UNIVERSITA DEGLI STUDI DI MILANO

FACOLTA DI SCIENZE MATEMATICHE,
FISICHE E NATURALI

DOTTORATO DI RICERCA IN MATEMATICA (MATHE)
XXIII cicro

Gradient Estimates and Liouville
Theorems for Diffusion-type
Operators on complete
Riemannian Manifolds

Relatore: Prof. M. Rigoli

Tesi di Dottorato di:
Paolo Mastrolia
matricola n. R07470
MAT/03

Coordinatore: Prof. M. M. Peloso

Anno Accademico 2009/2010



Ai miei genitori



People think it’s an obsession. A compulsion. As
if there were an irresistible impulse to act. It’s
never been like that. I CHOSE this life. I
KNOW what I'm doing. And on any given day, I
could stop doing it. Today, however, isn’t that
day. And tomorrow won’t be either.

Batman in Identity Crisis (2004), DC Comics
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Introduction

The classical Liouville theorem in complex analysis says that an entire func-
tion (i.e., a function f : C — C holomorphic on the whole complex plane)
which is also bounded is necessarily constant; this result can be proved di-
rectly, applying Cauchy’s integral formula (see [Hil59], [Kra04], or any text
on basic complex analysis), or using the property that, in the aforemen-
tioned case, Re f and Im f are bounded harmonic function on R?. Indeed,
the following holds:

Theorem 0.1. A bounded, global C?-solution of Au =0 on R™, m > 1, is

constant.

For a proof see, for example, [Evad8] or the elegant [Nel61]. Theorem 0.1
can be generalized in a number of directions: one can consider Riemannian
manifolds instead of R™, or operators more general than the Laplacian. For
an interesting overview on the subject, we refer to the survey [Far07].

The aim of this work is essentially twofold. Our first main concern
is analytical. We study, using the method of gradient estimates, various
Liouville-type theorems which are extensions of Theorem 0.1. We generalize
the setting - from R™ to complete Riemannian manifolds - and the relevant
operator - from A to a general diffusion operator - and we also consider “re-
laxed” boundedness conditions (such as non-negativity, controlled growth
and so on).

The second main concern is geometrical, and is deeply related to the first:
we prove some triviality results for Einstein warped products and quasi-
Einstein manifolds studying a specific Poisson equation for a particular, and

geometrically relevant, diffusion operator (see below for details).
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Let us first depict the analytical framework; the geometrical one will be
analyzed later, when we describe the content of Chapter 4.

Let (M, {(,)) be a complete, non-compact, connected Riemannian man-
ifold of dimension m > 2. We want to determine Liouville theorems and a
priori estimates for the gradient of global solutions (i.e., solutions defined

on the whole M) of equations of the type

’Au + (Va,Vu) = bf(u) ‘ (0.1)

for some sufficiently regular functions a and b on M, with b positive, f €
CY(R) and where A and V are, respectively, the Laplace-Beltrami operator
and the gradient in the metric {,) of M. Of course, our results depend on
a, b and f as well as on the geometry of (M, (,)). The key point in the
analysis of (0.1) is the following observation: let us set A = e, B = be® and

consider the diffusion-type operator
..
L =—div(AV ); (0.2)
B
a simple computation shows that (0.1) rewrites as the Poisson equation
Lu = f(u), (0.3)

so every result concerning (0.1) can be interpreted from this point of view.
In order to relate L with the geometry of M we consider the modified Bakry-
Emery Ricci tensor that we now introduce. First, we fix an origin o € M
and we set r(x) := dist(ys,( y)(z,0); we shall denote by Bgr(o) the geodesic
ball centered in o with radius R > 0. Following Z. Qian, [Qia97], for n € R,
n>mand Ly = %L = % div(AV ) we set

. : 1 n—m-—11
Riccp,m(La) = Riceys A Hess(A) + Er—

1 1
——— dA®dA, (0.4)

dA®dA

= Ricc(La) —

where Hess(A) is the Hessian of A and Ricc(Ly) is the usual Bakry-Emery
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Ricci tensor. As shown in great generality in [MRS10], Proposition 2.3,
estimates from below on Riccy (L) yield estimates from above on Lar;

indeed, in the simplest case

Riccpm(La) > —(n —1)22 (0.5)
for some constant Z > 0 on the geodesic ball Br(0), one has

Lyr < (n—1)Zcoth(Zr), (0.6)

pointwise on Br(o) \ {cut(o) U {o}} (cut(o) denotes the cut-locus of o) and

weakly on all of Bp(o). Thus, for instance, an assumption like
1
Ricc +(n —1)H?(,) > Hess(a) + —— da ® da, H >0,
n—m

which appears in some of our results, can be geometrically interpreted in the
light of the generalized Bakry-Emery Ricci tensor defined in (0.4), and as
such it can be considered a curvature condition. Our Liouville theorems rely
essentially on careful gradient estimates for solutions of equation (0.3). We
focus only on “classical” solutions (usually C?) because the starting point of
our computations is a pointwise application of a generalized version of the
Bochner-Weitzenbock formula (see below for details), and also to avoid some
technicalities due to weak formulation. Nevertheless, we point out that some
of our result can be generalized lowering some regularity assumptions.

Gradient estimates in the solution of geometrical problems have a long
history (see, for instance, the pioneering work of Yau, [Yau75]); for a sym-
metric diffusion operator (i.e., when A = B) they seem to have first appeared
in the work of A. G. Setti ([Set92], [Set98]); see also the recent [Li05], where
X.-D. Li derives various Liouville theorems for £-harmonic functions, with
L=A—(VfV)for f € C®(M) (note that £ = L4 with A =e~/). Some
of the results we obtain in the thesis extend previous work of A. Ratto and
M. Rigoli [RR95], where the authors consider the classical Poisson equation
Au = f(u) on complete manifolds, the case of R™ having been previously
treated, for instance, by Serrin [Ser72] and Modica [Mod85].
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The work is organized as follows:

1. Gradient estimates;

2. Liouville-type theorems;

3. More Liouville theorems (and beyond);
4. Geometric applications;

5. Appendix.

In the first Chapter, the most technical, we derive some gradient esti-
mates for solutions u of equation (0.3). Towards this aim we use a method
inspired by the old work of Ahlfors [AhlI38], studying the inequality LG < 0
which holds at any relative maximum of GG, where G is a suitable function
of u, |Vu|2 and p, the distance function from a fixed point; the key tool to
obtain the fundamental inequalities (1.11) and (1.12) in Lemma 1.2 (which
has to be compared to Lemma 12 in [RR95]) is a generalized version of the
Bochner - Weitzenbock formula (equation (1.4)), which expresses %L\Vu]z
(with u € C3(M)) in terms of geometrically relevant quantities (in particu-

lar, Riccp, m(La)(Vu, Vu)). As a consequence we obtain (see Theorem 1.4)

Theorem 0.2. Let (M, (,)) be a complete manifold of dimension m. Fiz
o€ M and let r(zx) = dist(pr( y)(x,0). Suppose that A,B € C'(M), A,B >
0, and that

Riccpm(La) > —(n — DH2(1 + r(x)?)"”
for somen >m, H>0 and § € R. Let f € CL(R) and u € C3(M) a global
solution of (0.3) satisfying

u(z)] < DA +r(2))",

B

v () @) <o+ @)

and
2 @)f () > KL+ ()]
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on M for some constants v > 0, v,0 € R and constants D, K,© > 0. Then

|Vu|2(m) < alr(x)% max {r(az)_2 + ’I“(.’E)g_l + ’I“(:E)é +7r(x)7,
()" 51—|—C’r(:v) 26
1+ Cr(z)~

for r(z) > 1 and constants C,Cy > 0.

The other main result we prove (see Theorem 1.7) is an extension of
Theorem B in [RR95]:

Theorem 0.3. Let (M, {,)) be a complete manifold of dimension m. Sup-
pose that A, B € C*(M), A,B >0 and h € C*(M), h > 0 satisfy

i) %
m)h < C;

i11)|Vh| < C;
iv)|Lh| < C

(
(
(é
(

on M for some C > 0. Furthermore, suppose that, for somen >m, H >0
Ricepm(La) > —(n — 1)H?
on M. For f € C*(R) let u € C3(M) be a global solution of (0.3) such that

(i) |Vu| < C on M;
(27) infps [Vu| = 0.
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Assume the existence of a function Q € C?(R) with the following properties:

() Q). 1@ (u >\<c;

(7i) infpr Q(u) =

(ii1) [Q ()h—2zf(u)} ()

(iv) 28 f'(u) = 2(n — 1)H Q”( ) =
(v) |Q (W) Vh— f(W)V(§)| < C

on M. Then
IVul? < h(z)Q(u) on M.

Of course, the applicability of Theorem 0.3 depends on the possible choices
for h and @, as we point out in the proofs of some related results.

In the second Chapter we use the previous estimates to derive our Li-
ouville theorems for Poisson equations associated to L and L4 (and, con-
sequently, for equation (0.1)) under geometric conditions on the manifold
(M, (,)) and appropriate growth conditions on both the solution and the
non-linearity f. For instance we prove the following two results (see Theo-
rem 2.1 and Corollary 2.4):

Theorem 0.4. Let (M, (,)) be a complete manifold of dimension m. Sup-
pose that A,B € C'(M), A,B > 0 and that, for some n > m, H > 0,
deR

Riccym(La) > —(n — )H2(1 + r(z)%)"”

on M. Let f € C*(R) and u € C3(M) be a global solution of (0.3) Assume
u(x)] < DA +r(x))",

5/2

(@) f'(u(x)) > (n = H*(1 +r(2)*)",

|

v () @) <o+
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on M, for some constants ©,D > 0,v,0 € R. Then u is constant provided

o 6
0< in<¢1l,1——,—=>%.
_1/<m1n{, 7 2}

Corollary 0.5. Let (M, {,)) be a complete manifold of dimension m, a,b €
C?(M) and suppose that, for some n > m, we have the validity of

da ® da.

Riccps > Hess(a) +
n—m

Assume
0<b<C, |Vb| < C

on M for some constant C > 0. Let f € C'(R) with f' >0, f > 0 on
[0,400) and let u be a non-negative bounded global solution of (0.1). Then

u 1s constant.

In the third Chapter we consider the notion of stability for solutions of
equation (0.3). First we compute the first and second variation of the gener-
alized energy functional associated to equation (0.3) and we define the notion
of L-stability of global solutions, which generalize the concept of stability for
global solutions of Au = f(u) (see, for example, [FCS80], [MP78], [DF09],
[FSV08]); we then relate the L-stability to the non-negativity of the first
eigenvalue of an appropriate linear operator, and we exploit this relation
to derive a version of a theorem of Fisher-Colbrie and Schoen ([FCSS80]).
Successively, we prove the analogue of Theorem 4.5 in [PRS08] for global
stable solutions under a particular condition on f and f’: namely we have

(see Theorem 3.5 and also Corollary 3.6)

Theorem 0.6. Let (M, (,)) be a complete manifold, A, B € C*(M), f €
CY(R). Let u € C3(M),u >0 be a global solution of (0.3). Suppose that

Hf(®) = f'()t=0
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fort >0 and some H > 1. If o € C%(M) is a positive solution of

B
—Lup=Lap— 2 f'(wp <0 onlM,

then there exists a constant C' > 0 such that

CgpzuH,

( / ol du)l ¢ L (+00)

Finally we deduce a Liouville theorem for L 4-harmonic functions under

provided

forsomelSBSH.

an LP condition on their gradient (Theorem 3.8) and a uniqueness result
for equation (0.1) (Theorem 3.10), based on a particular form of the weak
maximum principle valid for (symmetric) diffusion operators.

In the last Chapter the geometry becomes the main character. Our
purpose is to prove triviality results for complete Einstein warped products
N™Fk — M™ x,, F*. exploiting the relations between these latter and the
quasi-Einstein manifolds, a generalization of the Ricci solitons. After a de-
tailed introduction, where we present the relevant geometrical objects (in
particular, the f-Laplacian Ay and the k-Bakry-Emery Ricci tensor Ricc];),
we enlight their connection with our previous investigations and discuss the
recent literature on the subject (see references below), in the second Section
we adapt to this new scenario Theorem 2.1 and Corollary 2.5 from Chapter

2. For instance we prove (see Theorem 4.12)

Theorem 0.7. Let N = M™ x, F¥ be a complete Finstein warped product
with Einstein constant A < 0, warping function v = e~1/* and Einstein fibre

F* with Einstein constant pu < 0. Suppose that

k
f > =log <A> forallz e M
2 2u
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and that
|f1 <D +r(z))”

for some D >0, v € R. Then N is a Riemannian product, provided
0<rv<l

In the third Section we prove a weighted version of Theorem 1.31 in
[PRS05a] and a sufficient condition for the validity of the full Omori-Yau
maximum principle for the f-Laplacian; then we deduce a triviality result
(Corollary 4.16) for complete Einstein warped products which is a Corollary
of Theorem 1 in [Rim10]:

Corollary 0.8. Let Ntk = M™ x, F* be a complete Einstein warped
product with non-positive scalar curvature (m + k)X = NS < 0, warping
function u(x) = 67% satisfying infpr f = fo > —o0 and complete Einstein
fibre F. Suppose also that 'S < 0. Then N is simply a Riemannian product

if either one of the following further conditions is satisfied:

(i) the base manifold M is complete and non-compact, the warping func-
tion satisfies f € LP(M), for some 1 < p < 400, and f (x9) < 0 for
some point xog € M;

(ii) the base manifold M is complete and non-compact, the warping func-
tion satisfies f € LP(M), for some 1 < p < 400, and the scalar
curvatures of M and N satisfy

Mg> T _Ngye
m+k
for some € > 0.

