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Abstract

In this note we consider the eigenvalue problem for the Laplacian with the Neumann
and Robin boundary conditions involving the Hardy potential. We prove the existence
of eigenfunctions of the second eigenvalue for the Neumann problem and of the principal
eigenvalue for the Robin problem in ”high” dimensions.

Introduction

In this note we assume that Q@ C R, N > 3, is a bounded, connected open set with a
smooth boundary 9€2. We consider the following eigenvalue problem

(1.1)

Qu =0 on Jf2.

{ —Au :u#u in
ov
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Solutions to this problem are sought in the Sobolev space W2(Q2). We recall that W?(Q)
is the Sobolev space equipped with norm

Julfys = [ (Val? + o) da

W2(Q) is a subspace of W12(Q) consisting of functions vanishing in the sense of trace on
the boundary 02 of Q. The norm ||ul|;1,2 on this subspace is equivalent to

Problem (1.1) is closely related to the Hardy inequality. The Hardy inequality in W12(Q)
has the following form: let 0 € €2, then

(12) g < / Vul? d
An

I%’I2

for every u € W1?(Q), where Ay = @. The constant Ay is an optimal constant and
there is no nonzero function in W2>?(Q) which changes this inequality into equality (see
[10], Theorem 4.1). In recent years the Hardy inequality in W1?(Q2) and W'?(Q2) and the
related problems for semilinear elliptic equation have attracted considerable interest. We
refer to papers [6] and [7], where further bibliographical references can be found. For further
generalizations and applications of the Hardy - Sobolev type inequalities, we refer to the
papers [1], [2], [3], [4], [16]. The value of the minimum and its attainability of the Rayleigh
with respect to the boundary conditions has been investigated in [5]. According to the results
of this paper the optimal constant in W2(Q) is zero and is attained by constant functions.
Thus to obtain an extension of (1.2) to W1?(Q2) involving the whole norm, it is necessary
to add a new positive term to the right hand side of (1.2). This question is discussed in the
papers [6] and [7]. In this note we need the following extension of (1.2) to the space W12((2).

Proposition 1.1 Let 0 € Q. Then for every > 0 there exists a constant A = A(5, Q) such
that
2

U
1.3 —dz < —+(5/Vu2d$+A/u dx
(1.9 e < (5-+9) [ IVu [

for every u € Wh2(Q).

The proof of (1.3) can be found in papers [13] and [14]. The case 0 € Q is considered in [14]
and the case 0 € 99 in [13] (see also [19]).

The paper is organized as follows. In Section 2 we discuss the inequalities of Hardy -
Poincaré type. These inequalities lead to the eigenvalue problem (1.1). A sufficient condition
for the existence of the second eigenvalue and the corresponding eigenfunction is presented
in Section 3, namely that the corresponding Rayleigh quotient lies strictly below the Hardy
constant Ay (see (3.1)). In Section 4 we give examples of sets which satisfy this condition
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provided the dimension is sufficiently large. The eigenfunctions we find may be singular
at the origin. Section 5 is devoted to the study of the asymptotic behavior of the second
eigenfunction of (1.1) around 0. Since Ay is not attained on the space W12(Q) there is no
analogue to problem (1.1) with Dirichlet boundary conditions. In Section 6 we briefly discuss
the eigenvalue problem involving the Hardy potential with Robin boundary conditions. We
show that the smallest eigenvalue for this problem is attained if it lies below the Hardy
constant Ay; again, this is the case if the space-dimension is sufficiently large. In the final
Section 7 we formulate some open problems related to this paper.

Problems (1.1) and (6.1) investigated in this paper are eigenvalue problems with weight
functions. The weight function ‘# considered here is not in L2 (Q)NL> () and consequently

the functional u — [, % dz is not completely continuous in W1?(Q) unlike in papers [8],
[11] and [25]. For a good survey of eigenvalue problems for the p-Laplacian, however without
the Hardy potential, we refer to paper [20].

7

Throughout this paper in a given Banach space X we denote strong convergence by 7 —
and weak convergence by 7 — 7. The norms in the Lebesgue spaces L*(2), 1 < p < oo, are
denoted by || - ||,

2 The inequality of the Hardy - Poincaré type

We denote by L2(€, - e dz) the weighted Lebesgue space equipped with norm

HUHz = W dr.

The corresponding scalar product on L?(£2, #) is denoted by (-, -)..

