EIGENVALUES AND EQUIVALENT TRANSFORMATION OF A
TRIGONOMETRIC MATRIX ASSOCIATED WITH FILTER DESIGN

Y. LIU, Z. LIN, G. MOLTENI, AND D. ZHANG

ABSTRACT. The N x N trigonometric matrix P(w) whose entries are P(w)(i,j) = (i + j —
2) cos(i — j)w appears in connection with the design of finite impulse response (FIR) digital filters

with real coefficients. We prove several results about its eigenvalues; in particular, assuming

N > 4 we prove that P(w) has one positive and one negative eigenvalue when £ is an integer,
™

while it has two positive and two negative eigenvalues when 2 is not an integer. We also show
that for 2 not being an integer and a sufficiently large N, the two positive eigenvalues converge
to a4+ N? and the two negative eigenvalues to a— N2, where ayx = (1 £ 2/+/3)/8. Furthermore,

an equivalent transformation diagonalizing P(w) is described.

Linear Algebra and Appl. 437(12), 2961-2972 (2012).

1. INTRODUCTION

Trigonometric matrices are widely used in various applications, such as image processing [3],
communication systems [7], filter design [6, 8, 9, 11], etc. In filter design, trigonometric matrices
arise in the formulation of certain design problems, such as the design of finite impulse response
(FIR) filters with low group delays and arbitrarily prescribed magnitude [6, 8, 9, 11]. In the
design of FIR filters with complex coefficients [8, 11], an eigenvalue problem of trigonometric
matrices associated with the reduction of the group delay of an FIR filter was posed in [8] and
investigated in [10]. In the design of FIR filters with real coefficients, the group delay of an FIR
filter to be designed is also associated with a trigonometric matrix [6, 9]. Hence, it is of interest,
both mathematically and practically, to investigate the eigenvalue problem of the trigonometric
matrix associated with an FIR filter having real coefficients.

To formulate the problem and provide some relevant background, let

N—-1
H(z):= Z h(n)z~"
n=0

be the transfer function of an FIR filter of length N and with real coefficients. Note that H(z)
is the z-transform of the unit impulse response of the filter h(n). The frequency response H(w),

phase response ¢(w) and group delay 7(w) of the filter H(z) are given by

N-1
H(w) = Y h(n)e™" = hy (c(w) + js(w)),
n=0

o () e = ().
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respectively, where w € R is the digital frequency variable and

- T
hy = [h(0) R(1) ... h(N - 1)} ,
i T
c(w):=|1 cosw ... cos(N — l)w} ,
: T
s(w):=|0 —sinw ... —sin(N — 1)w] .
Let
- dc(w) ) . T
C(w) := R {0 —sinw ... —(N —1)sin(N — 1)w} ,
- _ds(w) T
S(w) == T = [O —cosw ... —(N —1)cos(N — 1)4 .
With simple manipulations, we arrive at the following analytic expression for the group delay
h] Py (w)h,
T(w) = —F——~5—,
[H (w)[?
where

Pi(w) == s(w)&(w)" —§(w)e(w)".
The above derivation follows easily from [8] by restricting the discussion in [8] to the case with
real filter coefficients only. It could also be found in [9] but with slightly different notation. For
band-selective filters, it may be assumed that |H(w)| ~ 1 in the passbands. Furthermore, when
using the semidefinite programming (SDP) approach [8] or the second-order cone programming
(SOCP) approach [11], P;(w) is required to be symmetric, which could be done by introducing
a new symmetric matrix P := 1(Py(w) + Pl (w)). Hence, the group delay of the filter in the
passbands is approximately given by

7(w) ~ h] P(w)h,

where P(w) is of dimension N x N and is expressed as
(1) P(w)(i,7) :== %(z +7—2)cos(i — j)w.

