

such that u;/ |lu;||, converges to u weakly in Z, that is

//R (||u]||Z B ﬁ;fﬁl) (p(z) — o)) K(z — y) dz dy —

J L @) = u)ota) — ) K@~ ) drdy tor any o € 2

(2.3.22)

as j — +oo. Moreover, by applying Lemma 1.1.2 and [20, Theorem IV.9], up to a

subsequence
ﬁ —u in LIR") Vg€ [1,2%)
Ujllz
u; o (2.3.23)
—— —u a.e.in R
l[wjll 2

as j — +oo. Moreover, by (2.1.2) and the first observation in (2.3.23), since 2 < 2*,
we get

s ul o al@) |y Tl i ) (2.3.24)
l[usll 2 luilly, — lusll .

as j — +00. So {f(z,u;)/ |lujll,} .. is bounded in L*(©2) and we can assume that

there exists w € L?(Q) such that
f(iE, uj)

lujll 2

jeN

—~w in L*(Q). (2.3.25)
By (2.3.21) we have
o= [ 0@ =00 (o) o) Ko = ) dody
/ fx,u;(z)v(z)de — 0 (2.3.26)
for all v € Z. Moreover, by (2.3.22) with ¢ = v and (2.3.25) we have
Tt [ (o) = () (o12) = 0) K 2 =) oy
— /Q w(z)v(z)dr in L*(Q). (2.3.27)

So, by combining (2.3.26) with (2.3.27) we get
[ @@ = ) (@) ~ o) Ko~ gy dody — [ wiapota)de =0
R2n Q
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for all v € Z and we deduce that u is a weak solution of problem

—Lgu(z) =w(x) inQ, (2.3.28)
u=0 in R™\ Q.
Now we claim that
there exists m € L>(Q2) such that a(x) < m(z) <a(z) a.e. in Q (2.3.29)

and w = mu.
If z € Q so that u(x) > 0, then u;(x) — +oo and so, by using (2.1.4), it follows that

[z, u;(x)) [, ui (@) u;(x)

lim inf = lim inf > a(z)u(r) (2.3.30)
i—too lugll, imtoo uj(z) sl
and in the same way
tim sup 284 @) 2yu(w). (2.3.31)

iotoe lujlly
On the other hand, if z € Q so that u(x) < 0, then u;(x) - —oo and we get the

reversed sign inequality, with

lin inf W < af@)u(z) (2.3.32)
and with

lim sup fa (@) > a(x)u(z). (2.3.33)

iotoo sl

Finally, when x € Q so that u(z) = 0, by (2.1.2) we have

|f(33»uj(ﬂf))|< a@) G lw@l (23.34)
il 2 luilly — llugll,

as j — +o00. So, by (2.3.25), (2.3.30)-(2.3.34) and Lemma 2.2.2, we get

a(x)u(r) < w(z) < a(x)u(z) if u(z) >0,
a(z)u(z) < w(z) < a(x)u(x) if u(z) < 0 and
w(z) =0 if u(z) =0.
Now, we set @
m(z) = ¢ u(x) 70, (2.3.35)
0 ifu=0,

and we observe that m is measurable and bounded, since A\ < a(z) < m(x) < @(z) <
Ak41 a.e. in €, and w = mu. This establishes (2.3.29).
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So, by (2.3.28) and (2.3.29) we have proved that « is a weak solution of problem

{ —Lru(r) =m(z)u(x) in Q,

(2.3.36)
u=0 in R™\ Q.

Now, we can write u = u; +ug, where u; € Hj, and uy € Py 1. Multiplying the equation

in (2.3.36) by u; and wus, we obtain

[ @ @ P+ [ m@u @@= [[ o - u)P K@y,
| @ @) P o+ [ @@ = [[ i) - ) K - ydey

so that

S 1o =P e = e [ o) o

(2.3.37)
= [ @) = )P K@ =) dzdy— [ () a(o)
Now we apply (2.3.17) to the function u; € Hj and we conclude that
//R2 lug () — uq( )| K(z—y)dedy < )\k/ |ug (x (2.3.38)
Also, by (1.2.9) and the fact that us € Pryq
//R2 lua (z) — ua(y)|* K (& — y) da dy > )\k+1/ lua (2)]? da. (2.3.39)
Therefore, by (2.3.37), (2.3.38) and (2.3.39) and by considering that
A —m(x) <A\ —alx) <0 and Agy1 —m(z) = Agr1 —a(x) >0 (2.3.40)
we get
0> [ (= m@) @)l do > [ (s = m@) a0 de >0, (2341
so that all integrals are zero. But by (2.3.40) we get u; = ug = 0 and so u = 0.
Now, by (2.3.21)
o W) ) f @, u;(x)) uj(z )daj (2.3.42)
||%||Z |“J||Z |UJ||Z

where, since { f(z,u;)/ HujHZ}jeN is bounded in L?(f2) and by using the first observa-

tion in (2.3.23) and (2.3.25) the right-hand side verifies
f (2, u;(z f(@,u;(x < u;(x)

u(x)) dx
HU’JHZ HU’]HZ ||uJ||Z HU’JHZ
/f 2, Uy (@ dz—)/
HUJHZ

as j — +o00. So by (2.3.42) and (2.3.43), it follows that / w(z)u(x)dx = 1 and we get
Q
a contradiction since u = 0. O

(2.3.43)
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Proof of Theorem 2.1.1, when )\, < a(z) < @(z) < Agn1

At first, we prove that 7 satisfies the geometric structure required by the Saddle Point
Theorem. By Proposition 2.3.3 it follows that for any M > 0 there exists R > 0 such
that if u € Pryq and |jul|, > R then J(u) > M. If v € Pyyq with |ju]|, < R, by
applying (1.2.9), (2.2.2) and Holder inequality we have

/qu /()|u |dx—f/|u )2 da

b
> —lall 2oy lull L2y — 5251 lull > —Cr

for some constant Cr = C(R,2) > 0. So, we get
J(u)>—Cr  Yu€Ppry. (2.3.44)

By Proposition 2.3.2 we can choose T" > 0 in such way that for any u € Hj with

llul| , = T we have

sup J(u) < —Cr < inf J(u), (2.3.45)
et e

We have thus proved that J has the geometric structure of the Saddle Point Theorem
(see [67, Theorem 4.6]). Now it remains to check the validity of the Palais-Smale con-
dition. Let {u;};_y be a sequence in Z that satisfies (2.3.20) and (2.3.21). Since, by
Proposition 2.3.4, {u; }jGN is bounded and Z is a reflexive space (being a Hilbert space,
by Lemma 1.1.3), up to a subsequence, there exists u € Z such that u; converges to u

weakly in Z, that is

JIL 5@ = ) eta) ~ ) K (@ ) dody -

(2.3.46)
J L. @) = u)ota) ~ ) K@ = ) dody tor any o < 2
as j — 4o00. Moreover, by applying Lemma 1.1.2 and [20, Theorem IV.9]
u; —u in LI(R™) Vg€ [1,2"
! &) .2) (2.3.47)
u; = u a.e. in R"
as j — +o0o. By (2.3.21) we have
0 (). (s =) = [[ (o) = i) P Ko =) dady
-/ / | 05(0) = 0y () u(e) — u() K (= ) do dy (2:3.49

- / £ 5 (2)) 5 (%) — () dar
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Now, since {u;};y is bounded in L?(Q), by (2.1.2) also {f(z,u;)},cy is bounded in
L?(2) and so, by (2.3.47) and Holder inequality, we get
, 1/2
<l =l [ @) ar) =0
(2.3.49)

‘ / F(a,u5(2)) (uy(x) = u(x))da

as j — +o0o. By (2.3.46) with ¢ = u, (2.3.48) and (2.3.49) it follows that

//R uj(x) — ui(y)° K(z — y) dody — //R lu(z) — u(y)]” K (z — y) dzv dy

so that
lujll z = llull 5 (2.3.50)

as j — +oo. Finally we have that
oy =l = g1+ s =2 [ y(0) = ) te) = ) K (@ = ) oy
s 2ful} =2 [[ | Ju@) = ul) K@ =) dvdy =0

as j — +oo, thanks to (2.3.46) and (2.3.50). Thus, we have proved the Palais-Smale
condition and we can make use of the Saddle Point Theorem in order to obtain a

critical point u € Z of J.

2.3.3 Proof of Corollary 2.1.2

We conclude this chapter by proving a uniqueness result for problem (2.1.3). For this
we need the further condition (2.1.5) for the nonlinearity f.
Let uy, us € Z be two solutions of problem (2.1.3). Then w := u; — us is a solution

of the following problem

—Lgw(z) = f(z,u1(r)) — f(z,u2(x)) in Q, (2.3.51)
w=0 in R™\ Q. o
Now, by setting
f(x,ul(w)) —f(l‘,’LLQ(.ﬁ)) if wq (2 uo (2
m(x) = uy (7) — ug() (o) £ uale), (2:3.52)
0 if up(x) = us(a),

we get that w is a solution of problem (2.3.36). Moreover, by (2.1.5), m is a measurable
function that verifies Ay < m(z) < Ap41 a.e. in . As seen in the proof of Proposition
2.3.4, problem (2.3.36) has a unique solution v = 0 and so we get u; = us concluding

the proof.
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Chapter 3

A problem at resonance

3.1 Introduction

In this chapter we consider the non—local counterpart of semilinear elliptic partial

differential equations of the type

—Au =X u+ f(z,u) inQ (3.11)
u=20 on 0N}, o
namely
—Lgu=Aa(z)u+ f(x,u) inQ (3.1.2)
u=0 in R™\ Q. o

Here, 2 C R" is an open, bounded set, A is a real parameter and L is the non-local
operator defined as in (0.0.2) with the kernel K : R™\ {0} — (0, +00) satisfying (0.0.3)
and (0.0.4) for a fixed s € (0,1). Moreover, the perturbation f : @ x R — R is a
function such that

f€C(QxR,R); (3.1.3)

there exists a constant M > 0 such that |f(z,t)| < M for any (z,t) € QA xR; (3.1.4)
F(z,t) = /t f(xz,7)dT — +00 as |t| = 400 uniformly for z € Q. (3.1.5)
0
While, a : Q — R is such that
a is a positive Lipschitz continuous function in Q. (3.1.6)

One of the motivations for studying (3.1.2) is trying to extend some important
results, which are well known for the classical case of the Laplacian —A (see, e.g., [67,

Chapter 4]), to a non—local setting. The conditions we consider on a and f are classical
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in the nonlinear analysis (see, e.g., conditions (pl), (p2) and (p7) in [67, Theorem 4.12])
and, roughly speaking, they state that problem (3.1.2) is a suitable perturbation from

the following non-homogenous eigenvalue problem

{ —Lgu=a(z)u in Q (3.1.7)

uw=0 in R"\ Q.

We recall that there exists a non-decreasing sequence of positive eigenvalues A\ for
which (3.1.7) admits non—trivial solutions, as showed in Section 1.2 (with ¢ = 0).
Finally, note that, thanks to (3.1.5), the nonlinearity f cannot be the trivial func-

tion. As a model for f we can take the functions

flz,t) =M >0 or f(z,t)=0b(x)arctan(t),

with b € Lip(Q) and b > 0 in Q. In the first case u = 0 does not solve (3.1.2), while in
the second one the trivial function is a solution of (3.1.2) . In general, the function u = 0
in R™ is a solution of problem (3.1.2) if and only if f(-,0) = 0. This is an important
difference with respect to the other works in the subject, such as [72, 74, 75, 77, 80, 81],
where the trivial function is always a solution.

Such as in the previous chapter, the objective here is to find solutions for (3.1.2) via
variational methods. For this, firstly we need the weak formulation of (3.1.2), which is
given by the following problem

[ @) =) ete) = ) @~ )iz dy = 3 [ aloyula)o(o) do

Q
"‘/ flz,u(x))p(x)de VYopeZ (3.1.8)
Q

uE 7,

where Z is the functional space introduced in Chapter 1.

The main result of the present chapter can be stated as follows:

Theorem 3.1.1. Let Q be an open, bounded subset of R™. Let K : R™\ {0} — (0, +00)
be a function satisfying (0.0.3) and (0.0.4) and let f : QxR — R and a : Q@ — R be
two functions verifying (3.1.3)—(3.1.5) and (3.1.6), respectively. Moreover, assume that
A is an eigenvalue of the non-homogeneous linear problem in (3.1.7).

Then, problem (3.1.2) admits a weak solution u € Z.

In the classical case of the Laplacian —A the counterpart of Theorem 3.1.1 is given
in [67, Theorem 4.12]: in this sense Theorem 3.1.1 may be seen as the natural extension
of classical results to the non—local fractional setting.

This chapter is organized as follows. In Section 3.2 we will give some notations

and we will state and prove some technical lemmas useful along the chapter. While in
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Section 3.3 we will prove Theorem 3.1.1 by making use of the classical Saddle Point

Theorem.

3.2 Some technical lemmas

In this section we prove some technical lemmas, which will be useful in order to ap-
ply the Saddle Point Theorem to problem (3.1.8). For this, we recall some notations
introduced in Section 1.2.

Here, by denoting with () = a(-)dz, we define

L*(Q, p) == {g : Q = R s.t. g is measurable in Q and

/Q a() g(x) ? di = / ol dys < +00}.

By (3.1.6) it follows that a € L*°(Q2) and so all the embeddings properties of Z into
the usual Lebesgue space L?(£2) still hold true in L2(£2, u).

In what follows, without loss of generality, we will fix A\ = Ay with & € N such that
Ak < Agp+1 and we will denote by Hy, the linear subspace of Z generated by the first k

eigenfunctions of —Lg , i.e.
Hy :=span{es,...,ex} ,

while Py4q will be the space defined in (1.2.10). Here e; and \;, j € N, are the
eigenfunctions and the eigenvalues of —L, as defined in Proposition 1.2.2.

It is immediate to observe that Py, = H,JC- with respect to the scalar product in Z.
Thus, since Z is a Hilbert space (thanks to Lemma 1.1.3), we can write it as a direct

sum as follows
Z =H & Ppiq.

Moreover, since {ey ,...,e,...} is an orthogonal basis of Z , it follows that

Pyy1 =span{e;: j>k+1}.
Also we will set
E) :=span{e;: \; =X} and E, :=span{e;: \j < Ay} . (3.2.1)
Note that with this notation, if u € H, then we can write it as
u=u"+u", with «° € E) and u~ ek, .

Now, we are ready to introduce and prove some technical estimates from the prop-

erties of eigenvalues and eigenfunctions of — L.
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Lemma 3.2.1. Let K : R™\ {0} — (0,+00) satisfy assumptions (0.0.3) and (0.0.4)
and let a : Q — R verify (3.1.6) .
Then, for any u € P41

J[ @) = st PG - pydedy = [ a@luto de > (1 Ai_’;) Jull

Proof. If u = 0, then the assertion is trivial. Now, let u € P11\ {0} . By the variational

characterization of Agy1 given in (1.2.9) we get that

1

2 2
u < — ||l .
| ||L2(Q,p) X Aot llullZ

As a consequence of this and taking into account that Ay is positive (since Ax > A\; > 0),

we obtain
Ak

//R% lu(x) — u(y)|*K(z — y) dz dy — Ak/ﬂ&(ﬂ;ﬂu(m)ﬁ dr > ||lul|% — et l|ull%

Ak ) 2
=11- u||z,
(1- 52 ) Il

concluding the proof. O

Note that, if Ay = Agy1, then Lemma 3.2.1 is trivial. The interesting case is when

A < )‘k+1 .

Lemma 3.2.2. Let K : R™\ {0} — (0,+00) satisfy assumptions (0.0.3) and (0.0.4)
and let a : Q — R verify (3.1.6) .