In the last Section we prove, again applying the Ahlfors technique, a
further gradient estimate (Theorem 4.17), which extends the one in [Cas10]:

Theorem 0.9. Let (Mm,g, e_fd,uo) be a weighted manifold (not necessarily
complete); suppose that, for some k < +00,Z >0

Ricc]} >A=—(m+k-122
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and that
Apf =(f),

where 1 : R — R satisfies
Y'(t) + %w(t) ~(m+k—-1)2%>0

forallt € R. Then for all g € M and T > 0 such that Br(q) is geodesically

connected in M and the closure Br(q) is compact,

1 2m+k—+6) 4vV3 A1

2
IVfI™(q) < Glm [ %) T2 9 z7|

having defined
1 1
G k)= —+ —.
(m K=+

Finally, we obtain another triviality result (Theorem 4.18) when the func-
tion f (related to the warping function u by u = e~/ / k) is bounded below
by a constant depending on m = dim M, k and on the Einstein constants A

and pu, respectively of the warped product and of the fibre:

Theorem 0.10. Let N = M™ x, F* be a complete Einstein warped product
with Einstein constant A < 0, warping function u = e~1/¥ and Einstein fibre

Fk with Einstein constant p < 0. Suppose that

k <)\m+2k

> -1
25 loe 2u m+k

5 > for all x € M.

Then N is a Riemannian product.

In the Appendix, for the convenience of the reader, we prove some results
and some relations not so easily available in the literature. In the first Section
we deduce the generalized Bochner-Weitzenbock formula for the operator L 4;
in the second Section we derive a consequence of the L 4-comparison theorem
and a particular Newton inequality. The third (and last) Section is devoted
to a volume estimate due to Calabi and Yau.

The material presented in the first two Chapters and the uniqueness
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result of the third Chapter have already appeared, in a slightly different
form, in [MR10a]; most of Chapter 4 and part of Chapter 3 appear in a
paper with M. Rimoldi (submitted for publication, see [MR10b]).



Chapter 1

Gradient Estimates

One thing I've learned. You can know anything.
It’s all there. You just have to find it.

J. Constantine in Sandman, Season of Mists, DC

Comics-Vertigo

The aim of this Chapter is to establish some gradient estimates for solu-

tion of the diffusion Poisson equation
Lu = f(u) (1.1)

on M. Here L is the operator L = % div (AV ) defined for some sufficiently
regular positive functions A and B on M. Towards this end we use (here,
and in Chapter 4 below) a method inspired by the old work of Ahlfors,
[Ahl38]: we basically obtain estimates by studying the inequality LG < 0
which holds at any relative maximum of G, where G is a suitable function
of u, [Vu* and p, the distance function from a fixed base point; see also
[Yau75] and [SY94] for other applications of this technique. From now on,
(M, (,)) will be a complete, non-compact, connected Riemannian manifold

of dimension dim M = m > 2.
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1.1 The main technical Lemma

In what follows we shall repeatedly use the following elementary facts: for
u,v € C?(M), f € C*(R),

L(uv) = ulv + 2% (Vu, Vv) + vLu, (1.2)
! A " 2
Lf(u) = f(u)Lu+ Z f (w)[Val, (1.3)

and the generalized Bochner-Weitzenbock formula contained in the next

Lemma 1.1. Let u € C3(M). Then
1 s A 9 A,
§L|Vu| = E|Hess(u)\ + B Ricenm(La)(Vu, Vu) + (VLu, Vu) + (1.4)
A B A 1 (VA,Vu)?
509 (F ) vu) 4 gt T

Proof. Since L = %L A, (1.4) follows immediately from the Bochner-Weitzenbock

formula for the operator L4

1
§LA|VU|2 = |Hess(u)|* + Rice(L4)(Vu, Vu) + (VL au, V) (1.5)

and the definition (0.4) of the modified Bakry-Emery Ricci tensor. To prove

(1.5) one starts with the classical Bochner formula
%A]Vu\Q = [Hess(u)|* + Riceas (Vu, V) + (VAu, V) (1.6)
and uses the two computational identities
<V\Vu|2, VA> = 2Hess(u)(VA, Vu), (1.7)

(V(VA,Vu),Vu) = Hess(u)(VA, Vu) + Hess(A)(Vu, Vu). (1.8)

We refer to the Appendix for a proof of these latter facts using the moving

frame formalism. O



1.1 The main technical Lemma 14

We now come to the main technical point of this section.

Lemma 1.2. Let By(q) denote the geodesic ball of radius T > 0 centered at
q and p(x) = dist(pr,( ) (v,q). Assume that, for some n >m, Z >0,

Riccpm(La) > —(n —1)2> (1.9)
on Br(q). On the same ball consider the non-negative function
2
G(x) = [T? = p*(2)]"|Vul*(z)g(u(x)) (1.10)

where u is a C3(M) solution of (1.1) on M for some f € CY(R) and g €
C?(R) with g(u) > 0 on Br(q). If Z € Br(q) is a positive mazimum of G
on Br(q), then at T we have

29(u)g"” (u) — 3¢’ (u)? o [ AT|g'(u)| ul—
0= { 2g(u)? }Wu| {(T2 —p?)g(u) }W | (L11)
4in+(n—-1)ZT 1672 B, Bg'(u
— { [ +T(2 — pz) ] + T ) - 2Zf (u) 4+ 2(n —1)2% — Agg((u))f(“)}
SfW|o (B
2wl V(A) |

o> (Mol W) U Yoo S0 Yy,

8g(u)? g(u) T2 - p?
(1.12)
T2 — p2 (T2 _ p2)2 A u n
[f(W)l|g (B
-2 VI—||
|Vul A
Proof. Since T is a positive maximum, at £ we must have
. VG g LG  A|VG)?
z)Vlongﬁzo; zz)LlogG:?—E o2 <0. (1.13)
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From the definition of G, a computation shows that (1.13) i) is equivalent to

/ 2 2
Q(U)VU+VIVUI _ 2Vp

= at T. 1.14
g(u) \Vul?  T?—p? (1.14)

Using formulas (1.2) and (1.3) a tedious calculation yields the equivalence
of (1.13) ii) with

Lt A VPP g Aglg ) — g @ o o

0>—2 -
T? —p?> "B(T?2—-p2)?  g(u) B g(u)?

(1.15)

9 2
LIVl A’V|VU| ’
Vu> B |[Vul'

at T. From the generalized Bochner-Weitzenbock formula (1.4) of Lemma

1.1 we deduce the inequality

L|Vul* > 2%]Hess(u)]2 + 2% Ricenm(La)(Vu, Vu) + 2 (VLu, Vu) +

(1.16)
A B
+ 2§Lu <V <A> , Vu> .
Thus, combining with the elementary inequality (see the Appendix)
2|2 2 2
V|IVu|®| < 4|Vul”|Hess(u)| (1.17)

and (1.1), (1.9) we obtain

LIVu]? 1A¢wvmﬂ2 A A flu) B

u u

AT g 1 (5(2) )

Vaf T2B jvat NIRRT G p (V)Y
(1.18)

at Z. As observed in the Introduction, assumption (1.9) implies

Lp* < 2%[71 + (n—1)Zp) (1.19)
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on Br(q) (see also the Appendix). We now use (1.18) and (1.19) into (1.15)
together with (1.1) to obtain

A "(u) — ¢’ A4 -1z A T2
05 A0 WP o Adnt (12 AT
B g9(u)? B T? — p? B (T2 — p?)
(1.20)
g, 1Tl
aiall DR DR Vel o 2 /
o0 (u 55 |Vu\4 2B(n DNZ% 4+ 2f (u)+
sron (7(2) )
+ 2= VI-=1],V
at Z. Finally we observe that (1.14) implies
JWV”V“'! (g%u))Q . 817 Tlg'(u)
— < Vul|®+ +4 Vul| (1.21
2 v S 2\gw ) VI e T e VY (Y

at z. Inserting (1.21) into (1.20) we have

05 200" =302 oo TI] o Al (= 1)ZT]

2g(u)? (1% = p?)g(u) T2 — p?
(1.22)
1672 s  Bg'(u B,
- m —2(n—1)Z" + A g(w) f(u) + QZf (u)+

(s (2) o)

at z, from which (1.11) follows immediately.
To derive (1.12) we use again the Bochner-Weitzenbock formula (1.4)
and (1.9), (1.1) to have

LIVu*> _ _Al|Hess(uw)]* _A ) , A f(u) < (B) >
>2- 2 2 (n-1)Z°42 +2= V(= ),Vu)+
Vo 2B jwup BTV Fo g e \Via) v

A1 (VA,Vu)* 1
Bn—m A2 Vul?
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on Br(q). On the other hand, by Newton inequalities (see the Appendix)

2 2 2
|Hess(u)] > 1 (Au) _ 11 ELu ~ (VA,Vu) 7 (1.24)
Vul* T m |Vt m[Vuf* [ A A
and using the elementary inequality
2 2
(a-bp2>-2 U
L+y v

valid for a,b € R and v > 0 we obtain

2é]Hess(u)|2 _,B1 1 (Lu)? LAl 1(VA,Vu)®
B |vu* T Am|vu?l+y TBm|vufy AZ
Inserting this latter into (1.23) yields
L|Vul? A ) ) B 1 (Luw)?
> 2= (n—1)Z%+2f"(u) + 2~ 1.25
\Vu|2 B( ) ) Am|Vu]2 147 ( )

+2A< ! —1><VA’W>2+2A f(w) <V<B>,Vu>.

n—m ym/) |Vu|’A2 B |Vul? A
From the modified Young inequality

b2
—2ab < ea® + =

(valid for a,b € R and € > 0) we obtain

Be(luy o _glu_ 1A<QI(U))2IVU|2.

A2V Z T 9w 2B\ g
Choosing € = ﬁ and inserting into (1.25) gives

L|Vul? ) — 0 g2 9, Am+) (¢(u) ? e
IVul? =2/ (w) = 2g =12 g(U)L B 8 (9(U)> IVl

Al 1 1\ (VA Vu)?  _A f(u) B
p - | = 2= — :
i B<n—m vm) |Vu|* A2 " B |Vu)? Via) Ve
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Thus, the choice v = " > 0 yields

L|Vul* ) — 22 A Lo An g W) 2
|Vul|? =2/ QB( nz Q(U)L B8<9(U)> [Vl

* 2% y];(z\é <V<lj),Vu>.

We now use (1.19), (1.21) and (1.26) into (1.15). Then, at Z, we obtain

(1.26)

g(wg"(w) = 2+ R)g'W)? o 2 8p gl 2477
0= g9(u)? Vil = 7 p* g(u) Ve (12 - ;)2)21L
4n+ (n—1)Zp] B f(u) B
_ T —2(n—1)z2+22f (u)+2‘vu|2 <V(A>,Vu>

from which (1.12) follows immediately.

1.2 Consequences of Lemma 1.2

In the next result we elaborate on Lemma 1.2.

Lemma 1.3. Let Br(q), p(z) be as in Lemma 1.2 and assume (1.9). Con-
sider the function G(x) on Br(q) given in (1.10) and set

S = min {Bi;?(fq) gf’(u), 0}, (1.27)
E = sup 2|f(u)| V(i) ‘ (1.28)
Br(q)

If & € Br(q) is a positive mazimum of G on Br(q), assume that

Wa () — Y o (1)2
g(u)g"( )g(S;_ §)g () (%) > 0. (1.29)

a =
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Then

32 |g'(u(z))]?
IVul*(g)g(ulq)) < 20” max { T2 ‘gg((u((;)))’
4g9(uw(Z)) [2(n+6) 2(n—1)Z
{ ™ T
E 9(u(z))
ava/2(n—1)22 =25 |’

(1.30)

—1\7%_—
. +(n-1)72- 8|,

with o = i

Proof. From Lemma 1.2, (1.12) holds at z. We set

z = |Vul(z) > 0,
8lg'(w)|(z) _ p(7)
T ) T
@ At - DZp@] s
Tmepap T mopm TN
Thus, (1.12) becomes
az? —bz—c— g <0. (1.31)

(1.31) implies |Vu|*(Z) = 22 < 23, where z is the (unique) real positive root

of the third degree equation az® — bz? — cz — E = 0. Let z; be the positive

root of the quadratic polynomial az? — bz — ¢ and [ the tangent straight

line to the parabola I' : y = az? — bz — ¢ passing through 21 (i.e. the line

y = Vb2 +4ac(z — z1)). If we denote with z4 the (positive) absciss of the
E

intersection between [ and the hyperbola y = =, a computation then shows
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that

b? + 2ac + bVb? + 4 AE
(Vu*(z) < 22 < 24 < o max toact 5 + ac’
2a Vb2 + dac

< { { b2 A c } 4F }
Q@ max ] amaxs —,4— p, ————
- a?’ a )’ b2+ dac

o2 {b2 4 AE }
= XY 5 F—y Y —>—— (-
a?’ "a’ \/b? ¥+ dac

Computing and recalling the definition of G(z) in (1.10), after some manip-

ulation we obtain

“ \/ 64l P o[ 20 A2 o — 1)22 - 25

Hence, since

G(q) = T*Vul*(g)g(ulq)) < G(2),
we deduce the validity of (1.30). O
We are now ready to prove

Theorem 1.4. Let (M, (,)) be a complete manifold of dimension m. Fiz
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0o € M and let r(x) = dist(as,( y)(z,0). Suppose that A, B € CY(M), A, B >
0, and that

5/2

Riccnm(La) > —(n — 1) H?*(1 + r(z)?) (1.32)

for somen >m, H>0 and § € R. Let f € CY(R) and u € C3(M) a global
solution of (1.1) satisfying

lu(z)] < D(1 4 r(x))", (1.33)
@)V () @) < 0+ @)’ (1.31)

and B
By ) 2 K11+ ) (139

on M for some constants v > 0, v,0 € R and constants D, K,© > 0. Then

|Vu]2(:c) < élr(a:)Q” max {r(m)*2 + r(x)%*l +r(x)? +r(x)7, (1.36)

o-s 1+ ar(x)%é }

r(@) 1+ 6’r(x)7_5

for r(z) > 1 and constants C,Cy > 0.

