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Abstract

A second-order differential identity for the Riemann tensor is ob-
tained, on a manifold with a symmetric connection. Several old and
some new differential identities for the Riemann and Ricci tensors
are derived from it. Applications to manifolds with recurrent or sym-
metric structures are discussed. The new structure of K-recurrency
naturally emerges from an invariance property of an old identity due
to Lovelock.

1 Introduction

Given a symmetric connection on a smooth manifold, one introduces the
covariant derivative and the Riemann curvature tensor R,.% = @Igc —
0,0d + Tk d — T4 k. The tensor is antisymmetric in a,b and satisfies
the two Bianchi identities, R(abc)d = 0 and V(Rpea® = 0 1 The latter
represents the closure property of the curvature 2-form associated to the
Riemann tensor .% = —%Rabcdda:“ A dx® [BE, LO] in absence of torsion.

From the Bianchi identities various others for the Riemann tensor and the
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'Hereafter the symbol (- -) denotes a summation over cyclic permutations of tensor
indices; for example, K(qpe) = Kabe + Kpca + Keap [PO]. In particular, if Kope = —Kpac
the cyclic summation (abc) equals, up to a factor, the complete antisymmetrization [abc].
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Ricci tensor Ry = Rap.? can be derived. The following first-order one is due

to Oswald Veblen [EI, LOJ:
(11) vCLRbcale - vaadce + chatdbe - vdecae = 0.

If the connection comes from a metric, Walker’s identity of the second order
holds [WA, SH]

(12) [vaa vb]}%cdef + [Vca Vd]}%abef + [v67 vf]Rabcd =0

and, if the Ricci tensor vanishes, Lichnerowicz’s nonlinear wave equation

holds [HU, MT]
(13) veveRabcd + RabefRefcd - 2Reachebdf + 2Readeebcf = 0.

In this paper we derive, with the only requirement that the connection
be symmetric, a useful identity for the cyclic combination V(aVbRcd)ef . An
identity due to Lovelock for the divergence of the Riemann tensor follows
from it. We show that it holds more generally for curvature tensors K
originating from the Riemann tensor (Weyl, concircular etc.).

The main identity and Lovelock’s enable us to obtain in a unified man-
ner various known identities, and some new ones, that apply in Riemannian
spaces with structures. In Section 3 we show that various properties of the
Riemannian metric, such as being a) locally symmetric, b) nearly confor-
mally symmetric, ¢) semisymmetric, d) pseudosymmetric, e) generalized
recurrent, lead to the same set of algebraic identities for the Riemann ten-
sor. We then introduce the new structures, K-harmonic and K-recurrent,
that also yield the set of identities, and include cases a), b), e) and others,
that arise from different choices of the tensor K.

In Section 4, weakly Ricci symmetric structures are considered, with
their associated covectors A,B,D. We show that one of the above algebraic
identities holds iff the vector field A — B is closed. We end with Section 5,
where we derive Lichnerowicz’s wave equation for the Riemann tensor from

the main equation.

2 A second order identity

We begin with the main identity; as a corollary we derive an identity due
to Lovelock which is used throughout the paper, and a generalization of it,

for various curvature tensors K.
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Main Theorem 2.1. (The second order identity)

In a smooth differentiable manifold with a symmetric connection:
(21) V(avacd)ef = _R(abcde)mef + RacemRbdmf - Racmbedem

Proof. Take the covariant derivative of the second Bianchi identity, and sum

over cyclic permutations of the four indices abed:

0= Vav(bRcd)ef + vbv(cRda)ef + vcv(d}%ab)ef + Vdv(aRbc)ef
= 2v(avb}%cd)ef + [Vba Va]}%cclef + [Vca Vb]}%claef
(22) + [Vda vc]Rabef + [vm Vd]}%bcef + [vaa vc]Rdbef + [Vba vd]Racef