Then, there exists a positive constant M*, depending on k, such that
JIL @) = u P =y dedy = [ a@)futa)? de < <207 |
R n

for all w € Hy, where u=u" +u", v~ € E and u® € E} .

Proof. Of course, if u = 0, then the assertion is trivial. Hence, assume that u € Hy\ {0} .
Let h € N be the multiplicity of A\; (h is finite thanks to Proposition 1.2.2-(vi)), that
is suppose that

Aomhe1 < Apeh = = Mg < A1 - (3.2.2)

With this notation, u can be written as follows
u=u" +u’ ,
with

u~ € E_ =span{ei,...,ex_p—1} and u’ € EY = span {es_p,...,ex} .
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Notice that u is a linear combination of eigenfunctions corresponding to the same
eigenvalue Ag_, = .-+ = Mg, hence it is also an eigenfunction corresponding to Ag.
Hence, by (1.2.2),

1?11 = Ml g -

Also, u~ and u° are orthogonal both in Z and in L?(, 1), therefore

el = MelluliEzq@, = 1 + 1603 = A (™ 13200 + 1032000 ) 523

= [lu™ 1% = Mellu™ 72, 1 -
Now, note that u~ € E,, = span{ey,...,ex_p—1}. Hence, by this and Proposition 1.2.3
we get
lu 1% < Ak—n-1llu” [ Z2q, ) - (3.2.4)
Finally, (3.2.3) and (3.2.4) yield

lullZ = AellulZao, = e 1% = Aellu™ 172,

_ Ak _
<% lu”[lZ
Ak ) 9
=(1- 2 ) )%,
(1= 52 ) Il
which gives the desired assertion with
Ak
M* = —1.
Ak—h—1
Note that M* > 0, thanks to (3.2.2). O

Finally, in the next two results we discuss some properties of the function F' defined
as in (3.1.5).

Lemma 3.2.3. Let f:Q x R — R satisfy (3.1.3)—(3.1.5) .

Then, there exists a positive constant M, depending on Q, such that

/ F(e,u(x)) dz| < Mllulz
Q

forallue 7.

Proof. Using the definition of F' and (3.1.4), it is easy to see that

u(x)
/qu Ydx| = // f(z,t)dt dz M/|u )| dz,

so that, by Hélder inequality and Lemma 1.1.2 we get
<M Jlull 2 (@) < Mullz (3.2.5)

/QF(:E,U(:E))dx
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for all uw € Z, where Misa positive constant depending on 2. Hence, the assertion is

proved. O

Lemma 3.2.4. Let f:Q x R — R satisfy (3.1.3)—(3.1.5) .
Then,
lim F(z,u(z))dr = 400.
ue ]E[,i Q

llull z—+o00

Proof. We argue by contradiction and suppose that there exists a positive constant C

and a sequence {u;}, . C E} such that
tj = llujllz = +o0 (3.2.6)

and
/ F(z,uj(z))dz < C. (3.2.7)
Q

Let v; == u;/||u;llz . Of course, {v;},_y is bounded in Z. Hence, since E? is finite
dimensional, there exists v € E? such that v; converges to v strongly in Z. Note also
that v # 0, since

Joll = lim flo;f} = 1.
Furthermore, recalling Lemma 1.1.2,
v; = v in LY(R"™) for any ¢ € [1,2%) (3.2.8)

and, by applying [20, Theorem IV.9], up to a subsequence (still denoted by v;)

v; > v ae inR" (3.2.9)

as j — +o0.
Now, we define i(r) := inf  F(x,t) for r > 0. By (3.1.5) it follows that
z€eQ, [t|>r

Tgrfooz(r) = +o00. (3.2.10)
Note that

inf  F(z,t) is finite. (3.2.11)

z€Q, teR

Indeed, by (3.1.5) it follows that for any H > 0 there exists R > 0 such that
F(x,t) > H for any [t| > R and any z € Q. (3.2.12)
Moreover, if |t| < R, by (3.1.4) we have

|F(z,t)| < M |t| < MR =: Cp, (3.2.13)
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for any x € Q. Hence, by (3.2.12) and (3.2.13) we can conclude that
F(z,t) > —Cg for any (z,t) € Q xR,
which implies (3.2.11).
As a consequence of (3.2.11), we may define

w* ::—min{—l7 inf F(x,t)}.
ze, teR

Notice that w* > 0 and F(x,t) > —w* for any 2 € Q and any t € R. Now, we fix h > 0
and set Q; , = {x € Q: [|t;v;(x)] = h}. Thus, we get

/QF(x,tjvj(m))d;U = /Qj’h F(x,tjvj(z))de + /Q\Qj,h F(x,tjv;(x))dx (3.2.14)

> [Qj nli(h) =™ | .

Since v # 0, there exists a set QF with }QH > 0 and a constant § > 0 such that
lv(z)| = § a.e. x € QF. Then, by (3.2.9) and Egorov Theorem, there exists a measurable
set Q* C QF such that |Q*] > |Q%|/2 > 0 and the limit in (3.2.9) is uniform in Q*. In

particular, if j is large enough,

ST

sup [v;(z) —v(z)| <
TEN*

and therefore |v;(x)| > 36/4 a.e. z € Q. So, by (3.2.6), for h fixed above there exists
Jn such that |t;v;(z)] >
have that Q* C Q, j, for j > jj. Finally, by (3.2.7) and (3.2.14), we have

h for any j > j, and a.e. x € Q*. As a consequence of this, we

C> / F(z,tjvj(z))dz > |Q%|i(h) —w* |Q]
Q

for j > jp,. Passing to the limit as h — +o0o and taking into account (3.2.10), we get a

contradiction. This proves the assertion. O

3.3 An existence result

This section is devoted to the proof of Theorem 3.1.1, which is the main result of
the present chapter. At this purpose, first of all we observe that problem (3.1.8) has
a variational structure, indeed it is the Euler-Lagrange equation of the functional
J : Z — R defined as follows

I =5 [[ 1)~ uPK (e =y dedy =5 [ at@lu@)Pdo~ [ Pl uia)ds.
(3.3.1)
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where F' was introduced in (3.1.5).
Note that the functional J is Fréchet differentiable in v € Z and for any ¢ € Z

@)= [[ | o) = u) (ole) = o) Ko = y) dody
—/\/Qa(m)u(x)g@(z) d:c—/ﬂf(cc,u(x))gp(m) dz .

Thus, critical points of J are weak solutions of problem (3.1.2). In order to find
these critical points, in the sequel we will apply the Saddle Point Theorem by Rabi-
nowitz (see [66, 67]). For this, as in the previous chapter, we have to verify that the
functional J satisfies both the appropriate geometric conditions (see (I3) and (1) of

[67, Theorem 4.6]) and the Palais—Smale compactness condition (see [67, p. 3]).

3.3.1 Geometry of the functional [J

In this subsection we will prove that the functional 7 has the geometric features
required by the Saddle Point Theorem.

Proposition 3.3.1. Let K : R" \ {0} — (0,+00) satisfy assumptions (0.0.3) and
(0.0.4). Moreover, let A = A\, < Agt1 for some k € N and let f and a be two functions
satisfying (3.1.3)—(3.1.5) and (3.1.6), respectively.

Then
lim inf ﬂuz) > 0. (3.3.2)
UEPK 41 |hLHZ
[|u]| z—+o00

Proof. Since u € P41, by Lemmas 3.2.1 and 3.2.3 we have

1 Ak ~
OE (1 - ) el — 3] 2.
2 Akr1

Hence, dividing both the sides of this expression by |lu||% and passing to the limit as

lu]lz = +o0, we get (3.3.2), since A\, < Ap41 by assumption. O

Proposition 3.3.2. Let K : R" \ {0} — (0,+00) satisfy assumptions (0.0.3) and
(0.0.4). Moreover, let A = A\, < A1 for some k € N and let f and a be two functions
satisfying (3.1.3)—(3.1.5) and (3.1.6), respectively. Then

lim J(u)=-c0.

u€eHy
lull z—+oc0
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Proof. Since u € Hj, we can write u = u~ + u°, with v~ € E and «° € E). Also,

J (u) can be written as follows

//R ) —u(y)PK(z —y dzdy——/ z)|?dx

—/Q(F(x,u (2) +u () — F(z,u° (x))) dxf/F(:c,uo(x))dx.

Q

(3.3.3)

First of all, note that, by (3.1.4), Hélder inequality and Lemma 1.1.2, it follows
that

u®(z)+u” (w)

[ (P + @) -Faa @) ] ot ds

u9(x)
- _ 3.3.4
<M/ |u (x)|dx<M|Q|1/2 w22y (3:34)
Q
< Mu |z,

where M denotes a positive constant depending on Q. Thus, by (3.3.3), (3.3.4) and
Lemma 3.2.2, we get

T(u) < =M*|[u 1% + Mlu~ ||z - / Pz, u(x)) da. (3.3.5)

Beware that the first norm in the right hand side of (3.3.5) is squared, while the second

one is not. Moreover, by orthogonality we have

lullZ = 1u®1Z + =%

Then, as ||u||z — +o00, we have that at least one of the two norms, either ||u°||z or
lu~]|z, goes to infinity.

Suppose that ||u®||z — +oo (in this case |[u~||z can be finite or not). Then, (3.3.5),
the fact that u® € EY and Lemma 3.2.4 show that J(u) — —oc as ||ul|z — +oc and
so, Proposition 3.3.2 follows.

Otherwise, assume that ||u°[|z is finite. In this setting, of course,
lu™||z = +o0. (3.3.6)

and, by Lemma 3.2.3, / F(x,u’(z)) dz is also finite.

Q
Moreover, by (3.3.5) and (3.3.6), we have that J(u) — —oo as ||ul|z — +o00. This
completes the proof of Proposition 3.3.2. O

3.3.2 The Palais—Smale condition

In this subsection we discuss a compactness property for the functional 7, given by

the Palais—Smale condition.
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First of all, as usual when using variational methods, we prove the boundedness of

a Palais—Smale sequence for 7. We say that {u; }j cn is a Palais-Smale sequence for J
at level ¢ € R if

17 ()] <, (3.3.7)

and

’

sup{|(] (uj), @) : v € Z, |lpllz = 1} —0 as j — +oo (3.3.8)

hold true.

Proposition 3.3.3. Let K : R" \ {0} — (0,+00) satisfy assumptions (0.0.3) and
(0.0.4). Moreover, assume that X\ = A\, < Ap41 for some k € N and let f and a be two
functions satisfying (3.1.3)—(3.1.5) and (3.1.6), respectively. Finally, let ¢ € R and let
{uj} ey be a sequence in Z verifying (3.3.7) and (3.3.8) .

Then, the sequence {u;} ;. is bounded in Z.

Proof. Let u; = u? +u; + uj, where u? € EY, u; € E; and uj € Pry1. In order

to prove Proposition 3.3.3, we will show that the sequences {u?} and

jEN? {uj_ }jeN
{u;}jeN are bounded in Z .
First of all, by (3.3.8), for large j, we get
I llz > (T (uy), )|

— ‘//Rzn (UJ(I) - uj(y)> (u]i(x) — u;t(y))K(x —y)dxdy (3.3.9)
_)\k/ﬂa(x)|u;t(x)|2 dz —/Qf(x,u](x))u;t(x) dz| .

While, by (3.1.4), the Hélder inequality and Lemma 1.1.2

< M|juf 2, (3.3.10)

‘ | fe @@ da

with M positive constant.
Finally, taking into account that {e1,... e, ...} is a orthogonal basis of Z and of
L?(Q,dp) , dp = a(-)dx , we get that

,U‘ Ui: uix—ui 2 xTr — X
7w = [[ 1@~ PR =) dody

(3.3.11)
— alx ui x 2 T — T, uijlT ’LLi x)axr.

Now, by Lemma 3.2.1 (applied with u = u] € Pj41) and (3.3.9)~(3.3.11) we get
Ak +112 Vil s +
1- Y [uj iz = Ml[u] |z < [[u] ||z,
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which shows that the sequence {u;r}jeN is bounded in Z.
Moreover, again by (3.3.9)-(3.3.11) and Lemma 3.2.2 (applied to u; € E;” C Hy),
it follows that

I llz > (T (ug),u5) = M*|luj |5 — Mluj | 2,

and so also {u} }JEN is bounded in Z.

It remains to show that the sequence {U?}jeN is bounded in Z. At this purpose,
we point out that u? € E{ and so, by (3.2.1), u?
to Ag. Accordingly, by (1.2.2),

//Rznm )~ ud(y) K —y dxdy——/ D)2 dz.

Therefore, by (3.3.7) and orthogonality, we see that

is an eigenfunctions corresponding

> T (uj)]
‘ // |“ J‘r(y)|2+|U;(:U)—u;(y)|2)K(a:—y)da:dy
R2n
_Zk a( )(|u (@)]* + |u; ()] )dx_/ﬂ(F(xauj(x))—F(x,u?(x)))dx

/ Flo
(3.3.12)

By Lemma 1.1.2 and the Hélder inequality we get that there exists a positive constant

C, possibly depending on 2, such that

< Mellall Loy (luf 17 +1luj [1Z) < 2C,
(3.3.13)

M / a@) (it (@) + 5 (2)[2) da

and

u? (a:)+u7_ (w)Jru;" (z)
f(z, t)dt
HED)

<t [ (rensha @

<M, (Jlug llz + llufllz) < C,

< dx

/Q(F(:I,U](x)) F(x,u?(:c))) dx

since the sequences {u; }jeN and {u;r}jeN are bounded in Z and (3.1.4) holds true.
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Here M, is a positive constant. Hence, by (3.3.12)—(3.3.14) it is easy to see that

< [T ()]

/QF(ac,u?(x)) dx

i ‘; //Rn (1 (@) = W + a5 (2) = uj () ) K (2 — y) da dy
—% . a(x) (Iuj(g;)|2 + |uj_(;1:)|2) dz

- /Q (F(x,uj(x))—F(x,ug(x)))dx

1 ~
<t (I +uml%) +20 <€

where C is a positive constant independent of j. Here we have used again the fact that

- + .
the sequences {u; }]EN and {u] }JEN are bounded in Z.

Hence, the integral [ F(z, u(;(m)) dz is bounded. As a consequence, being u® € EY,
Q
by Lemma 3.2.4 it follows that also the sequence {u? }jeN is bounded in Z, concluding

the proof of Proposition 3.3.3. O

Now it remains to check the validity of the Palais—Smale condition, that is we
have to show that every Palais-Smale sequence {u; }j ey for J at level ¢ € R strongly

converges in Z, up to a subsequence. This will be done in the next result.

Proposition 3.3.4. Let K : R"\ {0} — (0,+00) satisfy assumptions (0.0.3) and
(0.0.4). Moreover, assume that X\ = A\, < Ap41 for some k € N and let f and a be two
functions satisfying (3.1.3)=(3.1.5) and (3.1.6), respectively. Let {u;}
in Z satisfying (3.3.7) and (3.3.8).

