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ABSTRACT. We deal with the asymptotic behavior of the s-perimeter of a set £
inside a domain Q as s N\, 0. We prove necessary and sufficient conditions for
the existence of such limit, by also providing an explicit formulation in terms
of the Lebesgue measure of E and 2. Moreover, we construct examples of sets
for which the limit does not exist.

1. Introduction. Given s € (0,1) and a bounded open set  C R™ with C17-
boundary, the s-perimeter of a (measurable) set £ C R™ in  is defined as

Pery(E;Q) = LIENQ,(FE)NN)

+LENQ,(FE)N(€Q)) + L(EN(¥NQ),(FE)NQ), (L)
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where ¥F = R™\ E denotes the complement of E, and L(A, B) denotes the following
nonlocal interaction term

1
L(A,B) = — ~ _dedy VYA BCR" 1.2
B)= [ [ ooy 12)

Here we are using the standard convention for which L(A, B) = 0 if either A = &
or B=g.

This notion of s-perimeter and the corresponding minimization problem were
introduced in [3] (see also the pioneering work [14, 15], where some functionals
related to the one in (1.1) have been analyzed in connection with fractal dimensions).

Recently, the s-perimeter has inspired a variety of literature in different direc-
tions, both in the pure mathematical settings (for instance, as regards the regu-
larity of surfaces with minimal s-perimeter, see [2, 7, 6, 13]) and in view of con-
crete applications (such as phase transition problems with long range interactions,
see [4, 11, 12]). In general, the nonlocal behavior of the functional is the source of
major difficulties, conceptual differences, and challenging technical complications.
We refer to [9] for an introductory review on this subject.

The limits as s \, 0 and s 1 are somehow the critical cases for the s-perimeter,
since the functional in (1.1) diverges as it is. Nevertheless, when appropriately
rescaled, these limits seem to give meaningful information on the problem. In
particular, it was shown in [5, 1] that (1 — s)Per, approaches the classical perimeter
functional as s 1 (up to normalizing multiplicative constants), and this implies
that surfaces of minimal s-perimeter inherit the regularity properties of the classical
minimal surfaces for s sufficiently close to 1 (see [6]).

As far as we know, the asymptotic as s \, 0 of sPers was not studied yet (see
however [10] for some results in this direction), and this is the question that we
would like to address in this paper. That is, we are interested in the quantity

w(E) = il\ff{l) sPers(E; Q) (1.3)

whenever the limit exists. Of course, if it exists then
u(E) = p(¢E),
since
Per,(E; Q) = Pers (¢ E; Q).

We will show that, though p is subadditive (see Proposition 2.1 below), in general
it is not a measure (see Proposition 2.3, and this is a major difference with respect
to the setting in [10]). On the other hand, i is additive on bounded, separated sets,
and it agrees with the Lebesgue measure of £ N Q (up to normalization) when E
is bounded (see Corollary 2.6). As we will show below, a precise characterization
of u(E) will be given in terms of the behavior of the set E towards infinity, which
is encoded in the quantity

, 1
al(B): iI{%S/Em(%BI) ly|te .
whenever it exists (see Theorem 2.5 and Corollary 2.6). In fact, the existence of the
limit defining « is in general equivalent to the one defining p (see Theorem 2.7(ii)).
As a counterpart of these results, we will construct an explicit example of set E
for which both the limits u(E) and «(E) do not exist (see Example 1): this says
that the assumptions we take cannot, in general, be removed.
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Also, notice that, in order to make sense of the limit in (1.3), it is necessary to
assume that!

Pers, (E; Q) < oo, for some sq € (0,1). (1.4)

To stress that (1.4) cannot be dropped, we will construct a simple example in which
such a condition is violated (see Example 3).

The paper is organized as follows. In the following section, we collect the precise
statements of all the results we mentioned above. Section 3 is devoted to the proofs.

2. List of the main results. We define & to be the family of sets £ C R"™ for
which the limit defining u(E) in (1.3) exists. We prove the following result:

Proposition 2.1. p is subadditive on &, i.e. p(EUF) < p(E) + u(F) for any E,
Feé.