The action of a commutator on the curvature tensor gives quadratic terms
[vau vb] Rcdef = Rabckdeef + Rabdchkef + Rabechdkf — Rabkchdek

that produce 24 quadratic terms. Eight of them cancel because of the anti-

symmetry of R and the remaining ones can be grouped as follows:

= QV(avacd)ef - 2Racestdsf - 2Racszdbes
+ Rscef(Radbs + Rbdas + Rabds) + Rsbef(Rdcas + Racds + Rdacs)
+ Rasef(Rdch + Rbdcs + Rbcds) + Rdsef(RcbaS + Racbs + Rabcs)-

The last two lines simplify by the first Bianchi identity,

= 2V(avacal)ef - 2Racestdsf - 2Ratcszalbes + 2RscefRadbs - 2Rsbechdas
+ 2RasebecdS - 2deefRabcs

Four terms are seen to be a cyclic summation (abed). 0

The contraction of f with the index e gives an equation for the antisym-
metric part of the Ricci tensor (which, essentially, coincides with Rg,.© by
the first Bianchi identity):

Corollary 2.2. If Uy = Ray — Ria then V(,ViUegy = —Rape" Ugym -

The contraction of f with the index a leads to an identity for the diver-
gence of the Riemann tensor ([LO] ch. 7), which will be used extensively.

We refer to it as

Corollary 2.3. (Lovelock’s differential identity)

vavabcem + vachaem + vcvaabem
(23) = _RamRbcem - Rmecaem - RcmRabem
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Proof. The contraction in (2.1) gives V(4 VyRea)e® = —R(abe" Rayme® +Race”™ Ream”
+Rem Rpae™. The two cyclic sums are now written explicitly:

Vavacdea + Vbvc}%de - Vcvd}%be + vclva}%bcea - _Rabcdemea
+RbcdmRme - RcdamRbmea - Rdamecmea + RacemRbdma + RcmRbdem~

Next the order of covariant derivatives is exchanged in the first term of the
Lh.s. Some terms just cancel and a triplet vanishes for a Bianchi identity.
One gets V,V Rege® + ViV Rie — Ve ViRye + ViV = —RpoRege® +
RoeRpeq® + ReaRpge”. A Ricci term in the Lh.s. is replaced with the iden-
tity V.VaRpe = Vo(VyRge — VoRape®). The Lh.s. becomes: V,V,Req® +
VVaRape® + VaVaRpee® + [V, Ve]Rge Tt is a cyclic sum on (bed) plus
a commutator. The latter is moved to the r.h.s. and evaluated. A can-
cellation of two terms occurs and the r.h.s. ends as a cyclic sum too:
—Rpee Ry — Rege® Rpa — Rape Req. ]

Remark. In the Riemannian case, the left-hand side of the identity (2.3) is
the exterior covariant derivative DII. [LO] of the 2-form associated to the
divergence of the curvature tensor, II, = V Ru.%dx® A dz®. This identity
and its various generalizations are referred to as ”the Weitzenbock formula”
(for curvature-like tensors) (see eq. (4.2) in [BOU]J).

Note that Lovelock’s identity implies that the closure condition DII. = 0

is equivalent to the algebraic relation
(24) RamRbcem + Rmecaem + RcmRabem = 0.

Lovelock’s identity is left unchanged if the divergence of the Riemann
tensor in the lL.h.s. is replaced by the divergence of any curvature tensor K

with the property
(25) vabcem =A vabcem + B (abevc(p - @cevbSO),

where A and B are nonzero constants, ¢ is a real scalar function and ap,. is
a symmetric (0,2) Codazzi tensor, i.e. Vyaeq = Veapq [DZ2]. This conclusion
also follows from formula (4.8) in Bourguignon’s paper, cited above.