Then, there exists us € Z such that u; strongly converges to some u in Z .

jen be a sequence

Proof. Since, by Proposition 3.3.3, {u; }jeN is bounded in Z and Z is a reflexive space
(being a Hilbert space, by Lemma 1.1.3), up to a subsequence, there exists u. € Z

such that u; converges to us, weakly in Z, that is

// (uj(x) —uj(y)(p(@) — @y) K(x — y) de dy —
. (3.3.15)
//Rzn (Uoo (7) — ueo () () — @(y)) K (z — y) dz dy

for any ¢ € Z, as j — +oo. Moreover, by applying Lemma 1.1.2 and [20, Theo-

rem IV.9], up to a subsequence

Uj = Uso in LI(R™) for any ¢ € [1,2"
! &) L.2) (3.3.16)
Uj = Uso a.e. in R”
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as j — +oo.
By (3.3.8) we have

0« (J'(uj),u //]R2 luj () — u;(y)|° K (z —y) da dy
_ //R?" (uj(z) = u;j(y)) (oo () — use(y)) K (z — y) dz dy
— Xk /Q a(z)uj(z)(u;(r) — s (z))da

— [ 7o @)y (0) = e )
(3.3.17)
as j — +o0o. Now, by using the Hélder inequality, (3.1.4) and (3.3.16), we get

n [ afo)ug(o) o) = oo+ [ FGou)) 05 (2) — () -
< (Mellallzo oy lusllzacay + M 1YY llus = e z2(0) = 0

as j — +oo. Hence, passing to the limit in (3.3.17) and taking into account (3.3.15)
and (3.3.18), it follows that

J] 5@ =@ K= ety =[] i) = um) Ko=) e,

that is

ujllz = [Juccllz (3.3.19)
as j — +oo.
Finally, we have that
luj = ucollZ = lluj|% + llusllZ

_ 2//R2" (uj(x) = u;(y)) (too (T) — Uoo(y)) K (x — y) dz dy
= 2/t || = 2||ucellZ =0

as j — 400, thanks to (3.3.15) and (3.3.19). Hence, u; — u strongly in Z as j — 400
and this completes the proof of Proposition 3.3.4. O

3.3.3 Proof of Theorem 3.1.1

In this subsection we will prove Theorem 3.1.1, as an application of the Saddle Point
Theorem [67, Theorem 4.6].

At first, we prove that J satisfies the geometric structure required by the Saddle
Point Theorem. For this note that by Proposition 3.3.1 for any H > 0 there exists
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R > 0 such that, if u € Pyyq and |jul|z > R, then
Jw) = H. (3.3.20)

While, if u € Priy with |ju||z < R, by applying (3.1.4), the Hélder inequality and

Lemma 1.1.2 we have

A
Tw) > -2 | a(z)u(z)]Pds — / F(z,u(z))dx
2 Jo Q
A 9
> _?HGHL“’(Q)HUHLQ(Q) - M [ |u(z)|dx
N o (3.3.21)
k
> = llallze @ llullz = Mullz
A
> —7’“||a||LOC(Q)R2 — M,R=: —Cj.
Here M, is a positive constant. Hence, by (3.3.20) and (3.3.21) we get
J(u) > —Cg for any u € Pry . (3.3.22)

Moreover, by Proposition 3.3.2, there exists 7' > 0 such that, for any v € Hj with
lullz =T, we have
J(wu) < —Cg. (3.3.23)

Thus, by (3.3.22) and (3.3.23) it easily follows that

sup J(u) < —Cr < inf J(u),
uw€Hy, uEPK 41
lullz=T

so that the functional J has the geometric structure of the Saddle Point Theorem (see
assumptions (I3) and (I4) of [67, Theorem 4.6]).

Since J satisfies also the Palais—Smale condition by Proposition 3.3.4, the Saddle
Point Theorem provides the existence of a critical point u € Z for the functional 7 .

This concludes the proof of Theorem 3.1.1.
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Chapter 4

Problems with a parameter

4.1 Introduction

Aim of the present chapter is to provide some existence results for the following non—

local problems

{ —Lru+q(x)u = u+ f(u) +h(z) inQ (4.1.1)

where  C R™ is an open, bounded set, A is a real parameter, s € (0,1), Lk is the
non-local operator formally defined as in (0.0.2), whose kernel K : R™\ {0} — (0, 4+00)
satisfies conditions (0.0.3) and (0.0.4). Moreover, we suppose that in equation (4.1.1)

the function f: R — R verifies the following assumptions:

feC'(R) (4.1.2)
there exists a constant M > 0 such that |f(¢)| < M for any t € R, (4.1.3)
while ¢, h : 2 — R are such that
g€ L>®(Q), glz) >0ae € (4.1.4)
and
h e L*(%), (4.1.5)
respectively.

When f =0 and h = 0 problem (4.1.1) becomes the following eigenvalue problem

{ —Lrgu+q(x)u=AIu in (4.1.6)

u=0 in R"\ .
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We recall that there exists a non-decreasing sequence of positive eigenvalues Ay for
which (4.1.6) admits a solution which we already introduced in Section 1.2 (with a = 1).

Along this chapter we consider both the resonant and the non-resonant case, that
is the case when A belongs to the spectrum of the operator driving the equation and
the one when A does not, respectively. As for the resonant setting we would like to note
that we are able to treat this case only requiring some extra conditions on the terms f
and h. Precisely, denoting by

fi= lim f(¢t) and fr=lim f(t),

t——o0 t——+oo

we assume that
f1 and f, exist, are finite and such that f; > f. (4.1.7)

and

fo [ @io—fi [ e < [ @@ < i [ o @, [ ot

for any ¢ € E)\ {0},
(4.1.8)

where o1t = max{y,0} and ¢~ = max{—¢,0} denote the positive and the negative
part of the function ¢, respectively, while E) is the linear space generated by the
eigenfunctions related to A (for a precise definition of E we refer to Section 4.4).

We would remark that these extra conditions on f and h are exactly the same
required in the resonant setting, when dealing with the classical Laplace operator (see
[14, Section 4.4.3]). Moreover, we would point out that in (4.1.7) the limits f; and f,
have to be different, but the case f; < f,. would work as well, with some modifications
in the main arguments. Assumption (4.1.8) is the classical Landesman-Lazer condition,
firstly introduced in [58], which represents one of the natural sufficient condition given
in order to obtain an existence result in a resonant setting.

As a model for f we can take the function

1

Tr 1120

f(t) =
1 if t<0.
We would also like to note that, in this case, f does not satisfy the assumptions re-
quired in Chapter 3, where always an asymptotically linear problem at resonance driven

by a general non-local operator was considered. Indeed, in Chapter 3 the asymptoti-

cally linear case when the primitive of f goes to infinity was considered.
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The main result of the present chapter concerns the existence of weak solutions for
problem (4.1.1) . For this, first of all, we have to write the weak formulation of (4.1.1),
given by the following problem

// (@) = oY) K (@ —y)dwdy + /Q g(@)u(z)p(z)de
_)\/ dx+/f d$+/ﬂh( Jp(z)de Vo€ Z

ueZzZ
(4.1.9)
where Z is the functional space introduced in Chapter 1. Before stating our existence
result, we would like to note that, in general, the trivial function v = 0 is not a solution
of problem (4.1.1). On the other hand, if » = 0 and f(0) = 0, then u = 0 solves the
problem.

Now, we can state our main result as follows:

Theorem 4.1.1. Let Q be an open, bounded subset of R™. Let K : R™\ {0} — (0, 400)
be a function satisfying (0.0.3) and (0.0.4) and let f : R - R, ¢, h : Q — R be three
functions verifying (4.1.2)-(4.1.5).

Then, problem (4.1.1) admits a weak solution u € Z provided either

e )\ is not an eigenvalue of problem (4.1.6), or
e X is an eigenvalue of problem (4.1.6) and conditions (4.1.7) and (4.1.8) hold true.

The proof of Theorem 4.1.1 is based on variational techniques. Precisely, we will find
solutions of problem (4.1.1) as critical points of the Euler—Lagrange functional naturally
associated with the problem. To this purpose we will perform the Saddle Point Theorem
by Rabinowitz, see [67, Theorem 4.6]. Hence, as in the previous chapters, we have to
study both the compactness properties of the functional associated with the problem
and also its geometrical structure. In doing this we need to consider separately the
case when the parameter \ is an eigenvalue of —Lx + ¢ and the case when it does not,
namely the resonant and the non-resonant situation.

The resonant setting is more difficult to be treated than the non-resonant one. In-
deed, the resonant assumption affects both the compactness property and the geometry
of the functional. For this reason, the extra assumptions (4.1.7)—(4.1.8) will be crucial
both in proving the compactness and in showing the geometric properties possessed by
the Euler-Lagrange functional associated with problem (4.1.1).

Theorem 4.1.1 extends the result obtained in [14, Theorem 4.4.11 and Theorem 4.4.17]
(see also [14, Chapter 4] and references therein) in the case of the classical Laplacian

operator to a general non—local framework.
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The chapter is organized as follows. In Section 4.2 we will discuss the variational
formulation of the problem, while Sections 4.3 and 4.4 will be devoted to the proof of

Theorem 4.1.1, respectively in the non-resonant case and in the resonant one.

4.2 Variational formulation of the problem

For the proof of our main result, stated in Theorem 4.1.1, we first observe that prob-
lem (4.1.1) has a variational structure. Indeed, the weak formulation of problem (4.1.1),
given in (4.1.9), represents the Euler-Lagrange equation of the functional 7 : Z — R

defined as follows

//Rzn u(y)|*K (z — )dxdy‘*‘%/ﬂq(;v) lu(2)[? da
,§/Q|u(z)| dx*/QF(u(x))dx*/Qh(a:)u(z)dL

where F(t) = /t f(r)dr.

Note that the fgnctional J is well defined thanks to Lemma 1.2.1, the definition of F,
assumptions (4.1.3)—(4.1.5) and since Z C L%(Q2) C L'(Q) (being © bounded and by
Lemma (1.1.2)). Moreover, J is Fréchet differentiable at v € Z and for any ¢ € Z

= // (u(@) = u(y)) (p(z) — o(v)) K (x — y) de dy + / q(2)u(z)p(z)dx
R2n Q

—)\/ dx—/ flu d:c—/Qh(a:)go(:z:)dx.

Thus, critical points of J are weak solutions of problem (4.1.1), that is solutions of
(4.1.9).

At first, we need some notation. In what follows we will denote by

(4.2.1)

A <Xd<...< <.,

the sequence of the eigenvalues of —Lx + ¢ (see problem (4.1.6)) , while e; will be the

k-th eigenfunction corresponding to the eigenvalue A\ . Moreover, we will set
Pk+1::{u€Z:(ue3> =0 Vj=1,. k}
as defined in Proposition 1.2.2, while
Hy :=span{ey,...,ex}

will denote the linear subspace generated by the first k eigenfunctions of —Lg + ¢ for
any k € N.

In order to prove Theorem 4.1.1 we need some preliminary lemmas.
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Lemma 4.2.1. Let q: Q — R satisfy (4.1.4).
Then, the following inequality holds true

2
lull,q < AellullZz
for all w € Hy, and any k € N.

Proof. Let u € Hy. Then, we can write

k
u(x) = Z wieq(x)

with u; e R, i=1,... k.
Since {e1, ..., ek, ..} is an orthonormal basis of L?(£2) and an orthogonal one of Z
(see Proposition 1.2.2—(vi)), by (1.2.8) and (1.2.11), we get

k k k
2 2
lalZ, =D uf lleillz, g = D diwd <A uf = Mellulfagq)
i=1 i=1

i=1

which gives the desired assertion. O

Lemma 4.2.2. Let ¢ : Q — R satisfy (4.1.4).
Then, the following inequality holds true
2
ullZ4 = Mt llulZzq)
for all u € Px41 and any k € N.

Proof. If uw = 0, then the assertion is trivial, while if u € Pr1q \ {0} it follows from the

variational characterization of Ap41 given in (1.2.9). O

To conclude this section we prove the following result:

Lemma 4.2.3. Let f: R — R and h : Q — R be functions verifying (4.1.2)—(4.1.3)
and (4.1.5), respectively.
Then, there exists a positive constant C such that

/Q F(u(z))dx + / h(z)u(z)dz

Q

< Cllullg,,
forallu e 7.

Proof. By (4.1.3), (4.1.5), the definition of F, the Holder inequality, Lemma 1.2.1 and
[74, Lemma 6], we get

/QF(u(x))der/ h(z)u(z)dx

Q

<M /Q ()] do + [l 2 e el g

- 4.2.2
<MY Jull gagy + 1Bl oy il 422

Z,q

< Cllullz,g
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for a suitable C' > 0 (here || denotes the measure of Q and & is a positive constant).

This gives the desired assertion. O

Due to the variational nature of the problem, in order to find weak solutions for
problem (4.1.1), in the following we will look for critical points of the functional J
defined in (4.2.1). In doing this we need to study separately the resonant case and
the non-resonant one, that is the case when the parameter \ is an eigenvalue of the
operator —L g + ¢ and the one where ) is different from these eigenvalues, respectively.
We will treat the non-resonant case in the forthcoming Section 4.3 and the resonant

one in the next Section 4.4.

4.3 The non-resonant case

In this section we will prove Theorem 4.1.1 in the case when the parameter A appearing
in problem (4.1.1) is not an eigenvalue of the operator —Lx + ¢. As we said before,
the idea is to find critical points of the functional 7, given in formula (4.2.1) . To this

purpose, we will consider two different cases:

e )\ < A;:in this setting the existence of a solution for problem (4.1.1) follows from

the Weierstrass Theorem (i.e. by direct minimization);

e A\ > )\;: in this framework we will apply the Saddle Point Theorem (see [66, 67])
to the functional 7. As usual, for this we have to check that the functional 7
has a particular geometric structure (as stated, e.g., in conditions (I3) and (1) of
[67, Theorem 4.6]) and that it satisfies the Palais—Smale compactness condition

(see, for instance, [67, page 3]).

4.3.1 The case A < )\

In this subsection, in order to apply the Weierstrass Theorem, we first verify that the

functional 7 satisfies some geometric features. For this we need a preliminary lemma.

Lemma 4.3.1. Let A < Ay and let K : R™ \ {0} — (0,+00) satisfy assumptions
(0.0.3) and (0.0.4). Moreover, let f : R — R, g, h : Q@ — R be functions satisfying
conditions (4.1.2)—(4.1.5).

Then, the functional J verifies

lim inf J(u)

Hu||Z q*>+oo ||u||2Z7 q

>0
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Proof. By the variational characterization of A\; given in (1.2.7), we get
Mlullfz) < lullZ,q

for any u € Z (of course, if u = 0, this inequality is trivial).

Hence, as a consequence of this and Lemma 4.2.3, we get

j(u):%nun;q—g/ﬂ|u(x)|2dx_/QF(u(x))dz—/Qh(x)u(z)dx

S (1= ) [l = Cllullz,, if A>0
=

1 2 ~ .

Sl — Ol it A <0,

so that, dividing by Hu||2Zq and passing to the limit as [lul|; , — +oo, we get the

assertion, since A < A; by assumption. O

Proof of Theorem 4.1.1 in the non-resonant case, when \ < )\,
Let us note that the map
2
u lullz

is lower semicontinuous in the weak topology of Z, while the map
U / F(z,u(x))dx
Q

is continuous in the weak topology of Z. Indeed, if {u;};jen is a sequence in Z such
that u; — win Z, then, by Lemma 1.1.2 and [20, Theorem IV.9], up to a subsequence,
u; converges to u strongly in L” () and a.e. in  and it is dominated by some function
Ky € L¥() for any v € [1,2*). Here and in the following 2* is the fractional critical
Sobolev exponent introduced in Section 1.1 and defined as in (1.1.6). Then, by (4.1.2)
and (4.1.3) it follows

F(uj(z)) = F(u(x)) a.e. x € Q

as j — +oo and
[ (uj(2))] < M |uy(2)| < M (z) € LY(R)

a.e. x € Q and for any 5 € N. Hence, by applying the Lebesgue Dominated Convergence
Theorem applied in L'(£2), we have that

/QF(uj(ac))dx%/QF(u(;v))dx
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as j — +oo, that is the map
U / F(z,u(x))dx
Q

is continuous from Z with the weak topology to R.