Proof. Fix a geodesic ball Br(q) and let

N > <sup u> + 1. (1.37)
Br(q)
Define
g(t) = (N —t)? (1.38)

with d € R, ¢ < N; note that N —u > 1 on Br(q), so g(u) > 0 on Br(q).

In this case, if we consider a defined in (1.29), we have that a > 0 if

al(1+ g)d+ (v = <o
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on Br(q). This forces d to be chosen such that

8
————<d<0.
n+8

Next, (1.30) and a simple computation yield, with Z as in (1.9),

IVul?(g)g(u(q)) < 202N — u(z)] "> (1.39)
' { 32
e [(1+2)d+1]°T2’
4 2(n+6) 2(n—1)Z
dl(1+%)d+ 1][ I T

E 1 1 1

@ Jdl(1+ B)d 1] V2 - 1)22 =25 N — u(z)

+(n—-1)2%- 5|,

For the geodesic ball Br(q), ¢ # o € M, we choose T = %r(q) > 0. Then,
there exists a constant A = A(d) > 0, depending only on the sign of §, such
that we can choose Z = H(1 + Ar(q)2)5/4. Furthermore, using (2.2), (2.4),
(1.35) we choose

N=D [1 + 2r(q)} ’ +1>0, (1.40)
0>5>-K(1+AMAr(q)7, (1.41)
0< E <20(1+ Ayr(q))’ (1.42)

on Br(q), with Ay, A positive constants depending respectively only on the
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signs of v and 6. Inserting into (1.39) and computing yields
IVul?(q) < 202[2D(1 + 3r(q))" + 1]

- max 32 4-r(q)7?

{[<1+g>d+112 e
4

Cd[(1+ 2)d+1]

+ (n—1)H?*(1 + Ar(q)?)

A(n— D)H(1 + Ar(g)?)"*

8(n +6)r(q)* + @

+

T K1+ M)

20(1+Aar(q))? 1 1
@ VAl (12)d+1] /2(n—1) H2 (14+Ar(9)2)/ 2 +2K (14+A17(q))”
< Cir(g) max { Cor(a) ™, Cyr(@) 2 + Car(a) ™ + Csr(a)’ + Cor(a),
0 Cs7(q)%/? + Cor(q)7/?
Csr(q)? + Cor(q)"

Crr(q)

for r(q) > 1 and constants C; > 0,4 =1,...,9. This easily implies (1.36).
L]

Corollary 1.5. In the assumptions of Theorem 1.4, if

B B

1 < C, ‘V(A> ‘ <C
on M for some constant C' > 0 and u is a bounded global solution of (1.1),
then |Vu| is bounded provided § < 0.
Proof. Just observe that (1.33), (1.34) and (1.35) are verified choosing v =

0=~=0. O

1.3 More gradient estimates

In this section we prove more gradient estimates for global bounded solutions
of Lu = f(u). Towards this end we shall need the next
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Lemma 1.6. Let N,T,A,e > 0, H > 0 be fixed constants. Then there exists
a function n = e : [T, +00) — [0, 1] with the following properties:

1€ C*((T, +00)); (1.43)
n(T) =1,n>0,n" <0 on(T,+oo); lim 7(t)=0; (1.44)
lim 7. r(t) =1 YV fized t € [T, 400); (1.45)
e—0t

QZ 2(17/)2_ E+n—1+( C)H )i — o _E T, +00);

77/ 77 c t n 77 77 - A on ) &% 9
(1.46)

Ui e?

on [T, +00). (1.47)

<
n'| = nA(N + (n —1)He)
Proof. The idea of the proof is taken from Modica, [Mod85]. We define the

decreasing function
A .
Je : [0, eA] — [0,1]
€

by setting
1

m

9:(t) =

>|o

X -
log (e — %t)
on [0, %6_%) and extending it by continuity on the right end side of the

interval. Furthermore, we let
hE,T : [T, —|—OO) — R

be given by

t
he 7(t) —/ slne=[THm=DH]s 4o (1.48)
T

We note that h. 7 is increasing, he (1) = 0,
+o00

0<I=hr(+0)= / slne=[TH=DH]s go 4 oo,
T
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We set

£

n(t) = ge <1; G_IA hs,T(t)> (1.49)

on [T, 400). Now, properties (1.43), (1.44) and (1.45) follows easily. As for
(1.46), from (1.49) we have

g: " (n(t)) = ——her(t). (1.50)

Noting that
1
g tt) = / s”2e¢" s ds,
t
differentiating (1.50) and using (1.48) we get

e_ﬁ(t) » Al 67[%+(n71)H]t7%
ol

(1.51)

Taking the logarithm of both members of (1.51) and differentiating once
more we obtain (1.46). It remains to prove (1.47). From (1.50), differenti-

ating we get

t I (=) (n(t
W )Ll ) 00) (152
n (t) A ha,T(t)
A simple computation shows that
N e Tn®
t) = — 1.
(a7) () =~ (1.53)
On the other hand (1.49) gives
€ 1

(1) (n()) = =<2 <1 - ha’?”). (1.54)
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Substituting (1.54) into (1.52) and using the definition (1.48) of h.r to

compute its derivative, we obtain

n(t) 1

' (t) n(t

(I = heg ()t tel S H=DH]L,

=] o

(1.48) and the definition of I allow us to rewrite the above as

+oo
77/(75) _ _1€tnle[g+(n—1)H]t/ Slfne—[g—‘r(n—l)H]s ds.
n'@) o)A :
It follows that
+0o0
n/(t) ‘ < Lo X imenm) / o [Xtm-1)H]s 4
n'() [~ n(t) A t
and (1.47) follows at once explicitating the integral. O

We are now ready to prove the following general theorem, which is the

main result of this Chapter and compares directly to Theorem B in [RR95]:

Theorem 1.7. Let (M, (,)) be a complete manifold of dimension m. Sup-
pose that A, B € C*(M), A,B >0 and h € C?>(M), h > 0 satisfy

i) % < C,
i) h<C,
iii) [Vh| < C;
\iv) |Lh| < C

(1.55)

on M, with L = % div (AV ). Furthermore, suppose that, for some n > m,
H>0
Riccpm(La) > —(n —1)H? (1.56)

on M. For f € CY(R) let u € C3(M) be a global solution of

Lu = f(u) (1.1)



1.3 More gradient estimates 27

such that

i) |Vu| < C on M,
(1.57)
i1) infyr [Vul = 0.

Assume the existence of a function Q € C*(R) with the following properties:

i) Q(u), |Q(w)] < C;

i7) infpr Q(u) = 0;

iti) [Q (w)h — 25 f(u)] Q' (u) > 0; (®)
) 28 f'(u) — 2(n — 1)H? — hQ" (u) > 0;

v) |QW)Vh— fW)V(E)| <C

on M. Then
IVul? < h(z)Q(u) on M. (1.58)

Remark. Of course the applicability of Theorem 1.7 depends on the possible
choices for h and Q: this is the case in the proofs of Theorem 1.8, 1.9 and
Corollary 2.4 below. Note also that, if A = B =1 and h = 1, we recover
Theorem B in [RR95].

Proof. (of Theorem 1.7) Let u be a global solution of (1.1) and define the

function

P =|Vul* — h(z)Q(u) (1.59)

on M. Let d a positive constant. Because of (1.57) ii) there exists ¢ € M
such that

IVul*(q) < d. (1.60)

Fix e, T > 0 and define a function v : M \ Br(q) — R by setting

v(x) = 1e,7(p(x)) P(2), (1.61)

where p(z) = dist(as,( ))(7,q) and n(t) = n.7(t) is the function defined in
Lemma 1.6 with N;A > 0 to be chosen later. We may assume that v > 0
somewhere, for otherwise, since n > 0, P < 0 on M \ Br(q). Because of
assumptions (1.57) i), (1.55) i) and (Q) i) P(z) is bounded; thus, (1.44) of
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Lemma 1.6 implies that
v(z) =0 as p(x) — +oo. (1.62)
Next, we prove that, given § > 0, we have

v(z) < max {5, max v} (1.63)
9Br(q)

on M \ Br(q). Towards this aim it is enough to show that v(z) < § at any

maximum point & € M \ Br(q), if any. At & we must have Vv = 0 and

Lv < 0: these are respectively equivalent to

_ 7'(p)
VP =PV (1.64)
and N A (o)
02 A (PPLy+ ' (D GP +aILP 2 TP (105

at T, where in (1.65) we have used (1.64), (1.2) and (1.3). We need now to
estimate LP. Using (1.59), (1.1) and the generalized Bochner-Weitzenbock

formula (1.4) together with the curvature restriction (1.56) we obtain
LP = L|Vul? = L(h(x)Q(u))
= L|Vul* - [h(x)LQ(u) + 2% (Vh,VQ(u)) + Q(u)Lh}
= L|Vu|? — hQ'(u)Lu — h%@”(u)wu\? - 2%@’(@ (Vh,Vu) — Q(u)Lh

> 2%|Hess(u)|2 - 2%@'(10 (Vh,Vu) — Q(u)Lh + 2%f(u) <V<i> , Vu> —

A

- HQU (W) ~ [R5Q" () + 250~ DI - 27/ (w)| |V
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Multiplying both sides by |Vu|* and using inequality (1.17) we have

A A B /
VuPLP > %E‘V]Vuﬂz +27 ()|l <V(A>7Vu> ()@ ()| Vuf—
(1.66)

- Q%Q’m)yvuﬁ (Vh, Vu) — Q(u)|Vu|*Lh.

Next, since ' < 0, using Schwarz inequality, Q(u) > 0 and (1.64) we have,

at z,

‘V\Vu]2’2: VP + hQ' (u)Vu + Q(u)Vh|*

'(p) ?
—’ 1 Pv + hQ'(w)Vu + Q(u)Vh

2
( ; P24 12Q'(w)? | Vul® + Q(u)’ [ Vh[*~

I 7' (p)
p)th w) (Ve, Vp) = 2L PQ) (9, V) +

2hQ(u)Q'(v) (Vu, Vh) +

/(P) ? 2 2 2
) P2 + B2Q' (u)?|Vul* + Q(u)?|Vh|*+
+2 ())P[hyQ )|IVu| + Q(u)|Vh|] -

— 2hQ(w)| Q' (w)||Vu||Vh|.
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Inserting this inequality into (1.66) we obtain

A 2 A A
Vul’LP > ;B< ((ZD P2y %EhQQ’(u)QWUF + %EQ(MW%
(1.67)

) p
n(p)

w2 Vel (v (), 90) - 1@Q wIvu-
- 2%@’(U)WU|2 (Vh, Vu) — Q(u)|Vu|*Lh.