Theorem 2.1 Suppose that 0 € Q0 and that g € L*(1Q, #) with |, #dm = 1. We assume
that € is an open, connected and bounded set with a smooth boundary. Then there exists a
constant H = H(g,2) such that

(2.) [i(= fpes) s m fmupas

for every u € Wh2(Q).

The proof is similar to that of Theorem 8.11 in [21] and is omitted. We list below some
consequences of Theorem 2.1.

Corollary 2.2 We make now specific choices of g.



(a) If g = i dm , then (2.1) takes the form: there exists a constant H > 0 such that
Q

o L) 25 e

for every u € WH3(Q).

(b) Ifg= L then (2.1) takes the form: there exists a constant H > 0 such that

1Q]
o o) o e
u—— [ udx < u|” dx
Q €2 Jq |2

for every u € WH2(Q).

(c) If g = |z]*h with h € L*(Q) and [,hdx = 1, then (2.1) takes the form: there exists a
constant H > 0 such that

2
/(u—/uhdw) d2 SH/]Vude
0 0 ]

for every u € WH2(Q).

From the case (¢) we derive the following inequality

1 2 > d
— <u—/uhdw> dmﬁ/(u—/uhdw) —iSH/\VuPd:E,
d* Jq Q Q Q || Q

where d = diam ().

If we restrict (2.1) to the subspace of W12(Q) consisting of functions orthogonal to g in
L3(9, # dz), then (2.1) is reduced to the following inequality: given g € L*(€, #) with
fQ # dx = 1, then there exists a constant H > 0 such that

u?
——dx < H [ |Vu]*dx
2
o |zl Q

for every u € W12(Q) with (u, g). = 0. This observation can be applied to the cases (a), (b)
and (c) of Corollary 2.2. In particular, from the case (a) we obtain the following inequality:
there exists a constant A > 0 such that

2
(2.2) /U—de < H/ Vu|? do

for every u € W*(Q) with [, g dz = 0. The reciprocal of the smallest constant [
satisfying inequality (2.2) is the second eigenvalue of the eigenvalue problem (1.1). The first
eigenvalue A\; = 0 and the corresponding eigenfunctions are constant.



Using the the triangle inequality we deduce the following estimate from (2.1): given
g € L*(Q, #) with [, % do = 1, there exists a constant H > 0 such that

2 1 1 1
2 1 2 d 2
(/“—2dx) SHz(/ |vu\2dx) +(/—x2) /u—dex

for every u € WH2(Q). In the case (a) of Corollary 2.2 this inequality takes the form: there
exists a constant ' > 0 such that

s (g () ([5)

for every u € WH2(Q). Obviously, similar inequalities can be established in the cases (b) and

(c).

D=

U
—dx
q |z)?

3 The second eigenvalue

The second eigenvalue MY of the eigenvalue problem (1.1) is defined by

Vul?d
= inf Jo[Vul
ueW(@)—{0}, [, 2z dz=0 fﬂ # dx

Theorem 3.1 Suppose that
(3.1) M < Ay,
Then there exists an eigenfunction @y corresponding to the eigenvalue N

Proof Let {u,} be a minimizing sequence for A: [, [Vu,|[*dz — A with [, e dr =0

and [, % dx = 1 for each n. We may assume that u, — u in WH2(Q2) and L?(9, é%) and
u, — u a.e. on ). By the P.L. Lions’ concentration - compactness principle [23] there exist
constants fi., , > 0 such that

(3.2) |vun|2 e |Vu|2 + fodo,
u? u?
(33) W — UV = W + 1/050

in the sense of measures and

(3.4) voly < fio,



where ¢, is the Dirac measure assigned to 0. First, we show that v # 0. Arguing by
contradiction assume that w = 0 on Q. Then v, = 1 and Ay < p,. From (3.2) we derive
that

Ay < po <A < Ay

which is impossible. If v, = 0 we are done. So it remains to consider the case 0 < v,. In
this case we have

A> /|Vu|2dx+u02/|Vu|2dx+yoAN
Q Q
w2
> /qu|2dx+AN(1—/—2dx).
Q o |zl
This yields
02
(3.5) )\f—ANz/Wu\Zda;—AN/—Qd:c