First, it is convenient to consider the normalized Lebesgue measure ., that is
the standard Lebesgue measure scaled by the factor s#"~1(S"~1), namely

M(E) =" (S" Y |E|, (2.1)
where, as usual, we denote by S"~! the (n—1)-dimensional sphere.

Now, we recall the main result in [10]; that is,

Theorem 2.2. (see [10, Theorem 3]). Let s € (0,1). Then, for all u € H*(R™),

|U u(y)[? —1/gn—1 / 2
lim — / / dedy = " (S" u|* dx.
NO 2 Jrn Jgn |x — |”JrS Y ( ) R [

An easy consequence of the result above is that when E € & and E C Q then p(E)
agrees with .Z (E) (in fact, we will generalize this statement in Theorem 2.5 and
Corollary 2.6). Based on this property valid for subsets of 2, one may be tempted
to infer that p is always related to the Lebesgue measure, up to normalization, or
at least to some more general type of measures. The next result points out that
this cannot be true:

Proposition 2.3. p is not necessarily additive on separated sets in &, i.e. there
exist E,F € & such that dist(E, F) 2 ¢ >0, but u(EU F) < u(E) + p(F).

Also, p is not necessarily monotone on &, i.e. it is not true that E C F implies
w(E) < p(F).

In particular, we deduce from Proposition 2.3 that p is not a measure. On the
other hand, in some circumstances the additivity property holds true:

Proposition 2.4. p is additive on bounded, separated setsin &, i.e. if E, F € &, E
and F are bounded, disjoint and dist(E, F) > ¢ > 0, then EUF € & and u(EUF) =
u(E) + u(F).

There is a natural condition under which p(F) does exist, based on the weighted
volume of E towards infinity, as next result points out:

Tt is easily seen that if (1.4) holds, then Pers(E;2) < oo for any s € (0, sp). Moreover, if OF
is smooth, then (1.4) is always satisfied.
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Theorem 2.5. Suppose that Perg, (F;Q) < oo for some sg € (0,1), and that the
following limit exists

1
alF) = lims/ —dy. 2.2
(E) sNO  Jpn(es,) [yl e (22)

Then E € & and
u(E) = (1 - a(E)) . 4(ENQ) +a(E).4(Q\ E),

where (E)
~ @
EF)y=———""7—. 2.3
Oé( ) <jfnfl (Snfl) ( )
As a consequence of Theorem 2.5, one obtains the existence and the exact ex-
pression of u(E) for a bounded set E, as described by the following result:

Corollary 2.6. Let E be a bounded set, and Pery, (E;) < oo for some sg € (0,1).
Then E € & and
wE)=.#(ENQ).
In particular, if E C Q and Perg, (E;Q) < oo for some so € (0,1), then p(E) =
Condition (2.2) is also in general necessary for the existence of the limit in (1.3).
Indeed, next result shows that the existence of the limit in (2.2) is equivalent to
the existence of the limit in (1.3), except in the special case in which the set E

occupies exactly half of the measure of Q (in this case the limit in (1.3) always
exists, independently on the existence of the limit in (2.2)).

Theorem 2.7. Suppose that Per, (E;Q) < oo, for some sg € (0,1). Then:
(i) IfQ\E|=|ENQ|, then E € & and w(E) = #(ENQ).
(i) If IQ\ E| £ |ENQ| and E € &, then the limit in (2.2) exists and
_ WE) - A(ENQ)
CIQ\E[-|ENQ[”

a(E)

In the statements above we assumed the existence of the limits in (1.3) and (2.2).
Such assumptions cannot be removed, since the limits in (1.3) and (2.2) may not
exist, as we now point out:

Example 1. There exists a set E with C*°-boundary for which the limits in (1.3)
and (2.2) do not exist.

Example 2. There exists a set E with C°-boundary for which the limit in (1.3)
exists and the limit in (2.2) does not exist.

Notice that Examples 1 and 2 are provided by smooth sets, and therefore they
have finite s-perimeter for any s € (0,1) (see, e.g., Lemma 11 in [5]).