Some curvature tensors K with the property (2.5) and trivial Codazzi ten-
sor (i.e. constant multiple of the metric) are well known: Weyl’s conformal
tensor C' [PO], the projective curvature tensor P [EI], the concircular tensor
C [YA1, SH], the conharmonic tensor N [MI, SI1] and the quasi conformal
curvature tensor W [YA2]. Their definitions and some identities used in this
paper are collected in the appendix. Since in the next section we introduce
the concept of K-recurrency, and Weyl’s tensor will be considered in section

4, we give a proof of this statement:
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Proposition 2.4.

vavm[(bcem + Vbvm[(cmem + Vcvm[(abem
(26) = _A[RamRbcem + Rmecaem + RcmRabem]
Proof. The covariant derivative V, of (2.5) is evaluated and then summed

with indices chosen as in Lovelock’s identity. Since a symmetric connection

is assumed, we obtain:

Vavmf(bcem + vachaem + vcvmf(abem
- A[vavabcem + vbvacaem + vcvaabem]
+B[(Vba'ce - Vcabe)vaw + (Vcaae - vaace)vbw + (Vaa'be - vbaae)vcﬁp]-

The last line is zero if ap. is a Codazzi tensor. Lovelock’s identity is then
used to write the r.h.s. as in (2.6). O

An apparently new Veblen-type identity for the divergence of the Rie-
mann tensor can be obtained by summing Lovelock’s identity with indices

cycled:

Corollary 2.5.

Vavm}%becm - vbvaacem + vcvaebam - Vevmf%cabm
(27) = _RamRbecm + Rmeacem - RcmRebam + Rechabm

Proof. Write Lovelock’s identity (2.3) for all cyclic permutations of (a, b, ¢, €)
and sum them. Simplify by using the first Bianchi identity. O

We note that an analogous Veblen-type identity can be obtained for a

tensor K, starting from Proposition 2.4.
Corollary 2.6. In a manifold with a Levi-Civita connection
(2.8) ViV Ryp™ =0

Proof. Eq.(2.3) is contracted with g°. The formula is reported in Lovelock’s
handbook [LO]. O

3 Symmetric and recurrent structures

From now on, we restrict to Riemannian manifolds (M", g). If additional
differential structures are present, the differential identities (2.1), (2.3) and
(2.7) simplify to interesting algebraic constraints.
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A simple example is given by a locally symmetric space [KO], i.e. a Rie-
mannian manifold such that V,Rp.q¢ = 0. Then the aforementioned identi-

ties imply straightforwardly the algebraic ones

(31) R(abcde)mef - RacemRbdmf + Racmbedem =0
(32) RamRbcem + Rmecaem + RcmRabem =0
(33) RamRbecm - Rmeacem + RcmRebam - Rechabm =0

We show that these identities hold in several circumstances. An example is
a manifold with harmonic curvature [BE], V, Rpq® = 0; in this less stringent
case the general property (2.3) yields (3.2) and (3.3). A slightly more general

case is now considered

Definition 3.1. A manifold is nearly conformally symmetric, (NCS),,, (Roter
[ROJ) if

(34) vaRbc — VbRac — [gbcvaR - gacva]a

2(n—1)
where R = R,* is the curvature scalar.

Since VoRpe — VpRae = =V R, (NCS),, are a special case of (2.5)
with V,, Kpee™ = 0 (trivial Codazzi tensor and ¢ = R). Other particular
cases are K = 0 (K-flat) and V,Kp¢ = 0 (K-symmetric). They yield,
for the different choices of K, various types of K—flat/symmetric mani-
folds [SI1]: conformally flat/symmetric (K = C) [CH, DZ1], projectively
flat /symmetric (K = P) [GL], concircular or conharmonic symmetric [AD],
and quasi conformally flat/symmetric. Because of Prop. 2.4, the following

is true:

Proposition 3.2. For (NCS), manifolds, and for K—flat/symmetric man-
ifolds, egqs. (3.2) and (3.3) hold.

By weakening the defining condition of a locally symmetric space, one

introduces a semisymmetric space: [V, V| Reae’ = 0 [SZ].

Proposition 3.3. For a semisymmetric space, eqs.(3.1), (3.2) and (3.3)
hold.