A
P|Q (w)]|Vul + Q(u)|Vh[] = ShQ(u)|Q (w)] VA Vul+

LA
B B

From (1.56) we deduce

A
2

Pi
|Vul™n {B

at . Observe that (1.56) implies

2(n')?
20)” 77”] - n’Lp} —n?|Vu’LP >0 (1.68)
n

All
Lp<(n—1)7 [p + H} (1.69)
on M \ Br(q). Using (1.67) and (1.69) into (1.68) and then (Q) iii), n < 1

and Schwarz inequality, after some tedious computations we get

;(2’)21)2 < \Vu|2v{2(n?;)2 - - [n;l + (n — 1)H+h‘?§s\)| + @( ’>2| h’] }

(1.70)

B

+hQw)|Q' (w)||Vu||Vh| + 2|Vul*|Q (u)Vh — f(u)V<A> ’Jr

B
+ Q)| Vul*[ LA,

If |[Vu|*(z) < 8, then v(z) < P(z), h(z) > 0 and Q(u(z)) > 0 by (Q) ii)
(z

immediately imply v(z) < §: thus, it remains to consider the case |Vu|?(z) >
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4. Set
2 / / B
L= sup2|Vul’, Ny = sup |Q/(w)||Vul, N = sup |Q(u)Vh — f(U)V<> ‘
M M M

Ky =sup Q(u).
M

By (1.57) i) and (Q) 1), v), L, N1, N2, K € [0, +00). Using (1.55) and ' < 0
from (1.70) we deduce that, at z,

1/n\? )2 ~1 Ny + K
_ l ’U2 < ‘VU|2’U 2(77) _77”_ n +(7’L— 1)H—|— C( 1+ 1) 77/ +
2\ n n P 0

+ CN1K + LV LN, + CK1 L;

in other words, for some appropriate constants N, K > 0,

2 2 _ 2
R N L
n n p ) n
(1.71)
Choosing in Lemma 1.6 e = 0,A = L and T, N as above, from (1.71) we

obtain at z

(1.72)

3
02§5[v+ 20°K }

n2L2(N + (n — 1)Hé)?
Letting § | 0" in (1.72) and using (1.45) we deduce v(z) = P(z) = 0. This
implies

v(z) < max{5, max U} = max{é, max P}
dBr(q) 9Br(q)

on M \ Br(q). Therefore, letting § | 01 again, we arrive at

P(z) < max{O, max P}
0Br(q)

on M \ Br(q). Letting T' ] 0% in this last inequality we obtain

P(z) < max {0, P(q)}
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on M. From (1.59), (1.60) and (Q) ii) we get
P(x) < |Vul*(q) <d

on M. Since d > 0 was arbitrary, we conclude P(xz) < 0 on M, that is,
(1.58). 0

Next result is a consequence of Theorem 1.7 and Corollary 1.5; the case

H = 0 will be treated separately.

Theorem 1.8. Let (M, ,)) be a complete manifold of dimension m, A, B €
C%(M), A, B >0 and such that

i) B<c
i) [V(5)] < C; (1.73)
i) [L(B)| < C

on M for some constant C' > 0. Suppose that for some n >m, H > 0,
Riccpm(La) > —(n — 1)H?. (1.56)

Let F € C*(R) and set f = F'. Let u € C?>(M) be a global bounded solution
of

Lu= f(u) (1.1)
and let )
02 o )+ 2sup . (171
e inf [2F(u) — (n — 1)H?*(u* + du)] = 0. (1.75)
Then,
Vul? < g(x) [2F(u) — (n— 1) H(u? + du)] (1.76)
on M.

Proof. First of all we use Corollary 1.5 and boundedness of u (see also the
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proof of Corollary 2.4 below) to deduce the validity of (1.57). In Theorem
1.7 we now choose h = £ so that (1.55) are guaranteed by (1.73). We let

Q(t) =2F(t) — (n — 1)H*(1* + dt)

where d is chosen to satisfy (1.74). These choices of d, @ and (1.73) together
with u bounded imply the validity of (Q). Applying (1.58) of Theorem 1.7
we obtain the desired estimate (1.76). O

In the special case H = 0, we choose h = %, Q(t) = 2F(t) and we apply
Theorem 1.7 without requiring v bounded, which is necessary in (1.74). We

have then

Theorem 1.9. Let (M, (,)) be a complete manifold of dimension m, A, B €
C?*(M) with A, B > 0 and such that

i) B<q
i) [V(§)| < C; (1.77)
i) |L(5)| < C

on M for some constant C' > 0. Suppose that for some n > m
Riccp,m(La) > 0. (1.78)

Let F € C*(R), and set f = F'. Let u € C3(M) be a global solution of

Lu = f(u) (1.1)
such that
F(u),[f(u)] < C;
infp; F(u) = 0; (1.79)
infys [Vu| = 0;

\]Vu\ <C
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on M for some C > 0. Then
9 B

on M.

If we interpret Theorem 1.9 for equation (0.1) and require u bounded,

we obtain the following

Corollary 1.10. Let (M, (,)) be a complete manifold of dimension m, a,b €
C?(M) and suppose that, for some n > m,

Riceps > Hess(a) + da ® da.

n—m
Assume
N0<b<C; ii)|Vb < C; i) |Ab+ (Va, Vb)| < Cb (1.81)

on M for some constant C > 0. Let F € C?>(R), f = F' and u € C3(M) a
bounded global solution of (0.1) such that

inf F'(u) = 0. (1.82)

Then
|Vul* < 2b(z)F(u)  on M. (1.83)



Chapter 2

Liouville Theorems

The paths fork and divide. With each step you
take through Destiny’s garden you make a choice,
and every choice determines future paths.
However, at the end of a lifetime of walking you
might look back, and see only one path
stretching out behind you; or look ahead, and see

only darkness.

Sandman, Season of Mists, DC Comics-Vertigo

The aim of this Chapter is to derive some Liouville-type theorems for
the diffusion Poisson equation (1.1) and the related equation (0.1). This is
obtained under geometric condition on the manifold (M, ( ,)) and appropri-
ate growth conditions on both the solution and the non-linearity f. The key
tools, ¢a va sans dire, will be the gradient estimates developed in Chapter
1.

2.1 Liouville theorems for solutions of sublinear

growth

As an application of Lemma 1.2 we first prove
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Theorem 2.1. Let (M, (,)) be a complete manifold of dimension m. Fizx
o€ M and let r(z) = distar,( y)(2,0). Suppose that A,B € C*(M), A, B >0
and that for somen >m,H > 0,0 € R,

Riccym(La) > —(n — )H2(1 + r(z)%)"” (2.1)

on M. Let f € CL(R) and u € C3(M) be a global solution of
Lu = f(u). (1.1)

Assume

ju(a)| < D(1+r(@))", (2
2 @) @) 2 (0= D1+ r(@)?)”, (23)
v () @) <o+ @) (2.4
on M, for some constants ©,D > 0, v,6 € R. Then u is constant provided
0§V<min{1,1—j,—g}. (2.5)

Proof. For ¢ € M,q # o, let Br(q) the geodesic ball centered at ¢ with
radius 7> 0. Set p(w) = dist (s, ))(7,¢) and choose

N(T) > sup |ul. (2.6)
Br(q)

We use Lemma 1.2 with the choice g(u) = [3N(T) — u] ™ with d > 0 to be

chosen later. We note that, since Z is a positive maximum for G in Bp(q),

we have
o2 G() T|Vul*(q) g(u(9)
VS ) Pt @ ety -0
4
> V)
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Assume, by contradiction, that u is non constant. Then, without loss of
generality we can suppose that, for some € > 0, \Vu|2(q) > g2, Thus (2.7)

gives
_ Te?
|Vu] (z) > (17—, (a_c))z (2.8)

[ ( 3 d] U — 8d p(Z) ul(z
0> [BN(T) — (@]QW () 3N(T) — u(7) T2_p2(j)|v |(Z)+ (2.9)
? |Vul (z) (T2 — p2(7))? T~ 2z ) 2(n — 1) 2%+

where —(n —1)Z? is a lower bound for Riccy, (L 4) on Br(g). Suppose now
that
—f (u) > (n—1)22 (2.10)

on Br(q) and divide (2.9) by |Vu|*(Z). We then have

>d[ (1+%)d] 8d p(T) L,
= BN(T) —u(@)?  3NT) —u(@) T2 - p2(z) [Val (@)
B 24p%(7) 4n+ (n—1)Zp(z)] 1
{< “2@P T TR }\Vu12<x>+
Ll V%)I
V()

We now use (2.8) to deduce

dl1—(1+%)d d-22%2 3208 [ng(n— 1)ZT]2d+2+
AN(T)2  N(T)Te T2 T2e2
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Multiplying times N (T)2,

0> jﬂl - (1 + %)d} _d ';;HN(T) —[6+n+(n— 1)ZT]2d+2]\;(2T;+
(2.11)
3d+1
- [rv (§) | way

Next we fix T = %r(q); assumption (2.1) allows us to choose, as in the proof
of Theorem 1.4,

Z =H(1+ Ar(q)?)""
on Br(q) where A = A(§) > 0 is a constant depending only on the sign of 4.
Note that, with this choice, (2.3) implies the validity of (2.10). Furthermore

(2.2) enables us to choose
N(T) = D(1+Tr(q))",

where I' = T'(v) > 0 is a constant depending only on the sign of v. With
these choices, from (2.11) and (2.4) we deduce

[1 _ (1 + g)d} _gTd+l(y 4 Ar(q))0®£2 1+Tr(g)¥+  (212)

L9943
T E T - (1 T+

d+4 2
- [n +(n—1)H(1+ Ar(q)2)6/ﬂ 282751)2

(1+Tr(g)™.
We fix d > 0 sufficiently small that

d n

-(+5)d >0

having made this choice, from inequality (2.12) we deduce that there exists
a constant w = w(d, A, 0,T", D, H,n) > 0 such that

0> g[l _ (1 4 %)d} _ g[r(q)zwe 4 r(q)? 2 4 r(q)? 52 +5r(q)”’1]
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Under assumption (2.5) we reach a contradiction by letting r(q) — +oo. O
In the special case A = B, Theorem 2.1 becomes

Corollary 2.2. Let (M,(,)) be a complete manifold of dimension m. Fix
o€ M and let r(x) = dist(s,( y)(2,0). Suppose that A € C*(M), A> 0 and
that, for somen >m,H > 0,0 € R

5/2

Riccnm(La) > —(n — 1) H?*(1 +r?) (2.1)
on M. Let f € CY(R) and u € C3(M) be a global solution of
Lau= f(u). (2.13)
Assume the validity of
Fu@) > (n— DH2(1+r(z)%)"" (2.14)

and of (2.2) on M for some constants D > 0, v € R. Then wu is constant

0<1/<min{1,1—i}.

provided

Remark. The above Corollary compares to Theorem 2.2 of [Li05] which
holds for § =0, f = 0.

Interpreting Theorem 2.1 for equation (0.1) we immediately obtain the

following

Corollary 2.3. Let (M, (,)) be a complete manifold of dimension m, a,b €
C?(M), b >0, and suppose that, for some n >m, H >0,

Riccys +(n — 1)H? (, ) > Hess(a) +

da ® da. (2.15)
n—m

Let f € CY(R) and u € C3(M) be a global solution of (0.1); suppose

u(z)] < D1 +r(x))",
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b(z) f'(u(z)) = (n — 1)H?,
|/ (u(2))Vb()| < O(1 + r(w))’

on M, for some constants ©,D >0, v,0 € R. Then u is constant provided
. 0
0<v<min«l, 5 (

Note that the above Corollary in particular implies that under assump-
tion

1
Riceps > Hess(a) + —— da ® da.
n—m

a global solution u of
Au+ (Va,Vu) =0

with absolute value of sublinear growth on M has to be constant. In this way,
when a is constant we recover a well known result on harmonic functions on a
complete manifold first due to Yau, [Yau75]; see also the work of S. Y. Cheng,
[Che80], where he proves the analogous result for harmonic maps between
Riemannian manifolds. Moreover, as noted by the referee of [MR10a], the
above consequence has been previously proved in a non-submitted paper of
the Habilitation Thesis of X.-D. Li, which was defended at the Université
Paul Sabatier in December 2007. For a family of results in this direction,

for example when u is in class LP, see [PRS05a].

2.2 Consequences of the main Theorem

We now analyze two consequences of Theorem 1.7. First we consider non-

negative bounded solutions of (0.1).

Corollary 2.4. Let (M, (,)) be a complete manifold of dimension m, a,b €
C?(M) and suppose that, for some n > m, we have the validity of

Riccys > Hess(a) +

da ® da. (2.16)

n—m
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Assume
0<b<C, Vbl < C (2.17)

on M for some constant C > 0. Let f € CY(R) with f' > 0, f > 0 on

[0,4+00) and let u be a non-negative bounded global solution of
Au+ (Va,Vu) =bf(u). (0.1)

Then u is constant.

Proof. First note that, since u is bounded, by Corollary 1.5 with the choices
A = €% B = be® and § = 0 (for instance) we have that u has bounded
gradient and also that infys |Vu| = 0. Thus, assumptions (1.57) i), ii) of
Theorem 1.7 are satisfied. With the above choices of A and B, the validity
of (0.1) implies that u satisfies (1.1). We now choose h(z) = 0 and

Q) = [ -1 (supu) |

With these choices one easily verifies the validity of (Q); the remaining
assumptions, that is (1.56) and (1.55), follow respectively from (2.16) with
the choice H = 0 in (1.56) and (2.17). Now conclusion (1.58) of Theorem
1.7 becomes |Vu|?> = 0 on M; hence the result. O

As a second consequence (see also Theorem 1.8) we have

Corollary 2.5. Let (M, {,)) be a complete manifold of dimension m, a,b €
C?(M) satisfying
0<b<
Vo] < C; (2.18)
|Ab + (Va,Vb)| < Cb

on M for some constant C > 0. Assume that, for some n > m and H > 0,

Riceps +(n — 1)H?(,) > Hess(a) +

da ® da. (2.15)

n—m
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Let F € C?(R), d > 0 and set f = F'. Define
O(t) = 2F(t) — (n — )H*(* + dt)

and suppose that ®(t) is non-negative. If u € C3(M) is a bounded global
solution of (0.1) with the property that

1> s s )]+ 25up o (174
and for which there exists xog € M such that

D (u(zo)) =0, (2.19)
then u s constant.