In order to design FIR filters with reduced group delays, i.e., to minimize 7(w) in the passbands,
it is important to understand the structure and eigenvalues of P(w). In particular, in the case
that P(w) is not a positive definite matrix, it is required that the positive eigenvalues of P(w)
are sufficiently larger than the absolute values of the negative eigenvalues for the optimization
techniques adopted in [8, 11] to be effective. In [10], the eigenvalue problem related to FIR filters
with complex coefficients was discussed. Here we focus on the same eigenvalue problem but for
FIR filters with real coefficients. Although the P(w) matrix here already appears as one of the
block sub-matrices of the matrix in [10], their eigenvalues are quite different. Specifically, while
the eigenvalues of the matrix in [10] are independent of w, those of P(w) depend on w in a quite
peculiar way, as we will show. In fact, we prove that for N > 4, P(w) has one positive and one
negative eigenvalue when 2 is an integer, and two positive and two negative eigenvalues when #
is not an integer. We also give an asymptotic property of the eigenvalues of P(w) by showing that

w

for £ not being an integer and large enough N, the two positive eigenvalues are close to ay N 2
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and the two negative eigenvalues to a_ N2, where ax = (1 +2/+/3)/8. We prove also a result on
an equivalent transformation of P(w) into a diagonal matrix.

Before ending this section, we list the notation we use in the paper:

0,11, Iy the m x [ zero and the n x n identity matrices;
lz||: the minimal distance of x to Z, i.e. min{|x —n|: n € Z};
[n]a, {'}: the falling factorial symbol and the Stirling number of the second kind (see [1,
Ch. I1));
d(1): the discrete function whose value at [ = 0 is one, 0 otherwise;
O(f(z)): a function g(z) satisfying the inequality |g(z)| < |f(z)|.

2. MAIN RESULTS

In this section, we first present new results on the eigenvalues and an equivalent transformation
of P(w) in (1) for any NN, then another result on the eigenvalues of P(w) for a sufficiently large
N.

Theorem 1. For every N > 4, we have

1): When £ is an integer P(w) has one positive eigenvalue 5\+ and one negative eigenvalue

A_ whose values are %(N — 144/ 4NL#); the other eigenvalues are zero.
2): When % is not an integer P(w) has two positive eigenvalues Ay 1(w), Ay 2(w) and two

negative eigenvalues A_ 1(w), A_2(w); the other eigenvalues are zero.

We have not been able to discover the general analytic form of a trigonometric matrix A(w) such
that A(w)P(w)A~1(w) is diagonal, but we have found a matrix A(w) such that A(w)P(w)AT(w)
is diagonal (see Thm. 2 here below). This suffices to prove the second part of Theorem 1 as a

consequence of the Sylvester’s law of inertia for symmetric matrices.

Theorem 2. For N > 4, there exists a trigonometric matriz A(w) with det A(w) = —1, such
that

(2) A(w)P(w)AT(w) = D(w)

where D(w) := diag{1, —1,sin*w, —sin*w,0,...,0} has dimension N.

Proof. We prove that a suitable matrix A(w) is given as

Ay(w) OgnN—4
(3) Alw) :=
F(w)
where
0 1 0 0
% —% Ccos w % 0
Ag(w) = |y 7 3 .3 1 1.2 1

7CO0s“w— 3 —5C08°W+ 5Co08W  7COSTWH+ 0
—%cosw 2cos?w + 2 —%cosw 1
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1 v v o 1 0 0 --- 0
0O 1 v v w 1 0 --- 0
F(W) = 0 0 1 u v u 1 0 Wlth u = _4COSUJ

vi=4costw+2

o --- 0 0 1 w v u 1]
Note that F(w) is an (N —4) x N matrix where each row is obtained by circularly shifting its
preceding row to the right by one position.

To simplify the notation, in the following we omit the argument w and use Py, Ay and Dy to
denote the N x N matrices P(w), A(w) and D(w), respectively. Note that Py, Ay and Dy can
be obtained from Pyy1, Ayy1 and D41 by deleting the (N+1)-th row and column. The proof
is carried out by induction in a manner similar to what was done in [10].

Step I: When N = 4, F(w) and 04 y_4 are zero dimensional and must be suppressed in (3).
Thus, A is just Ay4. It is then straightforward to verify that A4P4A4T = Dy and det A4, = —1.
Hence, the theorem is true for N = 4.