Proof. First statement: eq.(2.2) simplifies to 0 = V(aVbRcd)ef; by eq.(2.1)
the identity (3.1) follows. Second statement: the definition implies a relation
for the Ricci tensor: [V,, Vy]Ree = 0. By inserting the identity V., Rup.™ =
VyRae — Vo Ry in the Lhus. of egs. (2.3) and (2.7), those sides become sums
of respectively three and four commutators of derivatives acting on Ricci

tensors, and thus vanish. This implies egs.(3.2) and (3.3). O
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The algebraic property (3.2) holds in presence of even more general dif-

ferential structures.

Definition 3.4. A manifold is pseudosymmetric (Deszcz [DS1)) if:

(3.5) (Va, Vo] Reger = LrRQ(9, R) cde fab

where Ly is a scalar function and the Tachibana tensor is

Q(97 R)cdefab = _gchadef + gcaRbdef - gdbRcaef + gdaRcbef
(36) _gebRcdaf + geaRcdbf - gbecdea + gfaRcdeb~

Theorem 3.5. For pseudosymmetric manifolds, the identities (3.2) and
(3.3) hold.

Proof. The Lh.s. of eq.(3.2) can be written as a sum of commutators acting
on Ricci tensors: [V, Vo] Rpe + [V, Vo] Ree + [Ve, V| Rae- A commutator is
obtained by contracting two indices in (3.5); for example, contraction of ¢

with f gives
(Va, Vi]Rie = Lr(—gapRea + gdaRet — gevRaa + geaRan)

i.e. the Ricci-pseudosymmetry property[DS2]. Although each commutator
is nonzero, their sum vanishes. Veblen’s type identity is proven in a similar

way. ]

We now show that (3.1), (3.2) or (3.3) do hold in manifolds with recurrent
structure.

Definition 3.6. A Riemannian manifold is a generalized recurrent manifold
if there exist two vector fields A\, and p, such that

(37) VaRbcde - )\aRbcde + Na(ébegccl - 5Cegbd)

The manifolds were first introduced by Dubey [DU], and studied by
several authors [DE1, MA, ARJ]. In particular, if y, = 0 the manifold is
a recurrent space. Again, we shall prove that the algebraic identities (3.1),
(3.2) and (3.3) hold in this case. We need the following lemma, with a
content slightly different than the statement by Singh and Khan [SI2].

Lemma 3.7. In a generalized recurrent manifold with curvature scalar R #

0
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1. if the curvature scalar R is a constant then A is proportional to p and
either X is closed (i.e. Vo \p — VpAg = 0) or the manifold is a space of
R

constant curvature, Ropea = m(gbdgac — GadJbe);

2. if the curvature scalar is not constant, then X is closed.

Proof. We need some relations that easily come from eq.(3.7): a) the con-
traction a = e gives V,Rpeq® = Ao Rpead® + toGed — [heGpa- A further divergence
V4 gives zero in the L.h.s, by eq.(2.8), and the r.h.s. in few steps is evaluated
as

1
(3'8) 0= 5[(vd>‘a) - (Va)‘d)]Rbcda — i Ae + fteXs + Vet — Ve

b) the contraction of ¢ = e in (3.7) yields V,Rpg = AaRpa — (0 — 1) oG,
and V,R = AR — n(n — 1)p,; ¢) the commutator of covariant derivatives
on the Riemann tensor of type (3.7) is

[vau vb]Rcdef = (va)\b - vb)\a)Rcdef
(39) + <5cfgde — 5dfgce)<va,ub - vb,uat - )\a,ub + )\b,ua>

From b) we conclude that, if V,R = 0, A and p are collinear (R is a number).
Then, eq. (3.8) simplifies to
0= 3[(Vara) = (Vara)] R + 5y (Vs — Vie)

2
(3.10) = (Vada) = (Vad)][Roe® + —Erbd0] = 1 A4, G

n(n—1)