On the other hand, as regards condition (1.4), we point out that it cannot be
dropped in general, since there are sets that do not satisfy it (and for them the limit
in (1.3) does not make sense):

Example 3. There exists a set E for which Per (E;Q) = +oo for any s € (0,1).
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3. Proofs.

3.1. Proof of Proposition 2.1. We observe that
the s-perimeter is subadditive. (3.1)
To check this, let 1, 25 be open sets of R™. We remark that
L(EUF)N,(F(EUF))NQs)
=L(ENQ)UFNN), (FE)N(ECF)N Q)
SLIENQ,(FE)N(FF)NQ)+ L(FNQ, (FE)N(CF) NQy)
S LIENQ, (FE)N Q) + L(FNQ, (FF) N Q).
By taking 2 := Q2 and 5 := R™ we obtain
L(EUFR)NQEFEUF) K LIENQ,FE)+ L(FNQ,EF),
while, by taking €, := €Q and 5 := Q, we conclude that
L(EUF)N(EN), (F(EUF))NQ) < LIEN(E€Q), (€E)NQ)+L(FN(€N), (€F)NQ).
By summing up, we get
Pery (EU F; Q)
=L(EUF)NQ,E(EUF))+ L(EUF)N(¢Q),(¢(EUF))NN)
LIENQ,FE)+ L(FNQ,%F)
+LEN(Q),(FE)NQ) + L(FN(FQ),(FF)NQ)
= Pers(E; Q) + Per (F; Q).

This establishes (3.1) and then Proposition 2.1 follows by taking the limit as s
0. O

3.2. Proof of Proposition 2.3. First we show that y is not additive.

Here and in the sequel, we denote by Bgr the open ball centered at 0 € R™ of
radius R > 0. We observe that if v € By and y € € B; then |z—y| < |z|+|y| < 2]y|,
therefore

L(By,%Bs) > /d/ dy— > /m do_
S 15 2) 2 €18 xz Y——0 2 = C2S 5. = €3,
B @B,  lyl"te 2 Pt

for some positive constants c¢1, co and c3. Now we take E := By, F := () := Bj.
Then

Pers(E; Q) = L(B1,%4 Bs),
Pers(F;Q) = L(B1,4B1) = L(B1,%4B2) + L(B1, B2\ B1)
and  Per,(EUF;Q) = L(By, By \ By).
Therefore
sPery(E;Q) + sPery(F;Q) = 2sL(By,¢Bz2)+ sL(By,B2\ By)
> 2c¢3+sL(By,Bx\ By)
= 2c3+ sPergy(FUF;Q).

By sending s N\, 0, we conclude that u(E) 4+ pu(F) = 2¢3 + u(E U F), so p is not
additive.
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Now we show that p is not monotone either. For this we take E such that
#(E) > 0 (for instance, one can take E a small ball inside Q; see Corollary 2.6),
and F := R"™; with this choice, E C F and Per,(F;Q) =0, so u(E) > 0 = p(F). O

3.3. Auxiliary observations. Here we collect some observations, to be exploited
in the subsequent proofs.

Observation 1. First of all, we observe that
if A and B are bounded, disjoint sets with dist(A, B) > ¢ > 0, then

lim s L(A, B) = 0. (3.2)
sN\0

To check this, suppose that A and B lie in Br. Then

1 1 (%nfl(snfl))ZRZn
————dxdy < / / dedy =
/A/B |1’ _ y|n+s Y Br JBR cnts Y n2cn+s

and this establishes (3.2).

Observation 2. Now we would like to remark that the quantity

1
lim s/ —dy
sNO - JEN(€BR) |ly|"+s

is independent of R, if the limit exists. More precisely, we show that for any R >

r>0
lim s / L dy / ! d 0 (3.3)
i ——dy — ——dy | =0. .
$\0 En(@Bg) lYI"T En(%B,) [YI"Ts

To prove this, we notice that

s/ Ldy<s/ 1dy—s<%””1(5”1)/R1dp
BBy WM T S, lylnte po ptte

and so, by taking limit in s,

1
sNO - JEN(BR\B,) Yl

which establishes (3.3).