Since [, ;z dz = 0, u cannot be a constant function. Hence [, [Vu[*dz > 0. From (3.5) we
deduce that

fQ 22 dx fsz 22

Hence A A
Ay =N = 5 —n
fQ e de
This implies that fQ % dz > 1 which is impossible because fQ % dz < 1. To complete the

proof we show that u is a weak solution to problem (1.2). Let ¢ € W?(Q2) with [, # dz = 0.
We put
Jo IV (u+ tq§)|2 dz

f (utt)?
Q 27

for t € R. Since the function h attains a minimum at ¢t = 0 we get

/Vquﬁda:—Af/u—qid

h(t) =

To extend this identity for arbitrary ¢ € W12(Q) we set ¢ = ¢— fz % Z~ Then [, % dr =0
and -
/Vuvwdx:/VuV¢d:B:)\£{/%dx:)\f U9
Q o |zl o |zl
since w is orthogonal to 1 in L*(€, |Z"|”2) O



Remark 3.2 If 0 < pu < M, then problem (1.1) has only the trivial solution in W2(Q).
Indeed, suppose that u % 0 belonging to W'2(Q) satisfies (1.1). Then |, npde =0 and

fQ |Vo|? dx B

JoTim

<A\
which is impossible.

4 Examples of sets satisfying (3.1)

In this section we give examples of domains satisfying (3.1). These domains have some sort
of symmetry or satisfy a pinching condition, and they are rather high dimensional.

1. Let Q = B(0, R). First of all we observe that there are two radial solutions of equation
(1.1) for 0 < A < Ap:

Uy = 7‘_¥+\/(¥>2_’\ and uy = T_¥_¢(¥)2_A'

Since uy & W'?(B(0, R)) we cannot use these radial functions to construct a solution of
(1.1) for X = M. To verify (3.1) one can use the coordinate function u = z;. It is easy to
show that A < N. Hence (3.1) is satisfied for N > 8. This can be slightly improved by
taking as a test function v(x) = 77+ We then have

2 1 37%\[
|\Vo(z)|*de = T3 T Ta 1—— —zda:
B(0,R) B(0,R) || || B(0,R) ||

— wN—lRN_2

N(N —2)

Similarly, we have

2 2 1 1 RN—2
/ v(a:l d:r:/ x—]\gdzz— T dT =Wy
B(0,R) || B(0,R) || N B(0,R) |z N(N —2)

Hence A < N — 1 and (3.1) is satisfied for N > 7.

2. This observation can be extended to sets which are close to balls, i.e. satisfying a
pinching condition. Let € be a bounded domain in RY. Suppose that there exists a ball
B(0, R) C 2 satisfying the following condition

() 191 < 3 (F52)IBO, R

Then (3.1) holds. This condition is meaningful if %(%)2 > 1, that is N > 8. Obviously

we can assume that B(0, R) is largest ball contained in €2 and satisfying (*). We distinguish



two cases: (i) [, itz dz = 0 for some 1 < j < N and (ii) [, fz dz # Oforevery j = 1,..., N.
In the first case take u = x;; then [, [V(z;)]* dz = || and

332 x?
dz > —_dx :—|B(O R)|.

2 2

|x| B(0,R) |

T

Hence M < |BZ(V(|)%|2)|. If (i) holds we put u(z) = apx; — ajay, where a; = [, 7 do and

ar = [o iz dr. Tt is clear that [, o7 dz = 0. We also have [, [Vu|?dz = (af + )| and

w2 ; / 0Rx} 4 afay — 205051,y
—ax >
o lz[? (0,R) | z[?
1
= N(ai +a7)|B(0, R)|.
Again we obtain the estimate A7 < < B]\(IAQBL Since (*) holds we get in both cases condition

(3.1).

3. We now consider sets having a symmetry with respect to the coordinate xy. Set
= (2,ry)and let Q = {2’ € D; —f(2') < zn < f(2')}, where f : D — (0,00) is a smooth

function satisfying
12) d3|D|
=) [ s e
e

We show that (3.1) is satisfied. Take u = zy; it is clear that [, iz dz = 0. We have

f&")
/]V(:UN)\zdx:/ dx’/ dzN:2/ f(x')da!
Q D — (=) D

xN 2 "3
d dr = —
/ FE T > — a:'N T =3 2/ f(x

Hence with the aid of the Hélder 1nequahty and (**) we obtain

2dy 3 ') da ; .
yit < JaVn)Fde 3 fD I < 3d2|D|3</ f(x’)?’dx’) < Ax.
fﬂﬁj—‘%dx’ Ip I D

and

Wl

Let diam D < d, (d = diam ). Since max,cp f(z') < ¢ we have

/f ) da’ < ( )|D|

**) is meaningful if

Thus condition (

(12):d%|D|
(5) D] N —2)



that is N > 2+ 212, (N >9).