(C is the (2,2) concircular tensor and 0% = §%,0%, — 6%.6%). Also eq.(3.9)

simplifies,
(311) [vaa vb]RCdef = Aabécdef-

Walker’s identity (1.2) for the Riemann tensor (3.7) yields the algebraic

relation
(312> 0= Aabécdef + Acdéabef + Aeféabcd-

Now Walker’s lemma [WA] is invoked: it implies that either A, = 0 or
Caped = 0. We give a proof based on (3.10): 1) Saturate in eq.(3.12) with
A% and use (3.10): one gets AefAeféabcd =0 = Cupea = 0; 2) in the
same way, by saturation with Cedef one gets C’abcdé’“deAe F=0= A =0.

Therefore either ) is closed or the manifold is a space of constant curvature.



A second order identity for the Riemann tensor 9

We now discuss the case V,R # 0. Take the covariant derivative V, of
VoR = AR — n(n — 1)pu,, and interchange a and b. Then

0=AupR+n(n—1)[Aapts — Nopta — Vapis + Viita]

Enter this in (3.8),(3.9), and get again (3.10),(3.11) where now C # 0. The
same procedure as above gives A =0, i.e. \ is closed. O

Theorem 3.8. In a generalized recurrent manifold the properties (3.1),
(3.2) and (3.3) hold.

Proof. If VR # 0 then, by the previous Lemma 3.7, ) is always closed and,
by eq.(3.11), the space is semisymmetric. Then egs.(3.1),(3.2) and (3.3) hold
by Prop.3.3.

If VR = 0 then A and p are collinear (Lemma 3.7) and eq.(3.11) holds
again. The Lemma states that either \ is closed or the space has constant

curvature. In both cases the manifold is semisymmetric and (3.1),(3.2),(3.3)
hold. 0

The afore mentioned recurrent structures are special cases of a new one,
which we now define. It arises naturally from the invariance stated in eq.

(2.6) stemming from Lovelock’s identity.

Definition 3.9. A Riemannian manifold with a curvature tensor K such
that eq.(2.5) is true, is called a K-recurrent manifold (KRM) if VK¢ =

Ao Kpeq® where A is a nonzero covector field.

Therefore, KR-manifolds include, as special cases, those which are conformally-
recurrent, concircular-recurrent ete. (see [KH] for a compendium).

In general, the Bianchi identity for a tensor K contains a tensor source B:
V(e Keyd® = Bapea® (see appendix for some relevant examples). In a KRM it
i8S A HKpeyd® = Baped®- When A is closed, one obtains a remarkable property:

Theorem 3.10. In a KRM with closed A

1
(313> RamRbcem + Rmecaem + RcmRabem = _vaBabcem

Proof. V,Vy Kyed™ = (Vodm) Kped™ + AmAaKped™. Cyclic permutation on
(abc) and summation yield V,V,, Kped™ + VoV Kead™ + Ve Vi Kapd™ =
(Vadm) Kied™ + (VA ) Kead™ + (Vedm) Kapd™ + MA@ Kpe)d™ - Evaluate V,,
of Bianchi identity with e = m: (Vi A(@) Kie)d™ + AmA@BKoe)a” = Vi Babea™

Use closure property and Lovelock’s identity to conclude. O
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Corollary 3.11. For the tensors K = C, P,C, N, W listed in the appendiz,
Theorem 3.10 holds with null r.h.s.

Proof. In the appendix one notes that V,, Bu.." is either 0 or a multiple
of the Lh.s. (different from A). O

Remark. It is well known that concircular recurrency is equivalent to gen-

eralized recurrency [AR, DUJ.

4 Weakly Ricci symmetric manifolds (WRS),

Definition 4.1. A (WRS),, is a Riemannian manifold with non-zero Ricci

tensor such that
(41) vCLRbc = AaRbc + BbRac + DcRab
with A, B and D are nonzero covector fields.