Step II: For N > 4, partition Ayy1 and Pyy1 as

Ay = An Oy Pl — Py Py
T Ay 1 METPL, N
where
ALN::[O o 01 uwow u},
1 T
Py = 3 [Ncos Nw (N+1)cos(N—-1lw --- (2N —-1) cosw} .
Hence
Ay Oni| | Py Pnai| | AL AT
A P AT — » ) N 1,N
N+1LN+1AN Ay 1 PJ\Tf,l N 0Ly 1
ANPNA-]I;; AN(PNAIN—FPNJ)

(ALnPy + Py )AY Ain(PNA[ y+ Pyva) + Py Al y+ N

Under the inductive assumption of Ay Py AL = Dy, the problem of proving Ay 1 PN_HAL =
Dp41 is reduced to that of proving

(4) An(PyAT N+ Pni) = O0n
(5) AL n(PNAT N + Pna) + Py Al v + N =0.

From (3) and the structure of F(w), it is obvious that det Ay = det Ay = —1 # 0. Thus, Ay is
invertible and Equations (4- 5) can be further simplified to

(6) PyA{ x4 Pni=0n;
(7) Py Al N+ N =0.

Conditions (6-7) can be checked elementarily since only the last four entries of A] , are nonzero;
we leave to the reader the necessary computations. O

We are now in a position to prove Theorem 1.
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Proof of Theorem 1.

1) As P(w) is periodic with a 27 period, it suffices to consider P(0) and P(w). The claim for P(0)
has been proved in [10]. The claim for P(7) easily follows from this, since P(7w) = WP(0)W =
WP(0)W~1, where W = diag{1,—1,1,—1,...} has dimension N and det W = 1.

2) According to the Sylvester’s law of inertia (see [4, Ch. X, Sec. 2], [5, Ch. VIII, Sec. 6]), sym-
metric matrices B and C have the same number of positive/negative/zero eigenvalues, whenever
C = ABAT for any invertible matrix A. By (2), The matrices P(w) and D(w) satisfy this condi-
tion. Therefore the second claim of the theorem follows by noticing that when “2 is not an integer,
D(wp) has exactly two positive eigenvalues, two negative eigenvalues and an (N — 4)-dimensional

kernel. O

£ is not an integer P(w) has two positive and two negative

Theorem 1 states that when
eigenvalues, but it does not tell what these four non-zero eigenvalues look like. This is somewhat
unsatisfactory since in the filter design problem discussed in [8, 11], it is required that the positive
eigenvalues of P(w) must be sufficiently larger than the absolute values of the negative eigenvalues,
as already mentioned in the Introduction. To investigate further properties of the four non-zero
eigenvalues of P(w), we numerically evaluate them for N = 4,10, 50,200 with w € [0,27] in a

step of 27r/100 and depict the results in Figure 1.

=4 N=10
0.6 T T T T T T T T T T T T T T 0.6
05 - 05
0.4 4 - 0.4
0.3 ay - 03
—a——
0.2 P T - 02
0.1 Vo L 01
_ o A AL
0 - B ) e e I
0.1 I I I I I I I w I I I I I I I 0.1
0 W4 W2 3W4 T 5WA 3W2 TWA 21 O WA W2 3WA T 5WA 3W2 TWA 2n
=50 N=200
0.6 T T T T T T T T T T T T T T 0.6
05 - 05
0.4 - 04
03 - a, \\ J— 03
02 -/ \/ \ L oo
014 u ; - 01
0 - A a. I L o
01 1 1 1 1 1 1 1 w 1 1 1 1 1 1 1 01
0 W4 W2 3WA T 5mWA 3W2 TWA 2n 0 WA W2 3WA T 5mWA 3W2 TwWA 2n
ApaIN? —— A NP e A gIN? A oIN?

FIGURE 1. Eigenvalues of P(w) for N = 4,10, 50, 200, normalized to N2.
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The figure shows that the two positive eigenvalues are quite close to each other and similarly
for the two negative eigenvalues when N = 50; for higher values of N this fact is even more
evident and for N = 200 they are almost identical. This asymptotic property of the eigenvalues
is stated in the next theorem.

Theorem 3. When £ is not an integer, the nonzero eigenvalues of P(w) satisfy the inequalities

1.05

(8) ‘)\+,1,2—04+N2‘ < N3,
[lw /]l
0.61

9) ’A,,m —a_ N2’ < N3/2,
lw /x|

whenever ||w/7||N > 41, and where oy == (14 2//3)/8.

The proof of Theorem 3 requires the following lemmas.