Proof. We transform (0.1) into (1.1) with A = e*, B = be®. Then (1.73),
(1.56), (1.74), (1.75) are satisfied and Theorem 1.8 yields the estimate

IVul? < b(z)®(u). (2.20)
We set tg = u(zp) and
A={x e M :u(x) =t}

A is a non empty closed set; if we prove that A is open, connectedness of
M would imply M = A and thus u is constant. Now, since ®(¢) > 0 and
O(tg) = 0, to is an (absolute) minimum: it follows that there exist 6 > 0
sufficiently small and C' > 0 such that

O(t) < C(t —to)?

on (tgp — d,t9 + d). Consider now the geodesic ball Bs(x): for ¢ € (—d,9)
and w € T, M, |w| =1 define

o(t) = u(expxo tw) — u(xp),
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where exp, tw = ,(t) is the unit speed geodesic uniquely determined by

xo and w. Then, using (2.20),

(6|7 = [(Vu(ru(t) 4w ) < [Vulru(®)?

< b(yw (1) P (u(yw(t))) < (BSt(lp)b> Clulyu(t) — u(xo))?

< Cp(t)%.

Since ¢(0) = 0, by Gronwall inequality we deduce ¢(t) = 0 on (—4,9).

Hence, u is constant on Bgs(xg), proving that A is an open set. O



Chapter 3

More Liouville theorems
(and beyond)

Adrian Veidt: I did the right thing, didn’t I7 It
all worked out in the end.
Dr. Manhattan: “In the end”? Nothing ends,

Adrian. Nothing ever ends.

Watchmen (1986), DC Comics

In this Chapter we consider the notion of stability for solutions of equa-
tion (1.1). In the first section we compute the first and second variation
of the generalized energy functional associated to equation (1.1) and we
define the notion of L-stability of global solutions, which generalizes the
concept of stability for a global solution of Au = f(u) (see, for example,
[FCS80], [MP78], [DF09], [FSV08]). We then relate the L-stability to the
non-negativity of the first eigenvalue of an appropriate linear operator, and
we exploit this relation to derive a useful and more general version of a the-
orem of Fisher-Colbrie and Schoen ([FCS80]). In the next section we prove
the analogue of Theorem 4.5 in [PRS08] for global stable solutions under a
particular condition on f and f’, then we deduce a Liouville theorem for
L 4-harmonic functions under an L? condition on their gradient. The last

section is devoted to a uniqueness result for equation (0.1), based on a par-
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ticular form of the weak maximum principle valid for (symmetric) diffusion

operators.

3.1 Stable Solutions and Liouville-type Theorems

under [P conditions

3.1.1 First and second variation of the generalized energy
functional

The aim of this section is to compute the first and second variation of the
generalized energy functional associated to equation (1.1) and to define the

notion of L-stability of a global solution. First observe that
1 B
Lu= f(u) <= Ele (AVu) = f(u) & Lau = Zf(u) (3.1)

Next we let F' € C?(M) be a function such that F'(u) = f(u); define, for
a domain Q of the weighted manifold (M, (,),du = Adug) (see also the
next Chapter), the (possibly formal) generalized energy functional E¥(S2,-)
CH(M) — R U {+oo} associated to (3.1)

5%Quyzljéwm2+§Fw)dw (3.2)

Let u; := u + t€ and &L := EL(Q,uy), with u € C3(M), € € C(Q), t €

(—e,¢) for some € > 0. By definition we have

1 B
EL:/[VUQ+Fu]d
h 92’ ¢ A(t)ﬂ

B
:/Q |:;<’vu|2 p <vu’ v€> —|—t2|V£\2> + AF(u—i-tf)} d,ua

then

def B
-/ [;(2 (Vu, VE) + 2P +AF’(u+t£>£] . (33)
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Now, using the divergence theorem,(3.3) implies

ast
dt

- /Q [div (€AVw) — & div (AVu) + Bf(u)€] dug

:/Q <_idiv(AVu)+if(u))gdu.

Thus the first variation formula for the generalized energy functional £F

is

def 1. B
L
% =0VE¢ e Cy°(R) & uis asolution of (3.1) on Q.
t=0

From (3.3) we also deduce that

azek
dt2

= [ e+ rtur 0 (3.4

and, accordingly, the second variation formula for the generalized energy

functional L is

azel
dt2

- /Q [\V§|2+§f’(U)§2] dp. (3.5)

t=0

The second variation formula is the starting point for the following

Definition 3.1. A global solution u of (3.1) is said to be L-stable! if

[ v+ Erweanzo veecran. o
M

If we now define the linear operator £, associated to a global solution
of (3.1) by
B
L,=—Ls+ Zf'(u), (3.7)

and we consider the usual variational characterization of its first eigenvalue

LI A-stable if A= B.
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MEu (M), that is

2
c . (Eu(Pv(P)L2(M7dH) ) fM [‘V90| + %f,(U)SOQ} dp
AT (M) = inf 5 = inf 5 ,
veCe w20 || 0 I7oarayy — #ECE w70 Jar ¢ du
(3.8)

we immediately deduce that

A (M) >0 = uis a global L — stable solution of (3.1).

3.1.2 A “Fisher-Colbrie - Schoen type” result

In this section we prove a more general version of a theorem of Fisher-Colbrie
and Schoen (see [FCS80], and also [MP78]).

Theorem 3.2. Let (M,(,)) be a Riemannian manifold and Q@ C M a do-
main; assume A € C*(M),A >0, q € L.(M) and let

loc
L=—-Ljs+q(z).

The following facts are equivalent:

(i) There exists w € C*(M),w > 0, weak solution on ) of

Lyw — q(z)w = 0; (3.9)

i) There exists o € H (M), > 0, weak solution on Q of
¥ loc ¥
Lap — q(z)p < 0; (3.10)

(i4i) Y (M) > 0.

Proof. The proof of the theorem follows from a slight modification of the
arguments in [MP78] and [FCS80]. An alternative approach (see [Li05] and
[Vol]) starts from the following observation: if we consider the multiplication
map M,z : (L2(M),du) — (L*(M),duo), M z(u) = V/Au, then we have
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that £ is unitarily equivalent to the Schrodinger operator = —A + p+ g,
AA _ VAP

with p = 53 — 70, le.
(M\/Z o Lo M\/Z_1>(U) = H(v).
The result then follows applying Lemma 3.10 in [PRS08]. O

From Theorem 3.2 and classical regularity results we deduce the following
Corollary 3.3. Let (M,(,)) be a Riemannian manifold and Q@ C M a
domain; let A,B € C*(M),A,B >0 and u € C3(M) be a global solution of

Lu:f(u)<:>LAu:§f(u). (3.1)

Then, the following facts are equivalent:

(i) There exists w € C*(M),w > 0, solution on (M, (), du) of
B,
—Lyw = Law — Zf (u)w = 0; (3.11)
(i) There exists o € C2(M),p > 0, solution on (M, (), du) of

—Lyp=Lap— % "(u)p < 0; (3.12)

(iii) w is a global L-stable solution of (3.1) (equivalently: X*(M) >0).

3.1.3 Liouville theorems for stable solutions under conditions
on f and [’

In this section, adapting techniques of S. Pigola, M. Rigoli and A. G. Setti
(see [PRS08] and also [PRS05b]), we prove the analogue of Theorem 4.5 in
[PRS08] for global stable solutions of the diffusion Poisson equation under a

particular condition on f and f’. First we recall
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Theorem 3.4. ([PRS08], Theorem 4.1) Let (M,{,)) be a complete mani-
fold. Assume that 0 < ¢ € LS (M) and ¢ € LS (M) N VVi)f(M) satisfy

loc loc

Y div(pVy) >0, weakly on M. (3.13)

If, for some p > 1,

( | e duo) 4 Do) (3.14)

i

then 1) is constant.

Next we consider the two non-negative functions
@ = Ap?P/H, (3.15)

Y= @_E/HUE, (3.16)

for some constants H > O,g > 1 and functions ¢,v € C?(M),p > 0,v > 0.
A long but straightforward calculation shows that, on the set {v # 0} C M,

div(FVe) =P/ GuP=24. (3.17)

2 2 ] 2
3 2 VT v B\ Vel
vLav+ (8 —1)[Vu|” - Va4 LA80+H< _H) 2 |

We are now ready to prove the analogue, in the present setting, of Theorem

4.5 in [PRS08].

Theorem 3.5. Let (M, {,)) be a complete manifold, A,B € C*(M), f €
CYR). Letu € C3(M),u > 0 be a global solution of

Lu = f(u). (3.1)

Suppose that
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fort >0 and some H > 1. If o € C%(M) is a positive solution of

B
—Lup=Lap— 2 f'(wp <0 onlM, (3.12)

then there exists a constant C' > 0 such that
Co =, (3.19)

provided
_ -1
(/BB |u|?? dﬂ) ¢ L' (+00) (3.20)
for1 < 5 < H.

Remark. Conditions similar to (3.18) are not new in the study of Poisson-
type PDEs; see for instance the work of Tertikas, [Ter92], [Ter95].

Proof. From (3.17) with v = u we deduce, using (3.12) and (3.18),

L _ 2
an(EVe) = 7072 A | Bup( + (G- DIvaP - 5 L )

= B f Bl ) g )] + G- 1w +

Since B B -
PG = (p—%puﬁpA@% _ uﬁpA(p%(Q—p)7

(3.20) implies (3.14) with p = 2, and 1 is constant by Theorem 3.4. Equality

(3.19) now follows at once. O

From Theorem 3.5 we deduce a Liouville theorem for nonnegative global

L-stable solutions of equation (3.1).
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Corollary 3.6. Suppose that (3.18) and (3.20) hold with H =3 = 1. If

f@&) = f(tt £ 0,
equation (3.1) has no nontrivial, non-negative global L-stable solutions.

Proof. By contradiction, suppose that there exists u > 0,u # 0, global L-
stable solution of (3.1). Then, by Theorem 3.3, there exists ¢ > 0, solution of
(3.12). Theorem 3.5 now implies the existence of a constant C' > 0 such that

H

Cyp = u™ = u. The last relation forces u to be strictly positive. Without

loss of generality, we can choose C' = 1. From (3.1) and (3.12) we have

B
Lau = Zf(u)
and B
LAU - Zf/( )’U, S 07

then

B ,

—(fw) ~ f'(u)u) <0,
contradiction. O

3.1.4 A Liouville theorem for L -harmonic functions

In this section we deduce a Liouville theorem for L 4-harmonic functions
under an appropriate LP condition on their gradient. First we recall the

following formula which can be found, for instance, in Lemma 2.1 of [Li05]:
Lemma 3.7. ([Li05], Lemma 2.1) Let u € C3(M) be a solution of Lau =0
on M, and let n > m =dim M ; then

1
IVu|L 4| Vu| > mmwﬁ + Ricenm(La)(Vu, Vu). (3.21)

For a proof based on the generalized Bochner-Weitzenbock formula see
Li’s paper, pp. 1310-1311, and the Appendix.

The previous estimate is the key tool for our next
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Theorem 3.8. Let (M, (,)) be a complete, non-compact Riemannian man-
ifold, and suppose that
Ricepm(La) > a(z) (3.22)

for some a(x) € CO(M). Let ¢ >0, ¢ € C%(M) be a solution of

-2
Lap — Ha(z)p <0, H>" 3 (3.23)
n J—
Then every solution u € C3(M) of
Liju=20 on M
for which
\Vu| € L*#(M, dp) (3.24)
s constant provided
n—2
<B<H. 3.25
n—17 s ( )
Proof. Set v := |Vul; then, using (3.22), (3.21) rewrites as
2 1 2
vL v — a(z)v® > 71\Vv\ . (3.26)
n—

If we now choose E =06, p:= Acpgﬁ/H and ¢ := go_ﬂ/vaB, a straightforward
calculation shows that the expression (3.17) is nonnegative under condition
(3.25), while (3.24) assures the validity of (3.14) with p = 2. Theorem 3.4

now implies that 1 is constant, i.e.
o = Cl,

for some C' > 0. If v = 0, then |Vu| = 0 and u is constant; suppose then
v # 0. Since ¢ > 0, necessarily v > 0 and C' > 0 as well (compare with the
proof of Corollary 3.6), so we may choose without loss of generality C' = 1,

i.e. v = p. Equation (3.23) then implies

Lav" — Ha(z)o" <0, (3.27)
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which can be rewritten, using the diffusion property and (3.26), as

0> Hv ' 'Lav+ H(H — 1)v2|Vo|* — Ha(z)?
= HvH_Q{'ULAv + (H —1)|Vu]* - a(m)vz}

> o 2d 1 + (1 = 1)V
n—1

—9
— Holl2 <H— Z_ 1)\%12 > 0.