4. Suppose that Q' C Q, with Q' as in example 3, that is, Q' = {2/ € D; —f(2') < ay <
f(2")}, where f: D — (0,00) is a smooth function. Assume that

2 N 2
(x * *) |Q|<3d2 /f

where d; = diam €. Then (3 1) holds. To show this we distinguish two cases:
(i) Jo 7% dz = 0 and (ii) [, % dz # 0. Assuming (i), we choose u = z; then [, |V (zx)[* dz =

Q2] and
TN 1
de > — dr =
/W =7 /Q,”“"N = 3d2/f

Condition (3.1) follows from (***). In the case (ii) we test AT with

Jo ﬁvg dx

fQ «2 '
N

dx
It is clear that [, oo dz = 0 and [, [Vul* dz = |Q|. Letting a = Jo = we get

u(z) =xn —

fQ |I|2
2 2 2 d
u—2dx > u—dx— 2dx—|—a —I—Qa —2d
q |z| Q !:c\ o |7 o |7 o |7
d
xN dz +a® | 22
9% |I|2 o |7

> 2 "3
> 5 [ f@

The estimate (3.1) follows from (***).

5. Let Q = {z; (z;1 — R)* + 23 + ... + 2% < R?}. In this example 0 € Q. We test \Y
with u(z) = x; for some 2 < j < N. We have [ ;—fgdx =0, [,|V(z)]*dx = |Q| and

= o= [ = [ e = 2l
l' r = —— . ar = X r = —/—/————_.
ap = 432 R Jon T INR Jyn IN(N +2)
Hhos AN(N +2)[Q]
+
M < = 4(N +2
2 = wN—lRN ( + )

and (3.1) holds provided 4(N + 2) < (£32), that is, N > 22.

6. We now give an example of a domain satisfying (3.1) which does not have a symmetry
with respect to 0. Let (2 be a domain from example 3. We put

Q5 = {52/ € D, —f(') < 2y < (1+6)f(2")},



where 0 > 0. Let 0 < m = mingp f(2') and M = max,p f(2'). Suppose that diam D <

2M and that

m3 N —2
arEl )
(This condition makes sense for N > 9). Then condition (3.1) holds. First we observe that

ZIN — ZIN : .
fm g dx = fﬂrﬂ g dx > 0. So we introduce a function

TN
an |1f|2 dz

st [z]? |

(5 * %) 2>2—|—5.

v(x) =Ny —as, as=
It is clear that fQ (—| dr = 0 and

|Vo|* do = |Qs] = (2—1—5)/ f(z")dx'
D

Qs
Letting d = diam ) we get

v? v? :E?V+a§—2a5xN T3 + ol
Tpdr > T dr = 5 dv = | ———dz
S
05 7] o |7 |z] o |zl

> .
_3d2/f dx

Since d = 2M we obtain the following estimate for A&
(2 —l— J) f D ") dx'

B 3d2 fD 3 dx

3(2+9) oM M3
< S (2M)°— = 6(2+0)—.

Condition (3.1) follows from (**¥).

According to example 1 we have MY = O(N — 1), as N — oo, if @ = B(0,R) C RY.
Obviously it is not clear whether this asymptotic behaviour is optimal. Below we give an
example of a domain for which A\J remains bounded as N — oo.

7. Let Q = {2/ € B(0,1); —f(2') <an < f(2')}, where f: B(0,1) — [1,00) is a smooth
function. We test AJ' with v(2) = y|a|. It is clear that [, e do = 0. Moreover, we have

As'

8
/ \V(zy|z|)|? do = / (423, + |2')?) do = §/ f(')? da’ + 2/ |2’ | f (") da’
Q Q B(0,1) B(0,1)
and ) )
v 2 N3 /
2z = =2 dz',
RFE dr = /Qdex 3/3(071)][(95) T
Hence

2f3(01 |2/ [Pf (") da’ + 5 [0, f2')? da’
2 3 fB(01 x')3 dx’

Since f(2') > 1 on B(0,1), we derive from this estimate that A2 < 7 for every N. Condition
(3.1) is satisfied for N > 10. In the Appendix we give a slightly better estimate of A
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5 Asymptotic behaviour of the second eigenfunction
around 0

To examine the behaviour around 0 of the second eigenfunction of (1.1) we use some ideas
from [15], [18]. We denote by S = S(Q2) the best Sobolev constant for the embedding of
WL2(Q) into L*¥ (9), that is,

2, .2
5 inf fQ(|Vu| -I—u)dx'

wew2(2)—{0} 3
Jo [ul? dz

We only consider the case 0 € €.
Proposition 5.1 Suppose that N < Ay. Then there exists 6, € (0,1) such that the eigen-
function p, (constructed in Theorem 3.1) belongs to LU+92)2°(Q).