Moreover, again by Lemma 1.1.2; also the map

U %/Q\u(x)F da:Jr/Qh(:c)u(x)d:c

is continuous in the weak topology of Z . Hence, the functional 7 is lower semicontin-
uous in the weak topology of Z.

Furthermore, Lemma 4.3.1 gives the coerciveness of 7. Thus, we can apply the
Weierstrass Theorem in order to find a minimum u of J on Z. Clearly, u is a weak

solution of problem (4.1.1).

4.3.2 The case \ > )\

In this subsection we can suppose that Ay < A < Agy1 for some k£ € N. This is due to
the fact that the sequence of eigenvalues Ag of the operator —Ly + ¢ diverges to 400
as k — +o0o (see Proposition 1.2.2—(iv)) .

In this framework we will look for critical points of the functional 7 using the

Saddle Point Theorem. First of all, we need some preliminary lemmas.

Lemma 4.3.2. Let A € (Mg, Agt1) for some k € N. Let K : R\ {0} — (0, +00)
satisfy assumptions (0.0.3) and (0.0.4) and let f : R - R, q, h : Q@ — R be functions
satisfying (4.1.2)-(4.1.5).

Then, the functional J verifies

lim sup j(g) <0
welly lullz 4
llullz, g—=+o0

Proof. Let u € Hy. By Lemma 4.2.1, Lemma 4.2.3 and the fact that A > 0 (being
A> A = A > 0) we get

1 A
) =3l - 5 [ @l e~ [ Pu@)ds~ [ heue)ds
2 2 Ja Q Q
1 A . -
<5 (1 ) I, + Clul -
So, dividing by ||u||22q and passing to the limit as [[uf| , , — +00, we get the assertion,

since A\ > . O
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Note that Lemma 4.3.2 holds true for any A € (Ag, Ag+1] for some k& € N and this

will be used in the resonant case of problem (4.1.1), that is in the case when A = Ag41 .

Lemma 4.3.3. Let A € (Ag, Apq1) for some k € N. Let K : R™ \ {0} — (0,+00)
satisfy assumptions (0.0.3) and (0.0.4) and let f : R - R, ¢, h : Q@ — R be functions
satisfying (4.1.2)—(4.1.5).
Then, the functional J verifies
lminf LY 5

ueP 2
e o ullz, ,

Proof. Let u € Pry1 . In this case, by Lemma 4.2.2, Lemma 4.2.3 and the positivity of

A, we have
J(u) = 1 1- A ||u||2 — C ||ul
Z 9 o1 Z,q Z,q

so that, dividing by Hu||QZ , and passing to the limit as [ull, , — 400, we get the

assertion, being A < Ap41 . O

With these preliminary results we can prove that the functional 7 has the geometric

structure required by the Saddle Point Theorem, according to the following result:

Proposition 4.3.4. Let XA € (A, Agt1) for some k € N. Let K : R™ \ {0} — (0, +00)
satisfy assumptions (0.0.3) and (0.0.4) and let f : R - R, q, h : Q@ — R be functions
satisfying (4.1.2)-(4.1.5).
Then, there exist two positive constants C and T such that
sup J(u) < —-C< inf J(u).

u€H, u€Pr 41
HUHZ, q:T

Proof. By Lemma 4.3.3 it follows that for any H > 0 there exists R > 0 such that if
u € Pry1 and |ju|l, > R then J(u) > H.
On the other hand, if u € P11 with [lu||, , < R, by applying Lemma 4.2.3, the

Holder inequality, Lemma 1.2.1 and [74, Lemma 6] we have

A 2
T(u) > —§/Q|u(x)| dx—/QF(u(x))dx—/Qh(x)u(a:)dx2
> —klluly,, = Cllull,

> —RrR?> - CR=: —C,

thanks to the fact that A > 0 (being A > Ay = A1 > 0 by (1.2.8)). Also, here & is a

positive constant.
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So, we get
J(u) = -C for any u € P41 . (4.3.1)

Moreover, by Lemma 4.3.2 there exists T > 0 such that for any v € Hj with

[ull; , = T we have

sup J(u) < sup J(u) <-C. (4.3.2)
u€Hy u€Hy
lull 5, , =T lull 5, , =T
Thus, Proposition 4.3.4 follows from (4.3.1) and (4.3.2). O

Roughly speaking, Proposition 4.3.4 says that J has the geometric structure re-
quired by the Saddle Point Theorem.
Finally, we have to show that J satisfies the Palais—-Smale condition. To this pur-

pose, first of all we prove that every Palais—Smale sequence for 7 is bounded in Z .

Proposition 4.3.5. Let A € (g, Agt1) for some k € N. Let K : R™ \ {0} — (0, +00)
satisfy assumptions (0.0.3) and (0.0.4) and let f : R - R, ¢, h : Q@ — R be functions
satisfying (4.1.2)~(4.1.5). Let c € R and let {u;}, . be a sequence in Z such that

I (uj) <, (4.3.3)

and

’

sup {|(7 (), )| - 9 € Z, llgll 7,y =1} 0 (4.3.4)

as j — 4o00.

Then, the sequence {u;},c\ is bounded in Z.

Proof. We argue by contradiction and we suppose that the sequence {u;} ey is un-

bounded in Z. As a consequence, up to a subsequence, we can assume that
lujll; , = +o0 as j — +oo. (4.3.5)

Thus, there exists u € Z such that u;/ [[u;l| , , converges to u weakly in Z, that is

/l (“j“) L) )<so<x>so<y>>z<<xy>dxdy+ a5 (@)
R2n :

luillz,g  Nusliz g luill 2, q

= [ (wle) = ) eto) ~ K@ ) dady+ [ aputo)pla)ds N

as j — +oo, for any p € Z.
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Hence, by applying Lemma 1.1.2 and [20, Theorem IV.9], up to a subsequence

I UHJ —u in LY(R™) for any v € [1,2%)
W
4 (4.3.7)
Uj : n
—— —u ae. inR
lusll 7,
as j — +oo. Here 2* is the exponent defined as in (1.1.6) .
Furthermore, by (4.1.3), (4.1.5) and the Holder inequality it follows that
Tl H /fuj dx—i—/h() (x)dx
uj
M2.q ¢ (4.3.8)
W (M ||80||L1 @t ||h||L2 Q) |\<P||L2(Q)) =0
INZ, q
as j — 400, for any ¢ € Z, thanks to (4.3.5).
So, by (4.3.6)—(4.3.8) we have
// u(@) —u(y)) (p(z) — ¢(y)) K (z — y) de dy
|uj||z q R2n
(4.3.9)
+ [ a@u(@ypa)de = [ ula)p(e)is

as j — +oo, for any p € Z.
Hence, by combining (4.3.4), (4.3.5) and (4.3.9) we get

/ / (u(z)—u(y)) (p(@) —p(y)) K (z—y) dz dy+ / g(@)ulz)p() dr = A / u(z)p(z) da
R27 Q Q

for all ¢ € Z and we deduce that u is a weak solution of problem (4.1.6).
Let us now prove that v £ 0 in Z. Assume, by contradiction, that v = 0 in Z. By
(4.3.4) with o = u;/ [Ju;l ; , we get

@)~ w@E [ @)
// ||Ug||z,q (z—y)dz “/sﬂ(x)mm T Tl
/f N ]nzq v /Q (x)nugnzq vl

(4.3.10)
as j — 4o0o0. Moreover, by (4.1.3), (4.1.5) and (4.3.7), since u = 0, we get
fluj(2)) (@) g, +/ h(z) ui(@)
Q lusllz o lully,
(4.3.11)
<M lusllz1 ) ||hHL2(Q) lwjllz2()
fusllz,, Tl

as j — +oo.
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Hence, by combining (4.3.10) and (4.3.11) it follows that

J[ O gy [ gl gy [ I0E
RQYL

[ujllz.q o llullz, o lluillz

so that, dividing by [u;l, ,, we get

||Uj||%2(sz)

[

1-A -0 as j— +o0.
This gives 1 = 0, again by (4.3.7) and the fact that u = 0 in Z. Of course, this is a
contradiction and so u £ 0 in Z.

In this way we have constructed a non—trivial function u solving (4.1.6), but this
contradicts the non-resonance assumption Ay < A < Ag41 . Thus, the sequence {u;} en
is bounded in Z and this ends the proof of Proposition 4.3.5. O

Now, we can prove the following result, whose proof is quite standard and, differ-
ently from Proposition 4.3.5, it is not affected by the resonant/non-resonant assump-

tions:

Proposition 4.3.6. Let A € R. Let K : R" \ {0} — (0,4+00) satisfy assumptions
(0.0.3) and (0.0.4) and let f : R — R, ¢, h : @ — R be functions satisfying (4.1.2)—
(4.1.5). Let {u;} oy be a bounded sequence in Z such that (4.3.4) holds true.

Then, there exists uo, € Z such that, up to a subsequence,
||Uj*uoo||z’q4>0 (lSj*)‘FOO.

Proof. Since {u;};en is bounded by assumption and Z is a reflexive space (being a
Hilbert space, by [74, Lemma 7]), up to a subsequence, there exists u, € Z such that

u; converges to us weakly in Z, that is

/ / (u5(2) — u; () (0(2) — o) K (& — y) de dy + / o(@)u; (@) p(e)de —
ez @ (4.3.12)

/ / (1150 () — 1100 (1) (0(2) — P()) K (2 — ) dz dy + / 4(@) oo ()0 () d
R2n Q

as j — —+oo, for any ¢ € Z. Moreover, by applying Lemma 1.1.2 and [20, Theo-

rem IV.9], up to a subsequence

U; = Uso in LY(R™) for any v € [1,2*
’ ( 1.2) (4.3.13)
Uj = Uso  an€. in R”

as j — +o0o. Again 2* is defined as in (1.1.6) .
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By (4.3.4) we have
0 (T )y =) = [ fuya) =) K w =) oy
'1'2{17— U \T) — Uj u, Xr)—u Tr — X
+ [ @ @) de = [ 500 = )0 (@) = w0 K @ =) dndy
[ at@us @)z = [ w5(a) (05(0) = o) d

Q

| #aus @) (w) =t = [ hia) (5 (2) = )

Q

(4.3.14)
as j — +o0.
Also note that, by the definition of norm in Z (see formula (1.1.7)), since {u;} en

is bounded in Z, then {u;}jen does in L?(92). Hence, by using the Holder inequality,
(4.1.3), (4.1.5) and (4.3.13), we get

’)‘/Quj(ff)(uj(x) — Uoo(7))dz + /Q f (@, uj(2)) (s () — uco () d
—I—/Qh(:z:)(u](x) — Uso())dx (4.3.15)

< ()\ ||uj||L2(Q) + M |Q\1/2 + Hh”L2(Q)) llu; — Uoo”Lz(Q) —0

as j — +oo.
Then, by (4.3.12), (4.3.14) and (4.3.15) we obtain

//R luj(z) — uj(y))* K (z — y) dz dy + /Q a(@) |uj ()| de
= [ ele) = ue )P Ko = ) dndy+ [ ) (o) e

that is
lujll 7, 4 = llusollz, g (4.3.16)
as j — +oo.
Finally, we have that
2 2 2
luj = ucollz, o = llusllz, 4 + luscllz 4

7 //Rzn (u () = uj (Y)) (oo () = oo (y)) K (2 — y) dz dy — 2 /Q q(@)u;(2)uco(x)dx
2 el =2 [ () )P K@ =) dody =2 [ @) (o) o = 0

as j — 400, again thanks to (4.3.12) and (4.3.16). This concludes the proof. O
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Proof of Theorem 4.1.1 in the non-resonant case, when \ > )\,

For the proof it is enough to observe that, by Proposition 4.3.4 the functional J
satisfies the geometric assumptions required by the Saddle Point Theorem, while by
Propositions 4.3.5 and 4.3.6 it verifies the Palais—Smale compactness condition. Hence,
as a consequence of the Saddle Point Theorem, J possesses a critical point u € 7,

which, of course, is a weak solution of problem (4.1.1).

4.4 The resonant case

In this section we study problem (4.1.1) in presence of a resonance, namely when A is
an eigenvalue of the operator —L i +¢. This kind of problem is harder to solve than the
non-resonant one and we have to impose further conditions on the nonlinearities in the
equation. Namely, we have to assume the extra conditions (4.1.7) and (4.1.8) on f and
h . Also, we use the fractional counterpart of a well-known property of the eigenvalues
in the standard case of the Laplacian (see [41, 54]), that is all the eigenfunctions are
almost everywhere different from zero. In the non—local framework this result, recalled
in the following theorem, is a direct consequence of the unique continuation principle
proved by Fall and Felli in [42, Theorem 1.4].

Theorem 4.4.1. [42] Let Q2 be a bounded domain of R™. Let e be an eigenfunction
corresponding to the eigenvalue A of problem (1.2.1).
Then, by setting the nodal set N as

N={zxeQ: e(zx)=0},
it follows that N has a zero Lebesgue measure.

Without loss of generality, in the sequel we assume that for some k, m € N
A < A= Ak—i—l =...= Ak_t,_m < /\k+m+1 s (441)

that is we suppose that A is an eigenvalue of —Lg + ¢ with multiplicity m .

As in the non-resonant framework, here the idea is to apply the Saddle Point The-
orem. Hence, also in this case, we have to check that the functional J satisfies the
Palais-Smale condition and possesses a suitable geometric structure. The resonant as-
sumption (4.4.1) affects both these problems (i.e. the compactness and the geometric
structure of the functional), making the proof more difficult than in the non-resonant
setting.

Let us start by proving the compactness condition. If compared with the non-

resonant case, in the resonant one the difference lies in the proof of the boundedness of
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the Palais—Smale sequence. Indeed, in order to show that the Palais—Smale sequence is
bounded in Z , here we have to use different arguments, since the ones used in the non-
resonant case are based mainly on the fact that the parameter X is not an eigenvalue
of the operator —Lx + ¢. Precisely, we will argue by contradiction and we will use
the Landesman—Lazer condition (4.1.8), which will be fundamental for our arguments.

Also, it will be crucial for our proof the property stated in Theorem 4.4.1.

Proposition 4.4.2. Let A be as in (4.4.1) for some k,m € N. Let K : R*\ {0} —
(0, +00) satisfy assumptions (0.0.3) and (0.0.4). Moreover, let f :R - R, ¢, h: Q@ - R
be functions satisfying (4.1.2)—(4.1.5), (4.1.7) and (4.1.8). Let c € R and let {u;}
be a sequence in Z such that (4.3.3) and (4.3.4) hold true.

Then, the sequence {u;} ;. is bounded in Z.

JEN

Proof. First of all, let us write u; = w; + v;, with w; € E and v; € Ey , where

Ey :=span{ept1,---Chtm}

is the linear space generated by the eigenfunctions related to A = A\x11 (see assump-
tion (4.4.1)).

In order to prove Proposition 4.4.2, it is enough to show that both the sequences
{w;};en and {v;},en are bounded in Z.