Lemma 1. Let a,b > 0, then
a®b? D(a+1I(b+1)
(a+b)ett = T(a+b+1)

Proof. Let
L(b+1) (a+b)*t
flab) = Ot D LT
I'(a+b+1) b
This map can be extended as a continuous map in b = 0 with f(a,0) = a*/T'(a + 1) for every

a > 0. Therefore the proposed inequality can be stated as f(a,b) > f(a,0) and can be proved
by proving that the partial derivative with respect to b of f(a,b) is nonnegative. The values of
f(a,b) are positive. Therefore the sign of 9y f(a,b) coincides with that one of d log f(a,b), which
is

'b+1) T'(a+b+1)

— 1 b) — logb.

To+1)  Tlatbr1) ioslatd)—log

This function is equal to zero for a = 0. Hence, in order to prove that it is nonnegative for every

a,b > 0, it is sufficient to prove that its partial derivative with respect to a is nonnegative. Using
the representation —I'(z)/T'(x) = v+ Z?;(ﬁ — 4) (see [2, Thm. 1.2.5]), this derivative can

be written as

1 > 1
0 0p 1 by = —— — —_—
udhlog f(a,b) = T ;(a—l—b—i—k)?
Let ¢ be a positive constant; then, adding the inequalities chk%l — CJ%,C > ﬁ for k=1,2,...,
we see that % >3y ﬁ, thus proving that 9,0 log f(a,b) > 0 for a,b > 0. a

Lemma 2. Let Ag(N) be the set {n € N%:ngy +--- +ng < N}. Let ar,...,ag > 0 and let
a:=ay+---+ayq. Then we have

al aq—1 aq
‘ STl (N =y — =gy
neAg 1 (N)

-1

Hd =1 I'(am + 1) d—1 d—1—
< ==m N? d—1|,N v,
=T Tatd ; o Jrtd-l
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Since [a+d —1], < (a+d—1)", we deduce that
S
nclAg_1(N)

< an:l I'(am +1)
- I'(a+d)

This result is essentially optimal under hypotheses as general as those ones assumed here. In

N*(N +a+d—1)""

fact, the inequality holds as equality when d = 2 and a; = a2 = 0, and as asymptotic equality
when N increases for every fixed set of exponents a; and every dimension. On the other hand, for
fixed N and nonzero exponents, tighter bounds are possible for the coefficients of the non-maximal

powers of N, but at the cost of a greater complexity of the result.

Proof. The proof is by induction on d. For d = 2 the claim states that

= . Pa+DIb+1)
(10) > n*(N-n)’ < a1 552) N (N +a+b+1)

for every a,b > 0 and for every N. The inequality is evident if a = b = 0. Hence we can further
assume that a+b > 0. Under this hypothesis the function x — x%(N — )" has a unique maximum
at N* :=aN/(a+b). Splitting the domain of the sum in integers n < N* and n € [N*, N|, and
using the comparison of the sum and integral in each domain we have that

N N
> (N —n) 5/ 24N — z) dz + N**(N — N*)®.
n=0 0

We get the claim firstly by substituting 2 — Nz in the integral and N* with aN/(a 4 b), then
recalling that fol 7771 (1—2)""tdz = T(a)T'(b) /T (a+Db) (see. [2, Thms. 1.1.4 and 1.8.1]) and using
the inequality in Lemma 1 to compare the second term to the first one.

For d > 2, the claim follows splitting the sum as
N
D= Dot Y omg g (N =) == g™
(n1yend—1)€AG—1(N) M1=0 (n2,...,n4—1)€A4—2(N—n1)

using the inductive hypothesis to bound the inner sum and (10) to bound the remaining sum. [

Lemma 3. Let w # rm (r € Z) and let h € N. Then

N
nhCOS nw k L_‘_l)l
| o eosto+2m| < gy /wuz{ }Zz G+ 0 Ggogalyer

where ¢ is an arbitrary function which is independent of n.

Proof. The elementary identity

k ZN+1

ﬁ:[n]kz z’“(i) TIl _ zkzk: <];?) (N1 1)(l)<21j>(k—l)

implies that

k
k! (N +1)!
= Z ﬂ(l +0(1)) |e2iw — 1[k—1+1"
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The result follows by the lower bound | —1| = 2| sinw| > 4||w/7|| and the identity ZZ:O {Z}[n]k =
n" (See [1, Prop. 3.24]). O

Lemma 4. Letw # rm (r € Z), a1, ...,aq € N and let ¢ be an arbitrary function independent of
ng. Suppose that 4||w/m||N > ¢ for a fized parameter ¢ > 0, independent of w. Then

(N+1)?(N+a+d)*!