Observation 3. As a consequence of (3.3), it follows that if the limit in (2.2) exists
then

a(E) = lim s

— _dy VYR>0. (3.5)
sN0 /Eﬁ(‘ﬁBR) |ly|m+s

Observation 4. For any s € (0,1), we define
1
as(F) = s/ ——dy (3.6)
En(eBy) [Y[" e

and we prove that, for any bounded set ' C R", and any set £ C R",

1
as(E)|F| —s// Y mal=0 @7
rJEn(@BR) [T —Yy["ts

lim limsup
R—+00 s\0




ASYMPTOTICS OF THE s-PERIMETER AS s\, 0 2783

To prove this, we take r > 0 such that F C B, and R > 1 + 2r (later on R will be
taken as large as we wish). We observe that, for any z € B, and y € ¢ Bg,

2ol > bl — el = (1= ) ol + o~ 21> 2,
R R 2

Therefore, if, for any fixed y € €Bg, we consider the map

1
h(z) = W’ z € BT)
we have that
Vi) = e 2Tt
S lp eyl Tyt

for any z € B,, which implies

1 1
|z —y[nts |ynts

1 1

AT Py e w—
F \JEN(¥¢Br) |y|"+ F JEN(€¢Br) |z — y|+
1 1
< — dy | dx
/F</Eﬂ((€BR) ly|"ts | —y|nts )

2n+s+1
S 2]
F \JEN(¢Br) ly|m+s

1
gTHH%n+@mv/’ Cdy < C
@B Y|Vt

2ntstl(n 4 g)|x]
|y|n+s+1

= |h(z) — h(0)| < Yz € B,,y € €Bp.

Therefore

for some C' > 0 independent of s. As a consequence,

1
as(E) |F —s/ / ——dx dy
®)IF| FJBn(eBR) [T —y|" T

1
EN(¥Br) |y
This and (3.3) (applied here with r := 1) imply (3.7).
Observation 5. If the limit in (2.2) exists, then (3.7) boils down to
. . 1
lim limsup |(E) |F| — s/ / s dedy| = 0. (3.8)
R—+00  5\0 FJEn(eBR) [T —yI"Te

Observation 6. Now we point out that if F' C Q C Bg for some R > 0, and F
has finite so-perimeter in Q for some sg € (0,1), then

1
lim 5/ / ————dxdy =0. (3.9)
sNO Jp JBa\p [ —y|m T
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Indeed, for any s € (0, sg),

1
// o s G dy
F JBR\F |z -y

1
F J(Br\F)N{|z—y|<1} |z — y 0 F J(Br\F)N{|z—y|>1}

< Per, (F39) + |BR‘27
which implies (3.9). In particular, thanks to [1, Proposition 16], the argument above
also shows that if FF € Q C Br and xr € BV(Q), then F has finite s-perimeter
in Q for any s € (0,1).
Observation 7. Let £y := ENQ and Ey := E\ Q. Then
Per,(E;Q) = Perg(Ey U Eg; Q)
= L(Ey,Q\ E1) + L(E1, (€Q) \ E2) + L(E2, Q\ En)
= L(E\,CEy) — L(E1, Bg) + L(E2,Q\ Ey)
= Pery(Ey; Q) — L(Ey, Es) + L(Es, Q\ Ey).

(3.10)

With these observations in hand, we are ready to continue the proofs of the main
results.

3.4. Proof of Proposition 2.4. We prove Proposition 2.4 by suitably modifying
the proof of Proposition 2.1. Given two open sets 2; and 22, and two disjoint
sets F¥ and F', we have that

L(EUF)NM,(F(EUF))NQs)
=L(ENQ)U(FNQ), (FE)N(EF)N Q)
=LENQ,(FE)N(CF)NQ)+ L(FNQ, (FE)N(EF)N Q).
By taking €, := Q and Q5 := R, we obtain
L(EUF)NQECEUF)=LENQ(FE)N(FF))+ LIFNQ,(FE)N(FF))
while, by taking €, := €Q and 5 := Q, we conclude that
L(EUF)N(EN),(F(EUF))NQ)
= LEN(EN),(FE)N(CF)NQ) + L(FN(€QN),(FE)N(FF)NN).
As a consequence,
Pers(E U F; Q)
=L(EUF)NQEEUF)+L(EUF)N(€N),(C(EUF))NQ)
= LIENQ(CE)N(EF))+ LIFNQ,(FE)N(¥F))
+L(EN(€N),(CE)N(CF)NQ)+ L(FN(EN),(FE)N(EFF)NNQ)
= Pers(E; Q) + Pers(F; Q)
—LIENQ(FEYNF)—-LIFNQ,EN(FF))
—LIEN(EQ),(FE)NFNQ)—LIFN(EQ),EN(EF)NQ).