This in turn implies
Vo] =0,

so v = C, with C a positive constant, and ¢ = C. From (3.26) we have

a(z) <0,
while from (3.23) we deduce
a(z) >0,
so, necessarily, a(z) = 0 and
Riccpn(La) > 0. (3.28)

By a mild generalization of a result of Calabi and Yau (see the Appendix),
(3.28) implies

/M dp = p(M) = +oo,

so (3.24) forces

ie. |[Vu| =0. O
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3.2 A uniqueness result

The aim of this section is to look for a uniqueness result for solutions of the
equation

Au+ (Va,Vu) = bf(u). (0.1)

We observe that, setting A = €%, the above takes the form
Lau=>bf(u) (3.29)

where, as before, Ly = % div(AV ). We shall thus concentrate on (3.29).
To achieve our goal we first recall the following form of the weak maximum
principle valid for (symmetric) diffusion operators. For a proof we refer to
Theorem 5.1 of [MRS10].

Theorem 3.9. Let (M, {,)) be a complete manifold, A € C*>(M), A >0 on
M. Given o, u € R suppose

o >0, n=2—o0—pu>0. (3.30)
Assume that | Ad
o x
liminfngir = dy < +o0. (3.31)
r—-400 7

Let u € C?(M) and suppose that

u = limsup u(x)a < +400. (3.32)
r(z)—+oo T(J:)

Then, given v € R such that
Q, ={zeM:u(x)>~}#0,
we have

inf [1 + r(x)]"Lau < dy max{u,0} C(o, ), (3.33)

y
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with
0 i o=0,

Clou)=<Sn* if 0>0, u+2(c—1)<0,
on if 0>0, u+2(c—1)>0.

We now state our uniqueness result:

Theorem 3.10. Let (M, {,)) be a complete manifold, a € C*(M),b €
CO(M), with b >0 on M, and

lim inf M

>0 3.34
r(xz)—+oo ’I“(:L‘)B ( )

for some B € R. Let f € C1((0,+00)) N CO([0, +00)) satisfy

t
i) &O_) is non decreasing on (0,400);
i) lim inf 18 03 (3.35)
t—0t tU/
f'(@)

i41) limsup < 400

t—too b

for some o > 1. Let 7 > 0 and suppose

log [z e®(®) dg:

lim inf — 2 < oo (3.36)

Then, the equation (0.1) has at most one non-negative global solution u €
C?(M) satisfying
C™lr(z)" < u(x) < Cr(z)” (3.37)

for r(z) > 1 and some constant C > 0.

Note that (3.37) does not assign the asymptotic behaviour of the solution.
Theorem 3.10 is an immediate consequence of the following comparison

result:

Theorem 3.11. Let (M, {,)) be a complete manifold, A € C*(M), b €
COM), A,b> 0 on M. Let u,v € C*(M) be global, non-negative solutions
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of
Lau—0b(z)f(u) >0> Lav—0b(z)f(v) (3.38)
satisfying for some T > 0
i) lminf, ;1o Lz)T > 05
) il rtoo T (3.39)
i) imsup,(z)— 400 Ty < oo
Suppose
e bx)
| f —=>0 3.40
i o 340
for some B € R. Furthermore assume f € C*(RT) N CORY),
i) t77f(t) mnon-decreasing on RT,
i) liminf, o+ £ f(t) > 0, (3.41)
i11) limsup;_, o t77f'(t) < +o0,
for some o > 1. If
log Adzx
lim inf 108 J1, 9 A4 < +oo, (3.42)

r—4oo p2+B8+7(c-1)

then u < v on M.

Proof. The argument, mutatis mutandis, follows the same lines of that in

[RZ07]. We report it here with the necessary modifications for the conve-

nience of the reader. First of all let u(x) # 0, otherwise there is nothing

to prove. Next, we claim that v(z) > 0 on M. Indeed, by contradiction

suppose v(xg) = 0 for some xy € M; then from (3.38), the strong maximum

principle and connectedness of M we deduce v = 0 contradicting (3.39) i).

This fact, u # 0 and (3.39) imply that

satisfies
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If <1, then u(z) < v(x) on M. Let us assume, by contradiction, ¢ > 1
and define

p(r) = u(x) = Cu(x).

Note that ¢ <0 on M. We claim

sup #(r) =0. (3.43)

Indeed, let {z,,} C M be a sequence realizing ¢. Then

o(xn) _ v(zn) {U(wn) _g}_ (3.44)

r(zn)”  r(zn)” Lv(zn)

Now observe that T%fn"))f is bounded, because otherwise (3.39) ii) would imply

¢ = 0. From (3.44) it thus follows 2len) 0 as n — 400, proving (3.43).

We now use (3.38) to obtain e
Lag > b(@)[f(w) - ()] + b@)F(C) = CFW)].  (3.49)
We define
#'(u(a)) if u(x) = Cu(a)
"= e /< ;; Fd i u(e) # Cola)

Note that A is continuous and non-negative on M. Furthermore, since as we
have already observed v(x)r(z)~" is bounded above, (3.39), (3.41) iii) and

the mean value theorem imply
h(z) < C( +r(x))’" on M (3.46)

for some constant C' > 0. To simplify the writing let g(¢) =t~ f(¢t). Then,
using (3.41),

FC0)=Cf(v) =v7¢ [ g(Cv) — g(v)] = v7¢(¢7 = 1)g(v) = v7¢(¢771 = 1)g(0™).
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Inserting into (3.45), since b(z) > 0 we obtain
Lap 2 b(a)C(1+r(2))"p + b(z)g(0")v7¢(¢77F ~ 1)
On the other hand, by (3.41) ii), g(0") = C; > 0 and by (3.39)
v (x) > D(1+r(x))"
on M for some constant D > 0. It follows that
(1+ 'r(x))_”b(lx)LAQD > Cop+ G (¢71 = 1)

for some constants C',Cy > 0. We now choose € > 0 so small that on
Q. ={zx e M:p(x)>—c} we have

Co(z) > —%Cg((("‘l —1).
Then, on Q., Lay > 0 and using (3.40) we obtain
(4 (@) Lag > O —1) on D
It follows that, since ( > 1 and o > 1,
1{121€f (14 (@) 7" PLsp > 0.

This fact, together with (3.42), contradicts Theorem 3.9. O



Chapter 4

Geometric Applications

You know what sticks people to something? The

desire to know how it’s all going to end.

Loki, Sandman, Season of Mists, DC
Comics-Vertigo

In this final Chapter we definitely shift from analysis toward geometry.
Our main purpose is to prove triviality results for complete Einstein warped
products, exploiting the relations between these latter and the quasi- Enstein
manifolds, a generalization of Ricci solitons (we refer to the next sections
for details). After a detailed introduction, where we present the relevant
geometrical objects (the f-Laplacian Ay, Riccl}, ...) and discuss the recent
literature on the subject, in the second Section we adapt to this new scenario
two results from Chapter 2. In the third Section we prove a weighted version
of Theorem 1.31 in [PRS05a] and a sufficient condition for the validity of
the full Omori-Yau maximum principle for the f-Laplacian, and then we
deduce a triviality result for complete Einstein warped products which is a
Corollary of Theorem 1 in [Rim10]. In the final Section we prove a further
gradient estimate, which extend the one in [Casl0], and we obtain another
triviality result when the function f (related to the warping function u by
U= e_f/k) is bounded below by a constant depending on m = dim M, k and

the Einstein constants A and u, respectively of the warped product and of
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the fibre. For other triviality result we refer to the paper [MR10b].

4.1 The Geometry

4.1.1 Einstein warped products

Our reference for this Section is the classical book by O’Neill [O’N83]. Let
(M™, gnr) and (Fk,gp) be two Riemannian manifolds. The Riemannian
product (Pm+k, gp) is the Riemannian manifold P % = M™ x F¥ endowed
with the product metric gp = 7*gyr +0*gr, where m and o are the canonical
projections m : M x F' — M, w(z,q) =z and 0 : M x F — F, o(z,q) = q
for all (x,q) € M x F. We can construct a wide class of metrics on M x F
homothetically warping gp on each fibre {z} x F, x € M: see for instance
the seminal [BO69], where the authors study manifolds of negative curvature

generalizing the concept of surface of revolution.

Definition 4.1. Let (M™, gas) and (Fk,gp) be two Riemannian manifold,
and let u € C®°(M),u > 0. The warped product N™** = M™ x,, F¥ is the
product manifold M x F' endowed with the metric

gn = gy + (uo )’ gp. (4.1)

M is called the base of N, F' the fibre and w is the warping function.

It can be shown that, for all z € M and ¢ € F, the fibres {z} x F =
77 1(x) and the leaves M x {q} = 0~'(q) are Riemannian submanifolds of

N, and the warped metric satisfies the following properties:
(i) Vge F, T arx (e 1S a0 isometry onto M;
(i) Va € M, T ayxp 1S 8 Dositive homothety onto F;

(iii) V(x,q) € N, the leaf M x {q} and the fibre {z} x F' are orthogonal at
(z, q)-

If h € C>(M), the lift of h to N is h = hon € C*(N); if w € T,M and
q € I, then the lift w of w to (7,q) is the (unique) vector in T{, N such
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that 7. (w) = w, while if W € X(M) (where X(M) is the set of smooth vector
fields on M) the lift of W to N is the (smooth) vector field W whose value
at each (z,q) is the lift of W, to (z,q). In other words, W is the unique
element of X(N) that is m-related to W and o-related to the zero vector
field on F. Functions, tangent vectors and vector fields on F' are lifted to
N in the same way using the projection o. A vector X tangent to a leaf
(i.e. 0«(X) =0) is called horizontal, while a vector V' tangent to a fibre (i.e.
(V) = 0) is called vertical. We have the following

Lemma 4.2. (/O’N83], Lemma 7.34) If h € C>®(M), then NV (hox), the
gradient on N of the lift ho, is the lift to N of VMh, the gradient of h on
M.

Proof. We have to show that V'V (hon) is horizontal and 7-related to V.
If V is a vertical tangent vector to N, then gy (NV(hom), V) =V(hor) =
m(V)(h) = 0, since (V) = 0. Thus VV(h o 7) is horizontal. If X is

horizontal,

g (e (NV(hom)), m(X)) =gy (NV(hor),X) = X(hom) =
=1 (X)(hom) = gu(VMh, 7 (X)).

Hence at each point 7. (NV(hom)) = VMh, ie. YV(hor) is m-related to
VMh, O

The previous Lemma allows us to simplify the notation by writing h for
how and Vh for YV (ho 7).

Denote now by M Ricc,” Rice,” Hess(u) the lifts to N (i.e., the pullbacks
via ) of the (0, 2)-tensors Riccyy, Riccp and Hess(u) respectively. We have
the

Proposition 4.3. (/O’N83], Corollary 7.43) If Riccy is the Ricci curvature
of the warped product N™tk = M™ x,, F¥, XY horizontal vector fields and
U,V wertical vector fields, then:

1. Ricey(X,Y) = M Rice(X,Y) — £ N Hess(u)(X,Y);
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2. Ricen(X,U) = 0;
3. Ricen (U, V) = F Rice(U, V) — gy (U, V)b,
where uf = % + %|Vu|2 and A is the Laplacian on M.

Note that, by Lemma 4.2,
Vul® = gar (VMu, VMu) = gy (VY (uo h), NV (uoh)).

We now recall

Definition 4.4. A Riemannian manifold (M™, gps) is called Einstein if its

Ricci tensor Riccy, satisfies
Riceys = Agmr (4.2)

for some A\ € R.

Obviously, an Finstein warped product is a warped product which is
also an Einstein manifold. Proposition 4.3 implies, for £ > 3 (to ensure
the validity of Schur’s Lemma), the following characterization of Einstein
warped products (see [KKO03)):

Corollary 4.5. ([KK03], Corollary 3) The warped product N™+tF = M™ x,,
Fk is Einstein with Riccy = Agn if and only if

k
Ricepr = Agar + " Hess(u), (4.3)

(F,gr) is Einstein with Riccp = pugp for some p € R (4.4)

and
ulAu+ (k —1)|Vul* + 2u? = p. (4.5)
In [KKO03], Proposition 5, it is also proved that

Proposition 4.6. If (M™, gyr) is a Riemannian manifold and u € C*° (M)
satisfies (4.3) for A € R and k € N, then u also satisfies (4.5) for some
constant p € R.
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Remark. This result is stated in [KKO03| for compact manifolds, but since

the proof is local it works also in the general case.

4.1.2 Quasi-Einstein manifolds vs. Einstein warped products

A weighted manifold, also known in the literature as a smooth metric measure
space, is a triple (M "™ g, e f d,uo), where M™ is a complete m-dimensional
Riemannian manifold with metric gps, f € C°°(M) and dug, as in the pre-
vious Chapters, denotes the canonical Riemannian volume form on M. The
Ricci tensor can be naturally extended to weighted manifolds introducing

the modified k-Bakry-Emery Ricci tensor
1
Ricc];é = Riceps + Hess(f) — %df ®df, for 0 < k < 0. (4.6)

When f is constant, Ricc]} = Riccyy, while, if & = oo, Ricc]} = Riccy, the
usual Bakry-Emery Ricci tensor. For a detailed introduction to weighted
manifolds and the k-Bakry-Emery Ricci tensor, we refer to the interesting
papers of Wei and Wylie ([WWO09], [WW07]) and Li ([Li05]).