Let us prove first that the sequence {v;};cn is bounded in Z. For this, note that,
since w; € K, then

—Lrw; + g(x)w; = Aw;

in the weak sense, that is for any p € Z

I 010~ 0,0 (60) — o) dwdy + [ o))t ds
R2n Q

Moreover, by linearity, for any ¢ € Z
] i@ — w0 (¢l0) — ) dody = [[ (o) = w30) (060 ~ o(w) do dy
R2n R2n

* //]RZn (vj(x) — Y (y)) (w(z) - @(y)) dz dy
(4.4.3)

and

| a@us@e@ e = [ swu@e@dr+ [ a@p@ea . (@44
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Hence, as a consequence of (4.4.2)-(4.4.4) and (4.3.4) we get that for any ¢ € Z
T (ug), ) =
/ / (15(2) = 03 (0) (612) — $() Ko — ) dody + [ afe)uy(w)p(o)ds
R2n Q

+ //R (vj (@) = v; () (o(x) = (y)) K (z = y) dz dy + /Q q(z)v; (2)p(z)dw

f>\/ dxf/ Fluj(z dx—/ﬂh(x)g@(z) dx

:// (”J(x)*vj(y)) (90( - (y))K( )da:dy+/q( z)v;(x)p(z)de
R2n o

f)\/ dxf/fuj dxf/ﬂh(x)ga(:r)dx

as j — +oo.

(4.4.5)

Now, assume by contradiction that [|v;]|, , — tooas j — +oo. Arguing exactly
as in the proof of Proposition 4.3.5 one shows that v;/[lv;|| ; , converges weakly in Z
to an eigenfunction v relative to A.

Of course v € E) \ {0}, being an eigenfunction. On the other hand, since

1
v; € Ex = span{e1, ..., €k, €htmt1s--- s

then v € E5- . This leads to a contradiction since v # 0 and v € Ey N E{ = {0}. Then,
{vj},cy is bounded in Z.
Now, it remains to prove that {w; }jGN is bounded in Z . Also in this case we argue

by contradiction and assume that
I pp——~ (4.46)

as j — +oo.
Since F) is finite dimensional, there exists w € F such that, up to a subsequence,
wj/ |lwsll, , converges to w strongly in Z as j — 4o00. Moreover, by applying Lemma

1.1.2 and [20, Theorem IV.9], up to a subsequence

” Uhj —w in LY(R™) for any v € [1,2%)
W
o (4.4.7)
I —w ae. inR"
Twil
as j — +o0o. The exponent 2* is given in (1.1.6).
Note also that, since w € F) , for any ¢ € Z we get
[ @@ —ww) (e - o)K@ - pdrdy+ [ a@pie)pe)ds
R @ (4.4.8)

= [ w@)pla) do.
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that is w is an eigenfunction of problem (4.1.6) . Hence, by Theorem 4.4.1, the func-

tion w is almost everywhere different from zero, say
w(x) #0 for any z € Q\ N, (4.4.9)

where N C Q has zero Lebesgue measure.
So, by using (4.4.6), (4.4.7), the fact that {v,};en is bounded! in Z and (4.4.9), for

a.e. ¢ € ) we get

w;(z) +oo for a.e. x € {w > 0}
wi(z)=w;(x) +v;(z) = |w; — I 4 i(x) —
)= 05(0) 1) = sl 0 {_OO SO
(4.4.10)
as j — +o0.

Let us define the function fo : Q2 — R as

) e ifze{w>0}
f“(x)'{fl it 2 € {w < 0},

where f; and f, were introduced in (4.1.7). Note that f is well defined, thanks to
(4.4.9).
By (4.1.2), (4.4.10) and the definition of f, it follows that

fluj(z)) = foolz) ae ze€,

while, by (4.1.3), the fact that Q is bounded and the Lebesgue Dominated Convergence

Theorem we have
fu;) = foo in LY(Q) for any v € [1, +00) (4.4.11)

as j — +oo.
Hence, by combining (4.4.5) with ¢ = w, (4.4.8) with ¢ = v; and (4.4.11), we

obtain

/ foo(x)w(x)dx—i—/ h(z)w(x)dz =0,
Q Q
namely, writing w(z) = w(z) — w™ (z) and taking into account the definition of f.,
/ h(z)w(x)dr = fl/ w” (z)dr — fT/ w (z)dz.
Q Q Q

This contradicts assumption (4.1.8). Thus, the sequence {w;};jen has to be bounded

in Z and this concludes the proof of Proposition 4.4.2. O

I'We stress that the boundedness in Z imply the convergence of v;j to some v in LY(R™) and a.e. —

in particular, |v(z)| # +oo for a.e. z € Q.
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As a consequence of Proposition 4.3.6 and Proposition 4.4.2; the functional J has

the Palais—Smale compactness property.

Finally, we prove that the functional J has the geometric feature required by the
Saddle Point Theorem. As we said above, the resonance assumption affects also the
proof of the particular geometric structure of the functional 7 , making it more difficult
than in the non-resonant setting. Indeed, here we can not use the arguments performed
in the non-resonant framework, but we have to argue in a different way. For this, we
will make use of Theorem 4.4.1 and of the Landesman-Lazer condition (4.1.8), which

will be both crucial in the proof of the following proposition:

Proposition 4.4.3. Let X\ be as in (4.4.1) for some k,m € N. Let K : R™\ {0} —
(0, +00) satisfy assumptions (0.0.3) and (0.0.4). Moreover, let f :R - R, ¢, h: Q - R
be functions satisfying (4.1.2)—(4.1.5), (4.1.7) and (4.1.8).

Then, the functional J verifies

inf  J(u) > —o0. (4.4.12)

u€Pp 41

Proof. In order to prove Proposition 4.4.3, we argue by contradiction and assume that

there exists a sequence {uj} in Pr; such that

JEN
J(uj) = —oo, (4.4.13)

as j — +oo.
First of all, note that, by (4.4.1) and the orthogonality properties of {e;,...,ex,...}

(see Proposition 1.2.2-(vi)), we can write Pr1 as follows
Pry1 = Ex ® Primi1

(recall that Ey := span{egi1, ... €ktm})-

Then, for any j € N the function u; can be written as
Uj = ’U}j —+ Uj s (4414)

with w; € E) and v; € Pyqp41, so that w; and v; are orthogonal both in Z and in
L?(Q), again thanks to Proposition 1.2.2-(vi).

From now on we proceed by steps.

Claim 1. The following assertion holds true:
sl = +00

as j — +o00.
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Proof. First of all, since w; € E), note that

//R% \wj(ﬂf)—wj(y)|2K(w—y)d$dy+/Qq(x) \wj(:v)|2dx:)\/g|wj(x)\2dm_

So, as a consequence of this, of (4.4.14), of the orthogonality of the w; and v;, of

Lemma 4.2.2 (here applied in Py,,+1) and of the positivity of A, we get
1 2 A 2
T(uj) = 5 Muilly , — 5 [ @) de — | F(u;(x))de - h(x)ua(af)dx
2 2 Jo Q
1 1 A
= 5yl 5 1051, = Sl ey = 3l = | Pluada

- /Q h(z)u;(x)d

(1 - Afﬂ) o1, = [ Flusends = [ ouy(olda

A 2 ~
11— —— | ||v; —C||uy
(1= 52 ) Ity = Gl

A ) N )
1= wll2, = Clojll, . — C llw;
< /\k+m+1>” il g = Closllz g = Cllwsll, ,

WV WV

WV
N = N = N =

(4.4.15)
also thanks to Lemma 4.2.3. So, by combining (4.4.13) and (4.4.15) we get

1 A , - )
- 1- i —C||v; — C'|w, — — 4.4.16
5 (17 5o Il = Gl = gl o0 (14.16)

which implies necessarily that
will; , = +00 as j — 400,
since A = Ap11 < Aktm41 by (4.4.1). Hence, Claim 1 is proved. O
Now, since F) is finite dimensional, there exists w € E) such that, up to a subse-

quence,

w;/ ||wjllz , — w strongly in Z (4.4.17)

as j — +oo. Note that w # 0, since ||w|| = 1. Also, w is an eigenfunction of prob-

lem (4.1.6) and so, by Theorem 4.4.1 w is almost everywhere different from zero, say
w(z) #0 for any z € Q\ N, (4.4.18)

where N C 2 has zero Lebesgue measure.
Moreover, by applying Lemma 1.1.2 and [20, Theorem IV.9], up to a subsequence,

we also have

Y s w o L”(R™) for any v € [1,2%)

lwillz, 4 (4.4.19)
Y L, w ae inR"

lwillz, 4
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as j — 4o0o. Again here and in the sequel 2* is the exponent given in (1.1.6).

Now, assume that ||v;] 2,4 7# O for j sufficiently large. We will discuss the case when
lvjllz,q = O later on.
Again by applying Lemma 1.1.2 and [20, Theorem IV.9] we can say that there exists

v € Z such that, up to a subsequence

Y% 4y i L”(R™) for any v € [1,2%)

ij||z7q (4.4.20)
% 4 ae inR"

15l 2, 4

as j — +oo.

Now, let us continue with some claims.

Claim 2. The following assertion holds true:

"
loillyy
To52.

as j — 400.

Proof. If {||vj]
that ||vj]|z,q — 400 as j — +o00. Writing (4.4.16) as follows

1 )\ ~ ~HwJ|Z
v Sl ) il = C = C—=2 | = —o0,
il <2 ( /\k+m+1> Ioillz.q 1vjll 2,

we would get necessarily that Claim 2 holds true, by assumption (4.4.1) . This concludes
the proof of Claim 2. O

Z"I}jeN was bounded, then Claim 2 would follow by Claim 1. Assume

Claim 3. The following assertion holds true:

F(uj(z))

= w(x) foo(z) a.e.x€Q
lwill 2, q

as j — +oo, where fs : Q2 — R is the function defined as

) fr ifze{w>0}
fool@) == { G ifee fw<0), (4.4.21)

with f; and f, given in (4.1.7) and w as in (4.4.17) .

Proof. To prove this we first observe that

lim F(t) fi and  lim w:fr. (4.4.22)

to—co t t+oo
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We prove the identity for f,., since the one for f; is alike. If f. # 0, we can use de
I’Hopital Theorem and get (4.4.22). On the other hand, when f, = 0, for any ¢ > 0
there exists T' > 0 such that |f(¢)| < e for ¢ > T. So, by (4.1.3) for ¢t > T it follows

that . .
([ 1mars [ smar)| <

Passing to the limit as t — +o00 and as € — 0 we obtain (4.4.22) in this case too.
By (4.4.14), Claims 1 and 2, (4.4.18), (4.4.19) and (4.4.20) for a.e. x € ) we get

(t-T)
—

'Fit)‘ M%—i—s

() = w;(x) + v (z)
ﬂwZ4WM)+MMQM@>

(willz,q — llwillz q 03l 2,

(4.4.23)

R +oo for a.e. z € {w > 0}
—oo for a.e. z € {w < 0},

as j — +oo. In particular, fixed any x € 2, we have that u;(x) # 0 for large j.
Now, again by (4.4.14) and Claim 1, we can write

F(u;(x V(@ w;(z) \ Flu;(z
|@ﬁ3‘@éﬁ@Wéﬁ) i (1424)
By (4.4.22) and (4.4.23)
Fluy(@) { £ forae. z € {w>0}
uj () fi forae. ze{w<0},
that is
w s foolz) ae z€Q (4.4.25)

as j — +4oo, where f, is given in (4.4.21) (this function is well defined, thanks to
(4.4.18)).
Moreover, by Claim 2 and (4.4.20) it follows that

vi(x) HUj”z,q vj(z)

Tsll,, ~ Twsl,, Toill,,

—+0 ae.zeR" (4.4.26)

as j — +00. So, by combining (4.4.24)—(4.4.26) and by using also (4.4.19), we get the

assertion of Claim 3. O

Claim 4. The following assertion holds true:
B (uy)

Tl

— Wl in L'(Q)
as j — +oo, where w is as in (4.4.17) and fo is defined as in (4.4.21).
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Proof. Since {uj/ l|luill , q}
g
and [20, Theorem IV.9], up to a subsequence, it converges strongly in L*(£2) and there

exists & € L'(Q2) such that for any j € N

N is bounded in Z, as usual by applying Lemma 1.1.2
€

|uj(2)]

lujllz, g

< k(z) ae xzeQ. (4.4.27)

Moreover, by the orthogonality properties of v; and w; we get

llu;llz, 4

— 14 illzg
[[w,|

)
Z.q |wjllz, 4

so that, by Claim 2 it follows that for any j € N

lujllz,

<C

lwill 2,4

for some positive constant C'.
As a consequence of this, (4.4.27) and (4.1.3) we get a.e. x €

D] o gl sl @ g gy

X ==

lwill 2,4 lwillz, 4 lwill 2, 1usll 2,4

for a suitable positive constant C'. Then, the Lebesgue Dominated Convergence The-

orem and Claim 3 yield the assertion of Claim 4. O

Claim 5. The following assertion holds true:

(R o wE)
e (/Q sl - sl ) =

Proof. First of all, note that

U _ w; + vj _ W n v H'Uj”Z,q Sw in LQ(Q),
foslne Ty, sl Tl ol

as j — +oo, thanks to (4.4.14), (4.4.19), (4.4.20) and Claim 2.
As a consequence of this and by Claim 4 and (4.4.21) we have

| Fly(@) [ )
e </ Tl ¢ - ’wjz,qd>

Q
= Qfoo(x)w(m)dx+/ h(z)w(x)dx

Q

= f,,/ uﬁ(x)dm—f;/ w_(x)dm—i—/ h(z)w(zx)dx <0,
Q Q Q
(4.4.28)
since (4.1.8) holds true. This ends the proof of Claim 5. O
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Now, we can conclude the proof of Proposition 4.4.3. Indeed, arguing as (4.4.15)
and using (4.4.1), we get

gt =5 (1- 52— ) ||vj||2z,q - [ Pl - / () ()

Aktm41

F
> —|lwl, Flu@) 4, +/h @) g
4 ” J”Zq ijqu

so that, by Claim 1 and Claim 5, we deduce

J(uj) = +o0 as j— +oo,

which contradicts (4.4.13). Hence, Proposition 4.4.3 holds true in the case when [|v;| 7z, 4 #
0 for j large enough.

Finally, it remains to consider the case when |[|v;||, . = 0 for j sufficiently large (up
to a subsequence). In this setting, using the same arguments as above, the proof can
be repeated in a simpler way. For the sake of clarity and for reader’s convenience we
prefer to give full details.

Since [|v;| ; , = 0 for j sufficiently large, it easily follows that
v; =+ 0in Z (4.4.29)
as j — +o0o. Hence, by Lemma 1.1.2 and [20, Theorem IV.9] up to a subsequence

v; = 0 in LY(R") for any v € [1,2")
! [ (4.4.30)
v; =0 ae.in R"
as j — +oo.
As a consequence of this and by (4.4.14), (4.4.19) and Claim 1, we get that

Uy _ Wy Yj

= — w in LY(R") for any v € [1,2"), (4.4.31)
lwillz,q  llwjllz,q ~ lwillzq
so that
M%w(w) aex €
[w;llz, 4

as j — +o0, and, for any j € N and a.e. z € )

|uj ()]

< Ky (2) (4.4.32)
|w;llz, q

for some x, € L¥(Q).
Also, again by (4.4.14), Claim 1, (4.4.19) and (4.4.30), we deduce that a.e. x €

() = w(2) + vs w w;(z) iz +oo if z € {w >0}
() = (o) + 5 (0) = sz 2+ AH{ A

(4.4.33)

willz,q
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as j — +oo, thanks to (4.4.18).
Hence, by (4.4.22) and (4.4.33), also in this case we get

F(uj(z))
— " = .e. Q 4.4.34

(@) foolz) ae . xze ( )
as j — +o0o, where fo, is the function defined in (4.4.21) .