We remark that the last interactions involve only bounded, separated sets, since so
are E and F, therefore, by (3.2),

i Per,(EU F: Q) = 1i Per, (E: Q) Per,(F:;: Q)
31{%8 ers(E U F; Q) sl\I‘I(l)(S ers(E; Q) 4 sPerg (F; )),
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which completes the proof of Proposition 2.4. O

3.5. Proof of Theorem 2.5. We suppose that 2 C B,., for some r > 0, and we
take R > 1+ 2r. Let By := ENQ and Ey := E'\ Q. Notice that, for any F C Q
which has finite so-perimeter in € for some sg € (0,1),

E;NBr C BR\QC B\ F
and so (3.9) gives that

1
lims/ / ————daxdy =0, (3.11)
N0 Jp JeynBy [T —y|M e

provided that F' has finite so-perimeter in Q. Using this and (3.8), we conclude
that, for any F' C 2 of finite sp-perimeter in €2,

1
hms// ﬁdxdy
NO - Jp S, |2 =yt
1
= lim lims// T drdy
Rotoos\0  Jp Jg, |2 —y["Ts
1
= lim lims// 7+dxdy
R—+00 s\,0 F JEx2N(€BRr) |x_y|n s

= a(E)|F]|.
In particular?, by taking F := E; and F := Q\ Ej, and recalling (2.1) and (2.3),

1
lims/ / —————dady = o(E) |F1| = a(E) A (E
s e =g (E) |Er| = a(E) A (Ey)

. (3.12)
and lims/ / ———drdy =a(E)|Q\ E1| = a(E) #(2\ Er).
B e, S Ty (B) 2\ Er| = a(E) A4 (2 Ev)
We now claim
I%SPers(El;Q) = M (Ey). (3.13)

Indeed, since F; C £, this is a plain consequence of Theorem 2.2 (see also Re-
mark 4.3 in [8] for another elementary proof) by simply choosing u = xg, there:

lim s Pers(Fy;Q) = lim s L(Ey, €E)
sN\O0 s\0

B 2
lim 5 / / IxE, (*) — x&, (V)] iz dy
n n :I;

s\0 5 — y|n+s
= A" S Ixele@ny = 277" B,

2We stress that both E; and © \ E1 have finite so-perimeter in  if so has E, thanks to our
smoothness assumption on 9Q2. We check this claim for E7, the other being analogous. First of
all, fixed Br D By D (2, we have that

L(E1,(E\Q)N(¢BRr)) < L(Br,¥Bg) < +oo.
Also L(Q2N Bg, (6¢2) N Br) < 400 (see, e.g., Lemma 11 in [5]), therefore
Pers,(E1;Q) = L(E1,€E1) = L(E1,€E) + L(E1,E\ Q)
< Persy (E;Q) + L(E1, (E\ Q)N Bg) + L(E1, (E\ Q)N (¥BR))
< Pergy (E;Q) + L(Q, (6Q) N Br) + L(E1, (E\ Q) N (¢Br)),

that is finite.
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as desired. Thus, using (3.10), (3.12), and (3.13), we obtain
lim sPer, (E: Q) = .4/(Ey) - G(E).#(E1) + G(E).4(2\ By)
which is the desired result. O

3.6. Proof of Corollary 2.6. We fix R large enough so that £ C Bpg, hence
EN(¥Bgr) = 9. By the expression of a(E) in (3.5), we have that the limit in (2.2)
exists and a(E) = 0. Then the result follows by Theorem 2.5. O