In [CSWO08] the authors give the following

Definition 4.7. A triple (Mm,gM,e_fd,uo) (with M, gy and f as before)
is called a (k)-quasi-Einstein or simply a quasi-FEinstein manifold (and gy,

is a quasi-FEinstein metric) if

Ricc’} = A\gm (4.7)

for some )\ € R.
‘We note that:

e if f = constant, (4.7) gives the Einstein equation (4.2), and in this case

we call the quasi-Einstein metric trivial;

e if k = o0, (4.7) is exactly the gradient Ricci soliton equation. In the
last years, since the appearance of the seminal works of R. Hamilton
[Ham88] and G. Perelman [Per03], the study of Ricci solitons (and of
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their generalizations) has become the matter of a rapidly increasing
investigation, directed mainly toward problems of classification and
triviality; among the enormous literature on the subject we only quote,
as a few examples, the papers [PW09a], [PW09c], [PW09b], [PRS10],
[PRRS10], [ENMOS].

The case k € IN is the one we are interested in, because of its relation
with Einstein warped product metrics. Indeed, in [CSWO08], elaborating
on [KKO03], it is proved a characterization of quasi-Einstein metrics as base
metrics of Einstein warped product metrics. This characterization can be

formulated in the following, elegant form (see [Rim10], Theorem 2):

Theorem 4.8. If Ntk = M™ x,, F* is an Einstein warped product with
Einstein constant \, warping function uw = e~I/* and Einstein fibre F*,
then the weighted manifold (Mm,gM,e*fduo) satisfies the quasi-Einstein
equation (4.7); furthermore, the Einstein constant p of the fibre satisfies the
equation

Af = V£ = kX — kpet! (4.8)

Conversely, if the weighted manifold (Mm,gM,e_fduo) satisfies (4.7),
then f satisfies (4.8) for some constant p € R. Consider the warped product
N™tk — Mo, F* D with w = e 1/%, and Einstein fibre F with Einstein
constant p. Then N is Einstein with Riccy = Agn.

The proof of Theorem 4.8 is a direct consequence of Corollary 4.5 and

Proposition 4.6, once we observe that
1
VU = —%€_£Vf,
k 1
" Hess(u) = — Hess(f) + %df ®@df,

and L )
“Au=—-Af+=|Vf]%
U k

The previous characterization enables us to study Einstein warped products

by focusing only on equation (4.7) on the base (M™,gpr), which in turn
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implies (by Proposition 4.6) equation (4.8).

Before we proceed, we need to point out some rather simple, but funda-
mental, relations that allow us to exploit some of the machinery developed
in the previous Chapters also in our new geometrical setting. Following the
notation of Petersen and Wylie (see [PW09a], [PW09c], [PW09b]) define,
for f € C>(M) (but C? is enough) the f-Laplacian Ay as

Agu= el div (e—fvu) = Au—(Vf,Vu), uweC(M).  (4.9)
Ay f is a diffusion-type operator, symmetric on L? (M e f dpo), and it coin-

cides with the operator £ defined in [Li05] and quoted in the Introduction.

A simple look at equation (4.8) shows that this latter can be rewritten as

Apf = kX — kpet?. (4.10)
Since, for
A=et (4.11)
and
k=mn—m, (4.12)

Ay is nothing else than the operator L4 studied before and

Ricc} = Ricenm(La), (4.13)

we expect that, under appropriate assumptions on f and the geometry of M,
some results and techniques of Chapters 1 and 2 can be applied to (4.10).

This will be the content of the next Sections.

4.1.3 Examples in the literature

As pointed out in [Casl0], examples of quasi-Einstein manifolds with A < 0
and p of arbitrary sign, or with A = 0 and p > 0 are constructed in [Bes08].
Moreover, in the latter case, all non-trivial examples have u > 0, because

the trivial quasi-Einstein metric with A = 0 necessarily satisfies p = 0.
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Other non-trivial examples with A > 0, £ > 1 and p > 0 are constructed in
[LPPO04]. Since, if k < oo and A > 0, M is necessarily compact (see [Qia97],
[WWO07]), the maximum principle applied to (4.8) yields that g > 0 in this
situation. Triviality in case A = 0 and p < 0 is discussed in [Casl0]; the

author proves the following two results!:

Theorem 4.9. ([Cas10], Theorem 1.1) Let (M,g) be a complete Rieman-
nian manifold such that Riccl} = 0 for some smooth function f and 0 < k <

o0, and let u be the constant given by
Apf = —kper!. (4.14)

Then > 0, and equality holds if and only if (M, g) is Ricci-flat.

Theorem 4.10. ([Cas10], Theorem 1.2) Let (M,g) be a complete Rie-
mannian manifold such that Ricc]} > 0 for some smooth function f and

0 < k <00, and suppose that
Apf =cre! (4.15)

for constants c1,co > 0. Then f is constant.

In [Rim10] M. Rimoldi extends the triviality result of [KK03] for Einstein
warped product with nonpositive scalar curvature and compact base to the

case of a non-compact base, obtaining the next

Theorem 4.11. ([Rim10], Theorem 1) Let N™*k = M™ x,, F* be a com-
plete Einstein warped product with non-positive scalar curvature NS < 0,
warping function u = e‘g satisfying infy; f = fo > —o0 and complete Fin-
stein fibre F'. Then N is a Riemannian product if either one of the following

further conditions is satisfied:
(a) f has a local minimum;
(b) the base manifold M is complete and non-compact, the warping func-

tion satisfies fM\f\pe_% dug < +oo for some 1 < p < 400, and
f(xo) <0 for some point xy € M.

Note that the second is stronger than the first.
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In the next Sections we concentrate on the case (geometrically meaning-

ful, by the previous discussion) A <0, u < 0.

4.2 Two consequences from the first Chapters

In this section we apply some of the results of Chapter 1 and 2 to Einstein

warped products. We begin with a consequence of Theorem 2.1.

Theorem 4.12. Let N = M™ x,, F* be a complete Finstein warped product
with Einstein constant A < 0, warping function v = e~ 1/¥ and Einstein fibre

F¥ with Einstein constant pu < 0. Suppose that

f> glog (;/;) forallz e M (4.16)
and that
[fI < D1 +r(2)” (4.17)

for some D >0, v € R. Then N is a Riemannian product, provided
0<v<l. (4.18)

Proof. Since N is an Einstein warped product, from the previous discussions
we know that f satisfies (4.10). Now, condition (2.1) is satisfied (with equal-
ity sign) for § =0 and A = —(n — 1)H? = —(m + k — 1)H?, condition (2.3)
is guaranteed by (4.16) and (2.4) is valid for all § € R, since A = B = ¢~ 7,
so we can choose, for instance, § = —2. Hence f is constant by Theorem
2.1. O

Analogously, as a consequence of Corollary 2.5 we easily deduce

Theorem 4.13. Let N = M™ x,, F* be a complete Finstein warped product
with Einstein constant A < 0, warping function v = e~1/¥ and Einstein fibre
F* with Einstein constant p < 0. Let ® : Rg — R be the function

d(t) = 2k <>\t — %“e%t + C> + (£ + dt) (4.19)



4.3 Triviality under L? conditions 68

for some C € R, d > 0 chosen in such a way that ® > 0. Suppose also that

f is non-negative and bounded and that

2
d> ffsup‘k‘)\fk:,ue%f +2sup |f]. (4.20)
A M M
If there exists a point o € M such that
®(f(w0)) =0

then N 1is a Riemannian product.

4.3 Triviality under L? conditions

In the present Section we state a weighted version of Theorem 1.31 in
[PRS05a], which can be proved by minor changes to the proof of this lat-
ter, and a sufficient condition for the validity of the full Omori-Yau maxi-
mum principle for the f-Laplacian; our goal is to deduce a triviality result
for complete Einstein warped products, which is a Corollary of Theorem
1 in [Rim10], replacing the integrability assumptions with weight e~ in
the aforementioned Theorem with more natural conditions. We recall that
(M, (,)) is said to satisfy the Omori-Yau mazimum principle if for each
u € C?(M) such that u* = sup,; u < +oo there exists a sequence {zy} C M
such that

(i) ulag) > u* — % (i) V()| < % (1) Au(zg) < %

for each k € IN. First we have (compare with Theorem 1.31 in [PRS05a):

Theorem 4.14. Assume on the complete weighted manifold (M, gy, e~/ dvol)
the validity of the Omori- Yau maximum principle for the f-Laplacian. Let
v € C2(M) be a solution of the differential inequality

Apv > O(v, V),
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with ®(t,y) continuous in t, C% iny and such that

9*®
T?Jg(tvy) > 0.

Set p(t) = ®(t,0). Then a sufficient condition to guarantee that

v* =supv < +o0
M

is the existence of a continuous function F positive on [a,+00) for some

a € R satisfying

{/at F(s)ds}_% € L} (+00), (4.21)

limsup =&——+— < 400, 4.22
e tR(1) (4.22)
lim inf 2t) >0 (4.23)
t—+oo F(t)
and )
fat F(s)ds}? P
lim inf{} oe > —00. (4.24)
t——+4o0 F(t) ay (t,O)

Furthermore in this case

Now consider again the equation (4.10) and let p < 0. If we choose
o(t) = D(t,y) = kX — kpet! and F(t) = (t —a)?, with t € [a,00) and
o > 1, then F satisfies the assumptions of Theorem 4.14. However, to use
this theorem, we have also to assure on (M ™o, e duo) the validity of
the Omori-Yau maximum principle. We will use the following result, which

is a consequence of Theorem 4.1 in [PRRS10].

Corollary 4.15. Let (Mm,gM,e*fduo) be a complete weighted manifold
such that
Ricc]}(Vr, Vr) > —(m+k—1)G(r) (4.25)
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for a smooth positive function G on [0,+00), even at the origin, satisfying

(1) G(0) >0, (13) G' (t) > 0 on [0,+00),
) tG(t%) (4.26)
(i43) G (t)"2 ¢ L' (+00), (iv) limsup,_, <@ < oo

Then the Omori-Yau maximum principle for the f-laplacian holds on M.

Proof. Let h be the solution on IRSr of the Cauchy problem

n'—Gh =0
h(0) = 0; K'(0) = 1.
Then, by Proposition 2.3 in [MRS10], the inequality

!/

Agr<—(m+ k1) <60},

N

holds pointwise in M \ (cut(o) U {o}) for some constant Cj. Thus

< Cng(r)%, (4.27)

N |=

Af’l"2 = QTAfT +2<2+ 27’01G(7“)

off a compact set, and the hypotheses (4.1), (4.2) and (4.3) of Theorem 4.1
in [PRRS10] are satisfied with v = r2. In that theorem it is also assumed a
bound on the gradient of f, but here we don’t need this further hypothesis.
Indeed by (4.27) we can replace the last part of the proof of Theorem 4.1 in
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[PRRS10] with the following computation:

(u(zg) —ulp) +1) | ¢ (v(zx) 1 (¢ (y(ar)\? .
: k {w«wxw>A”“%)+ (wcﬂxw>>'v”’(k”}
(u () = u (@) + 1) ¢ (y(a)

k o(v(zk))
(u(zr) —u(p) +1) | ¢'(v(zx)) 1 (@’(7(%))) 5
< Ary(xp) + — AV T
; o) TR iy ) 1V )
u(zE) —u +1 c 1/2
RUCSETL) >{ O a (1)
~12@G (71/2)
2
A2
and the RHS tends to zero as k — +o0. O
Hence, choosing G(t) = t? + nlﬁ,i—fl, for some € > 0, we obtain the

following corollary of Theorem 1 in [Rim10].

Corollary 4.16. Let N™tF = M™ x,, F* be a complete Einstein warped
product with non-positive scalar curvature (m + k)X = NS < 0, warping
function u(x) = 67% satisfying infpr f = fo > —o0 and complete Einstein
fibre F. Suppose also that 'S < 0. Then N is simply a Riemannian product

if either one of the following further conditions is satisfied:

(i) the base manifold M is complete and non-compact, the warping func-
tion satisfies f € LP(M), for some 1 < p < 400, and f (x9) < 0 for

some point xg € M;

(ii) the base manifold M is complete and non-compact, the warping func-
tion satisfies f € LP(M), for some 1 < p < 400, and the scalar
curvatures of M and N satisfy

mo N
m+k

Mg > S+ e,
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for some € > 0.

Proof. Let f = % Since f* < 400 by Theorem 4.14 and, by assumption,
f« > —o0, the point (i) follows from (b) of Theorem 1 in [Rim10] noting that
in this case f—weighted volumes are equivalent to Riemannian volumes.

For the same reason, since
volf(M) < volf(M)ek%f*,

we have, from the volume estimates in [Qia97] and by Theorem 9 in [Rim10],
that the weak maximum principle at infinity for the ]?—Laplacian holds on
M. Hence we can construct a sequence {x,} such that f(z,) — f« and
Aff(xn) > —1 Thus, since tracing (4.7) we have that Asf =mA— Mg

we obtain that

—% <mA— MS(z,) <mr—Ms, <0,

where in the last inequality we have used the estimates of Theorem 3 in
[Rim10]. Taking the limit for n — +oo we get S, = m\. Using this,
under assumption (ii), since we have that infy; .S > m\ we conclude the

constancy of u. O

4.4 A further gradient estimate and another Liouville-

type theorem

In this final Section we prove a further gradient estimate, which extend that
in [Casl0], and that allows us to obtain another triviality result when the
function f (related to the warping function u by u = e~/ / ¥ is bounded below
by a constant depending on m = dim M, k and on the Einstein constants A

and pu, respectively of the warped product and of the fibre.