Now, we have that

Flu, (@) = ( o;() + w; () ) F(u;(z) = w(x)fo(r) ae. 2 €Q, (4.4.35)

lw;llz, 4 lwill 7, Nwillz g ) us(@)

as j — +oo, thanks to (4.4.14), (4.4.19), (4.4.30) and (4.4.34) .
Furthermore, by (4.1.3) and (4.4.32) we get that a.e. z € {2 and for any j € N

Flu. :

| (UJ(SC))| < M |UJ(ZC)| g M/Ql(l‘) c Ll(Q)7
lwjllz,q lw;llz,q

so that, using also (4.4.35), we obtain

W) i L) (4.4.36)
[w;llz, 4

as j — +o0.
Now, with (4.1.8), (4.4.31) (here used with v =2 < 2*) and (4.4.36), arguing as in

Claim 5, we can show that

lim < de—k/h(x)wdx) <0.
Q

i=too o lwsllz, |wjllz, 4

Thus, the conclusion of Proposition 4.4.3 follows as in the previous case. This ends
the proof of Proposition 4.4.3. O

Finally, we are ready to prove Theorem 4.1.1, in the resonant case.

Proof of Theorem 4.1.1 in the resonant setting

First of all, let us check the geometric structure of the functional J . For this, let

By Proposition 4.4.3 and the fact that J # +o0o, we have that I € R. Moreover, by
Lemma 4.3.2, there exists R > 0 such that for any u € Hy, with |lul|z , > R it holds
true that

Ju) < —|I|<1I.
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Then, as a consequence of this, we get

sup Ju)< sup Jw)<I= inf J(u),
wEHy, weH u€EPK 41
lullz, =R lullz, =R

that is J has the geometry required by the Saddle Point Theorem (see [67, Theo-
rem 4.6]).

Finally, by Proposition 4.3.6 (which holds true for any A € R) and Proposition 4.4.2,
the functional J satisfies the Palais—Smale condition.

Hence, we can make use of the Saddle Point Theorem in order to obtain a critical

point u € Z of J. This concludes the proof of Theorem 4.1.1 in the resonant case.
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Chapter 5

A Kirchhoff type problem

5.1 Introduction

The purpose of this chapter is to investigate the existence of non-negative solutions for

a Kirchhoff type problem driven by a non—local integrodifferential operator, that is

~M (JJul}) £xu=Af@,u)+ [l P in g,

(5.1.1)
uw=0 in R™\ O

where n > 2s with s € (0,1), 2* = 2n/(n — 2s), A is a positive parameter,  C R" is
an open, bounded set, M and f are two continuous functions whose properties will be
introduced later and L is the non-local operator defined as in (0.0.2) whose kernel
K :R"\ {0} — (0, 400) still satisfies conditions (0.0.3) and (0.0.4).

The particularity of this kind of problem is due to the non-local behaviour of the
term M <||u||22) For this, the equation in (5.1.1) is no longer a pointwise identity, so
the treatment of this problem presents such mathematical difficulties which make the
study particularly interesting.

This kind of problem has been widely studied in recent years: we refer to [2, 34, 44,
45, 59] for Kirchhoff problems involving the classical Laplace operator, to [8, 10, 13, 35]
for the p-Laplacian case and to [93] for a Kirchhoff operator with critical exponent.
In [2, 44] the approach used is mainly based on the variational method joined with
a concentration compactness argument, as in the present chapter. In particular in
[44], the authors use a truncation argument to control the non-local term M. Also in
[34, 59] a variational method is still used, but the main difference compared with the
previous papers is that the critical Kirchhoff problem is set in all R", resulting in lack
of compactness of the embedding of H'(RY) into LP(RY). In [8, 10, 13, 35, 93] the
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so-called degenerate case was taken into account in the elliptic case: in such a case,
the function M verifies M(0) = 0, while in this chapter M is bounded below by a
positive constant, that is substantially the non-degenerate case. While non-degenerate
problems have been widely studied, only few attempts have been made to cover also
the degenerate case !.

Inspired by the above articles, in this chapter we would like to investigate the
existence of a non—trivial solution for problem (5.1.8), by extending the results dealt
with in [44] for the classical Laplacian case

In view of our problem, we suppose that M : ]Ra“ — RT verifies the following
conditions:

M is an increasing and continuous function; (5.1.2)
there exists mg > 0 such that M (t) > mg = M(0) for any t € RT . (5.1.3)

A typical example for M is given by M(t) = mg + tb with b > 0.
Also, we assume that f: Q2 x R — R is a continuous function that satisfies:

lim f@?)

[t|—0 ¢

= 0 uniformly in = € (5.1.4)

t
there exists ¢ € (2,2%) such that lim f@,1)
[t|—oo t971

= 0 uniformly in x € Q; (5.1.5)

there exists o € (2,2%) such that for any z € Q and ¢t > 0
: (5.1.6)
0<oF(z,t)= 0‘/0 flz,r)dr < tf(z,t).
We would observe that conditions (5.1.4)—(5.1.5) give a subcritical growth for f since
q < 2*. While assumption (5.1.6) represents the well-known Ambrosetti-Rabinowitz
superlinear condition (see [6]), with also the restriction o < 2*.
Moreover, since we intend to find non-negative solutions, we assume this further
condition for f
f(z,t) =0 for any z € Q and ¢t < 0. (5.1.7)

An example of a function satisfying the conditions (5.1.4)—(5.1.7) is given by

0 if + <0,
fla,t) = ¢ a(x)ti=t f0<t<l,
a(z)ta=t ift>1,

with 2 < ¢1 < ¢, a € L*®(2) and a(z) > 0 for any z € 2.

L After this thesis was concluded, we complete the study of problem (5.1.1) in [9], by covering also

the degenerate case.
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Now, before stating our main result we recall the weak formulation of (5.1.1), given

by the following problem

M(Jlull% / / ) ((e) — o) K (@ — y)de dy
dﬂC-l—/ lu(z 2 -2 u(z)p(z)de Vo€ Z (5.1.8)
u€e z.

Thanks to our assumptions on Q, M, f and K, all the integrals in (5.1.8) are well
defined if u, p € Z.

Theorem 5.1.1. Let s € (0,1), n > 2s and Q be a bounded open subset of R™. Assume
that the functions K : R" \ {0} — (0, +00), M : Rf — R* and f: Q x R — R satisfy
conditions (0.0.3) and (0.0.4) and (5.1.2)—(5.1.7).

Then there exists \* > 0 such that problem (5.1.1) has a non—trivial weak solution

U ’07 all )\ 2 )\ - Such SOl’ul’J’ion alSO ver iﬁes
1. — U. .19

The chapter is organized as follows. In Section 5.2 we introduce a truncated problem
whose weak solution will be a weak solution of the original problem (5.1.1). Section 5.3
is devoted to the study of our main results, by proving first some technical lemmas and

the existence of a solution for the truncated problem.

5.2 A truncated problem

In order to prove Theorem 5.1.1 we need to control the non-local term M <||u||22> For
this, inspired by the truncation argument used in [3, 44], we first study an auxiliary
truncated problem. Clearly, here we are assuming that M is unbounded, otherwise
the truncation on M is not necessary. Given o as in (5.1.6) and a € R such that

mp < a < %mo, by (5.1.2) there exists ¢ > 0 such that M (#y) = a. Now, by setting

M (t) L M(t) if 0 <t to,
T a if t > to,

we can introduce the following auxiliary problem

Ma(lul)Exn = M)+ Wl in @, (2.1
u=0 in R"\ Q o
with f and A defined as in Problem (5.1.1). By (5.1.2) we note also that
M,(t) <a foranyt > 0. (5.2.2)
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As we show in the sequel, the proof of Theorem 5.1.1 is based on a careful study of the

weak solution of problem (5.2.1). For this, we first prove the following result.

Theorem 5.2.1. Let s € (0,1), n > 2s and Q be a bounded open subset of R™. Assume
that the functions K : R"\ {0} — (0, +00), M : RT — R* and f: Q x R — R satisfy
conditions (0.0.3) and (0.0.4) and (5.1.2)—(5.1.7).

Then there exists Ao > 0 such that problem (5.2.1) has a non—trivial weak solution,

for all X\ = Xg and for all a € (my, %mo).

5.3 Variational formulation and main results

For the proof of Theorem 5.2.1, we observe that problem (5.2.1) has a variational
structure, indeed it is the Euler-Lagrange equation of the functional J, » : Z — R
defined as follows
1/\ 2 1 2*
Ja (W) = S Ma(llullz) = A | Flo,uz))de — o | Ju(@)]” dz.
Q Q
where .
M\a(t):/ M, (T)dr.
0

Note that the functional J,, » is Fréchet differentiable in v € Z and for any ¢ € Z
(Tew) = Mollul}) [[ | (o) = uw) (9(0) = ) K =) o dy

o (5.3.1)
i\ /Q f (o u(@)) () d — /Q (@)~ u(z)p(z)de .

Thus critical points of J, » are weak solutions of problem (5.2.1). Unlike previous
chapters, the nonlinearity appearing on the right-hand side of main problems (5.1.1)
and (5.2.1) is not asymptotically. For this, here we change variational theorem by
applying the Mountain Pass Theorem (see [67, 86]) to prove Theorem 5.2.1. Thus, as
usual, we have to check that J, » posses a suitable geometric structure (as stated e.g.
in [86, Theorem 6.1]) and it satisfies the Palais—Smale condition (see for instance [86,
page 70]).

To prove all these properties, we need appropriate lower and upper bounds for f
and its primitive. Now, assumptions (5.1.4) and (5.1.5) give subcritical growths. That
is, for any £ > 0 there exists ¢ = c(¢) > 0 such that

|f(z,t)] < 2e|t| + qe- [t|*”" for any (z,t) € QxR (5.3.2)
by considering also (5.1.7) and so for the primitive

|F(z,t)| < et +co|t|?  for any (z,t) € Q x R. (5.3.3)
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Finally, (5.1.6) implies that F(x,t) > c(x)t? for all (x,t) € Q x [1,00), where ¢(x) =
F(z,1) is in L>=(Q) by (5.3.3), with e = ¢ = 1. In conclusion, for any (z,t) € Q2 x Rt

F(x,t) > c(x)t” — C(x), C(z)= tren[(aﬁ] |F(z,t) — c(x)t?]. (5.34)

Again C € L*>(Q) by (5.3.3).

5.3.1 Geometry for auxiliary functional

Here we first prove that the functional 7,  has the geometric features required by the

Mountain Pass Theorem.

Lemma 5.3.1. Let K : R"\ {0} — (0,+00), M : Rf - R* and f : Q xR — R be
three functions satisfying (0.0.3) and (0.0.4) and (5.1.2)-(5.1.7).

Then, for any A > 0 there exist two positive constants p and « such that
Ta,a(u) = a >0, (5.3.5)
for any u € Z with ||u| , = p.

Proof. Fix A > 0. By (5.1.3) and (5.3.3) we get

m 1 *
Tas(w) = 2 fully == [ Ju(o) do— e [ @) do - - [ u() .
Q Q Q

So, by using a fractional Sobolev inequality (see [40, Theorem 6.5]), there is a positive
constant C' = C(Q) such that

” :
Tor(w) > (52 = eXC) Jully = e:AC ull — Ol -

Therefore, by fixing £ such that mg > 2eAC, since 2 < ¢ < 2%, the result follows by
choosing p sufficiently small. O

Lemma 5.3.2. Let K : R"\ {0} — (0,+00), M : RS = R* and f : Q xR — R be
three functions satisfying (0.0.3) and (0.0.4) and (5.1.2)—(5.1.7).
Then, for any X > 0 there exists an e € Z with e > 0 a.e. in R"™, J, x(e) < 0 and

llell , > p, where p is given in Lemma 5.3.1.

Proof. Fix A > 0 and take ug € Z such that ||ug||, = 1 and up > 0 a.e. in R™. Now,
let t > 0. By using (5.2.2) and (5.3.4), we get

t2 - 2 .
Ta, A (tug) < ag — t")\/ (@) luo(@)]” dz + A |C| 1) — 2—*/ luo(z)[* dz.
Q Q

Since 2 < o < 2%, passing to the limit as ¢ — 400, we get that J,, 1 (tug) = —o0, so
that the assertion follows by taking e = t,ug, with ¢, > 0 large enough. O
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5.3.2 The Palais—Smale condition
In this subsection we discuss a compactness property for the functional J;, », given by
the Palais—Smale condition at a suitable level. For this, we fix A > 0 and we set

for = Dol gy Je 00

where

[':={y e C([0,1], 2) : 7(0) =0, Ja,A(7(1)) <0} .

Clearly, cq,x > 0 by Lemma 5.3.1. We recall that {u;},_ is a Palais-Smale sequence
for J,, x at level ¢, 5 if
Ta,A(uj) = ca,xs (5.3.6)

and
sup { (T, »(u;), )| 0 € Z, |lgll; =1} =0, (5.3.7)

as j — +oo. Also, we say that J,, » satisfies the Palais-Smale condition at level ¢,  if
any Palais-Smale sequence {u; }j en at level ¢,y admits a convergent subsequence in
Z.

Before proving the relatively compactness of the Palais—Smale sequences, we intro-
duce an asymptotic condition for the level ¢, . This result will be crucial not only to
get (5.1.9), but above all to overcome the lack of compactness due to the presence of

a critical nonlinearity.

Lemma 5.3.3. Let K : R"\ {0} = (0,+00), M : RT = R and f : Q xR — R be
three functions satisfying (0.0.3) and (0.0.4) and (5.1.2)—(5.1.7).
Then

lim ¢, x =0.
A— 400

Proof. Fix A > 0 and let e € Z be the function given by Lemma 5.3.2. Since J;,
satisfies the Mountain Pass geometry, it follows that there exists ¢y > 0 verifying
Ta a(tre) = max Ja, 2(te). Hence, <._7;7A(t,\e), e> =0 and by (5.3.1) we get

tllells Ma(2 [lel2) )\/fx tre(e))e(z) dz + ¢ —1/ le(z (5.3.8)

Now, by construction e > 0 a.e. in R™. So, by (5.1.6), (5.2.2) and (5.3.8) it follows

allell > -2 / e(z)?

which implies that {t)},cg+ is bounded.
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Fix now a sequence {\;};en C RT such that \; — 400 as j — +oo. Clearly
{tx, }jen is bounded. Hence, there exist a subsequence of {\;};en and a constant 3 > 0
such that ¢);, — 3 as j — +o00. So, by using also (5.2.2) and (5.3.8) there exists D > 0
such that

Aj/ f(:c,t,\je(a:))e(x)dx—&—ti*__l/ e(@)? do = ty, Mo(2 lle]2) <D (5.3.9)
Q J Q J

for any j € N.
We claim that 8 = 0. Indeed, if 5 > 0 then by (5.3.2) and the Dominated Conver-

gence Theorem,
/ [z, tx,e(z))e(x) de — / f(z, Be(x))e(x) dr  as j — +oo.
Q Q

By remembering that A; — 400, we get

lim /\j/ [z, tye(x))e(x) dr + t?\*__l/ |e(x)|2* dx = +o0
J—rFoo Q ’ / Q

which contradicts (5.3.9). Thus, we have that 5 = 0. Now, we consider the following
path ~,(t) = te for ¢ € [0,1] which belongs to I'. By using (5.1.6) and Lemma 5.3.1 we
get

11—
0 < Cax < max Joa(7=(1) < Jaa(tre) < 5Ma(83 Jlelly)- (5:3.10)

By (5.1.2) and by remembering that 5 = 0 we have
: AT (42 2\
Jlim BB [lel3) =0,
and so by using also (5.3.10) we can conclude the proof. O

Now, as usual we first prove the boundedness of a Palais-Smale sequence for 7,

at level cq, 5.

Lemma 5.3.4. Let K : R"\ {0} — (0,+00), M : Rf - R* and f : Q xR — R be
three functions satisfying (0.0.3) and (0.0.4) and (5.1.2)~(5.1.7). For any A > 0, let
{u;},en be a sequence in Z verifying (5.3.6) and (5.3.7).