3.7. Proof of Theorem 2.7. We suppose that ) C B,., for some r > 0, and we
take R > 1+ 2r. Let By := ENQ and Ey := E\ Q. By (3.10),

sPer(F; Q) — sPerg(Ep; Q)
= SL(EQ, Q \ El) — SL(El, EQ)

1 1
O\E, JE2NBR |z -y O\E; J EsN(€BR) |z —yl

1 1
—s/ / ﬁdxdy—s/ / ﬁda:dy.
E, JE2:NBR |z -y Ey JE:N(€BR) |z — |

By rearranging the terms, we obtain

1 1
I(S,R)::.S/ / ﬁdxdyfs/ / T drdy
ON\E, JEan(eBr) [T —y" e B JEan(eBy) 17— y" e

1
= sPers(E; Q) — sPerg(E1;Q) — 5/ / s drdy
Q\El EsNBpgr |.’L‘ - y|n s
1
E, JExsNBr |£E - y|

By using (3.9) with F := Q\ E; and F := F; (which have finite sp-perimeter in €;
recall the footnote on page 2785), we have that the last two terms in (3.14) converge
to zero as s \, 0, thus

(3.14)

21{% I(s,R) = 11{‘% (sPers(E; 0) — sPers(Fy; Q)) (3.15)

We now recall the notation in (3.6) and we write

1
as(E)|Q\ Ey] = s/ / ———dxdy
° Q\El Ezﬁ(chR) |"I; - y|’ﬂ+5

1
+as(E>|ﬂ\E1|—s/ / .
o\Ey JEsn(@Br) [T —Y|" TS

and

1
as(E) B = s/ / ———dzdy
By JEan(eBg) [T —y[" e

1
raup) Bl -s [ f .
E, JE2N(€BR) |z —yl
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By subtracting term by term, we obtain that

au(B) (I2\ Ea| - |E1])
1
Q\E; JExN(¥Br) |z — |

1
- aS(E)|E1|—s/ / ey
( By JEsn(@Br) [T — Y|" T

As a consequence, by using (3.7) (applied here both with F':= Q\ Fy and F' := Fy),

plim lim [aS(E) (|Q \ Byl — |E1|) — I(s, R)] —0. (3.16)

Now, if |Q\ E| = |[EN Q| then |Q\ Ey| — |E1| = 0, and from (3.15), (3.16), and
Corollary 2.6 we get

0= lim lim I(s, R) = lim sPer,(E;Q) — #(ENQ),
R—400 s\,0 sN\0

which proves that E € & and p(E) = .#(E N Q). This establishes Theorem 2.7(i).
On the other hand, if |2\ E| # |[EN§|, then by (3.15), (3.16), and Corollary 2.6
we obtain the existence of the limit

IQ\ Ey| — [Eq]) lim o, (E)
( ) lim

- ity (9151 )

— Iim nm{[as(E) (|Q\El|—E1|)—I(S,R)}+I(S,R)}

R—+00 s\(0

= u(B) — p(Er) = (E) — A (ENQ),
which completes the proof of Theorem 2.7(ii). O

3.8. Construction of Example 1. We start with some preliminary computations.
2
Let ay := 10", for any k € IN, and let

I; .= U [Qaktjr Qakgja1), for j=0,1,2,3.
kEN

Notice that [1,400) may be written as the disjoint union of the I;’s. Let ¢ €
C>°([0,+00), [0,1]) be such that ¢ = 0 in [0,1] U Iy, ¢ = 1 in I, and then ¢
smoothly interpolates between 0 and 1 in I7 U I3.
We claim that there exist two sequences vy, — +o00 and vy, — 400 such that
+oo +oo
lim ovopr)e *dr=0 and lim o gx)e Cde=1. (3.17)
k—+oo 0 k—+4o0 0
To check (3.17), we take vy i := aap+1/k and vy := ap+3/k. We observe that, by
construction, ¢ = 0 in [a4k, a4k+1) and ¢ = 1in [a4k+2, a4k+3), so (v xx) = 0 for
any « € [kbo k, k) and ¢(v1 yx) =1 in [kby i, k), where