‘ Z ntlll.“ngdcos(¢+2ndw)‘ SI(a17"'7ad) ”w/TFH )
nEAd(N)
where a is defined in Lemma 2 and

ad

k aq—k ||d_1
1 ag 20d k! -1 F(am+1)
I(ay,. .. == E L+l - '
(a1, .., aq) 4 { k } g( +0(0)) cta=t T(ay +---+ag_1+1+d)

Proof. This is a consequence of Lemmas 2-3 and of the hypothesis 4||w/7||N > ¢ which implies
that (4||w/m|)~' < N/c and that N > ¢/2. O

We are now in a position to prove the last theorem.

Proof of Theorem 3. Using an explicit form of the characteristic equation given in [4, Ch. 3,

Sec. 7], we have
(11) det(\Iy — P(w)) = A* — S1(w)A® + Sz (w)A? — S3(w)A + Sy(w) = 0,

where Sj(w) (j =1,...,4) is the sum of the principal minors of order j of P(w). Let Q4 be the
4 x 4 symmetric matrix
qi1 q12 413 Q14
Llgi2 g2 @3 qo4

Q4= 5 )

q13 423 433 (¢34

q14 424 Qq34 G44
where
qi1 = 2nq q13 := (2n1+n2+ng) cos(ng+ng)w
g29 := 2n1+2no q14 := (2n1+n2+ng+ny) cos(ne+ng+ng)w
q33 = 2n1+2ns+2ns @23 := (2n1+2n9+n3) cos ngw
Qa4 = 2n14+2n92+2n3+2n4 qog4 := (2711 +2n2+n3+n4) COS(TL3+’I’L4)O)
q12 = (2n1+ng) cos now q34 = (2n1+2n2+2n3+ny) cos nyw

Each S; can be computed as the determinant of the principal and upper minor of order j of
(4 summed over every combination of nonnegative indexes n1,...,n; such that nq +---+n; is
strictly lower than N and each n; but n; is strictly positive. Thus for example

1 N—1 1 N—2 N—-1-n; q q
S ST S S d[ ]
220 2 = = G2 G2

Moreover, from the definition of ()4 it is clear that S; can be written as

Z Z P[(ajgc] cos(ang 4 bns + cng)w
[abc) neA;(N—-1)
nE>0 Vk#1
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(4)

where each P[ bel is an homogeneous polynomial of degree j in the ny,...,n, indeterminates for

a suitable set of multi-integers [abc]. The computation of P[(Jb) ] is a bit tedious, the final result is
collected in Table 1.

TABLE 1. Polynomials [( b)c]
)
it
[000] |
J28)

[000] i(2n? +2n1ns — %ng)
[200] %(2711 + n2)2

7
[000] | &(~(n1 +na2)nd — (ninz + 3n3)ns — (n1 + sna)nd)
[200] | & ((2n1 + na + na)ns + 2n1ng)ns
[020] | & (201 + 212 + n3) (n2 + ns)ns
[220] | — & (2n1 + n2 + ns)nang
P

[000] %((in% + %ngn‘; + %ni)ng + (%n"; + %n3n4 + ini)nQng + (in% + %ngn‘; + %ni)ni)
[200] %((—ing — ingml)ng + (—%ng — %ngn4 — ingni)ng — %ng — %ngn4 — %ngnél)
[020] ﬁ(ft&rflL +(—24n2+ (—16ng3 78n4))n? +(724n§ +(—32n3 —16n4)na + (78n§ —8nzng 72ni))n§ +
(—8n3 + (—16n3 — 8ny)n3 + (—8nj — 8ngng — 2n)n2)ny + ((—ingng — Inf)nd + (—in3ng —
%ngni)ng))

[002] %(877,‘1L + (24n2 + 16n3 + 8n4)n? + (24n§ + (32n3 + 16n4)no + (8n§ + 8ngng + 2ni))n? + (Sng +

(16n3 +8n4)n2 +(8n3 +8nanz +2n2)ng)ny + ((—%ng - %TL47L3)7’L§ —+ (—%ng - %m;ng - ining)ng +