Theorem 4.17. Let (Mm,g, e_fd,uo) be a weighted manifold (not necessar-
ily complete); suppose that, for some k < +o0, Z >0,

Ricck > A= —(m+ k — 1) 22 4.28
s
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and that
Arf=9(f), (4.29)

where 1 : R — R satisfies
YA+ () — (m+ k= 1) >0 (4.30)

forallt € R. Then for all g € M and T > 0 such that Br(q) is geodesically

connected in M and the closure Br(q) is compact,

1 2m+k—+6) 4vV3 A1

VPO gmiRlT = — 9 zr| @3V

having defined
1 1
G k)= —+ —.
(m K=+

Proof. Let A\ := —(m +k — 1)Z2, so that (4.28) and (4.30) become, respec-
tively,
Riccf > A (4.32)

and 5
P (t) + %w(t) +A2>0. (4.33)

The Bockner-Weitzenbock formula for Ly (see the Appendix) tells us that,
if ue C3(M), then

1 1
§Af|Vu|2 = [Hess(u)|* + (Vu, VA ju) + Riccl} (Vu,Vu) + z (Vf, Vu)?.

Applying the previous formula to f and using (4.32), (4.33), Newton in-
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equalities and Af = A;f + |V f|* we obtain

%Afywy? = [Hess(f)|> + (Vf, VA f) + Ricck (V£,Vf) + %\WF

AV

Hess()12 + W/ (DIV 12+ AV + 219 71"

> (AP + W (PIVFE 4 AVTE + LIV

= %W(f) + (iw(n +'(f) + A> VA7 + (; + ,1) N

1 1 A
> 4 -
> <m+k)|ny :

and then we deduce

1
m

ApfIVIPE = 2Gm | k) (4.34)

Let now p(z) := dist (¢, ) (using a trick of Calabi, [Cal57], we can suppose
that p is smooth) and consider on Br(q) the function

F(z) = [T? - p*()] |V £ (4.35)

If [Vf|] = 0 we have nothing to prove; if |Vf| # 0, since F' > 0 and

Flop,(g) = 0, there exists a point zg € Br(q) such that F'(z¢) = max F(z) >
Br(q)
0. At zg we then have

g(xo) 0, (4.36)
AJJ;F (z0) < 0. (4.37)

A long but straightforward calculation (analogous to the one carried out in

the proof of Lemma 1.2) shows that (4.36) is equivalent to

VIV 2vp?

= at o, (4.38)
Vi TR
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while (4.37), using (4.38) and the Gauss lemma, is equivalent to

A VY \ 4 | P
e VP ()

at zo. (4.39)

As a consequence of the f-Laplacian comparison theorem (see [MRS10] and

the Appendix) we have
App® <2[(m+k)+ (m+k—1)Zpl; (4.40)
combining (4.34), (4.39) and (4.40) we find, at o,

[(m+k)+(m+k—1)Zp] 0>
T2 — p2 +2G(m || k)‘vf‘g - 247(712 — p2)27

0>-4

which implies, multiplying through by (T2 — p2)2, that at x¢p we have
0> —4[(m—+k)+ (m+k—1)Zp](T* — p*) + 2G(m || k)F — 24p>. (4.41)
The previous relation can be rewritten as
0> —4(m+k)(T? — p*) +2G(m || k)F — 24p* + H3(p), (4.42)

where Hj : [0,T] — R is defined by H3(p) = 4(m+k—1)Z(p* — T?p). Since
Hj assumes its minimum value —%ﬁ(m +k—1)ZT3 = (for Z #0) %Tiﬁ

for t = L

~5 equation (4.42) implies

8v/3
0> —d(m + k)T +2G(m | K)[T? = p*@)]*|Vf* + ;}gT?’ — 2492,

and so

8V,

2G(m || k)[T% — p2(2)]*|V ]2 < 4(m + k + 6)T? =

which easily implies the thesis taking the sup on Br(q). O

Remark. The previous estimates should be compared with the one in [Cas10],
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valid for A = 0.
Theorem 4.17 implies the following Liouville-type result.

Theorem 4.18. Let N = M™ x, F* be a complete Finstein warped product
with Einstein constant A < 0, warping function u = e~k and Einstein fibre

F¥ with Einstein constant pu < 0. Suppose that

k A m+ 2k
> —1 — ll M. 4.4
f_20g<2,um+k:> for all x € (4.43)

Then N is a Riemannian product.

Proof. Since N is an Einstein warped product f satisfies (4.10), so, with
the notation used above, we have that i (t) = kX — kue%t. Equation (4.43)
implies (4.30), so we can apply Theorem 4.17. Since M is complete, letting
T — +o00 we obtain the thesis. O



Appendix A

Some useful results

In this Appendix we prove a couple of results and some relations not so eas-
ily available in literature. In the first Section we deduce, using the moving
frame method, a generalized Bochner-Weitzenbock formula for the opera-
tor L4; in the second Section we derive a useful version Cauchy-Schwarz
inequality, a consequence of the L 4-comparison theorem and a particular
Newton inequality. The third and last Section is devoted to the proof of the

Calabi-Yau volume estimate.

A.1 The generalized Bochner-Weitzenbock formula

In this section we prove a Bochner-Weitzenbock-type formula for the opera-

tor Ly, i.e.
1
5LA\vuy? = [Hess(u)|* + Rice(L4)(Vu, Vu) + (VL au, V), (1.5)
with ) )
Rice(L4) = Rice 1 Hess(A) + ﬁdA ®dA

and u € C3(M).

Proof. We begin with
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Lemma A.1. (The classical Bochner-Weitzenbéock formula) For all u €
C3(M) we have

%A]Vu\z = |[Hess(u)|* + Riceas (Vu, V) + (VAu, V) . (1.6)

Proof. (of the Lemma) We use the method of the moving frame referring
to a local orthonormal coframe {91} for the metric and corresponding Levi-
Civita and curvature forms, respectively indicated with {9;} and {@;}, 1<
i,4,... < m = dim M. By definition of covariant derivative, if v € C?(M)
we have

vikek =dv; — vtef,
50 Av = V. Set now v = |Vu|* = > v (ug)?; using the skew-symmetry of
the connection forms,
dv = Uiei = 2updu = 2uy, (uktet + uté?,i) = 2ukuki9i,
SO
v; = 2uku;ﬂ~.

Now we compute v;:
VR0 = dv; — 00 = 2d(upup;) — 2upup bt =

= 2ug;dug + 2updug; — Qukukﬂf =

= 2uk¢ (uktet + utGZ) -+ 2uk (uki,ﬂt -+ Utlg}; + Uktef) — 2ukukt6?f =

= (2ukiukt + 2ukukit)0t + Qukiuﬂ,ﬁ — 2ukukt0f + 2ukut,~0}i -+ 2ukuktﬁf =

= (2upitugs + 2upupi)o’,

and then .
§A’VU|2 = UgtUkt + Uk Uktt- (A1)

The conclusion is now achieved using the commutation relations

Uijk = WUjik = Ujki + Ut Ryjik,
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from which we deduce
Uktt = Upek + UsRgppr = Uggr + UsRgp.

O

From the definition of L4 and the Bochner-Weitzenbéck formula (1.6)

we have

1
LalVuf* = AVul’ + 5 (VA,9|Vul?) = (A.2)
= 2|Hess(u)|* + 2 Riceys (Vu, V) + 2 (VAu, Vu) +
1 2\
+ (VA,V|Vu?) =
= 2|Hess(u)|> 4+ 2 Riceps (Vu, V) + 2 (VLgu, V) +

1 ) 1
+ <VA, V|V > _9 <V<A (VA, Vu>> , Vu> .
Since d(Z?; ulz) = 2u;du; = 2u; (uith + utﬁf) = 2u;u;0t, we deduce that
<VA, vyvu|2> = 2 Hess(u)(Vu, VA). (A.3)

Finally, since d<<VA, Vu)) = d(AZuZ) = u;dA; + A;du; = (uzAlk + A,uzk)ek,

we get,
(V(VA,Vu),Vu) = Hess(A)(Vu, Vu) + Hess(u) (Vu, VA). (A.4)

Inserting (A.3) and (A.4) into (A.2) we obtain the thesis. O

A.2 Some inequalities

In this section we prove in detail some relations exploited in the previous

Chapters.
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A.2.1 Cauchy-Schwarz revisited

2 2 2 2
‘V|Vu| ) < 4|Vu|?|Hess(u)[2. (1.17)

Proof. Inequality (1.17) follows from the more general relation
2|? 2 2
’V\X\ ’ < 4 XP|VX] (A.5)

valid for a general vector field X on M. Equation (A.5) is a direct conse-

quence of the Cauchy-Schwarz inequality:

2 2 2 2 2 2
[VIXP| = 9 (X, )P = 4(X, VX)? < 4|X P9 X

A.2.2 A consequence of the L, -comparison theorem

As observed in the Introduction, defining r(z) = dist (x,0) for x € Br(o),

assumption

Riccpm(La) > —(n —1)22 (0.5)
for some constant Z > 0 on the geodesic ball Br(o) implies
Lyr < (n—1)Zcoth(Zr), (0.6)

pointwise on Br(0)\ {cut(o) U {o}} and weakly on all of By (o) (see [MRS10]
for details). We want to show that (0.6) also implies

A
Lr? < 25+ (n—1)27] (1.19)

on Br(q).

Proof. From the L-diffusion property and Gauss lemma we have

A A
Lr? = 2rLr + 2E|Vr|2 =25 (rLar +1).
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Using (0.6) we then deduce
Lr? < 2%(1 + (n — 1)Zr coth(Zr)),
so the thesis will be proved once we show that
14+ (n—1)Zrcoth(Zr) <n+(n—1)Zr (A.6)

on Br(o). Set y = Zr; a simple computation yields that (A.6) is equivalent
to
ycoth(y) <y+1, 0<y<ZT. (A.7)

Inequality (A.7) is true in a limit sense for y = 0 (just remember that
coth(y) ~ i for y — 07), while for y > 0 is implied (taking the inverses of
both sides) by

e > 2y — 1,

which is valid for all y > 0.

A.2.3 A Newton inequality

(Foss(u)|® > %(Au)? (1.24)

Proof. The previous relation is a consequence of the more general inequality

tr A)?
japz > &AE (A8)
m
where A € Mat(m,R), ||A] is the norm of A and tr stands for trace. To
prove (A.8) we consider the m-dimensional vectors a = (ai1,a22,- .., Gmm)

and v = (1,1,...,1) and we apply Cauchy-Schwarz inequality to deduce

m 2 m m
oo = (z ) am @ <m S (o)
i—1 i=1 ig—1

which easily implies (1.24). O
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A.3 The Calabi-Yau volume estimate

Proposition A.2. Let (M, (,)) be complete, non-compact Riemannian man-
ifold, A € C?>(M), A > 0. Suppose that

Ricepm(La) >0 (A.9)
for somen >m =dim M. Then
w(Br(o)) > CR, C>0, R>1. (A.10)
Proof. Define the vector field
Z = AVr?,

so that, using the L 4-comparison Theorem (see [MRS10]) and Gauss lemma,

we deduce

n—1

divZ = ALar? = A(erAr + r\Vr]Q) < A2r + 24 = 2mA,

r

weakly on M and pointwise on M \ {cut(o) U {o}}. Fix now a geodesic ball
of radius R, Bg(0), a point g € 0Bg(0) and set p(z) = dist(z, xp). Again
we deduce

div (AVpQ) <2mA (weakly),

thus, V4 € Lipg(M), ¢ : M — IRSr with supp 1 C Brie(z0),

—/ (Vi) Vp?)du < 2m dp, (A.11)
BRrye(0) BR+E(x0)

where € > 0 and, as in the previous Chapters, du = Adpg. We choose now
P(a) = up(x)), with

1, 0<p<R-g

u={-—gp+ 8 R-e<p<R+¢

0, p>R+e.



A.3 The Calabi-Yau volume estimate 83

Thus

/ (V,Vp*)dp = 2/ u'(p) (Vp, Vp) Ap =
Brye(zo) Bpr+e(z0)\Br—c(0)

! / pAdpo > e /
€ JBrye(20)\Br—=(z0) € BRrye(x0)\Br—c(z0)

Adpo,

which implies, substituting in (A.11),

R-e / Adpo < 2m Adpo. (A.12)
€ Brye(w0)\Br—c(%0) BRe(zo)
Since th(xo) Adpo = pu(Bi(x)) by definition, equation (A.12) can be written

as
R—=¢

2mp(Brye(70)) = [1(BR+<(20)) — t(Br—c(x0))];
moreover, Bric(29) \ Br—e(x0) 2 Be:(0), so that

R—¢
€

2mps(Brae(20)) > —— u(B2(0)).

Since Bri:(x9) C Bagr+c(0), we finally deduce

W(Bonsa(0) > 1

> S u(B.(o)), (A13

which implies the thesis for R > 1. O

Corollary A.3. Under the hypothesis of Proposition A.2,

w(M) = / Adpg = +o00.
M
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