A4k — A4k+2 _
= 1076 D and by, = 2 = 107 (BkF5),
A4k+1 A4k+3
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We deduce that
+oo kbo, k. +oo
/ p(vorr)e T dr < / e Tdx —|—/ e dr=1—e Fbor g7k
0 0 k

400 k
and / P pr)e” “de > / e dr = e M _ ek,
0 k

b1,k
This implies (3.17) by noticing that

lim k‘b07k:O= lim kbLk-

k— oo k— o0

Now we construct our example by using the above function ¢ and (3.17). We
take Q := By /5 and E := {x = (pcos~, psiny),p > 1,7 € [0,60 (p)] } C R?, where

0 (p) == ¢ (log p).
First of all, since 2 = By, and £ C R™\ By, it is easy to see that

1 2n+s
PerS(E;Q):// ——dzxdy < |9 ——dz < 00
ole |z —y[ts R\ B, |27

for any s € (0,1) (notice that, since E has smooth boundary, the fact that E has
finite s-perimeter is also a consequence of Lemma 11 in [5]). Then, recalling (3.6)

we have
+oo  r0(p) pn—l +o0 1
aSE:s/ / d9dp:s/ 0(p) —— dp.
(&) 1 o ptE 1 ( )pHS

Therefore, by the change of variable log p = r, we have

+oo
as(E) = s/ w(r)e " dr,
0

and, by the further change rs = x, we have

as(F) = /0+00 ¥ (g) e Tdx.

If we set v = 1/s, the limit in (2.2) becomes the following:

+oo
a(F) = lim o (vx)e *dux,
1 Zde el 0
and, by (3.17), we get that such a limit does not exist. This shows that the limit
in (2.2) does not exist. Since |2\ E| = [By2| > 0 = [ENQ|, by Theorem 2.7(ii),
the limit in (1.3) does not exist either. O

3.9. Construction of Example 2. It is sufficient to modify Example 1 inside
Q) = By, in such a way that [Q\ E| = |[ENQ|. Notice that, since the set E has
smooth boundary, then it has finite s-perimeter for any s € (0,1) (see Lemma 11
in [5]). Then (2.2) is not affected by this modification and so the limit in (2.2) does
not exist in this case too. On the other hand, the limit in (1.3) exists, thanks to
Theorem 2.7(i). O
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3.10. Construction of Example 3. We take a decreasing sequence [j, such that S
>0 for any k> 1,

+oo
M::Zﬁk < 400

but
—+oo
> Byt =400 Vse(0,1). (3.18)
k=1

For instan il ntkﬁ'—L ndﬁ'—;frnk>2

or instance, one can take 1.—10g22a k._kloggkoay >

Now, we define

Q:= (0, M) C R,
= Zﬁka
k=1
Im = (0m30m+1>7
and E = U Igj.

Notice that £ C 2 and
Pery(E;Q) =L(E,¥E)

+oo +oo 02541
> L(Izj, Izj41) Z/ /
=1 o

An integral computation shows that if a < b < ¢ then

/ab/bC 7|x—1y|1+5 drdy = 75(11— 3 [(c— D7 (b—a)t T — (e — a)l_s}.

By plugging this into (3.19), we obtain
s(1 — s)Perg(E; )

02j+2

|1+S dedy.  (3.19)
2541

“+ o0

>, [(U2j+2 —09j41)" " 4 (02401 — 025)' 7" = (02542 — 02;‘)1_3]
j—l (3.20)

= Zﬁ2a+2 Bajir — (Bajya + Bajin)'

Now we observe that the map [0,1) 2 ¢ — (14 ¢)'~% is concave, therefore
A+ <1+ —s)t <1+ (1—s)t™*
for any t € [0,1), that is
T+t — (14 1)t % > st 75,

By taking t := fa;12/82j4+1 and then multiplying by ﬁzljf_fp we obtain

52]+1 + 523+2 (B2ja1 + 523‘-5-2) B 352J+2
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By plugging this into (3.20) and using (3.18), we conclude that
PE-Q>1+001_Sf Vse (0,1
ers(E; )/m252j+2*+00 5 €(0,1),
J:

as desired. O
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