Proof To simplify notation we set A = A\ and u = ¢,. Let ¢ = uwmin(|u|, L)?~% = uub

where p > 2, L > 0. Testing equation (1.1) we obtain

(5.1) / \Vu|?ub " dz + (p — 2) / VuVupuh * de = )\/
Q Q Q

On the other hand we have

/|V uug )Pde = /|Vu|2ui2dx+ p
Q

+ (p—2) / VuVupub ? dzx
Q

2_y
— /Q|Vu|2u§_2 dr + pT/Q|VuL|2u’£_2 dz.
It then follows from (5.1) that

2 4 2 p—2
/ \Vul*ub ™ da + pT / VuVuguh ? de < Ap+2) / el dz.
Q Q Q

4 [
Hence
Ap+2) [ vl ?
2 L
(5.2) /|V uuL )| dr < 1 /Q PE dx.

p_
We now apply inequality (1.3) to uu} ' Fora given € > 0 we can find a constant

A = A(e,Q2) > 0 such that

5 2) 21 Alp +2

5.3 V(uuz )2 dz < )\(p—l— v uZ 2d:L’ AA(p +2) WPl 2 dr
L 4 L 4 L

@ Q



We now take p =2+ 9 with 0 < § < 1 chosen so that

A 5
E(HZ) <1

Next we choose € small enough so that

Ap+2), 1 5y, A
T(EJFG) = (1+1)(E+>\6> <1

With these choices of § and € we derive from (5.3) that

s(1- 222 g ) ([ 1wd ™)

Letting L — oo the result follows with §, = g. O

2
=

z dx) < (M +1) / u?ul " du.
Q

4

Theorem 5.2 Suppose that 0 € Q and \i! < A\y. Then there exists a ball B(0, p,) C Q such
that
[pa()| < Cla|"VANVANTD for 2 € B(0, po) — {0},

where C' > 0 is a constant and s is an eigenfunction from Theorem 3.1.

Proof We use again the notation A = A\ and we set u = ¢y. We put

v(@) = || VATV Dy (g).

It is clear that v € W? (Q, || 2 (m_\/ AN_’\g) da:). By straightforward calculations we
check that

(5.4) div (|x\_2(m_VAN_A§)Vv) =0 in Q.
Let 0 < 7 < p and B(0,p) C Q. We put ¢ = n20v;" ", where I, s > 1, v, = min(Jv],1) and
n is a C'-function such that n = 1 on B(0,7), n = 0 on Q — B(0, p) and |Vn| < ﬁ on €.

Testing (5.4) with ¢ we obtain
(5.5)

/ ]a:\_Q(m_ Vv (20l VYo + o V02 4 2(s — D)oY V) da = 0.
Q
For every € > 0 there exists C'(¢) > 0 such that
2/ |I|72(\/H*\/AN7)\§{)nvv?(s—l)vnvvdx < 6/ |x|72(m*\//\1vf>\§)n2vl2(s—1)|vv|2 dx
Q Q

+ C(e) /Q |x\_2(m_v AN_Ag) |V77|21120l2(571) dx.

12



Taking € = § we derive from (5.5) that

(5.6) /|x| <” “VANTA; )( 2,,2(s=1) \VU|2—|—2( 1)772112(5 b |Vvl|2) dx
Q
/ 2 2 (V) j 22026 g,

In the next step we use the Caffarelli - Kohn - Nirenberg inequality [12]:

(5.7) ( [ it dx)p < oo [ eVl da
Q Q

for every w € W22(€, |z|2*dx), where —co < a < 82, a<b<a+1,p= #@f(b—a) and

C,p > 0 is a constant depending on a and b. We choose a = b= /Ay — /Ay — M < ¥
In this case we have p = 2*. We then deduce from (5.6) and (5.7) with w = nuvi ™' that

(5.8) (/ ]2 (VAN VAT a1 dx)
0
< CCL’a/’$|—2<\/H—\/AN—/\§>‘V(nvvls—l)‘de

< zcaa/\x| VAN =VAN ) (19 o2 1 2o g2

2
5%

+(S—1)2772 2= 1)|Vvl| ) da
C’s/m_ VAN=VANAL )\Vn|2 =D g,

IN

Since

/‘ ’—2* VAN—/AN—)] )‘77|2 2 5=2 o < / ‘x|—2*(m—\//\w—>\§[)|nvvi9—1‘2* dr
0
we can rewrite (5.8) as
2
</ |$‘72* VAN—/AN— )\H)|77|2 2 *5— 2dl’)2 S CS/ ’x|72*(m*\/AN7)\§)|vn|2v2vl2(8—1) dr.
Q

Due to the properties of the function n the above inequality becomes
(5.9)
2

(/ |x|— (\/H AN ) 9 2*5 2da:)2 < Cs 2/ |:1:|_ (m NINTESY: ) 2 25 2 d.
B(0,r) (p—r) B(0,p)

We now choose % < st < (1 + o ) 5 and define the sequence

s5;=s (22*)’, i=0,1,2,....