(—4n3 — $nanf — inin3)))
[202] | & (302 + tnans + 1n2)nd + (303 + tnand + tndng)nas + ind + fnand + tnind
[20—2] ﬁ(éngng + (ing + %m;ng)ng + %ng + %n4ng + éning)
[242] | gn2n2
[220] éngng'ml(nz + ng + na)
[022] G%anngn‘;(ng + ng + na)
[222] T (2n1 (6ng + (4nz + 2n4))n3 + (13/2n3 + (9n3 + 4n4)n2 + (3n2 + 3n4n3 + %nj))n% + (3n3 +
(£n 3+ n4)n2+(2n5+4n4n3+ n4)n2+(n3+ n4n3+ n4ns))n1+( +(3/2n3+ 1na)nd +
(Fnf +nans — gn)nd + (3nf + §nandins + (1 + gnang + ”4”3)))

The main contribution to S; comes from

()
> Pow
nEAj (N*l)
nE>0 Vk#1

which produces the polynomials

j=1[iN2-1IN
=2| N -2 N3+ BN2_ LN

T —1 6 5 1 N4 1 a3 2

Jj=3 384N +128N 384N 128N +192N

T 8 7 6 5 11~ 3 2
=4 36864 N°— 7680 N+ 92160 N+ 35, 3072 N —sgzma IV — 5120 N+ 5150 5120 N
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In each polynomial we retain only the main term and we estimate the contribution of the remain-
ing ones. Since for x € [0, 1] we have
5 419 1.2 . (=5
| e — sbr — Sox? + ad| <
128 ~ 384 128 192t | = 128
_ 2 11 .3 1.4 1 -1
7% + ome0® + 3’ — et — st + st € (750, 0);

these contributions can be estimated as

j=1|3N?+O0(5N) j=2|&N*+nN? with n € (3,0)
§=3| 55 N+ O(5g N°) || j =4 | 35051 N® + EN7 with € € (7545,0)

The other sum contributing to S; is

Z Z P[Ejb)c] cos(ang + bns + cng)w

[abc]#[000] neA;(N—1)
nE>0 Vk#1

and here each inner term can be estimated using the explicit representations of P[Efl?c}
in Table 1 and Lemma 4 with ¢ = 164 (since Theorem 3 assumes |w/7||N > 41). After some

computations we get the following equalities:
=71/2
S1=(3+0(4))V?
(5 - 18677/161376 3 1 4
Sz = (% +O0(n+ = (1 + NDN)N

o 1 (1 13655,/1291008 513\2) 1 6
Sy = <—@+O(m+w(1+ﬁ) )W)N

contained

_( 1 = 39558023933 /3645909872640 713) 1) Ar8
Sy = (736864 +0(s+ Teo/7] 1+ %) )N)N :
The constant 7 in Ss is negative and, in absolute value, smaller than mﬁff% for every w. Their

values are comparable in size when ||jw/7|| is close to 1/2, therefore in this case their sum shows a
considerable cancellation. However, this effect disappears when |jw /7| is close to zero: since this
is the most delicate part of the range for w, there is essentially no convenience in keeping n, and
we bound the O(-) term in Sy simply with the greater O(W(l + %)3) An analogous
remark applies to the Sy term. Summing up, for N > 82 (another consequence of the assumption

lw/7||N > 41) we deduce that
S1= 3+ 0(w) )V Su= (= sk + O(RIER) ) V°
S2 = (% ""6(\?@1/17?\%%))]\74 S1= (3651564 +6(|?¢0/17?\?1§1)>N8'

Substituting these relations into (11) and simplifying, we have

det(ALy — P(w)) = A4 — (2 +O(5%x) ) N2 + (96 +O( U ) N2

1 0.01582 6 1 A /( 0.01388 8
* (384 + O(llw/wllN))N At (36864 +O(I\w/ﬂllfv))N :
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Letting ¥ = AN 2, the characteristic equation det(AIy — P(w)) = 0 becomes for y
4 1 O(-025 3 5 O(011998 \Y 2
v = {5+ Olprmiw) )v" + (gg + O frmin) )v

1 ( 0.01582 1 ( 0.01388 _
+ (551 +OR))v + (5862 +Ofm)) = 0.