Then {u;},cy is bounded in Z.

Proof. Fix A > 0. By (5.3.6) and (5.3.7) there exists C' > 0 such that

|Ja,(u;)] < C and ’<u7(;7>\(uj) uJ|>’ <0, (5.3.11)
A

b
|y

for any j € N. Moreover, by (5.1.3), (5.1.6), and (5.2.2) it follows that

1,
Ta, A (uj) — p <\7a,)\(uj)>uj>

5.3.12)
I 1 2 e (L1 .
> 530ll3) ~ 20l Tl > (o - Sa) Il
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So, by combining (5.3.11) with (5.3.12) and by remembering that my < a < %mo, we

can conclude the proof. O

We are now ready to prove the Palais-Smale condition. As usual in elliptic equations
with critical nonlinearities, the main difficulty relies in the verification of the compact-
ness property of the associated functional. This is due to the lack of compactness at crit-
ical level. To overcome this problem, we need the following concentration-compactness

principle proved by Palatucci and Pisante in [65, Theorem 5] in a non—local setting.

Theorem 5.3.5. [65] Let 2 C R™ be an open, bounded subset and let {u;},  be a
sequence in HE(QY) weakly converging to u as j — +oo and let u, v be two positive

measures in R™ such that
2 . .
‘(—A)S/zuj‘ dr = and |uj|2 de = v in M(R"™).

Then, there ezist a (at most countable) set of distinct point {x;} positive numbers

i€J’
{viticss {ni}t,c,; and a positive measure [ with Supp i C Q such that

v= |u|2* dr + Z Vilg,
icJ
and ,
p= ‘(*A)S/Qu‘ de+fi+ Y pide, v <STFu
ieJ
with S the best constant of the fractional Sobolev embedding.

Before applying Theorem 5.3.5 we first need a sort of integration by parts. For the
estimate of each terms deriving by the integration, we will exploit Theorem 5.3.5 and

also the following result proved in [17, Lemmas 2.8 and 2.9].

Lemma 5.3.6. [17] Let Q C R™ be an open, bounded subset and let {u;};  be a

bounded sequence in HF(QY). Let ¢ € C§°(R™) be a radial cut—off function and define
Ys(x) = (x/d).

Then
tig i | [y () (- 8) o) (- ) 2 ()| =0
and
%1_1)%]11)120 /n(—A)s/ZUj(JU) /n (Uj<l') - UTI(.?J_));&SJEZJ) _ wé(y))dl‘dy‘ —0.

Lemma 5.3.7. Let K : R"\ {0} — (0,4+00), M : Rf - Rt and f : QxR —» R
be three functions satisfying (0.0.3) and (0.0.4) and (5.1.2)—(5.1.7). Let {u;}
bounded sequence in Z verifying (5.3.6) and (5.3.7).

jen be a
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Then there exists A\g > 0 such that for any A > Ao the functional J,, 5 satisfies the

Palais—Smale condition at level c,, ».

Proof. By Lemma 5.3.3 there exists \g > 0 such that

1 1)\ [6meS]™™*
Ca, \ < (9 - 2*> |:C(TL,S):| (5313)

for any A > A9, where c¢(n,s) is given in (0.0.7) and S is the best constant of the
fractional Sobolev embedding (see [1, Theorem 7.58]) defined as

||UH?LI-§(Rn)

S= nf
”elg?é(oR ) ”U”Lz*(Rn)

(5.3.14)

Fix now A > A and let {u;}, y be a sequence in Z verifying (5.3.6) and (5.3.7).
Since by Lemma 5.3.4 the sequence {u; }jeN is bounded in Z, by applying also Lemma
1.1.2 and [20, Theorem 4.9], up to a subsequence, there exists v € Z such that u;
converges to u weakly in Z, strongly in L"(Q2) with r € [1,2*) and a.e. in Q. Also, in

particular there exists h € L™(f2) such that
luj(z)] < h(xz) for any j € N and a.e. x € Q.

We point out the above inequality and convergences are also verified in all R", since
u; = 0 = wa.e. in R™\; in particular we shall assume that h(z) = 0 for a.e. z € R™\ Q.
Moreover, up to a subsequence, there is o > 0 such that ||u;||,, — a, so by using (5.1.2)
it follows that Ma(HujHé) — M,(a?) as j — +oo.

Now, we claim that
lullz = [l as j = +oo, (5.3.15)

which clearly implies that u; — v in Z as j — 400. By Lemma 1.1.1 we know that
{u; }jeN is also bounded in H§(). So, by Phrokorov’s Theorem we may suppose that

there exist two positive measures p and v on R” such that
2 . y
’(fA)s/Quj‘ dr =y and |uj|2 de — v (5.3.16)

in the sense of measures. Moreover, by Theorem 5.3.5 we obtain an at most countable

set of distinct points {x;} positive numbers {v;},. ;, {#i};c ; and a positive measure

i€J?
I with Supp i € Q such that

v= |u|2* dx + Z Vilg, (5.3.17)
=

81



and
§= ‘(fA)Smu‘Q do+ 7+ pide,  vi< S22, (5.3.18)
ied
with S the constant given in (5.3.14).
Our goal is to show that the set J is empty. We argue by contradiction and suppose
J # (). Then we fix i € J and for any § > 0 we set ¢5(z) := ¥((x — z;)/0) where
¥ € C§°(R™,[0,1]) is such that ¢ = 1 in B(0,1) and ¢ = 0 in R™ \ B(0, 2). Since for
a fixed § > 0 the sequence {1/}5uj}j€N is bounded in Z uniformly in j, by (5.3.7) it
follows that < o (ug)s w(;uj> — 0 as j — 4o00. From this, by applying also (0.0.4) we

get
1) —|—)\/Qf(x,uj(x))w(;(x)uj(z)dx—F /Q |u](x)\2 Vs (x)dx
2 (uj (@) —u;(y)) (Vs (@)u;(x) — Ps(y)u; ()
> o0yl 3) /[ p——— dady,
(5.3.19)
as j — +oo.

By [40, Proposition 3.6] we know that for any v € Z

|U y)I? -1
N n+2s dzdy = c(n, s)
R n —_ n

with ¢(n, s) the dlmensmnal constant defined in (0.0.7) and, by taking derivative of the

(—8)/20(a)| de,

above equality, for any v, w € Z we obtain

))(w(x)fw(y)) vdy = c(n. s) "1 - s/zv ) (— s/zw Ve
[ C tady = cln.s) | 8 ota) -8y Pu(w)da,
(5.3.20)

Furthermore, for any v,w € Z we have
(—A)*2(vw)(z) = v(@)(=A)*w(z) + w(@)(=A)*v(z) — 215 (v, w)(z), (5.3.21)
where the last term is defined, in the principal value sense, as follows

L, w)(@) = Py, [ L@ @)@ —w) ,
s/ - |£L‘ o y|n+s

Thus, by (5.3.20) and (5.3.21) the integral in the right-hand side of (5.3.19) becomes
// (uj(2) — uj (y)) (Vs (@)w; (@) — ¥s(y)u; (y) dedy
R2n

o — [T
= cln,9) [ a8y 0) (-8) s (e)da
o) [ |8y 7u @] vsla)ds
— 2¢(n, S)_l /n(_A)S/Quj(-T) /n (UJ(,T) — “J(y))(%(fﬂ) — wé(y))dl'dy

|z —y|""*
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From this, by using (5.3.16) and Lemma 5.3.6 we get

S l // (15(2) =y 0) (U5 (@s () o s 0) dy} _ e(m. )Ly,

0—0j—00 |x — y|
(5.3.22)
Moreover, by (5.3.2) and the Dominated Convergence Theorem we get
[ teu@u@is@d s [ @)
as j — +o00. So by sending § — 0 we observe that
lim lim flz, u;(x))uj(z)s(z)de = 0. (5.3.23)

5—>0j—>00 B(Ii,(s)

Furthermore, by (5.3.16) it follows that

/\uj wg dx—>/¢5 )dv  as j — 400

and by combining this last formula with (5.3.19), (5.3.22) and (5.3.23), using also(5.3.16),
we obtain
vi = O0M,(a®)c(n, s) " i,

recalling that Ma(||uj||2z) — M,(a?) as j — +o0. By using (5.1.3) we conclude that
v; = 0mgc(n,s)"'p; and by using also the inequality in (5.3.18), since v; > 0 we get

n/2s
P > {gmos} . (5.3.24)

c(n, s)

Now we shall prove that the above expression cannot occur and so, since ¢ € J was
arbitrary, the set J is empty. By (5.3.6) and (5.3.7) we have

lim (ja,A(Uj) — é <._7;’>\(uj),uj>> = Cq, A- (5.3.25)

Jj—+oo

Moreover, by (5.1.3), (5.1.6), (5.2.2) and remembering that mo < a < %mo we have

Ta, A(ug) —

7~
=
>

S
<.

S
<
~

1 1 *
Ma(lluily) = =Mallug ) Nl + (= = 55 ) [ lui(@)]” da
o o 2 Q

1
-
1
;
> (gm0 2a) by + (5 - 50) [l ao
( ‘

(5.3.26)
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since also 0 < ¥5 < 1. By combining (5.3.25) and (5.3.26), using also (5.3.16), we get

1 1
Ca,\ = <cr - 2*> /Qwé(ﬁﬂ)dM

from which, by sending 6 — 0 and by using (5.3.24), it follows that

1 1\ [0meS]™*
Ca, \ > - 9
' o 2*) |c(n,s)

which clearly contradicts (5.3.13). Thus, J is empty and by (5.3.16) and (5.3.17) it
follows that u; converges to u in L2 (Q). So, by (5.3.7) with ¢ = u;, (5.3.2) and the

Dominated Convergence Theorem we have

Jim M) 3 = A [ )@+ [ el dn G320)

Moreover, by remembering that u; — u in Z, Ma(||uj||2z) — M,(a?) and by using
(5.3.2) and the Dominated Convergence Theorem, (5.3.7) we have

M) (w9, = [ Jloa@)e@)do = [ jul)l” P u@p@dr, (6329
for any ¢ € Z. So, by combining (5.3.27) and (5.3.28) it follows that
Ma(|luj|7) llug I = Ma(a®) ully — as j — +oo,

from which we conclude the proof of claim (5.3.15). O

Before concluding the proof of our main results we will give an alternative proof
of Lemma 5.3.7. This new approach does not need of Lemmas 5.3.5 and 5.3.6. In-
deed it is mainly based on the celebrated Brezis & Lieb lemma (see [21]). In our
factional framework the application of this lemma is different compared to the clas-
sical case, since we do not have derivatives of solutions in Z, but a sort of integro—
differentiation (see (1.1.7)). The idea for this approach is given by paper [9] where we
studied problem (5.1.1) in a degenerate setting. In the degenerate case the proof based

on a concentration—compactness principle does not work.

An alternative proof of Lemma 5.3.7. Take A > 0 and let {uj}jeN C Z be a
sequence in Z verifying (5.3.6) and (5.3.7).

Since by Lemma 5.3.4 the sequence {uj}jeN is bounded in Z, by applying also
Lemma 1.1.2 and [20, Theorem 4.9], there exists uy € Z such that, up to a subsequence,
it follows that

uj — uy in Z and in L?(Q), lujll , = a,
u; — uy in L9(Q) and in L*(Q), [uj = uall 2= () = Exs (5.3.29)
u; — uy a.e. in Q, luj| < hae. in Q,
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with h € L*(Q) N L9(Q). Furthermore, by (5.1.2) and (5.1.3) we have M,(||u;||5) —
M,(a2) >0 as j — +o0.
We first assert that
lim «y =0. (5.3.30)

A——+oo

Otherwise limsup oy = a > 0. Hence there is a sequence, say k — Ay T 400 such that
A——+o0
ay, — a as k — +oo. Now, by (5.1.3), (5.1.6), and (5.2.2) it follows that

Taone(ug) = = (T 5, (u5),u5)

— 1

2 1 2 2 1 2
Ma(llujllz) = —Ma(llusliz) luilz = | 5m0 = —a ) llully

Q|+

2

DN | =

and letting j — 400 and k — 400 we get from Lemma 5.3.3 that

1 1 9
0=2(-mo——a)a >0
2 o
o

since my < a < §m0, which is the desired contradiction and proves the assertion
(5.3.30).

Moreover, ||uy||z < 'lir}ra lujllz = ax since u; — uy in Z, so that (5.3.30) implies

j——+oo

at once by the fractional Sobolev inequality

i o = AEI}EOO Jurllz = 0. (5:3.31)
By (5.3.2), (5.3.29) and the fact that |uj| |u>\| >uy in LQ*,(Q), where

2*' = 2n/(n + 2s) is the Holder conjugate of 2*, we have

Ma(02) (ur, ) 5 = A /Q F (@ ur(2)p(x)de + /Q s (2) 22 ux () o) de

for any ¢ € Z. Hence, u, is a critical point of the C1(Z) functional

1 1 x
Torl) = M@} =) [ Plau@)de = lulfioe. (3332

In particular, (5.3.7) and (5.3.29) imply that as j — 400

0,(1) = (T, (1) = T2 (un). ;= ) = Ma(lus )y 3 + Ma(o3) un 3
~ (g un)z [Ma(lluy|3) + ][ () = )]y~ ) de
- /Q (Jus 2y — |UA|2*7QUA)(U]' — uy)dx (5.3.33)

= Ma(03)(03 — [luallZ) -

= Mo(a3) |y — Al = lluj — uallFax ) + 05(1).

@ F Al fzs (o) +05(1)
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Indeed, by (5.3.2) and (5.3.29),

lim [ [f(@, () = f(z,un(@))] (u;(x) — ur(2)) dz = 0.

j—+oo Jo

Moreover, again by (5.3.29) and the Brezis & Lieb lemma (see [21]), as j — 400
lujl% = luj—urlZ+HlunlZ+o; (1), lluglZa- o) = lug—urllZa o) Hluall e ) +o5(1)-

Finally, we have used the fact that |u;]|z — ax. Therefore, we have proved the main
formula

| .
Ma(03) lim_flu; = ual = tim_ [y = wrlFer g (5334)

By (5.1.3), (5.1.6), (5.2.2) and remembering that my < a < %mo we have

Tao(u5) = = (Tt A (wy), u5)

> 35lus12) - DMl st + (£ - 52 ) [ s
> (gm0 2a) bl + (5 - 50) [ (@) o

> (

25 [l

So, using (5.3.29) and the Brezis & Lieb lemma, we attain as j — 400

1, 11
ex+ 05 (1) = Ta A () — = (T \(uy),u5) > (O_ - 2*> s

*

. L2 ()

1 1 " .
(2= 3 )8 + sl g} + os0)

g

Thus, by Lemma 5.3.3 and (5.3.31) we also obtain

lim £, = 0. (5.3.35)

A——+oo

Denote by S the main fractional Sobolev constant, that is

2
UGZ HU”Lz* Q)

By (5.3.34) and the notation in (5.3.29), for all A € R
B = SMy(a3) 63 = Smo 3, (5.3.36)

by (5.1.3). This last inequality, together with (5.3.35), yields at once that there exists
Ao > 0 such that £, = 0 for all A > .
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Hence, for any A > Ao

. o o* o
jgriloo l[uj = urllg2x ) =0

Thus, u; — uy in Z as j — +oo for all A > X\ by (5.3.34), being M,(a3) > 0 by
(5.1.3). O

5.3.3 Proofs of Theorems 5.1.1 and 5.2.1

In this subsection we conclude the proofs of our main theorems. We first show that
the auxiliary problem (5.2.1) admits a non—trivial weak solution. Then we will see the

same weak solution solves also the main problem (5.1.1).