13



Letting s = s; in (5.9) we obtain

1

(/ ’%‘—2* (m_\/m)f02vl2*sj+l_2 daj>29]+1
B(0,r)

CSj 255 |w|_2*(m_m)v2025j72dx E
(p—r)? B(0,p) :
P

We put r; = po(1+p2), 7 =0,1,2,... with p, > 0 small so that B(0,2p,) C . Substituting
in the above inequality p = r; and r = r;;; we obtain

1

(5'10) </ ‘l‘|_2* (m—m) U2U12*Sj+1_2 d:c) 2sj+1
B(0,rj41)
e 1
: <(C%> </ jaf 2 (VAR VAN 2y dI)
Po = Po)"Po B(0,r5)

[terating we obtain

1
(5'11) (/ ‘l‘|_2* (m_\/m) UZUZQ*51+1—2 dx) 255+1
B(0,rj+1)

SiZon _yee 1 L — e
( C ) Jj=0 Jpo Ej:O 51]- HSQiJ (/ |x’72*(m7 ANngl),U2,Ul2,s*f2 dx) 2 '
B(0,r;)

_ 2 J
pO po =0

We now notice that the infinite sums and the infinite product in the above inequality are
finite. Since 2* < 2s* < (14 0,)2* we get that

(5.12) / Ele (VAN-VAN=A) 22572 g
B(0,ro)
S / |x‘(25*_2*)(m_\/AN—)\£I)‘U/|23* du
B(0,r0)
< @2 (VE-V/an ) / uf?** dz < oo,

N B(0,r0)

We now deduce from (5.11) and (5.12) that

||Ul||L25j+1(B(o,ro)) < ||Ul||L25j+1(B(o,rj+1))

2% | /AN —4/AN -2 %
< d ( T f) (/ |x|_2*(m—\/m)020125”12dx)2m.
B(

0,7j41)

Letting [ — oo and s; — oo the result easily follows. O

14



6 The Robin boundary conditions

The approach from Section 3 to the eigenvalue problem (1.1) can be extended to the eigen-
value problem with Robin boundary conditions

{ —Au = ,u#u in Q,

1
(6.1) %—l—ﬁu =0 on 09,

where (3 is a continuous nonnegative function on 02 with 5 #Z 0 on 0{2. We assume that
0 € Q2. However, we consider here the smallest eigenfunction

Jo IVul?dz + [, Bu® ds
weW2(Q)—{0} I, |“—2 dx '

z|?

(6.2) A=

First we show that A > 0. Arguing by contradiction assume A = 0. Then there exits a
sequence {u, } C W?(Q) such that [, [Vu,|* dz+ [,, Bu’ds — 0asn — oo and |, % dr =
1 for every n. Since {u,} is bounded in W1%(2) we may assume that u, — u in W?(Q2) and
u, — uwin L*(Q) and L?(9€2). We now observe that [, |[Vu,|*dz — 0, so u = [ (constant).

Since § # 0, I = 0. Thus u, — 0 in W"?(Q). This contradicts the fact that [, % dor =1
for every n. Hence A > 0. Obviously, we have

Vul? dz
A< inf fﬂ|—2| =
wewl@) [, e do

We now recall the following inequality: there exists a constant C' = C(€2) > 0 such that
w2
(6.3) AN/ —zdr < / |Vul?dz +C | u*ds
o |zl Q e}

for every u € W2(Q) (see Theorem 1.1 (inequality (1.4)) in [7]). Actually, this is a simplified
version of inequality (1.4) in [7], which contains an extra positive term on the left hand side.
Let C' be a constant from inequality (6.3). If C' < B(s) on 09, then A\ > Ay. Thus if
C < B(s) on 99 then A\t = Ay.

Theorem 6.1 Suppose that
Then problem (6.2) admits a minimizer.

The proof is a minor modification of the proof of Theorem 3.1 and is omitted.