These manifolds were introduced by Tamdssy and Binh [TA], and include
the physically relevant Robertson-Walker space-times [DE3], or the perfect
fluid space-time [DE5]. If B = D = 0 the manifold is Ricci-recurrent. Most
of the literature concentrates on the difference B — D, and prove that in
(WRS),, that are conformally flat [DE4, DE6] or quasi-conformally flat [JA],
B — D is a concircular vector. We here show that Lovelock’s identity (2.3)

allows to discuss new general properties of A, B, D.

Lemma 4.2. Fora=A—B or A— D:

(4.2) Rcb(Vdoza — Vaozd) + Rca(Vbozd — Vdozb) + Rcd(Vaozb — Vboza)
= _RdmRbacm - Rmeadcm - Radebcm
Proof. From the definition of (WRS),, and the contracted second Bianchi

identity V,,Rpee™ = VeRpe — VpR4 one gets immediately V,, Ry, =
g Rpe — ap Ry, with a = A — B. A further covariant derivative gives

Valvabatcm = (vdaa)Rbc - (vdab>Rac + Oéavalec - OébvdRac
Summation is done on cyclic permutation of d, b, a:

Valvabatcm + VbvaGdem + vavaalbcm =
(Vaog — Vaag)Ree + (Vyag — Vaay) Roe + (Voo — Viaa) Rae
+ O4a<v0lec — vadc) + ad(vaac — vaRbc) + ab(vaRdc — vdRac)
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The terms with derivatives of Ricci tensors vanish because V 4Ry — Vi Rge =
agRp. — apRg.. Then, by eq.(2.3), we obtain (4.2). The case « = A — D is
proven in the same way starting from the identity V,,Ru." = ViR —
VR O

Theorem 4.3. If rank [R™)) > 1 then B = D.

Proof. Let us assume that § = B — D is nonzero. Because the Ricci tensor
is symmetric, the antisymmetric part of eq.(4.1) is: 0 = By Rae — e Rap- Left
multiplication by ¢% and summation on a give: 0 = R’.3, — Rf3., where
R is the nonzero scalar curvature. On the other hand, multiplication by 3°
gives: 0 = B°ByRac — RB.5e, [DE2], i.e. the Ricci tensor has rank one. [

Remark. The validitity of Lemma 4.2 for both A — B and A — D implies,
by subtraction, an equation for [:

(4.3)  Ra(VaBa — Vafa) + Rea(VeBs — Vabs) + Rea(Vafy — Vi) = 0,

and left multiplication by 8¢ gives the differential identity

(44)  By(VaBa — Vafa) + Ba(Vifa — Vabs) + Ba(Vafy — Via) = 0.

Theorem 4.4. In a (WRS), manifold with nonsingular Ricci tensor, the
covector A — B is closed iff

(45) RdmRbacm + Rmeadcm + Radebcm =0

Proof. If A— B (which equals A— D because det R # 0) is closed then (4.5)

holds because of the Lemma. If the r.h.s. of Lemma vanishes,
Rey(Vaaa — Vaaa) + Rea(Veaa — Vaay) + Rea(Vao, — Vipa,) =0
the index c is raised and multiplication is made by (R™!)%.:
(Vg — Vaag) + 0% (Veag — Vaay) + 0° (Ve — V) =0

Put s = b and sum: (n — 2)(Vga, — Veag) = 0. Then, if n > 2, a is
closed. O

(WRS),, manifolds of physical relevance that fulfill the condition (4.5)
are the conformally flat WRS-manifolds, i.e. (WRS),, manifolds whose Weyl
tensor (see appendix) vanishes [DE3, DE4].

Corollary 4.5. If a (WRS), manifold is conformally flat and the Ricci

matriz is nonsingular, then A — B s closed.
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Proof. The divergence of the Weyl tensor (appendix) takes the form (2.5),
where the Codazzi tensor is g,,. Because of the general proposition 2.4 we

have

vavabdcm + vbvmctclacm + vclv7nc1aljcm
-3
= = i (RamRbdcm + Rmedacm + RdmRabcm>

n—2

If n > 3 and if the Weyl tensor itself or its covariant divergence vanish,
Theorem 4.4 applies (for n = 3 Weyl’s tensor is zero). U

5 A wave equation for the Riemann tensor

Proposition 5.1. For a Levi-Civita connection with R, = 0, the contrac-

tion in (2.1) with g* yields Lichnerowicz’s non linear wave equation (1.3).