Proof of Theorem 5.2.1. Lemmas 5.3.1, 5.3.2 and 5.3.7 guarantee that for any A >
Ao the functional J, » satisfies all the assumptions of the Mountain Pass theorem.
Hence, for any A > Ao there exists a critical point v € Z for the functional J,, » at
level ¢q, x. Since Ju, (w) = cq,x > 0= T, 2(0) we conclude that u # 0. O

Proof of Theorem 5.1.1. By Theorem 5.2.1, for any A > )\g let u) be a weak solu-
tion of problem (5.2.1). Now, we claim that

there exists A" > Ao such that [luy||, < to for any A > \*, (5.3.37)

where t( is given as at the beginning of Section 5.2. We argue by contradiction and
suppose that there is a sequence {)\j}jeN C R such that Hu,\j Hz > to. Since uy, is a
critical point of the functional J,, x,, by using also (5.1.3), (5.1.6) and (5.2.2) it follows
that

11—
§MG(HU>\/

2
Ca, Aj =

which contradicts Lemma 5.3.3 since mo < a < %mo. So, by (5.3.37) we get Ma(Hu,\HzZ) =

M(||u)\|\2Z) which implies that uy is a weak solution of problem (5.1.1) for any A > A.

Moreover, arguing as above we have

1 1 )
Cax 2 | 5mo = —a | [uallz

and so, since mg < a < %mo and by Lemma 5.3.3, it follows that )\lim lurll, =0. O
—+o0
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5.3.4 Existence of non-negative solutions

In this subsection we study the sign of weak solutions of problem (5.1.1). For this, we

first introduce the following technical lemma.

Lemma 5.3.8. Let K : R™\ {0} — (0,+00) satisfy (0.0.3) and (0.0.4). Let u € Z.
Then the absolute value of u, denoted by |ul, is in Z.

Proof. We fix a > 0. Since u € Z, by costruction there exists w € C§°(f2) such that

a

5 (5.3.38)

lu —wllx <
Now, for any ¢ > 0 and = € R", we set v.(z) := (e? + wQ(x))1/2 — &. We observe that
ve =0 =win R™\ Q and it is a smooth function by construction. Hence, v. € C5°(£2).
Also, we have v.(x) — |w(z)| for a.e. x € R™ as € — 0. Since |v.| < |w| for any € > 0,
by the Dominated Convergence Theorem, v. — |w| in L?(R™) as € — 0.
On the other hand,

[w] [Vl
2y SIVul
(2 +w?)

uniformly in e. Therefore, by the boundedness and Lipschitz regularity of w it follows
that

Vo | =

[0 () = [w0(@)| = v () + [w(y)| [* K (= — )
<2 (Joe(@) = v @) + | w(@)| ~ w()| ) K - )
<C min{l, |z — y|2}K(x —y) € L*(R™ x R™).

thanks to (0.0.3). Thus, by the Dominated Convergence Theorem we get v. — |w| in

X as € — 0, in particular

a

2

for e sufficiently small, say ¢ < &, with € = &(a) > 0.

By (5.3.38) and (5.3.39) it is easy to see that

[ve = |wlllx < (5.3.39)

Nul = vell x < [llul = wlllx + llw] = vell x < llu—wlx +[[lw] = vell x <a.
This concludes the proof. O

Corollary 5.3.9. Let all the assumptions of Theorem 5.1.1 be satisfied and assume
(5.1.7) in addition.
Then problem (5.1.8) has a mon-negative solution uy for all X = \*, where \* is

the parameter given in Theorem 5.1.1.
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Proof. We fix A > \*. Let u) € Z be a solution of problem (5.1.8), given by Theorem
5.1.1. By Lemma 5.3.8 we have u, € Z. So, by (5.1.8) with ¢ = u) we get

M) [[ | @) = i @)5 (@) - 03 0) Ko~ y)dody
R . (5.3.40)
:)\/Qf(x,uA(x))u;(as)dx—i—/Q‘u;(w)’ dx.

Now, we observe that

(ua(@) —ur(y)) (uy () — ux (y))

= —uf (@)uy (y) — uy (@) (y) — (uy (@) —uy (1)? < = |uy (@) = ux @)

b

for a.e. x, y € R". Moreover, by (5.1.7) we get f(z,ux(x))u, (z) = 0 for a.e. z € R™.
Thus, by (5.3.40) and being M > 0 by (5.1.3), it follows that

0 =M(lurl) [[ | fux @) = Ko =iy > o [ o

which implies u, = 0. O
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Appendix A

Some motivation for a fractional

Kirchhoff equation

The goal of these last pages is to give some motivation for the problem studied in
Chapter 5. For this, we would like first to recall some basic facts on the classical Kirch-
hoff equation: our explanations will be oversimplified, and even crude in some parts,
and we will not attempt a rigorous mathematical justification of all the asymptotics
that we are going to discuss heuristically.

We will consider the one-dimensional case for simplicity. For this we take the phys-
ical model of an elastic string constrained at the extrema. For concreteness, the string
will be represented by the graph of a function w : [-1,1] X [0,400) — R, and the
end-point constraint reads u(—1,¢) = w(1,t) = 0 for any ¢ > 0. As usual we will
write u = u(x,t), where x is the space variable and ¢ is the time.

For further use, we can indeed identify this finite string with an infinite string, that
is constrained outside (—1,1), i.e. consider the function u : [-1,1] X [0,400) — R,
with u(z,t) =0 for any z € R\ (—1,1) and any ¢t > 0.

Then, the acceleration uy; of the vertical displacement u of the vibrating string
(that from now on will be assumed suitably small with respect to the length of the
string) must be compensated, by Newton’s law, by the elastic force of the string and by

the external force field f: so we obtain the classical equation for the vibrating string:
Ut = Mgz + f.

If we look for stationary solutions, i.e. solutions u(z) that do not depend on time, the

equation boils down to
Mug, + f =0. (A.0.1)
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To a first approximation, for homogeneous strings, the elastic tension term M is simply
a positive constant mg. Several corrections to the model were proposed in order to take
into account some discrepancies between the theory and the experimental data, since
“it is well known that the classical linearized analysis of the vibrating string can lead to
results which are reasonably accurate only when the minimum (rest position) tension
and the displacements are of such magnitude that the relative change in tension during
the motion is small”, see [32].

A classical modification of the above model is then to suppose that the tension
increases if so does the length of the string. This ansatz is coherent with the common
experience that a taut string reacts more strongly than a slack one. It is conceivable
then to make the above ansatz quantitative and suppose, for simplicity, that the tension,
for small deformations of the string, takes (at least for small elongations of the string)

the linear form
M) = mgo + 2b¢, (A.0.2)

where b > 0 is constant and £ is the increment in the length of the string with respect

to its rest position (in which the string has length 2), i.e.
1
Ez/ V1+uZde —2. (A.0.3)
—1

2
For small deformations, /1 +u2 =1+ “7’” up to higher order terms, and so

1 1
€:§/,1u§dx'

By plugging this into (A.0.2) we obtain

1
M:m0+b/

Uidl':mO+b/Uidl'7
-1

R

where we used the notation for which w is defined to vanish outside (—1, 1). By inserting

this into (A.0.1), one obtains the classical version of the Kirchhoff equation

+oo
M (/ u? dm) Ugew + f =0, (A.0.4)

with M(t) = mg + bt. As a historical remark, we mention that the equation was
first introduced in [55, 56] and then, probably independently, proposed in [32, 33]; see
also [64] for a comparison between the theory and the experimental data.

We observe that the first term in (A.0.4) can be interpreted in a variational way,
as arising from an energy of the form

L[ [T
2M(/ uﬁdz>, (A.0.5)

— 00
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where M is a primitive of M.

With this respect, the Kirchhoff equation of non—local type that we studied orig-
inates from the idea that the energy in (A.0.5) does not depend on the H' norm of
the function that parameterizes the graph of the string, but rather on its H® norm,

namely we replaced (A.0.5) with

or even with more general kinds of fractional norms. In this sense, while the “non—local”
feature of the tension in the classical Kirchhoff equation surfaces from the average of a
“local” object (namely u2), in the equation we took into account the “non—local” aspect
of the tension arises from an object which is “non-local” as well. In general, we think
it could be interesting to study even more general models in which the tension of the
string is related to “non—local” measurments of the modification of the string from its
rest position. Some of these models may be variational in nature (as the one considered
here), some others may be not.

Now, we present another way of obtaining the model we study from the classical
Kirchhoff equation. Following [24], for o € (0,1), we consider the o-length of the string
as follows. Let E := {(z1,72) € R? s.t. x5 < u(z1)} be the subgraph of u. We assume
that the oscillation of the string does not exceed a size of order ¢, i.e. |u] < ¢ and
so OE C {(x1,72) € R? s.t. |z2| < €}. Then we define the length of the string in the
set Q :=[—1,1] X [—¢,¢] as

lo(u) :=I(ENQ,R*\ E) + I(Q\ E,E\ Q)

where, for any couple of disjoint measurable sets X, Y C R? we set

dx d
I(X,Y) = / —
xxv [T —y[*te
It is known that (up to a suitable rescaling) ¢, tends to the classical length of the
string as o — 1 (see [7, 30]). Of course, the fractional length of the string at rest here
is simply ¢,(0), and so the difference between the fractional length of the string and

its original value is
by :=Lly(u) — £5(0).

So it is conceivable to replace in the model the dependence from the classical length

with the dependence of this “non—local” version of length, i.e. to substitute (A.0.2) with

M(ly) = mq + 2bl,. (A.0.6)
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Moreover, ¢, may be computed in terms of v thanks to the following geometric obser-

vation. Let
ET = {(z1,22) € R? 5.t. 0 < 22 < u(21)},
E~ = {(z1, 1) € R? s.t. u(xy) < 29 < 0},
WT =R x (0, +0c0),
W™ =R x (—00,0)

and QY =QnWH,
Then
ly(u)

= I(Q\E)H)UET,(WF\ENHUET)+I(QT\ENH)UE", W™ \Q)
= HQ \E-,Wr\E")+I(Q"\E,E7)
+I(EY,WH\ET)+I(E',E7)
HI(QT\ET, W™\ Q)+ I(E-,W™\Q)

and
l:(0) = 1(Q™,WH + I(Q*, W™\ Q).
Moreover
I(Q™,WH) —I(Q"\E~,W"\ ET)
= I(Q \E ,E")+I(E-,W'\E")+I(E~,E")
and

QT W™\Q)—I(QT\ET,W™\Q)=I(ET,W~\Q).
As a consequence
by = I(QT\E~,E")+I(E",W*\ EY)
+I(E_7W_ \Q) - I(Q_ \E_7E+)
7I(E77W+\E+) 7I(E+7W7 \Q)

By collecting all the terms involving ET and E~ and using that I(X,Y) = I(Y, X) we

obtain

t, = I(ET,WT\EY)—I(ET, W \E")
+I(E-, W \E")—I(E",WT\ E"). (A.0.7)
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We now write separately the first two terms. For typographical convenience we use the
notation of writing the integrating variables next to their integral sign. Also, we set
ut := max{u, 0} and u~ := max{—u, 0}: notice that u* > 0 and v = u* — u~. In this
way, BT = {(z1,22) € R? s.t. 0 < 29 < u'(21)}, B = {(w1,22) € R s.t. —u™(21) <
xg < 0},

I(ET, W\ E")

wtla) o 2 o\~ (240)/2
/dﬂil/ de/dyl/ dy2(|331 — 1|+ |x2 — yal )
R 0 R ut(y1)

I(E*, W~ \E)

11 —u- yl
(240
/dwl/ dﬂf2/dy1/ dys2 |=T1*y1| Jr|5102*2/2| ) 2+ )/

—(2+0)/2

and

Thus, we set ¢ = ¢(x1,y1, 22) := (|o1 —y1[*> +|22|?)

29 1= Yo — T2 and we get

, we make the substitution

I(EY,WH\ET) - I(EY, W=\ E")

ut(z1) +o0 —u” (y1)—z2 (AOS)
:/d.’L‘l/ dl‘g/dyl / dZQ—/ ng ¢
R 0 R ut(y1)—x2 —00

Now we observe that o N
[ dmu= [ dav.
—00 0

since v is even in z. Therefore

[ 4o —u” (y1)—x2
/ dZQ —/ dZQ ’(/)
St ()= o
[ 0 400 0 —u” (y1)—z2
_ / dzg—i—/ dZQ—/ sz—/ dzs |
L ut(y1)—z2 0 —00 0
[ 0 —u” (y1)—x2
-/ s - | dz | v,
L ut(y1)—z2 0

hence (A.0.8) becomes

I(EY,WT\ET) - I(EY, W™\ E")

ut(z1) ut (y1)—ws —u” (y1)—x2 (A.0.9)
7/df£1/ dl’Q/dyl / d22+/ dZQ w
R 0 R 0 0

At this point, we make the crude approximation

/gl
0

= |21 — |, (A.0.10)
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when &’ is of the order of €. As a matter of fact, such approximation is not fully
justified when z; and y; are in a neighborhood of size much smaller than ¢, due to
the singularity of the kernel: since this appendix is mainly motivational, and should
not be interpreted in a strictly rigorous mathematical language, we neglect this subtle
point and just take the ansatz that (A.0.10) is reasonable for most of the points of
integration x; and y; and see what happens. Similarly, we observe that, for s := %‘H,

at least formally and in the principal value sense

lull3e gy = / das / dy 'ﬁﬁl_;fffﬂl'
:/dx1/dy1 Ju(z1)]? — w(z)u(yr) + [ulys) > — uly)u(z:) (A.0.11)

|z — g1 |2+

? — u(z1)u(yr)
72/dx1/dy le—y1\2+" ’

thanks to the symmetric role played by z; and y;.

From (A.0.10) we obtain the approximation

ut (y1)—z2 —u” (y1)—x2
/ dzz—i—/ dza | ¥
0 0

=~ [ay —y1| " (u (y1) — u” (1) — 222)

= |z — g1 |79 (u(yr) — 22).

Therefore, up to terms that we neglected,

ut(z1) ut (y1)—z2 —u” (y1)—z2
/ d:l?g / dZQ + / dZQ 1,[)
0 0 0

Har)
/ drg|zy — |73+ (u(y1) — 2z2)
0

—|xy — yl|_(2+0)(|u+($1)|2 —ut(z1)u(y)).

Consequently, (A.0.9) becomes
I(ET, WY\ E") - I(EY, W~ \E")
+( + (A.0.12)
[ o [ ayT = et

|371 — 2o

Notice also that a reflection of the vertical variable transforms the set ET of the

function u into the set £~ for the function —u, and also (—u)™ = u~. Hence the

95



symmetric version of (A.0.12) reads
I(E-, W~ \E")—I(E-,W+\ E")
e - (A.0.13)
[t [ g P )
R R

|z1 —y1|2Fe

Moreover, since, at any point z; either u™(x1) = 0 or v~ (21) = 0, we see that
u(z1)]* = Jut (z1)? + |u™ (1)

Accordingly, by plugging (A.0.12) and (A.0.13) into (A.0.7) and we obtain the approx-

)P~ uauly) 1
to = [ oy [ ayy PR D,

imation

where in the last step we used (A.0.11). By inserting this expression into (A.0.6) we

obtain the approximated tension

Hence, a non-local model for the vibrating string may be obtained from (A.0.1), by
considering the above tension and by replacing the local spatial second derivative with

the non—local operator —(—A)®: in this way we obtain the non-local equation

~M (J[ull}z) ) (~8)*u+f =0.
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