Using as a test function u(z) = 1 on 2 we derive the following condition guaranteeing
the validity of (6.4): if

d
(6.5) Bs)ds < Ay | —
o0 o |zl
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then (6.4) holds. If Q = B(0, R), and B = max,cgq O(s), then

Joa () ds_ BR(N —2)

fQ Tz[?

and (6.5) becomes
N -2

4B

R <

Proposition 6.2 Suppose that (6.4) holds. Then the first eigenvalue AT is simple and the
corresponding eigenfunction does not change sign on Q — {0}.

Proof If a function u € WH?(Q) is a minimizer for A, then |u| is also a minimizer for Af.
Therefore we can assume that u is nonnegative on 2 — {0}. The fact that « > 0 on Q2 — {0}
follows from the Harnack inequality (see Theorem 8.20 in [17]). To prove that A is simple
we follow some ideas from [9] and [24]. We use the Picone identity. Let

o, U 2 u
L(u,v) = [Vu|* + —[Vv[* = 2=VuVv
v v
and
2
R(u,v) = |Vul* — VUV(j).

If u,v € CH(Q — {0}) N W2(Q), with w > 0, v > 0, then R(u,v) = L(u,v) > 0. Moreover,
R(u,v) = L(u,v) = 0 if and only if u = kv for some k& € R. Suppose that ¢; and v; are

positive eigenfunctions corresponding to M. We choose a sequence ¢, € C(2) N W12(Q)
such that ¢, — ¢; in WH*(Q2). We then have

(6.6) 0 = /|V¢1|2da:+ BT ds — A 12dx
Q o0 | |

— lim [/ Vipo|>da+ [ B2 ds — AR "le
0 o0 e

v
1
U1+E

ds+AR/L /VU1V U ) da.
1+-) (01 + 3 )Iﬂcl2 41

n

Testing the equation for vy with v =

we get

ﬂw(

Combining this with (6.6) we derive

2
0= lim Q(|V¢n|2 - VmV(U @D—: )) de = lim [ L(¢p,v1)de = /QL(gbl,vl) dx

Thus ¢ = cv; for some ¢ € R. O

The asymptotic estimates from Theorem 5.2 continue to hold for the first eigenfunction
of problem (6.1).
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Proposition 6.3 Suppose that (6.4) holds and let v be a minimizer of problem (6.2). Then
there exist positive constants Cy, Coy and p, such that B(0, p,) C Q and

Cﬂﬂ—(x/ﬁ—ﬂ) < () < Cb'ﬂ—(ﬂ-ﬂ)
for every x € B(0, p,) — {0}.

Proof First we observe that Proposition 5.1 remains true for v. Hence we can repeat the
proof of Theorem 5.2 to obtain the upper bound. The lower bound follows from Proposition
2.2 in [15]. a.

We now consider the Robin problem (6.1) with a non-positive coefficient 8 with 3 % 0.
We rewrite this problem as

67) { —Au = pppu in €,

% — fu =0 on 0,
where (3 is a continuous non-negative function on 02 with 3 # 0. We put

Vul? de — 2d
(68) )\1—R — inf fQ | Ul T _ faQ ﬁu S'
weW1:2(Q)—{0} fQ I“— dx

x|?

Theorem 6.4 Suppose that B is a continuous non-negative function on 02 with 5 % 0.
Then problem (6.8) admits a minimizer.

Proof We commence by showing that —oo < A% < 0. Testing A\{® with u = 1 we get
AT < 0. To show that A\[ ¥ is finite we recall the following version of the trace inequality in
Wh2(Q): for every e > 0 there exists a constant C'(¢) > 0 such that

(6.9) / u2ds§e/ |Vu|2dx+0(e)/u2dx
o9 Q Q

for every u € W12(Q). We choose € > 0 so that €|/ ]|, < 1. With this choice of € we obtain
the following estimate

2 _ 2 o 2 o 2
/Q|Vu| dx /mﬁu ds > (1 e||ﬁ||oo)/Q|Vu| dx ||5||OOC'(E)/QU dx.