Proof. Since V,g,. = 0, indices can be lowered or raised freely under covari-
ant derivation. The Riemann tensor gains the symmetry Rgpeq = Reqar and
the further condition Ry, = 0 implies that ViRg." = 0. Eq.(1.3) follows
immediately. 0

Appendix

We collect the useful formulae for the K-curvature tensors in a n—dimensional
Riemannian manifold: a) definition, b) divergence, ¢) cyclic sum of deriva-
tives (unlike the II Bianchi identity, we get a nonzero tensor B), d) diver-
gence of B (the r.h.s. of ¢).

Projective tensor

1
a)  Pyd® = Rpea® + —— (0 Rea — 6°cRpa)

n—1

-2
b) Vmpbcdm - n—vabcdm
n—1

1
C) vancde + vchade + vcpabde = (5eavabcdp + 5ebvacadp + 5ecvaabdp>
n—1

1

d mBabed" =
) VmBobea n—1

(Vavabcdp + vbvz)}%cadp + vcvaabdp)
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Conformal (Weyl) tensor

5adec - 5bdRac + Radgbc - Rbdgac 5adgbc - 5bdgac

Cope? = Rape® - R
@) Cane” = Rane" + n—2 (i —1)(n—2)
n—3
b m my 1 N
) Vi = —— | VanBar™ + 5 o 1)(gchaR 9acVuR)

1
¢) VG + ViCeii® + V. Cai = m[éeavabcdp + 0V Read” + 0.V Rapd”
1

—|—gcd(vaRbe — vaae) + gad<VbRce - VcRbe> + gbd<chae - vaRce>] - (n — 1)<n _ 2)
[0°%(96aV R = geaVoRR) + 0°6(geaVall — gadVeR) + 0°c(gad Vel — guaVaR)]

1
d) vaabcdm - m(vavabcdp + vbvz)}%cadp + vcvaabdp)

Concircular tensor

~ R
a)  Cped® = Rped” + m(éebgcd — 0°c0bd)
N om m 1
D) Vil = Vo™ oo
~ ~ ~ 1
c) VaChed® + ViCoead® + VeCoai® = ——<[0°%(VeRgoa — VoRGea)
n(n —1)
+5eb(vaRgcd - Vc}%gad) + 5ec(vagad - vaRgbd)]
d) vaadem =0

ViRgeq — VcRde)

Conharmonic tensor

a)  Nped® = Rped” + [0°Red — 0c° Roa + Rb°gea — ReE God

n— 2
n—3
N mo__ m o
b) Vm bed " 2vabcd + 2(n _ 2) (VbRgcd chgbd)

1
C) vaNbcde + Vchade + chabde = m [5aevabcdp + 5bevacadp + 5cevaabdp

+gcd(vaRbe - VRG) + gad(vace - chbe) + gcd(VcRae - Va}%ce)]

1
d) vaabcdm - m(vavabcdp + vbvz)}%cadp + vcvaabdp)

Quasi-conformal tensor

a)  Whea® = aChea® + b(n — 2)[Chea® — Ched]

2a — l;(;l(;_l)l(?)l —4) (VoRgea — VR

C) vaVVbcale + vchade + vc‘/Vatbde = _b<n - 2)[Vacbcde + Vbccade + chabde]
—|—[CL + b(’l’l, - 2)] [VOLCN(bcale + Vbécade + vcCYaLbde]
d) vaabcdm = _Z)(vavabcdp + vbvacaalp + vcvaabalp>

b) Vmecdm = ((l + b)vabcdm +
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