Let gn(y) denote the polynomial appearing to the left hand side of the previous equation, and

let goo(y) be that one we obtain setting N — oo, so that

()-_ 4_13+32+L +;
QoY) ==Y =58 T 96Y T 3849 T 36864

Then
10.01388 + 0.01582 ¢ + 0.11998 % + 0.25 3|
(12) lan () — 4oo(y)] < :
> oo/} v
The polynomial g (y) factorizes as (y — ay)?(y — a_)?. Moreover, we have the elementary
inequality
(13) 10.01388 + 0.01582 % + 0.11998 y* 4+ 0.25 4| < 1.05 |y — a_|?

for every complex y satisfying |y — a4| < 0.16004. Under the hypothesis ||w/7||N > 41 we have
1.05/||w/7||N) 2 < 0.16004, so that from (12-13) and the factorization of g we get
( Goo WE g

lan () — 4o (V)] < lgoo(y)| Yy €C: |y —as| = le/.giN.

By the Rouché’s Theorem we can conclude that for those N the polynomial gy (y) has in the
disk |y — oy | < (1.05/(||lw/7||N))'/? as many roots as geo(y), which are exactly two if N is large
enough. This proves the claim for the positive eigenvalues as A = y/N2. The second claim for the

negative eigenvalues is proved with an analogous argument. O

Theorem 3 assures that for ¥ being not an integer, the two positive eigenvalues of P(w)
approach a4 N? asymptotically and similarly for the two negative eigenvalues approaching or_ N2.
As a result, for a sufficiently large N and for Z being not an integer, the ratio of the positive
eigenvalues to the absolute values of the negative eigenvalues is approximated by oy N2/|a_ N?| ~
14, which is sufficiently large to ensure the optimization techniques in [8, 11] to work well when
adopted for the design of real FIR filters.

We admit that the error bounds given in Theorem 3 are not tight, particularly for w far away
from the central frequency 7/2. For example, when w = 0.17, Theorem 3 requires the minimal
N to be 410 and the corresponding errors bound (the right hand side of (8)) for the positive
eigenvalues is about 26900, while the actual numerical errors (the left hand side of (8)) are only
about 405 and 213, respectively, because in this case the two positive eigenvalues are about 45488
and 44870, respectively, while o, 410% ~ 45275. Furthermore, for w = 0.17 and N = 50, the two
positive eigenvalues are about 624 and 699, and the actual numerical errors (the left hand side
of (8)) are about 50 and 26, respectively, and o 502 ~ 673. Hence, the maximum relative error
for the positive eigenvalues is about 7.4%. Similarly, for the same w = 0.17 and N = 50, the
two negative eigenvalues are about —45.8 and —51.7, and the actual numerical errors (the left
hand side of (9)) are about 2.5 and 3.4, respectively, and a_50? ~ —48.3. Hence, the maximum
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relative error for the negative eigenvalues is about 7.1%. The above numerical errors lead to the
difference between the approximate ratio of the positive eigenvalues to the absolute values of the
negative eigenvalues, 673/48.3 ~ 14, and the actual ratio of the smaller positive eigenvalue to the
absolute values of the smaller negative eigenvalue, 624/51.7 ~ 12.1. However, both ratios are still
large enough for ensuring the filter design techniques adopted in [8, 11] to perform well. To reduce
the error bounds further, some of the previous inequalities could be improved. For example we
could use the full strength of Lemma 2, and the fact that Lemma 3 holds with [N + 1]; in place
of (N +1)}; also the contributions to S; coming from the whole main terms could be retained. In
this way we can prove Theorem 3 under the weaker hypothesis |w/7||N > 35 and with slightly
smaller constants in the error bounds. In our opinion, such a small improvement is not worth the
more complicated formulas we need to prove it. A stronger improvement would certainly follow

if we could take account of the fact that in several polynomials PY)  there are more than one

[abc]
oscillating cosine, so that some of these polynomials should show extra cancellation (at least when
there are no “1 to 1 resonances” between the frequencies), and that the contributes of different

P[Eljgc] polynomials have different sign. However, at this moment we do not see an easy way to

exploit these cancellations. In conclusion, we hope that the results presented in this paper provide
the theoretical support for adopting the optimization techniques in [8, 11] to the design of FIR
filters of real coefficients and would also motivate further study in reducing the error bounds in
estimating the asymptotical eigenvalues of the trigonometric matrix significantly under a much

weaker hypothesis.
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