We may assume that [, % dr =1. Hence 1 = [, % dz > % [, u®dz. We then derive the
following estimate

/ VuPdr— [ putds > —||B]C(e).
Q 129

This argument also shows that every minimizing sequence for A\;® must be bounded in
Wi2(Q). Let {u,} C W'2(Q2) be a minimizing sequence for A\ * such that [, % dr =1
for every n. We may assume that u, — u in WH2(Q) and L?(, #) and u, — u in L*(2)
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and L?*(99). We claim that u # 0. In the contrary case by the P.L. Lions concentration
- compactness principle we get (see the proof of Theorem 3.1) 0 > A% > pu, which is
impossible. To complete the proof we show that lim, .o [, |Vu, — Vul[*dz = 0. Arguing
by contradiction assume lim, .o [, [Vu, — Vul?*dz = ¢ > 0. Since {u,} is a minimizing
sequence for A7 we obtain

A= / Vu,|*de — | Bulds+o(1) = C+/ [Vul*de — | Bu’ds +o(1)
Q o0 Q o0

o2
> c+)\1_R/—2dx+0(1).

Hence
w2
cg)\lR(l—/—2da:) <0

and we have arrived at a contradiction. O

We close this section with remarks on the Robin problem with the coefficient 5 changing
sign on 012, that is, we assume 7 Z 0 and S~ # 0 on 9f2. We distinguish two cases: (I)
Joq Bdx < 0 and (II) [,, Bds > 0. Using the trace inequality (6.9) we can show that A{* is
finite.

Case (I) In this case Af < 0. This is obvious if [, Bdz < 0. If fmﬁgis = 0, we test
A with a function u(z) = v(x) + ¢, where t > 0 is a constant and v € C(Q2), v > 0 on €,
Joq B vds >0 and supp vN supp 87 = . Thus

/]Vu|2dx—|— Bu*ds = /|Vv\2dx+ pvids +2t | pvds+t* | Bds
Q 20 Q 20 20

o0

= / Vol do — B vrds — 2t B vds <0
Q o9 o9

provided t is sufficiently large. Repeating the proof of Theorem 6.4 we obtain the existence
of a minimizer for AE.

Case (II) In this case
[0 Bds
A <2 —
fQ T2
To obtain the existence of a minimizer for A we impose the following condition
d

/ Bds < Ay | —.
0 o |7l

Obviously this condition is not needed if it occurs that A\ff < 0.
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7 Open problems

Listed below are some open problems.
1) Do there exist second eigenfunctions in balls with dimensions less than or equal to 67
2) Do there exist other eigenvalues below the Hardy constant Ay and possibly above Ay?

3) Find conditions for the mixed Dirichlet - Neumann problem guaranteeing that the
corresponding minimum of the Rayleigh quotient is strictly less than Ay and is attained.

8 Appendix

2k+41
Let Q be a domain from example 7 in Section 4. We test A with v(x) = z37"*|z|, where

k > 1 is an integer. We have

2kt gy kAl o ) 2k +1 —2 2kl o
vv — $2k+3 - o $2k+3 2k+3 + 2k+3 .
(N 2N T 2k Tl

Thus

4k+2 2k + 1 4 4k + 2 4k+2
2 2k+3 T 2k+3 2 2k+3
dr = = ¥ +3 ) d
/Q\Vv] x /Q(xN + (2k—|—3) x|+ ok 13N ) T
k42 2%k + 1 k42 2% + 1 2y Ak + 9 k42
— 2k+3 2k+3 2k+3 /2 2k+3 d
/Q(xN +(2k+3> . +(2k3+3) S I T e ) ’
2k + 3 6k+5 2k +1 22]€—|—3 6k+5
— 9 Narts dg’ "ar+s da’
(6k+5/x,|§1f(x) o +(2k+3) 6k+5/|x,§1f(x) v

2k +1\°2k + 3 o et Ak 42 ks
2k+1 (] 2643 (1!
<2k+3) 2k—1/|x,|§1‘x‘f(x) ’ x+6k+5/|x,|§f<x> o

) 2k + 3 2k +1 22k:+3+ 2k +1 22k+3+4k+2
6k + 5 2% +3) 6k+5 2k+3) 2k—1 " 6k4+5

/ F(z') 243 da'.
lz'|<1

k42 2k‘ +3 6k-+5
d < 2k+3 — % d
/ |:E|2 X / 6]{3 5 / f 2 +3 dx’.

Since fQ Iw% dr = 0, v is a legitimate function to test A and we get

X

We also have

i (2RE3 (2] 22k—|—3+ 2k +1 22k+3+4k+2 6k + 5
> = \6k+5 \2k+3) 6k+5 \2k+3/) 2k—1 6k+5)2k+3
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The sequence on the right - hand side of this inequality tends to 7 as k — oco. However, the
terms of this sequence are strictly less than 6 for £ = 2,3,4,5. For example for k = 2 we

have

25+25 17+10<5122<6
49 49 3 7 147 '

In particular, condition (3.1) is satisfied for N > 7.

A <1+
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